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Zoology. Three successive layers of external cuticle in Sacculina 
leptodiae. By H. BOSCHMA. 

(Communicatoo at the meeting of December 21, 1946.) 

KOSSMANN (1872), who found that theexcrescenses of the external 
cuticle of the mantIe may be characteristic for the species of Sacculinidae, 
also reported upon a case of moulting of this cuticle: in the species described 
by him as Sacculina crucifera two layers of external cuticle were present, 
an inner layer with weIl developed spinous excescences and a much thinner 
outer layer without excrescences. A quite similar double external cuticle 
was found in a specimen of Sacculina rotundata Miers (VAN KAMPEN and 
BOSCHMA, 1925; in this paper the specimen, a parasite of Eriphia laevimana 
Latr., erroneously was identified as Sacculina pilosa Kossm.). A third case 
of a cuticle with spinous excrescences covered by a much thinner cuticle 
withoutexcrescences occurs ·· in a parasite of Carupa laeviuscula Heller 
(BOSCHMA, 1928), the latter parasite was described as Sacculina aculeata, 
but as the excrescences of · the definiteexternal cuticle have not yet fully 
developed it is as yet uncertain whether this form really is to be regarded 
as a distinct species. Similar phenomena are known in a nu mb er of other 
species of the family. Two layers of external cuticle have been found in 
specimens of Sacculina carcini Thomps., S. inflata Leuck., and Drepanor~ 
chis neglecta (Fraisse) ; here the two layers possess excrescences consisting 
of papillae of corresponding shape (BOSCHMA,1927). OfSacculina angulata, 
S. teretiuscula, S. anceps and Heterosaccus ruginosus specimens were 
described with two layers ofexternal cuticle; here the outer layer does not 
show distinct excrescences ~hilst the inner layer in some cases has distinct 
papilIae, in other cases a little pronounced indication of a certain differen~ 
tiation of its surface (BOSCHMA, 1931). Moreover in Sacculina setosa two 
layers of external cuticle were found, both of which bèar small spinous 
excrescences of corresponding shape (BOSCHMA, 1933). 

Among specimens of a parasite on the crab Thalamita stimpsoni A. M. E. 
there are two young stages which show that in this parasite there occur 
three successive layers of external cuticle, each with excr~scences which in 
their shape and si ze are entirely different from the other. Provisionally 
this parasite may be named Sacculina leptodiae, as its characters closely 
correspond with those of this species. 

Sacculina leptodiae was described as a parasite of Xantho exaratus 
(H. M. E.) by GUÉRIN-GANlvET (1911) on material from the Gulf of \ 
Aden and from the Comoro Islands; Qther specimens of this parasite were 
collected in the Red Sea, Zanzibar and the Andaman Islands. The parasite 
of Thalariiita stimpsoni, which closely corresponds with Sacculina leptodiae 



in the shape of the male organs. that of the colleteric glands. and that of 
the shape and size of the excrescences of the external cutic1e. was found 
at Singapore and at the Aru Islands. In both forms the excrescences of the 
external cutic1e consist of small groups of hyaline spines as a rule united 
on a common basal part. In the type specimen of S. leptodiae the excres
cences vary in leng th from 50 to 80 ft. in the two other specimens r~ported 
upon by GUÉRIN-GANIVET the excrescences have a length of 25 to 45 ft 
(cf. BOSCHMA. 1936). 

In full grown specimens on Thalamita stimpsoni the excrescences of the 
external cutic1e correspond in every detail with those of the parasite of 
Xantho exaratus. In the material from the Aru Islands. collected during 
the Snellius expedition in 1929. these excrescences have a length of 30 to 
70 ft. In the various specimens they have slighly different shapes and sizes. 
the excrescences of three specimens are represented in fig. I. In one 
specimen the spines are rather short and thick (fig. 1 a). here the excres
cences as a whole have a length of 35 to 50 ft. In a second specimen the 
spin es are slightly longer. so that the excrescences as a whole have a length 
of 50 to 70 ft. In a third specimen the spines as a rule remain isolated. 
though they are arranged in groups on the surface of the external cutic1e 
(fig. 1 e). here they vary in length from 30 to 50 ft. In some parts of the 
cutic1e of th is specimen. however. the spines are united into distinct groups 
with common basal parts (fig. Id. e). just as in the other specimens. 
generally the excrescences then are somewhat longer (50-60 ft). The 
measurements given above hold for the excrescences of the greater part 
of the mantle; in some regions. e. g .• near the stalk and in the vicinity of 
the mande opening. there may occur excrescences of smaller size. 

Among the numerous parasites of Thalamita stimpsoni from the Aru 
Islands there are two young stages which are of special interest as their 
external cutic1e is entirely different from that in the adult stages of the 
same parasite. 

In the first specimen the external cutic1e of the mantle possesses distinct 
excrescences which consist of small papillae which at their top bear a 
number of minute marginal spines (fig. 2). These excrescences have a 
height of 4! to 7t ft. their thickness amounts to 4 to 9 ft. The papillae 
may occur rather crowdedly or more sparsely distributed. The excrescences 
consist of the same kind of chitin as that of the main layers of the external 
cuticle. 

Sections of the mantle show that under th is cutic1e. which has a thickness 
of about 4 to 8 ft. the excrescences of a new cutic1e are developing. It is 
interesting that in some parts of the mantIe this process has not yet started 
(fig'- 3a). in other parts of the mantle the first tra ces of these new excres
een ces have just appeared (fig. 3b). and in still other parts the excrescences 
already have a fairly large size (fig. 3e). Consequently in th is specimen 
we can study the gradual development of the excrescences up to a certain 
stage. 
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a 

b 

----------------------~ 
Fig. 1. Sacculina leptodiae from Thalamita stimpsoni. a---c, sections of the extemal 
cuticle of three specimens; d. e. excrescences of the extemal cuticle of the specimen of 

fig.Ic. X 530. 

In fig. 3a a complete section of the mantIe has been drawn. This section 
shows the chief elements described by DE LAGE (1884. pI. XXVII fig. 51 
and other figures). The cells of the epithelium (e) adhere with their flat 
extremities perpendicularly to the external cuticle which has been secreted 
by them. Towards the middle reg ion of the mantle the epithelium cells are 
prolonged into muscular or connective elements which are united with the 
corresponding elements of the other surface of the mantle. The cells of the 
epithelium are arranged in groups of a more or less conical shape, the 
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bundIes of muscular or connective elements forming the tops of the con es. 
These bundIes traverse the muscular layers in the middle region of the 
mantle, two of which (m) are visible in the figure, one in transverse, the 
other in more or less longitudinal section. The remaining elements of the 

mantIe (lacunae, etc.) are represented in the figure by dotting. The thin 
internal cuticle (ei). to which the innermost row of epithelium cells adheres, 
does not show any important particulars. 

In fig . 3b and c the external parts of sections of the mantle are drawn. 
Fig. 3b shows a reg ion of the mantie in which the external cuticle (ce) 

is found at a slight distance from theepithelium cells (e). On the top of 
each of these cells there is a little cone of chitin (length about 6 ft), 
apparently of the same kind as that of the external cuticle, as it stains in 
the same manner. These cones (ex) form the beginning of the external 
cuticle as it is found in the adult anima!. As yet the little cones form a 
continuous row of smal! spines, the only arrangement in groups is that 
of the cells of the epithelium. 

A further development of the excrescences is shown in fig. 3c, where 
there is a considerable distance between the external cuticle (ce) and the 
cells of the epithelium (e) , apparentlyon account of further growth of the 
excrescences (ex) of the new cuticle, which have a leng th of about 18 ft. 
Here theexcrescences still consist of chitin of a comparatively weak kind, 
as they are stained in the same degree as the old external cuticle. In this 
figure again the arrangement in groups is apparent in the ce lis of the 
epithelium only. 

The second young specimen too has two Iayers of externaI cuticle, but 
here the inner layer is covered with papillae with a peripheral row of minute 
spines (fig. 4). This inner layer (ce) has a thickness of 4 to 8 ft, its 
excrescences have a height of 4! to 8 ft and a thickness of 2 to 4! ft. In 
all important details these excrescences correspond with those of the outer 
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layer of cuticle in the former specimen. In this specimen the outer layer of 
the external cuticle (cu), apparently the original external cuticle, is 

a 

b 

ce 
e 

m 

m 

ce 

ex 

e 

Fig. 3. Sacculina leptodiae from Thalamita stimpsoni, young specimen. a, section of 
the mantIe; b, c, sections of the external part of the mantIe. ce, second external cuticle; 
ei, lnternal cuticle; e, epithelial cells; ex, excrescences of the third external cuticle; m, 

muscles of the mant1e. X 530. 

extremely thin (1 to 1!,u); it may be quite smooth (fig. 4a) or may 
possess minute excrescences in the shape of small pointed spines of a 
height of ti"!' or less (fig. 4b). 
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The two young parasites undoubtedly belong to the same species as the 
specimens of which excrescences are represented in fig. 1. Theexcrescences 
indicated with ex in fig. 3e show already a similar arrangement as those 

-- b 

C 

Fig. 4. Sacculina leptodiae from Thalamita stimpsoni, young specimen. a, seetion of 
the extern al part of the mantIe; b, seetion of the first external euticle; c, seetion of the 
seeond extemal euticle. ce, seeond external euticle; cu, first external cuticle; e, epithelial 

eells. X 700. 

of fig. Ic. As yet they do not consist of the hyaline kind of chitin which is 
characteristic of the excrescences of Saeeulina leptodiéie, but during further 
development gradually the spines would have changed into this harder 
kind of chitin, a process which beg ins at the tops and proceeds towards 
the lower parts of the spines. In the specimens of Sacculina rotundata and 
S . aeuleata mentioned above this process is already much farther advanced 
than in the specimen described here. 

The occurrence of three successive layers of external cuticle in Saeeulina 
leptodiae emphasizes the fact that immature specimens of species of 
Sacculinidae may show characters of this cuticle which erroneously might 
be mistaken for definite specific characters. Especially the excrescences 
of the second layer (fig . 3a, fig. ie) are of a so weIl defined shape th at 
they show more distinct peculiarities than the typical excrescences of many 
other species of the family. 
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Geophysics. - On the propagation of seismic waves. 11. By J. G. SCHOL TE. 

(Communicated by Prof. J. D. VAN DER WAALS Jr.) 

(Communicated at the meeting of December 21. 1946.) 

C. The reflected transversal waves. 

The third part of (6) is 

U - Z k 1/ 2 
"' -nft Vnhr 

Jnsin3/2 acosacos2pcOS2P I(PI + Q2-R2)-(P2+QI-RI) \ e- jkr sln f3~2i", dp 
N (n2 cos2 2p + sin 2a sin 2P) 1 + e-21", 

w: - Z k 1/ 2 
"'-nft V nhr 

JSin'/.acosacosPcos2acOS2PI(PI+QFR2)-(P2+QI-RI)\ e-jk r sln p~2j", dP. 
2 N (n 2 cos2 2p + sin 2a sin 2P) 1 + e- 21

", 

e-2i", en 
In the same way as in sec ti on B we obtain with 1 I -2i = ~ (_e-21", )S 

Te '" s=O 
an expansion of the integrands into a series of exponential functions with 

exponents = ik Y r 2 + (2 s d)2 cos (P - 8). The integration can now be carried '. 
out in the complex P plane by the same method as in the preceding section. 

In every point of the free surface the wave system A", (k) exists: 

U'" (k) or W ", (k) = l 
z l /-n- eï(yt-k Yr>+~) FÓ2Jl ( i )1. (14) 

=nft V sin 8 Vr2+4s2d2 J=§. .. ?ljl kVr2 +4s2d2 

At distances r > / s d the system A ,I' (h), connected with the branch 
n 2-1 

point cos a = 0, appears: 

U,., (h) or W ", (h) = l 
_. Z ~F(cosa)-F(-cosa)~ n lY~ eï(?t-hr-2kSdVl-l/n'). 

- , n f' ? cos a ~coscx=o sin'/· 8 sin'/, (tl-PI) ' h (r2 + i S2 d2
) 

where sin PI = l/n. 

Other waves, associated with the branch points cos a' = 0 and cos P' = 0 
(the systems A ", (h') and A", (k')) and with the poles of the integrand, 
come into existance if certain points of the free surface are passed. 
These points however do not coincide with the points of emergence of 
the corresponding longitudinal waves. The RAYLEIOH waves Af(R) for 

(15) 
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instanee reach the surface at the minimum distance r = 2 dIr sin2 ao-I . 
but the RAYLEIGH waves A'I'(R) are only observed at distances larger 

than 2d/rsin2 Po-I. 

D. The longitudinal-transversal waves. 
e-i'f' -i'l' 

The function (1 + e-2il') (I + e-2i'l') appearing in the fourth part of (6) 

represents a series of waves whïch have traversed the depth of the 
layer an uneven number of times (say SI) as a longitudinal wave and 
an uneven number of times (S2) as a transversal wave. The corresponding 
expression in the last part of (6) denotes the waves which travel an 
even number of times (at least twice) both as a transversal and as a 
longitudinal wave between the two boundaries of the layer. It is obvious 
that these two systems. together with the th ree cases al ready dealt with 
in sections A. Band C involve every possible wave which. starting at 
the surface. rea eh es another point of this surface. 

As the exponent in both cases is of the form 

- i h r sin a - ihs, d cos a - i k S2 d cos p. 
wh ere s, and S2 are entire numbers. its saddle point is determined by 

or 

cos a 
- r cos a + s, d sin a + S2 d sin {J --R = 0 

cos f' 

rld= s, tg as + S2 tg (Js. 

The exponent being equal to -id(s,hlcosaS+s2klcos {Js) if a=as the 
equation of the line of steepest descent is: 

Real part of (rld sin a + s, cos a + n S2 cos (J) = s, /cos as + nS2/cos {Js 
which can be reduced to 

R ~ s, sin2 i/2 (a - as) + S2 sin2 
' / 2 ({J - {Jsn = o. 

? cos as cos (Js ~ 

It can be easily shown that with increasing value of r this curve 
meets every singular point of the integrand with the exception of a = 0 
and a='i2 :n:. 

Without entering into more detailed calculations which proceed on 
the same lines as in the preceding sections. it will be evident that the 
two last parts of (6) yield the wave systems : A f'l' (h k). contributed by as; 
A f'" (k). A r'l' (h') and A 1"1' (k') . contributed by the branch points and the 
surface waves A l''I' (R) and A I''I' (a1) . Only the first one exists in every 
point of the free surface (provided h r ~ I). 

§ 4. The points of emergence. 

The direct waves Ao(h). Ao(k). Ao(R) and the reflected waves. obtained 
by the saddle-point integration. A I' (h) . A 'I' (k). A T''I' (h k) are registered at 
every point of the surface. The other reflected systems. associated with 
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the singular points, only occur if r is larger than certain minimum values. 
Assuming V' > V> Q3' > Q3 these minima are for waves which have 
suffered only one reflection at the plane z = d: 

r=2d(n2-1)-1/. for A~ (k) and Atp(h) 
r=2d(V'2jV2_-1)-1/2 for A~ (h') , r=2d(V'2jQ32_1)_1/2 for Atp(h') 
r= 2d(V2jQ3'2_l}- I/. for A~ (k') , r= 2d(Q3'2jQ32_1)-1/. for A tp (k') 

r=2d(sin2ao-l)- 11. for A,,(R) ,r=2d(sin2{Jo-l)-1/. for A tp (R) 

and r = d (tg as + tg (Js) for the A rtp systems, where 

. 1 + Y8 n2 + 1 
sm as = 4 n for A~ tp (k) 

(tg as + tg (Js) V IQ3' + Y V2/Q32_ V2jQ3'2 = ljcos as + njcos (Js for A~tp (h') 

cos (~s - {Js} = ~_ fOr A (R). 
sm as sm ao ~tp 

Assuming V IQ3 = V'jQ3' = ij and V'j V = y2, we obtain the following 
results : if r < 0,856 d only the direct waves and A~ (h), Atp (k), A~tp (h k) 
exist. In the points r:;:- 0,856 d the wave system Atp(R) can be observed; 
in r:;:- 0,894 d the system A tp (h') reaches the surface. This wave starts 
as a transversal wave, travels along the interface as a surface wave and 
reaches the surface again as a transversal wave. In r:;:-O,912d the 
system A rtp (R) occurs; if r:;:- 1,252 d we ob serve also A~ (R); A~ (k) and 
A tp (h) are registered if r:;:-1.4lid; A"tp (h') if r:;:-1.447 d; A~ (h') and 
Atp(k') if r:;:-2d; A T'tp (k') and A l'tp (k) if r:;:-2 ,309d; AI'-(k') if r:;:-2,828d. 

The wave systems discussed in this and the preceding paragraph as 
weil as the primary disturbance T zz are stationary; as the motion of 
the free surface during an earthquake is obviously transitory these calcu
lations have no direct bearing on the registration of a seismograph. It 
is however pos si bie to genera te stationary waves by using a vibration 
machine; some time af ter this apparatus is started the motion of the 
surface has become stationary and the above results can be used. By 
identifying the points of emergence and by comparison of the amplitudes 
of the different waves new data, useful to seismie investigation of small 
area' s, may be obtained. 

§ 5. The first impulses. 
IE the disturbing action is not stationary - usually it is only different 

from zero during a short time - it can always be regarded as a super
position of stationary and periodical disturbations with frequencies " 
and amplitudes which are a function F(v) of the frequency, by means 
of a FOURIER integral 

+ Cl) 

T zz = Z f F (v) eM dv. 

-Cl) 
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The corresponding movement of the surface will be found by applying 
the operator f F (v) dv to the results of § 3; we obtain in this way a 
series of integrals which can be evaluated by integration in the complex 
v~plane. We choose the path of integration on the negative side of the 
real axis. 

The integrands consist of F(v). the amplitude function G(v) and an 
exponential function eIV(t-T): 

+ Cl!> 

I J F (v) . G (v) el.(t-T) dv 

-Cl!> 

the quantity t = rf V in the case of the direct longitudinal waves. etc. 
Denoting the largest value of I v I at which F(v) or G(v) are singular 

by v we can expand F(v) · G(v) in a series Ianv-n if Ivl>v. Hence 
the integrals are equal to 

I J 1: an v-n . eIV(t-T) dv 

if we change the chosen path of integration into a semi~circle with 
radius I v I > v. With increasing radius these integrals become equal to 
zero if t < t. As the integrals are obviously not equal to zero if t> l' 
the travel time of these waves is 1'. 

For instance: the travel time t of the wave s = 1 of the system AI' (h') 

. r 2dYl-m~ r-2dtg a2 2d . _ I • 

IS V' + V or V' + V (where sm a2 - V f V ) • cos a2 

this wave traverses the layer in the direction a2 with velocity V. runs 
along the boundary plane z = d as a surface wave with velocity V' 
and finally travels upwards in the direction a2 with velocity V. The 
time t is equal to the (ravel time of the direct longitudinal waves if 

2dV'VI+V d' . h fi . 1 't d r = V' _ V; at more Istant pOInts r t e rst Impu se regls ere 

by a seismograph is caused by A r (h /). s = 1. Because of th is property 
this wave has been the subject of many investigations. mainly carried 
out by v. SCHMIDT 6) ("geführte Welle"). As its amplitude is proportional 
to r- 2 this wave is however not very important at large distances; the 
major part of the energy released in the hearth is carried on by the 
surface waves proper with amplitudes proportional to r- t • 

As a large part of seismological field work is concerned with first impulses 
it will be of some interest to calculate the amplitudes of the fastest waves. 

The value of the integrals 1 when t> t can be calculated by adding 
the same integral but integrated along a semi circle with infinite radius 
in the upper part of the v plane. on which the integnnd is zero. The 

8) O. v. SCHMIDT. Ann. de Phys. V. 19. 891-912 (1934) . 



two integrals together farm one integral along a closed curve around 
the point" = 00 : 

J.. a . in (t - l)n 
1='j'Zan v-n 'e ,Y

(t-T)dv or 1= 21"& i ..2: n nl .. (16) 

The amplitude of the Brst impulse is. assuming F(v) (/) I/v for large 

. l/V' + V 
values of v: If r < 2 d V V' _ V: 

. VVI + V 
and If r > 2 d V' _ V: 

Where K is the value of 

2sin2acos 2,11 ~sin B cos ar', PI P2-(QI + RI)(Q2 + R2 ) 

(n2 cos2 2 fJ + sin 2 a sin 2 fJ)2 ~ sin (B-a) ~. (PI + Q1 + RI)2 cos a' 

for a' = arc cos O. 

Substituting the numerical values used in § 4 we obtain 

U/W= 2 V~ or 2V2 if r< 4,82 d. 
n2-2 

and 

(18) 

This marked discontinuity of UI W can perhaps be used in the analysis 
of seismograms. 

Similar calculations can be carried out for every wave found in § 3; 
it is evident that the saddle point wave systems A\, (h). A 'I' (k) and 
A 1''1' (h k) consist of waves which tra vel s times up and down between 
z = 0 and z = d with veloeities V and m. Their amplitudes decrease 
with increasing s. 

The series (16) converges very slowly at larger values of t -I and 
becomes therefore unusable same time af ter the arrival of the first impuls 
imparted by the wave system. The movement can then only be calculated 
if the primary disturbance. characterised by F(v). is known. 

However the motion caused by these waves is only important at small 
values of t -I as these vibrations are followed by a series of surface 
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waves with much larger amplitudes. Instead of continuing the examination 
of the V and m waves we therefore start with the calculation of the 
major parts of the movement transmitted by the surface waves. 

§ 6. The surface waves. 

The RAYLEIGH wave Ao(R) has the same amplitude as in the case of 
a homogeneous medium without a layer. At various points l' other 
RA YLEIGH waves. belonging to the wave systems AI' (R). A I''I' (R) and 
A'I' (R). emerge; this happens at the same moment as that on which the 
direct RAYLEIGH wave reaches these points. Although the amplitude of 
all surface waves is proportional to 1'-1 the total RA YLEIGH movement 
caused by these waves rapidly diminishes in comparison with the other 
waves at increasing value of r. This can be proved in the following 
way: with increasing l' the number of residue terms (§ 3) due to the 
pole ao increases as more and more lines of integration are carried 
beyond the point ao. The total sum of all residue terms is equal to zero 
as the original expressions (3) for LIN and MIN are finite at a = ao. 

Hence the total ' RAYLEIGH movement at any point l' can just as weIl be 
obtained by adding up the residue terms of those integrals whose paths 
of integration have not yet met the point ao. As the residue terms are 
propor:tional to expo (- 2 s h d I cos ao I) and s;::::; 1'/2 d this movement 
decreases exponentiaIly with r. The movement is therefore discernible 
only at smaIl values of 1'. Further calculations can be carried out by 
means of the method of LAMB. as the travel time l' is independent of Y. 

The travel time of the surface waves a;" being a function of v this 

method is of no use at the investigation of these waves; again applying 
the saddle point method we change the path of integration into the line 
of steepest descent. The saddle point w is determined by (wave system A\,): 

introducing 

~~vt-Y-':"sinai _2"sdcosai ~-O· 
àv ~ V N V N) - • 

the group velocity 

c= dv. or 
d (h sin a/v) 

V 
c= di 

sin ai + y COS ai aN 
N NJv 

this equation can easily be reduced to 

r- 2sd tg a;" 2sd 
tw = c · + V cos a;" . (19) 

a;" is a function of v satisfying N (a. ,,) = 0; substituting y = w in the 

above 'equation we obtain the travel time tw of the frequency W. The 
vibration w is therefore propagated in the direction a;"(w) with longitudinal 

velocity. is s times reflected at the plane z=d. retaining the velocity V. 
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and covers the remalQlQg distance r- 2 s d tg af.. along the free surface 
with the group velo city C. 

Seismograph 

c 

5=1 

FIG.2 

The amplitude of the vibration with frequency w can be obtained in 
the usual way; in the neighbourhood of v = w the exponentcan be 
expanded into 

rw t-lw -r --- - -- -r --. ( )' (V-W)2 (d
2
Vl) . (v-wP (d1Vl) 

21 dv2 
w 31 dv1 

w 

Integrating along the tangent v = w + u e-'I."I to the line of steepest 
descent we get in first approximation 

+uo 

Iw ~ F(w) G (w) eiW(t-Twl-'I,,,IJ e-'/lu(~:.T)w du 

-Uo 

or 
F(w) G (w) ,/- . Iw:::::: --- --- f 2n e,w(t-TrJ-'I.:rI. 

V (d~;l)., 
(20) 

The 
d 2 yt 

function d v2 can easily be reduced to 

_ r-2sdtgah, dC _ 2sd (V -sinal )2. 
C2 dv vVcos1ah, C N' 

as G (w) Cf) (-'I. the amplitudes of these waves are proportional to (-1 

if r';P sd. 
(,.~,,), (d" "') 

The above approximation is no longer valid if e -I -21- cf;' Ol is not 
the dominating factor of the integrand; this circumstance arises for 
instance wh en w satisfies the equation d 2vtJdv2 = O. or 

( 1 - vC 
sin ah,)2 

dC CMfJ r 
v - =-----:-c-----,---,- where fJ = arc tg 2 sd' (21) 

dv sin (fJ - ah,) cos2 af.. 

As (d vt / d v),,, is the tra vel time of the frequency w this equation 
determines the frequency W m which is propagated with either a maximum 
or a minimum velocity ; hence the time of arrival of this frequency marks 
ei th er the beginning or the end of a wave train which has suffered s 
re8ections at the plane z = d. 
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The amplitude of this tremor is: 

I"'m ~ F (wm) G (wm) 
I 3/ ~(d3Yl)' 
V 3/ dv3 "'m 

(22) 

This amplitude decreases more slowly (/) r- "'s) with increasing r as the 
amplitude of the other frequencies (/) r-I); consequently the frequency 
W m is in distant points predominant. As the roots W m of equation (21) 
are a function of e the period and the velocity associated with the 
maximum amplitude are also a function of the distance r. 

It is a weil known fact that both the period and the velocity of the 
waves with the largest amplitudes increase with increasing epicentral 
distance 5). Equation (21) shows that these two phenomena are inter~ 
related: an increase or decrease of the velocity involves the same change 
of the period. This can be easily shown: if e = 1/2 7l this equation is 
del d v = 0; the vibrations W m ( (0) observed at large distances are 
therefore propagated with maximum or minimum velocity. As the right 
hand side of the equation is negative if e,* 1/27l the major frequencies 
W m observed at smaller distances are higher then W m (00) if C has a 
minimum value. and are lower then W m (00) if C shows a maximum. 
In view of the rather complicated character of the equation N = 0 it is 
impossible to determine the function C (v) without a very laborious 
numerical computation. 

§ 7. Summary. 

In this paper the movement caused by a normal pressure. periodical 
in tand uniformly exerted on the surface of a mono~stratlfied medium. 
has been calculated. By means of a FOURIER integration th is simple 
pressure distribution can be transformed into a pressure concentrated in 
a point. The corresponding surface movement is found by application 
of the saddle point integration method. 

It appears that at epicentral distances comparable to the depth of the 
layer the same waves occur as in the case of a homogeneous medium; 
in addition to these waves several ki~ds of reflected wave systems reach 
the surface. Wuh increasing distance to the hearth the movement consists 
more and more of generalised RA YLEIGH waves. which are dependent 
on both media. 

A second FOURIER integration changes the periodical norm al pressure 
into a preSSllre existing only during a finite time; the movement caused 
by this disturbation has been investigated. The amplitudes of the seis~ 
mologically important first impulses are calculated and the travel times 
of the major parts of the movement have been determined. 

It follows that this method is quite generally applicable to the 
propagation of seismic waves in any horizontally stratified medium. 

In conclusion I wish to express my thanks to Prof. Van der Waals 
for his kind interest taken in this paper. 

2 



Mathematics. - Sur l'extension de la condition de Legendre du Ca/cul 

des Variations aux intégrales multiples à plusieurs fonctions 
inconnues. By LÉON VAN HOVE. (Communicated by Prof. 
L. E. J. BROUWER). 

(Communicated at the meeting of December 21. 1946. ) 

1. Considérons l'intégrale du Calcul des Variations 

I .f F(xa• Zj. Pja) dXI ... dx,. (a=l. ... p.:j=l. ... n). (1.1) 

D 

Les x .. sont les p. variables indépendantes: les Z j désignent nfonetions 
inconnues de ces variables, ayant les pj .. comme dérivées premières 
oz· 
~. L'intégrale I est étendue à un domaine fermé D de respace XI'" • X,.. 
uX", 

Pour la facilité, nous supposerons ce domaine limité par un nombre fini 
d'hypersurfaces ayant en chaque point un hyperplan tangent qui varie 
d'une manière continue avec son point de contact. Supposons encore 
que F soit une fonction de dasse C2 I) en tous ses arguments, pour les 
valeurs des x .. qui correspondent aux points de D et pour toutes les 
valeurs des Zj et des pj",. Toutes les grandeurs figurant dans (1. 1) sont 
réeIles. 

L'extension de la condition de Legendre à une intégrale multiple I 
contenant plusieurs fonctions inconnues (n> 1 et p. > 1) a été étudiée 
par HADAMARD. Il a obtenu Ie résultat suivant 2): si une extrémale V o 
de I réalise un minimum de cette intégrale, les coordonnées Xot , Zj, Pjot 

de chacun de ses éléments de contact rendent la forme biquadratique 
Fpj"Pkp~J~k'Y}ot'Y}p 3) semi~définie positive: c'est~à~dire que ron a 

Fp jot Pk j3 ~j ~k 'Y}'" 'Y}p ~ 0 pour toutes les valeurs des ~j et des 'Y}... (1. 2) 

Inversement, supposons que pour l'élément de contact en un point Po 

1) Nous disons qu'une fonction des Xa, est de dasse ce dans D quand ses dérivées 
partieiles, jusqu'à I'ordre e indusivement, existent et sont continues en tous les points 
de ce domaine. 

2) HADAMARD. J., Sur quelques questions du Calcul des Variations. Bull. Soc. Math. 
de France. 30. 253-256 (1902). 

Pour J'établissement de Ia condition nécessaire de minimum (1. 2) queUes que soient 
les valeurs de n et de 1-'. voir par exemple BOERNER. H., Math. Zeitschrift, 46, 729 (1940) . 

La condition suffisante. qui se rattache à une remarque de CLEBSCH (Journal rur reine 
und ang. Math .• 56. 122-148 (1859)). peut s'établir par Ia méthode exposée plus loin 
(no. 3). 

3) Les indices Iatins varient de 1 à n. les indices grecs de 1 à 1-'; il faut toujours. 
sommer par rapport aux indices répétés dans les produits. 
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d'une extrémale V o de dasse CJ of), Ie faisceau de formes quadratiques 

(1. 3) 

de paramètres ljOl.,kp contienne une forme déSnie positive. Alors V o réalise 
Ie minimum de I parmi toutes les variétés V de dasse DJ dans D S) qui 
appartiennent à un voisinage faible suffisamment petit de V o' admettent 
même contour que cette extrémale et n'en sont distinctes que dans un 
voisinage suffisamment petit de Po (minimum faible local). 

HADAMARD a posé Ie problème suivant, de nature algébrique: supposons 
que la forme biquadratique FpjOl. Pkp 1;j 1;k 'Y}OI. 'Y}p soit déSnie positive, c'est~à~ 

di re que I;on ait 

FpjOl. Pkp 1;j 1;k 'Y}OI. 'Y}j3 > 0 sauf quand 1;1 = ... = 1;n = 0 ~. 
ou quand 'Y}I = ... = 'Y}", = 0 ~ 

(1. 4) 

Peut~on en déduire que Ie faisceau (1. 3) contient une forme quadratique 
déSnie positive? 

Ce problème a été étudié par plusieurs auteurs 6). On doit à TERP.STRA 

sa solution complète 7): 
a. quand n ou ft vaut 2, Ie caractère défini positif de la forme bi~ 

quadratique entraine r existence de formes quadratiques définies positives 
dans Ie faisceau (1. 3) 8); 

b. il n'en est pas ainsi quand n et ft dépassent 2. 
11 résulte de ce théorème algébrique de TERPSTRA que si n ou ft vaut 2, 

la condition (1. 4) est suffisante pour Ie minimum faible local de 1. Par 
contre, on ne peut rien condure quand n et ft dépassent 2. 

Notre but est de montrer par une m(thode nouvelle n'utilisant pas Ie 
faisceau (1. 3), que r inégalité (I. 4) est une condition suffisante de minimum 
faible IocaI. quelles que soient les valeurs de n et de ft. 

4) Nous représentons tout système de fanctions Z j (x a ) par une variété V à f' 

dimensions de J'espace Xl, ... Xp, Zl, ... Zn, définie par les équatians Zj = Zj(xa ), Nous 
disons que Vest d' une certaine dasse quand toutes les fanctians Z j (xa ) sont de cette 
dasse. C'est dans ce sens que no us parlons d'une extrémale de classe Cl. 

5) Une fonctian f(Xl, ... Xp) est de classe De dans Ie domaine D lorsqu'elle y est 
continue et que D se décompose en un nombre fini de domaines part:els fermés dans 
chacun desquels f est de dasse Ce. On suppase les domaines partiels séparés les uns 
des autres par un nombre fini d'hypersurfaces a,yant en chaque point un hyperplan tangent 
qui varie d'une manière continue avec son point de contact. Pour la définition d'une 
variété V de dasse Dl, voir 4) 

6) FINSLER, P., Enseign. Math., 26, 319 (1927). 
ALBERT, A. A., Bull. Amer. Math. Soc., 44, 250-252 (1938). 
REID, W. T., ibidem, 437-440. 
7) TERPSTRA, F. J., Die Darstellung biquadratischer Formen als Summen von Qua

draten mit Anwendung auf die Variationsrechnung. Math. Ann., 116, 166-180 (1938) . 
8) Cette proposition a été retrouvée par une méthode différente, par HESTENES et 

MAC SHANE (Tr?ns. Amer. Math. Soc .. 47, 501-512 (1940)). 



20 

2. Un théorème de calcul intégral. 

Considérons, pour des valeurs quelconques de n et de fl, l'intégrale 

10 = J Ah, jfj eket. Cjp dXI .•. dxf" 

D 

oll les Ah, j I' sant des constant es réelles et oll les C j IX sant les dérivées 

à Cj des fonetions réelles Cj (XI" .•. Xf'). Nous allons établir Ie théorème 
àxa. 
suivant: 

Pour que Ia ne prenne aucune valeur négative quand les [onctions 
Cl' ... Cn sont de classe DI dans Ie domaine D et s'annufent à sa 
[rontière. il [aut et il sutfit que la [orme biquadratique AjIX,kp ~j ~k f}a. f};> 

soit semi-dé{inie positive. 

La condition est néeessaire d'après les résultats d' HADAMARD. Pour 
montrer qu'elle est suffisante. posons Cj = 0 hors de D. Les fonetions 
Cj étant nulles à la frontière de D, elJes sont ainsi prolongées en des 
fonetions de dasse DI dans tout r esp ace Xl •••• XI" La transformée de 
Fourier de Cj est la fonetion complexe de variables réelles 

I' 

'Xj (XI; ... XI') = (21n t J eiXyYy Cj (YI' .•• Yf') dYI ... dyf" 
D 

La transformée de Cja. s'éerit. à l'aide d'une intégration par parties. 

I' 

(21nr J eiXyYy Cja. (YI' .•• YI') dYI ... dyf' = 
D 

I' 

. (1)2 f Ixyyy,. ( ) d d - . . -IXa. 2n • e I,j YI.···YP. YI'" Yf'--IXa.X,· 
D 

Une propriété bien eonnue des transformations de Fourier donne alors 

.fCja.Ck/3dXI" .dxp.-J(-iXa.Xj) (-iXpXk) dXI ... dxf" 9) (2.1) 
D (xl 

La seconde intégrale est étendue à tout I' espace XI.'" xI' et est 
absolument convergente. Posons maintenant Xj = xi + i Xl, les fonetions 
xi et xi étant réelles, et égalons Ie premier membre de (2. 1) à la partie 
réelle du seeond: 

.f Cja. Ckp dXI ... dxl' =J Xa. xf3 ~xi xk + Xl Xk) dx) .•. dxf" 

D (Xl 

9) La barre - indique Ie nombre complexe conjugué. 
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Comme les Ajcr.,kp sont des constantes, l'expression de 10 devient 

10 J(Ajcr.,k!" xi xkxcr. X~ + Ajcr.,kp xi xkXcr. Xp) dXI •.• dx"" 

(x) 

ce qui montre que la condition énoncée est suffisante. Notre théorème 
est ainsi établi. 

Quand n ou ft vaut 2, on peut aussi Ie démontrer en déduisant du 
théorème de TERPSTRA un théorème analogue pour les formes semi~ 

définies. Quand n ou ft vaut I, Ie caractère suffisant de la condition 
énoncée est évident. 

3. Le minimum faible local. 

Revenons à l'intégrale (1. 1) et considérons une extrémale V o d'équations 
Zj = z3 (xcr.) de dasse Cl dans Ie domaine D. Soit un point X?, ... x~ 
intérieur à D, et désignons par F~ j cr. Pk

j
3 la valeur de la dérivée F P jcr.Pk;3 

pour l'élément de contact à V o au point Po dont les coordonnées sont 
x~, z3 (x~). Supposons la forme biquadratique F~ jcr.Pkp ~ j ~ k fJcr. 1'J p déflnie 

positive. 11 existe alors un nombre positif w pour lequel la forme 
biquadratique 

(3. 1) 

soit semi~dé6nie positive. 
Considérons une variété V d'équations Zj = z3 (xcr.) + t;j (xcr.) de dasse 

DI dans D, qui ait même contour que l'extrémale V o et qui n'en soit 
distincte que dans un voisinage de Po: les fonctions t;j sont donc nulles 
sur la frontière de D et en tous les points de ce domaine situés hors 
d'un domaine 6 qui contient Ie point x?, ... x~ en son intérieur 10). 

Supposons de plus que la variété V appartienne au voisinage faible 
E de V o: les fonctions t;j et leurs dérivées t;jcr. vérifient donc en tous 
les points de DIes inégalités 

I Cj I < E. I t;jcr. I < E. 

Cda étant, calculons par la formule de TAYLOR l'accroissement 

6 I=.f~ F (xcr., z3 + t;j, ~;~ + t;jcr.) - F (xcr., zJ, ~;~) ~ dXI ' " dx".. 
D 

11 suffit d'étendre l'intégrale à 6. Comme l'extrémale V o annule la 
variation première, il vient 

6 I = ~ J I F~jcr.Pkp t:.jrx t;k l~ + 2 F~jrx Zk t;jrx t;k + F~jZk t;j t;k I dXI ..• dx"" 
/::; 

10) On peut supposer t::. limité par u., no mb re fini d'hypersurfaces ayant en chaque 
point un hyperplan tangent qui varie d'une manière continue avec son point de contact. 
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ou l'indice I) indique qu'il faut prendre comme arguments dans les dérivées 
secondes de F des expressions de la forme suivante: 

° ° àZj x". Zj + () (xj3) Cj. ~- + () (Xj3) Cjrx. 
uXrx 

(0 < () (Xj3) < 1). 

On trouve facilement un nombre positif M. indépendant des fonctions 
I;jo tel que 

I f (2 F~j~Zk Cja. Ck + F: jZk Cj Ck) dXI ..• dx,. I ~ 
tJ. 

~ ~.f Cja. !;jrx dXI ... dx,. + M J' Cj Cj dXI .•. dx,.. 
tJ. tJ. 

D'autre part. L étant Ie diamètre de A. les fonctions Cj vérifient l'inégalité 
connue 

Si Lest suffisamment petit. on aura donc 

IJ(2F~jrxZkCjrxCk+F:jZkCjCk)dXI .•. dx,.1 ~ ~J!;ja.!;j«dXI ..• dX,.. 
tJ. tJ. 

Si E et L sont suffisamment petits. on aura aussi 

I J(F~jaPkj3l;jrx Ckf"- F~jrxPkf3l;jrxl;k{» dXI" .dX,.1 ~ ~ Jl;jrx Cja dXI .•. dx, •. 
tJ. tJ. 

Ces inégalités entraînent la suivante 

6 I ~ ~J (F~ja.Pk{>~ja. !;k{>- 34w Cj« I;jrx) dXI'" dx,.. 
tJ. 

Mais les FOp ja. Pk{> sont des constantes et la forme biquadratique (3. 1) 
est semi-définie positive. Comme les I;j sont nulles à la frontière de 6. 
Ie théorème du no. 2 donne 

6 I~ ~ J I;jrx Cjrx dXI'" dx,.. 
tJ. 

et l'accroissement 6 I est positifsauf quand les fonctions Cj sont identi
quement nulles. Nous avons ainsi démontré. pour des valeurs quelconques 
de n et de "'. Ia proposition suivante: 

11) Voir par exempie HADAMARD. J .• Leçons sur Ie Calcul des Variations. 1910. 
Note au bas de la p. 466. Il suffit d'appliquer l'inégalité établie à eet endroit en prenant 
Xl eomme variabie d'intégration et d'intégrer ensuite par rapport à X2 • .. ' x,.. 
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Si la {orme biquadratique Fp j«Pkl'~ i ~k 1]« 1]/3 est définie positive pour 
l'élément de contact au point Po d'une extrémale Va de classe Cl' toute 
variété V de classe Dl' distincte de Va' mais de même contour. donne 
à I une valeur plus grande que l'extrémale. pourvu qu'elle appartienne 
à un voisinage {ai bie su[fisamment peUt de Va et quO elle se con{onde 
avec Va hors d'un voisinage su[fisamment petit de Po . 

Ainsi se trouve établi. d'une manière générale. que pour Ie mlDlmum 
faible localla condition d 'HADAMARD au sens large (1. 2) est une condition 
nécessaire et que la même condition au sens strict (1. 4) est suffisante. 



Mathematics. - Ueber den Aussagen~ und den engeren Prädikatenkalkül. 
11. By J. RIDDER. (Communicated by Prof. W. VAN DER WOUDE.) 

(Communicated at the meeting of December 21. 1946.) 

Zusammenhang und Eigenschaften der beiden Axiomensysteme. 

§ 6. Aus den Sätzen 1-4. 5bis• 6. 7. 12 einerseits und den Sätzen 30. 
34-37. 39-41 andererseits. nebst den Definitionen. Satz 8. der Folgerung 
aus Satz 29 und Satz 31. folgt unmittelbar. dass das Axiomensystem I-VI 
mit der Einsetzungsregel E und dem Schlussschema S völlig gleichwertig 
ist mit dem Axiomensystem 1 °_70 mit der Einsetzungsregel E*. Beim 
ers ten System sind das Produkt. die Implikation und die Inklusion abge~ 
leitete Begriffe. beim zweiten System gilt das von der Implikation und der 
Assertion. 

Das zweite Axiomensystem zeigt. dass der erweiterte Aussagenkalkül 
als eine Art BOOLE'scher Algebra zu betrachten ist. deren Elemente 
abzählbar unendlich viele sind. und in der nur die in ihren Axiomen ent~ 
haltenen Schlussschemata (und die aus dies en ableitbaren) erlaubt sind. 

§ 7. Die beiden einander gleichwertigen Axiomensysteme sind wider~ 
spruchsfrei in dem Sinne. dass X . v (oder X = y) in den Systemen nicht 
ableitbar ist. 

Urn diese Widerspruchsfreiheit einzusehen fügen wir den (nach An~ 
nahme endlich ader abzählbar unendlich vielen) elementaren Kalkülformeln 
A. B . .... Al' .... An, ... arithmetische Werte zu. welche nur 0 ader 1 sein 
können. A + B (~ +?B) ordnen wir den Wert 0 zu. falls A (~) und 
B (?B) der Wert ° zugeordnet ist; sonst den Wert 1. A' (~') sei der 
Viert 1 zugeordnet. falls A (~) ° zugeordnet ist. und umgekehrt. 

Welche Werte X. Y und Z auch zugeordnet sind. in allen FäIlen ist 
den in den Axiomen I-IV im Vorderglied vorkommenden KalküIformeln 
derselbe Wert (und zwar 1) zugeordnet. 

Wendet man auf die in ~ . v vorkommende KalküIformel ~ die Ein~ 
setzungsregel E an, wob ei sie in ?B übergehen solI, und ist ~ immer der 
Wert 1 zugeordnet (wie auch die in ihr auftretenden elementaren Aus~ 
sagen bewertet sind). sa ist klar, dass dasselbe von ?B gilt. 

Schliesslich führt Anwendung des Schlussschemas S von ~ . v und 
(~~?B) . v, wobei ~ und ~ ~?B immer der Wert 1 zugeordnet sein 

solI, zu einem Theorem?B . v, wobei auch ?B dies er Wert zukommt. 
Weist man noch À. den Wert 0, y den Wert 1 zu, so liefern auch die 

Vorderglieder der Axiome V und VI immer den Wert 1. 
Daraus folgt schon unsere Behauptung. 
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Ein zweites Beweisverfahren, welches das vorige als Spezialfall umfasst. 
ist folgendes. Wir betrachten eine Menge M von endlich vielen diskreten 
Elementen 14). Den elementaren Mengen können als "Werte" die Teil~ 
mengen von M hinzugefügt werden (M selbst und die leere Menge mit 
eingeschlossen) 15). Betrachten wir das zweite Axiomensystem. A + B 
(2{ + 58) ordnen wir den "Werf' T 1 + T 2 (Surrime der Mengen Tl und 
T 2 ) zu, falls A (2{) die Menge Tl und B (58) die Menge T 2 zugeordnet 
ist; A . B (2{ . 58) sei dann die Produktmenge T 1 . T 2 zugeordnet. A' (2{') 

sei die Komplementärmenge C (T) oder M - T als "Werf' zugeordnet. 
falls A (2{) T zugeordnet ist. 2{ C 58 solI dann geiten, wenn die 2{ zuge~ 

ordnete Menge immer eine Teilmenge der 58 zugeordneten Menge ist, wie 
auch den in 2{ und 58 vorkommenden elementaren Kalkülformeln Teil~ 
mengen von M zugeordnet sind. Schliesslich sei ,l. die leere Menge, v die 
Menge M selbst zugeordnet. 

Es ist sofort klar, dass die Axiome 10 _70 sich in richtige Behauptungen 
über die Teilmengen von M übersetzen. Ist 2{ C 58 ableitbar, so ist jede 2{ 

zugeordnete Teilmenge von M Teil der lB gleichzeitig zugeordneten 
Menge; dies bleibt so für ~ C~, wenn diese Inklusion mittels der Ein
setzungsregel E· aus der ers ten hervorgeht. 

Daraus folgt, dass X ~ v oder X = v oder "X C v und v C X" DIcht 
ableitbar ist. Denn jeder "Werf' von X , welcher nicht gleich der vollen 
Menge Mist, gibt eine unrichtige Behauptung über endliche Mengen 16). 

Eine leichte Abänderung des zweiten Beweisverfahrens wird uns später 
nützlich sein. Man hätte für die elementaren Kalkülformeln als "Werte" 
nur die n (~ 1) aus einem einzelnen Punkt aufgebauten Teilmengen von M 
zulassen können; natürlich gibt es auch dann zu jeder TeilmenHe T von M 
Kalkülformeln, welche T als "Werf' zulassen. 

Das zweite Beweisverfahren zeigt. dass der erweiterte Aussagenkalkül. 
und somit auch der RUSSELL-WHITEHEAo'sche Auss~genkalkül, ein 2n_ 

wertiger Kalkül ist; der Namen von zweiwertigem Kalkül für den Kalkül 
von RUSSELL und WHITEHEAO ist somit nic:ht ganz zutreffend. 

§ 8. Jedes der Axiame I-VI ist. unter Annahme van Einsetzungsregel 
E und Schiussschema S . van den übrigen unabhängig. 

Axiom V lässt sich mit Regel E und Schiussschema S nicht aus den 
übrigen Axiomen ableiten; wäre dies wohl möglich, somit (,l.' + U) ~;; 

14) Zum ersten Verfahren kommt man durch Betrachtung einer aus einem einzelnen 
Element aufgebauten Menge; diese Menge sei dann 1. die leere Menge 0 genannt. 

15) Enthält M n Elemente, so ist ihre Anzahl 2n • 

16) Ausgehend vom ers ten Axiomensystem genügen die im Texte angenommenen 
Zuordnungen, welche sich auf die Disjunktion, das Komplement, .l. und v beziehen. Für 

die Theoreme 21""':"; (und nur für diese) wird dann 21 immer die volle Menge M zuge

ordnet sein. 21 C !B, d.h. das Theorem (21' +!B) , ;, liefert dann wieder, dass bei 
je der Zuordnung von .. Werten" zu den elementaren Kalkülformeb die 21 zugeordnete 
Menge eine Teilmenge der !B zugeordneten Menge sein wird. 
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ableitbar. so müsste. da die RoBe einer grossen lateinischen Buchstaben in 
Einsetzungsregel E und in den Axiomen I-IV, VI sich durch À. über~ 

nehmen lässt, auch (X' + U) . v ableitbar sein; die Bewertung von § 7 
Anfang zeigt jedoch, dass dies unmöglich ist (man ordne X den Wert I, 
U den Wert 0 zu). 

In analoger Weise lässt sich die Unabhängigkeit des Axioms VI von 
den übrigen Axiomen, Regel E und Schema S beweisen. 

Dass jedes der Axiome I-IV, unter Annahme von Regel E und Schema 
S, von den übrigen und den Axiomen V und VI unabhängig ist, zeigen 
vier Bewertungen in H.-A., Kap. I, § 13, falls man dabei noch für À. bzw. 
nur den Wert 1 (mod 4),1.1 und I, für 11 bzw. nur den Wert 0 (mod 4). 
0,0 und 0 zulässt. 

Das Schlussschema Sist, unter Annahme der Einsetzungsregel E. von 
den Axiomen I-VI unabhängig. Alle Axiome enthalten nämlich Kalkül~ 
formeln der Gestalt ~' + ~, und Regel E liefert nur wieder Formeln dieser 
Art, so dass ein Theorem (X + X') . v sich nicht ableiten lässt; dies wäre 
jedoch wohl der FalI. wenn das Schema S sich anwenden liesse. 

Die Einsetzungsregel Eist von den Axiomen I-VI und dem Schluss~ 
schema S unabhängig. Denn das Schlussschema S allein liefert nicht die 
Möglichkeit zu einem Theorem zu gelangen. welches von den in den 
Axiomen enthaltenen verschieden ist. 

§ 9. Ebenso wie im R.-W. Aussagenkalkül werden in unserem erwei~ 
ter ten Aussagenkalkül die Theoreme ~ . v dadurch charakterisiert, dass 
in der (immer vorhandenen) konjunktiven Normalform von ~ in jeder 
Disjunktion mindestens eine elementare Aussage zugleich mit ihrem 
Komplement auftritt 17). 

Der erweiterte Kalkül ist. ebenso wie der von R. u. W .• vollständig in 
dem Sinne, dass durch die Hinzufügung eines nicht ableitbaren Ausdrucks 
m . v (diese gehöre somit nicht zu den Theoremen im Sinne der Definition 
von § 1) zu dem System von Axiomen stets X ~ v ableitbar wird 18). 

§ 10. De fin i t ion. ~=.~ ist eine andere Schreibweise von ~' . ~. 
X ~ Y und X=. Y stehen somit einander dual. gegenüber gemäss dem 

Dualitätsprinzip (§ 3), a) 19). 
Aus diesem Dualitätsprinzip folgt: 
Sa t z 42. Ist ~ ~ y ein Theorem im Sinne von § L so auch ~' ~y; 

dabei gehe Kalkülformd ~ aus Kalkülformel ~ 'dadurch hervor, dass: 
a) + durch " und umgekehrt, f3) 1 durch ')I, und umgekehrt, y) ~ durch 

17) Verg!. HILBERT-AcKERMANN; loc. cito 1), S. 12. 31. Die Theoreme unseres 
erweiterten Aussagenkulküls. welche 1 und v nicht enthalten, und die Theoreme des R.-W. 
Aussagenkallcüls bilden somit dieselbe Klasse. 

18) Verg!. HILBERT-ACKERMANN. loc. cito 1). S. 35. 
19) Definiert man X<If-. Yals eine andere Schreibweise von (X' . Y) + (Y' . X), 

80 gilt dasselbe von X ~ Y und X ~=. Y. 
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=~ , und umgekehrt, ersetzt wird; ev. vorkommende Akzenten sollen unge~ 
ändert bleiben. 

B e wei s. ~~ v oder auch ~ = y. also nach dem Dualitätsprinzip: 
~ = 2. oder ~' = ')I (Satz 10. 11. 15) oder ~' ~v. 

Auch bei Beschränkung auf Theoreme. welche }. und l' nicht enthalten. 
d.h. bei Beschränkung auf die Theoreme des R-W. Aussagenkalküls. 
führt Satz 42 über das in HILBERT-AcKERMANN. loc. cito 1). Kap. 1. § 5 
vorkommende Dualitätsprinzip hinaus 20) • 

Das Axiomensystem 1 °_7° mit Einsetzungsregel E* steht dual gegen~ 
über dem aus den Axiomen 1°, 2°,3°, 5°, 6°, 7° und 5atz 22 mit Ein~ 
setzungsregel E· gebildeten, gleichwertigen 5ystem. 

Das Axiomensystem I-VI mit Einsetzungsregel E und 5chlussschema oS 
steht dual gegenüber folgendem 5ystem, auf welchem sich der verallge~ 

meinerte Aussagenkalkül ebenfalls aufbauen lässt. 
E ins e t z u n 9 s reg e 1 Eo. aus E hervorgehend durch Aenderun"g 

von al + e in lR· e. 
S c h 1 u s s s c hem a 50 , Sind 

~" ~iJ und [~=~ ~]' . v 
Theoreme. so ist auch 

ein Theorem. 

A x i 0 mlo. 

A x i 0 m Ilo. 

A x i 0 m IIIo. 

Axiom IVo. 

[(X· X) =. X]' . Y. 
[X=~ (X· Y)l' . Y. 

[(X· Y) =. (y.X)l' . Y. 

[(Y=.Z)=~ I(X· Y)=.(X·Z)Il' . Y. 

Die undefinierten Grundverknüpfungen sind hier und und nicht~ 

(Komplement von). bzw. angedeutet durch . und ein Akzent; ~-.~ 
wird definiert als einc andere Schreibweise von ~' . ~. Die Definition eines 
Theorems weicht insofern von der Definition des § 1 ab. dass Regel Eo. 
Schema 50 und die Axiome Io-Vlo Regel E. Schema 5 und die Axiome 
I-VI ersetzen sollen. 

A x i 0 m Vo ' [')I =~ X]' . V. 

Axiom Vlo' [X=~Àl' . v. 

§ 11. Der erweiterte Aussagenkalkül ist als Aussagenkalkül einer ele~ 
mentaren Wahrscheinlichkeitsrechnung zu betrachten. und hat damit auch 

20) Das beweist man wie folgt. Es sei (21 +-+ !8)~ ;- ein Theorem. wobei 21 und 
!8 ;, und " nicht enthalten. und in 21 und !8 nu r + . .. und das Akzent als Operations
zeichen vorkommen. wie dies von HILBERT und ACKERMANN vorausgesetzt wird. Dann 

folgt aus Satz 42. dass (2ï~=~\B)' . ; ein Theorem ist. wobei 2l und!a aus 21 bzw. !8 

durch Vertauschung von + und . hervorgehen. Also ist![(2l)'. \B] + [(\B)' . 2l]I' = ". oder 

I [2l + (18)'] . [~+ (2l)'] I =". oder schliesslich (2ï +-+!a) . ;-; das ist das duale 
Theorem im Sinne von HILBERT und ACKERMANN. 



28 

als mehrwertiger Kalkül eine inhaltliche Deutung; den elementaren Aus~ 
sagen A. B, ... , Al' .... An . ... (deren Anzahl nach Annahme endlich oder 
abzählbar unendlich sein solI) seien als .. Werte" die n Mengen zugeordnet. 
deren jede aus einem einzelnen von n einander ausschliessenden elemen~ 
taren Ereignissen besteht (n;:;:; 2). À. sei die leere. also die keines der 
elementaren Ereignisse enthaltende Menge als einzig möglichen "Werf' 
hinzugefügt, 'V möge die Menge -aller elementaren Ereignisse als einzigen 
.. Werf' haben. Ist die Menge p von elementaren Ereignissen einer der 
möglichen "Werte" von ~. die Menge q von elementaren Ereignissen 
einer der möglichen .. Werte" von ~, so sei die Menge p + q einer der 
möglichen .. Werte" von ~ + ~. und p. q einer der möglichen "Werte" 
von ~ . ~; die Menge der zu ~' gehörenden "Werte" enthalte alle und 
nur alle diejenigen Mengen von elementaren Ereignissen, deren Komple~ 
ment in bezug auf die Menge aller n elementaren Ereignisse einen "Werf' 
von ~ liefert. 

Ein Theorem ~ . v hat die inhaltliche Bedeutung. dass .. Werf' von ~ 
nur die Menge aller n elementaren Ereignisse ist. wie auch die in ~ vor~ 
kommenden elementaren Kalkülformeln (zulässige) .. Werte" zugeordnet 
sind. 

Die in § 7 angedeutete Abänderung des zweiten Beweisverfahrens für 
die Widerspruchsfreiheit des erweiterten Aussagenkalküls zeigt unmittelbar 
die Möglichkeit obiger Interpretation. 

Der erweiterte engere Prädikatenkalkül. 

§ 12. Was den Prädikatenkalkül betrifft, können wir uns nach dem 
Vorigen kurz fassen. 

Einen ersten Aufbau erhält man dadurch, dass man neben den Axiomen 
I-VI und Schiussschema S einführt: 1 ° ei n e Ab ä n der u n 9 der 
Ei n set z u n 9 s reg el E (und somit nebenbei der Definition der Kal~ 
külformeln) gemäss H.-A .• S. 54 (1-5), mit der Hinzufügung. dass auch 
J. und 11 Kalkülformeln sind, und S. 56. 57 (a 1). 2). 3)); 2° die 
U m ben en n u n 9 s reg el 15) in H.-A .. S. 57; 3° die beiden folgenden 
Axiome: VII. [(x)F(x) ~ F(y)]--=--. v, VIII. [F(y) ~ (Ex)F(x)] . v; 4° die 
Schiussschemata: SI . ist [~~ ~ (x)] --=- v, wobei die freie Variabie x nur 
in ~ vorkommt, ein Theorem. so auch [~~ (x)~(x)] --=--. V. S2 . ist 
[~(x) ~~] . v ein Theorem. wobei die freie Variabie x nur in ~ vor~ 
kommt. so ist auch [(Ex)~(x) ~~] . v ein Theorem. 

Wie man einen völlig aequivalenten Aufbau durch Erweiterung des von 
den Axiomen 1 °_7° und Einsetzungsregel E· gebildeten Systems erhält, 
ist fast evident; der Wortlaut der Regel E* in ihrer abgeänderten Form 
und der der neu hinzukommenden Umbenennungsregel liegen auf der 
Hand; als Axiome kommen hinzu: Ax. 8° [(x)F(x)] C F(y). Ax. 9° 
F(y) C (Ex)F(x), als Schiussschemata: Sl* - lässt sich schreiben 
~ C [~(x)]. wob ei die freie Variabie x nur in ~ vorkommt. so auch 
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m c [ (x) ~ (x)]. 5 2• . lässt sich schreiben [~( x)] C ~. wobei die freie 

Variabie x nur in ~ vorkommt. so auch [(Ex)~(x)] c ~. 
Das D u a I i t ä t s p rin zip behält seine Gültigkeit im erweiterten 

Prädikatenkalkül. wenn man zu den angegebenen V ertauschungen hinzu~ 
fügt: b) jedes A11zeichen ( ) solI durch ein Seinsze:chen (E ). und umge~ 
kehrt. ersetzt werden. 

Dadurch lässt sich Satz 42 ausbreiten zu: 
Sa t z 42*. [st ~ . v ein Theorem nes erwezterten Prädikatenkalküls, 

so auch~' . v; dabei gehe Kalkülformel ~ aus Kalkülformel ~ dadurch 
hervor, dass: a) + durch " und umgekehrt. f3) À. durch v, und umgekehrt, 
r) -,) durch =:", und umgekehrt, schliesslich: b) jedes Allzeichen durch ein 
5einszeichen, und umgekehrt, ersetzt wird. 

Auch bei Beschränkung auf Theoreme, welche À. und v nicht enthalten. 
d.h. bei Beschränkung auf die Theoreme des (nicht erweiterten) engeren 
Prädikatenkalküls. führt Satz 42* über das in HILBERT-AcKERMANN. loc. 
cito 1). Kap. 3. § 8 vorkommende Dualitätsprinzip hinaus 21). 

In dem erweiterten Prädikatenkalkül lässt sich jede Kalkülformel 
auf eine pränexe Normalform bringen. und gilt auch die durch den 
SKOLEM' schen Satz gelieferte Verschärfung dieses Resultates 22). 

§ 13. Die beiden einander gleichwertigen Axiomensysteme des erwei~ 
ter ten Prädikatenkalküls sind widerspruchsfrei in dem Sinne. dass X ~ ii 
(oder X = v) in den Systemen nicht ableitbar ist 23). 

Urn die Widerspruchsfreiheit einzusehen fügen wir den (endlich oder 
abzählbar unendlich vielen) elementaren Kalkülformeln 
A. B . .... Al' .... An . .... A(x) . .... An(x) • ... , A(x. y), .... An(x. y) • ... 
arithmetische Werte zu. welche nur 0 oder 1 sein können. Bei der Bewer~ 
tung einer zusammengesetzten Kalkülformel werden Seins~ und Allzeichen 
fortgelassen; ~ + ~ ordnen wir den Wert 0 zu. fa11s ~ und ~ der Wert 0 
zugeordnet ist; sonst den Wert 1. ~' sei der Wert 1 zugeordnet. fa11s ~ 0 
zugeordnet ist. und umgekehrt. 

Welche Werte X. Y. Z. F(x) auch zugeordnet sind. in allen Fä11en 
ist den in den Axiomen I-IV. VII. VIII im Vorderglied vorkommenden 
Kalkülformeln der Wert 1 zugeordnet. 

Die Einsetzungsregel und die Umbenennungsregel führen immer von 
Theoremen ~ ~ v, bei welchen ~ immer der Wert 1 zugeordnet ist. zu 
Theoremen ~ . v. bei denen dasselbe von ~ gilt. 

Schliesslich führt das Schiussschema 5 1 von [~-,) ~ (x)] • V. wob ei 
~ -,) ~ (x) immer der Wert 1 zugeordnet ist. zu [~-,) (x) ~ (x)] ~ V. 
wobei auch ~ -,) (x)~(x) immer dieser Wert zugeordnet ist; die Schemata 
5 und 5 2 haben die analogen Eigenschaften. 

21) Zum Beweise vergleiche man das Verfahren in Fussn. 20. 
22) Siehe H.-A., loc. cit. 1). S. 67, 68. 
23) Anwendung des Dualitätsprinzips ruhrt zu zwei weiteren gleichwertigen Systemen. 

Verg!. auch § 10. 
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Dadurch dass man À. den Wert 0, " den Wert 1 zuweist, liefern die 
Vorderglieder der Axiome V und VI immer den Wert 1. . 

Daraus folgt obige Behauptung. 
Auch das zwei te Beweisverfahr:~n von § 7 oder die zugehörige Abände

rung hätten sich hier anwenden lassen. 
Sie zeigen: 10 dass der erweiterte engere Prädikatenkalkül auch ein 2n_ 

wertiger Kalkül ist (n eine natürliche Zahl), 20 dass er sich intuitiv als 
engerer Prädikatenkallcül einer elementaren Wahrscheinlichkeitsrechnung 
deuten lässt 24) • 

§ 14. Die Axiome I-VIII, die Einsetzungsregeln al), a 2), a3), die 
Umbenennungsregel 0) und die 5chiussschemata 5, 5 1 und 52 sind von
einander unabhängig. 

Den Beweis können wir unterdrücken; man hat nur die Betrachtungen 
von § 8 Anfang und von H.-A., Ioc. cito 1), Kap. 3, § 8 zu benutzen. 

Das soeben genannte 5ystem von Axiomen U.S.W. ist auch vollständig 
im GÖDEL'schen 5inne 25) ebenso wie das in H.-A., Kap. 3 für den 
engeren Prädikatenkalkül gegebene System; die Ableitung ist fast die
selbe 26). Auch in dem erweiterten engeren Prädikatenkalkül lässt sich das 
Entscheidungsproblem lösen bei Kalkülformeln, welche nur einstellige 
Prädikate enthalten, sowohl wenn wir den Kalkül 2-wertig wie wenn wir 
ihn 2 n-wertig (n;;;;: 2) auffassen 27). 

24) Verg!. § 11. 
2ö) Der hierbei angewandte Begriff der .. identischen" Formel (siehe H.-A., loc. cito 1), 

S. SS, 56) setzt Zweiwertigkeit der Aussagen und Prädikate voraus. Wie der Begriff zu 
verallgemeinem ist, wenn man n-wertige el e men ta r eAussagen und -Prädikate 
(und dab ei höchstens 2n-wertige zusammengesetzte Aussagen und -Prädikate) zulässt 
(n eine natürliche Zahl ;;;;: 2), liegt auf der Hand (vg!. auch §§ 7, 11 u. 13); nennen 
wir identische FormeIn im neuen Sinne (n)-identische FormeIn, so bleiben die in H.-A., 
S. 78 kursiv gedruckten ResuItate gültig bei Benutzung von (n)-identischen Formeln 
(n;;;;: 2) an Stelle der identischen. Auch ist es möglich schon die elementaren FormeIn 
des PrädikatenkalküIs als 2n-wertig aufzufassen (n;;;;: 2) und den Begriff der identischen 
Formeln in Uebereinstimmung damit sa zu modifizieren, dass das GÖDEL'sche Resultat 
erhaIten bleibt. 

26) Verg!. H.-A., loc. cito 1), Kap. 3, § 10. 
27) Verg!. H.-A., loc. cito 1). Kap. 3, § 12. 



Mathematics. - On the theory of simultaneous linear and quadratic 
representation. Part I. By F. VAN DER BLIJ. (Communieated by 
Prof. J. G. VAN DER CORPUT.) 

(Communicated at the meeting of December 21, 1946.) 

§ 1. Introduction. 

We eon si der the system of Diophantie equations 

r 

:2 Sik Xi Xk = n, 
i,k=1 

r 

I 0iXi =m, 
/=1 

X' S x= n, ~ 

x' s = m,) 
. (1. 1) 

where the matrix S is a positive (definite), symmetrie, integral one. Some 
special eases of this system have been considered long before now. We 
find in DICKSON's History of the Theory of Numbers [4] I) Vol. Il, p. 259 
a numerical example given by REGIOMONTANUS (1436-1476). Here we 
will also remark that PALL considered some special cases in 1931 [12] 
and [13]. 

It is quite easy to eliminate one of the Xi from the equations. Then 
the linear equation may be replact"d by a linear congruence. (Vid. 
KLOOSTERMAN [7] Zusatz bei der Korrectur.) 

In some special cases it will be easy to eliminate this eongruence, too. 
In order Ao obtain the number of the solutions of the system (1. I), we 
must calculate the number of the solutions of aquadratic Diophantic 
equation y' T y = N. 

From the arithmetie theory of the quadratie forms given by SIEGEL 
[14], we can deduce the average value of this number if T runs through 
a complete system of representatives of all classes of the genius of T. 
If the genius of T contains one class only, the number of the solutions 
is found at onee. 

We will be able to calculate the number of the solutions of 

r 

I x~=n, ! i=1 I 

r 

Ix/=m, 
i=\ 

(1. 2) 

if r = 3 2), 4, 5 or 8 using only well~known results coneerning the re~ 

1) In this way we refer to the bibliography at the end of this part. (pag. 40). 
2) Vid. DE BRUIJN [3]. 
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presentation of numbers by quadratic forms: 

Ifr=3 we consider x 2 + 3 y2 vid. DICKSON [5], pag. 80. 

Ifr=1 we consider x 2 + y2 + Z2 vid. BACHMANN [1], pag. 137. 

If r = 5 we con si der x 2 + y2 + Z2 + 5 t2 vid. LIOUVILLE [8]. 

If r = 8 we con si der x~ + x~ + ... + x~ vid. DICKSON [6]. 

If r = 6 or 7 we can calculate the number of the solutions using the 
theory of SIEGEL [14]. 

Thus the formulae first given by KLOOSTERMAN [7] and BRONKHORST 

[2] are deduced in a new, somewhat more simple way. 
If r = 9 we will show that the number of the solutions can not be 

deduced with this theory. 
We study the number of the representations of integers by sums of 

(generalized) polygon numbers, as it was done by STREEFKERK [15], in 
a new "'-ay. too. 

At last we study the representation of integers by those cubic forms 
which can be written as a product of a linear and aquadratic form. In 
the cases of some quite special forms, of which x 3 + y3 + Z3 - 3 x y Z 

is the most simple example; these formulae are multiplicative ones. 
At the end of this introduction I will express my grateful thanks to 

Dr. H. D. KLOOSTERMAN for his kind help by the compiling of this paper. 

§ 2. Matrices. 

We will use hereafter the wdl~known matrix notation. If the contrary 
is not expressely mentioned we will suppose the matrices to be integral 
ones, that is to say matrices of which all elements are rational integers. 
We denote these matrices by fat types; matrices of one column only 
are called vectors and are denoted by fat small letters. 

The transposed of a matrix A is denoted by A'. The transposed of 
a column a is a row a'. If the matrix S is a square one the product 
x' S x is aquadratic form and x' s is a linear form in the elements of x. 
The scalar product a'b = b'a is a number, the product a b' is a square 
matrix of r rows and r columns (or of degree r), if the vectors a and b 
contain each r elements. 

The letters N and nare only used for matrices (vectors) of which 
all elements vanish. The letter E wilJ denote the unity matrix. The matrix 
which we obtain by writing the columns of a matrix B at the righthand 
side of those of the matrix A is denoted by (A B). Analogical meanings 
have the expressions 
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Henceforth the letter S is restrieted to symmetrie positive matrices of 
degree rand the determinant of these matrices is denoted by S. The 
letter s is restricted to a primitive vector of r elements, that is to say 
a vector su eh that its elements have no common divisor except 1. A 
vector of which all elements are equal 1 is denoted bye. 

Further we denote 

s·= [S sJ; 
s' 0 

th us 

S = I S·I = - s' S s, wh ere S S = S E .. . (2. 1) 

§ 3. Arithmetics. 

Let N be a positive rational integer, a and b be rational integers, 
p be a prime, and a be a non negative integer, we use the following 
symbols: 

alN 
ai-N 
p«IIN 

(a, b) 
~ a = b (mod N) 
~ a = b (N) 

}; 
x mod N 

};' 
x mod N 

00 

I 
x=1 

x=a(N) 

IJ 
p 
II 
pIN 

IJ 
p.f'N 

a is a divisor of N. 
a is not a divisor of N. 
pa. is the highest power of p divising N, thus pCt I N 
and pCt +.1 i- N. 
the greatest common divisor of a and b. 
the numbers (vectors) a and b are congruent to the modulus 
N that is to say their difference is divisible by N. 
the sum over x runs through a complete system of 
residues modulo N. 
the sum over x runs through a reduced system of 
residu es modulo N (only those x satisfying (x, N) = 1). 

the sum over x runs through all positive integers which 
satisfy the congruence x - a (mod N). 
the product must be extended over all prime numbers p. 

the product must be extended over all prime divisors 
pof N. 
the product must be extended over all prime numbers p 
whïch are not a divisor of N. 
is the well~known symbol of JAC OBI from the theory of 

quadratie residues, if b is odd; (~)= 0 if (a, b) > 1. 

We will use the abbreviations: 

e (x) = e2nix ; 

tN-I)' 

In = i-"- . if N is odd. 
3 
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We also use the following formulae concerning Gaussian sums and 
Ramanuyan sums: 

. if N is odd and (a, N) = I.. (3. I) 

~ e(a2~2)= 0(~)'(2')k~t 'k;;~f k=ll and a is odd .. 
xmod2k "e"8 a 2 If k~2~ 

~' (ax) O. .. .. if pl'l l a and p.<.1.-I;j 
L.J e 7- =_pl.-t. . .if pl' lla and p.=.1.-I; . 

x mod pl. pl._pl.-l.. .if p u ll a and p.>.1.-1. 

At last we consider if p is an odd prime and (a, p) = 1 : 

~ (x)e(ax) 
xmodpl. P pJ.' 

This sum vanishes unless 1 = 1. 
The sum 

~ (~ ") e (a2~)' 
xmod2l. 

where (a. 2) = I. vanishes unless .1. = 3. 

§ 4. First general theory. 

We consider the following system of Diophantic equations 

x' S x=n. ~ . 
x' s =m. ~ 

· (3.2) 

· (3.3) 

· (3.4) 

.(3.5) 

· (4. 1) 

where n and mare given integers of which n is a positive one. We 
may replace (4. 1) hy. (l =1= 0). 

1 x' S x + f1- x' S s' ,x _). n + J.l m
2

, ~ • • · (4.2) 
x s-m. 

Now we chose 1 and f1- in such a way that the matrix .1. S + f1- s s' 

is a singular one. It is quite ohvious that the vector x = S s must then 
satisfy the equation 

.1. x' S x + f1- x' s s' x = 0, 

so we can chose ). = S· and f1- = S. 
So (4. 2) can he written as 

S· x' S x + S x' s s' x = S· n + S m 2
, ~ • 

S/X= m. ~ 

The matrix S· S + SS s' has rank r - I. 

· (4.3) 
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Let now S 8 = ~ r with a posive integer ~ and a primitive vector r. 
Then there exists a matrix VI such that the square matrix V = (VI r) 

has determinant unity. 
Replacing x by VI Y + rein (4.3) we get 

S· y' V~ S VI Y + S y' V; 8 8' VI ~ = Sn + S m l .' 

y' V; 8 - , ,,-I S = m. . . 

We can deduce an integral value C from (4.42) if and only if the 
congruence 

y' V~ 8 = m (mod <5-1 S). . . . . . (i. 5) 

is satisfied. 
We deduce from (4.41) 

S (y' V~ 8)2 = S m2 (mod S). 

if we denote <50 = (S. S·) this becomes 

(y' V~ 8)2 _ m2 (mod ~Ol S). . . . (4.6) 

Henceforth we shall suppose 15 = ~o. 
Now we consider under what suppositions we may deduce the con~ 

gruence (4.5) from (4.6). In the following special cases it is quite easy: 

I. <5-1 S· is either a power of a prime or the double of a power of 
a prime. and m is not divisible by th is prime; the number of the solutions 
of the congruence (4.5) is half the number of the solutions of the con
gruence (4. 6). 

11. <5-1 S· is either prime or the double of a prime and m is divisible 
by this prime. Then all solutions of the congruence (4.6) do satisfy the 
congruence (4.5). too. 

§ 5. Second general theory. 

We consider on ce more the qUildratic equation of (4. 3). 
The quadratic form x' (S S + S 8 s') x can be written as the sum of 

r - 1 squares of integral linearly independant linear forms. each multiplied 
with a rational number. We use the following lemma (vid. E. PASCAL 

Repertorium der Höheren Analysis I 1. pag. 120). 
IE the symmetrie matrix Q(r) = (q/k) is of rank r - l, we have 

r r-I 
~ ~ y~ 

L.; qik Xi Xk = L.; Q Q." . • . . (5. 1) 
~k=1 i=1 i-I I 

where 

. (5.2) 
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Here we wrote by abbreviation : 

qll • qli qll • qli qle 

Qlk,el _ 
I - (5.3) 

qil • qii qie 

qkl. • qkiqke 

Qo= 1 Qlk,el 
I =qke. (5.4) 

To each solution x of (4. 1) corresponds an integral solution y of 

(5.5) 

Those integral solutions of (5.5). such th at integral numbers XI' X2' ••• X r 

can be found satisfying 

r Q(i,kl ~ I-I Xk=YI. 
k=1 

x' s = m: 

where i= 1.2 .... ,-I.! 

correspond with a solution of the Diophantic system (4. 1). 

§ 6. Special systems. 

. (5.6) 

Before considering a quite special system. we will now deduce how 
much the formulae of the preceding paragraphs can be simplifled if we 
consider the special system: 

By abbreviation we write 

i: SI x7 = n'l 1=1 
r. (6. 1) 
~s{ X{ =m. 
{=I 

r 
a = :E Sf. 

1=1 

First we consider the formulae of § 4. 
We may write 

Ss=Se 
50 d = S and we may chose 

Further we have 

S=-:-Sa. 



37 

The formulae (4. 41) and (4. 5) can be written as 
r-I r-I 

o 2 s/ Y:-( }; Si Yi)2 = 0 n~m2. • • • • (6. 2) 
/=1 i=1 

and 

'r-I 

2 siYi=m (mod 0). . . . . . . (6. 3) 
i=1 

The formulae of § 5 become for the system (6.1) 

Q (i,k) _ Si ( )i-I 
i-I - -0 SI S2'" Si, Sk: . . (6.4) 

and 

Thus 

In order to simplify these formulae we write 

S i ( )i-I 
Yi= -0 SIS2 • • ·SiZi. 

The form at the righthand side of (6. 1) is now 

r-I -So Si Z~ 

.2 (S/ + SI+I + ... + Sr) (S;+I + ... + Sr) 
i=1 

and the equation (5. 5) can be written as: 

r-I Si Z7 ' on-m2 

.2 (Si + ... Sr) (SI+I + ... Sr) = 0 • 
. (6.5) 

i=1 

From (5. 6) we deduce the following congruences to be satis6ed by Zi 

in order to obtain a corresponding integral solution of (6. 1): 

m = ZI (mod 0), l 
Zi =':+1 (mod Si+1 + ... + Sr), wh ere i= 1, 2, .. . r-2. (6.6) 
Zr-I = 0 (mod Sr). 

§ 7. Some quite speCial cases. 

In th is paragraph we restrict us to the system 

r !' 2~=n, 
i~1 ,/ 

. . . . . . . . (7. 1) 
r ' 

2xi=m, , 
i=1 , 
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The trivial identity 

2 (x~ -+- xi) = (xo -+- XJ2 -+- (XO-XI)2 (7.2) 

is the first one in a series of analogical identities in 2), variahles Xo. Xl •.•• X21 _1. 

wh ere À. = 1. 2 .... 
The next one is 

4 (x~ -+- xi -+- X~ -+- ~) = (xo + XI -+- X2 -+- X3)2 -+- ~ 
(7.3) -+- (XO-XI -+- X2-X3)2 -+- (xo -+- XI-X2-X3)2 -+- (XO-XI-X2 -+- X3)2. 

In order to find a genera 1 formula we introduce the matrix notation. 
The identity 

21 _1 21 _1 

2), ~ x~= ~ y2. 
1=0 I i=O I 

where y = V x. can he written as 

2),E=V'EV. 

. (7.4) 

. (7.5) 

The elements Vik of Vare all ± 1. in order to determine them we 
consider the two~adic representation of the indices i and k. Let 

1-1 ),-1 

i= 2: i~ 2a
• k = ~ k.2a• (here i. k = 0.1. ... 2),-1) 

a=O a=O 

where the numhers ia and ka are either 0 or 1. 
We define 

Now we must prove 

V'V=2),E. 

that is to say we must calculate the sum 
2),-1 ),-1 I ),-1 

~ Vik Vkj = ~ ~ IJ (_I)ka(ia+jal • 
k=O .=Ok.=Oa=O 

If there exists a t with i", '* j",. thus with i", -+- j", = 1. we have 
21 - 1 ),-1 I 1-1 
2: Vlk Vkj = ~ ~ (1 -+- (- l)i,,+j:,.) IJ (_l)ka(ia+j~l. 

and 

k=O .=0 ke=o a=O 
e*" a*" 

2),-1 

~ Vik Vkj = O. 
k=O 

If such a t does not exist we have i = j and 

2),-1 

2: Vik Vkl = 2),. 
k=O 

1 

(7.6) 

(7.7) 

50 we proved the matrix W = (Wik) with Wik = 2- 2 Vlk to he an ortho-
gonal one. 
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21 _1 
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2: y2= 21 n-m2. 
i=1 1 

. . . . . (7.8) 

With each integral solution of the system (7. 1) corresponds an integral 
solution of (7.8). With each integral solution of the equation (7.8) which 
satisfies the congruences 

v y _ 0 (mod 2.\), where Yo = m, . . (7,9) 

corresponds an integral solution of the system (7. 1). 

§ 8. Necessary conditions. 

We shall try to find the necessary and sufficient conditions to be 
satisfied in order to obtain a real solution of the equations 

X' S x = n, ~ . . . 
x' S = m. ~ 

. (8. 1) 

This condition is 6. = S· n + S m2 :s; O. 
The matrix S being positi ve we have S· = - s' Ss < 0, and for every 

real solution x of (8. 1) 

Thus 

S· (x + m ~!)' S (x + m ~! ) :s; O. 

S* x' S x + 2 S m x' s - m2 S :s; 0, 

S* n + S m2 :s; 0 . . . . (8.2) 

Ss 
If 6. =0, there is one real solution only, which is given by x=- m S.' 

Henceforth we shall suppose 6. < O. 
If we have for every i in the interval 1 :s; i :s; r the congruence 

5ii = ai (mod 2), where S = (Sik) and s = (Ol); • • (8. 3) 

it may be seen readily that a necessary condition to be satisfied in order 
to obtain an integral solution of the system (8. 1) is given by 

n = m (mod 2) ;. . . . . . • . (8. -t) 

since 

n = x' S x = I Sik Xi Xk = }; 5ii X: = I Sli Xi (mod 2) 
i,k: i i 

and 

m= X'I'l= 
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Mathematics. - On the theory of simultaneous linear. and quadratic 
representation. Part 11. By F. VAN DER BLIJ. (Communicated by 
Prof. J. G. VAN DER CORPUT.) 

(Communicated at the meeting of December 21, 1946.) 

§ 9. The binary system and some abbreviations. 

In this part we shall develop the results of the preceding § 7, if r = 21 

and ;. = I, 2 or 3. 
The case;' = 1 is quite trivia!. The system 

~+xi=n, t 
XO+XI =m, ~ 

. (9. 1) 

has 2, 1 or 0 solutions in rational integers, according to 2 n - m 2 is a 
positive square, 2 n - m 2 = 0 or 2 n - m 2 is not a square of a rational 
integer. In order to obtain analogeous formulae for the number of the 
solutions of the system (1. 2) if r = 4, 6 or 8, we intro duce now the 
following abbreviations: 

I-' = r-3. 
D. = r n-m2

, 

2"11 D.. 
~ = 2" ~3 ~ .. = 2" ~I' where 

A _ p2"p -I p2"p-1 
U3- I' 2' '" 

and 

~ .. = qiJ3q, q~J3q • ••• 

and the numbers pi and qi are primes. 
To each prime divisor p of 6 3 we define A p = (l"-p-I'''p) (l-p-l') -1. 

Toeach prime divisor q of 64 we define 

1'+1 
At last we define D from 6 = (-1) -2- 64 D. 
Hereafter we will suppose the congruence 

n = m (mod 2) 

to be satisfied. 



§ 10. The quaternary system. 

Now we consider ). = 2 thus 

x~+~+x~+x~=n, ~ ...... (10.1) 
Xo + XI + X2 + X3 = m. ~ 

We may replace this system by 

y: + y~ + y~ = 4 n - m2
, . (10.2) 

accompanied with the following congruences to the modulus 4, 

YI + Y2 + YJ + m = 0, 
YI - Y2 + Y3 - m = 0, 
YI + Y2 - Y' - m _ 0, 
YI - Y2 - Y3 + m = o. 

We replace these by 

YI + Y2 + Y3 + m _ 0 (mod 4), ~ 
YI =Y2=Y3=m (mod 2). 

Now we deduce Erom 

m2 + Y: + y~ + y~= i n 
immediately 

m = YI = Y2 = Y' (mod 2). 
IE mand n are even, we can deduce from 

that 

and 

or 

m2 + Y: + y~ + y~ = 0 (mod 8) 

m + YI + Y2 + Y3 = 0 (mod 2) 
2 2 2 2-

m + YI + Y2 + Y3 = 0 (mod 4). 

. . . . (10.3) 

IE mand nare odd, we deduce that either m + Y1 + Y2 + Y3 - 0 or 
m-YI-Y2-Y3 0 (mod 4). 

Of each pair solutions of (10.2) just one satisfies the congrences (10.3). 
Thus we found: 

Theorem 1. The number of the solutions of the system (10. 1) equals 
i[ n m 0 (2) the number A3 (.6.) of the representations of .6. as a sum 
of three squares, if n m 1 (2) it equals t A3 (.6.). 



Por the nu mb er A3 (6,). for which are given many formulae depending 
on the class number of binary quadratic forms. can be given the following 
formula (deduced from SIEGEL [14]. using MAGNUS [9]) 

where 

and 

A3 (6) = 16 a~) (6) 6' IJ A p IJ Bq }; (~) k-I; . (10.4) 
:re pi c., q I c., k=1 

(k.2D)=1 

x = 3 iE a = 0 (2) and 6 1 = 1 (4) or a = 1 (2). 
x = 2 iE a = 0 (2) and 6 1 = 3 (8). 
x = 0 iE a = 0 (2) and 6 1 = 7 (8). 

§ 11. The system in eight variables. 

IE J. = 3 we consider the system 

x~ + xî + ... + x~ = n. ! . 
. . . . . (11.1) 

XO+XI+",+x7=m. 

We replace this by theequation 

y~ + y~ + ... + y~ = 8 n-m~.. . . . . . . (11. 2) 

With the Eollowing congruences modulo 8: 

m y, ys 

+ + + + + + + + 
-------------- - - -
+ + + + 
+ + + + 
+ + + + =0 (mod8). (11.3) 
----- -----------
+ + + + 
----------------
+ + + + 
+ + + + 
+ + + + 
These congruences can be replaced by 

m + YI + Y2 + Y3 + Y4 + Ys + Y6 + Y7 = 0 (mod 8). 

m + Y2 + Y4 + Y6 = 0 (mod 4), 
m + Y3 + y. + Y7 = 0 (mod 4), • (11. 4) 

m + YI + Y6 + Y7 = 0 (mod 4), 

m = YI = Y2 _ Y3 = Y4 = y, _ Y6 = Y;' (mod 2). 



It may be seen readily that all the solutions of the equation . (11. 2) 
satisfy the last congruence to modulus 2. 

Now we proceed systematically. 

Case I. 

IE m is even, we intro duce m = 2 ft and yl = 21Ji. 
Then we consider the solutions of 

1J~ + 1J~ + ... + 1J~ = 2n-ft2 : 

which satisfy the congruences 

fl + 1JJ + 1J2 + ... + 1J7 = 0 (mod 4), 

ft + '72 + 1J1 + 1J6 = 0 (mod 2), 

fl + 1J3 + 1J1 + 1J7 _ 0 (mod 2), 

ft + 1JJ + 1J6 + 1J7 = 0 (mod 2). 

. (11.5) 

I. a. Let m 0 (4) so ft is even, then. 1Ji satisfying (11. 5) are either 
all even or four of the numbers 1Ji are odd and the remaining three are even. 

I. a.I.All 1Ji are even. Now we search the number of the solutions of 

satisfying 

?]J + ?]2 + ... + ?]7 + fi = 0 (2). 
IE n 0 (-4) , these are the solutions of 

x~ + x~ + ... + x~= T)r (8 n-m2
). 

IE n :;zé 0 (4) such solution don' t exist. 

I. a. 2. . Among the numbers 1Ji there are four odd and three even ones. 
Now there are (r) = 35 possible combinations. We research systematically 
these combinations. calculating 1Jl. 1J2' 1J3 and 1J5 by given fixed values of 
1J4. 1J6 and 1J7 from 

1J4 

1 
--

0 
--

I 
--

I 
--

I 
--

0 
--

0 

0 

'7J + 1J6 + 1J7 = 0 (2), . 
1J3 + 1J1 + 1J7 = 0 (2), 
1J2 + 1J1 + 1J6 = 0 (2). 

1J6 ~I~ 1JJ 1J2 1J3 

1 1 0 0 0 
------------

1 1 0 1 1 
------------

0 1 1 1 0 
------------

1 0 1 0 1 
------------

0 0 0 1 1 
------------

1 0 1 1 0 
------------

_01_
1 1 0 1 
--

o 0 

1Js 

1 
--

0 
--

0 
--

0 mod 2. (11.6) 
--

1 
--

1 
--

1 
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Thus we find that only t of the number of these possible combinations 
equals the number of those which satisfy these congruences to modulus 2. 

Now we research which of these solutions satisfy the congruence 
'fJl + 'fJ2 + ... + 'fJ7 0 (mod 4). 

All ~olutions satisfy this congruence to modulus 2. From one solution 
'fJl. 'fJ2 ••• 'YJ7 we deduce 27-1 other solutions. to know -+- 'YJl. -+- 'fJ2 • • ,. 

-+- 'fJ7 ' In order to find the asked number we must divide the just found 
nu mb er by 2. 

I. b. Now Iet m 2 (4) so ft is odd. From 

.E7Ji + ft2 - 0 (4) 

we deduce that either all 'fJi are odd or four of the numbers 'YJI are even and 
the remaining thrce are odd. 

I. b.I. We suppose all 'fJi to be odd. So we must count the number of 
the solutions of 

7J~ + 7J~ + ... + 7J~ = 2 n - ft2 

satisfying the congruence 

7J1 + 7J2 + ... + 7J7 + ft = 0 (mod 4). 

All 'fJi and ft being odd we deduce that one of each pair solutions 

'11' '12' ••• • 'fJ7 and -'11' -'TJ2 • ••• -'YJ7 

satisfies the congruence. 

I. b. 2. Four of the numbers 'YJI are even ones and three are odd ones. 
From the table below we deduce once more that only 7 of the 35 combinat~ 
ions satisfy the congruences 

7J.. 'TJ6 '17 
----

o 0 0 
------

0 1 1 
-------

I 0 1 
------

I 1 0 
------

I 0 0 
------

0 1 0 
------

0 0 1 
------

I 1 1 

'11 + 'YJ6 + 'TJ7 1 (2). 

'TJ3 + '1<{ + '17 = 1 (2). 
'12 + '1 .. + 7J6 = 1 (2). 

.... 'TJ1 'TJ2 ~I~ 
1 1 1 0 

----------
1 0 0 0 

----------
0 0 1 O· 

- - -- - - ----
0 1 0 0 

----------
1 0 0 1 

----------
0 0 1 1 

----------
1 1 0 0 

----------
- - - -

(mod 2). (11.7) 
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We can deduce on ce more that one of each pair 

'11' '72 •...• '17 and -1JI' -1J2 • ••• -'lr. 

satisfies the congruence 

Case 11. 

Let m he odd. then all yi and nare also odd. 
We consider the solutions of. (Yi = 21Ji + 1 and m =2 I-' + 1). 

satisfying 

7 '7: + '1; 1-'2 + I' '"' + = n-l . . (11.8) L..J 2 2 
i=1 

TJI + 1J2 + ... + TJ7 + 1'=0 (4). 

1J1 + '76 + "17 + ft _ 0 (2). 

1J3 + TJ4 + '17 + ft = 0 (2). 

1J2 + 1J4 + TJ6 + ft = 0 (2). 

. (11.9) 

Again we consider couples of 27 solutions -+- Yb -+- Y2 • ... -+- Y7' 
First we consider those solutions in a fixed coup Ie which satisfy 

TJ2 + TJ3 + 1J4 + 1J5 - 0 (2). 

1J1 + '16 + TJ7 + ft = 0 (2). 

TJ3 + 1J4 + '17 + ft - 0 (2). 

"12 + TJ4 + TJ6 + I' - 0 (2). 

• . (11.10) 

IE we fix arhitrary 1J2. 1]3 and 1]4 we can deduce 3) 1]1. '75' '76, and 1]7 

in su eh a way that the congruences (11. 10) are satisfied. Sa there are 23 

solutions in each coup Ie which satisfy (11. 10). It may be seen readily that 
each of these eight couples contains either all even elements 1]i and /1 . or 
all odd elements or four even and four odd ones. 

Thus we have 

ITJ~ + 1'2 = 0 (mod 4) 
and from 

we deduce 

thus 

E1Jt + ft = 0 (mod i). 
Sa we proved that each couple contains just 23 solutions which 

satisfy (11. 9). 

al lf we change lIi in -lli we must replace 'Ii by -l1i-1. 
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Summary. 

Let r (N) denote the number of the solutions of X1 2 + X2 2 + ... + X7 2 = N. 
Let R(N) denote the number of the solutions of X1 2 + X2 2 + ... + X7 2 = N, 

where all numbers Xi must be odd ones. 

Thus we have found for the number of the solutions of (10. 1) the 
formulae 

If m_O(4); n=O(4) -(odti(8n-m2))++o-r(i (8n-m2
)). 

If m = 0 (4); n = 2 (4) T~ r (t (8 n - m2)) - -h r (ti (8 n - m2
)). 

If m=2(4); n=O(4) -lodt (8n-m 2))+ i-R(t (8n-m 2
)). 

If m_2(i); n=2(4) -hdt (8n-m 2
)). 

If m = n = 1 (2) tiR(8 n-m2
). 

Now we use the well~known formulae concerning r(N) and R(N) 
(DICKSON [6]): 

5 

r (6) = a2 (6) 6 ï cp (6); 

5 

R (6) = 24 6 ï cp (6). 

where 6 = 2a 6 1 and (6 1,2) = 1 and 

if a < 2. 

if a = 1 (2), a ;:: 3. 

5 5 
- (1\) = 25 35 __ 1_ 22 ot + 15 + " 22 Cl + 3 
a2 u. • 31 31.32 if a _ 0 (2), a ~ 2. 

And 

l = -8 and ,,= -4 iE 6 1 = 1 (4). 

l = 1 and" = 5 if 6 1 = 7 (8). 

l = -1 and ,,= 3 if 6 1 = 3 (8). 

Here we wrote by abbreviation 

cp (6) =n-3

p[ Apq[ Bq ~ (~) k-3
• 

(k,2D)=1 

A p and Bq were defined in § 9. 
Using all these results we are lead to the following 
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Theorem 2. The number of the solutions of the system (11. 1) equals 

where f (n, m) is defined by 

((n. m) = 1 iE n = m = 1 (2). 
1 ~ 

((n. m)= 1 +8(-1)2 iE n_m=O(2) but not n=m_O(4). 

35 
((n. m) = 32 

37 1 ~ 
((n. m) = 32 + 128 (-1)8 iE n _ 0 (8) m = 4 (8). 

37 1 ( -~o:+~) 
[(no m) = 32 + 31.32 1-63.2 2 2 

where 

iE n - m 0 (8) a = 1 (2). 

37 1 ( -~O:+15) -~o:+3 
=32+31.32,1-2 2 +,,2 2 

if n _ m _ 0 (8) a _ 0 (2). 

,,= 5 iE 6.1 =7(8). 

,,= 3 iE 6.1 = 3 (8). 
,,=-4 iE 6.1 _ 1 (4). 



Mathematics. - Comparison of some direct Methods for Computing 
Determinants and inverse Matrices. By E. BODEWIG. (Communicated 
by Prof. J. G. VAN DER CORPUT.) 

(Co=unicated at the meeting of December 21, 1946.) 

During the last years the most suitable numerical calculation of a 
determinant and of the inverse of a given matrix has been studied in several 
papers, but in many cases the exact number of necessary additions and 
multiplications has not been given so th at the methods cannot be compared 
with each other. BANACHIEWICZ did not even split the process into additions 
and multiplications, but considered the whole process necessary for the 
application of formula (2) below as "one operation". (See lito 3, p. 56). 
Yet the difficulty of this "operation" varies considerably with the order of 
the corner determinant th at has been split oH. So his judgement on the 
appropriateness of his method is precocious (and false). In most of these 
papers arelation discovered by SCHUR (lit. 1) al ready in 1917, has been 
rediscovered and each new au thor claims to the priority. 

The aim of this paper is to decïde the question of priority and further 
to compare two methods with regard to the work of calculation. We shall 
see th at for the calculation of a determinant the 'usu al method is preferabIe 
to that of SCHUR-BANACHIEWICZ, while in the case of calculation of the 
inverse matrix the contrary is true. 

Methods of Computing a determinant. 

Let the determinant a of the matrix a = (aik) have the order n. The 
most primitive method of writing a as a function of its n2 elements and 
computing the terms can only be applied - special cases excepted - for 
n = 2 or 3. Practically we have only two methods to our disposal. 

Method I uses the two elementary propositions on determinants: 
CRAMER' s theorem which develops the determinant in terms of theelements 
of a row, and the proposition of combination according to which the value 
of a determinant remains unchanged if to a rowan arbitrary linear combi
nation of the other rows is added. 

By adding a multiple of the first row to the other rows such that the 
first term in every row van is hes (apart from the first row, of course), we 
obtain 

a = al1 A l1 • 

wh ere A 11 is the minor of a11 in the transformed determinant and thus 
has the order n - 1. In this manner the degree of the determinant is 
diminished successively until it becomes equal to 2. 

I denote by combination-theorem both CRAMER's theorem and the above 
mentioned proposition of combination. 
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Method Il. A deeper theorem has been given by SCHUR (lit. 1) in the 
course of certain investigations. Let the matrix a be decomposed arbitrarily 
into partial matrices: P, Q, R. S. Then he established the relation: 

a -- (P
R 

QS) -- (P
R 

OE) (E p-I Q) ° SI 
• where SI =S-RP-I Q 

Passing from the matrices to the determinants we obtain: 

a = det P . det SI . 

(1) 

(2) 

Let P have the order p, thus SI the order n - p. Then a is decomposed 
into the product of two determinants of lower orders which are, of course, 
computed more easily than the original one of order n. 

This fundamental relation seems to have remained completely unknown. 
The reason for this may be that it was given by SCHUR in a paper not 
devoted to determinants at all. So it was not until 20 years later, viz. in 
1937, that is has been rediscovered by BANACHIEWICZ (lit. 2 and lito 3, 
p. 51). That BANACHIEWICZ wrote it in the "cracovian~notation" (where 
rows are multiplied by rows), does not matter. 

It was also BANACHIEWICZ who derived from (1) two methods for 
computing determinants: the methad af candensatian and the methad of 
enlargement. The first consists of treating the matrix SI occurring in (1) 
in the same manner as a, viz. by separating a left corner above and conden~ 
sing according to S2' and so on. The latter consists of computing first P 
and then adding a left corner matrix S' of SI such that (1) can be applied. 
The enlargement is repeated until a is obtained. 

Cannectian between the thearem af cambinatian and SCHUR' s relation (1). 
Taking in (1) a matrix P of one row, so that P is an element al of the 
matrix, we obtain 

SI = S - a~1 RQ. wh ere 

R' = (a2 a3 ••• an) and Q = (bI Cl dl ..• nt). 

Then SI is the determinant of order n - 1 remaining after the application 
of the combination~theorem. Thus SCHUR's relation (2) for p = 1 is a 
special case of the combination~theorem. Conversely this th eo rem is a 
special case of SCHUR's rel at ion for p.= 1. Let us confine ourselves to a 
determinant of three rowS. Then by the theorem of combination: 

a3 

b3-qt a3 • where qt =bt/sl' q2 = Ct/at· 

The matrix on the left is nothing but the product of 
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and the matrix on the right hand side. Consequently the proposition . of 
combination decomposes the original matrix into a product, identical to 
( 1) if P = al' Q = (a2a3)' .... H ence relation (1) may be considered as a 
generalisation of the combination~theorem. So we have to investigate 
whether this generalisation yields an advantage in computation. We shall 
see that it is not the case. 

Methods of Computing the inverse matrix. 

Method I. Since a- l = (Aki/a) = A/a, where A is the matrix of the 
subdeterminants, we have first to compute all minors Aki of ak/. The 
determinant a itself will th en be given by the linear combination 

a = aJj Ali + 821 All + ... + ani Ani' 

By choosing various values for i we ob ta in many controls for the compu~ 
tation. 

Method Il. Inverting (1) we ob ta in 

(
p Q)-I = (E -p- I QSII) (P-I 0)' or 
R S ° SII -RP-I E 

(
p Q)-I (P-I + TU -T ) I -I = -I -I . wh ere T=P- QSI . 
R S -SI U SI 

1 (3) 

U=RP-I. ~ 
This formula is not established by SCHUR explicitly, but, as it is a simp Ie 

consequence of (1), the formulae (1 - 3) may be denoted as SCHUR' s 
relations. 

Also formula (3) has been rediscovered by BANACHIEWICZ independently 
(lit. 3, p. 54), and also here he described a method of condensation and 
a method of enlargement. 

But also this paper of BANACHIEWICZ remained unknown, and so FRAZER, 
DUNcAN and COLLAR published relation (3) in 1938 anew (lit. 4). The 
same was the case with HOTELLING (lit. 5 and 6). DUNCAN (lit. 4a), 
\VAUGH (lit. 7) and finally with the last paper of 1. GUTTMAN (lit. 8), 
who even says (l.c., p. 336) th at "the basis for such routines has also been 
noticed before, but does not seem to have attracted the attention it merits". 
Then he recognises a partial priority of FRAZER, DUNCAN. COLLAR and 
WAUGH and adds that "a possible reason for this lack of attention may 
be the belief that the methods apply only to a restricted class of matrices". 
Thus the full and general considerations of BANACHIEWICZ have escaped 
his attention. 

The number of multiplications and additions. 

The number of multiplications and additions necessary for the calcu~ 
lation of a determinant of the order n will be denoted by M~ and A~ if 
method I is used (WHITTAKER's "CHIÓ's rule of pivotal elements") and 

by M~' ad A~ iE method 11 is used. 
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A. Calculation of a determinant. 

Method J. Let all be the pivotal element. Then the elements of the first 
row are multiplied by all/all in turn. This requires n multiplications 
(divisions) and n - 1 additions in every row (the first one excepted), 
thus n (n - 1) multiplications and (n - 1 ) 2 additions for all rows. Finally 
we have the multiplication by all' So 

M~ = n2-n + 1 + M~_I and A~=(n-I)2 +A~_I. 

The new determinant is dealt with in the same manner and so on, until a 
determinant of order 2 results. Adding we obtain 

n ! M~=S(n2-n + I) + 2=t n (n2+ 2)-2 
3 

• • • • (4) 

A~=~(n-I)2+ 1 =in(n-I)(2n-I). 

Method Il. Application of (2) requires the multiplication of several 
matrices. The multiplication of a pm~ with a mq~matrix requires pmq multi~ 
plications and pq (m - 1 ) additions, for every element of the product 
requires m multiplications and m - 1 additions. Consequently (2) requires 
successively the calculation of 

1) matrix P-1 the order of which is assumed to be greater than 1. Let 
the number of multiplications and additions necessary Eor this calculation 
be denoted by M(p) and A(p). 

2) P-1Q.ButM(P-1Q) =p2(n-p),A(P-1Q) =p(p-l)(n-p) 
3) Sl = S-RP-1Q, but 

M (SI)=M (RP-I Q)=p (n-p)2. A (SI)=(n-p)2+A (Rp-I Q)=p(n-p)2 

4) det S1> thus M~_p and A~_p 
5) det P det Sl' thus one multiplication. 

In total we have therefore 

M~' = M (P) + M~:"'p+pn (n-p) + 1. A~ = A (p)+ A~_p + p (n-I) (n-p). 

The computation of Sl goes' in the same manner, that is by separating a 
left corner~determinant of the order p, and so on. Now put n = mp. Then 
applying the above formulae repeatedly, we obtain 

m 

M~'=p3 S i(i-l)+m-I+(m-I)· M(p)+M;'= 
1=2 

=tp3(m3-m) + m-l + (m-l)· M(p) +M;' 
m m 

A~=p3 S i2_p2 S i-p3 S i+p2(m-l)+(m-l)· A(P)+A;= 
i=2 1=2 1=2 

=t p3 (m3-m)-ip2 (m2-m) + (m-l)· A (p) + A;. 

Here M(p) and A(p) are unknown, but anticipating the result of 
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p. 56, (11) we as su me th at the inverse matrices will also be computed by 
SCHUR'S relation (3) so th at 

M(p)=p3. A (p)=p'_2p2+2p. 

hence 

M~/=tn3 +tp2n-p3+M~' + m-l ~ 

A~ =-!n3+tp2n-p3-tn2-ïpn+2p2+2n-2p+A~.~· (5) 

These considerations are not valid when p = 1. But in this case we saw 
that SCHUR's relation is identical to the application of the combination
theorem, so that formulae (4) hold. 

For p> I, we have M~' = M~ and A~= A~ in (5). Then by (4) we 
obtain 

M~' =-!n3 + j p2 n _j p3 +tp-3m ~ 

A~ =t n3 + t p2 n-t n2-tpn + 2n-! p3 + t p2_ ~l p.~. (6) 

Comparison between 1 and Il. 

M~'-M~>j(p2-1)(n-p»O. if p> 1 

A~-A~=t(4p2-9p+ll)(n-p»O. if p>1. 

Consequently: 

For p= 1 the two methods are identica1. For p> 1 the combination
theorem is much more preferabIe to the application of SCHUR's 
relation. In other words: the best method for solving linear equ
ations is the scholastic one which eliminates. successively the 
unknowns. 

Hence the remarks of BANACHIEWICZ (lit. 3, p. 54-6, p. 61) that bis 
(viz. SCHUR'S) relation considerably saves work is refuted. 

B. Calculation of the inverse matrix. 

Method I. We have to compute first the n2 minors of order n-1. 
Now by (4) each minor requires 

t (n-l)(n2-2n + 3)-2 multipI. and Hn-l)(n-2)(2n-3) additions. 

So all minors together will require n2 times as much so that 

• • • (7) 

But these numbers may be replaced by much smaller ones as is it not 
necessary to compute all these minors. For we have the following proposi
tion, the proof of which is immediate. 

Theorem. The minor Alj of each element al} that is not cancelled 
by the reduction (viz. each minor AI} with i =1= r. j =1= s where ars 

is the pivotal element) is equal to the minor in the reduced deter .. 
minant of that element into which alj transforms by the reduction~ 
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For let the pivotal element be all' Then every row Ri: with the elements 
aki is transformed into the row with the elements a' ki: 

, akI 
aki = aki - - ali· 

all 

Now f.i. the minor A 22 which contains the element all' may be treated in 
the same manner as was the original determinant. But then the k~th 

row of A 22 contains the elements a' ki again. Q.e.d. 
Thus the first application of the combination~theorem yields the 

determinant of order n - 1, the (n - 1 ) 2 minors of which equal the 
corresponding minors of a itself, apart from the pivotal element as factor. 
There are still missing the 2n - 1 minors of the row and column which 
are crossing in the pivotal element. To find them the process is to be 
repeated with a pivotal element which is not standing in the same row or 
column as the first element. So we obtain 2n - 3 further minors. To find 
finally the two missing minors the process will be repeated with a third 
element which does not stand in the same row or in the same column as 
either of the former pivotal elements. 

By the aid of the combination~theorem we have therefore- reduced the 
determinant Dn of order n to three determinants of order n - 1, or symbo~ 
lically: 

Dn = Dn-I + Dn-I + Dn-J. 

Here all minors of Dn_l have to be computed, but only 2n - 3 minors of 

Dn_l (the minors of a row and a column with the exception of two) and 

2 minors of Dn_1. 
But to pass from Dn to a determinant of order n - 1 : 

tn= n2-n 

multiplications are necessary (p. 52). Now let be denoted by 

mn: the number of multipl. necessary for computing all minors of Dn 

mn: the number of multipl. necessary for computing the minors of a row 
and a column of Dn 

m n: the number of multipl. necessary for computing 2 minors of Dn. 

Then 

Thus f.i. 

(tn + mn-I) + (tn + mn-I) 

(tn + mn-I)' 

mn = 3tn + 6tn-1 + 10tn-2 + 15 tn-3 + 21 tn--t + mn-5 + 5 mn-5 + 15mn-5' 

where the coefficients 3, 6, 10, 15, ... form an arithmetical series of order 
2, while the coefficients 1, 5, 15 form a series of order 4. Proceeding 
generally to the term tn_i, the coefficients of the tk form a sedes of order 
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2 (the second sum of 1, 1, 1. ... ), whereas the coefficients of mn_{_l, 

mn-{-I' mn-{-I form a series of order i (the i-th sum of the series 
1. 1. 1. ... ). 

Now by choosing i = n - 3 only minors of second order determinants 
have to be calculated. But for this no further labor is required. Yet the 
minors of the second order determinants must be multiplied by all the 
pivotal elements used until now. These were n - 2 elements. Now we have 
three kinds of second order determinants: Those of which all 4 minors 
must be computed, those of which 3 minors and those of which 2 
minors must be computed. The numbers of them will be furnished by the 
first th ree terms of the n - 3th sum of L L L ... , that is by L n - 2, 
(n - 1) (n -2) /2. So the totality of the second order determinants will 
require 

(n-2) [i + 3 (n-2) + (n-l) (n-2)] = n3-2n2 multiplications. 

Consequently we ob ta in 

mn = 3tn + 6tn-1 + ... + t n (n-l) t3 + n3-2n2
, 

To sum mn we have to form the second sum of t3 , t4 , ••• , tno Now the 
sum of t3 , t4 • ••• , tm is 

SO,m = tJ + t. + ... + tm = t (m3-m) -2 thus 

SJ,m = Sa, 3 + ... + SO,m =-h (m· + 2 m3-m2-26 m) + 2 and 

S2,m =SI,3 + ... + SI,m=-h (m5 + 5m·+5m3-65m2 +54m). Now 

mn = S2,n+l-tn+J+n3-2n2 =io(m5 + 10n·+95n3-190n2-96n) . (8) 

Similarly we obtain that the nu mb er an of additions necessary for 
computing all minors of Dn is 

an = 3 Un + 6Un-1 + ... + in (n-l) U3' where Uk = (k-l)2. 

an = Th (2 n5 + 15 n' + iO n3-135 n2-42 n). . . . (8') 

The corresponding numbers M'n and A'n for the inverse matrix are 

M~=mn+n2, A~=mn ......• (9) 

We add the following table for the first values of n. 

n 3 4 5 6 7 8 9 10 
M~ 36 120 292 600 1106 1888 3042 4684 
A~ 12 51 142 321 637 1154 1953 3134. 

Method Il. Formula (3) requires successively the computation of 
P-1: M~ multiplications and A ~ additions 
U = RP-1: p2 (n - p) multiplications and p (p - 1 ) (n - p) additions 
P-1Q: p2(n-p) multiplic. and p(p-l)(n-p) additions 
RP-1Q: p(n-p)2 multipl. and (p-l) (n-p)2 additions 
S1: 0 multipI. and (n-p)2 additions 
SC 1 : M~_p multipl. and A~_p additions 
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. Sl-lU: p(n-p)2 multipI. and p(n-p)(n-p-l) additions 
T = P-1QS1-l: p(n-p)2 multipl. and p(n-p) (n-p-l) additions 
TU: p2 (n - p) multipl. and p2 (n - p - 1) additions 
P-l = TU: 0 multipl. and p2 additions. 

In total we have 

M~=M~+M~-p+3pn(n-p). A~=A~ +A~-p+p(n-p) (3n-4) 

or, by putting n = mp: 

M~ = M~ + M;:n-I)p + 3 p3 (m2-m). 

A~ =A~ + A;:n-I)p + p2 (3m2 p-3mp-4m + 4). 

The new determinant is to be treated similarly and so on, until a 
determinant of order 2p arises, which will split into two determinants of 
order p. Adding all equations we have 

M il - Mil + 3 (3 ) - Mil + 3 2 ~ n - m . p p m -m - m . p n -p n (10) 

A~ = m· A~+p3(m3-m)-2p2(m2-m)=m ·A;+n3_ p2n-2n2+2pn. 

especially 

for p=1. then M~'=n3 and A~=n3-2n2+2n 

for p = 2. then (because of M;' = 6 and A~ = 1) 

M~'=n3 and A~=n3-2n2+ ~ 

for p = 3. th en (because of M;' = 27 and A; = 15) 
M~' = n3 and A~ = n3-2n2 + 2n. 

Generally. if the values of M~ = p3 and A~ = p3 - 2p2 + 2p following 
from the formula of above are substituted into (10). we ob ta in for every p: 

M~=n3 and A~=n3-2n2+2n ..... (11) 

Consequently. under these conditions the number of multiplicationsand 
additions is independent of p. The most simple is therefore to take p = 1. 

Yet taking p = 2 the number may be slightly diminished. as we saw 
above. 

Comparison bet ween J and Il. Comparing (9) and (11) we see th at 
method II requires much less work of computation than method J. Only 
the small values n = 3 or 4 must be examined separately. But the table 
below shews that also for them method 11 is preferabIe. 

n : 3 4 5 6 7 8 9 10 

M~' : 27 64 125 216 343 512 729 1000 
A~: 15 40 85 156 259 400 585 820. 

Summary. 

1. Formulae (1 - 3) are discovered by SCHUR 30 years ago and 
rediscovered by BANACHIEWICZ in 1937. 
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2. For the computation of a determinant the method of pivotal elements 
is preferabie to the method founded on SCHUR's relation. 

3. For the computation of the inverse matrix the converse holds. 
3a. The most convenient method is to use (3) for p = 1. 
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Mathematics. - On the dissection of rectangles into squares. (Second 
communication.) By C. J. BOUWKAMP. (Communicated by Prof. J. G. 
VAN DER CORPUT.) 

(Communicated at the meeting of December 21. 1946.) 

5. Summary of the possible planar networks without wires in parallel 
or series connection (T <: 14). Complexity of a ne~work. 

Four different <types of networks can be distinguished. In the first place 
there is a number of networks like that of fig. 3a; they all show one or 
more zero~currents af ter a source is placed in any of their wires (the re~ 
maining wires have equal resistances) . The second type, for which fig. 3b 
may serve as an example, shows equal currents in a trivial manner af ter 
a source is placed in some of its wires. There are networks belonging to 
either of these two types. These networks, as far as they are not "com~ 
pound", are tabulated in fig. 5; double arrows indicate pairs of dual net~ 
works. Networks without arrows are self~dual. 

T~,K=4 T=8,K=5 T=9 T=fO,K_6 

~ ~ A-~ 47 
K=5,6 

T=12 

A --- I§ ~-& ® 
K~8 K=7 

Td3,K:=8 

~ 8, ® 
Fig. 5. Networks (not compound) giving either zero elements or trivially imperfect 

squarings. 

The third type of networks is compound, having two or more smaller 
networks in series or parallel connection. They are gathered in fig. 6. Of 
equivalent networks only one is given. 
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None of the networks of figs 5, 6 gives rise to perfect or non~trivially 
imperfect squarings, except those in fig. 6 marked with a, p, y. Each of 
the marked networks generates one of the non~trivially compound squarings 
mentioned in section 1; one of them is perfect (y), two are non~trivially 
imperfect (a, P). The th ree exceptional squarings con sist of 4 squares and 
1 rectangle, the latter being dissected into nine squares according to one 
of the three possibilities of fig. 4. Their codes are 

a: (14, 13) (1. 12) (6,4, 5) (3, 1) (6) (5, 1) (4) 
p: (67,65) (2, 63) (36, 33) (5, 28) (25,9, 2) (7) (16) 
y: (131,130) (1,129) '(72, 60) (28,32) (56,16) (40,4) (36), 

of which only the last corresponds to a perfect squaring. 
Networks of the fourth type, which give rise to at least one squaring 

of the required character, are drawn in figs 7, 8. Their total number is 
87, of which 17 are self~dual. It will be obvious that the sieving process 
must be carried out rather carefully in order to get them all 1). 

The networks in figs 7, 8 are arranged according to increasing "com~ 
plexity". The complexity C of a network is the total number of "complete 
trees" (german: "volständiger Baum") that can be drawn in the network. 
A complete tree is a sub~network th at (i) is connected, (ii) contains all 
the vertices and some (or all) of the wires of the original network, and 
(iii) does not contain any closed circuit. 

The numerical value of the complexity of a given network can be found 
in the following way. Enumerate the K vertices arbitrarily: P l , P2 .. , PK. 
Let'further a square matrix of K rows be formed byelements aik, such 
that for diagonal elements aii = total number of wires at the vertex Pi, 
and for non~diagonal elements (i ~ k) aik = -lor 0, according as to 
whether or not Pi and Pk are connected by a wire. The determinant of 
this symmetrical matrix obviously vanishes. Furthermore its first sub~ 

determinants have a common absolute value. This common value is the 
complexity of the network under consideration 2). 

Dual networks have the same complexity; the inverse is not true, as can 
be seen from the networks C = 1015, 1088 in fig. 8, or from the networks 
a, p, y, in fig. 6, which all have C = 1040 (there is in fig. 8 also a net~ 
work of C = 1040). 

This concept of complexity is very important with regard to the pro~ 
blem of squared rectangles. It was shown in paper A that all squared 
rectangles derived from a network of complexity C can be drawn in such 

1) We are indebted to Prof. DE BRUI}N for cO:1structing independently all the net~ 
works containing 14 wires. This diminishes to a large extent the probability of having 
overlooked one of the required graphs. With regard to the graphs involving 13 wires, 
it ma,y be noticed here that our number of 67 perfect squared rectangles of order 12 is 
in full agreement with the resu!t of paper A. Furthermore, in TELLEGEN's papers the 
possible networks are drawn for T ~ 12, none of which is missing here. 

2) For a proof of this theorem, see paper A. As wàs a!ready remarked there, the 
theorem is quite trivia! from known results in early KirchhoH network theory. 
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a mannet that theit semi~petimetets are equal to C, whilst at the same time 
all the elements of all those squatings have integer sides. 

~~~~&~ + 
t 1 KJ~ t 1 t 1 K=7,9 1 

~~OO~~ 00 00 

*&~+~~ 
1 I040t@ 

0104010 104010 t t 

*~~~~~ 

~~~~A, 
t t t 

~~B21T~ 
l 

Fig. 6. Compound networks. The only networks that lead to non-trivially compound 
squarings are marked with a, por r. 
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The last part of this theorem shows that any squared rectangle has 
commensurable sides (and elements). The converse is also true. In paper A 

T=fO T=fl 

IT$J ~~B ~al11 
IJO 

T=:f2 

A~M ~ g~~ 
353 

,=f3 

~ ~ ~att7 
377 386 

A iA A ~ ~ 
t57!i t585 t51 1608 1615 

e ~ ~ ~ * 
A A À A À 

tm t6:38 1644 166:3 t672 

~ ~ é ~ ~ 
~ 

Fig. 7. Networks giving at least one simple squaring of order up to 12. The numbers 
denote correspondog values of complexity. 
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it is shown that any rectangle of commensurable sides can be dissected 
into unequal squares, even in an infinite number of essentially different 
ways. It is not known, however, whether every such rectangle is perfectible 
and simpie. 

The integer sides referred to above are called the [ull elements of the 
squaring. It of ten happens th at the full elements of a particular squaring 
have a common factor. Af ter division by the highest common factor one 

~E:~LK~"'&."!A~ 
"JO 

Fig. 8. Networks giving at least ene simple squaring of order 13. The numbers dènote 
correspoodlng values of complexity. 
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gets the reduced elements; this factor is called reduction factor. In paper A 
many theorems on reduction were given; for example. all non~trivially 
imperfect squarings are reducible. The inverse of this is not true. Further. 
if C is prime. all the squarings are irreducible. For details and proofs we 
may refer the reader to the fundamental paper A. 

6. Summary and classification of all simple squared rectangles of order 
less than 14. 

Even if the required networks have been constructed. it is still a matter of 
patience to derive from them the possible squared rectangles. though th is is 
by no means difficult. It is not necessary to apply the solution of the 
Kirchhoffequations in the well~known form of a quotient of two determi~ 
nants. It i'S much more simple to assume a certain number of unknown 
currents to be equal to x. y . z . .. .. and then calculate - by use of the 
current~ and voltage~equations - the remaining currents. which are 
integral linear combinations of the x. y. z . .... Usually. not more than three 
Ol four unknown currents are already sufficient. Finally. a system of 
independent equations is obtained. homogeneous in x . y. z . .... The number 
of equations is one less than the total number of a'Ssumed quantities 
x. y. z . .... This diophantine system can be easily solved in smallest numbers. 
By repeating the process with these numerical values of x. y. z • .... the 
reduced elements of the squaring are easily found. 

The squarings will now be classified as follows. Undoubtedly. the most 
important feature is the order of the squaring . The second important 
property is the least 3) possible value of the complexity of all net~ 

works that will generate it. Therefore the squarings are conveniently 
arranged in increasing order. and further in classes according to increasing 
complexity. The order will be denoted by roman, the complexity by arabic, 
figures . Squarings in the same class are arranged in such a way that the 
difference of full horizontal and vertical si des decreases; so the rectangles 
tend more and more to a square. The elements in a clas'S are distinguished 
by letters a. b. c ... .. a prime denoting (non~trivial) imperfection. It may 
be noticed that in our coding system only the reduced elements occur. 

With this in mind. we have got the following classification of all simple 
squared rectangles of order less than 14: 

Order IX. 

C = 130 a' (6. 4. 5) (3. 1) (6) (5. 1) (4) 
b (36. 33) (5. 28) (25. 9. 2) (7) (16) 
c (18. 15) (7.8) (14. 4) (10. 1) (9) 

a' has reduction factor 5; that of c is 2. 

3) As follows from the reduction of the order in the case of zer~currents (cf. the 
end of section 2) . there ma,y exist "higher" networks that generate the squared rectangle 
in question. Cf. the concept of "normal" polar networks in paper A. 



Order x. 
C = 209 a (45. 44. 41) (3. 38) (12. 35) (34. 11) (23) 

b (60.55) (16.39) (34. 15. 11) (4.23) (19) 
c (57. 54) (3. 7. 44) (41. 15. 4) (11) (26) 
d (60. 45) (19. 26) (44. 16) (12. 7) (33) (28) 

C = 224 a (25. 17. 23) (11. 6) (5. 24) (22. 3) (19) 
b (30.27) (3. 11. 13) (25.8) (17. 2) (15) 

Both squarings have reduction factor 2. 

Order XI. 

C= 336 a (72. 71. 66) (5. 61) (1. 19. 56) (55. 18) (37) 
b (95. 90) (5. 24. 61) (56. 25. 19) (6. 37) (31) 

C= 353 a (85. 57. 67) (47. 10) (77) (59. 26) (7. 40) (33) 
b (100. 94) (29. 65) (59. 25. 16) (9. 7) (36) (34) 
c (97. 94) (26. 28) (65. 32) (9. 17) (33. 8) (25) 
d (99.88) (10. 78) (1.9) (67. 25. 8) (17) (42) 
e ,(100.85) (43. 42) (68.32) (1.41) (4.40) (36) 

t (99. 78) (21. 57) (77. 43) (16. 41) (34. 9) (25) 

C= 368 a (89.49. 71) (27. 22) (5.88) (32) (70. 19) (51) 
b (105. 94) (19. 75) (64. 33. 8) (27) (31. 2) (29) 
c (51. 47) (8. 39) (35. 11. 5) (1. 7) (6) (24) 
d (102. 89) (40.49) (75.27) (48. 19) (10. 39) (29) 
e (105. 80) (33.47) (78. 27) (19. 14) (5. 56) (51) 

c is of reduction 2. 

C=377 a (92. 64. 53) (11. 42) (44. 31) (76. 16) (73) (60) 
b (102.97) (16.81) (76. 15. 11) (4.23) (19) (42) 
c (102.92) (31.23.38) (81. 21) (8. 15) (60) (53) 

C= 386 a (43.29.40) (19. 10) (9. 1) (41) (38.5) (33) 
b (96. 56. 57) (55. 1) (58) (81. 15) (66. 4) (62) 
c (105. 100) (6. 13.81) (76.28. 1) (7) (20) (48) 
d (50.48) (7. 19. 22) (45.5) (12) (28.3) (25) 
e (105. 90) (15. 31. 44) (86. 34) (18. 13) (57) (52) 
t (56.41) (17.24) (40. 14. 2) (12. 7) (31) (26) 

a. d and t are of reduction 2. 

Order XIL 
C = 560 a (124. 120. 109) (11. 98) (44. 87) (83. 41) (1. 43) (42) 

b (164. 149) (51. 98) (83.41.40) (4. 47) (1.H) (42) 
c (154. 149) (41. 108) (103.51) (14. 27) (1. 13) (52.40) 
d (154. 143) (11. 12. 120) (109. 41. 14. 1) (13) (27) (68) 
e' (41. 31) (14. 17) (27. 14) (11.3) (20) (13. 1) (12) 

e' has reduction 4. 

C = 576 a' (15. 16. 15) (11. 4) (4. 11) (3. 10. 3) (7) (7) 
b' (21. 19) (6. 13) (11. 6. 4) (3.7) (5. 1) (4) 

Both of reduction 8. 

C = 585 a' (9. 8. 5. 7) (3. 2) (9) (3. 8) (7. 2) (5) 
b (132. 128. 93) (35. 58) (36. 104. 23) (100. 32) (81) (68) 
c (171. 152) (42. 110) (91. 37. 20. 23) (17.3) (68) (54) 
d' (33. 31) (9. 22) (20. 6. 7) (5. 1) (4. 13) (9) 
e (155. 152) (26. 126) (123. 32) (9. 17) (33. 8) (25) (58) 
t (55.44) (12. 11.21) (41. 14) (1. 1O) (13) (31) (27) 

Reductions of a'. d' and t are 13. 5 and 3. respectively. 
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C = 593 B (113. 76. 96. 101) (56. 20) (111. 5) (106) (94. 19) (75) 
b (121. 129. 118) (11. 107) (104. 17) (9. 35. 96) (26) (61) 
c (123. 129. 101) (28. 73) (117. 6) (111. 152) (7, 66) (59) 
d (143.73. 120) (43.30) (13. 17) (56) (137) (114.29) (85) 
e (166. 160) (6.47. 107) (101. 43.28) (15, 13) (60) (58) 
t (175. 149) (29. 120) (94. 43. 35. 3) (32) (8. 59) (51) 
g (166. 155) (11, 27. 117) (106. 55. 16) (43) (51. 4) (47) 
h (160. 155) (5.8. 19. 123) (118.44,3) (11) (30) (74) 

(165. 149) (19. 130) (114.44. 7) (4. 15) (11) (26) (70) 
i (176. 137) (67. 70) (104. H. 28) (16. 76.3) (73) (60) 
k (165. 143) (67. 76) (120. 45) (75. 28. 9) (19. 66) (47) 

(175, 130) (45. 85) (113, 55. 52) (12. 73) (3.61) (58) 
m (176. 121) (47. 74) (20. 27) (120, H. 12) (32) (101) (76) 

C = 608 B (136, 123, 118) (5. 113) (20, 108) (95. 34. 7) (27) (61) 
b' (31. 33. 28) (13, 15) (29. 2) (27. 8) (19. 2) (17) 
c (129. 132.92) (33.59) (7. 26) (126,3) (123, 19) (104) 
d' (37. 24, 23) (6. 17) (19, 5) (11) (31. 6) (25) (28) 
e (166. 163) (3.44. 116) (113. 56) (15. 29) (57. 14) (43) 
f (83, 79) (4. 12. 61) (59. 19, 9) (1. 11) (10) (40) 
g (85. 77) (12. 65) (57. 17. 7. 4) (3. 13) (10) (40) 
h (163. 158) (5. 24. 129) (124. 25. 19) (6, 37) (31) (68) 
j' (19. 10, 11) (9. 1) (12) (17. 7. 4) (3. 13) (10) 
i (165. 154) (19, 135) (124. 33, 8) (27) (31. 2) (29) (60) 
k (165. 148) (52. 37. 59) (130. 35) (15. 22) (95. 7) (88) 
1 (170. 135) (35. 100) (133. 72) (7. 25. 68) (61. 18) (43) 

f. g have reduction 2; b'. d' have 4 and j' has 8. 

C = 615 a (1H.97. 127) (67,30) (37, 120) (103. 41) (21. 83) (62) 
b (142. 84. 127) (41. 43) (39.2) (37. 135) (120. 22) (98) 
c (174. 164) (51. 113) (103. 43. 28) (15. 13) (2.62) (60) 
d (58. 48) (20.28) (41. 17) (7. 13) (24) (5. 23) (18) 
e (165. 143) (22.67. 54) (142. 45) (13.41) (97. 28) (69) 

d has reduction 3. 

C = 633 a 
b 
c 
d 
e 
f 
g 
h 

j 
k 

(138. 116. 132) (51. 49. 16) (33. 115) (109.29) (82) (80) 
(Hl, 113, 123) (28,75, 10) (133) (115. 54) (7. 68) (61) 
(139. 93. 136) (59.34) (25.9) (16. 129) (126. 13) (113) 
(48. 28. H) (12. 16) (8.4) (17.47) (43. 13) (30) 
(lH. 116. 93) (23. 70) (28.64. 47) (136. 36) (117) (100) 
(180. 164) (39. 125) (109.48.23) (25.37) (61. 12) (49) 
(57. 56) (2. 12.42) (41. 11. 4. 1) (3) (7) (30) 
(170. 168) (47. 59.62) (125.45) (80. 12) (68. 3) (65) 
(56.27.29) (25. 2) (31) (17.8) (43. 13) (39) (30) 
(170. 164) (29. 135) (129.25. 16) (9. 7) (36) (34) (70) 
(171. 158) (13.64. 81) (133. 51) (82,33) (16. 65) (49) 
(168. 158) (10.49. 37. 62) (139. 39) (12. 25) (100) (87) 

m (60. 46) (18. 28) (45. 15) (11, 7) (4. 3) (31) (30) 
d. g. i. m of reduction 3. 

C = 638 a (71, 60. 62) (27. 31. 2) (64) (55. 16) (39. 4) (35) 
b (150.92, 111) (73. 19) (54.76) (135. 15) (120.22) (98) 
c (175. 164) (10. 19. 135) (1.9) (124.44. 8) (36) (80) 
d (175. 160) (15.73,72) (128.62) (1. 71) (4.70) (66) 
e (82. 80) (2. 11.31. 36) (75, 9) (20) (46, 5) (41) 
f (88.72) (16. 18,38) (71, 31. 2) (20) (9.49) (40) 

a. e, 1 of reduction 2. 5 
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C = 6H a (72. 52. 69) (35. 17) (26. 60) (57. 15) (42. 8) (34) 
b (89.88) (8.23.57) (56.26.7) (15) (4,34) (30) 
c (88,77) (13,28, 36) (69, 17,2) (15) (52,8) (44) 
d (79, 74) (IS, 23, 36) (70, 26, 8) (18, 13) (49) (44) 
e (H, 37) (7, 9, 21) (36, 13, 2) (11) (23, 1) (22) 

c of reduction 4; the rest of reduction 2. 

C = 663 a (148, 108, 130) (59, 27, 22) (5, 147) (32) (129, 19) (110) 
b' (12,7. 10) (4, 3) (I, 12) (1,4) (10,3) (7) 
c (160, 113, 95) (18, 77) (72, 59) (135, 25) (13, 123) (110) 
d (52, 36, 32) (4, 28) (16, 24) (49, 19) (11. 41) (30) 
e (60, 58) (6,7,45) (43, 13,4) (9, 1) (8) (30) 
f (180, 155) (25, 53, 77) (148,57) (29, 24) (5, 96) (91) 
g (174, 160) (33, 53,74) (155, 19) (52) (32, 21) (95) (84) 

d, e of reduction 3; b' of 13. 

C = 672 a (76,47, 70) (24, 23) (20, 73) (5, 19) (67, 14) (53) 
b (97, 72) (29, 43) (70, 23, 2) (19, 14) (5, 52) (49) 

Both of reduction 2. 

, 
Order xm. 
C = 928 a (168, 164, 152, 149) (3, 146) (12, 143) (45, 131) (127, 41) (86) 

b (196, 204, 193) (SI, 142) (139, 49, 8) (41. 131, 40) (91) (90) 
c (204, 200, 181) (19, 162) (4, 72, 143) (139. 69) (1. 71) (70) 
d' (24, 25,23) (2, 21) (20, 3. 1) (2, 7, 19) (5) (12) 
e' (52, 51. 37) (14, 23) (1, 14,41 , 9) (40, 13) (32) (27) 
f' (52, 31 , 49) (13, 18) (8, 5) (3, 18, 51) (48, 15) (33) 
g (280, 241) (75, 166) (127, 61. 56, 36) (20,91) (5, 71) (66) 
h (135, 123) (40, 83) (71. 36, 28) (8, 17, 43) (35, 9) (26) 

(133, 125) (8, 36, 81) (73, 40, 28) (19, 45) (33, 7) (26) 
j (266, 247) (19,60, 168) (149, 61 . 34, 41) (27,7) (108) (88) 
k (250, 247) (3, 8, 52, 184) (181, 49, 18,5) (13) (31) (132) 
1 (246, 241) (41. 200) (195, 51) (14, 27) (1, 13) (52) (40) (92) 
m' (35, 25) (10, 15) (21. 10, 9, 5) (4, 16) (1. 12) (11) 
n (270, 195) (75, 120) (193,69, 38, 45) (31.7) (24, 148) (124) 

Reductions 2(h, i), 4(e', f') and 8(d', m') . 

C = 935 a (199,210, 184) (26, 158) (143, 56) (45, 59, 132) (87, 14) (73} 
b (39, 42,31) (11,20) (36, 3) (33, 14,9) (5, 24) (19) 
c (269, 254) (15, 81 , 158) (143, 71. 70) (4, 77) (1. 73) (72) 
d (269, 243) (26,37, 180) (154,71. 59, 11) (48) (12,95) (83) 
e (254,243) (11. 12, 25, 195) (184,66, 14, 1) (13) (52) (118) 
f (264, 208) (56, 52, 100) (4,48) (199, 81. H) (37, 155) (118) 

Reduction of b is 5. 

C = 937 a (229, 154, 177) (131, 23) (200) (148, 81) (39, 92) (67, 14) (53} 
b (268, 253) (90. 163) (148, 67, 53) (14, 39) (81) (17, 73) (56) 
c (259,256) (90, 166) (163, 96) (14,76) (67, 24, 5) (19) (43) 
d (259,253) (81. 172) (166,93) (38,43) (73,20) (53, 5) (48) 
e (268, 229) (119, 110) (172, 96) (9, 101) (36. 92) (76, 20) (56) 
f (264. 232) (23, 209) (9. 14) (177, 67. 24, 5) (19) (43) (110) 
g (264, 209) (SS, 154) (200, 119) (53, 101) (81. 38) (5, 48) (43) 

C = 943 B (188, 164, 105. 151) (59, 46) (13, 184) (65, 171) (147,41) (106) 
b (207. 194. 184) (10. 174) (13,27. 164) (151. 55, 14) (41) (96) 
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c (275. 246) (70. 176) (147.55.32.41) (23.9) (14. 106) (92) 
d (263.253) (10.69. 174) (164.50.59) (41. 9) (32. 105) (73) 
e (275. 205) (70. 135) (188. 92. 65) (27. 50. 123) (96. 23) (73) 

e = 960 a' (28.25.23) (2. 21) (8. 19) (16.7.5) (2.11) (9) 

Reduction 8. 

e = 962 a' (17. 9. 7. 12) (2.5) (11) (17) (12. 5) (2.9) (7) 
b (138. 127) (38. 89) (78. 31. 15. 14) (1. 13) (16) (51) (47) 
c (265.254) (65. 189) (178.87) (33,32) (1. 31) (91.30) (61) 
d (276. 221) (127. 94) (189. 87) (33. 61) (15. 117.28) (102) (89) 

Reductions 2(b). 13(a'). 

e = 985 a (209. 205. 194) (11. 183) (44. 172) (168. 41) (1. 43) (42) (85) 
b (204. 220. 169) (71.98) (188. 16) (172. 64) (44.27) (125) (108) 
c (43. 44. 25) (11. 14) (8. 3) (17) (42. 1) (41. 12) (29) 
d (269.264) (5.71. 188) (183.91) (24.47) (1. 23) (92) (70) 
e (269. 253) (16. 27. 210) (194. 76. 15) (4. 23) (19) (42) (118) 
f (264. 253) (11. 27. 215) (204. 55. 16) (43) (51. 4) (47) (98) 
9 (304. 209) (91. 118) (64. 27) (168. 76. 60) (145) (16. 108) (92) 

Reduction of c is 5. 

e = 986 a (91. 62. 84. 85) (40. 22) (18. 87. 1) (86) (80. 11) (69) 
b (219. 158. 216) (61. 97) (39. 1.77) (174. 70. 36) (34. 138) (104) 
c (281. 264) (26. 61. 177) (160. 68. 44. 9) (35) (24. 116) (92) 
d (136. 135) (1. 12, 35. 87) (86.40. 11) (23) (6. 52) (46) 
e (281. 244) (39. 97. 106) (182. 80. 58) (22, 124. 9) (115) (102) 
f (132. 121) (11. 17. 40. 53) (108. 29. 6) (23) (79. 13) (66) 

Reduction 2 (a. d. f). 

C = 992 a (224. 180. 211) (104. 76) (45. 166) (153, 71) (121) (11. 93) (82) 
b' (31. 17. 24) (10. 7) (3. 28) (13) (21. 10) (1. 12) (11) 
c' (61. 31. 48) (14. 17) (11. 3) (8. 60) (19) (47. 14) (33) 
d (288. 263) (85. 178) (153. 83. 52) (44. 8) (93) (70. 13) (57) 
e (279. 266) (85. 181) (168.68. 43) (25. 18) (7. 11) (100) (96) 
f (137. 133) (40.93) (89.48) (12.28) (41. 19) (3.25) (22) 
9 (143. 127) (28.99) (83. 48. 12) (40) (35. 13) (9. 31) (22) 
h (274. 263) (71. 192) (181. 93) (26.45) (7. 19) (88. 12) (76) 

(275. 254) (45.209) (188.56.31) (13.32) (25.6) (19) (132) 
j' (60. 33. 39) (27, 6) (45) (56. 31) (13. 32) (25. 6) (19) 
k (275.244) (108. 136) (198.77) (121. 64) (43.93) (57.7) (50) 
I (286. 211) (83, 128) (209. 77) (38. 45) (31. 7) (24. 156) (132) 

Reductions 2 (E. g); 4 (c'. j') and 8 (b'). 

e = 1008 a' (57. 56.39) (14.25) (3. 11) (15.44) (43. 14) (36) (29) 
b (71.72.52) (19.33) (70. 1) (5. 14) (69.4) (9) (56) 
c (285. 266) (75. 191) (172. 57. 56) (15. 116) (43. 14) (29) (72) 
d (266. 263) (3, 44, 216) (213. 56) (15. 29) (57. 14) (43) (100) 
e (95. 76) (24. 19. 33) (70. 25) (5. 14) (20. 9) (56) (45) 

Reductions 3 (b. e); 4 (a'). 

e = 1015 a (180. 143. 167. 173) (37. 82, 24) (185, 6) (179) (172. 45) (127) 
b (219. 215. 199) (16. 183) (17. 47. 167) (163. 43. 13) (30) (120) 
c' (41. 43. 39) (4. 16. 19) (39.2) (37. 12) (25. 3) (22) 
d (244. 157.207) (107,50) (57.200) (163,61. 20) (41. 143) (102) 
e (235, 178. 195) (57. 104. 17) (212) (172. 73. 47) (26, 125) (99) 
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l' (47. 30.43) (17. 13) (16. 40) (36. 16. 12) (4. 24) (20) 
9 (222. 164. 207) (80. 41. 43) (39. 2) (37. 215) (200. 22) (178) 
h (247. 154. 192) (116.38) (230) (175.72) (49.67) (103. 18) (85) 

(284. 274) (10. 81. 183) (173. 73. 48) (25. 23) (2. 102) (100) 
j (244. 164. 144) (20. 124) (80. 104) (219. 81. 24) (57. 195) (138) 
k (284.268) (16.57. 195) (179. 80.41) (39. 59) (99.20) (79) 

(294. 253) (38. 215) (3. 35) (174. 91. 32) (67) (83. 8) (75) 
m' (55. 54) (4. 10. 40) (39. 9.4. 3) (1. 6) (5) (30) 
n (274. 268) (6. 26.31.205) (199.61. 20) (41. 5) (36) (138) 
o (285. 253) (29. 224) (8. 21) (192. 70. 18. 5) (13) (52) (122) 
p (275. 253) (22. 107. 124) (212. 85) (127. 48. 17) (31, 110) (79) 
q (280. 247) (125. 122) (208. 72) (52. 20) (3. 119) (32. 116) (84) 
r (270. 253) (17. 82. 59. 95) (222. 65) (23. 36) (157. 13) (144) 
s' (57. 46) (25.21) (43. 14) (4. 17) (29. 14) (1. 16) (15) 

Reduction 5 (c'. f. m'. s'). 

e = 1025 ~. (52. 36. 29) (7. 22) (28. 15) (37) (36. 16) (4. 24) (20) 
b' (57. 55) (36. 10. 11) (17. 38) (9. 1) (8. 4) (21) (17) 
c (51, 36. 25) (11. 14) (24.20.3) (17) (42.9) (37) (33) 
d (56. 55) (16.39) (38. 18) (3.4.9) (20. 1) (5) (14) 
e (57.52) (20. 13. 19) (39. 18) (7. 6) (25) (3. 24) (21) 
f' (55. 53) (9. 44) (42. ~ 7) (5. 1) (4. 13) (9) (22) 
9 (55.51) (15. 8.9. 19) (44. 11) (7. 1) (10) (33) (29) 

All have reductions 5. 

e = 1033 a (241. 169. 198) (140. 29) (227) (184. 57) (46. 11) (35. 116) (81) 
b (236. 128. 116. 113) (3. 110) (12. 107) (140) (217) (204. 32) (172) 
c (288. 259) (32. 227) (198.76. 11. 3) (8.27) (19) (46) (122) 
d (304. 241) (119. 122) (184. 76. 44) (32. 12) (128. 3) (125) (108) 
e (285. 259) (29. 230) (204. 43. 35. 3) (32) (8. 59) (51) (110) 

(285. 236) (107. 59. 70) (227. 58) (48. 11) (81) (169. 44) (125) 
9 (288. 230) (58. 172) (227. 119) (16. 43. 113) (108. 11) (27) (70) 

e = 1040 8' (16. 12. 10. 13) (7. 3) (7. 5) (16) (13. 3) (12) (10) 
b (252. 144. 197) (91. 53) (250) (27. 64) (195. 47. 10) (37) (148) 
c (304.263) (53.210) (169.73.50. 12) (65) (23.27) (96) (92) 
d (290.263) (39. 224) (197. 65. 28) (16.23) (37. 7) (30) (132) 
e' (29. 25) (12. 13) (21. 8) (13. 5.2) (1. 12) (3) (8) 
f' (65. 37. 30) (7. 23) (28. 16) (39) (63. 30) (3. 36) (33) 

Reductions 4 (f'); 10 (e') and 13 (8'). 

e = 1045 8 (225. 203. 205) (22. 82. 97. 2) (207) (187. 60) (127. 15) (112) 
b (280.278) (2. 77. 97. 102) (207.75) (132.20) (112. 5) (107) 

e = 1049 8 (236. 168. 229) (65. 103) (42. 187) (3. 62) (180. 59) (145) (121) 
b (261. 150. 197) (103.47) (244) (8. 95) (180. 89) (2.93) (91) 
c (298.266) (47.219) (187.96. 15) (62) (19.43) (91.24) (67) 
d (293. 266) (42. 224) (197. 59. 24. 13) (11. 2) (44) (35) (138) 
e (261. 138. 153) (123. 15) (168) (236.96. 52) (44.8) (176) (140) 
f (293. 244) (123. 121) (219. 74) (54. 67) (145. 52) (93 • .13) (80) 
9 (298. 229) (89. 140) (224. 74) (54. 35) (19. 16) (3. 153) (150) 

e = 1058 a (248. 169. 216) (115. 54) (7. 209) (61) (177. 71) (35. 141) (106) 
b (233. 157.225) (99. 58) (41. 17) (7. 218) (24) (210. 23) (187) 
c (273. 161. 159) (2. 157) (163) (192. 81) (8. 149) (30. 141) (111) 
d (253. 123. 83.126) (40. 43) (163) (169) (220. 33) (187. 9) (178) 
e (300. 281) (85. 196) (177. 80. 43) (20. 23) (17. 3) (111) (97) 
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f (145. 143) (45.98) (96. 26. 23) (3. 20) (29) (12. 53) (41) 
9 (286. 2Bl) (71. 210) (205. 81) (15. 56) (55 • . 41) (14. 83) (69) 
h (290. 273) (67. 99. 107) (205. 85) (35. 32) (123. B) (120) (115) 

(143. 13B) (4. 7. 17. 110) (1. 3) (105. 39) (10) (27) (66) 
j (150. 124) (56.6B) (105.45) (15.29. 12) (17.63) (60) (46) 
k (2B6. 253) (33. SB. 55. 107) (233.86) (3. 52) (61) (159) (147) 

(312. 225) (78. 147) (9. 69) (209. 112) (67. 149) (97. 1'5) (82) 
m (156. 109) (43. 66) (4. 16. 23) (lOB. 40. 12) (2B) (89) (68) 
n' (12. 11) (1. 3. 7) (11. 2) (5) (2. 5) (4. 1) (3) 

Reductions 2 (E. i. j. m) and 23 (n'); n' is a square. 

C = 1060 B (122. 95. 102) (37. 51. 7) (109) (89. 33) (23. 14) (65) (56) 
b (152. 137) (33. 104) (89.38.25) (7. 26) (13. 19) (51) (45) 
c (147. 134) (8. 11. 115) (5.3) (14) (102.38. 12) (26) (64) 
cf (27. 15. 14) (1. 13) (16) (23. 4) (4.9) (19.5) (14) 
e(76.61) (29.32) (52.24) (10. 16.3) (35) (28.6) (22) 
f (147. 127) (20.48.59) (109. 58) (37. 11) (51.7) (70) (H) 
9 (135. 134) (7. 127) (59. 51. 19. 6) (13) (32) (8. 75) (67) 

Reductions 2. except cf (10) and e (4). 

C = 1065 a (73. 75. 63) (20. 43) (71. 2) (69. 8) (5. 38) (33) 
b (247. 129. 232) (71. 58) (13. 45) (84) (52. 225) (210. 37) (173) 
c (240. 188. 165) (47. 118) (52. 112. 24) (71) (232. 60) (189. 172) 
d (284. 278) (6. 47. 225) (219. 43. 28) (15. 13) (60) (58) (118) 
e (285.248) (37. 112.99) (247.75) (28.71) (172. 15) (43) (114) 

Reduction of a is 3. 

C = 1066 a (121. 86. 115) (38.48) (19.96) (90.31) (28. 10) (77) (59) 
b (264. 162. 167) (157. 5) (172) (209. 55) (154. 58) (38. 134) (96) 
c (153. 137) (31. 106) (90. H. 19) (4. 27) (23) (2. 48) (46) 
d (297.280) (22. 49. 209) (192. 100.5) (27) (76) (92. 8) (84) 
e (153. 121) (50.71) (106.47) (29.21) (25.67) (59. 17) (42) 
f (140. 132) (25. 48. 59) (121. 19) (2. 23) (21) (81. 11) (70) 
9 (297.242) (55.69. 118) (230. 8B. 34) (20.49) (54) (167) (142) 

Reductions 2 (a. c. e. f). 

C = 1073 a (2H. 192. 197) (100. 92) (87. 110) (196.48) (156. 23) (148) (133) 
b (252. 156. 89. 111) (67. 22) (133) (135. 88) (221) (213. 39) (114) 
c (259. 133. 216) (79. 54) (25. 29) (100. 4) (249) (206. 53) (153) 
d (261. 168. 164) (4. 41. 119) (135. 37) (78) (219. 42) (197) (177) 
e (272, 168. 145) (23. 122) (92. 99) (12. 80) (221) (216. 68) (148) 
f (301. 275) (53. 222) (196. 78. 27) (80) (49. 29) (10. 89) (69) 

9 (296.275) (48. 227) (206.68.22) (17. 5) (12.41) (29) (138) 
h (293. 274) (42. 232) (213. 37. 20. 23) (17. 3) (68) (54) (122) 

(290. 274) (39. 235) (219. 48. 23) (25.37) (61. 12) (49) (110) 
j (272. 116. 164) (6B. 4B) (20. 192) (88) (249. 111) (27. 165) (138) 
k (301. 244) (64. 61. 119) (227. 74) (3. SB) (67) (12. 165) (153) 

(293. 252) (99. 79. 74) (235. SB) (5. 69) (20. 64) (177) (133) 

C = 1082 a (126. 82. 114) (50. 32) (41. 105) (93. 33) (27.23) (64) (60) 
b (239. 162. 232) (77. 85) (15. 217) (210. 106) (100) (104. 2) (102) 
c (241. 146. 22B) (64. 82) (46. 18) (89. 239) (226. 15) (61) (150) 
d (154. 140) (33. 107) (93.41.20) (1.32) (21) (52. 10) (42) 
e (154. 126) (53. 73) (107.47) (22. 31) (11. 62) (60. 9) (51) 
f (312. 241) (77. 164) (217. 89. 6) (83) (128. H) (40. 124) (84) 
9 (156. 116) (41. 75) (113. 32. 11) (10. 31) (21) (81. 3) (78) 

Reductions 2 (a, d. e, g) • . 
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C = 1088 a (242. 172. 219) (99. 43. 30) (13. 17) (56) (236) (213. 29) (184) 
b' (33. 24. 19) (6. 13) (15. 8. 1) (7) (28) (27. 6) (21) 
c (280. 168. 145) (23. 122) (92. 99) (85. 7) (228) (215. 65) (150) 
d (310. 281) (65. 216) (187. 87, 36) (38. 63) (13. 25) (100) (88) 
e (296. 281) (51. 230) (215.41.40) (4.47) (1. 43) (42) (132) 
t (298. 279) (23. 24. 232) (213. 81. 4) (26. 1) (25) (51) (132) 
g' (35. 21. 16) (5. 11) (20. 6) (17) (29. 6) (23. 3) (20) 
h' (37. 35) (12. 10. 13) (27. 10) (7. 3) (17. 5) (16) (12) 
i' (37. 35) (6. 29) (27. 6. 4) (3. 7) (5. 1) (4) (16) 
j' (7. 6. 5) (1.4) (4.3) (4.3) (7) (1. 6) (5) 
k' (37. 33) (12. 8. 13) (29. 8) (3. 5) (1. 2) (21) (20) 
l' (57.41.42) (40. 1) (43) (33. 24) (9.51.4) (47) (42) 
m' (81.59) (26.33) (51. 26. 4) (23. 7) (40) (25. 1) (24) 
n (280. 279) (29. 250) (104. 63. 85. 28) (57) (41. 22) (164) (145) 
o (149. 125) (24. 40. 61) (121. 52) (19. 21) (17. 2) (84) (69) 
p (155. 119) (52. 67) (115.40) (24. 13. 15) (11. 2) (84) (75) 
q (324. 221) (87. 134) (40. 47) (219. 81. 24) (57. 7) (188) (138) 

Reductions 2 (0. p); 4 (r. m'); 8 (b'. g. h'. i'. k') and 32 (no 

C = 1102 a (120. 101. 115) (44. 43. 14) (29. 100) (95. 25) (1. 71) (70) 
b (239. 192. 232) (47. 105. 40) (65. 207) (200. 86) (28. 142) (114) 
c (119. 90. 113) (24. 43. 23) (20. 116) (5. 19) , (110. 14) (96) 
d (249. 154. 230) (78.76) (2. 65. 239) (17. 63) (220. 46) (174) 
e (249.202. 164) (38. 126) (47. 105.88) (238.58) (17. 197) (180) 
f (152. 127) (25. 39. 63) (120. 43. 14) (29. 24) (5. 82) (77) 

°Reductions 2 (a. c. f). 

C = 1103 a (258. 204. 176) (28. 148) (105. 127) (207. 51) (156) (7. 141) (134) 
b (254. 148. 231) (73. 75) (71. 2) (69. 8) (239) (216.38) (178) 
c (248. 204. 163) (41. 122) (52. 112. 81) (240. 8) (60) (203) (172) 
d (285. 137. 171) (103. 34) (69. 136) (105. 67) (225. 60) (203) (165) 
e (305. 286) (60. 226) (207.57.41) (16. 85) (73) (4. 81) (77) 
f (301. 285) (19. 34. 232) (216.78. 7) (4. 15) (11) (60) (138) 
g (286. 128. 171) (85. 43) (42. 172) (127) (232. 54) (178. 3) (175) 
h (296. 286) (51. 235) (225.43.28) (15. 13) (2. 62) (60) (122) 

(296.285) (81.76. 128) (226.70) (5.71) (156) (19. 109) (90) 
j (286. 285) (38. 247) (137. 112. 37) (75) (53. 134) (109. 28) (81) 
k (305. 258) (64.75. 119) (235.70) (53. 11) (42.44) (165) (163) 

(312. 248) (67. 62. 119) (5. 57) (231. 78. 3) (75) (176) (153) 
m (301. 254) (101. 153) (247. 54) (103. 52) (64. 141) (90. 13) (77) 
n (312. 240) (H. 60. 136) (28. 16) (76) (239. 101) (37. 175) (138) 

C = 1115 a (239. 205. 219) (60. 131. 14) (233) (213. 26) (86) (15. 116) (101) 
b (262. 154. 222) (86. 68) (35. 255) (69. 17) (52) (215. 47) (168) 
c (260. 145. 228) (88. 57) (31. 26) (254) (27. 92) (222. 65) (157) 
d' (53. 34. 36) (25. 9) (7. 29) (16) (47. 6) (41. 6) (35) 
e' (52. 51) (21. 30) (32. 20) (12. 20. 9) (39) (36. 8) (28) 
f' (61. 58) (5.7.46) (43. 13. 5) (3. 2) (9) (8) (30) 
g (292. 144. 157) (131. 13) (170) (79. 52) (230. 62) (27. 195) (168) 
h (304. 288) (13. 40. 235) (3. 10) (219.81.7) (17) (57) (138) 

(292. 290) (47. 243) (122. 125. 45) (92) (119. 3) (116. 12) (104) 
j (304. 274) (30. 100. 144) (233. 101) (31. 69) (132) (25. 119) (94) 
k (324. 254) (100. 154) (213. 81. 30) (51. 79) (132) (25. 129) (104) 
I (305. 262) (105. 157) (243. 62) (87. 80) (28. 129) (7. 101) (94) 
m (324. 239) (101. 138) (228. 68. 28) (12. 52. 37) (40) (175) (160) 
n (288. 274) (14. 51. 87. 122) (265. 37) (88) (52. 35) (157) (140) 

ReductioIUI 5 (cf. e'. t'). 
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e = 1122 a (42. 31. 39) (20. 11) (3. 36) (33. 9) (14) (24. 5) (19) 
b (124. 80. 118) (42. 38) (35. 121) (11. 31) (115. 9) (20) (86) 
c (287. 142. 164) (120. 22) (186) (25. 95) (242. 70) (7. 179) (172) 
d (329. 248) (88. 160) (216. 106. 7) (95) (23. 137) (4. 114) (IlO) 
e (329. 234) (88. 146) (30. 58) (230. 76. 23) (53) (25. 179) (154) 
f (154. 127) (27. 29. 71) (126. 53. 2) (31) (20. 11) (82) (73) 

Reductions 2 (b. t); 6 (a). 

e = 1145 a (257. 169. 237) (120. 49) (30. 19) (11. 245) (41) (225. 32) (193) 
b (277. 180. 176) (45. 131) (139. 41) (86) (235. 42) (12. 205) (193) 
c (62.60) (4. 9. 47) (45. 15. 2) (6) (1. 8) (7) (30) 
d (300. 149. 159) (139. 10) (169) (12. 87. 40) (237. 75) (209) (162) 
e (60.28. 32) (24.4) (36) (8. 16) (49. 19) (11. 41) (30) 
t (310. 268) (42. 86. 140) (257. 95) (51. 35) (16. 19) (162) (159) 
g (300. 277) (55. 91. 131) (268. 32) (87) (51. 40) (11. 160) (1:49) 

Reductions 5 (c. el. 

e = 1156 a (68. 46. 47) (30. 16) (15. 32) (14. 17) (60. 8) (52) (49) 
b (138. 84. 97) (71. 13) (42. 68) (121. 17) (16. 26) (104) (94) 
c (153. 152) (8. 23. 121) (120. 26. 7) (15) (4. 34) (30) (64) 
d (141. 78. 85) (71. 7) (92) (133. 8) (51. 28) (23.97) (74) 
e (152. 141) (13.60.68) (133. 17. 2) (15) (32) (84. 8) (76) 

(76.69) (15. 17.37) (68. 8) (21. 2) (19) (39. 1) (38) 

All have reductions 2. except a. t having 4. 

C = 1166 a (264. 152. 247) (66. 86) (46. 20) (97.9) (256) (239. 71) (168) 
b (HO. 96. 86) (1O. 76) (63.43) (20. 23) (121. 19) (102) \99) 
c (271. 192. 170) (22. 148) (88. 126) (262. 9) (97) (59. 215) (156) 
d (324. 271) (59. 84. 128) (247. 71. 6) (65) (40.44) (176) (172) 
e (154. 140) (33. 43. 64) (135. 19) (42. 10) (32. 21) (85) (74) 

(162. 131) (21. 32. 78) (1O. 11) (128. 44) (43) (84. 3) (81) 

Reductions 2 (b. e. f). 

C == 1170 a (44. 27. 41) (14. 13) (12. 1) (3. 11) (42) (39. 8) (31) 
b (91. ·62. 58) (4. 54) (29. 37) (88. 32) (24. 13) (67) (56) 
c (56. 42) (16.26) (41. 13. 2) (11. 7) (4. 3) (29) (28) 

Reductions 3 (b) and 6 (a. cl. 

C == 1176 a (47. 38) (7. 12. 19) (2.5) (36. 13) (10. 7) (26) (23) 

Reduction 7. 



Mathematics. - On the dissection of rectangles into squares. (Third 
communication.) By C. J. BOUWKAMP. (Communicated by Prof. 
J. G. VAN DER CORPUT.) 

(Communicated at the meeting of December 21, 1946.) 

7. Same special squared rectangles. 

Two differently squared rectangles are called congruent if their reduced 
sides are two by two equal. They are called conformal if their reduced 
sides are proportional. From the list in section 6 we can easily ob ta in all 
cases of conformalor congruent rectangles of order less than 14. 

The simplest example of two conformal rectangles is provided by IX, 
130, c and XII, 585, f. in such a sense that they have together 21 elements. 
21 being the least possible number of elements totally involved. This 
example was already given in A (in that paper one should read cf = 55, 
instead of 15, p. 327). It may be noticed that the 12~th order squaring 
above shows two horizontal line segments at a same level. corresponding 
to a pair of equipotential vertices in the network from which it was derived. 
When this pair of conformal rectangles is made equal in size, they will 
show two elements in common. The imperfect squaring XIII, 1040, f' is 
also conformal with either of the squarings above. 

Next th ere are two pairs of conformal rectangles containing 10 and 13 
elements. The first pair is provided by X, 224, a , and XIII, 1008, b, whilst 
the second pair is formed by X, 224, band XIII, 1008, e. Either of the 
13~th order squarings contains two horizontalline segments at a same level. 
Upon transformation on the same 'size, four common elements are found 
in both cases. 

Furthermore, the 13~th order squarings XIII, 1060, e and f are conformal; 
they show five common elements af ter transformation on equal size. 

The following cases of conformal rectangles all include imperfections: 
XIII, 1088, k', I', m', two of which are even congruent, and XIII, 1088, 
g', h', i', j', three of which are congruent. 

The remaining conformal rectangles are all of the congruent type. Two 
congruent rectangles of different full 'sides are XII , 615, d and XIII, 1025, 
g; they have one element in common. Also congruent and of different full 
sides are XIII, 935, band XIII. 1122, a . It is interesting to no te th at 
they contain the same set of elements. It is the simp lest example of buil~ 
ding up a rectangle with the same set of elements in two different ways, as 
is seen by inspection of the list in section 6. This example is not new, as 
it was already derived in paper A, from certain general considerations, 
starting from networks with a pair of equipotential vertices. 

All remaining cases of congruence, as far as the list of section 6 is 
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concerned. are such th at they give pairs of squarings of the same order 
and the same fuIl sides. The simplest example is provided by XII. 608. f 
and g. They have four elements in common 1). 

A pair of congruent simple squarings of order 13. one of which is 
imperfect. is formed by XIII. 1025. b' and c. 

Five common dements occur in each of the following pairs of congruent 
perfect squarings: 

XIII, 928, hand i; XIII, 992, f and g; XIII, 1088, 0 and p. 
Four common elements in 

XIII, 1015, j and k; XIII, 1088, e and f; XIII, 1115, j and k. 
Three common elements in 

XIII. 1073, k and I. 
One common element in 

XIII. 1015, d and e; XIII, 1073, band c. 

Last but not least, there is in our list a pair of congruent squarings with 
no common elements, namely XIII. 1015, g and h. In fact it is the simplest 
example of a rectangle of given order that can be dissected into two 

XIII,fOf5,g DL,fOfS,h 

164 
222 207 

154 
192 

247 

22 
l4f J4J 

80 ~91'2 -37 

138 
ff6 

200 178 
215 

73 49J 67 230 
f7S 18 f:.L.-

m 8S 

Fig. 9. The simplest example of congruent squarings with completely different sets of 
elements. 

I!Il,93~b X1Il,II22,a 

3f 
39 -12 

31 
-12 39 

3 11 I 
f4 19 I 

20 
fl 3 

20 -9 14 

36 33 
---1.: 5 

33 
5 ~ :15 

19 24 2-1 19 

Fig. 10. The simplest example of congruent squarings with just the same set of elements 
differently arranged. 

1) See also paper A, p. 330; the concept of "equivalence" in A is completely differe:lt 
from that defined in section 3. In the sense of paper A. equivalent squarings are conformal 
and have the same full sides. 
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completely different sets of squares. It may be remarked th at they originate 
from essentially different networks, though their complexity is the same. 

Figs 9, 10 show the simplest examples of congruent rectangles that 
contain either a completely different set of elements, or just the same 
elements differently arranged. 

8. Perfect squares. 

We have already given the simplest example of a simple squared square; 
cf. fig. 1. It is not at all perfect, however, as it -contains double elements. 
One naturally asks whether a simple perfect square can be constructed. 
The authors of paper A have given a device how th is may be done. They 
pretend to have constructed "a simple 'uncrossed' perfect square of order 
55. which. when drawn out. disguises its symmetrical origin very skilfully" 
(A. p. 334-). In this section. however, we shall prove that actually the 
suggested construction fails. and so we are led to the conclusion that. 
unfortunately. there is no simple perfect squared square known at present. 

We first show how compound perfect squares can be obtained. Three 
different methods were developed in paper A. 

0' 
I 

Fig. 11. Several methods for the construction of perfect squared squares. 

I. Fig. 11, a shows a compound square, consisting of one square and 
two rectangles which in their turn are supposed to be dissected into 
squares. 

From careful examination of the list given in section 6 it appears that 
anly three different solutions exist if both rectangles are subject to the 
condition that their orders do not exceed 13. Two solutions are non~ 
trivially imperfect. as for each of them both rectangles are non~trivially 
imperfect themselves. One solution contains a square of si de 16. together 
with the squared rectangles XIII, 962, a' and XII, 585. a'. The ather con~ 
sists of a square 22, together with the squarings XII, 663, b' and XIII. 
1040, a'. 

Only the third solution happens to be perfect. It contains a square of 
side 231. together with the perfect squarings XII, 608, a and XIII, 985. a. 
Thus we have obtained a perfect square of order 26. Presumably it is th€. 
simplest (that means of minimum order) perfect squared square known at 
present. It was already given in paper A; its code has been given in section 
1 of the present paper. 
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2. Fig. 11. P shows a compound square, consisting of two squares and 
two rectangles of equal size which in their turn may be dissected into 
squares. 

Obviously, it is not difficult to construct non~trivially imperfect squares 
of this character: we merely take twice any rectangle of our list in section 6. 
On the other hand, there is in our list only one couple of squarings leading 
to a perfect square. This square is of the order 28, containing two squares 
of sides 422, 583, respectively, together with the pair of totally different 
congruent squarings of fig. 9. 

3. Cf. fig. II,y. 
For this purpose two perfect squarings of equal size are required, having 

only one element in common, subject to the condition that this common 
element is corner element in either of the two rectangles. In paper A a 
device was given how to construct a pair of such special rectangles. One 
of the simplest examples of perfect squares, constructed in this way, is of 
the order 39. lts code reads as follows: 

(900,393,520) (263, 130) (3,224,293) (133) (244, 152) (155,69) 
(61,91) (362) (31. 30) (276) (476,205,219,275) (191,14) (177,56) 
(113,218,638) (8,105) (80,199,97) (437,119) (420) (318). 

All squares so far obtained are compound. W,e now investigate in detail 
the method that (according to the authors of A) would lead to simple 
perfect squared squares. 

Consider the "rotor" network of fig. 12, with terminals Al' A2' A3' 
Let its wires have unit conductance, and let currents 87a, 87b, leave the 
network at A2' A3, respectively. The current entering at Al must then be 
87 (a + b). The complete set of currents is uniquely determined, and is 
shown in fig. 12. The currents are integral linear combination ~f a and b. 
Without lack of generality, we may suppose a and b to be integers, 
subject to 0 < b < a. 

This network is a generalization of the "polar" networks treated before, 
in so far that now more than two terminals are present. It corresponds to a 
squared polygon of angles n/2 and 3n/2. For example, the rotor network 
of fig. 12, in action, corresponds to a squared polygon P the dimensions 
of which are shown in fig. 13. 

The typical corner elemen ts C 1> C 2 (shaded in fig. 13) have si des 
27a - 8b, 8a + 35b, respectively. It must be noted that the situation of 
fig. 13 is possible only if 27a-8b < 49 (a-b) and 8a + 35b < 87b; 
thus 41/22 < a/b < 13/2. Otherwise at least one of the corner elements is 
too large. If the inequality above is not fulfilled, it is impossible to draw 
in fig. 13 the rectangle R which is important in the further construction. 

The vertical left si de of the polygon may be considered as the terminal 
Al' and the remaining vertical boundaries at the right correspond to A3' A 2. 
The current flows horizontally from left to right. The ingoing current 
87 (a + b) is equal to the left vertical side, the two outgoing currents 87 a, 
87b, are equal to the other vertical boundaries. 
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87b 
Fig. 12. Currents in a typical rotor network. 

49a+98b 49 a-b 

87b 

87(a+b} 

87a 

I. 98a+49b 

Fig. 13. Dimensions of the. polygon corresponding to the rotor of fig. 1-2. 
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If the skew~symmetrical rotor network of fig. 12 is replaced by its 
reflection (leaving the currents at Al' A 2 • A3' invariant). the new squared 
polygon P' will have the same shape as the old one P; this follows from 
the triad symmetry of the rotor. The set of currents in the reflected rotor 
are easily found from those in fig. 12. We also could have interchanged 
a and b. without reflecting the rotor; we prefer. however. the former 
method. in order to have always a> b in the following. 

The corner elements C\. C' 2 of P' have sides 27 a - 9b. 9a + 36b. 
respectively. In order to be able to draw the analogous rectangle R'. another 
condition has to be fulfilled. namely 40/22 < a/b < 17/3. IE both Pand P' 
have existing rectangles R. R'. we thus have the condition 

41/22 < ajb < 17/3. 

Let us now consider fig. 11. c5. It contains two congruent polygons; one 
of them (p) has full~drawn boundaries. the other (p') is partly dashed. 
Suppose (i) either of the two polygons is perfectly squared. (ii) the 
polygons p. p' have no common elements. except the pairs of typical corner 
elements Cl = C'l = SI' and C2 = C'2 = S2. overlapping two by two. Then 
it clearly follows: 1'. 1'1. 1'2 are squares. Furthermore. if these squares are 
mutually unequaI. and none of them is equal to some element of p. p'. then 
fig. 11. c5 obviously leads to a simpte perfect squared square. The elements 
not drawn out in fig. 11. c5 belong to p. p'. 

This is in fact the construction proposed in paper A. in order to obtain 
simple perfect squares. For an actualexample we only need two suitably 
chosen polygons p. p'. The authors of A suggest that the rotor network 
of fig. 12 leads to such a pair of polygons. This. however. is not true. as 
will be seen below. 

It is important to note th at the shape of P. P' can be varied by varying 
a and b. Obviously. there is only one degree of freedom. as only the ratio 
ajb is significant. It must be taken in mind that the elements of P. P' alter 
correspondingly. by variation of a/b. Now. Pand P' can be used as p. p' 
respectively. if. and only if. C l := C'!; C 2 = C'2. That means 

27a-8b 

8a + 35b 

27a-9b. 

9a + 36b. 

These independent conditions admit only a = b = O. Hence the con~ 
struction of fig 1 L c5 fails for the rotor network of fig. 12. 

This can also be seen in a somewhat differing manner. IE P is to be used 
as p. then the rectangle R in fig. 13 has to be a square. corresponding to 
l' in fig. 11. c5. From this condition it follows 87b- (8a + 35b) = 
= 49(a-b) - (27a-8b); thus 10a = 31b. For the special values 
a = 31. b = 10 (the inequality above is fulfilled!). one can only hope 
that the now uniquely determined polygon p' can be used as the counter 
part pi of p = P. This. however. is not so. R' is even not a square. let 
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alone it is equal to R, as is required. In fact, R' is a square, iE, and only 
if, a = 91, b = 31. 

Thus the construction fails. There is, consequently, no simple perfect 
squared square known at present. Moreover, it will be very unlikely, that 
for some other rotor network the above construction is effective. 

July, 1946. 
Natuu,rkundig Laboratorium der N.V. Philips' 
Gloeilampenfabrieken. Eindhoven, the Netherlands. 



Mathematics. - On the elastic stability of sandwich plates. I. By P. P. 
BIJLAARD. (Communicated by Prof. F. K. TH. VAN ITERSON.) 

(Communicated at the meeting of December 21, 1946.) 

As we remarked at the end of our preceding paper I), our method of 
subdividing the elastic behaviour of a system may be applied also to 
composite plates, as used in aeroplane construction, with arbitrary boundary 
conditions. 

Let us consider a sandwich plate (fig. 1). simply supported at the 
edges x = 0, y = 0, x = a and y = band subjected to compressive 
stresses el and e2 ,in X~ and Y~directions respectively. We firstly assume 

h 

~----------~--~x H 

h 

Fig. 1 

the modulus of rigidity G of the weak inner layer to be in fini te, as far as 
lts resistance to shearing stresses .zx and .zy is concerned. According to 
the usual theory of thin plates, the rigidity of the outer plates with respect 
to these shearing stresses, is anyhow assumed to be infinite. For this first 
case the partial differential equation for the buckling of isotropic plates 
applies, being 2) 

~ 04 
W 04 

W 04 
W ~ 02 

W 02 
W 

D ( ox" + 2 or oy2 + oy4 ~ + Pxm or +Pym oy2 = O. (1) 

Value w is in pur case the deflection of the composite plate, D is its 
flexural rigidity and Pxm and Pym are the compressive forces 2h el and 

1) BIJLAARD. On the e!astic stabili~y of thin p!ates, supported by a continuous medium. 
Proceedings Roya! Nether!ands Academy of Sciences. 1946. Nr. 10. 

2) 'I1IM'OSH:ENKO. Theory of elastic stability, p. 324. 
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2h e2 per unit breadth. assumed to be taken by the outer plates alone. In 
computing D we leave the proper moments of inertia h3/12 of the outer 
plates provisionally out of account. as we did also in our preceding paper. 
because here too these outer plates cannot be assumed as rigid in the second 
case. In this way we get 

• (2) 

in which E' 1 = El/( 1 - Pf) and E' = E/( 1 - p2). El and E being the 
moduli ofelasticity of outer plates and layer respectively. Assuming 

W = Wo sin (mn/a) x sin (n nlb) y • (3) 

which satisfies the boundary conditions. whilst Fym = f3Fxm and f3 < 1. 
eq. (1) yields. after simple ranging. the critical thrust 

_ _ n 2 (n 2 a 2 + m2 b2)2 

PI - Pxm - a2 b2 (f3n2 a2 + m2 b2) D. (4) 

In the second case we should now assume only the modulus of rigidity 
G of the layer with respect to shearing stresses 'lzx and 'lzy to have a finite 
rigidity. but. as with the buckling of the strips. as considered in our 
preceding paper. both cases cannot be entirely separated. In fig. 2 the 

Fig. 2 

deformation of an element t Hdxdy of the upper half of the composite 
plate is shown. looking in the direction of the positive Y ~axis. the outer 
plates being assumed here too to have no flexural rigidity: As in the second 
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case in our preceding paper, we neglect here the strains in the layer in 
X~ and Y~directions. Their influence is indeed immaterial, as even the 
total effect of the stresses Ox and Oy in the layer is of no practical value. 
In eq. (35) of our preceding paper the ·effect of the stresses ox in the layer 
is given by the last terms of numerator and ,denominator in the last fraction, 
which, in the example given there, had only an influence of less than 0.1 %. 
Moreover this formula (35). derived in the indicated way, coincides 
practically with our formula (28), found by expansion of sinh and cosh 
in our exact solution in series and gave in ourexample .the same results. 

Furthermore, with the deformation shown in fig. 2, the displacement u 
in X~direction varies also in Y~direction, by which torsional stresses 'fyx will 
originate in the layer. The total effect of these stresses 'fyx is of the same 
order of magnitude as that of the stress es Ox and Oy in the layer, the total 
effect of all these stresses being represented in the first case by the term 
E' t3/12 of the flexural rigidity D in eq. (2). Moreover the effect of these 
torsional stresses in the second case is very smalI, as they only cause an 
increase of the angle )'xzin fig. 2 with increasing z, so that the line AB 
will be curved a little, whilst without these stress es it would be straight. 
With a given deflection, however, the angle between the straight line AB 
and the vertical AC, being (hit) iJwliJx, is fixed, so that the torsional 
stress es do neifher influente the average shearing strain )'xz nor the average 
shearing stress 'fxz between A and B, nor the total shearing force Dx along 
AB. Only in B, at the bottom of the outer plate, Î'xz and thus also the 
shearing stress 'fzx = 'fxz at the bottom of the plate, is increased by the 
torsional stresses 'fyx, so that the vertical shearing force along BC will be 
somewhat increased by them. We will neglect these torsional stresses too, 
whilst moreover we will show at the end, that their influence is indeed 
negligible in this case. 

The line AB being now straight, we find that between A and B (fig. 2) 

(
OW ou) t + h ow 

t xz = G )'xz = G OX + oz = G -t- OX • (5) 

The shearing force, conveyed to the outer plate by the shearing stress es 
'fzx at its bottom, will be equally distributed over the total height h of the 
plate, so that from B to D in fig. 2 the vertical shearing stress 'fxz will 
decrease linearly to zero. Thus the total shearing force Dx acting on an 
element Hdxdy of the composite plate will be 

_ _ (t+ h)2 ow 
Dx - (t + h) t xz - G ~ . t uX 

(6) 

whilst in the same way we obtain 

D = (t + h)2 G ow 
y t oy· (7) 

6 
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The equilibrium in Z-direction of the element Hdxdy requires 

àDx àDy à2w à2w 
àx dxdy + ày dxdy-Pxs àx2 dxdy-Pys ày2 dxdy = 0 

or, using eqs, (6) and (7) 

(t + h)1 (à2w à2w) à2w à2w _ 
-C-_'- G -à 2 + -à 2 -Pxs -à 2 -PYS -à 2 -0. 

t X Y X Y 
. . (8) 

A deflection according to eq. (3) satisfies also this differential equation. 
Substitution yields, with PyslPxs = fJ 

n 2 a 2 + m2b2 (t+ h)2 
P2=PXS=fJ 2 2 + 2b2 G ..•... (9) nam t 

Furthermore the rigidity of the outer plates, left out of account till now, 
will cause an excess critical thrust Pxo. As for this case eqs. (1) and (3) 
apply, this excess critical thrust will begiven too by eq. (4),.if D is equaled 
to the total flexural rigidity E; h3 /6 of the two outer plates. 

The fact that eq. (3) satisfies also eq. (8) and thus all cases of buckling, 
causes of course that our method will yield very accurate results here, as it 
did also in the case of the strips in our preceding publication, where 
buckling in a half sine wave satisfied also all cases. In general the results 
will be less accurate the more the buckling forms for the cases in which the 
system is divided differ from each other. 

So the critical thrust of the composite plate is now, according to our 
preceding publication 

. . • . . (10) 

which yields, af ter using eqs. (4) and (9) and some transformation 

• n
2 (n

2 
a

2 + m1 
b

2
)2 EI' h3 l 

Px = 2hel = 6 (fJn 2 a 2 + m 2 bl) a2 b2 + 
(11) 

n 2 (n2 a 2 + m2 b2)2 (t + h)2 D G 
+ (fJn 2a2 + m 2 b2)a2 b2 (t+ h)2 G+n2 (n 2a2 +m2 b2

) (fJn 2 a2+m2 b2) tD 

in which D is given by eq. (2), fJ is PylPx and the numbers of half waves 
mand n in X- and Y-direction respectively have to be chosen in such a 
way that Px is as small as possible. With compression in one direction only, 
so with Py = 2h e2 = 0 and fJ = 0/ in eqs. (4) and (9) value n appears 
only in the numerators, so that Pxo , Pxm and Pxs, and thus also Px/ will 
be as small as possible with n = 1. Denoting furthermore the half wave 
length alm by Land substituting D according to eq. (2)/ we obtain as the 
critical thrust with compression in X-direction 



83 

in which the half wave Iength L, thathas to be an integer part of the totaI 
Iength a, but that with a Iarger than about -Ib may sufficiently accurately 
he chosen arbitrarily, has to be determined such that Px is as small as 
possible, respectively a minimum. As according to eqs. (-I) and (9) and 
with p = 0 and n = 1, P 1 and P2 wil! be minimum if L = al m is equaI 
to b or to zero respectively, the reaI half wave Iength L wil! have to be 
smaller than b here. 

The amount of work, saved by our method, may be appreciated by 
comparing it with the computations executed by VAN DER NEUT in order to 
obtain the critical thrust of sandwich plates with the same boundary 
conditions 3) . Moreover his method is already a simplification with respect 
to the exact one and, as he assumes h to be infinitely small, his case is 
simp Ier, so that in our second case the torsional stress es would be zero 
and the proof of their insignificance, as given under here, would be 
superfluous. He obtains, transformed in our notations and taking into 
account that in his equations we have, according to our notations (fig. 1), 
to replace t by t + h 

P X - 6 b2 L EI h + _ 'JT,2 (b2 + U)2 '3 ! 
'JT,2 EI' (b2 + U)2 (t + h)2 h + ('JT,2f6) E' (b 2 + U)2 (t + h)3 (N

3
) 

+ 2 'JT,2 (1 + ,.) EI' (b2 + U) b2 (t + h) h + 2 bi U E E 

the difference with our result being principally caused by the fact, that he 
assumes the outer plates and the intermediate layer to be connected to one 
another in the middle plane of the outer plates, whilst we took the real 
connection at the bottom of the plates into account. The error of his 
formula is of the same order of magnitude as that of his formula (N2 ) for 
strips, quoted in our preceding paper. 

Finally we will show, that with the deformation according to our second 
case (fig. 2), the torsional stresses have in deed a negligible influence. 
Expressing them in the displacements u and v in X~ and Y~direction 

respectively, we have 

(13) 

The force acting on an element dxdydz, indicated by cross hatching in 
fig. 2, is 

~ Tyx - (TYX + O~;x dy ) ~ dx dz = - O~;x dx dy dz 

working in the positive direction of Tyx, as shown in fig. 2. By that Tzx 

increases with increasing distance z, as 

OTzx _ OTyx 
OZ dz dxdy -- - oy dxdy dz 

3) VAN DER NEUT. Die Stabilität geschlchteter Platten. Nationaal Luchtvaart Labora~ 
torium, Bericht S. 286, 1943. 
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trom whïch, af ter substitution of Tzx = Txz and Tyxaccording to eqs. (5) and 
(13) respectively, we obtain the following partial differential equation 

02U 02U i)2v 
- OZ2 = og2 + ox og . 

and af ter interchanging x and y as weU as u and v 

02V 02V 02U 

- OZ2 = ox2 + OX oy . 
According to fig . 2 and with the. same interchanging we get 

h ow 
u = uo Zx = Zx 2" ox 

h ow 
v = Vo Zy = Zy 2 oy 

. (14a) 

. (Bb) 

· (15) 

in whïch Zx and Zy are functions of z only. Substitution of these values in 
eqs. (14a) and (14b) and using again eq. (3) yields 

• . . . . (16) 

an accent indïcating a differentiation with respect to z. Addition of both 
equations (16) yields 

· (17) 

in which 

· (18) 

whilst the general solution of eq. (17) is 

Zx + Zy = Cl cosh}.z + C2 sinh}.z.. . . . . (19) 

At z = 0 the displacements u and vare zero, so that, according to eq. 
(15). also Zx + Zy has to equal zero th ere, yielding Cl = O. At z = tl 2 
the values u and v equal Uo and vo, so that Z x i+ Zy= 2, yielding 
C 2 = 2/sinh cp, in whïch cp = ),tI2. Thus eq. (19) transforms in 

Zx + Zy = 2 sinh }.z/sinh cp. • • • · (20) 

Substitution of thisequation in eq. (16) and integrating two times yields 

2 n2 11,2 sinh }.Z 
Zx= b212 . h +Dl Z+D2' ..... (21) 

A sm cp 

Af ter introduction of the boundary conditions at z = 0 and z = t12, 
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being Zx = 0 andZx = 1 respectively, using eq. (18) and interchanging 
of alm and bin to find Zy, we obtain 

Z" = 2 n2 
a

2 
sinh lz _ 2 (n 2 

a
2 

- m
2 

b
2

) z! 
n 2 a2+ m2 b2 sinh cp t (n 2 a 2 + m2 b2

) 

2 m2 b2 sinhJ.z 2 (n 2 a2_m2 b2) 
Z = --+ z 

Y n2 a2 + m2 b2 sinh cp t (n 2 a 2 + m 2 b2) 

so that, using alsoeqs. (5) and (15),we find 

and 
tl2 

D" = 2 f 1:xz dz + h (1:,,%)%= ti. 
o 

. (22) 

. (24) 

The term (t + h) relates to the integral, so that comparison with eq. (5) 
demonstrates, that the shearing force along the layer is indeed the same as 
with neglection of the torsional stresses. Furthermore, asin all computations 
in this paper we neglected the influence of stresses Oz perpendicular to the 
middle plane of the plates, as is done also in the theory of thin plates, we 
may state that the equations derived here will only be accurate if the ratios 
almt and bint are more than about 8 orlO. So according to eq. (18) value 

, cp = À tl2 is smaller than 0,28 and cp co th cp is less than 3 % more than 
unity. Thus the last term between the large brackets in eq. (24), that is 
relatively very small, may be equated to h21t, by which eq. (24) transforms 
in eq. (6), so that, also if the torsional stresses are taken into account, the 
same value Pxs as in eq. (9) is obtained, q.e.d. 

Also with other boundary conditions our method may be applied. We 
will consider for example the buckling of a uniformly compressed 
rectangular plate, simply supported along the loaded sides, x = 0 and 
x = a, and having various boundary conditions along the other two sides 
(fig. 3). Dividing the system in the same cases as before, for the first case 

y 

a 

r---~----'-X b 

Fig. 3 
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(Pxm) as weU as for the outer plates (Pxo) differential equation (1). with 
Pym = O. applies. whilst for the second case differential equation (8) is 
valid. Assuming 

w = Y sin (m nla) x. . . . . . . . (25) 

in which Y is a function of y only. substitution in 'eqs. (1) and (8) yields 
respectively 

Y"" 2 m n Y" m n xm m n Y - 0 2 2 2 2 [P 2 2J 
1-82 I-~ D-82 1- (26) 

Y" + m
2

n
2 

[ t Pxs IJ Y 0 
2 ~ (t+h)2 C;- 2= 

(27) 

Owing to the restraint at the unloaded sides. Pxm/D>m2n2/a 2 and 
Pxs/G> (t + h)2/t. so that the terms in the large brackets in eqs. (26) 
and (27) are positive and the general solutions of these equations are 
represented respectively by 

YI = Cl cosh ay + C2 sinh ay + C3 cos fJy + C .. sin fJy • (28) 

Y2 = C 5 cos 'l'Y + C 6 sin 'PY • . (29) 

in which 

. (31) 

The constants Cl -C6 depend on the boundary conditions along the 
edges y = -+ b/2. H. for example. both sides are built in. the required 
symmetry demands C2 • C 4 and C 6 to be zero. Further the boundary 
conditions w = 0 and ow/oy = 0 at y = b/2 lead here for eq. (28) to 
two homogeneous linear equations in Cl and C 3 . Equation of the 
denominator determinant of these equations to zero yjelds. in the same 
way as with the stability of isotropic plates. to the buckling condition 

a tanh (ab/2) = - fJ tan (fJb/2) • • . . • • (32) 

With eq. (29) the condition w = O. and so Y = O. at y = b/2. leads 
for the smallest critica I thrust to the condition 'ljJb/2 = n/2. yielding 
according to eq. (31) 

a2 + m 2 b2 (t + h)2 
Pxs = m2 b2 tG...... (33) 

and being of course identical to eq. (9). with fJ = 0 and n = 1. 
In order to find an approximate value of the critica I thrust Px we may 

solve eqs. (32) and (33) for various values mand substitute the results in 
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eq. (10). Computing Pxm we have to equal D in eqs. (30) to the value 
given in eq. (2), whilst Pxo is found by replacing Pxm and Din eqs. (30) 
by Pxo and E' l h3/6 respectively. Value m has to be chosen such as to 
make Px in eq. (10) as small as possible. 

In this case the middle plane of the plate has a different form in cases 
1 and 2, as in the first caseeq. (28) holds, with Cl and C3 differing from 
zero, whilst in the second caseeq. (29), with C 6 = 0, is valid. As we equal 
the values alm, the middle planes coincide where w = O. In reality both 
planes will have to coincide everywhere, giving an excess restraint and so 
increasing Px, Thus the approximate value, which we obtain in the above 
indicated way, deviates to the safe side, Px being in point of fact somewhat 
more 4). 

With other boundary conditions the same method may be followed. 
As we statecl already in our preceding paper 1), page 1195, we 

considered till now sandwich plates with both plates buckling in the same 
direction. Symmetrical buckling will be considered in a following paper. 

4) A somewhat similar case occurs in our theory of plastic stability, see e.g. BIJLAARD. 

A theory of plastic stability and its application to th in plates of structural steel. Pro
ceedings RO,yal Netherlands Academy of Sdences, 1938, Nr. 7, where we equaled the real 

buckling stress oB to (oE + 3 ° p)/4, oE and ° pbeing the buckling stresses if the plate deforms 
entirely elastically or entirely plastically respectively. Considering buckling just beneath 
the yield stress, with a plate Fompressed in X-direction and being simply supported at 
the edges y = ± bl2, whilst in X-direction it is very long, so that practically any half 
wave length may establish itself in that direction, we find hoE = 4,40n2 El/b2 (with L= b). 
whilst hap = 3.40 n2El/b2 (with L = 0.82 b). yielding ha B = 3,65 n2Ellb2• In this way 
we calculate suffidently a,ccuratel1y and safely, the real half wave ,length being between 
0,82 band b. so that our ideal elastic and plastic plates are prevented from choosing their 
optimum wave lengths, b,y which the real buckling stress will be somewhat higher than that, 
computed in the above mentioned way. If necessary, we may find the real wave length by 
computing directly with values A, B, D and F being ~ times these values with elastic 
plus ~ times these va lues with plastic deformation. In this wa,'y we find a = 0.88 band 
haB = 3,67 n2El/b2. the difference in buckling stress being negligible, although the (Nave 
lengths diverge rather much, the reason being the small variation of the buckling stress 
in the neighbourhood of its minimum. The same method may. however, not be followed in 
the present paper. as the optimum wave lengths for the two cases diverge here too much. 



Cytology. - An electron~microscopical study of bull sperm I. By L. H. 
BRETSCHNEIDER and WOUTERA VAN ITERSON. (From theZoological 
Laboratory at Utrecht and the Netherla'll!ds Institute for Electron 
Microscopy at Delft.) (Communicated by Prof. CHR. P. RAVEN.) 

(Communicated at the meeting of November 30, 1946.) 

1. Introduction. 

The Research Group for Endocrinology at Utrecht, under the auspices 
of the organization for Applied Scientific Research (T.N.O.), wanted 
for their studies on al'tificial insemination a thorough iflivestigation of the 
development and structure of bult sperm. 

Wi,rh the Hght microscope we candistinguish as main features of the 
spermatozoon a flat head with a tender cap, a neck, the body and a long 
tail. In tohese, finer structures are hardly visibl'e, a's they !ie beyond the 
possibihties of resolutionof rthe i,nstrument. To reveal such details it seem~ 
cd necessary to use the 1 OO~fold improwment in resolution given by the 
electron microscope. A review of the recent American literature taught us 
that some submicroscopical investigations of spermatozoa had alread'y been 
undertaken by various workers (2, 6, 8). The present communication 
bears only a preliminary charader. 

Apart from the aim with which this study was undertaken, it may gvie a first impressio:l 
of the possibilities of the Dutch electron microscope with a view to the solution of problems 
of morphology and genesis of the healthy and abnormal sperm. This microscope, which 
will be described elsewhere, was designed and built by Mr. J. B. LE POOLE in the 
Ph,ysical Institute of the Technical University at Delft during the la~er years of the war. 
It is characterized amongst others by a th ree-lens system which. without changing the 
pole pieces and without image distortion, enables a continuous va<riation of the magni
fication from 1000 to 60.000 times. The accelerating voltage cao be va ried from 50-120 kv, 
opening the possibility to work with higher tensions, if the density of the object makes 
this desirabie. 

The image formation with the electron microscope depends on the electron 
scattering power of the structure of the specimen. The magnitude of this 
scattering is dependent on the thickness and density of the object. In general 
an obj ect thickness of 0.1 fl is considered suitable for electron microscope 
research. The relatively lal'ge bull sperm (thickness -+- 1 fl-400mfl) haroly 
answers this requiremeIlJt, but owing to the heterogenity of its structure 
it still proved possible to destect same interesting details. An electron 
acceleraHng voltage of 90 kv provedl !Jo give a suitable contrast. MoreOver, 
we succeeded in increasing this heterogenity with the aid of the so~called 
shadow~casting method of WILLIAMS and WVCKOFF (10). 
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2. Technique. 

The sperm use.d was taken from a normal bull. Colloidal material. when 
present in an electron microscope preparation, will dry up against objects 
aud spon their ima9le. For this reason the sperm was c1eaned by repeated 
centrifugatiÏon. After this procedure a part of the sperm was mounted fresh 
in a drop of distiUed water on the film of t:he specimen holder, another part 
was fixed in chloramine. The chloramine treatment appeared to be favour~ 
able for the contrast in the tender struCitures which wiU be due to a shrink~ 
age of the protein structures. In particular the so~called axial filament 
showed better in the fixed preparations. 

As object holders for the apparatus at Delft na screens are used, but small silver cones 
with a very tiny hole of 0.3 mm diameter in the top to allow for the passage of the 
electron beam. The film is prepared by bringing with a glass capil!ary one drop of a 
solution of "Geisselthallack" on thesurface of distil!ed water in a 10 cm Petri dish. Af ter 
the film has settled, which takes same minutes, the specimen holder m~unted on a metal 
rad is brought into touch with the film, either in the center or in any suitable area. 
Then the holder is removed by turning the rod, sa as to roll the surplus of the film 
around the conical si des. On top of this film the objects in distilled water are now 
mounted with the aid of a platinum loop. After the drop has dried in the air, the specimens 
are locked in the vacuum of the electron microscope or subjected to the procedure of 
shadow-casting. 

The procedure of drying, fresh sperm in ,the air on the object film for 
electron microscope examination is comparable to the light~microscopical 
technique in which air~dried smears are used. The drying has the ad~ 
vantage of flatteIlling the sperm, thus increasing its eIectron~per:meability. 
The w~dth of the head increases aboUit 20%. 

The influence of the vacuum on ~he sperm is unlknown to us; heat 
damage as a 'consequence of e'Iec,tron absorption was not observed. 

To increase the contrast of tender structures two methods are in use. 
The influence of seleCitive staining will be consi:deredi in a subsequent 
report. In these experim~nts a part of the preparations were submi,ued to 
a second' technique, a sha,dow~casting with g:old. 

WILLIAMS and WVCKOFF (10) developed a method of increasing contrast for electron 
microscopy by evaporating particles of a piece of metal (gold or chromium for instance) 
heated in vacuum. When the object holders are placed in au oblique position to th is 
metal piece in an auxilia~ vacuum chamber, the evaporated metal particles wil! condense 
all over the specimen, but as in the case of a snow storm, in the shelter of a higher 
structure no particles will settle, thus causing a blank "shadow" in proportion to the 
height of the structure. This procedure of coating objects with a few atoms of metal 
has the double advantage of increasing the density of hardly perceptible structures and 
making it possible to estimate their relative heights (compare the micrographs 1 and 2. 
or 3 and 7). 

When considering thephotographs · one should realize that in favour of 
the eHect It!he prints of shadow~castings are made in negative. In ourcase 
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the shadowing with gold sometimes showed the disadvantage of a rough 
coagulation of this metal when the object was too intensely "illuminated" 
by the electron beam which spoiled the details of fin er structures (Cf. Plates, 
fig. 10). But in g:eneral the micrographs obtained in this way, in contrast to 
what holds for the ordinary pictures, greatly facilitate the mental recon
struc-tion of the three..-dimensional structure. 

3. Spermiogenesis. 

For a better understanding of the disdosed facts we give a brief account 
of the growing process of the spermatozoon. 

A. The spermatid (Text fig. la). From this primitive stage the so 
complicately built spermatozoon develops by differentiation. In spermio
genesis we notice first aglobular cell body in which we distinguish: in the 
center a round nucleus, the diplosomes, the acrobl'ast originating from a 
Golg:i-body, numerous mitochondria and some separate Golgi-bodies. 

B. The meta-spermatozoon. After this first development has come to 
an -end, the cell strdches longitudinally. The nucleus moves .to the apical 
cd} pole and the acroblast assumes a caplike position by covering the apical 
part of the nu deus (Text fig. lb). The diplosomes move ,antapically to
wards the axis of the cello An axis fibril. the axial filament, grows from the 
peripheral centrosome; it can be seen to continue outside ithe cell body in 
the direction of the longitudina} axis. The Golgi-bodi-es and mitochondria 
arrange themselves in a vortex around this axial f.ilament. 

C. The immature spermatozoon stage. A sheathlike lamella, the collar, 
differentiates at the equator of the nuclear membrane and grows in a caudal 
direction round the cell-axis, until a ,length of 165 mfi -Î'S reached. It encloses 
the axial filament, the diplosomes, GoIgi-bodies, mitochondria an.d the 
central protoplasm, the so-called involucrum. Where this collar ends, the 
axial filament surrounded by the involucrum cont:inues and reaches a lerugth 
of 70fi. The cell plasm not used for construction contmats to a drop and is 
separated as residual protoplasm. By dehydration and 10ss of protopl'asm all 
structures a're still more condensed. by which process the nucleus flattens. 

As a consequence of this. the structures of the mature sperm are packed 
into a space of less than 1 fi thickness, making a further analysis with 
the light microscope impossible, thus necessitating the electron-microscopical 
investigations. 

4. The structure of tlle mature bull sperm. 

The electron-microscopical image shows: 

A. The structure of the sperm as also visible with the ordinary micros
cope. 

B. Submicroscopical structures leading down to the macromolecular 
protein components. 
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Fig. I. 
1. mitochondria. 
2. acroblast. 
3. Golgi-body. 
4. nucleus. 
5. diplosomes. 
6. protoplasm. 
7. collar. 
8. axiaJ filament. 
9. protoplasmic-cap. 

10. head. 
11. neck. 
12. mld die piece. 
13. residual plasm. 
14. tail. 
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Schematized resumption of the electron-microscopical 
observations. 
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Fig. 2. 
1. head fibriIs. 
2. collar. 
3. articular strands. 
4. cortical helix (middle piece). 
5. splitting up into thinner threads. 
6. cortical helix ( tail) . 
7. chromosome shadow. 
8. centrosome. 
9. articular strands. 

10. Golgi-bodys. 
11. axial filament. 
12. braad helix. 
13. corticaJ plasm. 
14. involucrum. 
15. protofibrils (axial filament) . 
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A. Description of the more conspieuous structural elements. 

a. The head (Cf. Plates, fig. 1. 2, 3). lts shape is slightly asymmetri
cal. both at the concave base and alt the top. On one side the top is a little 
rounder than on the other side. The apex has shifted over to one side; how
ever, the rdeviation in the axis is so small Ithat it is not detectable with the 
light microscope. 

The apical part is covered by a teilider cap, ca~led protoplasmic cap by 
BAYLOR, NALBANDOV and CLARK 1934 (2), whïch shows in thephotographs 
as a lighter zone surrounding the outside. Evidently the cap is lifted a little 
from the head as indicated by the broader zone at the top. (Cf. Plates, 
fig. 3.) 

The distal part of the cap is marked by a line or a nOitch in the profile. 
Here in the equator of the head a double dark shadow ba1nd becomes 
visible. This appal1ent doubling is caused bydiffer,ent extension of the cap 
at front and back side, both margins coveringeach other incompletely. 
These shadows are often lined by a lighter zone, the "sub-equatorial zone". 

Both zones can be made visible for the light microscope by staining with 
iron haematoxylin. They can be understood as differences in thickness of 
the nucleus or nuclear structures' in this area. 

In spermiogenesis the chromosomes are completely condensed in the 
nucleus- or head-base. In our eleotIron microscope pictures we can see them 
indicated as a vague "chromosome shadow" (Cf. Plates, fig. 3, 4). 

b. The neck (Cf. Plates, fig. 4, 5). The tail articulates with the broad 
( 1,5-2 fh) base of the head by 2 lateral columns, the "articular strands". 
These strands are connected with ithe collar, a ring>-shaped membrane fit
ting closely to the head-base (Cf. Plates, fig. 4). As an artifact the collar 
sometimes detaches itself, by which the articulation poiIllts are ddsplayed 
(Cf. Plates, fig. 5) . In extreme cases protoplasmic threads are seen to stretch 
between headbase and collar. The proximal centrosome is situated in the 
center of the neck, against the base of the nucleus. It is the origin of the 
axial filament, and is of ten covered by the collar. The remaining space is 
found to be empty both on examination in the light and in the electron 
microscope, and in vivo is probably filled with a liquid (Cf. Plates, 
fig.4,5). 

c. The middle piece (Cf. Plates, fig. 6, 7). The neck passes into the cylin
drical middle piece (leng th 16-18fh' width 750 mfh-lfh). Cytogenetically it 
is distinguished by containing several cell S1tructures which Ior a large part 
envelop each other. As a consequence their images overlap in electron 
microscope pictures, thus complicating their interpretation. 

In the proximal part the axial filam·eIllt runs through the middle piece. 
This is seen as a lighter medial zone in ordinary pictures (Cf. Plates, 
fig. 4). 

In the micrographs of lthis part, immediately behind the neck a more dense 
structure of irregular shape can be distinguished, and in some cases more-
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over vacuoles and largIel' granu~es. In cytogenesis bhe m1tochondria are de* 
posited here. These irregular structures are transformed into a broad helix. 
The regular coils of this helix run obliquely backwaIlds, and encircle the 
axial filament until ,the end of the middle pieee. As a proof of ,this anti~ 
clockwise spiral nature, both the upper and lower parts of the coil ean be 
seen as a diagonally crossing system in shadow~cast pictures (Cf. Plates, 
fig. 6). The thickness of the spiral filament is 200 mft and the numher of 
coils in the middle piece amounts '10 -+- 25. 

Tthis spiral ori'ginat'es from mitochondria linked tog'ether and af,ter inse* 
mination of the ovulum it d'isperses again into mitochondria. Excess mito~ 
chondria are of ten found in the separated residual protoplasm (Cf. Plates. 
fig. 9). Perhaps they are identical with the granules measuring also 200 m,u 
which we can distinguish vaguelyon some of theelectron micrographs. 
Axial filament and helix are embedded in the endoplasm. the so~called in~ 
volucrum. while this is surrounded by the ectoplasm being richer in vacuoles. 

d. The tail (Cf. Plates. fig. 4.7.8. 10). The middle piece is continued 
into the long tail (45 ft). lts width diminishes from beginning to end. from 
800 IDft to 400 mft. As the large helix is lacking here one ean of ten, notice 
that the axial filament is composed of a number of subf.ibrils. Especially Ï'I1 

the chloramine~fixed preparations this is 'evident. In the upper pal.'lt of the 
tail the axial filament is still enclosed by the involucrum. Inthe proximaJ 
part of the taH the involucrum diminishes quickly in widbh. so Ithat at the 
end the axial filament is only wrapped in ectoplasm. In such a construction 
the tail of the sperm resembles a flagellum or cilium of animal cells. It is 
known that both of these consist of a fibrillar axis enveloped by ectoplasm. 

It seemsevident fhat in vivo also the termina'l point of the tail is sur* 
rounded by ectoplasm. When the specimen is washed and dried for electron~ 
microscopical examination, the protoplasmic sheath probably breaks up so 
as iOO free the axial filaments, Wlhich now 'Split up into a brush of 9 sub* 
fibrils (Cf. Plates. fig. 10). Each of the fibrils has a width of -+- 30 mft. their 
length varying with the location .of the ectoplasm rupture. They can have a 
length of several ft. 

E. The more delicate electron~microscopical st'TUctures. 
As is Ithe case in every animal cello alsothe sperm is bord'ered by a thin 

exterior limiting layer. the so~called cortical plasm. In accordance with the 
great mecha,nical requirements of the motile sperm, there are to be found 
in this outer layer appropriately arranged meèhanical fibrils. the so~called 
tender helix. 

On examining the head in shadow~cast pictures (Cf. Plates. fig. 1. 2). one 
i':J struck by a regular structure of crossing fibrils on its surface. The same 
is revealed in ordinary pictures (Cf. Plates. fig. 3. 4). where - although 
with some difficulty - a mosaiclike structure is unmistakably observed. In 
this connection we want to emphasize the difference noticed in chlora* 
mine and non*chloramine fixed preparations. Noticeably the latter pictures 



of the head reg ion show (Cf. Plates, fig. 5) on a rather dark background 
still darker marbIed indications of the spiral systems, while the chloramine
fixed heacls are much more penetrabIe to the electron beam, but show this 
structure less clear (Cf. Plates, fig. 3, 4). They, however, have the advantage 
of giving a better "chromosome shadow". 

In the neck we observe as a continuation of the head fibril structures 3-4 
knots in ItJhe articular strands, corresponding on both sides, which might 
represent ,transverse bands. From the collar to the end of the tail an anti
clockwise spiral is wound, enwrapping, first with wide coils the involucrum, 
the broad helix and the axial filament, bUit more backwards (wi~h smaller 
coils) it seems only to hold the fibrils of the axial filament together in a 
string~like way (Cf. Plates, fig. 10). 

It seems reasonable to consid'er all of this spiral Sitructure as a whoIe. 
This woulid mean that we aredealing with onecontinuous fibril system 
from head to tail, with some kind of transition in the articular strands. In 
the base of the head the fibrils çross at an angle of -t- 90°, near the top 
this angle is enlarged to -t- 120°. The significance of this value should not, 
bowever, be overrated without knowledge of the real shape of the head, as: 
tlle angle only represents some projection in ' the p}ane of the photograph. 
About 120 fibrils in each direction cover the whole head. 

The diameter of the fibrils in the head is -t- 25 - 40 mJ-l. The diameter of 
the first part of the cortical helix is -t- 75 mJ-l, more caudally it is diminished 
to -t- 25 - 40 mJ-l, but greater magnifications vaguely indicate that this pro~ 
bably results from a splitting' up into 2-3 thinner threads. 

At the broken end the subfibrils of the axial filament of -t- 25-40 mJ-l 

show a sub~division into a tuft of finer strands, the protofibrils. As we are 
suffering from lack of contrast in our micrographs of these very tender 
structures, it is difficult to count these strands, but there may be at least 
some 5 of these subunits. Their diameter will fall in some tens of A units. 
This means that the electron microscope reveals here structures of only a 
small number of protein molecules, united to larger fibrillar units, these 
being bundled again to form the axial filament. 

When considering the pictures we are tempted Ito describe a banded 
structure both in the axial and in the helical fibrils of the cortex. However, 
we give this observation in this preliminary report only with great reserve, 
as more evidence is needed to eiclud:e influences of underl'ying structure of 
the supporting film, while in shadow~cast pictures a disturbance by the 
coarseness of the gold grains has to be elimin<lJted. 

As an unexpected fact we observed on the head somewhat below the 
equatorial zone aporus, shaped like a cmter, i.e., consisting of a wall and 
a pit (Cf. Plates, fig. 1). We are unable to give any interpretation of this 
unknown formation. 

5. Discussion. (Cf. Textfig. 2.) 

The preceding shows clearly that electron~microscopical investigation 
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greatly adds to our knowledge of the structure of the bull sperm. After 
these first attempts many questions arise. We expect that an increase in 
contrast by applying selective stains will be of value. 

In agreement with HARVEY and ANDERSON'S observations (6) on the 
sperm of Arbacia, and with those of BAYLOR, NALBANI)OV and CLARK (2) 
on the bull sperm, we a150 found the axial filament to consist of + 1 0 sub~ 
fibrils. Our analysis, however, went further, since we were able to detect in 
our micrographs (not printed here) a secondary splitting up of these sub~ 
fibrils into protofibrils, having the dimeIlJSÎOn of only a relatively small 
number of protein molecules. 

Surpass'ing the observations of BAYLOR, NALBANI)OV and CL ARK (2) we 
were able to demonstrate in the middle piece the broad helix, formed out 
of mitochondria, the centrosome, and the axial filament originating from the 
latter. We also stressed the existence of acortical structure, consisting pro~ 
bably of 2 crossing fibril systems in the head region, and one anti~clockwise 
helix in the middle piece and tail, whereas both are connected in a rather 
uncertain way in the neck region. 

A photograph of a part of an assumedly comparable helix from an ultra~ 
sonically fragmented human sperm tail is ,given by F. O. SCHMITI (8). 

HARVEY and ANDERSON (6) noticed regularly cross striations in the tail 
of their Arbacia sperm. They hesitated, however, to compare these with 
the phenomenon reported for collagen Eibers by SCIjMITI (see bel'ow), and 
feared that it might he produc'ed in the washing and drying process. We 
suppose, however, that also in the case of Arbacia this oross striation may 
be attributoo to the presence of such a helical fibril in the sheath of .the 
tail. The process of drying for electron~microscopical purposes is as a de~ 
hydration one of the least radical preparation techniques. Already B. M. 
KLEIN (7) noticed in 1928 the favourable influence of drying as compared 
to fixation with chemical ag1ents on the structure of ithe protoplasm. 

Even if the banded structure we noticed in the axial as weIl as in the 
helical fibrils should have to be considered as an artifa'Ct due Ito drying, it 
still would reveal somethingl of a structural regulafi,ty. However, when we 
succeed in excluding disturbing influences from the molecular structure of 
the supporting film and the gold coagu13lte, we expect some cross striation 

to remain as ademonstration of some underlying fundamentallaw in nature. 
In this respect we want to reEer to the recentl:y published eleatIon micro
graphs of ten don (F. O. SCHMITT e.a. (8)) and muscle (RICHARD ANDER~ 
SON and HANCE 1942 (5) ) and mos,t striking of all, to ASTBURY' S trystalline 

protein fibre. From the fact Ithat in these cases the value of the regular 
~pacing between the successive bands is in fair agreement with x~ray dif~ 

fraction measurements, it is inferred that the cross striations should be 

designed as subperiods in itlhe polypeptrde chains. We hope to bring in a 

future publication moreevIdence that the same holds for the protein 
fibrils observed by us. 
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The most striking result of our invesbgation seems to be the continuous 
fibril syst!em enwrapping head and tail of the sperm cello Spiral structures 
in cell waHs are by no means an unknown feature in nature. We want to 
remind of this phenomenon in the pellicula of the Ciliata (Ophryoscolecid~ 
es) (3,4). An inspection of our pictures of the head region strongly recalls 
in mind the spiral sllructures in ,the cell walls of the green aIgae Valonia 
and Cladophora as described amongst others by ASTBURY (9 and 1). One 
ean see an ,analogy betw~en the continuation of the spiml structures from 
the head over the tai! in Ithe sperm cell and the situation occurring in the 
branchingi of Cladophora celIs. In the latter case the spiral striations indi~ 
cating the di'rection of the celluIose chains, clearly pass over on the waH 
of the newly formed cello In our case Ibhe protein chains from the tenrder 
helix might split up at the base of the head into two spiral systems running 
in opposite directions. When considering the pictures we should realize 
that we have on the head at least two or three layers on the upper and lower 
side coveringeach other. Apart from the lower side - which in shadow~ 
cast photographs does not 50 muoh effect the whol:e picture as in ordinary 
micrographs - we have nuclear membrane and the cortical sheath and in the 
upper par,t moreover the cap as three structures complicating each other. 

With regard to the motility of the sperm we expect that there will be an 
antagonism between axial filament and cortical helix. Which of the two will 
play the active and which the passive part, we do not venture to d~cide. 

Summary. 

The underlying study is a first application of the Delft electron micros~ 
cope in the investigation of spermstruoture. 

Normal bull sperm, fresh and af ter ohloramine fixation, in same cases 
~ubmitted to a procedure of shadow~casting, with 'glold, has been studied and 
photographed at an eleotron emission voltage of 90 kv. It is conc1U'ded that 
the electron microscope can be of great use in elucidating the morphology of 
the sperm cello We were ab Ie to observe: 

A. As structures also visible with the ordinary microscope: 

1. The asymmetricaI head, covered by thecap and containing ,the chro~ 
mosomes showing as a vague shadow. 

2. The neck, where the tail is seen to articulate by the articular strands 
wi,th the collar, a ring~S!haped membrane. In the neck the centrosome 
is sÏltuated from which the axial filament originates. 

3. The middle piece with braad helix, involucrum and several other 
elements. 

4. The tail with cortical sheath and axial filament consisting of 9 sub~ 
fibrils. 



L. H. BRETSCHNEIDER and WOUTERA VAN ITERSON: 
An electron-microscapical study af bull sperm I. 

-----:1 Int1,c <1 tcs 1 ." in all picturrs. 

Fig . I. Head of bull sperm. Shadow-cast 18.000 X 9J kv. Showing: crossing fibril 
systcm; in thc rquatcr the edge of the cap from front and back side; below these a por us. 



Fig . 10. Braken end of tai!. Chlora mine-fixed. Shadow-cast 36.000 X 90 kv. 
Showing: tuft of subfibrils. 



Fil]. 2. Head of bull sperm. Shadow-cast 18.000 X 90 kv. Showing: crossing fibril 
system: edg~ of cap and porus vag uely in the e4uator: surroundi'lg top : escapcd proto· 

plasmic contents. 



Fig. 8. Fragments of tail. Chloramine-fi:~ed . Shadow-cast 36.000 X 90 kv. Showing : 
tender helix and axial filament (at the left: part of head and ncck) . 

Fig.9. Fragment with residual protoplasm. Chloraminc-fixed. Shadow-célst 20.000 X 90 kv. 
Notice: mitochondria. 



Fig. 3. Head of udll öpcrril. Chlcrauine-fixed 20.000 >.: 90 kv. Notice : a: the outsiue 
lighter zone of the cap: its edg : a5 ij line in the equator: less den se the sub-equatorial 

ZO!le: chro:nos:Jll1~ s>liI:1ow: porus ver,: indistinct . 



Fig. 6. Middle piece. Shadow-cast 20.000 X 90 kv. Showing: tender helix enwrapping 
broad helix. 

Fig . 7. Transition of rniddle piece to tail. Shadow-cast 20.000 X 90 kv. 



Fig. 4. Head. neck and proximal part of middle piece. Chloramine-fixed 42.000 X 90 kv. 
Showing: chromosome shadow; articular strands with knots. attached to collar; axial 
filament attached to centroscme. To the right: part of tail w;th tender helix and axial 

filament. 



Fig. 5. Displayed articular strands. 42.000 X 90 kv. Notice: detacheci centrosome. 
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B. Suhmicroscopical structures: 

1. The cortical plasmexists of a crossing fibril system in the head reg ion 
which continu es af ter an uncertain transition in the neck into an anti
clockwise winding spiraI. the "tender helix" enveloping middle piece 
and tail as the sheath. 

2. The subfibrils of the axial filament showed to consist of protofibrils 
with a diameter of only some tens of A units. 

3. Tentatively we have described in helical and axial filaments a cross 
striation structure, but further 'evidence is needed in order to exclude 
disturbing influences of object film andgold coagulate. 

4. As a new structural element a porus was observed near the equatorial 
zone of the head. 

With regard to sperm motility an antagonism between axial' filament and 
cortical helix isdeemed probable. 
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Mathematics. - On irreducible convex domains. By K. MAHLER (Man~ 
chester). (Communicated by Prof. J. G. VAN DER CORPUT.) 

(Communicated at the meeting of December 21, 1946.) 

Let K be a bounded symmetrical star domain. or short. a star domain. 
in the (Xl' x2)~plane. i.e. a bounded closed point set of the following kind: 

1) The origin 0 = (0.0) is an inner point of K. 
2) When X = (Xl' X2) belongs to K. then so does the symmetrical 

point -X = (-Xl' -X2)' 

3) The boundary C of K is a J ORDAN curve which meets every radius 
vector from 0 in just ane point. 

The star domain K is a convex domain. if it contains with any twa points 
X and Y also all the points I) 

(l-t) X + tY, 0::::; t ~ 1, 

of the line segment XY jaining these two points. 
A lattice A of basis 

and of determinant 

consists of all points 

P = UI Xl + U2 X 2 (UI. U2 = 0, =F 1. =F 2, ... ). 

A is called K~admissible if no lattice point except 0 is an inner point of K. 
The lower bound 

~ (K) = 1. b. d (A) 

of d(A) extended over all K~admissible lattices A is a finite positive 
number. There exists at least one critical lattice of K. i.e. a K~admissible 
lattice A such that 

d(A) = ~ (K). 

It is easily seen that 

~ (K)~~(H) 

if K contains H. We say that K is irreducible if the stranger inequality 

~ (H) < ~ (K) 

holds Eor all star domains H contained in. but different from. K. I do not 

1) We use the notation of sums and scalar products of points or vectors as usuaI in 
linear algebra or vector ana~ysis. 
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know whether everystar domain K contains an irreducible star domain K' 
(not necessarily different from K) such that 

Ij. (K') = Ij. (K). 

In this note. I show th at th is is true at least for convex domains. and. in 
facto prove the slightly stronger result: 

Theorem 1: Every convex domain K contains an irreducible convex 
domain K' (not necessarily different from K) su eh that 

Ij. (K') = Ij. (K). 

§ 1. The parallelogram. 

To prove Theorem La number of simple lemmas are required. We begin 
with an example of an irreducible domain. 

Lemma 1: Every parallelogram with centre at 0 is irreducible. 
Proof: By affine invariance. it suffices to prove the assertion for the 

unit square. 

for which. by MINKOWSKI'S theorem on linear forms. 

Ij. (Ka) = I. 

Let H be any star domain contained in. but different from. Ko. Then 
at least one point Po on the boundary Co of Ko lies outside H; without 
loss of generality, this point Po belongs to the line segment 

Po = (~. 1). O<~<l. 

of Co. Denote by {} the number satisfying 

O<{}<1 

for which {}Po lies on the boundary of H. and by Ao the lattice of basis 

PI ={}Po=({}~.{}). 

This lattice is of determinant 

d (Aa) = = 1-(1-{}) (1-{}~) < 1 =,6. (Ka). 
1

1 {}-11 
{}~ {} 

It is H~admissible since -t- {}Po are its only points which are inner points 
of Ko. Hence 

as asserted. 
Corollary: Theorem 1 .holds for all parallelograms with centre at O. 

§ 2. The parallelograms with three vertices on C. 

Let K be a convex domain. and let Pl be any point on its boundary. The 
line Ll through 0 and Pl divides the (Xl' x2)~plane into two semiplanes. 
P+ and P_. say. Denote by C+ the half of C in P+. by C + PI> and 
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C+ + Pl' the sets of all points P + P l where P runs over C. and C+. 
respectively. The two points -Pl + P l = 0 and P l + P l = 2Pl lie on 
C + Pl' but are situated on different sides of C. Hence C and C + P l 
interseet at least once. and so. by symmetry. C+ and C+ + P l also have 
a non-empty intersection. 12 (Pd say. IE P 2 describes 12 (Pd. then 
P3 = P 2 -P l runs over a second set. 13(Pd say. Since P3 + P l = P2 

belongs to C+ + Pl' P3 lies on C+. Hence both sets 12 (Pd and 13(Pd 
are subsets of C +. 

Lemma 2: All points of 12 (Pd and 13(Pd tie at the same distance 
from the line Ll' 

Proof: Denote by ~(P) the distance of P from Lv so that 

d (P2) = <5 (P3) 

for corresponding points P 2 and P3 = P 2 -P l of 12 (Pd and 13(Pd. 
Let the assertion be false. There exist then two points P; and P~ of 
12 (Pd and the corresponding points P;=Pi-Pl and P'3=Pï-PI of 
13 (Pd such that 

!5 (P;) = <5 (P;) < <5 (P;) = <5 (P;) . 

Sin ce C + is a convex arc. ~ (P) increases on C + from the value 0 at P = P 1 

to a certain maximum value. and then decreases again to the value 0 at 

P = -Pl' Hence Pï. P'3 lie on the arc of C+ bounded by Pi. P;. while 
Pl' -Pl lie outside this arc. Prom the construction. the two lines L2 

through Pi. Pï. and L3 through Pl. P'3. are parallel. Therefore. by the 
convexity of C+. P l and -Pl lie in the parallel strip bounded by L2 and 
L3' This is. however. impossible because the line segment Pl' -Pl is 
parallel to. but twice as long as. the line segments from P; to P;. or from 

Pï to P'3. 
Since ~(P) is constant in 12 (Pd and 13(Pd. only the following two 

cases arise. 
a) 12 (Pd consists of a single point P 2 • 13(Pd of a single point 

P 3 = P2 - Pl' The line segment P2P3 is parallel and of equal leng th to 
the segment OPl • and so OP l P2P3 is a parallelogram. The line segment 
may possibly farm part of C+. but then no larger segment containing it 
has this property. 

b) 12 (P l ) contains at least two different points P;. P~. and 13 (Pd 
contains at least the corresponding points P; = Pi - Pl' P'3 = Pï - Pl' 
All four points Pi. Pï. Pl. P'31ie on one line L parallel to L l ; let ~* be the 
smallest line segment on L containing them. By the convexity of C+. I* 
is a subset of this arc. There exists then a longest line segment ~ contained 
in C+ and itself containing I*. This segment I is of greater leng th than 
OPl since I* has th is property. It is now clear that 12 (Pd.consists of all 
points P 2 of I for which P3 = P 2 -P l also lies on I. and th at 
13(P l ) = 12 (Pd -Pl' IE P 2 • P3 = P 2 -P l is any pair of corresponding 
points in 12 (Pd and 13(Pd. th en OP1P2P3 is a paralleIagram. By what 
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has already been proved. the area of this parallelogram depends on Pl' 
but not on P 2 and P3 ; denote it by A(Pd. Write further A(Pd for any 
Iattice of basis Pl' P 2 wh ere P 2 belongs to lZ(PI)' Then 

d (A (PI)) = A (PI)' 

Example: Let K 0 be again the unit square 

l'xII ~ 1, IX21 ~ 1. 

It suffices. by symmetry. to consider points 

PI = (1. 17), O~ 17 ~ 1. 
which lie on the si de Xl = 1 of Ko. Choose for P + the semiplane y ::> 'YjX. 

Then. if 'Yj ~ 0, 12 (Pd consists of the single point P 2 = (0.1). and 
13 (P I ) of the single point P 3 = (-I. I-'Yj) =P2 -PI. IE. however, 
'Yj = O. then 12 (Pd is the line segment of all points P 2 = ($.1) where 
o <: $ <: I. and 13 (P I ) is the adjoining line segment of all points 
P 3 = (e. I) where - 1 <: e <: O. In bath cases. 

d (A (Pt )) = A (PI) = 1, 

independent of the choice of Pl' 

§ 3. The criticallattices of K. 
By MINKOWSKI 2), the following result holds: 
Lemma 3: Let A be any critical lattice of the convex domain K. Then 

A contains three points PI' P2, P 3 on C such that (i) PI' P2 is a basis of 
A, and (ii) OPIP2P 3 is a parallelogram of area d(A) = L.(K). Conversely, 
if PI' P 2, P 3 are three points on C such that OPIP2P 3 is a parallelogram, 
tlten the area of this parallelogram is not less than L. (K), and it is equal 
to L.(K) if and only if the lattice of basis PI' P 2 is critical. 

This lemma. together with the results of last paragraph. leads imme~ 
diately to the following construction of the criticallattices of K. 

Lemma 4: Denote by n the set of all points PIon C for which A (Pd 
assumes its smallest value, A say 3). Let further {A} be the set of all 
lattices A(Pd where PI runs over n. Then {A} is identical with the set 
of all critical lattices of K. 

Example: Let Ko be again the unit square 

lXI I ~ 1, I x21 ~ 1. 

Then n = C, and alliattices A(Pd, where PI is an arbitrary point on C, 
are critica!. We shall see that a similar result holds for all irreducible 
convex domains. 

For parallelograms with centre at 0, Theorem 1 has already been proved 

2) Diophantische Approximationen. § 4. See also my paper Proc. London Math. Soc. 
(2) 49 137, 158-159 (1946). 

3) That such a mi:limum value is attained. follows immediately from Lemma 3 and 
the existence of critical lattices. 
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in the corollary to Lemma 1. In the next three lemmas. th is case is excluded. 
and it is assumed that K is a convex domain which is not a parallelogram. 

Lemma 5: Let Pi be any point on C such that there exists a critical 
lattice A of K containing Pl' Denote by P 2 and P 3 two further points of A 
on C such that OP1P2PS is a parallelogram of area 6(K). Then all points 
of the line segment P2P3 different from P2 and P3 are inner points of K, 
and so A is the only criticallattice of K containing Pl' 

Proof: Denote by L* any tac Hne of C at Pl' by U* the line through 
P 2 and P 3. by - L * and - L * * the Hnes symmetrical to L * and L ** in O. 
and by K* the parallelogram bounded by ~he four Hnes L*. U*. -L*. 
-L·*. IE at least one inner point of the segment P2P3 lies on L**. th en 
L** is a tac Hne of C. and so K is contained in K* as a subset. Now A is 
K* -admissible. hence a critical lattice of K*. wh en ce 

6 (K*) = 6 (K). 

Therefore. by Lemma 1. K* coincides with K. contrary to hypothesis. This 
proves the first part of the assertion. The second part a1so holds since 
12 (Pd reduces to the single point P2 • 

Corollary: Every critical lattice A of K has just six points 

PI' P2 • P3 • P4 = - PI' Ps = - P2 • P6 = -P3 

on C. These points divide C into six arcs Al' .... A6' none of which is a 
line segment. 

Lemma 6: Let A and A* be two different critical lattices of K; let 
P 1, ... , P6 be the six points of A on C; and let Al' ... , A6 be the six arcs 
into which these points divide C. Then A* has just one point Pi on each 
arc Al. 

Proof: Write {X. Y} ~ X1Y2-x2Y1 for the determinant of any two 
points X = (xv X2) and Y = (Y1. Y2). and choose the indices such that. 
if C is described in positive direction. the points of A on C are met in the 
order 

PI' P2• P3• P4 = - PI' Ps = -P2• P6 = -P3• 

or in a cyclical permutation therefrom. Further denote by Al' .... A6 the 
six arcs 

.....-........-... .....-........-... 
PI P2 • P2 P3••••• Ps P6 • P6 P I 

of C bounded by these points. By Lemma 3. P 1 and P2 form a basis of A. 
and so 

(a) : IPI • P2 1 = 6. (K). 

since the determinant on the left is positive. 
One may assume th at A* contains a point Pi of Al: this must be an 

inner point of Al' since A* is different from A (Lemma 5). None of the 
three arcs A6' Al' A 2 is a line segment: hence. by the convexity of C. Pi 
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is also an inner point of the triangle with vertices at Pl' P l + P2• P2• 

Therefore. if P; is written as 

P~ =sP1 + tP2• 

then s and t satisfy the inequalities. 

whenee. by (a). 

Henee the line 

(b) : 

O<s<1. O<t<1. s+t>1. 

o < I P~ • P 2 1 = s t::dK) < b, (K). 
lP;. P3 1 =(s + t) b, (K) > (K). 

o < lP; . P4 1 = t b, (K) < (KJ. 

I Pr. X I = b, (K) 

interseets C in at least one point Pi of A 2 and at least one points P i of 
A3, and both points are inner points of these ares. There eannot be more 
than one sueh point of intersection on eaeh arc A 2 and A3, since. by 
Lemma 5. A* has "just two points on C satisfying (b). 

Lemma 7: Let A. A*, AU be three different critical lattices of K. and 

let Pi. Pi. P;* (l = 1. 2 ....• 6) be their points on C. the indices being 
chosen such that (i) the points Pi follow one another in their naturalorder 

i[ C is described in positive direction, and (ii) the two points Pi and p~* 
lie on the arc Ai bounded by Pi and P_+I (P7 is to mean the same as Pd. 

If pr separates P l from P~* on Al' then, for 1 = 2 ..... 6. Pi likewise 

separates Pi from P~* on AI. 
Proof: Assume the assertion is false. Let then A. with 2 -< A. -< 6 be the 

smallest index for which Pi does not separate P). from P;* on A •. Then 
~ ~ h h Pl._I and PI. are two eonseeutive points of A** on C sueh t at t e arc 

joining them eontains no point of A*. in contradiction to the last lemma. 

§ 4. The criticallattices of an irreducible convex domain. 

The last lemmas lead to a particularly simple result if K is irredueible. 
1 have proved elsewhere 4) the following resuIt: 

Lemma 8: lf K is an irreducible star domain, and if P is any point on 
C, then there exists at least one critical lattice of K containing P. 

On eombining this result with the Lemmas 5-7. one finds: 
Lemma 9: Let K be an irreducible convex domain which is not a 

parallelogram. Then to every point P l on C, there exists a unique critical 
lattice A = A(Pd containing Pl' This lattice has just six points 
PI = P'(Pd (l = 1. ...• 6) on C. Let Al' .... A6 be the six arcs into which 
these points divide C; denote further by pr a variable point on Al' and by 

Pi (Pi) for 1= 2, .... 6 the other five points of A(P;) on C. lf P; 

4) Proc. Royal Acad. Amsterdam. 49. 331-343 (1946). Theorem C. 
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describes Al continuously in positive direction, then Pi , for 1 = 2, ... , 6, 
describes AI in the same manner. 

Proof; Choose the indices in the same way as in the last proofs. The 
line, 

I Pi , X I = I:. (K), 

has two, and by Lemma 5 only two, points of intersection with C, namely 

Pi and Pi. When Pi describes Al continuously, then this line changes in 
a continuous manner, and so the same is true for Pi and Pi . Further, ifPi 
runs over Al in positive direction, then, by Lemma 7, Pi and Pi do the 
same on A 2 and A3' 

By means of this lemma, one can construct all irreducible convex domains. 
In a further note, I shall apply this construction. 

§ 5. Lemmas on reducible domains. 

In the paper already mentioned, I proved the following results: 
Lemma 10: Let K be a reducible star domain and P a point on C such 

that no critical lattice of K contains P. Then there exists a star domain H 
contained in K, but not containing the two points -+- P symmetrical in 0, 
for which 6(H) = 6(K) 5). 

Lemma 11: Let K be a star domain, and let II be the set of all points 
on C which belong to at least one critical lattice of K. Then II is a closed 
set. The set ll* of all points of C which do not belong to II is therefore 
open and consists of an enumerable set of open arcs on C 6). 

Lemma 12: ff K is a convex domain, and if every point of C belongs 
to ll, then K is irreducible 7). 

§ 6. The main lemma. 

The following lemma forms the basis for the proof of Theorem 1: 
Lemma 13: Let K be a reducible convex domain. Then there exists 

a convex domain H contained in, but different from, K such that 
6(H) = 6(K). 

Proof: Divide the points P on C into two classes A and B, according as 
to whether P is, or is not, an inner point of a line segment contained in C. 

By the hypothesis and by the Lemmas 11 and 12, ll* is not the null set 
and so contains at least one arc of C. Assume, firstly, that at least one 
point P of ll* is of class B. By Lemma 10, there exists a star domain H' 
contained in K, but not containing the two points -+- p, such th at 
D.(H') = 6(K). Draw a line L' through P which has no point in common 
with H' and is not a tac line of C at P. Then a line L parallel to D, and 
separating L' from 0, can be chosen which also has no points in common 

5) l.c. 4), proof of Theorem C. 
6) l.c. 4), special case of Theorem B. 
7) l.c. 4), Theorems D and E. 
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with H'; denote by - L the line symmetrical to L in O. and by H the part 
of K between Land -L. Then H is a convex domain containing H'. and 
is itself a proper subset of K. Evidently 6(H') -< 6(H) -< 6(K). whence 
6(H) = 6(K). 

Secondly. let all points of fl* be of class A. and let P be one of these 
points. The tac line to C at P is unique. and its intersection with C is a 
line segment. T say. Then P is an inner point of T. and the two endpoints 
of T are of class B. hence belong to fl. There exists therefore a largest 
sub~segment Tl of T such that. (i) Pis an inner point of Tl; (ii) all inner 
points of Tl belong to fl*; (iii) the two endpoints Pl ' P\ of Tl belong 
to fl. 

Denote by A. A' the two critica 1 latticesof K containing P1 and P' l' 
respectively. and by Pl. P'l (l = 2 •.... 6) the other points of these two 
lattices on C. Let the notation be again such that if C is described in 
positive direction. th en the points Pl. and similarly the points P'l. follow 
one another in the order of their indices; denote further by Al> .... A6 the 
arcs 

~~ ~~ 

PI P2 . P2 P3 • .... Ps P6 • P6 PI 

of C. By the hypothesis about Tl. P'! belongs either to Al or to A 6 ; 

assume. without loss of generality. th at P' 1 lies on Al and so is an inner 
point of this arc. By Lemma 6. P'l is then. for 1 = 2 •.... 6. an inner point 
of Al. and so the arc 

(l = 2 •...• 6) 
is a subarc of Al. 

By construction. the endpoints of all arcs Tl. where 1 = 1. 2 •.... 6. 
belong to fl. On the other hand. it is immediately clear from Lemma 7 
that the inner points of these arcs belong to fl·; for this is the case for Tl' 
But then the inner points of all arcs Tl are of class A. and so all six arcs 
Tl are line segments. 

One shows now. just as in the proof of Lemma 6. th at P' 1. P' 2 and P' 3 

are inner points of the triangles with vertices at Pl' P 1 + P 2• P2• at P 2• 

P 2 + P3 .P3 • and at P3 • -P1 + P3 • -Pl' respectively. The three points 

QI =p;-p)' Q2=P;-P2 , Q3=P;-P3 

are therefore inner points of the triangles with vertices at O. P2• P3 • at 
O. P3 • -Pl' and at O. -Pl. -P2• respectively. By the assumed choice 
of indices. the radius vector from 0 to Q1 changes therefore into that from 
o to Q3 by a rotation in the positive sense of less than 1800

• and so finally. 

Next. the general point Pi of the arc Tl. where 1 = 1. 2. 3. is of the 
form 
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Choose. in particular. tI = t2 = t3• = t say. Then 

P; +Pi =PL 

and so OP; Pi Pi is a parallelogram with th ree vertices on C. By the 
hypothesis and by Lemma 3. this parallelogram is of area 

lP; . Pi I > ~ (K) for 0 < t < 1. 

Now. 

= f(t) say. 

can be written as 

f(t)=a+bt+ct2. where C=IQ1.Q31. 

Hence. by the construction of the points PI and P' I. and by (a). 

f(O) = f(l) = ~ (K). f" (t) = 2 c > O. 

and so there exists a number '( with ° < '( < 1 such th at f (t) assumes a 
minimum value at t = • satisfying 

f(.) < ~ (K). 

The lattice of basis PI + .Q1' P3 + .Q3' which is K~admissible. is there~ 
fore of determinant less than 6 (KL which is impossible. 

This proves that all points of n* cannot be of cIass A. and so completes 
the proof. 

§ 7. Proof of Theorem 1. 

Let K be a reducible convex domain. hence. by Lemma 1. not a paralleIo~ 
gram. By the last lemma. the set P of all convex domains H contained in. 
but different from. K and satisfying 6 (H) = 6 (K). is not the null set. 
The eIements H of P are all of area greater than 6 (K). Por if w is any 
parallelogram OP1P2P3 with three vertices of the boundary of H. th en w 
is a subset of H. and so by Lemma 3. 

V (H) =- V (w) =- ~ (K). 

where V (J) denotes the area of J. 
Let now 

v = fin inf V (H) 
HlnP 

be the lower bound of V(H) extended over all elements of P; evidently 

v~ ~ (K»O. 

An infinite sequence of eIements Hl, H 2. H 3 •..•• of P not necessarily all 
different. can be chosen such that 

lim V (Hn) = v. 
n-+ao 
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All elements of this sequence are convex domains contained in K; hence. 
by aselection theorem of W. BLASCHKE 8). a suitable subsequence. 

tends of a convex domain. K' say. As we show now, this convex domain 
has the required properties. 

Por firstly 9) 

V (K') = lim V (Kn) = v. 
n-+ oe 

Secondly, also 10) 

6. (K') = lim 6. (Kn) = 6. (K). 
n-+ oe 

Thirdly, K' is a subset of K. I assert th at K' is irreducible. If this were 
falset then, by Lemma 13. th ere would exist a convex domain K" contained 
in, but different from. K' such th at L.(K") = L.(K' ) = L.(K). This is. 
however, impossible, since by the construction, 

V (Kil) < V (K') = v, 

contrary to the definition of v. This completes the proof. 

September 5, 1946. 

M athematics Department. Manchester U niversity. 

8) KREIS und KUOEL (Leipzig 1916), 62. 
9) l.c. 8), 61. 
10) Theorem 9 of my paper "Lattice points in n-dimensional star bodies I". Proc. 

Royal Society, A, 187 (1946). 151-187. 



Mathematics. - On the area and the densest packing of convex domains. 
By K. MAHLER (Manchester). (Communicated by Prof. J. G. VAN 
DER CORPUT.) 

(Communicated at the meeting of December 21. 1946.) 

In the preceding paper "On irreducible conveX domains" 1 ). I studied 
the critical lattices of convex domains in the (xv x2)~plane and proved that 
every such domain contains an irreducible convex domain of equal deter~ 
minant. 

Of these results. applications are made in the present paper. which deals 
with two closely allied problems: 

Problem I: If V(K) and 6(K) denote the area and determinant of a 
convex domain K, to find the lower bound of 

V(K) 
Q(K)= 6,(K) 

extended over all convex domains K. 
Problem II: About every point P of a lattice A as its centre describe a 

convex domain K(P) congruent to K and with the same orientation, but 
assume th at no two domains K(P) overlap. Choose A such that the ratio 
of the area covered by the domains K(P) to the whole plane assumes its 
largest value. q(K) say. To find the lower bound of q(K) extended over 
all convex domains. 

MINKOWSKI established the close connection between Q(K) and q(K) 
and obtained the upper bounds for Q(K) and q(K). and some Iower bound 
for Q(K). Also Problem II has been considered before 2). but no solution 
seems to have so far been given. I have not succeeded in solving either of 
the two problems. But I show in this paper how they can be reduced to a 
question in the calculus of variations. I prove further th at this variation 
problem does admit of a best possible solution in form of an irreducible 
convex domain. and that this solution is not an ellipse. contrary to what 
might be expected. 

All the first paragraphs deal with Problem I; the application to Problem 
II is made at the end of this paper. 

§ 1. Formulation of the problem. 

Let 

x; = ax] + fJX1' x; = yX1 + <5X2 

be any affine transformation of determinant 

d= a<5-py > O. 

1) Quoted as lCD. Compare this paper for all the definitions and lemmas. 
~) See W. BLASCHK.E. Differentialgeometrie 11. § 27. problem 17. 
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and let K be any convex domain 3) in the (Xl> X2) ~plane. When (Xl> X2) 

describes K, then (x' l> x' 2) describes a second convex domain K'. As is 
weIl known 4), the areas V(K), V(K') and the determinants .6.(K) , 
.6. (K') satisfy the equations 

V(K')=d V(K), 6. (K') = d V(K). 

Hence the quotient, 

is an absolute invariant, 

V(K) 
Q (K) = 6. (K) ' 

Q (K') = Q (K), . . (1) 

for all affine transformations. 
An upper bound for Q(K) is given by MINKOWSKl's classical theorem 

on lattice points in convex domains, viz. 

Q (K) ~-l; 

the equality sign holds only for parallelograms and certain classes of hexa~ 
gons 5). 

It is the lower bound for Q(K) with which this paper is concerned. A 
trivial lower bound for Q (K), namely 

Q(K) ~ 1. 

follows immediately from the obvious inequality V(K) :> .6.(K) 6). Else~ 
where, I proved the much bet ter inequality 7), 

Q(K)~ fI2, 

but this is also not the exact lower bound for Q (K). 
In order to obtain the exact lower bound for Q (K) in the set of all 

convex domains, the following restrictions on K may be imposed without 
loss of generality: 

(A): K is not a parallelogram; for otherwise Q(K) = 4, and this is 
not the smallest possible value for Q(K), since, e.g. for an ellipse 

2n 
Q(K)= f3 < 4. 

(B): .6.(K) = 1; this condition may be enforced by means of a suitable 
similar transformation, on account of (1). 

3) As in lCD, all convex domains are assumed symmetrical in 0 = (0, 0). 
4) The first equati6n is classIcal; for the second one see Theorem 16 of my paper 

"Lattlce points in n-dimensional star badies I". Proc. Royal Society A, 187 (1946), 
151-187. 

6) Geometrie der Zahlen, §§ 34-35. 
6) lCD. § 7. 
') See my paper, "On the theorem of MINKOWSKI-HLAWKA", which is to appear 

in DUKE's Joumal. 
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(C) : The boundary C of K contains the six points. 

P; = (lYt. 0). P; = (lY ft. lY!).~; _ (- lY ~~!). , _ ~ (2) 
P",--H. P5--P2.P6--P3• ~ 

and these points are the points of a critical lattice A' of K of basis P' l' 
P'2' For as su me that the conditions (A) and (B) hold. and choose any 
criticallattice of K. Then. by lCD, § 3, this lattice has just six points on C. 
such that three of them together with the origin form the verti.ces of a 
parallelogram. Sin ce the lattice is of unit determinant. it can be transformed 
into A' by means of an affine transformation with d = 1. 

We can now restate our problem as follows: 
Problem 1': To find a convex domain K of minimum area satisfying the 

three conditions (A). (B). (C). lts area gives the required lower bound 
for Q(K) = V(K) 8). 

§ 2. Proof that the lower bound is attained. 

Denote by H' the hexagon with the six vertices (2). and by H" the 
polygon 

P; P;' P; P~ P; P~ P~ P~ P's P's' P6 P6• 
where P;' ..... P6 are the points 

P" - (lY2"7 lYI) P" - (0 lY12) P" - (- lY v lYi") I 1- 4' 4' 2-, , 3- 4:' 4' 

P"_ P" p"_ P" p"_ P" . (3) 
4 -- I. 5-- 2. 6-- 3· 

If Kis any convex domain satisfying the conditions (A). (B). (C), then 
it contains H' as a subset, and is itself contained in H". Denote by :2 the 
set of all such convex domains. 

As al ready mentioned in § 1. Q(K) > 1 for all convex domains, and so 

V(K);:: 1 
for all e1ements K of ~. Hence the lower bound 

Q = l.b. V(K) 
KInI 

extended over all elements of ;S is a positive number. and is in fact also 
the lower bound of Q(K) extended over all convex domain. Evidently 
Q<4. 

Definition: A convex domain K is called extremeif Q(K) = Q. 
Theorem 1: There exists an extreme convex domain. 
Proof: Choose an infinite sequence 

K 1,K2,K3, •••• 

of elements of :2. not all necessarily different. such th at 

lim V (Kn) = Q. 
n~:cx> 

• (4) 

8) That the area of K attains its lower bound. is proved in the next paragraph, and 
is here already taken for granted. 
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All these convex domains Kn are subsets of the bounded polygon H". 
Hence. by the selection th eo rem of BLASCHKE 9). it is possible to choose an 
infinite subsequence. 

Kn" Kn., Kna' ... 
of (4) which converges to a convex domain, K say. Then. firstly. 

V(K)=Q. 
Secondly. it is obvious that K has the properties (A) and (C). Thirdly, 
it hasalso the property (B). since 10) 

6 (K) = lim 6 (Kn r) = 1. 
r~'" 

Hence K is an extreme convex domain. and the assertion is proved. 
Theorem 2: Every extreme convex domain is irreducible. 
Proof: If K is reducible. then. by lCD, Lemma 13. a convex domain K' 

contained in. but different from. K can be found such that l:,(K') = l:,(K). 
Hence Q (K) > Q (K') ::> Q. and so K is not extreme. 

§ 3. A parameter representation of K. 
The last result allows us to restrict the convex domains to be considered 

still further and to restate the problem as follows: 
Problem I": To find an irreducible convex domain K of minimum area 

Q satisfying the three conditions (A), (B). (C). 
For the investigation of this problem. we apply Lemma 9 of lCD: 
"Let K be an irreducible convex domain which is not a parallelogram. 

Then to every point P l on C. there exists a unique critical lattice 
A = A(Pl ) containing Pl' This lattice has just six points PI = PdPl ) 

(l = 1.2 .... ,6) on C. Let Al' .... A6 be the six arcs into which these 
points divide C; denote further by pr a variable point on Al' and by 
Pi = PdPd for 1 = 2 ..... 6 the other five points of A(pr ) on C. lf pr 
des cri bes Al continuously in positive direction. then Pi , for 1 = 2 •...• 6. 
describes AI in the same manner." 

This lemma leads to the following parameter representation of the 
boundary C of K: 

Let P = (Xl' X2) be the general point of C. Then denote by t a para~ 
meter which runs from 0 to 2:n wh en P runs in positive direction over C 

Erom P; = (lV!. 0) back to P;; thus 

XI = XI (t), X2 = X2 (t) 

are functions of t defined for 0< t < 2:n in the first instance. So as to 
simplify the considerations. extend these two functions to all real values 
of t by the periodicity condition. 

XI (t + 2:n) = XI (t), X2 (t + 2n) = X2 (t). 

9) W. BLASCHKE. Kreis und KugeI, 62. 
10) Theorem 9 of m,y paper. I.c. 4). 
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Denote further by 

P (t) = (XI (t). X2 (t)) 

the point on C of parameter t, and by A(t) the critical lattice of K con~ 
taining P (t). It is clearly possible to choose the parameter t in such a way 
that the six points of A(t) on Care just given by 

P ( t + h
3
71). where h = O. 1 •...• 5 ; 

in particular, it is necessary that 

(h = 1. 2 •...• 6). 

Since A (t) is critica!, the quadrilateral 

OP(t)p(t+ ;)P(t+
2
3

71
) 

is a parallelogram of area 6. (K) = 1; hence 

P (t) - P ( t + ;) + P ( t + 2371) = O. 

The first condition is equivalent to the functional equations, 

XI (t)-XI (t + ;) + Xl (t + 2371) =0. 

X2 (t) - X2 (t + ;) + X2 (t + 2371) = O. 

which have the general solution, 

XI (t) = al (t) cos t + bi (t) sin t: X2 (t) = a2 (t) cos t + b2 (t) sin t. (5) 

wh ere 

7l 
al (t). bi (tl. a2 (t). b2 (t) are functions of t of period 3"' 

The second condition is equivalent to the equation, 

xdt) X2 (t + ;) - XI (t + ;) X2 (t) = 1 ; 

cn substituting the expressions (5) and simplifying, this equation takes 
the form, 

adt) b2 (t)-a2 (t) bdt) = + it.. . . . . . (6) 

The conditions P (;71) = Ph give the initial values, 

al (0) = bl (0) = + lYt. a2 (0) = bi (0) = o. . . . (7) 
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Next. the condition that C is a convex curve is equivalent to the in~ 
equality. 

al (tl) cos tI + bI (tl) sin tI' a2 (tl) cos tI + b2 (td sin tI' 1 

if 0 ~ tI < t2 < t3 < 2 n. 

If ad t), bd t). a2 (t), b2 (t) have second derivatives. then this inequality 
implies that 

d . d 
dt ladt)cost+bdt)smt!. dt !a2(t)cost+b2(t)sint! 

d2 d 2 

dt2Iadt)cost+bdt)sintj, dt2!a2(t)cost+b2~t)sintl 

~o. (8') 

I have not succeeded in expressing either of these two formulae in a more 
convenient form. (See. however. § 5.) 

Finally, an explicit value for the area V (K) of K is found in the following 
way. under the assumption th at al (t), b1 (t), a2 (t), b2 (t) are differentiahle: 

In the integraI, 
2n 

V (K) = 4 J~ XI (t) d::
t 
(t) - X2 (t) ddt (t) ~ dt, 

o 
the integrand may he written as, 

XI (t) dX2 (t) _ X2 (t) dXI (t) = 
dt dt 

= !al (t) b2 (t) - a2 (t) bI (t)! + I A (t) cos2 t + B (t) cos tsin t+ C (t) sin2 ti, 

where 

A (t) = a (t) da2 (t) _ 8 (t) dal (t) 
1 dt 2 dt' 

B (t) = 81 (t) db2 (t) _ b2 (t) dal (t) + bI (t) da2 (t) _ 82 (t) dbl (t) 
dt dt dt dt ' 

C (t) - b (t) db2 (t) _ b (t) dbl (t) 
- 1 dt 2 dt' 

Since hy (6), 
2,. IJ 2n 2 lal (t) b2 (t)-a2 (t) bI (t)1 dt= -y3' 

o 
evidently, 

2", 

V (K) = ~i + 4J~A (t) cos2 t + B (t) cos t sin t + C (t) sin2 t~ dt. 
o 

8 
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The integral on the right can be much simplified since A(t). B(t). C(t) 

are periodic functions of period ~. To this purpose. replace t under the 

integral sign by 

and take the arithmetical means. Since 

cos2 t + cos2 
( t + ;) + cos2 (t + 2;) = 

= sin 2 t + sin 2 (t + ; ) + sin 2 (t + 23
n

) = ~ 
and 

cos t sin t + cos (t + ; ) sin (t + ; ) + cos (t + 23
n

) sin (t + 2;) = O. 

this leads to the formula. 

2n 
V (K) = -V3 + I (K) • • • • . . . (9) 

wh ere 
2,. 

I (K) = ! J I A (t) + C (t) I dt. 

o 
hence. 

2,. 

I(K) = ! J~ al (t) dd/
t
) - a2 (t) dadt(t) + bi (t) d~/t) - b2 (t) d~~t) ~ dt. (10) 

o 

We see then that Problem 1" is essentially equivalent 11) to the following 
Problem 1': To find four functions al(t). bdt), a2(t), b2(t) of period 

n "3 satisfying the conditions (6), (7). (8). and giving the integral I (K) in 

( 10) a smallest value. 

§ 4. The integrals of the EULER differential equations. 

There is no difficulty in applying the classical EULER-LAGRANGE method 
to Problem 1', omitting, however. the inequality condition (8). 

Write ah, bh instead of ah(t). bh(t). and use a dot for the differential 
coefficients with respect to t; denote further by ), a suitable function of t. 

Then the EULER equations for the function 

F (al' bi. 82' b2) = 1 al ~2 - ~l a2 + bi b2 - bi b2 1 + À 1 al b2 - a2 bi - -Vi I • 
11) It is not a priori evident that the boundary of an extreme convex domain has 

everywhere a tangent. thus that B1(t). bl(t). B2(t). b2(t) are differentiable for all t. 
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i.e. the differential equations, 

àF _.:i àF -0 
àah dt à~h - • (h = 1. 2), 

are as follows: 

On eliminating À from the first or the last two equations (11), we get 

al ~I + bi bi = 0, 

whence, on integrating for t, 

a~ + b:= Î'i, a~ + b~ = Î'~' •• • • • (12) 

where Î'l' Î'2 are independent of t. H, on the other hand, À is eliminated 
from the first and the third equation, then 

al al 81 82 

b; = b;' or i Î'i-8~ - i Î'~-a~ • 

whence, on integrating again for t, 

I al a2 ( ) cos- - = COS-I - - r.. . . . . . . 13 
Î'I Î'2 

wh ere r is a further number independent of t. 
The two equations (12) and (13) imply that th ere is an angle 8 such 

that 

al =Î'I cos 8, bi =Î'I sin e. ~ ( ) . . . 14 
82 = Î'2 cos (8 + r). b2 = Î'2 sin (8 + r). 

On substituting these values in (6), 

81 b2 -a2 bi = Î'I Î'2 sin F= + it. . . . . . (15) 

Further, from (5), 

XI = 81 cos t + bi sin t= Î'I cos (t- 8). 
X2 = a2 cos t + b2 sin t = Î'2 cos (t- 8 - r). 

and so, 

Î'2 XI cos r+ Î'2 iÎ'~-xr sin r= Î'I X2' 

wh en ce from (15), 

Î'~ xr- 2 Î'1 Î'2 XI X2 cos r+ Î'i ~ = t. ... . (16) 
Since 

sinr=tO,lcosrl<l. 

this is the equation of an ellipse E which evidently has the properties, 

2n 
6 (E) = 1, V(E) = Q (E) = iT 
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For instanee, the circle 2, 

x; + x~= ft, (17) 

obtained for 

is of this kind; it passes through the six points P'h. 

§ 5. A property of ellipses. 

Theorem 3: No ellipse is an extreme domain. 
Proof: By affine invariance, it suffices to prove the assertion for the 

circle 2 defined in (17), i.e. for the functions 

81 (t) _ b2 (t) = 1. a2 (t) = bi (t) = 0 identically in t. 

Denote by E a small positive number, and consider the neighbouring 
domain Ke belonging to the functions, 

al (t) = lY:t (1 + E sin 6 t)-I, 

82 (t) = 0, 

bi (t) = - E (cos 6t-l), ~ 
b2 (t) = lY:t (1 + E sin 6t). 

. (18) 

These functions satisfy both the identity (6) and the initia! conditions 
(7). Further, on substituting in (8'), this determinant can be developed 

into a power series 

in E which converges absolutely and uniformly in t if E is sufficiently smalI. 
Moreover, the coefficients Un (t) are continuous functions of t. The 
determinant is therefore positive for sufficiently small positive E, !md so 
Ke is then a convex domain. 

On substituting the functions (18) into the integral (10) for [(Ke), 
this integral becomes, 

2" 

I (K,) = lY 2i EJI-E + teOS 6t-sin 6tj dt= - lY 108 nE
2 < O. 

o 

Therefore from (9), 

2n 
V (Kl) < i3 = V (2), Q (Kc) < Q (Z), 

as asserted. 

Corollary: The lower bound of Q(K) extended over all convex domains 

K is smaller than ~i. 
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§ 6. Another form of the variation problem. 

Problem 1 can he expressed in many other ways as a problem in the 
calculus of variations. One particularly simple formulation is as follows: 

Assume that 

6. (K)=2. 

and that the boundary C of K passes through the six points. 

PI = (2.0). P2 = (1. 1). P3 = (-1. 1). P,. = -PI' P5 = -P2. P6 = -P3: 

this is permitted since 

Denote by 

PI = (x;. x;). P2 = (XI' X2)' P3 = (x;". x~') 
three points of C on the arcs P1P2. P2P3. P3Pl' respectively. which belong 
to the same critica 1 lattice of K. Then X2 is a single~valued continuous 
function of Xl for - 1 -< Xl -< 1 such that 

X2 = 1 for Xl = - 1 and Xl = 1. 

The conditions. 

PI +P3 =P2• IPI .P2 1=2 
are satisfied by chosing. 

(
2 1-e 1-e ) 

P I = X2 +-2- XI '-2- X2 • 

where e = e(xd is a continuous function of Xl; on identifying P2 with P2 
or P3. one finds that 

e(-1)=-1. e(l)=1. 
There are further some rather complicated conditions involving the first 
and second derivatives of x2(xd and e(xd which express that C is 
convex. 

A simple calculation leads now to the integral 
+1 

V(K) J~3 ~ e
2 

(X2-XI x;) + 4 :: e + 2e/~ dXI 

-I 

for V(K). I omit the discussion of EULER's equations which gives the same 
results as the other method. 

Final remark: It seems highly probable from the convexity condition. 
that the boundary of an extreme convex domain consists of line segments 
and arcs of hyperbolae. 50 faro however. I have not succeeded in proving 
this assertion. 

§ 7. The relation to Problem 11. 

Let K be a convex domain. and let A and l = 2A be two lattices such 
that 

l consists of the points 2P where P belongs to A. 
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Denote by K (P) the convex domain of all points 

P + X where X belongs to K. 
by 

I= I K(P) 
Pi"A 

the join of all domains 

K(P) where P belongs to l. 

and by ~ R the set of all points X = (Xio X2) of ~ which belong to the 
square ZR: 

lXII ~R. IX21 ~R. 
By MINKOWSKI12). the following results hold: 

( 1) The ratio. 

v (IR) V (.ER) 
V(ZR)- -1R2 

of the areas of ~R and ZR tends of a limit. q(K. A) say. as R tends to 
infinity. 

(2) Wh en Pand p' run over all pairs of different elements of l. th en 
no two domains K(P) and K(P') are overlapping if and only if A is K~ 
admissible. 

(3) If A is K~admissible. then. 

V K) V(K) 
q (K. A) = d (1) = -1 d (A)' 

Since 

d (A) ?= 6. (K) 

for all K~admissible lattices. with equality only if K is critical, the lower 
bound of q (K. A) extended over all admissible lattices A. say q (K). is 
thus given by 

V(K) 1 
q (K) = -1 6. (K) = T Q (K). 

H ence the two problems land II are completely equivalent. 
We see, in particular, from the results proved earlier that there exists 

a convex domain (viz .• an extreme domain) such that 

n 
q (K) < ,j_' 

,12 
and that this domain is not an ellipse. 

Mathematics Department, Manchester University. 
September 29. 1946. 

12) Diophantische Approximationen. 82-90. MINKOWSKI considers the case of three 
dimensions; but the ideas are the same for the plane. His notation is different from the 
one used here. 



KONINKLIJKE NEDERLANDSCHE AKADEMIE VAN 
WETENSCHAPPEN 

PROCEEDINGS 

VOLUME L 

No. 2 

President: J. VAN DER HOEVE 

Secretary: M. W. WOERDEMAN 

1947 
NORTH-HOLLAND PUBLISHING COMPANY 

(N.Y. Noord-Hollandsche Uitgevers Mij.) 
AMSTERDAM 



CONTENTS 

BOSCHMA. H.: "The Rhizoeephalan parasites of the erab ChlorodieIIa nigra (Forsk)". 
p. 121. 

GROOT. J. DE: "A note on O-dimensional spaees." (Communicated by Prof. L. E. J. 
BROUWER). p. 131. 

FINZiI. A.: "Sur les systèmes d'équations aux dérivées partielles. qui. eomme les systèmes 
normaux. comportent autant d'équations que de fonetions ineonnues" (première 
eornrnunication). (Communicated by Prof. L. E. J. BROUWER). p. 136. 

FINZiI. A.: "Sur les s,ystèmes d'équations aux dérivées partielles. qui. eomme les systèmes 
normaux. eomportent autant d'équations que de fonetions ineonnues" (deuxième 
eornrnunication). (Communicated by Prof. L. E. J. BROUWER). p. 143. 

RIDDER. J.: "Einige einfaehe Anwendungen der areolären Ableitungen und -Derivierten:' 
(Communicated by Prof. W. VAN DER WOUDE), p. 151. 

DUPARC. H. J. A.: "On some deterrninants." (Communicated by Prof. J. G. VAN DER 
CORPUT). p. 157. 

BLIJ. F. VAN DER: "On the theory of simultaneous linear and qua dra tic representation:' 
Part lIl. (Communicated by Prof. J. G. VAN DER CoRPUT). p. 166. 

MULlJENDER. P.: "Homogeneous Approximation." (Communicated by Prof. J. G. VAN 
DER CORPUT). p. 173. 

BIJLAARD, P. P.: "On the elastic stability of sandwich plates:' 11. (Communicated by 
Prof. F. K. TH. VAN ITERSON). p. 186. 

HOdIJER. D. A.: "Protohistorie Mammals from the Linderbeek. provinee of Overijssel. the 
Netherlands." (Cornrnunicated by Prof. H. BOSCHMA). p. 194. 

WAARD, R. H. DE: "On eontrasts in X-ray pictures: A eomparison of the influenee of 
the wave-leng th with that of the size of the representing beam:' (Communicated by 
Prof. H. R. KRUYT). p. 207. 

W,ljKERSLOOTH. P. OE: "The ehromite deposits of the Guleman-eoneession (Vilayet Elaziz. 
Turkey):' (Communicated by Prof. H. A. BROUWER). p. 215. 



Zoology. - The Rhizocephalan parasites of the crab Chlorodiella nigra 
(Forsk.). By H. BOSCHMA. 

(Communicated at the meeting of January 25, 1947.) 

In the course of his studies on para sites of Crustacea GIARD expressed 
as his opinion th at in each group of parasites every form occurring on a 
different species of host is a representative of a separate species. Conse~ 
quently GIARD and his collaborator BONNIER gave specific names to several 
Rhizocephala occurring on hosts of which previously no parasites of the 
group had become known (GIARD, 1886, 1887, 1888; BONNIER, 1887; GIARD 
and BONN IER, 1890). This procedure was severely criticized by DELAGE 
( 1884) who was convinced th at Sacculina carcini Thomps. was the only 
species of the genus. SMITH (1906) in his studies on the Rhizocephala of 
the Gulf of Napels also came to the conclusion that all the described 
species of the genus Sacculina should be regarded as synonyms of S. 
carcini. These two authors did not sufficiently take into account the 
researches of KossMANN (1872), who demonstrated th at several species of 
Sacculinidae may be characterized by specific peculiarities of the shape of 
the genital organs and of the excrescences of the extern al cuticle. 

Even wh en Rhizocephala of various hosts present striking differences 
one might be inclined to regard these differences not as specific characters 
of the parasites themselves, but as peculiarities induced by the host. This 
might explain why in many cases closely allied species of crabs may be 
infested with parasites showing the same specific characters, e.g., the 
various European species of lnachus and Macropodia, parasitized by 
Drepanorchis neglecta (Fraisse). 

When, however, a certain species of crab may be infested by more 
than one species of parasite it is evident th at the differences of these 
parasites are not caused by influences of the host, but constitute definite 
specific characters of the para sites themselves. A striking example of a 
crab with four different species of Rhizocephala is that of Chlorodiella 
nigra (Forsk.). The four parasites of this crab may be defined in the 
following way: 

Drepanorchis villosa (V. K. and B., 1925) (diagnosis compiled from 
VAN KAMPEN and BOSCHMA, 1925, and BOSCHMA, 1931 b): Male genital 
organs distinctly curved, vasa deferentia rather narrow, testes enlarged 
into voluminous sacs which are in close contact, but remain completely 
separated. Male organs of approximately equal size. Colleteric glands with 
a small number of canals (less than 10 in longitudinal sections of the most 
strongly branched reg ion ). External cuticle densely covered with hairs or 
elongate papillae which have a length of 7 to 15 JI-, they consist of the 
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same kind of chitin as that of the main layers. These excrescences possess 
some minute later al hairs. Retinacula with 8 to 14 spindies on a common 
basal part. the spindies have a leng th of about 14 ft. 

Type on Chlorodiella nigra (Forsk.); type~locality Jiddah. Red Sea. 
The species is not known to occur on other hosts. 

Sacculina phacelothrix Boschma. 1931 a (diagnosis copied from BOSCHMA. 
1937): Male genital organs in the posterior part of the body. outside the 
visceral mass. completely separated. Testes more or less globular. rather 
abruptly passing into the vasa deferentia; the latter are comparatively wide. 
Colleteric glands with few canals (less than 10 in longitudinal sections of 
the most strongly divided part). the canals neatly arranged in a single row 
parallel to the surface of the visceral mass. External cuticle of the mantle 
with excrescences of a hyaline kind of chitin. differing from th at of the 
main layers of the cuticle. These excrescences are composed of groups of 
spin es which in their basal part usually are not united. but they may be 
combined on a very little developed basal part. The spin es have a length 
of 15 to 30 ft. they may possess numerous minute lateral hairs. Internal 
cuticle of the mantle with retinacula which are more or less regularly 
distributed on its surface. Each retinaculum consists of a basal part and 3 
to 5 spindies; the latter have a leng th of 9 ft approximately. 

Type on Chlorodiella nigra (Forsk.); type~locality Trincomalee. Ceylon. 
The species is not known to occur on other hosts. 

Loxothylacus variabilis Boschma. 1940: Male genital organs of equal size 
or Ie ft small and right large. Curvature of male organs distinct. narrow or 
wide. or male organs slightly bent. or male organs practically straight. 
Colleteric glands with a moderate to fairly large number of branched 
canals. External cuticle densely covered with comparatively small hairs 
(minimum and maximum measurements 6 and 52 ft). Between these hairs 
there are larger spines in far smaller numbers (minimum and maximum 
measurements 30 and 186 ft). The excrescences have undivided tips or are 
irregularly divided into smaller branches. Retinacula with 1 to 5 spin dies 
which may show barbs and vary in leng th from 9 to 13 ft. 

Type on Chlorodiella nigra (Forsk.); type~locality near Koepang. Timor. 
The species moreover is known as a parasite of Actaea rüppellii (Krauss) 
and of another. unidentified Xanthid crab. 

Loxothylacus vepretus nov. spec.: Male genital organs of unequal size. 
the one much larger than the other. The smaller testes usually is straight 
or slightly curved. the larger testis usually shows a more or less distinct 
curve but may be straight. Colleteric glands with a fairly large nu mb er of 
canals (25 to 50 canals in the most strongly branched reg ion of these 
glands). External cuticle with excrescences consisting of spines of a hyaline 
kind of chitin. differing in structure from that of the main layers of the 
cuticle. The spines are arranged into groups. the individual spines remain 
isolated or are combined into compounds with a common basal part. The 
leng th of the excrescences varies from 15 to 60 ft. Retinacula with 3 to 7 
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spin dIes united on a common basal part, the length of the spindIes amounts 
ta 9 to 12,u. 

Type on Chlorodiella nigra (Forsk.), type~locality Red Sea (material 
collected by KOSSMANN, now in the collection of the Zoological Institute at 
Heidelberg ). The species is not known to occur on other hosts. 

A more elaborate description of the material of the new species follows 
here. 

Five specimens of Loxothylacus vepretus, all of which were parasites of 
Chlorodiella nigra, were studied in some detail: 

No. 1092 A (holotype). Red Sea, measurements 6 X 5 X 2 mmo 
No. 403 A. Massaua, Red Sea, measurements 4 X 3 X 2 mmo 
No. 720 A. Obi latoe, East Indies, measurements 4 X 3 X I! mmo 
No. 720 B. Obi latoe, East Indies, measurements 5 X 4 X 2 mmo 
No. 1092 B. Red Sea, measurements 6 X 5 X 2 mmo 
It may be noted th at in Loxothylacus vepretus the most striking character 

of the genus is weil pronounced in the specimens examined, as the visceral 
mass is attached to the mantle at a considerable distance from the staIk, 
which is especially evident in longitudinal sections (figs. 1 c, 2a, 3a). 

The larger of the two male organs has a vas deferens which from the 
narrow male genital opening gradually increases in size. On its inner wall 
there are several ridges so that its lumen here is divided into numerous 
cavities. The vas deferens gradually passes into the testis which in its 
ventral part has a comparatively thick wall and consequently a rather 
narrow lumen. Towards the dors al part of the testis its wall becomes 
thinner and here usually the testis shows a curve in an anterior direction. 
The smaller of the two male organs has a similar structure, in a less pro~ 
nounced manner; usually it does not show a distinct curve in an anterior 
direction. 

r4IIla 
Aab 

Fig. 1. Loxothylaeus uepretus, specimen no. 1092 A, longitudinal sections; a, through 
the vasa deferentia, each following section from a IDQre dorsal part. ei. internal cuticle; 
lt, left testis; me, mantIe cavity; ri, right testis; st, stalk; um, visceral mass. X 45. 
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As in the various specimens th ere is a certain amount of individu al 
variation in the shape of the male genital organs, the chief particulars of 
these organs in the five specimens may be briefly described here. 

No. 1092 A (longitudinal sections). In their ventral part the vasa 
deferentia have an approximately equal size (fig. 1 a). Gradually towards 
a more dorsal plane the right vas deferens considerably increases in size, 
whilst on its inner wall th ere occur numerous ridges which protrude towards 
the centre; the left vas deferens does not become apprecially larger (fig. 
1 b). In the reg ion of the stalk the vasa deferentia have passed into the 
testes of which the right is much larger than the left (fig. 1 c). Both testes 
have a rather thick walI. at least for the greater part of their length. In 
their dors al (closed) extremity the wall of the testes becomes thinner. In 
this part the right testis is slightly curved towards the anterior reg ion of 
the body, whilst the left testis remains practically straight (fig. ld). 

No. 403 A. The male organs practically have the same shape and struc~ 
ture as those of the former specimen. Two sections, one from the ventral 
part of the male organs (fig. 2a) and one from the dors al part (fig. 2b) 

Fig. 2. Loxothylaeus vepretus, specimen no. 403 A, longitudinal sections; a, through 
the staIk, b, through the dorsal part of the testes. me, mantIe cavity; st, staIk; vm, visceral 

mass. X 45. 

are represented here. Here again the right testis (at the right side of the 
figure) is much larger than the left. lts curvature in the extreme dors al 
part is somewhat more pronounced than in the former specimen (fig. 2b). 

No. 720 A. In this specimen the male organs have a straight course. 
Fig. 3a shows a section from the region of the stalk (in sections of the 
vicinity of the represented part the stalk inserts on the part of the mantle 
drawn in the upper part of the figure). Here the ventral parts of the vasa 
deferentia are shown. A section from a more dorsal region contains the 
two testes (fig. 3b), the right (at the left side of the figure) again is of 
much larger size than the left. The extremity of the larger testis is shown 
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in fig. 3e, it does not show a tendency for a curvature in an anterior 
direction. The smaller testis does not extend as far dorsally. 

a 

MAl 
~m 

Fig. 3. Loxothylacus vepretus, specimen no. 720 A, longitudinal sections; a, through 
the vasa deferentia, each following section from a more dorsal part. X 45. 

Fig. 4. Loxothylacus vepretus. transverse sections; a-d, specimen no. 720 B; e-g. 
specimen no. 1092 B. a and e, from the posterior part of the body, each following section 

from a more anterior part. X 45. 
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Transverse sections of the body very distinctly show the differences in 
shape and size of the male genital organs. It appears from these sections 
th at not only the larger testis may have a pronounced curve in an anterior 
direction but that also the smaller testis has a not altogether straight course. 

No. 720 B. Especially in the larger male organ the vas deferens has a 
great number of ridges on its inner wall, resulting in a rather irregular 
cavity (fig. 4c). The larger testis for the greater part of its extent has a 
very thick wall (fig. 4a, b). towards its dorsal reg ion the wall becomes 
thinner (fig. 4c), whilst the organ shows a pronounced curve in an anterior 
direction so th at it penetrates for some distance into the visceral mass (fig. 
4d). The smaller male organ has an irregular lumen (fig. 4a), its extreme 
ventral and dors al parts are slightly bent in an anterior direction (fig. 4b). 

No. 1092 B. The shape and the course of the male genital organs 
correspond in every detail with those of the former specimen. Fig. 4e shows 
a section through the posterior part of the male organs. fig. 4[ and g 
represent slightly more anterior parts. The male genital "penings are shown 
in fig. 4g, in which also the curved anterior part of the larger testis is to 
be seen. The smaller male organ has a similar slight curve as th at of the 
former specimen (fig. 4[). 

Fig. 5 shows sections of the colleteric glands of three specimens. The 
canal system is weIl developed, in the most strongly branched reg ion of 
these glands in the three specimens the number of canals amounts to 40 
(fig. 5a), 25 (fig. 5b) and 50 (fig. 5c). The canals form a rather compact 
mass. they are not arranged in rows. 

Fig. 5. Loxothylacus vepretus, longitudinal sections of eolIeteric glands of three specimens 
showing the most strongly branched region. Posterior part in the upper side of the figures. 
a, specimen no. 403 A. b. specimen no. 720 A. c, specimen no. 1092 A. X 128. 
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The excrescences of the external cutic1e of the mantIe in each specimen 
vary to a certain degree as in some parts of the mantIe they have a different 
size and structure from th at in other regions. On the whole they consist of 
groups of spines which may be united on a common basal part. The chitin 
of the excrescences differs from th at of the main layers of the cutic1e by 
its being more hyaline and harder. 

In the specimens 1092 A and B the excrescences of the external cutic1e 
are rather small and slender, their leng th varies from 20 to 40 ft (fig. 6 a-d). 
In these specimens many spines remain isolated though there is a tendency 
to form small groups of 2 to 3 spines each. In specimen 720 A the excres~ 
t:~nces may reach a length of 60 ft, th en they form groups of spines united 
on a basal part (fig. 6 e-f). In some parts of the mande the spines remain 
more or less isolated (fig. 6g), then they also are somewhat smaller (leng th 

Fig. 6. Loxothylacus vepretus, excrescences of the external cuticle. B-b, specimen 
no. 1092 A; c-d, specimen no. 1092 B; e--g, specimen no. 720 A; h-j, specimen no. 

720 B; k-n, specimen no. 403 A. X 530. 

about 38 ft). Specimen 720 B has excrescences of similar structure and 
size. Here again the larger spin es are united on common basal parts (fig. 
6 h-i), the length of these is about 60 ft. When the excrescences are smal~ 
Ier (fig. 6 j, about 30 ft) the spin es usually remain more or less isolated. 
In specimen 403 A the excrescences are smaller and more slender than 
those of the former specimens. They vary in size and in shape in a 
corresponding manner, here again the spin es may be united into compounds 
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with a common basal part. or may remain more or less isolated (fig. 6 k-n) . 
In this specimen the length of the excrescences varies from 15 to 30 ft. 

In specimens 1092 A and B the intern al cuticle of the mande bears 
distinct retina cu la (fig. 7). These excrescences are more or less regularly 

Fig. 7. Loxothylacus vepretus. retinacula. Upper row. specimen no. 1092 A; lower row. 
specimen no. 1092 B. X 530. 

distributed over the surf ace of the cuticle. they consist of a basal part and 
3 to 7 spindies. which have a leng th of 9 to 12 ft. No barbs could be seen 
on the si des of these spindies. 

In the other specimens undoubtedly also retinacula occur on the intern al 
cuticle: they were. however. not found on the parts of the internal cuticle 
examined for this purpose. 

Besides Loxothylacus vepretus four species of the genus are known 
which possess excrescences of a similar shape. viz .• L. aristatus. L. setaceus. 
L. desmothrix. and L. strandi (cf. BOSCHMA. 1936). By their characters of 
the male genital organs and of the excrescences of the mantle three of 
these are easily to be distinguished from L. vepretus, the fourth. L. aristatus, 
in its characters shows a great deal of resemblance to L. vepretus. In the 
only known specimen of L. aristatus the male organs are of approximately 
equal size. As in the known specimens of L. vepretum the male organs are 
decidedly unequal this might constitute a dis tin ct specific character. It is. 
however. not quite certain that this peculiarity may be regarded as a 
constant specific character as in another species of the genus. L. variabilis. 
th ere occur specimens with male organs of equal size and structure and 
specimens with highly different male organs (BOSCHMA. 1940). The excres~ 
cences of the extern al cuticle of the mande in the two species show 
differences which really may be considered as of specific value. In L. 
vepretus these excrescences consist of a small number of spines. whilst 
their size does not exceed 60 ft: in L. aristatus the excrescences in their 
most fully developed form consist of numerous spines. they may have a 
length of 85 ft. Especially the fa ct that in the latter species the excrescences 
may form compounds consisting of a great number of spines united on a 
weIl developed basal part points to a specific distinction between L. 
aristatus and L. vepretus. 
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The four species of Rhizocephala known to infest Chlorodiella nigra 
have quite different characters. 

Loxothylacus variabilis is distinct from all other Sacculinidae by its 
peculiar excrescences of the external cuticle: very long spines on a surface 
densely covered with much shorter spines. 

Drepanorchis villosa differs from the three other species by the excres~ 
cences of the external cuticle which consist of rather long papillae not 
differing in structure from the chitin of the main layers. lts retinacula 
have numerous spin dIes of a very slender shape. Moreover the male organs 
differ from those of the other species as the testes are enlarged into rather 
wide sacs with thin walIs. Not too much stress may be laid on the generic 
characters, as the available specimens are no more in an altogether excellent 
state of preservation. 

Sacculina phacelothrix has excrescences of the external cuticle of a shape 
and size as they may occur in Loxothylacus vepretus. Here the generic 
distinction already shows that the two species are distinct. In a previous 
paper (BOSCHMA, 1940) I could show that specimens of certain species of 
Loxothylacus may present characters regarded as generic characters of 
Sacculina (more or less straight male genital organs), but Sacculina phace~ 
lothrix undoubtedly is a representative of the latter genus. In this species 
the male genital organs are found outside the visceral mass (fig. 8). Here 

Fig. 8. Sacculina phacelothrïx. type specimen, longitudinal sections; a, through the vasa 
deferentia, each following section from a more dorsal part. X 45. 

the vasa deferentia are comparatively wide and possess a few ridges only 
on their inner wan (fig. 8a), each vas deferens is connected with its testis 
by a narrow canal with a chitinous wan (fig. 8b, this canal is visible in the 
wan of the testis which is surrounded by a muscular layer), the two testes 
are not strongly differing in size (fig. 8c). In Loxothylacus vepretus the 
male genital organs have a completely different structure, so that already 
on this account the two species can be easily distinguished. 

As the four species of Sacculinidae occurring on Chlorodiella nigra show 
specific characters in a so strongly different manner we may safely con~ 
clude that these characters are not influenced by the host but are inherent 
to the species. 
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Mathematics. - A note on O~dimensional spaces. By J. DE GROOT. (Com~ 
municated by Prof. L. E. J. BROUWER.) 

(Communicated at the meeting of January 25. 1947.) 

1. Introduction. An O~dimensional space is. as is weIl known. a space 
in which any point has arbitrarily small neighbourhoods with vacuous 
boundary. or - which is the same thing - in which for any point pand 
any neighbourhood U ::J P may be found a both open and closed set S 
with p cSe U. 

Among spaces in general these O~dimensional spaces naturally have a 
special place: for O~dimensional spaces some problems may easily be solved. 
while other ones - by total lack of connection - may present particular 
difficulties. From this special place among spaces of higher dimension the 
O-dimensional spaces derive the right of a separate treatment. This is. 
however. not intended by this note. We only want to justify the particular 
position of the O~dimensional spaces by one special question. which we 
may put as follows: which axioms must we impose on a general space 
(space of neighbourhoods or topological space) such that this space be 
O~dimensional and metrisable (= separable metric) and how far is it easier 
to prove the metrization for these spa ces than for general separable spaces? 

In 2. we shall give the answer to this question and offer a proof of the 
metrization of the O~dimensional separable spaces. which is much simpIer 
than that of URYSOHN's well~known theorem of metrization for separable 
spaces in general. 

In 3. we shall consider a totally different problem. connected with 
O~dimensional spaces; here we shall study the space of quasicomponents 
Q(M). corresponding with an arbitrary separable spa ce M. This space 
Q(M) is always of dimension O. Some properties and examples will be 
mentioned without comment. The more complicated proofs and an extensive 
discussion will be given on another occasion. Incidentally a so far unsolved 
problem of KURATOWSKI·S. put in 1938 (comp. [2]). will be solved by the 
study of the space of quasicomponents. 

2. Definition and metrization of O~dimensional separable spaces. In a 
(non~vacuous) point~set N we consider a certain system {S} of subsets 
SeN - called lump~sets -: this system {S} satisfies the conditions 

la. N itself and the vacuous set are contained in {S}; 

20
• if {S} contains S. then {S} also contains N -S; 

30
• if SI and S2 belong to {S}. then the intersection SI' S2 and the 

sum SI + S2 also belong to {S}. 



132 

If in N is defined a system of lump~sets {S} and if every S is understood 

to be a neighbourhood of every point n belonging to S, th en N = N Isi is 
called an O~dimensional topological space. Moreover two O~dimensional 

topological spaces Nls,l and N Is.l, corresponding with a point~set N, are 

considered to be identical: Nls,l = Nls.1 _ N, if for any point n C N and 
any Sl with nC Sl it is possible to find an S2 with n C 82 C 81 , and 
conversely (interchanging the indices 1 and 2). 

Let N \sl be an O~dimensional topological space and let {U} be a system 
of subsets of N such that for any point n C N and any S containing n 
may be found a U with n cUe S; and conversely, that for any U::::> n 
may be found an S with nC 8 C U. In this case {U} is called a base 

of Nisl. 
{S} itself, but possibly also subsystems of {S} are e.g. bases (lump~ 

bases) of N Isi . 
Two spaces N and N' are called topologically equivalent if th ere exists 

a one to one mapping f of Non N': f(N) = N', such that a base {S} of 
N is mapped on a base {f (S)} of N'. 

An O~dimensional topological space N = Nisi is called by definition 
an O~dimensional separable spa ce, if the following two conditions are 
satisfied: 

(a) (HAUSDORFFaxiom) For two different points n1 and n2 of N 
there exist disjunct lump~sets Sl and S2: 

(f3) (axiom of countability) Among the different bases of N there 
exists a countable base {St} (i = 1, 2, ... ) 1). 

Theorem. An O~dimensional separable space N is metrisable; in parti~ 
cular N is topologically equivalent with a subset of the discontinuum of 
CANTOR 2). 

Pro of. Be {Sj} (j = 1, 2, ... ) a countable base of N; moreover {Sj} 
will be a sub~system of a system of lump~sets {S}, which defines N. Each 

point nC N we map on one point n' = f(n) of the real axis, defined by: 

00 d. 
f(n) = n' = ~ -3'. 

1=1 1 

(1 ) 

The set N' of the points n' is apparently a subset of the discontinuum D. 
We shall prove that N' is topologically equivalent with N. f(N) = N' is 
one to one, for, according to (a). for different points n1 and n2 exist 
disjunct lump~sets Sk and SI such that n; and n; determine different points. 

1) It is easy to prove that in this case {S} contains a countalble sub--system which is a 

countable base (and therefore even a lumpbase) of Nisi . 
2) The discontinuum is, as known. the set of those real numbers of the interval [0,1] 

which may be expanded in the triadic number system using only the digits 0 and 2. 
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We shall prove that f is a topological mapping. For fixed arbitrary m all 
points of the shape 

m di CD Ei 
V m =.2 -3i + .2 3m+ i 1=1 }=I (

dt=O. if n 4 Si; di =2. if nCSt) (2) 
Ei =0. 2. 

form a neighbourhood V m = V m (n') of n' in N'. The system {V m} 

(m = 1. 2 .... ) is apparently a system of neighbourhoods of n'. Let 
Sai (i = 1.2 ..... kl. resp. Sbi (i = 1.2 . .... 1) be all those sets of Si 
(i = 1. 2 ..... m) which contain. resp. do not contain n. Because of the 
definition of f and because of (2) now apparently 

. (3) 

IE we put 

f- I (Vm)= Um. 

then. according to 2. 1 0. 2° and 3°. {U m} is a sub~system of {S}. n has a 
system of neighbourhoods {S ril (i = 1. 2 .... ). Now obviously nC UriCSr{ 
(i = 1. 2 .... ). From this follows th at the countable system of all sets U m 

corresponding with all points n C N is a base of N. Therefore N and N' 
are topologically equivalent. q.e.d. 

Rem ark 1. By the afore~said not only the metrization of the o~ 
dimensional separable spaces has been shown. but also the topological 
equivalence with a subset of the discontinuum. which fact was shown first 
- in another way - by SIERPInSKI. 

Rem ark 2. It is obvious th at our definition of O~dimensional 
separable spaces. which differs from the usualone. indeed corresponds 
with the usually given definition (viz. as aseparabIe space (i.e .• a normal 
space with countable base. comp. [1]). wh ere every point has arbitrarily 
small neighbourhoods with vacuous boundary). For this well~known 

definition one may give the same proof of metrization that we gave. 

3. Definition and properties of the space of quasicomponents Q (M) 
of aseparabie space M. 

Let M be an arbitrary separable space and let {U} be a (for in stance 
coun tabIe) base of M. consisting of open sets (the term "base" in this case 
is used in the usual sense of the word to characterize Mand must not be 
taken for the special base mentioned in 2.). 

We consider a system of lump~sets {S} of M. whose topology is weaker 
than that of M. i.e .• for each point m cM and each S:J m may be found 
a U of {U} with m C U cS (but not necessarily conversely). - There 
always exist such lump~systems {S}; for instance the system consisting of 
Mand the vacuous set is such a lump~system. - Any S of such a {S} is 
q.q. a set open in M; therefore. since M -S also belongs to {Slo M-S 



131 

is also open and therefore S is likewise closed. in other words: the lump~ 
systems {S}. whose topology is weaker than that of M. consist of (in M) 
both open and clos'ed sets. 

In the following we shall consider only such lump~systems and may call 
an (in M) both open and closed set a lump~set by definition. - From 2. 
we already know wh en to call two lump~systems {S} and {S'} topologically 
equivalent. - The topology of {S} is weaker than that of {S'} (or that 
of {S'} is stronger than that of {S}). if for each point meM and each 
S:J m may be found an S, with meS' C S. but not necessarily conversely. 
- A lump~system {S*} which is stronger or just as strong (topologically 
equivalent) as any other lump~system (but we aker than the base {U} of 
M) consists of all lump~sets of M. or of a sub~system of {S*} which is 
topologically equivalent with {S*}. If {U} is not stronger. but topologically 
equivalent with {S*}. M is O~dimensional (and conversely). In the other 
extreme case that {S*} consists only of Mand the vacuous set. M is con~ 
nected. {S*} leads to a new space Q(M): two points of M are in the same 
class only if both of them ei th er belong or do not belong to S* for any 
S* C {S*}. Thus the points of Mare divided into disjunct classes. These 
classes Q are called quasicomponents (HAUSDORFF [1] 3)) and are taken 
as points q of the space of quasicomponents Q(M). The set Q(M) of the 
points q becomes a space by considering the system {S*} as a system of 
neighbourhoods of Q(M) (while at the same time one has to consider the 
sets Q as points q). It is easy to prove that Q(M) is always an O~dimen~ 
sional regular space (regular in the sense of [1]). Further the O~dimensio~ 
nal separable spa ces Mare exactly those separable spa ces which are 
identical with their spa ces of quasicomponents Q (M). 

For Q(M) to be separable it is obviously only necessary that Q(M) has 
a countable base. in other words {S*} contains a countable sub~system 
which is at the same time a base of Q(M). We shall now. by means of 
a general example. show that such a countable base of Q(M) does not 
always exist. 

M by definition is called totally disconnected. if the quasicomponents Q 
considered as subsets of M. all consist of one point. This does not neces~ 
sarily. however. infer that M is of dimension O. since the base {U} of M 
may be stronger than the base {S*} of Q(M). There exist (MAZURKIEWICZ 

[5]. SIERPINSKI [3]) totally disconnected n~dimensional (n ~ 0) separable 
spaces M. Now the following theorem holds true. 

Theorem. Any totally disconnected n~dimensional (n > 0) separable 
spa ce M has a spa ce of quasicomponents Q(M) without a countable base. 

Pro of. Suppose Q(M) did have a countable base: then the system 
{S*}. defining Q(M). would satisfy 2. (a) and ({3) ((a) because Q(M) 
is regular) and Q(M) would. according to the theorem and rem ark 2 of 2 .• 

3) The quasicomponent Q CM. corresponding with a point B of M. may be short~y 
defined as the intersection of all those both open and closed subsets of M. which contain B. 



135 

be an O~dimensional separable metrisable space (in the usual sense of 
the word). contrary to the given dimension n. 

Rem ark. By this theorem we have solved a problem put by KURA~ 

TOWSKI in 1938 and communicated by SIERPINSKI [2]. This problem ran 
as follows: is it possible for any separable metric space M to find a coun~ 
table number of both open and dosed subsets of M such that any both 
open and dosed subset of M is the finite or infinite sum of a suitably 
chosen number of the first~mentioned subsets? It is easy to see that this 
question is identical with the following one: has any separable M a Q(M) 
with countable base? It follows from our last mentioned theorem th at this 
question must be answered in the negative. 

Now the following further question arises: when is Q(M) separable. in 
other words. when does Q(M) have a countable base? To me this question 
seems to present great difficulties. 

lam. however. able to answer the following question: when is Q(M) a 
compact separable space? For this the following condition is necessary and 
sufficient: the intersection of any decreasing sequence of lump~sets of M 

S, :> S2 :> S3 .•. 

has a non~vacuous intersection in M. This expresses nothing else than the 
compactness of Q (M). Thus we have the following 

Theorem. Aseparabie space M has a compact O~dimensional separable 
space Q(M) of quasicomponents. only if Q(M) is compact. 

The rather complicated proof of this theorem win be given on another 
occasion. Special cases of this theorem (for which were given sufficient 
conditions th at were. however. not necessary) were already known: for 
compact separable M the theorem has been proved by L. E. J. BROUWER 
[ 6] (for compact M the space of components and the space of quasi~ 
components coincide). whereas in FREUDENTHAL [7]. and in [8] the 
compactness of M is replaced by the double. weaker. condition: M semi~ 

compact and Q(M) compact. It is now dear from our theorem that it is 
unnecessary to ask that M be semicompact. 
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Mathematics. - Sur les systèmes d' équations aux dérivées partielles, qui, 
comme les systèmes normaux, comportent autant d'équations que de 
fonctions inconnues (première communication ) . By A. FINZI.. 
(Communicated by Prof. L. E. J. BROUWER.) 

(Communicated at the meeting of December 21, 1946.) 

Introduction. 

1. 

Une dasse de systèmes d'équations aux dérivées partielles pour lesquels 
on connaît depuis très longtemps un théorème d' existence valable dans Ie 
champ analytique est celle des systèmes qui 

a) comportent autant d' équations que de fonctions inconnues 
b) satisfont à une condition de résolubilité par rapport à certaines de

leurs dérivées de I'ordre Ie plus élevé, qui sera précisée au N. 3. 
Pour de tels systèmes, que, selon une dénomination adoptée par plusieurs 

auteurs, nous appellerons systèmes normaux, Ie théorème de CAUCHY
KOWALEVSKY est valable. 

Soit 

F/=O (i = I, 2, ... n) 

un système normal d'ordre h, de n fonctions inconnues CPl' CP2 ... cpn de 
m + 1 variables x O, Xl ... xm. 

Le théorème de CAUCHY-KoWALEVSKY nous assure l'existence d'une 
solution et d'une seule lorsqu'on connaît, sur une hypersurface de I'espace 
des variables x, les inconnues et leurs dérivées jusqu'à I'ordre h-1. 

Le théorème n'est plus valable relativement à des choix particuliers de 
I'hypersurface et des données initiales (hypersurface caractéristique). Dans 
ce cas Ie nombre des dérivées, qui peuvent être données arbitrairement. 
diminue, tandis que I'unicité de la solution n'est plus assurée, en général. 

La considération des hypersurfaces caractéristiques est d'une très grande 
importance dans l' étude de la propagation des ondes l). 

Des systèmes plus généraux que les systèmes normaux ont été étudiés . 
par MERAY, DELAssus , RIQUIER, GUNTHER, JANET 2). 

11 est bi en connu, d'autre part, qu'on doit à M. CARTAN 3) une théorie 
générale des systèmes d'équations de PFAFF et I'on sait que tout système 

1) LEVI-CIVITA, Caratteristiche dei sistemi differenziali a propagazione ondosa, . 
Bologna 1931 (ou, en traduction française par M.M. Brelot, Paris, Alcan, 1932). 

2) On peut trouver une exposition de ces théories et une vaste bibliographie dans 
l'article de M. JANET: Les systèmes d'équations aux dérivées partielles. Mémorial des.. 
sciences math. 1927. 

3) E. CARTAN, Ann. Ec. Norm. 1901 t. 18 et 1904 t. 21. 
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d'équations aux dérivées partielles peut se mettre sous la fOl'me d'uIT 
système de PFAFF. 

Toutes ces recherches s'appliquent à des systèmes à un nombre quel~ 
conque d'équations et d'inconnues et, dans ce mémoire, je me suis proposé 
d'étudier Ie cas, particulièrement remarquable, de systèmes qui comprennent 
autant d'équations que de fonctions inconnues. 

Je dois citer, à ce propos, une note de M. HADAMARD 4) et aussi un 
mémoire de M. JANET 5), dont toutefois je n'ai eu connaissance qu'après 
avoir obtenu les résultats que j' expose dans mon mémoire. 

Dans son mémoire M. JANET donne, pour les systèmes du premier ordre, 
satisfaisant à une certaine autre condition, les théorèmes démontrés ici au 
§ I. 11, XI. 

2. 

Etant donné un système (1) non normal à autant d'équations que d'in~ 
connues d'ordre h, je démontre avant tout qu'on peut construire un nouveau 
système (11) d'ordre h(l) (généralement plus élevé que h) qui est vérifié 
par toute solution de (1). 

Réciproquement, si Ie système (1 1 ) est norm al. ses solutions vérifient Ie 
système (1), si toutefois les valeurs initiales des cp et de leurs h(l) - 1 
premières dérivées satisfont à certaines conditions convenables. 

Si (11) lui aussi n'est pas normal. nous pouvons de nouveau procéder 
de la même manière et construire ainsi successivement de nouveaux systèmes 
d'ordre h(2), h(3), ... ; supposons donc que nous avons abouti, après 1 fois, 
à construire un système norm al d'ordre h(l). 

Ce dernier sera encore vérifié par toute solution des (1) et, d'autre part, 
on montre que si ron impose à ses valeurs initiales (c.à.d. à celles des cp 
et de leurs premières h(l) - 1 dérivées) (h(l) - h) n + 1 conditions con~ 
venablement choisies, ses solutions vérifient aussi Ie système donné (1). 

Les caractéristiques de (1) sont ensuite les mêmes, en général. que celles 
du système normal. 

Les systèmes de ce type ont donc, du point de vue de r existence des 
solutions, une manière de se comporter assez semblable aux systèmes 
normaux, parce qu'une de leurs solutions est, en général. déterminée lors~ 
que sont données, sur la variété initiale, les cp et certaines de leurs dérivées. 

Considérons maintenant, au contraire, Ie cas ou, en répétant Ie procédé 
indiqué, on n'arrive pas à un système normal: j'ai démontré au § VI que 
si les hn premiers systèmes trouvés ne sont pas normaux, nécessairement 
les F et leurs dérivées sont liées par une identité 

4) J. HADAMARD, BuIletin Soc. Math. de France 1906 p. 48. 
5) M. JANET, Joumal de math. p. 339, 1929. 
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Dans un tel cas Ie théorème d' existence a un caractère totalement diffé~ 
rent: on pourra assigner. sur la variété initiale. les <P et leurs premières 
h - 1 dérivées. assujetties à des conditions convenablement choisies. 
mais la solution ne sera plus déterminée et on pourra lui imposer dans 
tout Ie domaine d'existence une condition arbitraire d'ordre h par rapport 
aux <P 

z=o. 
De ce point de vue. Ie système donné peut donc être comparé à un 

système de n - 1 équations à n inconnues. 
Revenant ensuite aux systèmes du premier type. je donne au § IX une 

condition. sous laquelle. pour déterminer la solution. il n'est plus nécessaire 
de connaître. sur la variété initiale. les <P et leurs premières h(l) - 1 dérivées. 
mais il suffit. comme dans Ie cas normaI. de connaître. outre les <po leurs 
h - 1 premières dérivées: à cette condition satisfont en particulier les 
systèmes d' équations linéaires par rapport aux inconnues et leurs dérivées 
partielles et ceux pour lesquels I = 1. 

A titre d' exemple j' ai étudié dans Ie cours de ce mémoire deux systèmes 
particuliers non normaux: les équations de l' applicabilité des surfaces et 
celles de la relativité généralisée. 

r ai obtenu ainsi. pour ces dernières équations. une démonstration 
générale de l' existence des solutions. que je crois la première donnée 
jusqu·ici. 

3. 

Le théorème de CAUCHY-KoWALEVSKY et la théorie des caractéristiques 
doivent être regardés co mme classiques. Je va is toutefois les rappeIer 
rapidement au n. 3. 4. 5 afin d'introduire les notations dont je ferai usage 
dans la suite de mon mémoire. 

Si nous supposons que les dérivées de l'ordre Ie plus élevé interviennent 
linéairement un système de n équations Fl' F 2 •••• Fn d'ordre h. de n 
fonctions inconnues <Pl. <Pl. ...• <pn de m + 1 variables indépendantes 
xO. xl, ...• xm. est du type 

_ ij Oh <pj ! Fi = 1: Ehohl'" hm ~ Oh lh h + Mi = 0 
ux °ox I ••• oxm m 

(ho + hl + ... = hm = h) 

(1) 

les E et les M étant des expressions qui ne contiennent pas de dérivées 
d'ordre h. 

On dit que Ie système est normal par rapport à xO s'il peut être résolu 

par rapport aux Oh ~~ • c' est à dire s'il peut être mis sous la forme 
ox 

Oh<pj _ 
-h - P (<p. tp. x) (2) 
oxo 
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ou ron désigne par 1jJ les dérivées des cp dont l'ordre, par rapport à xo, 
est inférieur à h. 

La condition nécessaire pour que Ie système soit norm al, est que Ie 
déterminant 

ï 
11 E~oo ... o 11 

soit différent de zéro. 
Dans une telle hypothèse supposons données les hn fonctions de 

Xl, x O, ••• x". auxquelles se réduisent sur rhyperplan 

Xo =a (3) 

les cp et leurs premières h - 1 dérivées. 
Nous pourrons alors calculer, sur xO = a, par de simples dérivations, 

tout es les quantités qui interviennent dans les seconds membres des équa~ 

tions (2) et les Oh 9' ~ seront par conséquent déterminées. 
oxo 

En dérivant en suite les (2) par rapport à xo nous pourrons obtenir les 

Oh+~~{ en fonction des dérivées d'un ordre, par rapport à x o, ne dépassant 
oxo 
pas h. Nous pourrons calculer ensuite de la même manière les dérivées 
d'un ordre aussi élevé que nous voudrons et construire ainsi les développe~ 
ments en séries des fonctions cp. 

n a été démontré que ces développements ont certainement un rayon 
de convergence différent de zéro et fournissent ainsi une solution des 
équations (1). 

n en résulte donc que, si les fonctions cp et leurs premières h - 1 dérivées 
sont données sur rhyperplan (3), Ie système considéré admet une solution 
analytique et une seule. 

La proposition d'existence dont nous venons d'indiques la démonstra~ 
tion, constitue précisément Ie célèbre théorème de CAUCHY-KoWALEVSKY. 

4. 
Lorsque 

11 Eh~o ... o 11 = 0 (4) 

Ie théorème de CAUCHY-KOWALEVSKY ne peut plus être appliqué: on dit dans 
ce cas, que rhyperplan xO = a est une caractéristique du système donné. 

Pour simplifier Ie problème nous supposerons que les mineurs d' ordre 
n - 1 du déterminant (4) ne s' annulent pas au même point de rhyperplan 
x=a. 

Désignons par flHn-l)oo ... oles compléments algébriques des E~-fx, ... o 6 ). 

D'après l'hypothèse que nous avons faite, dans la combinaison 

(5) 

6) Nous comprendrons plus loin Ia raison de cette notation. 
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Oh cp ' 
les __ J seront éliminées: nous ne pourrons donc plus donner sur I'hypel."-o ,xOh 
plan xO = a les cp et leurs premières h -1 dérivées d'une manière com
plétement arbitraire, puisque (5) constitue une condition qui doit être 
satisfaite. 

On voit immédiatement que réeiproquement, Iorsque eet te condition est 
satisfaite, la solution n'est pas déterminée d'une manière univoque. 

En effet on a seulement n -1 équations indépendantes pour déterminer 
Oh cp 

les -f . Supposons qu'il en soit ainsi des équations F2 = 0, F3 = 0, o,xO 
F4 = 0, ... , Fn = 0, nous pourrons leur associer l'équation 

Or 
oxo =0. 

Celle ei contiendra en général, outre les ah cp ~ , Ieurs dérivées premières 
a,xO 

per rapport à Xl, x 2, ... Xm, et cela introduira des éléments arbitraires dans 
Oh cp' 

Ie calcul des --t. 
o,xO 

De Ia même manière on pourra déduire des équations 

oF3 oxo =0, ... , 
apn 
oxo =0, 

I Oh+l cpj . td' t d -1- b 't . es h+l en In ro Ulsan e nouveaux e ements ar 1 ratres. 
ocpo 

Des considérations analogues sont valables pour Ie calcul des dérivées 
successives. 

On peut dire que, dans Ie cas ou I'hyperplan (3) est une caractéristique, 
deux solutions distinctes du système peuvent avoir, Ie long de eet hyper
plan, un contact d'ordre fini aussi élevé qu'on veut. 

II faut noter enfin que dans Ie cas actuel, Ia convergence des déve1op
pements en série ainsi construits n'est plus assurée a priori: SOPHIE 
Kow ALEVSKY elle-même en a donné des exemples 7). 

Dans Ie cas ou tous les mineurs du déterminant (4) d'ordre supérieur à 
n - t s'annulent simultanément sur I'hyperplan (3), les considérations du 
même ordre, qui peuvent être développées, sont seulement un peu plus 
compliquées. 

Nous verrons aux paragraphes suivants l'importance du cas ou un certain 
déterminant Q, qui généralise Ie déterminant (4), s' annule identiquement 
à'une manière que nous préeiserons. 

7} Journal f. r. u. angew. Math. 80 (1875) , 22. 
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5. 

Il est naturel de chercher si l' on peut choisir les données initiales sur une 
hypersurface quelconque au lieu de les choisir sur I'hyperplan (3). Soit 

o ( 0 Xl m) - 0 Z x. , ... ,X - (6) 

l' équation de cette hypersurface. 
Cette importante généralisation du théorème d' existence peut être 

obtenue de la façon suivante: 
Associons à zO m au tres fonctions indépendantes Zl, z2, ••. , zm et effec~ 

tuons la transformation 

( 

0 I m) X,X , ••• X 

zo, Zl, ••• zm 

qui changera Ie système par rapport aux variables x en un système par 
rapport aux variables z et I'hypersurface (6) en I'hyperplan 

zO=O. 

Si Ie système transformé est norm al par rapport à zo, Ie théorème du 
numéro 3 nous assure qu'il possède une solution et une seule correspondant 
aux valeurs initiales données sur (6). 

Nous avons donc à exprimer la condition de normalité par rapport à zo. 
Posons 

ozO 
ox i = Pi. 

On peut écrire 

en mettant en évidence seulement les dérivées par rapport à zO d'ordre h. 

Le coefficient de ah CfJ1 dans la i~ème équation du système transformé sera 
àzo 

donc 

et la condition de normalité sera par suite exprimée par 

Quand, au contraire, en correspondance aux valeurs initiales données, 
la (6) satisfait à l' équation 

(équation des surfaces caractéristiques) on obtient des résultats analogues 
à ceux établis au numéro 4. 
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Les considérations de ces paragraphes peuvent être facilement étendues 
au cas ou Ie système n'est pas linéaire par rapport aux dérivées d'ordre Ie 

plus élevé h: si ron désigne alors plus généralement par E~!hl ... hm au lieu 

simplement du coefficient de h 0: epi h dans FI, la dérivée de o xO 0 0 Xl ' ••• 0 xm m 

FI par rapport à ho 0: epi h' Ie déterminant !J, qui exprime, 
oxO oxl ' ••• oxm m 

lorsqu'il n'est pas nul, la condition de normalité, conserve son aspect formeI. 



Mathematics. - Sur les systèmes d' équations aux dérivées partielles, qui, 
comme les systèmes normaux, comportent autant d' équations que de 
fonctions inconnues (deuxième communication ) . By A. FINZI. 

(Communicated by Prof. L. E. J. BROUWER.) 

(Communicated at the meeting of December 21, 1946.) 

§ I. 

Considérations préliminaires. - Une propriété générale. 

Supposons que Ie système donné 

FI=O 

ne soit pas normal (quelque soit l'hypersurface ZO (xO, xl ... xm)= 0). 
En vertu de l'observation faite à la fin du numéro 5 il n'est pas nécessaire 

de supposer, dans les considérations qui vont suivre, que les dérivées des 
inconnues d'ordre h interviennent linéairement. 

En conséquence de l'hypothèse que nous venons de faire, Ie déterminant 
[J relatif à un tel système 

'Ç! Eli h. h, hm 'Ç! Eln h. h, hm 
"" h.h,,, .hm po PI •.. Pm '" "" h.h, ... hm po PI •.. Pin 

'Ç! E21 h. h, hm 'Ç! E2n h. h, hm 
"" h.h,,, .hm po PI '" Pm ••. "" h.h, ... hm po PI .•. Pm 

'Ç! E nl h. h, hm 'Ç! E nn h. h, hm 
"" hoh,,,.hm po PI '" Pm '" "" h.h, ... hm po PI ... Pm 

doit s'annuler identiquement par rapport à tous les arguments p dont il 
dépend. 

Le développement de [J montre qu'il s'agit d'une forme homogène dans 
les p de degré nh dont les coefficients doivent être identiquement nu Is par 
rapport aux x et éventuellement (dans Ie cas non linéaire) par rapport 
aux cp et à leurs dérivées. 

Supposons (Ie cas contraire sera examiné au paragraphe XI) que les 
mineurs d' ordre n- 1 de [J ne sont pas tous identiquement nuls. 

Le complément algébrique de l'élément de [J, placé dans la i~ième ligne 
et j~ième colonne est à son tour une forme homogène par rapport aux p 
de degré h (n - 1 ): désignons par 

A~~r,,,.rm (ro + rl + ... + rm = (n -1) h) 

Ie coefficient de p~. p[, ... prm. 
m 

Dans Ie déterminant [J Ie coefficient de p~. pf' ... pSm (avec 
m 
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050 + Sl + ... + Sm = hn) est donné, comme on Ie voit immédiatement en 
développant selon les éléments de la première colonne, par 

~Eil Ll li 
~ hoh,,,.hm ror,,,.rm 

oû la sommation doit être étendue à toutes les valeurs des h et des r pour 
lesquelles 

(7) 

alors que I'indice i varie de 1 à n. 
On devra done avoir 

Démontrons maintenant pour Ie système (1) la proposition suivante: 
II existe une cambinaisan linéaire entre les dérivées d' ordre h (n ~ 1 ) 

des équatians du système dans laquelle les caefficients des dérivées des 
incannues cp d' ardre Ie plus élevé hn sant identiquement nuls. 

La eombinaison qui jouit de la propriété annoneée est la suivante: 

. àh(n-I) p. 
t:J>1 = ~ LI~~r,,,.rm r r I r = 0 (ro+r,+ ... +rm=(n-l)h). (8) 

àr' °(lxl ' .• , àxm m 

Pour démontrer notre proposition, ayant posé eneore 

(7) 

notons en premier lieu que Ie coefficient d'une dérivée de I'ordre Ie plus 

élevé àhncpJ dl'" ans equatIon 
àxoso àx'S, , .. àxmsm 

~h(n-I) p . 
u I =0 

àr'ro àx,r, ... àxmrm 

est égal au eoefficient de àhcpJ h en Pi = 0, e'est à dire à 
àxohoàxlh" .. àxm m 

E i} 
hoh,."hm· 

I1 en résulte que Ie coefficient de à
hn 

cp J dans l' équation (8) 
àxosoàx'S,." àxmsm , 

est donné par 

la sommation étant étendue toujours à toutes les valeurs des h et des r 
qui vérifient (7), alors que !'indice i varie de 1 à n. 

Si j = 1 une telle expres sion coïncide avee Ie coefficient de p~o pf' , , . pSm 
m 

dans Ie développement de Q, et par suite e1le est identiquement nulle. 
N ous pouvons done assurer que, dans la combinaison considérée, les 

coefficients des dérivées de l'ordre Ie plus élevé de CP1 sont nuls. 
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Montrons maintenant que les coefficients des dérivées de cPj (j = 2, 3, ... , n) 
sont aussi nuls. 

11 est donc égal en général au coefficient de pgo pf' .•. pSm dans Ie 
m 

développement du déterminant qui s'obtient à partir de Q en substituant à 
la première colonne la j~ième. 

Mais un tel déterminant aura deux colonnes égales et sera par consé~ 
quent identiquement nul; tous les coefficients de la forme dans Ie p de 
degré hn obtenue en Ie développant, seront donc nuls. 

Notre proposition est donc complètement démontrée. 
11 serait facile de démontrer que, inversement, s'il existe une combinaison 

linéaire entre les dérivées des équations d'un système dans laquelle les 
coefficients des dérivées des inconnues de l'ordre Ie plus élevé sont nuls, 
Ie système ne peut pas être normal. 

§ 11. 

Existence des solutions pour une première classe de systèmes non normaux. 

Supposons, ce qui est certainement permis, que la caractéristique de la 
matrice, qui s'obtient en supprimant en Q la première ligne, soit, en général. 
pour des valeurs données des p, égale à n - 1. 

Associons à flJ 1 = ° les dérivées d'ordre h(n -1) -1 de F 2 = 0, 
F3 = 0, . .. , Fn = ° par rapport à une des variables, par exemple xO: nous 
obtenons ainsi un nouveau système de n équations d' ordre hn - 1 = h(1) 

(i = 2. 3 ....• n). (. 

flJ, = ° ~ 
(1') 

Le déterminant Q(I) relatif au système (1 1 ) aura n - 1 de ses lig nes 
proportionelles à celles de Q. 

Si ce système est normal. une de ses solutions sera déterminée quand 
on se donnera les h(1)n fonctions, auxquelles se réduisent, sur xO = a, les 
cp et leurs premières h(1) - 1 dérivées par rapport à xo. 

Imposons à ces fonctions la condition de rendre nulles, sur xO = a, F 2, 

F3' ... , Fn ainsi que leurs premières h(1) - h - 1 dérivées. 
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En vertu des premières n - 1 équations (1 1 ) on aura alors, quelque 
soit x o, 

Fi=O (i = 2,3 ..... n). 

et la dernière des (1 1 ) sera donc équivalente à une équation différentielle 
homogène en F 1 d' ordre h(1) - h + 1. 

Imposons aux mêmes fonetions la condition de rendre nulles F 1 et ses 
premières h(1) - h dérivées sur xo = a. 

En vertu de la dernière des (1 1 ). on aura alors. quelque soit x o, 

F1=O. 

et la solution de (1 1 ) vérifiera aussi Ie système donné (1). 
11 est évident que, réciproquement, chaque solution de (1) vérifiera aussi 

àh(lLh+l F 
( 11 ) . Ce raisonnement serait en défaut si Ie coefficient de 1 

àxOh('Lh+l 

dans «P1' qui est donné par 6~1(n_l)oo ... O, était nul. 
Mais nous pourrons, dans une telle hypothèse, chercher à être ramenés 

au cas ou Ie coefficient est différent de zéro en substituant dans les calculs 
à F 1 une autre des Fi ou aussi en adoptant comme coefficient dans (8) 
" i j l' d A i 1 
Wro r •.. . rm au leu e uror ... .rm. 

Si en opérant ainsi en n'arrive pas au but, c'est que nécessairement 

Ll~{n-l)OO ... O = 0 (i.j = 1, 2 •...• n). 

Dans ce cas la caractéristique de [J, en correspondant à l'hyperplan 
portant les données. 

(3) 

est inférieure à n - I, et puisque [J(1) a n - 1 lignes proportionelles à celles 
de [J, l'hyperplan (3) devra être une caractéristique pour Ie système (}1). 

Ce cas étant exclu, nous pourrons done supposer 

Ll~l(n_l)Oo . • . 0 -::f O. 

Les considérations précédentes s' étendent facilement au cas, ou la surface 
portante est une variété quelconque 

o (Olm) - 0 Z X.X ... . . X - • 

§ 111. 

Hypersurfaces caractéristiques pour les systèmes considérés au 
paragraphe précédent. 

(6) 

Nous avons vu que quand les valeurs initiales des inconnues et de leurs 
premières h(1) - 1 dérivées satisfont à (h(l) - h) n + 1 conditions con
venables, la solution du système normal (1 1 ) vérifie aussi Ie système (1) . 

Du fait que d'autre part chaque solution de (1) vérifie Ie système (}1) 
on peut eonclure que Ie système donné admet en général une et une seuie 
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solution quand les valeurs initiales des cp et de leurs premleres h(1) - 1 
dérivées sant données et satisfont aux conditions indiquées. 

Au § 9 nous montrerans que, en réalité, pour déterminer la solution des 
(1) il suffit de donner seulement, comme dans Ie cas d'un système norm aI. 
les cp et leurs premières h - 1 dérivées assujetties cependant à la condition 
nécessaire (5). 

Nous pouvons dire que dans Ie cas actueI. comme dans Ie cas d'un 
système normal, la solution est déterminée d'une manière univoque, si ron 
connaît sur une hypersurface, les inconnues et certaines de leurs dérivées. 

En outre, lorsque, correspondant à certaines valeurs initiales, on a 
construit un système de développements en séries entières qui satisfait 
formellement à (1), on peut affirmer que les développements convergent et 
fournissent par conséquent la solution du système. En effet tels développe~ 
ments satisfont aussi Ie système normal (11) et par conséquent, d'après 
Ie théorème de CAUCHY-KoWALEVSKY, doivent passéder un rayon de con~ 
vergence différent de zéro. 

Voyons maintenant cam ment on peut étendre au cas actuel Ie concept 
de surface caractéristique. 

Nous supposons que, en correspondance aux valeurs initiales satisfaisan~ 
fes les (h(1) - h) n + 1 conditions indiquées, la surface portante (6) est 
caractéristique pour Ie système (1 1 ). 

Ces valeurs initiales devront aussi vérifier la condition nécessaire qui 
s'obtient en éliminant entre les équations (11) les dérivées des cp par rap~ 
port à zO d'ordre h(1); il y aura alors des solutions distinctes de (11) ayant 
sur (6) un contact d'ordre aussi élevé qu'on voudra. Si ron n'a pas 

~ All T. T, Tm-O 
"" LJT.T, •.. Tm PO PI ••• Pm -

ces solutions devront aussi vérifier les (1). 
Les caractéristiques du système (1 1 ), obtenu par la méthode indiquée, 

fournissent donc en généraI. pour Ie système non norm al (1), rextension 
du concept de surface caractéristique d'un système norm al. 

Correspondant à telles hypersurfaces, les valeurs initiales, c' est~à~dire 
les cp et leurs premières h(l) - 1 dérivées, doivent être assujetties à 
(h(1) - h) n + 2 conditions et, d' autre part, la connaissance de ces valeurs 
ne détermine plus d'une manière univoque la solution. 

§ IV. 
Exemple. 

Considérons à titre d'exemple un système non norm al de deux équations 
linéaires du premier ordre à deux fonctions inconnues de deux variables 
indépendantes XO et Xl 

al ::0 + bi ::1 +CI 00;0 +dl 00;1 + ... =o~ 
(9) 

ou àu àv àv 
a2 àxo+b2àxl +c2àxO+d2àxl + ... =0 
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ou nous n'avons pas indiqué les termes qui ne contiennent pas de dérivation. 
Comme on doit avoir identiquement 

Q = I al Po + bi PI 
a2 Po + b2 PI 

on trouve les relations 

Cl Po + dl PI I = O. 
C2 Po + d2 P2 

al C2 - a2 Cl = O. l 
al d2 - a2 dl + bi C2 - b2 Cl = 0, . 

bi d2 - b2 dl = 0 

(10) 

Les (la) étant vérifées on aura ou al = bbl =~=ddl - dans ce cas la 
a2 2 C2 2 

première ligne de Q est identiquement proportionelle à la seconde, et Ie 
système donné, s'il n'est pas incompatible, est équivalent à une équation 
différentielle et à une relation en termes finis - ou - et c'est Ie cas Ie plus 

remarquable - al = a2 = dbl _ db2 - et alors la première colonne de Q est 
Cl C2 1 2 

identiquement proportionelle à la seconde. 
Dans la relation 

(1l) 

les dérivées de u et v par rapport à xO sont éliminées: (11) constitue donc 
une condition nécessaire pour les valeurs de u et de v données sur xO = a. 
Dans l' équation 

I ff " t d à2 
U à2 

U à2u . t - . es coe lClen s e -, • --2 sont respecttvemen egaux aux premiers 
àx2 àxOàxl àxl 

à2v àv2 à2v 
membres de (la), alors que ceux de --2' ---, --2 sont identiquement 

àxo à,xO axl àxl 

nuls: les dérivées secondes de deux fonctions inconnues sont donc éliminées. 
Supposons maintenant que Ie système du premier ordre 

F2 =O. 

aFI àFI àF2 àF2 0 
C2 axo + d2 àxl -Cl àxo - dl àx l = 

soit normal. 
On déduit de ce système la relation 

En vertu de cette re1ation, si Fl est nulle sur xO = a, elle est toujours 
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nulle et la solution du système normal vérifie donc aussi Ie système donné. 
Il résulte maintenant de (11), puisque 

que F 1 doit être nulle pour les valeurs initiales données. 
Il s'ensuit que Ie système donné admet une solution et une seule lorsque 

la condition nécessaire (11) est satisfaite. 

§ V. 

GénéraZisation des résutats des § § 11 et 111. 

Si Ie système (11) n'est pas, non plus, normaI. nous pouvons répéter Ie 
procédé indiqué au § I. N ous obtenons de cette manière une seconde 
équation <1>2 = 0 d'ordre h(2). 

Cette équation est constituée par une combinaison entre les dérivées 
des F, d'un ordre non supérieur à h(2) - h + 2 et dans laquelle les coeffi~ 
cients des dérivées des q; d'ordre h(2) + 2 et h (2) + 1 sont nuls: ces dérivées 
sont par conséquent éliminées. 

Associons à <1>2= 0 les dérivées par rapport à xO d'ordre h(2) - h des 
F 2 = 0, F 3 = 0, ... , F n = 0: nous obtenons ainsi un troisième système 
( 12 ) • 

Supposons que, répétant Z fois ce procédé, nous parvenions à construire 
un système normaI. à savoir 

(i = 2, 3, ... ; n), ~ , 
<1>(=0 ~ 

(ti) 

<1>1 étant une combinaison entre les dérivées des F d'un ordre ne dépassant 
pas h(l) - h + Z et dans laquelle les dérivées des q; d'ordre 

h(l) + Z, h(l) + Z- 1. ... , h(l) + 1 

sont éliminées. 
En raisonnant comme au § 11 on démontre que quand les q; et leurs 

premières h(l) - 1 dérivées rendent nulles sur xO = a F 2, F 3' ... , F n ainsi 
que leurs premières h(l) - h - 1 dérivées, et en outre F 1 et ses premières 
h(l) - h + Z- 1 dérivées, la solution du système normal (1 1) vérifie aussi 
Ie système (1). Cette conclusion n' est plus valable lorsque Ie coefficient de 
àh(lLh+1 F 

(1) I dans <1> I devient nul (coefficient donné par (l',Mn _ I) 00 .. . 0) I) 
àX'h -h+1 

mais on peut se passer d'une telle hypothèse, s'il n'est pas 

/" 
Llh~n-I)Oo ... O = 0 (i,j= 1. 2, ...• n). (9) 
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Dans un tel cas (3) doit donc être caractéristique pour Ie système 
normal (1/). 

Les considérations précédentes peuvent s'étendre au cas ou les valeurs 
initiales sont données sur une hypersurface 

0(01 m)-o Z X.X ••••• X - • (6) 

Les caractéristiques du système normal (}I) pour lesquelles on n'a pas 

fournissent ensuite, pour Ie système donné non normal. rextension du 
concept de surf ace caractéristique. 



Mathematics. - Einige ein[ache Anwendungen der areolären Ableitungen 
und ~Derivierten. By J. RIDDER. (Communicated by Prof. W. VAN 

DER WOUDE.) 

(Communicated at the meeting of January 25. 1947.) 

In der Arbeit: Ueber areolär~harmonische Funktionen 1) führten wir 
areoläre Ableitungen und ~Derivierte ein; jede mit - 1 multiplizierte 
areoläre Ableitung ist ein Beispiel eines generalisierten Laplaceschen 
Operators 2). Hier lassen wir einige weit ere Anwendungen dies er Ablei~ 
tungen und Derivierten folgen. 

§ 1. D e fin i t ion 1. Die (endlich~ und reellwertige) Intervall~ 

funktion <P (J) sei definiert für jedes Intervall ]. das samt seinem Rande 
zu einem Bereiche B der xy~Ebene gehört. Die obere und untere Derivierte 

von <P (J) in einem Punkte (x. y) E B. D(~.y) cp (I) bzw. Dex.y) <P (I). seien 
definiert als 

. tPm .. tPm 
hm sup -(n bzw. hm lOf -(J)' 
mU) .... O m m(J) .... O m 

wobei] ein (achsenparalleles) Q u a dra t darstellt. das (x. y) im Innern 
oder auf dem Rande enthält. Sind sie einander gleich. 50 definiere ihr 
gemeinsamer Wert die Ableitung. D(x.y) <P(J). von <P(J) - in (x. y). 

De fin i ti 0 n 2. Hat die reellwertige Funktion u (x. y) in einem 
Bereiche B stetige partielIe Ableitungen nach x und nach y. 50 seien obere 

und untere areoläre Derivierte von u(x. y) im Punkte (x. y) EB. D&.y) <P1l(J) 

bzw. D'ïx.y) <Pu(J). die obere bzw. die untere Derivierte in (x. y) der zuge~ 

hörigen Intervallfunktion <P1l(J) J~~ ds; dabei ist R(J) der Rand von 

RU) 

]. und ~~ die nach der inneren Normale genommenen Ableitung von 

u (x. y). Sind obere und untere areoläre Derivierte einander gleich. 50 

definiere ihr gemeinsamer Wert die areoläre Ableitung. D(x. y)<P1l (J). von 
u(x. y) in (x. y). 

Aus Satz 14 und der Bemerkung zu Satz 7ter in der zitierten Arbeit 
folgt: 

Zu jeder in einem beschränkten Dirichletschen Bereiche B beschränkten 
und nach Lebesgue messbaren (reellwertigen) Funktion tp (~. 1J) gibt es 

1) Siehe Acta math. 78 (1946). S.205-289. 
2) Siehe loc. cito 1) . S. 285. 

11 
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eine und nur eine in B definierte (reellwertige) Funktion u(~,l')). welche auE 
dem Rande von B Grenzwerte - 0 hat, und deren extreme areoläre Deri~ 
vierte in B existieren, beschränkt und fast überall gleich cp(~,l')) sind. In 
j edem Punkte (x, y) € Bist 

u (x, y) = 21
n J J g (~. 1'): x, y) • cp (~. 1')) d~ d1]: 

B 

dabei ist g (~, 1'); x, y) die Greensche Funktion von B Eür den Punkt (x, y) . 
Daraus lässt sich ab lei ten 3) der 

S a t z 1. g (~, 1'); x, y) sei die Greensche Funktion eines beschränkten 
Dirichletschen Bereiches B, mit Rand C, für den Punkt (x, y) € B. Es seien 
weiter: 

(1) L2 die Klasse der in B definierten, komplexwertigen, nach Lebesgue 
messbaren Funktionen f(~,l')). für die II I f(~,l')12d~dl') existiert; 

B 
(2) ~ die grösste Teilklasse von L2' deren jede Funktion auf C Grenz~ 

werte - 0 hat, während ReaI~ und Imaginärteil einer solchen Funktion in 
B beschränkte extreme areoläre Derivierte haben: 

(3) m die grösste Teilklasse von L2' deren jede Funktion in B be~ 
schränkt ist: zwei Funktionen von m, welche nur in den Punkten einer 
Menge vom Lebesgueschen Masse Null verschieden sind, betrachten wir 
als identisch. 

Der Operator T, für die zu ~ gehörenden Funktionen u + iv in fast 
allen Punkten von B definiert durch die Relation 

D(x,y) CPu (J) + iD(x,y) CP, (J) = cp (x. y) + i1jJ (x. y). 

liefert eine eineindeutige Abbildung von ~ auf m; der inverse Operator 
von T ist ein Integraloperator mit symmetrischem Kern von Hilbert
Schmidt~ Typus 4) und mit dem Bereich m: 
u (x, y) + iv (x, y) = T-I [cp (x. y) + i1jJ (x, y)] = 

= 21
n J J g (',1]: x, y) . [cp (~,1')) + i1jJ (~,1'))] d~ d1]. 

B 

Die Operatoren T und T-l sind essentially, selbst~adjungiert 5) in dem aus 
der Klasse L2 in bekannter Weise hervorgehenden Hilbertschen Raum. 

Das Analogon von Satz 1 gilt in jedem beschränkten Dirichletschen 
Bereiche des dreidimensionalen euklidischen Raumes. 

3) Verg!. den Beweis von Theorem 3.13 in St 0 n e, Linear transformations in Hilbert 
spa ce, Am. Math, Soc. Col!. Publ., New~York 1932. Man beachte, dass der Wert der 
Greenschen Funktion g(~, 17; x, y) von B für den Punkt (x. y) in jedem Punkte (~, 17) € B 

zwischen Nul! und log K + log 1 liegt; dabei ist K eine (von B abhängige) 
(!(~,17;x,y) 

Konstante ~ 1. 
4) Siehe die Definition in Stone, loc. cito 3), S. 101. 
5) Siehe die Definition in St 0 n e, loc. eit. 3), S. 51 (Def. 2. 12). 
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§ Ibis. De fin i t ion 3. Die zweite areoläre Ableitung u(2) (x, y) 
oder D(x,y) /fJu(1)(J) einer in einem Bereiche B definierten, reellwertigen 
Funktion u (x, y) sei die areoläre Ableitung der (ersten) areolären Ablei~ 
tung u (1) (x, y) oder D(x,y)€.Pu(J). Im allgemeinen sei die k~te areoläre 
Ableitung U(k)(X, y) einer Funktion u(x, y) die areoläre Ableitung der 
(k - 1 ) ~ten areolären Ableitung (k ganz und ;;;: 2) . 

Hat eine reellwertige Funktion u (x, y) in einem Bereiche B ers te bis 
(p - 1 ) ~te areoläre Ableitungen (p ganz und ;;;: 2), und sind die partiellen 
Ableitungen von u(P-l) (x, y) nach x und nach y in B vorhanden und stetig, 
so lassen sich in B p~te obere und untere areoläre Derivierte definieren als 
obere bzw. untere areoläre Derivierte von u(P-l)(x, y). 

Aus Satz 27 (nebst letztem Absatz des zugehörigen Par.) und der 
Bemerkung 11 zu Satz 23ter in unserer Arbeit: Acta math. 78 (1946) folgt: 

Zu jeder in einem beschränkten Dirichletschen Bereiche B beschränkten 
und nach Lebesgue messbaren (reellwertigen) Funktion lP (~, f/) gibt es eine 
und nur eine in B definierte (reellwertige) Funktion u ($, f/), welche in B 
beschränkte p~te extreme areoläre Derivierte hat (p ganz und ;;;: 2), und 
auf dem Rande - ebenso wie ihre ers ten bis (p - 1 ) ~ten areolären Ablei~ 
tungen - Grenzwerte 0 hat, während ihre sodann fast überall in B 
existierende p~te areoläre Ableitung fast überall in B gleich lP (~, f/) ist. In 
jedem Punkte (x, y) € Bist 

u (x, y) = (;-~)~:1 f f UP (~, f/; x, y) . lP (~. f/) d, df/; 

B 

dabei ist gp(t f/; x, y) die Greensche Funktion p~ter Ordnung von B für 
den Punkt (x, y) 6); ap hat den Wert 22(p-l) {(p -I) !}2. 

Das Beweisverfahren des Satzes 3. 13 in S ton e. loc. cito 3) lässt 
daraus ableiten den 

Sa t z 2. gp(~, f/; x. y) sei die Greensche Funktion p~ter Ordnung 
eines beschränkten Dirichletschen Bereiches B, mit Rand C, für den Punkt 
(x ,y) € B. Es seien weiter: 

( 1 ) L2 die Klasse der in B definierten. komplexwertigen. nach Lebesgue 
messbaren Funktionen f (~. f/). für die f f I f (~. f/) 12d~df/ existiert; 

B 
(2) ~(p) die grösste Teilklasse von L 2 • deren jede Funktion. ebenso wie 

ihre existierend anzunehmenden. ersten bis (p - 1 ) ~ten areolären Ablei~ 
tungen (p ganz und;;;: 2). auf C Grenzwerte - 0 hat. während Real~ und 
Imaginärteil einer solchen Funktion in B beschränkte p~te extreme areoläre 
Derivierte haben 7); 

6) Siehe loc. cito 1). S. 255 (Oef. 8). Für. p;;;:2 hängt die Funktion gp(;. '1); x. y) 
stetig von ;, '1). x und y ab; ausserdem ist für (;. '1)) € B. (x. y)€B gp(;' '1); x. y) = 
= gp(x. y; ;. '1)). Zum Beweise benutze man die Darstellung van gp loc. cito 1). S. 256 
(Fussn.63). 

7) Man hat heim Beweise die Eigenschaft van '.i!)(p) zu benutzen. dass sie überall dicht 
liegt in dem van den Funktionen van L 2 gebildeten Hilbertschen Raum. Diese Eigen
schaft Iässt sich ableiten unter Anwendung van FormeI (19). Ioc. cito 1), S. 225. 
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(3) ~ die grösste Teilklasse von L2' deren jede Funktion in B be~ 
schränkt ist; zwei Funktionen von ~, welche nur in den Punkten einer 
Menge vom Lebesgueschen Masse Null verschieden sind, betrachten wir 
als identisch. 

Der Operator T(p), für die zu ~(p) gehörenden Funktionen u + iv in fast 
allen Punkten von B definiert durch die Relation 

u(p) (x, y) + i v(p) (x, y) = qJ (x. y) + i'lJl (x. y). 

liefert eine eineindeutige Abbildung von ~(p) auf ~; der inverse Operator 
ist ein Integraloperator mit symmetrischem Kern von Hilbert-Schmidt~ 
Typus 4) und mit dem Bereich ~: 

u (x. y) + i v (x, y) = [T(P)]-I [qJ (x, y) + i'lJl (x. y)] = 

(;-~)~:IJ J gp (~. fJ; x. y) . [qJ (~. fJ) + i 'IJl (~. fJ)] d~ dfJ. 

B 

mit ap = 22(p-1) . {(p - 1) !}2. Die Operatoren T(p) und [T(P)] -1 sind 
.essentially' selbst~adjungiert 5) in dem aus L 2 in bekannter Weise hervor~ 
gehenden Hilbertschen Raum. 

Das Analogon von Satz 2 gilt in jedem beschränkten Dirichletschen 
Bereiche des dreidimensionalen euklidischen Raumes. 

§ 2. S a t z 3. B, L2' ~, ~ und T mögen die gleiche Bedeutung haben 
wie in Satz 1. Dann gilt: 

a) der Operator T hat abzählbar unendlich viele, von Null verschiedene, 
isoliert liegende Eigenwerte in, die nur reell sein können; Tf -i. f = 0 
hat für jeden Eigenwert i = in ein System von nur endlich vielen. paar~ 
weise orthogonalen (und somit linear unabhängigen) Lösungen (Eigen~ 
funktionen) ; 

p) für jeden reellen oder komplexen Wert i, mit i "# in (n = 1,2 •... ), 
und X(x, y) € L2 hat Tf -i. f = X höchstens eine Lösung f €~; 

r) die gemäss a) zu den verschiedenen in gehörigen Eigenfunktionen 
bilden ein vollständiges System im von den Funktionen der Klasse L2 

gebildeten Hilbertschen Raum. 

Be wei s. Da T-1 f = 0 nur die Lösung f 0 zulässt, sind die Eigen .. 
werte von T-1 von Null verschieden. 

Aus der Gleichwertigkeit der Gleichungen 

T-I{=I"{ und (I =f 0) 

folgt, dass die zu gegebenem 1"# 0 gehörenden Eigenfunktionen von T-1 

gleichzeitig Eigenfunktionen von T für den Eigenwert + sind, und um~ 
gekehrt. 

Nun ist T-l ein selbstadjungierter Operator mit endlicher Norm (in dem 
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aus L2 hervorgehenden Hilbertschen Raum). Ihre Eigenwerte sind somit 
reeIl, und bilden eine abzählbar unendliche isolierte Menge; zu jedem 
Eigenwert gehören endlich vieIe paarweise orthogonale Eigenfunktionen; 
diese bilden ein volIständiges System (im zugehörigen Hilbertschen 
Raum) 8). Da N uIl kein Eigenwert von T ist, folgen hieraus schon die 
Behauptungen von Satz 3. 

In derselben Weise beweist man den 

Sa t z 4. B, L2' SD(p), ~ und T(p) mögen die gleiche Bedeutung haben 
wie in Satz 2. Dann gilt: 

a) der Operator T(p) hat abzählbar unendlich vieIe, von NuIl verschie~ 
dene, isoliert liegende Eigenwerte In, die nur reeIl sein können; 
T(Plf -1. f = 0 hat für jeden Eigenwert 1 = In ein System von nur end~ 
lich vielen, paarweise orthogonalen Lösungen (Eigenfunktionen); 

fJ) für jeden reeIlen oder komplexen Wert I, mit 1 #- In (n = 1. 2, ... ), 
und X(x, y) € L2 hat T(P)f -1· f = X höchstens eine Lösung f € SD(p); 

r) die gemäss a) zu den verschiedenen In gehörigen Eigenfunktionen 
bilden ein voIlständiges System im zugehörigen Hilbertschen Raum. 

Die Analoga der Sätze 3 und 4 geIten im dreidimensionalen euklidischen 
Raum. 

§ 3. Der ei n dim e n si 0 n ale Fa 11. Als Analoga zu den areo~ 
lären Ableitungen und ~extremen Derivierten haben wir hier die mit - 1 
multiplizierten, zweiten Ableitung bzw. zweiten extremen Derivierten; die 
Existenz der ers ten Ableitung wird dabei vorausgesetzt. 

Betrachten wir als Greensche Funktion des IntervaIles (0, I) für den 
Punkt x € (O,I) die Funktion g(;, x), definiert durch: 

; (I-x) -== 
g (~, x) = I ,falIs 0 < ~ = x, 

und durch: 

x (1-;) 
g (~, x) = I ' falIs x < ~ < 1. 

Man beweist dann leicht: 
Zu jedem in (0,1) beschränkten und nach Lebesgue messbaren (reelI~ 

wertigen) Funktion <p(;) gibt es eine und nur eine in (0,1) definierte 
(reeIlwertige) Funktion u(n, welche in 0 und I Grenzwerte NulI hat, und 
deren obere und untere Derivierte zweiter Ordnung in (0, I) existieren, 
beschränkt und fast überaIl gleich -<p(;) sind. In jedem Punkte x € (O,l) 
ist 

I 

U (x) f g (~, x) . cp (;) d~, 
o 

mit g(;, x) als Greensche Funktion von (0, I) für den Punkt x. 

8) Siehe St 0 n e, loc. cito 3), S. 193 (Th. 5.14). 



156 

Die Analoga der Sätze 1 und 3 für den eindim. FallIiegen hiernach auf 
der Hand. 

Als Analoga zu den p-ten areolären Ableitungen und -extremen Deri
vierten haben wir hier die mit (- 1 ) P multiplizierten. 2p-ten Ableitung 
bzw. 2p-ten extremen Derivierten 9). 

Betrachten wir als Greensche Funktion p-ter Ordnung des IntervalIs 
(0.1) für den Punkt x € (0.1) die Funktion gp(~. x). welche folgenden 
Bedingungen genügt: ihre 2p-ten extremen Derivierten existieren. und 
haben den Wert Null in allen von x verschiedenen Punkten von (O.l); 
in 0 und in I haben g p und ihre 2-ten. 4-ten bis (2p - 2) -ten Ableitungen 

d 2p-l g d 2p-l g 
Grenzwerte gleich Null; es ist d X 2p- 1 (x + 0) - d X2p 1 (x - 0) = 1. gist 

durch diese Bedingungen eindeutig bestimmt 10). 
Man beweist wieder leicht: 
Zu jedem in (0. I) beschränkten und nach Lebesgue messbaren (reell

wertigen) Funktion qJ(~) gibt es eine und nur eine in (0.1) definierte 
(reellwertige) Funktion u (~). welche in 0 und I. ebenso wie ihre 2-ten. 
4-ten bis (2p - 2) -ten Ableitungen. Grenzwerte N uIl hat. und deren obere 
und untere Derivierte 2p-ter Ordnung in (0. I) existieren. beschränkt und 
fast überall 9 leich - cp (~) sind. In j edem Punkte x € (0. 1) ist 

1 

u (x) - J gp (~, x) . cp m d" 
o 

mit gp(~. x) als Greensche Funktion p-ter Ordnung von (0.1) für den 
Punkt x. 

Die Analoga der Sätze 2 und 4 für den eindim. Fall liegen nun wieder 
auf der Hand. 

9) Verg!. loc. cito 1). S. 211 u.262 (Fussn. 68). 
10) Verg!. B ö c her. Leçons sur les méthodes de Sturm dans la théorie des équations 

diifférentielles linéaires, Col!. Bore!, Paris 1917. Kap. 5. insbes. S. 100. 



Mathematics. - On some determinants. By H. J. A. DUPARC. (Com~ 

municated hy Prof. J. G. VAN DER CORPUT.) 

(Communicated at the meeting of January 25. 1947.) 

In this paper I evaluate some determinants and give applications of the 
results. 

Theorem 1. Let I ers I denote the determinant, the element in the rth 
TOW and sth column of which is equal to ers. lf none of the sums yr + xs 
(r = 1 •...• n; s = 1 •...• n) is equal to zero, we have 

I
xr+zsl = 
xr+Ys 

where 

n 
X= IJ (Xr-Xs). Y= IJ (Yr-Ys) and q (y) = IJ (y-Yr). 

I~s<r~n I~s<r~n r=1 

Proof: 

I

xr+zsl = 1 1 + zs-Ys 1 =A ll(zs-Ys). 
Xr + Ys xr+Ys s=1 

where 

A-I 1 + 1 1 - zs-Ys Xr+ Ys 

can he written in the form 

1 

1 1 
1 + ... + 

XI YI XI Yn 

1 1 
1 + ... + Xn YI Xn Yn 

Developing this determinant in terms of the first row we ohtain 

1 1 

• (2) 

1 1 
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where 

Bt=(-1)t/ 1 ~ ... ~ 1 , .. ~ I (t=1. .... n). 
x, YI x, Yt-I x, + Yt+l x, yn 

If the product IJ' contains only factors such th at 1 :s; s < r :s; n, then the 
fjrst determinant in the right hand side of (2), being the determinant of 
CAUCHY, may be written in the form 

IJ' (x,-xs) IJ' (Y,-Ys) _ X·y 
n 

-.,,-n----

IJ (Xr + Ys) IJ (x, + Ys) 
',s=1 "s=1 

The determinant Bt is equal to 1) 

X IJ' (Y,-Ys) 
'::t-t 

(-I)t (_l)n-1 _~--,::t-_t __ _ 

IJ (x, + Ys) 
',s=1 
s::t-t 

n n 
IJ (Yt + Xr) X Y IJ (Yt + x,) 

=(-I)t+n-l_
n
_X_,_Y_

IJ (x, + Ys) 

'=1 ,=1 
---=------=-----n---- - - ---'-n-:C-------

(_1)n-t IJ (Yt-Y,) q' (Yt) II (x,+Ys) 
',s=1 r=1 ~s=1 

'::t-t 
From (2) we find 

n 

A = __ X_·_Y __ ~ 1 - i 
n ~ t-I 

IJ(Yt + Xr) ~ 

(~:~Zt) q' (Yt) f 
IJ (x, + Ys) -

r,s=1 

which proves the theorem. 
In the applications we distinguish several cases. 

I. There exists one and only one number a with Y" = z". Then our 
formula re duces to 

n 
X· Y IJ (z,-Ys) 

s=1 
s::t- a 

I
x' +zs I 
x, + Ys - q' (Ya) ÎI (xr+Ys) 

r,s=l 
s::t-" 

since all other terms in the right hand side of (1) vanish. 

11. At least two numbers a and l' exist with Y" = z" and yr = Zr. 

Obviously we have th en I X r t Zs I = O. since this determinant has two 
Xr Ys 

equal columns. 

1) Confer for instanee. J. G. VAN DER CORPUT, Over eenige determinanten, Verh. 
Kon. Akad. v. Wetenseh., Amsterdam. H. 39 (1930). 
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111. For all s (s = 1, ... , n) we have y s =1= Z s. Since all y s are different, 
a polynomial cp (y) exists such that 

Zs = cp (Ys) (5 = 1, ...• n). 

Then (y, ~ '(I))' ( . (y, ~ Xn) is the residu of the function 
q y, y,-z, 

taken at the point y,. 
Let l7v ... , 17k denote the different roots of the equation y = cp (y) . 

We first suppose that these roots do not occur amongst the numbers 
-Xv ... , -Xn. Then the only singular points of F(y) are Y1' ... , yn, 
171' ... , 17k. All these points are different since y, =1= ys (r =1= s), and if we 
had y r = 17 s, we would obtain 

z, = cp (y,) = cp (l7s) = l7s = y" 

while we supposed yr '=1= Zr. By the residu theorem we obtain 

_ i (y,+XI) ... (y,+Xn) _ S (Y+XI)" ·(Y+Xn) 
'=1 (y,-z,)q' (y,) - '1,rD q(y}ly-cp(y)J ' 

wh ere S denotes the sum of the residues taken at 171' ... , 17k and 
'I, 00 

infinity. IE a root 17 of y = cp(y) occurs in the system -xv"" -Xn, then 
17 is no singular point of F(y). hence S has not necessarily to be extended 
over this 17. Still in this case we may extend S also over this 17, hence over 
all roots of y = cp (y), since the residu of F (y) in this non~singular point 17 
is equal to zero. This proves our 

Theorem 2. ff for all s (s = 1, ... , n) we have ys =1= zs, then 
n 

X· Y II (zs-Ys) ) 

I Xr + Zs 1= s=1 (1 + S (y + XI)'" (y + x n) , 
Xr + Ys ÎI (xr + Ys) '1,rD q (y) (y-cp (y)) 

r,s=1 

where S denotes the sum of the residues, taken at infinity and at all 
I'}, 00 

roots of y = cp (y) . 
We make same applicatians of theorem 2. 

I ctg (ar + bs) I = I ctg ar ctg bs-l I = I ctg ar-tg bs I ÎI ctg bs. 
ctg ar + ctg bs ctg ar + ctg bs s=1 

1 1 
Here xr=ctg ar; Yr=ctg br; Zr= -tg br=--, hence z=cp(y)=--. 

Yr Y 

Consequently the roots of y = cp (y) are i and - i. 
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By theorem 2 we obtain 

1 ctg (ar + bs) 1 = 
n 

II' (ctg ar-ctg as) II' (ctg br-ctg bs) II ctg bs (-tg bs-ctg bs) P 
s=1 

n 
II (ctg ar + ctg bs) 

r,s~l 

where 

P = 1 + S (y + ctg ad ... (y + ctg an) . 

I,-I,a> (y-ctg bI) ... (y-ctg bn) (y + ~) 

The residu at the point i is equal to 

R - i (dg al + i) ... (dg an + i) 
I - (i-ctg bI) ... (i-ctg bn) 2 i 

_ I (cos al + i sin al) ..• (cos an + i sin an) 
- T (_l)n (cos bl-i sin bI) ... (cos bn-i sin bn) 

ÎI sin br 

r=1 sin ar 

n n n sin b = t (-l)n I cos 2(ar + br) + i sin E (ar + br) I II _._r. 
r=1 r=1 r=1 sin ar 

Hence 

n n sinb 
P= 1-1 + (-I)n I cos 2(ar + br) I II _._r 

r=1 r=1 sin ar 

and af ter some reduction we find 

1 ( + b ) 1
- II' sin (ar-as) II' sin (br-bs) ~ ( + b ) 

ctg ar s - n cos ~ ar r· 
II sin (ar + bs) r=1 

r,s=1 

Herefrom follows further 

1 tg (ar + bs) I = I ctg ~ ( ~ -ar) + ( ~ -bs) ~ I 
_ II' sin (ar-as) II' sin (br-bs) ~ ~( + b)- ~~ - n cos ~ ar r n 2 . 

II cos (ar + bs) r=1 
r,s=1 

n 
The determinant 1 sin (ar + bs) 1 = 1 tg ar + tg bs 1 II cos ar cos br 

r=1 

vanishes for n > 2, since the first factor at the right hand side. being a 
determinant of the kind 1 Xr + ys 1 is equal to zero for n> 2. The same is 
valid for the determinant 1 cos (ar + bs) I. 

Theorem 2 enables us also to calculate the determinant 

I 
tg2 ar-tg2 bs I 1 

1 tg (ar + bs) tg (ar-bs) 1 = 2 2 b -n---
tg ar-ctg s II(-tg2bs} 

8=1 
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If we put 

1 
xr=tg2ar: Yr=-ctg2br: Zr=-tg2br: hence Zr=-(r=1. .... n}. 

Yr 

we obtain Z = cp(y) =!. Then the roots of y = q;(y) are r; = -+-1. 
Y 

Then 

X = lI' sin (ar + as) lI' sin (ar-as): y = lI' sin (b r + bs) D' sin (br-bs) 
n n 

and 

II cos2 (n-l) as II sin2 (n-l) bs 
s=1 s=1 

n 
n (_1)n> II cos (ar + b,) cos (ar-bs) 

r,s=l II (Xr + Ys) = ----'--'-"---n"---------

r,s= I II cos2n as sin2n bs 
s=1 

n 
n II cos 2 bs 

II( ) s=1 Zs-Ys = ----::-n-----
'=1 II sin2 bs cos2 bs 

s=1 

F ( ) _ Y (y + tg2 al) ... (y + tg2 an) 
y - (y2-1) (y + ctg2 bi)" • (y + ctg2 bn)' 

The residu of F(y) in the point 1 is equal to 

R - sin2 bl • •• sin2 bn h'l R _(-I)ncos2al ... cos2ansin2bl ... sin2bn 
1 - 2 2 2' wie -I - 2 2 b 2 b 1 2 cos al'" cos an cos I ... cos n cos al'" cos an 

and R CIC = - 1. F rom th eo rem 2 we infer af ter some reduction 

I tg (ar) + bs tg (ar-bs) 1= 
lI' I sin (ar+a~sin(ar-as}sin(br+bs}sin (br-bs) I ( ÎI cos 2 bs + (-I}n ÎI cos 2as). (3) 

s-I ,-I 2 II cos (ar + bs) cos (ar-b,) - -
r,s=1 

Replacing ar by ~ -ar (r = 1, ... , n), we find herefrom 

I ctg (ar + bs) ctg (ar-bs) 1= 
II'I sin(ar+as} sin(as-ar}sin(br+bs} sin (br-bs) I ( n n ) 

n /!. cos2b,+ 513
1 

COS 2 as • 
2 II sin (ar + bs) sin (ar-bs) 

r,s=1 

while 

I sin (ar + bs) sin (ar-bs) I = I cos 2 bs-;cos 2 ar I =0 for n > 2. 

hence 

I cos (ar + bs) cos (ar-bs) I = 0 for n > 2. 
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The determinant 

I sec (ar + bs) sec (ar-bs) I = / cos 2 ar ! cos 2 bs 

is a determinant of CAUCHY, which easily is found to be equal to 

n' I sin (ar + as) sin (ar-as) sin (b r + bs) sin (br-bs) I 
n 

n cos (ar + bs) cos (ar-bs) 
T,s=l 

Hence, replacing ar by ; -ar (r = 1, "" n), we get 

I cosec (ar + bs) cosec (ar-bs) I = 

n' I sin (ar + as) sin (as-ar) sin (b r + bs) sin (br-bs) I 
n 
n sin (ar + bs) sin (ar-bs) 

T,s=l 

Theorem 2 enables us to calculate the determinant 

by putting 
/ 

tg (ar + bs) I = I sin 2 ar + sin 2 bs I 
tg (ar-bs) sin 2 ar-sin 2 bs 

xr=sin2ar: Yr=-sin2br : zr=sin2b rr hence Zr=-Yr (r= 1",., nl· 
Here z = cp (y) = - y and the equation y = cp (y) has only one root 
r;=O. 

The residu in y = 0 of the function 

F( ) = (y + sin 2al)'" (y + sin 2an) 
y 2 y (y + sin 2 bi) .. , (y + sin 2 bn) 

is equal to 

R - sin2al· .. sin2an h 'l R 1 
0- , wie ",,= - y. 

2 sin 2b!,., sin 2bn 

Af ter substitution and reduction we find 

I 
tg (ar + bs) I = 
tg (ar- bs) 

n'l sin(ar-as}cos(ar+as)sin(bs-br)cos(bs+br} I 
n 

2 n sin (ar-bs) cos (ar + bs) 
r,s=1 

hence replacing ar by ; -ar and br by -br (r = 1, .. " n) we obtain 

/

ctg(ar+bs}1 = 
ctg(ar- bs} 

n' I sin (ar-as}ncos (ar + as) sin (br-bs) cos (b r +bs) I (s~ sin 2as + (-l}ns~ sin 2bs) 

2 n sin (ar + bs) cos {ar-bs} 
T,s=1 

Formulae (-4) and (5) mayalso be derived from (3) directly, 

(4) 

• (5) 
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To calculate the determinant 

I 
sin (ar + bs) I = I tg ar + tg bsl 
sin (ar - bs) tg ar - tg bs 

we put 

Xr=tgsr: Yr=-tgbr : zr=tgbr• hence zr=-Yr (r=l. •..• n). 

which gives Z = q;(y} = - y. The only root of y = q;(y) is 'YJ = O. 
The residu in y = 0 of the function 

F (y) - (y + tg al) ... (y + tg an) 
- 2 y (y + tg bd ... (y + tg bn) 

in y = 0 is equal to 

R - tg al ... tg an 
0- b • 2 tg I'" tg bn 

while Ra> = -t. 

Af ter substitution and reduction we find 

I 
sin (ar + bs) I = 
sin (ar - bs) 

n 
2n- 1 lI'l sin (ar-as) sin (bs-br) IIl

I 
cosarcosbr ( n n) 

n r- II tgar+ IJtgbr 
r=l r=1 II sin (ar-bs) 

r.s=1 

• (6) 

Hence. replacing ar by ~ -ar and b r by -br (r = 1. ...• n). we obtain 

I 
cos (ar + bs) I = 
cos(ar - bs} 

n 
2n-

1 lI'l sin (ar-as) sin (bs-br}l II cos ar cosbr ( n ) 

n r=1 1 + (-l}n IJ tg ar tg br 
r-I IJ cos (ar-bs) -

r.s=1 

Finally. replacing b r by -br (r = 1. .... n) in (7). we ob ta in 

I

sec(ar+bs} I = 
sec(ar- bs} 

n 

2n- 1 lI' I sin (ar-as) sin (br-bs) Ir!!; cos ar cos br (n ) 
= n 1 + IJ tg ar tg br 

r-I 
IJ cos (ar + bs) -

r,s=1 

and, by the same substitution in (6). 

I 
cosec (ar + bs) I = 
cosec (ar - bs) 

n 
2n-I II' I sin (ar-as) sin (br-bs) lil cos ar cos br ( n n) 

= n r-I lItgar+(-l}n IItgb r • 
II sin (ar + bs) r=1 r=1 

r,s=1 

• (7) 
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The value of the determinant 

t ar+ bs 

I 
s~n ar + s~n bs I = 9 2 
SIn ar - SIn bs ar - bs 

tg 2 

follows from (4) by replacing ar by ~ and b r by~ (r = 1. ... , n). 

The value of the determinant 

ar+bs 

1 

cos ar + cos bs I ctg --=-2-
cos ar - cos bs ar- bs 

ctg 2 

follows from (5) by the same substitutions. 
The value of the determinant 

I 
tg ar + tg bs I = I sin (ar + bs) I 
tg ar - tg bs sin (ar - bs) 

follows from (6)_ 
Finally 

I
ctgar+ct9bsl=(_I)nl tgar+tgbs I 
ctg ar - ctg bs tg ar - tg bs • 

I sec ar + sec bs 1= (-l)n I cos ar+cos bs I 
sec ar - sec bs cos ar -cos bs 

and 

I 
cosec ar + cosec bs I = (-l)n I s~n ar + s~n bs I_ 
cosec ar - cosec bs SIn ar - SIn bs 

Theorem 3. ff D p denotes the determinant, obtained by replacing in the 

determinant I ~ I of CAUCHY the elements of the kth column 
X r Ys 

(k = 1. . _ -, p) by I xr! Zk I, th en 
X r Yk 
p 

D p= s=1 I-Sp Y+XI --- y+xn , 
X· Y 1I (zs-Ys) ~ ( ) ( ) ~ 

ÎI (Xr + Ys) q (y) (y-cp (Y)) 
r,s=1 

where Sp denotes the sum of the residu es, taken at the points Yl> .. _, Y p-

Proof. 
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hence 

o o 

1 1 1 1 
D p= 1 XI+YI"'XI+YPXI+YP+l'" XI+Yn (8) 

1 1 1 1 
1 Xn+YI ... Xn+Yp Xn+Yp+l .•. Xn+yn 

The first factor in the right hand side of (8), if developed in terms of 
the first row, is found to be equal to 

I 
1 I P (-l)h I 1 1 1 _1:--1 +2" 1 ... + ... + x'+Ys h=IYh-Zh X'+YI x, Yh-IX,+Yh+l x, Yn 

__ X_,_Y __ + 1 (_l)h+n-I 

n ( ) h=1 Yh-Zh 
IJ X,+Ys 

',s=1 

n 
n (x,+ys) 

',s=1 
'*h s*h 

n x' y ~ 1 _ f (Yh ~ xd ... (~ + xnq 
IJ (x, + Ys) ~ h=1 q (Yh) (Yh Zh) ~ 

',s=1 

X, Y ~l-S (Y+XI) ... (Y+Xn)L 
II (x, + Ys) ~ p q (y}I y-q; (y) I ~ 

T,S:::l 

This proves theorem 3. 
Remark, IE the determinant D' p is obtained by replacing in the determi~ 

nant of CAUCHY the elements of the kth column (k = p + 1. ... , n) by 

X,+Zk (r = 1. ... , n), th en follows immediately from i( 8 ) 
X,+Yk 

I

x,+zsl 

Dp + D~ = I 1 I + x, + ys = 
p n X +Y n 
IJ (zs-Ys) IJ (zs-Ys) • , s IJ (zs-Ys) 
S=I s=p+1 s=1 

which is independant of p. 



Mathematics. - On the theory of simultaneous linear and quadratic 
representation. Part 111. By F. VAN DER BLIJ. (Communicated by 
Prof. J. G. VAN DER CORPUT.) 

(Communicated at the meeting of January 25, 1947.) 

§ 12. The ternary system. 

The number of solutions of the system 

~ + x~ + xi = n, ~ 
XI + X2 + X3 = m, ~ 

. . . . . . (12. 1) 

can be Eind by straightforward calculation. Using the results of § 4 we 
replace the system (12. 1) by 

3 (y: + y~) - (YI + Y2)2 = 3n - m2
• ~ 

YI + Y2 = m (mod 3). 
. . . . (12.2) 

Changing this system a little we consider 

Y: + YI Y2 + Y~ = t (3 n - m
2
) = N.l 

Y1 -Y2 = m (mod 3). ~ 
. (12.3) 

The number of solutions of the equation is (Vid. DICKSON [5]) 

6 d~ (~). 
Theorem 3. 
The number of solutions of the system (12. 1) equals 

( ~3) 6 Z if m = 0 (mod 3) and 
d i N 

3
d

V

I 
N (~3) ~ if m ~ 0 (mod 3). 

Using the results of § 5 we find that we may replace the system (12. 1) by 

z~ + 3 z~ = 4 N'l 
ZI = m (mod 3), .••.... (12.4) 
Z2 _ ZI (mod 2). 

It may be seen readily that in this way theorem 3 is proved ance more. 

§ 13. The system in five variables. 

LIOUVILLE has published many formulae concerning the representation 
of integers by quaternary quadratic forms. If we use some of his results 
it is quite easy to calculate the number of soIutions of the system 

x: + ~ + xi + x~ + x~ = n, 

+ + 
5n-m2=2N . .. (13.1) 

XI X2 X3 + X4 + Xs = m, 
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By abbreviation we shall write r(M) for the number of solutions of 

(13.2) 

and e (M) for the number of solutions of 

xl + y2 + Z2 + 5 t2 = M. . . . . . (13. 3) 

Further we use the following trivial identity 

i 15(x~+~+xi+~+x~) - (XI +x2+x3+x .. +xs)21 = 
= y~+5(y~+y;+y!): . . (13. i) 

wh ere 

Y1 = i XI - X2 - X3 - X .. - XS· l 
Y2 = X2 + X3 - X .. - Xs. • • • . (13.5) 
Y3 = X2 - X3 + x .. - Xs. 

y .. = X2- X3- X .. + X S' 

Now it may be seen readily that the number of solutions of the system 
(13. 1) equals the number of those of 

y~ + 5 (y~ + Y; + Y!) = 8 N . . . (13.6) 
whïch satisfy the congruences 

Y1 = Y2 = Y3 = Y .. 
- YI + Y2 + Y3 + Y .. = 0 

Y1=m 

(mod 2).! 
(mod i). • . . (13.7) 

(mod 5). 

It is quite obvious th at the first congruence is satisfied byeach solution. 
If Y1. Y2. Y3 and Y4 are all even. they satisfy the second congruence. if they 
are all odd. one of each pair of solutions satisfies this congruence. So we 
deduce th at the number of solutions of (13. 1) equals. if m = 0 (mod 5) 

t r ( 8N) + t r (2N) ; 

and if m ~ 0 (mod 5) it equals 

i r(8N) + i r(2N). 

First we suppose m to be divisible by 5. 
Then we write N = 2a5.6 N(). with f3 > 0 and (No. 10) = 1. 
Using r(5M) = e(M) and the formulae of LIOUVILLE [8] we find 

r (2 N) = e (2"'+1 5.8-1 No) = 
=! ~ 5j3+(-1)"'+1 (No) ~ 12"'+2-(-1)"'+151 No .E (~)!. 

3 ( 5 ~ diNo 5 d 
(13.8) 

At last we find that the nu mb er of solutions equals 

(13. 9) 

12 
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If mand N are nat divisible by 5 we have 

r (M) = t e (M). . . . . . . (13. 10) 

Thus the number af salutions is 

Sa we praved the 

Theorem 4. 
The number of solutions of the system (13. 1) equals 

5 A N d7N ( ~) ~, 
where 

A = 1 if N ~ 0 (mad 5) 
and 

if 

§ 14. Once more some ternary systems. 

• (13. 11) 

We cansider some special va lues of SI' s2 and S3 such that the number 
af salutions of the system 

SI ~ + S2 ~ + S3 X; = n, ~ 
SI XI + S2 X2 + S3 X3 = m, ~ 

can be found by a straightfarward calculation. 

. . . • . (14. 1) 

First we deduce the formulae according to the theory of § 4. We replace 
the system by 

(s\ +S2 +S3) (s\ Yî+S2Y~)-(SI YI +S2Y2)2=(SI + 52 +S3) n - m2
, ~. (14.2) 

5) YI + S2 Y2 = m (mod SI + 52 + S3)' ~ 
Replacing Y2 by - Y2 and calculating we find 

SI (S2 +S3) Yî+ 2s1 S2YI Y2 +S2(S\ +S3) y~=(s\ + S2 +S3) n - m2
, ~ 

SI YI - 52 Y2 = m (mod S\ + S2 + S3)' 
. (14.3) 

IE we suppase SI -< S2 -< S3. the quadratic form af (14. 3) is a reduced 
one. with the usial definition af reduced quadratic forms. 

The determinant af this form equals "',182S3(81 + S2 + S3)' 

Now we con si der same examples. First we chose SI = S2 = 1. S3 = v. 
We get 

(v + 1) Yî + 2 YI Yl + (v + 1) Y; = (v + 2) n - m2• (with det. v (v + 2)) 

YI - Y2 _ m (mad (v + 2)). 

IE we take v = 1. 2. 3, 5. 6, 9 e.g. it is quite easy ta calculate the number 
of solutians; using the well~known theory about the representation of 
integers by binary quadratic forms. 
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Further we take Sl = I, S2 = S3 = v, thus we get 

2 v Y; + 2 V y, Y2 + V (v + 1) y~ = (2 v + 1) n - m2, (with det. (2 v + 1) '112) 

YI - V Y2 = m (mod 2 v + 1); 

we may write this 
_ 2 

2 Y; + 2 YI Y2 + (v + 1) y~ = 2 n + n m, (with det. 2 v + 1) 
v 

YI - V Y2 = m (mod 2 v + 1). 

If we take v = 1,2,3,5,6,9 e.g. we are able to calculate the asked number. 
At last we chose Sl = I, S2 = 2, S3 = 3 and we obtain 

5 Yî + -4 YI 92 + 8 y~ = 6 n - m2, YI - 2 Y2 = m (mod 6). 

§ 15. Once more some ternary systems (2). 

Now we treat the system oE the preceding paragraph with the method 
oE § 5. In five in stances we express the number oE solutions in a Einite 
sum, using the symbol oE JACOBI Erom the theory oE quadratic residues. We 
deduce the Eormulae: 

( '+ Sl)( ) xl+ (52S3 ) y2=n- m2+,. (15.1) 
SI, 52 +S3 S2+S3 S2+S3 SI + S2 S3 

X = m (mod SI + S2 + S3)' S3 Y = x (mod S2 + S3)' 
iE we chose 

SI = v, S2 = S3 = 1; I SI = S2 = 1, S3 = ,.: 
we obtain 

,.x2+ ('11+ 2) y2=2I(v+ 2)n-m21. 
x = m (mod v + 2), 

x 2+v(v+2)y2=(V+ 1) l(v+2)n-m21, 
x= m (mod v + 2), 

x= Y (mod 2). x - v y (mod v + 1). 

First we take v = 2, thus 

x 2 + 2y2 = 4n-m2; 

x m (mod 4), x y (mod 2). 

Dividing the number oE solutions iE m is odd by 2 we may omit the 
congruences. Introducing 4n-m2 = 2aN o where (No, 2) = 1 and El = 1 
if m - 0(2) and El = t iE m 1 (2) we Eind: 

Theorem 5a. The number of solutions of the system (14. 1) with 

SI = S2 = I, s3 = 2 i~ 

2EI :E ( d
2

). 
dl No 

AEter this we consider v = 3, so we get 

3x2 + 5y2 = 2{5n - m2} = 4.N, 

x m (mod 5), x - y (mod 2). 
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Let E2 = 1 if m N = 0 (mod 5) and E2 = t if mand N are not 
divisible by 5. further let 4.N = 2Cl3tl5Y No so a :> 2. (No. 30) = 1. 

Theorem Sb. The number of the solutions of the system (14.. 1) with 

Sl = S2 = 1. S3 = 3 is 

Now we chose 

SI = S2 = V. S3 = 1. I SI = 1, S2 = S3 = ". 

Thus we obtain 

"xl V y2 (2v+ l)n-m2 

(2,,+I)(v+1)+v+l= (2v+l) ; 
,,2 x 2 . ,,2 y2 (2 v + 1) n - m2 

-=-:-=----:-':'7 + - - . 
2,,(2v+ 1) 2v - 2v+ 1 • 

x= m(mod 2v+ I). y=x(mod,,+ I). vx=m(mod2v+ 1). y=x(mod2). 

We simplify these formulae 

,,+ 1 
xl+(2v+ 1)y2=-1(2"+ l)n-m2j; 

" 
x 2 +(2v+ 1)y2=~ I (2v+ l)n-m2 1: 

v 

x= m(mod2,,+ I). y=x(mod,,+ 1). "x=m(mod2v+ I). y=x(mod2). 

First we put v = 2. 

x 2 + 5y2 = 5n-m2 = 2N. 2x m (mod 5). 

Let E3 = 1 if m 0(5) and E3 = t if m ~ 0(5). N = 2ClStlNo with 
(No. 10) = 1. 

Theorem Sc. The number of solutions of the system (14.. 1) with 

Sl = 1. S2 = S3 = 2 is 

Now we take v = 3 and let E4 = 1 if m 0(7) and E4 = t if m:;ïé 0(7). 

Theorem Sd. The number of solutions of the system (14.. 1) with 

Sl = 1. S2 = E,; = 3 is. if 7n-m2 = 6N. 

(N = 7« No. (No. 7) = I) 

At last we consider once more Sl = 3. S2 = 2. S3 = 1. The equation 
becomes 

x 2 + 4.y2 = 6n-m2 = N. 

accompagnied with the congruences 

x m (mod 6). 

y x (mod 3). 

Let now N = 2ClN o with odd No and E5 = 4. if m _ 0(6); E5 = 2 if 
m 3 (6) and E5 = 1 if m ± 2 ( 6) and E5 = t if (m. 6) = 1. 
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Theorem Se. The number of the solutions of the system (14. I) with 
SI = 3, S2 = 2, sa = 1 is 

ES ~ ( dl). 
diNo 

There could be given many other examples. 

§ 16. A quaternary system. 
We consider the system (6.1) with r = 4. For example we will calculate 

the number of solutions of this system if Sl = 9, S2 = Sa = S4 = 1. So we 
con si der 

9 xi + x~ + X; + ~ = n, ~ . . • • • (16. 1) 
9 XI + X2 + X3 + X4 = m. ~ 

We restrict us to those m which are divisible by 3. We replace this system 
by 

12 (9 xi + xi + x~ + x~) - (9 XI + X2 + X2 + X4)2 = 12 n - m
2

, l. (16. 2) 
9 XI + X2 + X3 + X4 = m. ~ 

The quadratic equation of (16. 2) can be written 

3(3xI -X2-X3-X4)2+2(2x2-X3-X4)2 + 6 (X3-X4)2 = 12n-m2• (16.3) 

The number of solutions of the system (16. 1) equals the nu mb er of those 
solutions of 

3 ui + 2 u~ + 6 u~ = 12 n - m2
,. • • • • (16. of) 

to which we can find rational integers Xl' X2' Xa. X4 satisfying 

9 XI + X2 + X3 + X .. = m, 

3 XI -X2 -X3-X4=- UI' 

2 X2 - X3 - X4 = - U2, 

X3- X 4=-U3' 

We rep la ce this by the congruences 

m = u.(12); UI = U2 (3); U2 = U3 (2). • . . (16. S) 

We deduce from (16.4) U1 m(2) so u~ m2 (4) and U2 = Ua (2) 
and 3u~ + m2 12n (8). If m is even. n must be even. else there are no 
solutions. so we get m u1 (4). If mand nare odd we know that either 
m U1 (4) or m - U1 (4). Of each two solutions -+- Ulo U2. Ua. U4 one 
satisfies the congruence. At last we regard the influence of the remaining 
congruence restriction U1 U2 - m (mod 3). wh ere we must not forget 
that the sign of U1 can be prescribed. 

The equation (16. 4) can be written as 

(U1 + U2 + ua)2 + (UI-U2 + ua)2 + (Ul-2ua}2 = 12n-m2 • 

Now we research the equation 

vi + v~ + v;= 12 n-m2
,. • • • • • (16.6) 
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with the restrictions 

VI + V2 + V3 = 3 m (mod 9), ~ . . . . . (16.7) 
VI - V2 = 2 m (mod 6). ~ 

Prom vi + V~ + v~ + m2 0(4) we deduce Vl V2 V3 - m(2). 
Now we replace (16.7), m being divisible by 3, by Vl + V2 + V3 - 0(9). 
Vl V2 (3). 

Let now first Vl V2 - V3 - 0 (mod 3). These are the solutions of 

w~ + w~ + wi = t (12 n-m2
) = N, . . . . (16.8) 

satisfying 

(16.9) 

IE N - 1 (mod 3) such solu tions of (16. 8) don' t exist. 
IE N 2 (mod 3) two of each couple Wl, -l- W2, -l- W3 satisfy (16.9). 
If N 0 (mod 3) the number of solutions of (16. 8) satisfying (16. 9) 
equals iA3(N) + !A3 ( tN), if A3 (.6.) denote the nu mb er of represen
tations of .6. as a sum of three squares. 

Now we consider the solutions with Vl V2 - V3 1 (mod 3), that is 
to say those solutions of 

3 

:E v~=12n-m2, 
i=1 

• . . . (16.10) 

vi =1 (3) 

which satisfy Vl + V2 + V3 0 (mod 9). Let now VI = 3Wi + 1 th en 

:E Vi = 3 (.2' Wi) + 3 and :E v~ = 6 (:E Wi) + 3 (mod 9). 

IE n 2 (mod 3) we have 12 n - m2 6(9) and .I Vi 2 - 6(9) so 
~ VI 0(9). 

Then the asked number equals the number of representations of 
4 n - t m2 - 1 as a sum of three (generalized) octagon-numbers. This 
number A~ (4 n -tm2 - 1) has been calculated by STREEFKERK [15], and 
we will calculate it in part V, too. IE n ~ 2 (3) there are no solutions of 
(16.1 0) satisfying the congruence. 

The solutions with Vl V2 V3 - 2 (mod 3) can be treated on the 
analogy of the solutions with Vl _ V2 _ V3 1 (mod 3). 

Summary. Theorem 6. 

The number of solutions of the system (16. 1) equals, if n m 0 
(mod 2) and 

n = 1 (mod 3) : O. 
n = 2 (mod 3) : 2 A~ (4 n - t m2 - 1). 
n = 0 (mod 3) N = 1 (mod 3) : 0 ... (9 N = 12 n - m2

). 

N = 2 (mod 3) : t A3 (N). 
N = ± 3 (mod 9) : t A3 (N). 
N _ 0 (mod 9) : t A3 (N) + ï A3 (t N). 

lf n m - 1 (mod 2) we must divide these numbers by 2. 



Mathematics. - Homogeneous Approximations. By P. MULLENDER. (Com~ 
municated by Prof. J. G. VAN DER CORPUT.) 

(Communicated at the meeting of January 25, 1947.) 

Introduction. Let n be a positive integer greater than 1 and 

(k = 1, .... n) • · (1) 

a system of n linear forms with variables zand coefficients a satisfying the 
condition 

all' •• al n 

f::,= ..... . +0 T . • (2) 
ani • •• ann 

In this note I consider a few inequalities, which can be constructed with 
these forms, La. 

• (3) 

and 

· (4) 

The problem is: For what values of the constants (here A and B) have 
these inequalities by arbitrarily chosen coefficients a an infinity of solutions 
in integral values of the variables z, or (e.g. in the case of the second 
inequality) only one solution in integral values not all heing zero. Those 
values of the constants I call allowed. If in the examples given here an 
allowed value has been found, it is c1ear that all lesser values of the 
constant in question are allowed too. So the problem is completely solved 
when the upper limit of all allowed va lues has been determined. 

It is possible to approach the solution of the problem from two sides: 
A. Bij seeking allowed values of the constants. Then the upper limit 

must be greater. 
B. By seeking non~allowed values. Then the upper limit of the allowed 

values must he smaller. 
The "Geometry of numbers" which has been introduced by MINKOWSKI 

is mainly directed to solving question A. In my dissertation 1) I have 
examined results that can be obtained hy this methad. In the first part of 
this note I give a summary of these. The second part is devoted to the 
answering of question B for some special problems of approximation. 
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As will be known, there are various interpretations possible of the above 
stated problems of approximation. lam going to consider here the following 
cases: 

1. The coefficients a are to be real numbers and the variables z rationaI 
integers. Sometimes in this case complex coefficients are also admitted, but 
then the forms in which those coefficients occur are supposed to appear in 
conjugate imaginary pairs. 

2. The coefficients may be arbitrarily complex and the variables must 
be integers of a complex algebraic quadratic field K (i V m) (m is a positive 
quadratfrei integer). 

In the first case we may speak of "real approximations" and in the 
second of "complex approximations". In order to treat these cases together 
I put w = 1 in the real and w = i Vm in the complex case. Then we can 
say in both cases that the variables are to be integers of the field K (w) • 

First Part (Allowed Values). 

§ 1. In his "Geometrie der Zahlen" MINKOWSKI deduced from his famous 
theorem about lattice~points in convex continua a number of results on 
approximations. BLICHFELDT 2) improved these results in two cases, the 
first concerning the simultaneous approximation of n-l real numbers by 
n - 1 rational fractions with common divisor and the second concerning 
the inequality (-4) with a = 2. 

In the first case BLICHFELDT useda generalization of MINKOWSKI' s 
theorem. KOKSMA and MEULENBELD 3) applied the same ideas to several 
analogous real and complex problems of approximation. It appears however 
to be possible to simplify their arguments in several points. In the present 
dissertation I have carried through these simplifications, by which I have 
been ab Ie to extend the results of KOKSMA and MEULENBELD ,especially 
in the complex case. 

BLICHFELDT clemonstrated the other amelioration of MINKOWSKI's results 
by a further generalization of the theorem of MINKOWSKI. REMAK 4) put 
the argument of BLICHFELDT in an arithmetical form and VAN DER CORPUT 
and SCHAAKE 5) extended the result to the case a > 2. Besides the last two 
admitted conjugate complex forms. In my dissertation I have treated the 
pure complex analogy. 

§ 2. Let a be a positive number and pand q positive integers such that 
p + q = n. Let further be 

2q 
p+q p+q I 

A* - q (p+q)-a J(l-X)~ X~-I + .e.J(l-X)-!- dx p,q,a--;; p q a x 
(2p)a (2q)a 0 p+q 

2p 

for p?' q, 

Ap,q,a = A;,q,a for p:;'- q and Ap,q,a = A~,p,a for p oe::: q. 



175 

If w = 1. I define: 

é6J) = e(l) = 2P+q) ! r( 1 + ~ ) IP+' . Ap, .!a 
r 1+- 1+-p.q.a p,q.a (p) r ( q) .. 

(J (J 

and 

r(6J) - r(l) = 2p+q • Ap q I • p,q - P.q , , 

If w = iVm: 

) ~ ( 2) ~p+q r ~(p+q) r 1 +- 2 

é'~) =élVm)= (~)2 . 2p+q. (J • A a 
p.q.a p.q,a -4'/m ( 2 P) ( 2 q ) P.q'2 

r r 1+- r 1+-
(J (J 

and 

( 

nl )p;q 
rÄ)q = r~.~m) = -4 ym . 2p+q • (Ap.q.i)i 

with l = : 1 if m ~ 3 mod. 4 and l = 2 if m 3 mod. 4. 
I finally call (Zb .... Zn) a "lattice~point in R~ IJ if Z1 • .... Zn are integers 

of K(w). 
Now I have demonstrated the following two theorems: 

Theorem 1. 1f (J ~ 1. then 

a. to every given t > 0 there exists at least one lattice~point 

(Zb " ' 1 Zn) =j:- (0 ..... 0) in R'~) satisfying the inequalities 

with 

{J. to every given E > 0 there exist an infinity of lattice~points 

(Z1 • .... Zn) in R~6J) satisfying 

PP.Qq~~ and Q<e. 
- (w) 

!!p,q,a 

Theorem 2. 

a. To every given t > 0 there exists at least one lattice~point 

(Z1 • .... Zn) =j:- (0 ..... 0) in R~) satisfying the inequalities 

I 

Q ~ ~ p ~ 2 ~ t
q 
I ~ I ~p and pp • Qq ~ 1.M - t' - (Ol) - (Ol) r P.q r P.q 
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with 

{J. Ta every givE'n e > 0 th ere exist an infinity af lattice~paints 

( ) • R(OI) t' f . Z 1> •••• Zn m n sa IS ymg 

pP • Qq -== I ~ land Q < I. 
"P.q 

Rem ark s. 
1. In both theorems {J is a corollary of a. 
2. If we replace A p • q. a by 

p+q A _(p+q)-a 
p.q.a - P q 

(2p)~ (2q)a 

r(I+~)r(l+;) 
r(1 +p~q) 

we find the results that would have been obtained by using the non~ 
generalized theorem of MINKOWSKI. 

3. If A~) indicates the upper limit of all allowed values of A in the 
inequality (3). then theorem 1 imp lies 

A (OJ) =:: pP qq n(OJ) (5) 
n - "'p.q,I········· 

This result is best if p = n - 1 : 

A~)=-(n-l)n-le~~I.I.I>:~~I+(n n 2r+l

• (n-l)(n~l)(n+2)~ (6) 

and 

AiV(m) ==- (n-l)n-l e(iVm) > ~ 

>n[(~)n . 2n n2:-i'~·1 (n_2)2n+1. (2n-l)2 . n2 ~ J1 (7) 
4 ym (2n)/ (+ n n-I (n+l)(2n+I)~' 

4. Theorem 1 with a = 1 had been proved already for w = 1 (the real 
case) by KOKSMA and MEULENBELD. 

5. It is possible to deduce from theorem 2 by a special choice of the 
coefficients of Ll' .... Ln: 

There exist an infinity af lattice~paints (Xl ..... Xp. Yl ..... yq) in Rt~q 
satisfying the inequalities 

and 

(j = 1. ...• q) 
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with arbitrarily gillen coefficients a and 

t 

C=(r~)q)q . 

If we speak of allowed values of C in the same way as we have done 
above with reference to the constants in the inequality (3), and if we 
denote the upper limit of those allowed values by Ow) , we can also say p,q 

t 

C(w) :=:: (r lw) )ïi 
p,q - p,q •• . (8) 

This includes the results of BLlCHFELDT and KOKSMA-MEULENBELD. 

about the simultaneous approximation by rational *) fractions (p = 1) as 
well as the results of the last two about the approximation of zero by a 
linear form (q = 1). 

6. In an article, published a few months ago, a very interesting study 
of the method of BLICHFELDT was given by MORDELL. He stated a few 
simp Ie theorems in which the fundamental idea of BUCHFELDT was 
incorporated. In applying these theorems to different inequalities he not 
only proved more general results than KOKSMA and MEULENBELD, but also 
other results, e.g. concerning the inequalities (4) with 0 < a < 1 and 

n r 

IILt ... Lr 1-== k I l::. In. 
(r) 

where the summation refers to the combinations of Ll' ... , Ln taken r at a 
time. The results of MORDELL however, though more general than the 
results of KOKSMA and MEULENBELD, provided no improvement of these. 
MORDELL only considered the real case. 

§ 3. I suppose there are now among the forms Ll' ... , Ln spairs with 
conjugate complex coefficients and r = n - 2s with rea I coefficients. Let 
Bn,s'rJ be the upper limit of the values of B in the inequality (4) allowed 
in this case. Then VAN DER OORPUT and SCHAAKE proved: 

Theorem 3. 

I myself have treated the case in which all the forms Lv ... , Ln may 
have arbitrarily complex coefficients, in which case the variables are to 
be integers of K(iVm). Let B(iVm)indicate the upper limit of the values of 

n,~ 

B in the inequality (4) allowed in that case. Then I have shown 

*) Rational relative to K(w). 
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Theorem ~. 

l~ ( 2)~nr .!!.... r 1 +- n 

B(lVm) ~ 2 (~) 2 CJ 

n.a a iym (2n) (1 + 2CJnyn r 1 +---;-
for CJ~ 2. 

Rem ark s. 
7. Theorem 3 is for 2 < 0 ~ n an amelioration of the result of 

MINKOWSKI: 

for CJ ~ 1.. . (9) 

The complex analogy of this result of MINKOWSKI is 

.'!. r 1 + - 2n l~ ( 2) ~nr B~.~m) =- ( n/_ ) 2 CJ 

i 1 m r (1 + 2CJn) 
for CJ =- 1. . . (l0) 

For 2 < 0 < 2n the limit given in theorem 4 is higher than that given 
here. 

8. From theorem 3 may he deduced 

n 

(nn)2 
A~' 'Co (2 )........ (11) 

- r 2+ ~ 

and in the same way from theorem 4 

n 

A(iVm) === (~)2 ~ (2 n)n ti 
n - il"m ?(n+l)/~' ..... (12) 

For n ~ 39 (11) gives a higher limit than (6) and for n ~ 3 (12) a higher 
limit than (7). 

9. It is also possihle to deduce from the theorems 3 and 4 a partial 
amelioration of theorem 1: 

IE 0 ~ 2. one may replace A p , q,a in theorem 1 hy 

p+q r(l +E-) r(l +!l.) 
_ _ (p + q) a CJ CJ 

Ap. q.a - !!. I{ (p + q) 
pa qa r 2+-

0
-
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or 

p+q 
2-"- _ 

.A = A p,q," p + q p,q,'" 
1+--

a 

This result is only better than that of theorem 1 if p + q is sufficiently 
greater than a. 

10. From the theorems mentioned in which the parameter a occurs it is 
easy to deduce results for the case 0 < a < 1 or 0 < a < 2 by using the 
inequality 

with non~negative G 1 , ... , GI and 'r ~ 1. These results are in some cases 
bet ter than the results already found. 

Second Part (Non~allQwed values). 

§ 4. In my dissertation I have introduced the following system of 
inequalities 

X=max(/xl/ ••••• /xp/)===--l 

and 

(j = 1. ...• q) 

with arbitrarily given coefficients a. As I have remarked already (§ 2) this 
system includes the simultaneous approximation by rational fractions 
(p = 1) as well as the approximation of zero by a single linear form 
(q = 1 ). The question is now to determine non~allowed values of the 
constant C. 

FURTWÄNGLER 7) demonstrated 

I 

q~)q -= (Dq+l )2q • (13) 

in which D H1 indicates the minimum of the absolute values of the 
discriminants of all real algebraic fjelds of degree q + 1 relative to K (1). 

HOFREITER 8) proved a complex analogy which only holds good for 
simple .) fields K (i Vm): 

I 

C (lVm) == (D(lVm))2 q 
I,q - q+l • • (14) 

in which D~~r:z) indicates the minimum of the absolute values of the 
discriminants of all algebraic fields of degree q + 1 relative to K (i V m) . 

• ) A simp Ie field is a field in which factorization in prime numbers is unambignuous. 
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These results concern only the case p = I, which is the simultaneous 
approximation by rational fractions. A general result concerning the 
approximation by a single linear form (q = 1) has not yet been found. 
Here I restrict myself to the case q = 11, P = 2. I will demonstrate 

and in the case of a sim ple field K (i Vm) 

C(iVm) == (D(iVm)t 
2,1 - 3 • 

· (15) 

(16) 

Since according to FURTWÄNGLER D3 = 23, this implies C~)I ;;;; 23. , 

§ 5. I suppose n = 3, so I consider the form 

Lk = aki ZI + ak2 Z2 + ak3 Z3 

with coefficients a satisfying the condition 

all a12 813 

(k = 1, 2,3) 

b. = B21 a22 a23 =f 0, 

and the inequality 

(17) 

• (18) 

· (19) 

I suppose th at in the real case L1 has real coefficients and L2 and L3 are 
either realor form a conjugate complex pair. Then the following general 
theorem is true: 

Theorem S ... ) IfC is not an allo wed v81ue of A in the inequ8lity (19), 
then 

Ctw) == C 2,1- • 

First I prove that this theorem implies (15) and (16). 
Let 811, 812, 813 in the real case be the base of a real algebraic field of 

degree 3 relative to K (1) and 821, 822. 823 and 8310 832. 833 the conjugate 
bases of the conjugate fields. Then 

wh ere D is the discriminant of the field. 
If Z10 Z2 and Z3 are integers of K (1) not all zero. then 

all ZI + 8)2 Z2 + al3 Z3 

*) This theorem holds goed in the complex case for any field K(i Vm) whether simple 
or not. 
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is an integer of the field and 

I norm (all ZI + al2 Z2 + al3 Z3) I ==- 1. 

That means here: For any lattice~point (Zl' Z2' Z3) =j:- (0, 0,0) 
following inequality is true 

I LI L 2 L3 1 ==- Ilv~11 . 

of R(I~ the 
3 

This implies VD is not an allowed value of A and so according to 
theorem 5 : C~1)1 :s; D. Since the field is chosen arbitrarily, this implies (15). 

According 'to HOFREITER an algebraic field of degr,ee n relative to 
K (i V m) always has a base if K (i V m) is simpIe. That means, there are 
in the field numbers WI, ... , Wn such that all numbers of the field are 
represented by 

a = UI WJ + ... + Un W n 

with numbers Uv "', Un of K (i V m), a being an integer of the field jf 

Ul, "', Un are all integers of K(iVm). HOFREITER has further proved that 
the norm of an integer of the field relative to K (i V m) is an integer of 
K(iVm) and consequently in ahsolute value at least 1. So the same 
argument as in the real case is valid here and theorem 5 also implies (16). 

§ 6. Proof of theorem 5. I may restrict myself to the real case, because 
in the complex case exactly the same argument can be used as in the real 
OD'e if in the real case all coefficients a are taken real too. 

a. I suppose C is not an allowed value of A in (19). That means 

(20) 

has only a finite number of solutions. Then it is dear that none of the 
coefficients a can be zero. I put 

~!! -_ al d BJ2 an -=a2' 
al3 au 

IE C' < q1l
1 

' then there exist an infinity of solutions in integers Zl' z2 and 
za of K ( 1) .) of the inequality 

1 
al ZJ + a2 Z2 + Z3 < C' X 2 

with 

X= max (I ZJ, I, I Z2 D ==- 1 

Among those solutions th ere is certainly one with arbitrarily large X which 
is not a solution of (20). Let Zl, Z2. Z3 be such a solution. then I put 

{) 
aJ ZJ + a2 Z2 + Z3 = C' X2 

.) K(i l/.m) in the complex case. 
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with -1 < {} < 1. Now 

{} all ZI + a12 Z2 

Z3 = C'X2 - 813 

Let further be Zl = {}1 X and Z2 = {}2 X with ! {}1 ! :s; 1 and ! {}2! :s; 1 and 

821 a13 - a23 all = b21 • a22 a13 - 823 al2 = b22• 

831 813 - a33 811 = b3t • a32 a13 - 833 au = b32• 

Since Z10 Z2, Z3 do not form a solution of (20) and X is arbitrarily large. 

lM ~ I L L L I < I {}t b2t + t~2 b22 1 • 1 {}t b3t + {}2 b32 1 + t 
C - t 2 3 I 8131 • C' 

with arbitrarily small positive e. 
The number of solutions of (20) does not change if one column of the 

determinant (18) multiplied by an integer of K (1) *) is added to another. 
I now assert that 

in this way it is possible to transform the determinant so as to make 
valid the inequality 

I {}t b2t + {}2 b22 1 • 1 {}I b31 + {}2 b32 1 < 1.61 (1 + e') 

I al31 

with arbitrarily small positive e', wathever the values of {}1 and {}2 may beo 
Af ter that transformation the argument remains true. So 

I ~ I < I ~,I (1 + t') + e 

*) K(i Vm) in the complex case. 
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or C' ;;;;; c. This holds good for any C' < C~)I . Consequently also C~,)I :;;; C. 
(J. Now the above stated assertion remains to he proved. I put 

a2\ al2 - a22 all = b2 and a31 a12- a'2 all = b3 

and I transform the determinant (18) in the foIIowing way 

a)1 =ajl + kaj2 , a)2=aj2 , a)3=aj3 + laj2 

wh ere k and 1 are integers of K ( 1 ). Then (j = 2, 3) 

b)1 = a)1 aI3-a)3 a~1 = 

u= 1, 2, 3) 

= (ajl + k aj2) (al3 + I ad - (aj3 + 1 aj2) (all + k 8\2) = 
= bjl + kbj2 + Ibj. 

b)2 = a)2 al3 - 8)3 a~2 = 

= aj2 (a13 + la\2)-(aj3 + laj2) a\2 = 
= bj2 

b) = a)1 al2 - a)2 al'l = 
= (ajl + k8j2) al2-aj2 (all + kad = 

=bj. 

F irst Case .). (All coefficients a are reai.) 
As will be known, it is possible to find an infinity of integers k and 1 of 

K ( 1 ), for which 

is arbitrarily smaII. If 

for those va lues of k and 1 (29) always were to be smaller than a given 
number, k and 1 would also have to be limited, since 

I 
b32 b31 = al2 . 6. =f O. • • • • • • • (23) 
b22 b2 

That is not possihle. In other words k and 1 may be chosen so as to make 
(22) arbitrarily large and (21) arbitrarily smal!. Then I b' 21 I will also 
get arbitrarily large whereas the difference between b' 31 and b31 will 
become arbitrarily smaII. 

In the same manner the determinant may be transformed by a second 
transformation 

u= I, 2.3) 

so as to make 

.) This case corresponds with the complex case. 

13 
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arbitrarily large and the difference between b" 22 and b22 = b' 22, which is 

arbitrarily small. Since the second transformation leaves b' 21 and b' 31 

unchanged, this imp lies 

with arbitrarily large positive A. Consequently 

( 1 +~)2 
< 1 bH bH bH bH 1 A < 21 32- 22 31 1 

1- A2 

< 1 b~1 b32 - b~2 b31 1 (1 + e'1. 

with arbitrarily small positive e". Since 

this imp lies the assertion. 

Second Case. (Not all coefficients a are reai.) 

In this case I take as second transformation: 

where m is an integer of K (1). Then (j = 2, 3) 

(j= 1, 2. 3) 

bll = bil = bjl + kbj2 + Lbj , bl2 = bi2 + mbi = b)2 + mb). 

Since a2j and a3j (j = 1, 2, 3) are conjugate complex numbers and au 
real, also b2j and b3j (j = 1, 2) and b2 and b3 are conjugate complex 
numbers. This remains the case af ter the transformation. 

Suppose 

with real P1' P2, q1 and q2' Then 

b31 = PI - i ql and b32 = P2 - i q2' • • • • • (25) 

Now 

1-&1 b~1 + -&2 b~21 . 1 &1 b31 + -&2 b32 1 = 
= (-&1 PI + -&2 P2)2 + (&1 ql + -&2 q2)2 = 
= 1-&1 PI - -&2 ql + -&2 (P2 + qd j2 + 1-&1 ql + -&2 PI - -&2 (PI - q2)12 
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and 

I a;'3 61 = 1 b~1 b32 - b~2 bll 1 = 
=2!PI q2-P2 qll = 

= 21 p~ + qi -PI (PI-Q2)-q\ (P2 + ql)l· 

The assertion is true if it proves to be possible to chose k, 1 and m so as 
to make Pl, ql or Pl and ql arbitrarily large whereas P2 + ql and Pl - q2 
remain limit ed. 

Prom (24) and (25) we get 

2 PI = (b2\ + b31 ) + k (b22 + b32) + 1 (b2 + b3) 
2 ql = i (b31 - b2\) + ki (b32 - b22) + 1 i (b3 - b2) 

2 (P\-q2) = (b21 +b31 )+ i (b22-bn)+ k(b22 + bd + 1(b2+ b3)+ mi(b2-b3) 

2(P2 + Q\)=(b22 +bd + i(b31-b21 ) + ki(b32-bd + li(b,-b2)+ m(b2 + b3) 

There are an infinity of integers k, I, m, for which both forms 

I k (b22 + bn) + 1 (b2 + b3) + mi (b2-b3) I. 
I ki (b32-bn) + li (b3-b2) + m (b2 + b,)1 

are arbitrarily smalI, as both forms have real coefficients. If both forms 

Ik (b22 + bd + 1 (b2 + b3) 1 

1 ki (b32 - bn) + 1 i (b3 - b2) 1 

for those values of k, 1 and m always were to be smaller than a given 
number, k, 1 and m would also have to be limited. Por either 

(b22 + b32) (b2+b3 ) i (b2- b3) 

i(b32 -bd i(b3-b2) (b2 + b3) = 2 (b3-b2 ) a12 6 '* 0 

I (bn + b32) (b2 + b3) 0 
or 

(b22 + b32) (b2 + b3) i (b2- b3) 

i (b32 -bd i (b3 - b2) (b2 + b3) = 2i (b2 + b3) al2 6 =f O. 

i(b32 -b22) i (b3-b2) 0 

since b3-b2 = b3 + b2 = 0 imp:ies b2 = b3 = 0 contrary to (23). 
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Mathematics. - On the elastic stability of sandwich plates. 11. By P. P. 
BIJLAARD. (Communicated by Prof. F. K. TH. VAN ITERSON.) 

(Communicated at the meeting of January 25, 1947.) 

As this case is very important in the design of aircrafts, we will examine 
here also a sandwich plate, submitted to the action of shearing forces 
S= h't, uniformly distrrbuted along the edges y = + c (fig. 1), c being 
half of the breadth b of the plate. The plate is assumed to be infinitely 
long in X-direction. We still consider antimetric buckling. 

y 
't' 

Ii c 
X 

e 

< 1: 
Fig. 1. 

According to our preceding publications 1) 2), the critical shearing force 
per unit length for sandwich plates will be given by theequation 3) 

Ser = So + (8;/ + S;1 )-1 . . (1) 

in which So is the joint buckling stress of the outer plates (the faces), 
Sm is the buckling force if the modulus of rigidity G of the intermedia te 
layer (the core) - and also of the faces - with respect to shearing 
stresses 'tzx and 'tzy is assumed to be infinite and Ss is obtained by 
assuming only the modulus of rigidity G of the core with respect to 'tzx 

and 'tzy to have a finite value. Again in the cases Sm and Ss the proper 
rigidity to bending of the faces is neglected; therefore its influence is added 
separately as So. 

In order to compute Sm and So we dispose of the solution as given for 
the same case for isotropic plates by SOUTHWELL and SKAN 4), which we 
will have to consider, however, in some detail. in order to check the 
similarityof the deflection surfaces in the cases Sm and Ss. The differential 
equation for isotropic plates being 4) 

~ Oi W Oi W à4 W ~ 02 W 

D ~ OXi + 2 or dy2 + oyi ~ -2Sm oxoy =0 (2) 

1) BIJLAARD. Proc. Kon. Ned. Akad. v. Wetenseh., Amsterdam, Nr. 10 (1946). 
2) BdJLAARD. The same. Nr. 1 (1947). 
3) Comp. eq. (10), lito footnote 2. 
4) SOUTHWELL and SKAN. Proc. Royal Soc. London, series A, vol. 105 (1924). 
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SOUTHWELL and SKAN assume 

w= Yei .. x · (3) 

Y being a function of y only, so that the ,half wave length of the deflection 
surface in X~direction is L = n/a. Af ter substitution of eq. (3) in eq. (2) 
they insert in the thus obtained ordinary differential equation 

Y=eipy . (4) 
and consequently get 

Y= Cl e iP1Y + C2 ei~y + C3 e if3aY + C .. e if3•
y. • (5) 

This expression is substituted in the boundary conditions at y = -+- c, 
yielding, on eliminating Cl, C2 , C3 and C4 , a determinantal equation, which 
represents the buckling condition and in which Pl' P2' P3 and P4 are 
functions of the shearing force S. The combination of equations, obtained 
in this way, will not be repeated here, as the authors calculated already 
all the data we need for the present problem. For, besides the critica 1 
shearing force, they communicated also the shearing forces, belonging to 
other wavelengths than that, yielding the minimum shearing force, for 
simply supported as weIl as for clamped edges y= -+- c. As with sandwich 
plates, owing to the deformation by shearing of the core, the minimum 
resistance is obtained with shorter wave lengths than with isotropic plates, 
we can use these resuIts directly for our problem. IE we write 

• (6) 

for simply supported and clamped edges y = -+- C respectively, the resuIts 
of SOUTHWELL and SKAN are given in fig. 2 by the curves for ks and kc. 

p \1 
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0,' ',0 

Fig. 2. 
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In eqs. (6) value D is given by eq. (2) of our preceding paper 2). Value 
So is obtained by equaling D to E't h3/6. 

In our case Ss we know s). that the forces Ss. acting on an element 
Hdxdy. have a component 2 Ss iJ 2w/iJx iJy in Z~direction. so that. according 
to figs. 1 and 2 of our preceding paper 2). theequilibrium in Z~direction 
requires 

àDx + àDy + 2 Ss 0
2 

W = 0 
àx oy àxày 

whence. with eqs. (6) and (7) of that paper. we get the differential 
equation for case Ss. being 

(t+h)lG(à
2
W+à

2
W)+2Ss à

2
w =0 •. 

t àx2 ày2 àx ày 
. • (7) 

Inserting here also eq. (3). we obtain 

(t+h)2 G(Y"-a2Y)+2iaSs Y'=O . .... (8) 
t 

primes denoting differentiation with respect to y. Assuming furthermore Y 
to be given by eq. (4). eq. (8) yields 

P2 + 2 Ss t P + 2 0 (9) (t + h)2 G a a = ..... . 
whence 

Ps 6 - a [_ t Ss ± 1/( t Ss)2 - IJ. . . (10) 
. - (t + h)2 G r (t + h)2 G 

Owing to the constraints along the boundaries y = ± b/2 as weIl as by 
the principal tensile stresses. the critical principal compressive stress will 
be higher than the critical compressive stress for a strip. so that. according 
to eq. (33) of our first paper on this subject!). also Ss is higher than 
G(t + h)2/t. Hence Ps and P6 are both realo whilst 

Y=Cs eit3• y + C6e i .a.y • ••••••• (11) 

With simply supported as weIl as with clampededges y = -+- b/2 = -+- C. 

the boundary conditions Y = 0 at these edges may be 'expressed as follows 

Cs co. s Ps c + C6 co. S P6 C = 0 ~ 
C P C P 0 ••·•·· (12) 

S 510 s C + 6 510 6 C = 
whence we get the buckling condition 

tan P6 bl2 = tan Ps bl2 (13) 

or 

P6 bl2 = Ps bl2 + nn (14) 

n being integral. With n = 0 eqs. (12) would yield C 6 = - Cs. by which, 

5) T ,IMOSHENKO. Theory of elastic stability. p. 304. 
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according to eq. (11) w = O. so that no buckling occurs. IE n differs from 
zero. we obtain from eqs. (10) and (14) 

S - (t + h)2 G 1 /~+ n2 n2 
s-± t V a2 b2 

being as small as possible with n2 = 1. Expressing a in the half wave length 
L = :nl a in X--direction. we find the buckling force per unit length 

Ss = ± (t + h)l G 1/ 1 + V = ± p (t + h)2 G.. . . (15) 
t V b2 t 

In fig. 2 value p is plotted too as a function of Lib. the scale being one 
hundred times larger than that for values k. 
~ith eqs. (1). (6) and (15) and fig. 2 the critica 1 stress Ser may be 
easily computed. Let us. for example. examine a sandwich plate with 
thicknesses h = O. 1 cm and t = 1 cm of faces and core respectively. and 
supposing the moduli of elasticity of the plywooden faces and the onazote 
core to be El = 110.000 kg/cm2 and E = 304 kg/cm2 respectively. with 
V1 = v = 0.25. The breadth b of the plate is 50 cm and it is supposed to 
be simply supported at the edges y = -+- b12. With the first equation (6) 
and eq. (15) we find. computing value D ineq. (6) according to eq. (2) 
of our preceding paper 2) in order to obtain Sm and equaling D to E,! h3/6 
for So 

Sm = 2.851 ks , So = 0,0078 ks , Ss = H7 p 

all expressed in kgf cm. so that 

Ser = ( 0.0078 ks + 1/2.851 ks 1+ 1/147 p) kg/cm. (16) 

With the curves in fig. 2 we can calculate Ser for various ratios Lib. 
yielding with slide rule accuracy. in kg/cm 

L/b 1.25 1.00 0.95 0.90 0.67 

So 0.41 0.43 O.H 0.45 0.54 

Sm 150.3 155.5 158.1 162.5 198.8 

Ss 235 208 202.8 197 176.5 

92.0 89.4 89.4 89.45 94.0 

whence Ser = 89,4 kg/cm and. the entire shear supposed to be taken by 
the faces only. Ter = 447 kg/cm2• The half wave length of the deflection 
surface in X ~direction is about 0.95 b. whilst according to SEYDEL 6) with 
isotropic plates the minimum critical shear occurs with a half wave length 
L = 1.25 b. 

The fact that the deflection surf aces for cases Sm and Ss have not the 
same form. causes Ser to be smaller than the critical shearing force 

6) SEYDEL. Ingenieur Archiv. 1933. p. 169. 
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belonging to the joint deflection surface, provided of course, that in both 
cases the same assumptions are made, as for example the neglection of the 
influence of stress es oz. 

Also for the cases as treated in our preceding paper 2). it will save work 
if curves for k and pare plotted as functions of the ratio L/b = a/mb, from 
which Pxm = kD/b2 and Pxs = p(t + h)2Gft may be found, whence Px is 
computed witheq. (10) of that paper, in the same way as shown here 
for Scr. 

The splitting oH of the cases Pxo in the latter equation and So in eq. (1) 
of this paper, which device was originally applied in deriving our formula 
for built up columns as given in footnote 7 of our first paper 1}, enabled 
us to split up the remaining system in two parts. All these problems could 
strictly not have been solved with our original method 7}, expressed by 
P = (P1-1 + P2-1) -1 or by the same one, derived later on other grounds 
by BUCKENS 8). as a direct splitting up is not possible, because the part, 
assumed to be rigid, would prevent the deflection by deformation of the 
elastic one 9} . 

7) B!JLAARD. De Ingenieur in Ned. Indië. 1939. Nr. 3. 
8) BUCKENS. Publications Int. Association for Bridge and Structural Engineering. 7th 

Volume. 1943/ 1944. He derived the equation P= (.2'Pk-il)-l, but, as a splitting up is 
seldom possible. could only solve rather simp Ie problems of bars and frames, using only 
the equation P = (P1-l + P2-1)-1. The formula P = (.2'Pk-1)-1 folIows also directly 
from our line of thought 7) 1). Let w = , .2'wk' Assume first only part 1 as elastic. the rest 
infinitely rigid. Then we obtain in the same way as befere :1) P1' Wl. = Pw. Thinking 
successively only part 2. 3, etc. elastic, we get P2 W2 = Pw, P3 wa = Pw, etc., from which 
it follows, as W=.2'wk. that w=P(.2'Pk-J.)w or P= (.2'Pk-1 )-1. The formula 
P = Po + (P1-1 + P2-1 + P3-l ) -1 underlies our formula for built up columns 1) . 

9) The splitting oH of the proper rigidities of the single struts in our formulae for 
built up columns has moreover the effect, that our formulae are more accurate thaI.. 
similarly built formulae, especially for very weak connections between the single struts. 
Dur formula as given in footnote 7 of our first paper 1) yie1ds for example the right and 
exact value l/ = 1/rs. being the slenderness ratio of the single struts, if the connections 
are infinitely weak, b,y which lc is infinite, whilst similar formulae yield an infinite lt. 
consequently Per = O. 

In the same way we computed the following formula for the critical thrust of latticed 
struts. consisting of a complete truss 

n
2 

( r) Pcr = p 2 Bs + [2 + n2 B/S B , 

I being its free supported length, B s = Tl s the flexural rigidity of the single struts. 
B = tT As h2 the flexural rigidity of the entire bar. the proper rigidities of the single struts 
left out of account. Values As and hare the sectional area of the single struts and the 
mutual di stance of their axes respectiveO,y. Value S may be called the modulus of rigidity 
of the latticing, the angular distortion by a shearing force D being {J = DIS. If the 
coupling is effected by diagonals and battens. the angle between diagonals and struts 
being Cl, we have 

l/S= l/EAd sin2 a cos a + tan a/EA., 
Ad and Av being the total cross sectional areas of diagonals and battens in each panel 



191 

We will now derive theexact formula for symmetric buckling of the 
faces of a sandwich plate. Let us first consider a strip, subjected to axial 

z 

;h 

I· I! 
X 

~n 

FIG. 3 

compression. According to eqs. (7) and (12) of our first paper 1) the 
AIRY stress function for this case is tI> = Z cos Àx, in which 

Z = a (cosh C + Cl slnh C + C2 C cosh C + C3 C sinh C) 

whilst À = n/a and ,= Àz. The symmetry in the case on hand (fig. 3) 
requires Cl and C2 to be zero, yielding 

Z= a (cosh C + C 3 C sinh C). . (17) 

Furthermore eq. (Sa') of our first paper, being 

~ IPZ'''+lZ''-~~(2+v)l2_;~Z'+VlZ=0 . .. (18) 

represents our boundary condition for z = t/2 or ,= Àt/2 = {J, whilst 
according to eqs. (9), (1 Oa) and (11) of the same paper we know that 
the critica I thrust of an outer plate is given by 

h(!J=Bl2+E'/2l+i1jJhE' . ..... (19) 

in which 

E' = 2E ~(2 + v);' -Z"' t=.s and 1jJ = (~)I;=J9' . (20) 

Substitution of eq. (17) in eq. (18) yields C3, af ter which we find with 
eqs. (20) 

E' = 1(1+v).Fh-2EIR'j a-1(1-v).Ph+2E/R'j sinha-il(cosha+l) E (21) 
(1 +v)2la-2 (cosh a-I) EI R'-(3-v)(1 +v) lsinh a 

_ (1 +v)la-(I-v)lsinh a-l2 h(cosha-I) 
1jJ- 21(1-+ v)l2 h-2E/R'j a-I(1-v)l2 h+2E/R'j sinha-il(cosha+l) (22) 

in which a = Àt = nt/a. If t is infinite, these formulae are transformed in 
eqs. (15a) and (16a) of our first paper, valid for aplate, supported bya 
semi infinite substratum. According to eqs. (17) and (18) of that paper 

respectively. With crossed diagonals or diagonals fornlÏng a WARREN truss the term 
with Av vanishes, sc that S = BAd sin 2a cos a. Also in this formula the case Ad = 0 
yields the exact value Per = 2:n;2Bs/f.2, whilst similarly built formulae yield the wrong 
value Pcr = O. 
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it is sufficiently accurate to equal the half wave length L = a = n/l of the 
corrugations to 

a = n (4 BIE ')'1. 
by whieh 

hel = t (4 BE'2)'la + t "" h E' 

and to equal E/R' to zero. With B = E\h3/12 and ""E'/4. = Eli these 
equations th en yield 

in whieh 

L =a=nh (tEl'IE')'I. 

el =t(9E{ E'2)'1'+E" 

E{ = Et!(l-v~) 
E' = 1(1 + v) a-(1-v) sinh al hl-4 (cosh a + 1) E 

(1 +v)l(1 +v)a-(3-v)sinh a l 

E" = (1 +v) a-(I-v) sinh a-(c:osha-l) hl E 
2 (1 + v) 1(1 + v) a-(3-v) sinh al 

(23) 

(2i) 

• • (25) 

with a = nt/L. 
In many cases el will be much higher than the critieal stress with anti

metrie buckling. so that it will suffiee to check this fact with the safe values 
Eor infinite value t 

I i + (1- v) hl" 1 - v + h). 
E =(1 +v)(3-v)E and E =2(1 +v)(3_v)E . . (26) 

or with the still simpier formulae obtained from eqs. (26) by equaling 
hl = nh/ L to zero. 

In theexample of a sandwieh strip. subjected to compression, as given 
at the end of our first paper 1). the critieal stress for antimetrie buckling 
was 431 kg/cm2• With symmetrie buckling eqs. (24.) and (26). with 
hl = 0, yield for this combination plywood-onazote values E' 1 = 117.300 
kg/cm2, E' = 354. kg/cm2, Eli = 33 kg/cm2, giving el = 1300 kg/cm2, so 
th at it is unnecessary to use the more accurate formulae. With the quoted 
values we find according to eq. (23) a half wave length L = 15,1 h cm of 
the corrugations. 

As the wave length of the corrugations with symmetrie buckling is very 
smalt the influence of further constraints will be insignifieant. Therefore 
it will be sufficiently accurate to equal the critiea} principal compressive 
stress for plates with arbitrary boundary conditions to that for a plate with 
free sides. subjected to simple compression. In this case we have to use 
eqs. (5) and (10) instead of (5a) and (lOa) of our first paper. by whieh 
we find, that values E' and Eli in eqs. (23) and (24) are now given by 

E' = ta-(1-2v)sinh a l hl-4(I-v)(cosha+ 1) El 
(1 + v) 1 a -(3-4v) sinh al 

. (27) 
E" = a-(l-2v) sinh a-(l-v) (cosha-l) hl E 

2 (1 + v) I a - (3-4 v) sinh a I 



yielding for infinite value t 

E'= .f(I-v) + (1-2v)h.l. E 
(1 + v) (3-4 v) 
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and Eli = I-2v + (i-v) h.l. E. (28) 
2 (1 + v)(3-4v) 

So eq. (24), combined with eqs. (27) or (28).gives also the value of 
the critieal shearing stress Ter with symmetrie buckling, and for the example 
given above here, with Ter = 44:7 kg/cm2 for antimetrie huckling, it yields, 
with E' and E" computed according to eqs. (28), with hl = 0, the value 
1330 kg/cm2 • 

In all these investigations we have assumed the faces and the core to be 
iso tropie. An extension to orthotropie behaviour or to plastic buckling, 
involving also an anisotropie deportment 10). may however be given along 
the same lines. 

10) BIJLAARD. Proc. Kon. Akad. v. Wetensch., Amsterdam, Nrs 5 and 7 (1938). 
BIJLAARD. Publications Int. Association Eor Bridge and Structural Engineering. 6th Volume. 
1940/ 1941. 



Paleontology. - Protohistorie Mammals from the Linderbeek, provinee of 
Overijssel, the Netherlands. By D. A. HOOIJER. (Communicated by 
Prof. H. BOSCHMA. ) 

(Communicated at the meeting of January 25, 1947.) 

Recent excavations at the Linderbeek, between Den Ham and Vrooms~ 
hoop, in the province of Overijssel. have led to the discovery of mammalian 
remains. The collection belongs to the Rijksmuseum Twenthe at Enschede 
and was kindly put at my disposal for identification by Dr. C. C. W. J. 
HIJSZELER. According to a pollen analysis of Mr. F. FLORSCHÜTZ the age 
of the fauna is transition Subboreal - Subatlanticum, 650 B.C. If not 
worked or utilized, the bon es 1) are generally in a good state of pres~ 
ervation. In some cases, e.g., th at of the dog of the palustris~type, the roe, 
and the horse, we have a number of bones of the extremities, of ten both 
of the right and of the left side, which must have belonged to one and the 
same individuaI. The most interesting forms in the fauna are the domestic 
cat, protohistoric remains of which are exceedingly scarce, and the dog of 
the St. Bernard's~type, which was not known until now in the subfossil 
state. The annotated list of the species is given below. 

Castor fiber L. A right femur, a Ie ft tibia with part of the fibula, and a 
left os coxae are indistinguishable from the corresponding bon es of the 
recent beaver. There is also an immature right femur, without epiphyses. 

Felis eatus L. The domestic cat is represented in the collection by a right 
humerus (pI. 11 fig. 1) a right tibia (pI. 11 fig. 5) and a left os coxae, 
with the medial boundary of the obturator foramen missing (pI. 11 fig. -4). 

The European wild cat, Felis silvestris Schreber, has been included in 
table I to show its greater dimensions. 

Canis familiaris L. subsp. The dog is represented in our collection by a 
complete skull, the principal bon es of the extremities, vertebrae, and ribs, 
all of one and the same individuaI. The calvarium is nearly perfect, it lacks 
only the left [1 and [3, the right [2 and [3, and the p1 and P2 on both sides. 
In the lower jaw the [, C, P1 and M3 are missing. 

The skull is adult and of moderate size. The anterior narial orifice is 
wider than high, the nasals gradually decrease in width and are concave 
from before backward. The frontals are relatively narrow and are slightly 
depressed in the median line. The orbito~frontal angle is 51 0

• The post~ 
orbital constriction is not pronounced. The braincase is weIl arched, the 
sagittal crest has weakly developed and runs almost horizontally. The 
occiput hardly projects posteriorly beyond the condyles. 

As to the measurements I followed in part W AGNER (1929); of the 
indices I selected only those which are of racial importance. WAGNER 

1) One bone indicates the presence of a bird in the fauna. Dr. G. C. A. JUNGE 
identified it as a right humerus of Anser spec. It is damaged on bath ends, and identical 
in farm with that of Anser anser (L.), but about 2 cm langer than the specimen compared 
in the Leiden Museum. 



TABLE I. 

Felis catus L. Felis silvesfris Schreber 

Leiden Museum DEOERB0L. Lelden FREUDENBERG I DEGERB0L. 
Museum 1914.pp.200/01 1933. pp.416--420 cat. a cat. b 1933. pp. 417--420 no. 383 

Humerus. greatest length 97.0 94.0 90.5 95.0 91.0 97.0 121 127 121.6 124.5 

Proximal antero-posterior diameter 21.0 18.8 19.0 20.0 19.7 20.5 27.0 - 25.5 26.0 

Proximal width 16.5 16.4 15.6 16.7 15.3 16.5 21.3 -- 20.1 20.5 

Middle width 7.0 6.6 6.3 7.3 6.5 7.0 8.7 8 8.3 8.7 

Dlstal width 18.7 18.2 17.0 20.1 17.5 17.7 24.6 23 22.0 22.6 

Tibia. greatest length 103.8 ca. 108 ca. 101 108.5 - 111.8 145 -- 139.8 130.4 -
Proximal width 18.0 19.0 16.4 19.3 -- 18.6 24.0 -- 22.6 20.5 \0 

VI 

Middle width 6.8 7.4 7.2 7.0 -- 7.0 9.1 -- 8.3 7.5 

Dlstal width 12.2 -- ca. 12 14.3 - 14.1 19.5 -- 16.6 15.0 

Os coxae. greatest length 73.0 76.5 73.3 96 --
From acetabulum to anterior border of 

ilium 40.1 42.7 39 .6 52.5 -

Greatest width of ilium 13.0 14.5 13.8 21.4 --

Greatest width of shaft of ilium 9.5 10.0 10.0 15 . 1 13 

Greatest width of shaft of ischium 7.6 9.2 8.7 12.3 12 
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distinguishes two groups of races among recent dogs, viz., a "normal" and 
a short~faced group. In some of his diagrams the points representing the 
different breeds fall into two distinct bands, and the wolf stands about at 
the intersection of them. 

The rostrum~cranial cavity length index plotted against the length of 
the cranial cavity (W AGNER, l.c., p. 40/41) characterizes our dog as 
"normal" (type a). The correlation of the palate length~width index (l.c., 
p. 45) and that of the rostrum~mandible length index (l.c., p. 48/49) give 
the same result. In size and proportions our dog agrees with the "Schnau~ 
zer", the Norwegian greyhound or Dunker, the Lapland dog and the large 
whippet. As the anterior pre mol ars are missing I cannot use the diagrams 
in which the sum of the lengths of the upper and that of the lower teeth 
is correlated with the length of the cranial cavity. They give no different 
values for the two groups, however (l.c., pp. 59-61). 

The lower jaw of our subfossil animal is somewhat higher and more 
massive than in the four recent races to which it resembles so c10sely in 
the proportions of its calvarium. This is shown by the three indices given 
in table 111. 

Besides in its slightly superior size, the calvarium has a great resem~ 
blance to that of Canis familiaris palustris Rütimeyer, as described and 
figured by RÜTIMEYER (1862), STVDER (1901) and DEGERB0L (1939) 
from the Swiss lake dwellings and the Danish kitchen middens. The range 
of variation of the measurements given by these authors is given in the 
sixth column of table 11. 

The type of Canis familiaris: intermedius Woldrich, from the Bronze Age 
of Austria (tabIe 11, seventh column, af ter WOLDRICH, 1877, pp. 74-78, 
and STVDER, 1901, p. 88) is very near in dimensions, and differs from our 
skull only in the slightly greater diastemata between the anterior premolars, 
which makes the tooth series longer than in our specimen, though the 
carnassial and the molars are shorter. With a view to the variability 
observed in other races this difference seems to be of no value. 

STVDER (190 I, p. 86) records skulls from the Swiss lake dwellings 
which form a transition between the two races, and believe intermedius to 
be an offshoot of palustris. WINGE (cf. BRINKMANN, 1925, p. 28) regards 
intermedius as a large variety of palustris. 

The lower jaw agrees in general size with that of intermedius (tabIe 111), 
but the ascending ramus is a trifle higher (57 mm from the angular process 
in our specimen, against 53 in intermedius), the P 4 is shorter and the M 1 

longer. It is indistinguishable from some specimens from 0gaarde, Den~ 
mark's Earliest Stone Age (Azilian or Azilio~ Tardenoisian in age: 
DEGERB0L, 1933, p. 620/21), which are referred to Canis familiaris ino~ 

stranzewi Anutschin (DEGERB0L, 1943, p. 176/77, nos. 3-7, last column 
in my table 111). The basal length of the type skull of inostranzewi, how~ 
ever, is 177 mm (STVDER, 1901. p. 49). and the estimated length of the 
Danish skull ca. 180 mm (BRINKMANN, 1925, p. 7). Those of the skulls to 



TABLE 11. 

WAGNER. 1929. tahles 7 and 10 
Canis Canis 

"Schnauzer" 
Norwegian Lapland Large f. palustris f. intermedius 
greyhound dog whippet 

Length of cranial cavity 81 80- 85 73- 84 78- 86 77- 85 - -
Total length of calvarium 181 162-187 118-193 159-197 162-171 117-171 184 
Condylobasal length 172 - - - - 136-161 -
Basal length 163 119-167 138- 171 111-166 113-159 130-151 161 
Basicranial length 15 12- 15 36- 19 11- 13 12- 15 35- 11 15 
Basifacial Jength 118 108-123 103-123 101-123 102-111 92-109 119 
Basion-middle of frontal 90 85- 89 75- 93 84- 93 82- 85 - -
Middle of frontal-prosthion 101 93-111 82-112 93-113 95-106 84- 99 -
Anterior border of orbit-prosthion 77 69 - 85 65- 85 67- 81 69- 80 62- 73 82 
Length of palate 90 80- 92 78- 96 76- 90 79- 89 71- 86 92 
Length of horizontal portion of palatine 30 25- 30 21- 32 21- 29 21- 32 - -
Height of braincase 51 17- 52 19- 55 51- 57 15- 51 11- 50 55 
Width of braincase at parieto-frontal suture 55 57- 67 51- 60 52- 60 52- 58 16- 56 55 -Width of occiput 62 56- 63 53- 61 52- 65 51- 57 52.5- 62 63 
Least width between orbits 31 33- 35 30- 38 31- 39 31- 36 26.5-31.5 36 

\0 
"'-l 

Postorbital width 19 51- 52 13- 56 15- 56 16- 51 37- 18 51 
PostOl'bital constriction 38 31- 38 36- 10 35- 39 36- 10 29-36.5 37 
Zygomatic width 101 95-110 1) 89-103 90-105 89- 98 82-100 -
Greatest palatal width 61 59- 65 58- 66 51- 62 52- 59 51- 60 61 
Smalle st palatal width 31 30- 31 30- 36 21- 33 21- 30 29- 31 35 
Width across canines 37 31- 39 32- 38 29- 38 27- 35 30- 33 38 
Length p1_M2 63 57- 66 57- 69 57- 68 55- 62 52- 60 65.5 
Length of p2 (l0) 10.0- 12.0 7.0- 11.0 9.0-11.0 6.0-10.0 - -
Length of pa 12.3 11.0- 11.0 11.0- 13.5 12.0-13.0 9.5-12.0 - -
Length of p4 19.2 17.0- 19.5 17 .0- 19.0 17.0-19.0 15.0-18.0 11.7-18.3 18.5 
Width of p4 10.0 - - - - 6.2- 9 10 
Length of M1 13.8 13.0- 11.0 12.0- 15.0 12.0-11.0 10.0-13.0 - 13 
Length of M2 7.5 7.0- 8.0 7.0- 8.0 7.0- 8.0 7.0- 7.0 - 7 
Rostrum-cranial cavity length index 95.1 85.5-100.0 87.8-103.7 85.9-97.7 84.2-91.1 - -
Palate width index 53.1 18.1- 52.3 50.0- 55.6 '11.1-53.3 11.1-52.6 - 51.7 
Palate le.ngth-width index 71.1 70.7- 73.8 68.1- 71.1 68.9-75.0 61 .6-72.0 - 69.8 
Rostrum-mandible length index 57.5 55.0- 60.7 51.8- 60 .7 55.7-59 .6 56.7-61.1 - -

1) ApparentJ,y amisprint for 104. 



TASLE 111. 

WAGNER. 1929. tables 7 and 10 

Norwegian Lapland Large 
Canis f. Canis f. 

"Schnauzer" infermedlus inostranzewi 
greyhound dog whippet 

Length of mandible (condyle to front) 134 121-140 114-142 119-141 119-131 - 136 
Length from processus angularis 135 123-138 115-141 118-142 118-129 135 135 
Height of ascending ramus 54.5 45- 49 44- 55 43- 53 41- 49 - -
Height of ramus behind MI 23.5 19- 22 20- 23 18- 22 17- 21 - 21.5-25.7 
Antero-posterior diameter of ascending ramus 32.5 26- 33 28- 35 27- 33 27- 31 - -
Width across processus angularis ca. 75 60- 76 60- 77 73- 75 59- 69 - -
Greatest width of horizontal ram us 13 9- 12 10- 12 9- 12 9- 10 12 11.0-12.0 -\0 
Length PI-Ma 73 66- 71 63- 76 64- 72 62- 70 73 69.5-72.5 00 

Length PI-P4 38 36- 41 38- 42 35- 39 33- 40 - 37-38 
Length MI-Ma 35 32- 36 29- 38 31- 35 30- 33 - 34.5-37.6 
Length of P2 9.7 9.0-10.5 5.0- 9.5 8.0-10.0 7.0- 9.0 - 9.5 
Length of Pa 10.6 10.0-11.5 10.0-11.5 11.0-11.0 9.0-11.0 - 10.0 
Length of P4 11.8 11.5-13.0 11.0-13.0 12.0-12.5 9.0-12.0 12.5 11.5-12 
Length of MI 22.5 20 .5-24.0 18.5-23.0 20.0-22.0 18.0-21.0 21.5 21.1-23.5 
Width of MI 9.2 - - - - - 8.8- 8.9 
Length of M2 9.4 9.0-10.0 8.5-10.5 8.0-10.0 7.5-10.0 9.5 -
Ascending ramus height-length index 40.7 34.9-38.6 35.4-40.0 36.1-39.2 33.9-37.4 - -
Horizontal ramus height-length index 17.5 15.3-15.7 14.8-17.7 15.1-16.0 14.0-16.5 - -
Horizontal ramus width-length index 9.7 7.0- 8.6 7.4-9.1 7.6- 8.8 6.9- 8.4 - -
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which the mandibles from 0gaarde belong are calculated (af ter BRINKMANN) 
as 159-168 mm (DEGERBf1lL. 1943. p. 176). which would agree well with 
our specimen (163 mm). 

The limb bones associated with the skull in our collection are longer 
than those of palustris (RÜTIMEYER. 1862. p. 119) and slightly shorter than 
those of intermedius (WOLDRICH. 1877. p. 80). They are almost exactly 
of the size of those of a complete skeleton from Ertebf1llle in Denmark 
(Campignian) which is considered by BRINKMANN (1925. p. 14) to have 
belonged to a cross between palustris and inostranzewi (tabIe IV. after 
DEGERBf1lL. 1927. p. 71). 

TABLE IV. 

Cani~ f. Canis f. Canis f. 
palasms intermediu~ subsp. 

Humerus greatest length 150 127-144 153 150 
Proximal width 28 - - 26 
Middle width 12 - 12.5 11 
Distal width 30 - 30 28.5 
Femur. greatest length 166 127-lH 173 162 
Proximal width 34.5 - 32 36 
Middle width 13 - 12 12 
Distal width 30 - 29 28 
Tihia. greatest length 165 144 170 163 
Proximal width 32 - 31 30 
Middle width 12 - 13 12 
Distal width 20.5 - 20 21 

1 do not venture to ascribe the present dog to any of the subspecies 
dted above. Even recent races cannot always be distinguished osteologi~ 
cally. and interbreeding will have occurred in former times as well as at 
the present day. 

In the Linderbeek collection there is moreover the calvarium of a rather 
large dog. th ree views of which will be found on plate I. It is of the size 
of a wolf. That it. however. represents a domestic animal is evident from 
the orbito~frontal angle which is not less than 60° 2). The size of the 
teeth. moreover. is distinctly less than in Canis lupus L. 

The nasal process of the right premaxilla has broken oH. and the right 
postorbital process is injured. The /1. /2. PI and the right P3 are missing. 
but their alveoli are present. The pterygoids are incomplete and the right 
bulla is damaged. but otherwise the calvarium is perfect. It differs from 
that of the smaller dog described above. besides in its greater size. in its 

2) STUD ER (1901. p. 13) regards as belonging to wolves skulls in which the angle 
between the plane of the ol'bit and that of the brow is 40-45°. and refers to dogs those 
in which the angle is greater than 45°. REYN:QUDS (1909. p. 24) has shown that the 
species overlap to a certain extent (between 42° and 48°) 50 that the character cannot 
be relied apon in all cases. Nevertheless he regards it as probably the most important 
<:haracter to distinguish between a wolf skull and a dog skull. 

14 
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longer muzzle, more expanded frontals, less swollen braincase, and better 
developed sagittal crest which has a backward slope. The teeth are 
relatively weaker; the premolars are separated by intervals of 2-4 mmo 

The rostrum~cranial cavity length index plotted against the leng th of the 
cranial cavity in W AGNER' s diagram (W AGNER, 1929, p. 40/41) shows our 
larger dog to belong to the short~faced group of races, very near to the 
St. Bernard, the Newfoundland dog and the Great Dane. The palate 
length~width index points to the same (l.c., p. 45). The comparative 
measurements are given in tab Ie V. 

It will be seen that our larger dog falls completely within the range of 
variation of the measurements of the three large recent breeds, and that it 
differs from the wolf (fifth column) in its wider frontal and smaller teeth. 

TABLE V. 

WAGNER, 1929. tables 1. 4 and 5 

St. Bernard 
Newfound-

Great Dane Wolf 
land dog 

Length of cranial cavity 110 101-115 97-109 91-117 102-115 
Total length of calvarium 236 240-276 223-257 197-277 235-283 
Condylobasal length 231 - - - -
Basal leng th 218 213-2H 199-223 173-239 206-246 
Basicranial length 65 56-71 56-64 50-72 55-68 
Basifacial length 153 156-172 143-165 115-175 153-175 
Basion - middle of frontal 121 116-135 108-125 97-135 108-127 
Middle of frontal - prosthion 138 135-151 122-146 105-155 140-161 
Anterior border of orbit-prosthion 103 101-115 94-111 75-117 105-126 
Length of palatè 115 119-130 108-121 96-130 113-134 
Length of horizontal portion of 

palatine 42 40-49 36-43 35-49 38-H 
Height of braincase 71 68-82 65-77 53-80 60-75 
W idth of braincase at parieto-frontal 

suture 62 67-70 62-69 60-73 62-72 
Width of occiput 83 81-95 73-87 66-93 75-85 
Least width between orbits 52 45-62 H-55 39-57 37-54 
Postorbital width ca. 80 69-83 60-79 53-80 49-75 
Postorbital constriction 41 40-47 36-H 37-55 37-48 
Zygomatic width 131 131-148 120-136 106-151 118-160 
Greatest palatal width 78 81-90 74-85 64-90 73-91 
Smallest palatal width 41 46-54 39-47 35-53 37-53 
Width across canines 43 50-61 43-52 38-61 42-46 
Length Pl_M2 76.5 72-83 70-80 64-82 83-97 
Length of p2 11.2 9.0-13 .0 11.0-13 .0 8.5-15.0 11.0-17.5 
Length of pa 13.5 14.5-16 13.5-16.0 12.0-16.0 16.0-19.0 
Length of p4 19.7 21.0-23.0 20.0-22.0 17.0-24.0 23.0-29.0 
Width of p4 10.8 - - - -
Length of M1 14.2 15.5-17.0 14.0-16.0 13.0-17.0 16.0-20.0 
Length of M2 8.6 9.0-10.0 9.0-13.5 7.5-10.0 9.0-11.0 
Rostrum-cranial cavity leng th index 93 .6 100.0-103.9 90.4-106.9 82.4-113.0 100.9-111. 
Palate width index 52.6 54.1-60.0 51.2-57.9 48.0-64.1 47.6-58.2 

i 

Palate length-width index 67.6 66.9-72.3 65.0-71.9 59.1-79.2 64.0-72.0. 
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No prehistorie dog known up to now presents dimensions as great as the 
present calvarium. As remarked already above. W AGNER (1929) has found 
that in some correlation diagrams the bands representing the two groups 
of domestie dogs interseet approximately at the point representing the 
wolf. This is regarded by him as supporting the theory th at the wild 
ancestral type of dog should correspond to the wolf in size and skull 
proportions (l.c .• p. 82/83). According to STUDER (1901. p. 127) the small 
size of the prehistorie dogs relative to the wolf militates against this theory. 
Captivity of wolves. however. brings about a decrease in size of the skull 
(cf. WOLFGRAMM. 1894). The large calvarium described above is by no 
means more wolf~like than th at of the recent forms; on the contrary the 
orbito~frontal angle is even greater than in any of the Newfoundland dogs 
and St. Bernards of whieh STUDER (1901. pp. 57-66) has given the 
measurements. It is in so far important as it appears to be indistinguishable 
from these large recent breeds and consequently shows that the domestiea~ 
tion of the type of the St. Bernard. Newfoundland dog and Great Dane 
must date back into protohistorie times. 

Finally the collection from the Linderbeek contains a pair of humeri and 
a right femur which I must refer to the dog. The bones are not especially 
large and seem to indieate the presence of a third type of dog in the fauna. 
intermediate in size between the two described above. The size is just 
below that in Canis familiaris matris optimae Jeitteles. one of the largest 
of the prehistorie races (tabIe VI). 

TABLE VI. 

Canis f. St. Bernard Great Dane 
mafrisopfimae (WAGNER. (BRINKMANN. 
(DEGERBflL. 

1927) 1929) 1921) 

Hwnerus. greatest length 163 166-179.5 220-222 223-247 
Proximal width 26 - 56-58 -
Middle width 11.5 12.5-15 - 22-23 
Distal width 28.5 34-36 51 -
Femur. greatest length 192 193-202 245-247 245-278 
Proximal width 41 42-43 57 -
Middle width 13 14-15 21-22 19-22.5 
Distal width 33 33-34 47 -

Ursus arctos L. Two scapulae. one of the right and the other of the left 
side. betray the presence of the brown bear. The thin supra~ and infra~ 
spinous fossae. as weIl as the upper border of the right (pI. II fig. 2) and 
almost the whole of the anterior border of the left specimen. are missing. 
The recent brown bear varies in size to a great extent. and in prehistorie 
times th ere were partieularly powerful specimens (DEGERB0L. 1933. pp. 
628-633). The present bon es are larger than the corresponding recent 
in the Leiden Museum. but a specimen in the British Museum. of whieh 
REYNOLDS (1906. p. 19) has given the measurements. shows that they are 
still within the limits of the recent form (tabIe VII). 
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TABLE VII. 
Ursus aretos L. 

Leiden Museum, REYNOLDS, 

cat. a cat. b 1906,p.19 

Length from acromion to upper 
border at the spine ca. 290 ca. 290 270 230 319 

Greatest antero--posterior diameter 
of infra-spinous fossa ca. 140 145 137 130 -

Antero--posterior diameter of 
glenoid cavity 66 64 60 55 61 

Transverse diameter of the latter 43 37 35 34.5 -
Height from top of acromion to 

costa! border of glenoid cavity 96 81 86 78 109 

Sus scrofa scrofa L. The anterior portion of a lower jaw presents dimen
sions which are the maximum found in the male wild boar by REITSMA 
( 1935). A large broken Ie ft lower canine likewise belongs to the present 
form. 

TABLE VIII. 

Sus serofa serofa Sus s. palustris 
REITSMA, 1935, table 26 DEGERB0L, 

cf' Q 1939, p. 136/37 

Tota! length of symphysis 117 - - 66-79 
Idem, without anterior prominence 110 87-110 72-81 55-70 
Greater diameter of canine alveolus 30 24- 30 14-17 12-20 

Sus scrofa palustris Rütimeyer. The present subspecies is represented by 
an incomplete left horizontal ramus of the mandible. It ag rees in size with 
the lower jaws from Bunds0, Denmark's Late Stone Age (Robenhausenian, 
DEGERB0L, 1933, p. 621); a locality which furnished also remains of the 
wild boar. OEGERB0L (1939, p. 139) stat es that th ere is no transition in 
size between the two forms, but the recent wild boar may be smaller than 
the subfossiI. though it remains larger than the present specimen, as shown 
by the subjoined measurements. 

Length Ml-Ma 
Length of Ma 

TABLE IX. 

Sus serofa palustris I Sus serofa serofa 

I REITSMA, 1935, 
DEGERB0L, 1939, p. 136/37

J 
tab!e 26 

ca. 68 63-78 I 78-89 I 72-84 
30-41 41.5-47 36-45 ca. 33 

A right horizontal ramus of the mandible with pd4 - M 10 as weIl as the 
left half of a young mandible with pd3 - pd4 are not sufficiently char
acteristic to determine whether they belong to the wild or to the domestic 
form. 

Capreolus capreolus (L.). The right half of a mandible and some limb 
bon es agree with the recent roe in all essential structural characters. and 
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added to that they are not larger. BOULE (1910. p. 200) records mandibles. 
which are in general of greater dimensions than those of the recent roe. 
from the Grimaldi caves. 

Cervus elaphus L. subsp. The red deer is relatively abundant in the 
collection: three incomplete skulls. two of which with part of the anders. 
about forty fragments of anders. parts of lower jaws. and limb bones. In 
one skull the greater parts of both anders are preserved. The tines are 
broken; at the left side the bez tine springs oH immediately above the 
brow tine. but in the right ander it arises 60 mm above the latter. This 
variation is also seen in the series of more or less complete anders. In one 
of them the bez tine is quite short and springs oH about at one~third of 
the distance between the brow and the trez above the former. while in 
another it is reduced to a mere knob. close to the brow. 

The brow tine. if preserved. has the normal position. viz .• just above the 
burr; one left ander. broken oH at the trez tine. is remarkable for having 
a malformed brow tine which is shorter than the bez (pI. 11 fig. 3). The 
only complete ander. which is of the left side. measures 840 mm along the 
curve. It has three terminal tines; its measurements are given in the fifth 
column of table X. 

TABLE X. 
Cervus elaphus L. subsp. 

Skull 

r. 1. 

Circumference of burr 210 205 215 175 210 
Circumference of beam above bez tine 150 135 140 105 125 
Length of brow tine - - 310 125 255 
Length of bez tine - - 60 205 120 
Length of trez tine - - 2i5 - 225 
Distance between brow tine and trez tine - 310 260 - 250 
Height of bez tine above brow tine 60 - 90 95 55 

Alees alees (L.). This species must have been rare in comparison to the 
red deer. I found only the base of a young left antler with a small portion 
of the frontal referable to the Moose. 

Capra hireus L. or Ovis aries L. Goat and sheep are commonly found 
together. An incomplete right ramus of the mandible and a left radius do 
not yield specific characters. I have also a pair of metacarpals and a pair 
of metatarsals which are sheep~like in being longer and more slender than 
those in the gaat (cf. DUERST. 1908. p. 381). In one sheep skeleton (cat. b) 
these bones hardly diHer in proportions from Capra hireus L .. however. 

Bos primigenius Bojanus. The Urus is represented by a right horn~core 
with a basal girth of 225 mmo The tip has broken oH. and the core measures 
440 mm along the outer curve. This specimen must have belonged to a 
female individuai. There are also a right half of the mandible (incomplete 
anteriorly). an epistropheus. and some limb bones. Their measurements 
are given in table XII. 
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TABLE XI. 

avis aries L. Capr-a hir-cus L. 
Leiden Museum Leiden Museum 

cat. a I cat. b I cat. c cat. c cat. n 

Radius. greatest length 153 182 ca. 175 ca. 145 162 165 
Proximal width 31.5 33 ca. 40 ca. 33 31 ca. 28 
Middle width 15 .0 15.5 20 16 15.5 19.5 
DistaI. width 28 29.5 36.5 - ca. 29 ca. 29 
MetacarpaI. greatest length 134 150 ca. 128 ca. 117 115 122 
Proximal width 22.7 23 ca. 30 ca. 25 ca . 24 ca. 25 
Middle width 11.6 12.5 16.5 12.5 15 17 . 2 
Distal width 24 23.5 30 26 29 ca. 27 
MetatarsaI. greatest length 145 158 ca. 143 ca. 125 125 ca. 128 
Proximal width 20.8 20 ca. 25 - ca. 21 ca. 22 
Middle width 12.0 11.5 14.5 10.5 12 14 
Distal width 23.6 23 28 24.5 27 26 

TABLE XII. 

Bos primigenius 
Bojanus 

Bos taur-us L. 
subsp. 

Length of mandible from mental foramen to condyle 
Prom ment al foramen to P2 
Length P~Ma 
Length MI-Ma 
Height of ramus behind P4 

Epistropheus. ventral length 
Idem. without dens 
Greatest anterior width 
Height of anterior articular processes 
Humerus. distal width 
Radius. greatest length 
Proximal width 
Ulna. total length 
Radio-ulna. distal wldth 
Tibia, greatest length 
Distal width 

430 
84 

166 
103 
62 

155 
128 
124 
81 

105 
350 
109 
460 
94 

400 
71 

ca. 305 
ca. 61 

142 
ca. 87 

43 

Bos pr-imigenius 
Bojanus 

(ROTIMEYER.1862. 
TSCHERSKI. 1892) 

151-168 
124-136 
124-143 
78-99 
92-109 

ca. 370-394.5 
ca.103-129.5 
ca. 407 -481 

105-111 

76-82 

Bos tautus brachyceros Owen. Wh ether this is the only domestic form 
~f Bos in the collection I do not know. It is represented by a left horn-core 
(circumference at base 115 mm, length along outer curve 95 mm). We 
·have further the right half of a mandible (tabie XII). skull fragments and 
fragmentary limb bones. 

Equus caballus L. subsp. The hinder portion of a calvarium measures 
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198 mm over the zygomatie arches; the distance from foramen magnum to 
vomer is 127 mmo The limb bones indieate animals of different size; one 
radius has a length of 377 mm, while another measures only 309 mmo The 
dimensions of four metacarpals are induded in tab Ie XIII. 

TABLE XIII. 

Equus caba/lus L. subsp. 

Metacarpal lIl, length 219 229 234 248 
Proximal width 48 46 ca. 57 52 
Least width of shaft 33 32.5 34.5 36 
Distal width 49 47.5 52 55 
Length-proximal width index 22 20 24 21 

The age of the Linderbeek fauna can be determined by the mammals 
only between certain limits; the lower limit is given by the domestie animals 
and the upper by the wild. I shaIl discuss the former first. 

The horse, domestie ox and sheep or goat came to light at 0gaarde, 
a locality from Denmark' s Earliest Stone Age, but they were found in the 
upper layer which is regarded as Late Stone Age or even younger 
(DEGERB0L, 1943). In the Early Stone Age (Campignian: DEGERB0L, 
1933, p. 621) the occurrence of the domestie ox is not definitely settled 3), 
and sheep or goat are absent (DEGERB0L, 1942). In the Late Stone Age 
of Denmark (Robenhausenian: DEGERB0L, 1933, p. 621) we have the cow, 
sheep, goat, pig and dog (Bunds0, DEGERB0L, 1939) side by si de with the 
wild animals mentioned in the present paper. Except for a doubtful record 
from the Early Stone Age, however, the tame horse is not known before 
the refuse heaps of the Bronze Age (DEGERB0L, 1933, p. 621/22). Our 
Linderbeek fauna is of that age at the most; the only species which might 
point to a younger age is Felis catus L. Though in Egypt, the country in 
whieh the animal was most probably originaIly domestieated, it dates from 
Ithe 16th century B.C., I do not know of protohistorie records of the 
domestic cat in Europe except in the artificial mounds of refuge or "terpen" 
of the northern provinces of our country. They date from 400 B.C. to 800 
of the Christian era and the assemblage of mammals found in them is still 
the same as that of the Linderbeek. As the Moose and the brown bear have 
vanished from our country sin ce that time, the Linderbeek fauna is at the 
kast as old as the terpen fauna. 

The mammalian remains indieate th at the Linderbeek fauna must be 
placed somewhere between the Neolithie and the beginning of our era, 
and most probably doser to the latter than to the former. This is weIl in 
accord with the palaeobotanieal evidence. 

The presence of a domestie dog whieh belongs to the St. Bernard, New~ 
foundland dog and Great Dane group gives a special cachet to the Linder~ 

3) In our country, however, the brachyceros-cow has been recorded from the transition 
Boreal-Atlanticum (VAN D!E.R VLERK, 1942, p. 5). 
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beek fauna, since these large breeds were not known until now before late 
historie times. 
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D. A. HOOIJER: Protohistorie Mammals {rom the Linderbeek, province 
of Operijssel. the Netherlands . 

PLATE 1. 

Canis familiaris L. subsp.. calvarium; upper, Ie ft, and lowl'r view. About nat. siz~. 



PLATE 11. 

Figs. I, 4 aud 5, Fe/is ei/tus L.: fig . I, humerus dext. , anterior view: fig. oi, os cox ae sin., 
lelt view: fig. 5, tibia dext., anterior view. 

Fig . 2, Ursus aretos L., scapula dext.. right view. 
Fig. 3, Cervus claphus L. subsp .. lelt antIer, front view. 

Figs. I. 4 and 5, about 7/ 10 nat. size; figs . 2- 3, about 1/3 nat. sizc. 



Medicine. - On contrasts in X~ray pictures: A comparison of the influence 
of the wave~length with that of the size of the representing beam. By 
R. H. DE WAARD. (X~ray department of the Medical University 
Clinic. Utrecht.) (Communicated by Prof. H. R. KRUYT.) 

(Communicated at the meeting of January 25. 1947.) 

1. Statement of the problem. 

Fig. 1 gives a schematic picture of the simplest arrangement applied in 
medical radiography. A beam of X~rays coming from the focus F of a tube 
is bounded by a diaphragm D, traverses an object Ob, and gives a picture 
of th is object on the film f. We will now consider two small areas pand q 

06 

--~----------~-f 
Fig. 1. Simp!est arrangement applied in medica! radiography: an object Ob is represented 
on a film f by a beam. originating in the focus F of an X~ray tube and bounded by a 

diaphragm D. 

of the picture and denote the densities in these are as by Zp and Zq. IE 
Zq > Zp the contrast is then Zq -zp and its magnitude is partly determined 
by the technique of exposure. We can, for instance. increase it by making 
use of softer rays. or by reducing the size of the representing beam. Now 
let us suppose that a de fini te increase of the softness of the rays and a 
definite reduction of the size of the beam give rise to the same increase 
of the contrast Z q - Zp. The question arises wh ether these two changes 
will then have equal influence on other contrasts as weIl. IE this is the case 
we can consider the two changes as equivalent; it is. however. also possible 
that the two changes giving rise to the same increase of the contrast 
Zq -Zp affect other contrasts very differently. In the present paper we will 
consider this matter in the discussion of some simple schematic cases. 
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2. A formula for small contrasts with respect to a background of 
uniform density. 

We first consider the case represented in fig . 2. A homogeneous circular 
beam of vertical X~rays faUs on the surface of a horizontal water sheet. 
and we will assume that all the rays have the same wave~length 2. In the 
water is a smaU and thin horizontal sheet of bone of thickness d, and this 

111 
IJ 

Fig. 2. A bone sheet of thickness d enclosed in a sheet of water is represented on a 
film f by a beam of vertical X-ra,ys bounded by a circular diaphragm D. 

bonesheet is represented on a film f which is placed under the bottom of 
the watersheet in immediate contact with it. The density~curve of the film 
has the form represented in fig. 3; on the axis of abscissac is plotted the 

2 Z 
11- I 
1 
I 

I 

I 
./ 1-I-~ I~,,? ?.- -

. (X" I I 
Fig. 3. Schematic X-ray density-curve corresponding to some definite time of exposure: 
the density of the film is plotted against the logarithm of the intensity J of the incident 

radiation. Gradation 1'0 = tg ao_ 
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logarithm of the total intensity I with which the film is reached by the 
radiation falling on it from different directions. The slope of the curve is 
characterized by the quantity 

dz 
r= d(logJ) 

the value ro assumed by it in the steep part of the curve is called the 
gradation of the film. 

We will now denote the density effected in the shadow of the bone 
sheet by Zl. and that is the surrounding area by zo: the contrast Zo - Zl is 
then given by the formula 

al3 + a' 
Zo - ZI = 0.434 r d S 

1 + D 

(1) 

where the meaning of the symbols S and D is as follows: 
S is the average intensity with which scattered radiation reaches the 

exposed part of the film. 
D is the average intensity with which direct radiation reaches the exposed 

part of the film. 
As to the meaning of the symbols a and a' we ob serve that the coefficient 

of enfreeblement fl of X~rays propagating in water is given by the formula 

flw = 2.5 13 + 0.18 

and for X~rays propagating in bone by 

flb = 34 13 + 0.34 

when À. is expressed in Angström~units. 
N ow the definition of a and a' follows from the formula 

flb - flw = a 13 + a' 

and so we have 

a = 34-2.5 = 31.5 and a' = 0.34-0.18 = 0.16 

3. Proof of the formula. 

In order to prove the formula we can proceed as follows. We first 
observe that the intensities with which the areas 0 and 1 of the film are 
reached by scattered radiation will not be sensibly different. Therefore. if 
Do and 10 are the intensities with which direct and total radiation reach 
the area 0 we shall have 

lo=Do+S 
and for the area 1 we have in the same way 
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Hence 

Zo - ZI = "I (log 10 -log 11) = 0.434"1 (log nat)o -log nat 11) = 

= 0.434 "I 6. (log nat]) = 0.434 "I ~I = 0.434 "I D~ ~ S = 
1 6.D 

=0.434"1 S -D 

where 

1 +_ 0 
D 

6. (log nat I) = log nat 10 -log nat 11 

6.1=10-11 
6.D=Do-DI' 

(a) 

Now, if D* is the intensity with which direct radiation faUs on the water~ 
sheet and h the thickness of this sheet, we shaU have 

Do = D* e-(2.5l'+0.18)h 

whilst 

Dl = D* e-(2.5l' +0.18)(h-d) e-(3H'+O.3i)d = 
= D* e-(2.5ls +0.IS)h e-(al'+a' )d = Do e-(all+a')d. 

Hence 

6. D D (l-e-(al'+a')d\ 
-- - 0/-a'3+ a' Do - Do - JL • 

• (b) 

and from this result and (a) formuIa (1) foUows at once. 

4. Application of the formula. 

The properties of the film find expression in formula (1) by the factor 
"/, the thickness h of the waters heet and the size of the representing beam 

by the quotient ~, and the wavelength l both by th is quotient and by the 

factor a,P + a'. The application of the formula is considerably facilitated 

by figs . 4a and 4b in which ~, l~curves are given corresponding to different 

values of hand of the radius R of the circular cross section of the repre~ 
senting beam. These curves were obtained by means of a system of curves 
and formulae given by the au thor in another paper 1). 

In figs. 5a and 5b two curves derived from formula (1) are represented. 
These curves refer to a 20 cm thick waters heet (h = 20); fig. 5a gives the 

relation between zOr;1 and l for R = 10 cm, and fig. 5b the relation 

1) R. H. DE WAARD, The intensi~y of scattered X-radiation in medica! radiography. 
Proc. Kon. Ned. Akad. v. Wetenseh., Amsterdam, 49, 955 and 1016 (1946). 
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z -z 
between 0" d J and R for À. = 0.2 A. With the help of these curves we 

can determine the increase of À. giving rise to the same increase of the 
contrast Zo -Z1 as a given reduction of R. Fig. 6 gives a series of results 
obtained in this way. 
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different radii R; in fig. 4a for a water sheet 
of thickness h = 10 cm.. in fig. 4b for one 
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Fig.5a. Relation between ZO-ZJ and ;. Fig.5b. Relation between ZO-ZJ and R 
yd yd 

corresponding to a beam of radius corresponding to a beam of wavelength 
R = 10 em. falling on a water sheet of ;. = 0,20 A falling on a watersheet 

thickness h = 20 cm. thickness h = 20 cm. 

5. Deduction and application of a more general formula for small con~ 
trasts. 

We will now consider the more complicated case to which fig. 7 refers. 
Here the bone sheet of the preceding case is replaced by a bone ladder the 

of 
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Fig. 6. Curve shawing the radii R. giving rise ta equal contrasts when combined with 
a wavelength of 0.20 Ä. as a given wavelength;' when cambined with a radius of 10 cm. 

Thickness of water sheet: h = 20 cm. 
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Fig. 7. Variatian of the arrangement shown in fig. 2: the bane sheet of thickness d is 
replaced by a bane ladder with steps of height d. 
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steps of which have all the same height d. The contrast of the images of 
the steps n and n + 1 is th en 

- 4!::. In - 3 !::. Dn 
Zn-Zn+t -0.43 y Tn - 0.4 4 Y Dn + Sn 

where 

!::. Dn = Dn - Dn+t and !::. In = In - In+t = !::. (Dn + S). 

Now it is easy to see that 

Dn = D* e-(2 .5I.' +O.t8)(h-nd} e-(341.·+O.31)nd = 
= D* e-(2.5I.' +O.tS)h e-(al.' +a' )nd = Do e-(al.'+a')nd. 

Hence 

6. Dn = Dn (a}.3 + a')d 

and consequently 

a,P + af 
Zn- Zn+t=0.434yd S . 

1 + - e(al.' +a ')nd 
D 

(2) 

With the help of this formula it is possible to answer the question raised 
in the first section of this paper. We will illustrate this by a study of the 
case h = 20 cm, ii = 0.2 A, R = 10 cm. Curve I of fig . 8 shows the 

corresponding relation between zn--; ~n+t and nd. Now it follows from 

fig. 6 that an increase of ii by 0.115 A and a decrease of R by 7t cm give 
rise to the same increase of Zo - Zl' and it is for these two cases 

~ 

ao.5 

o 

Fig. 8. 
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and bone thickness nd: 

for h = 20 em., ;. = 0.20 A, R = 10 cm. 
lIa for h = 20 em., ;. = 0.315 A, R = 10 cm. 
lIb for h = 20 em., ;. = 0.20 A, R = 2.5 cm. 

The data of the curves lIa and lIb have been chosen in such a way that the contrasts 
corresponding to n == 0 are equal. 
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(h = 20 cm, À. = 0.315 A, R = 10 cm and h = 20 cm, À. = 0.2 A, 
R = 2.5 cm) that the curves Ua and Ub of fig. 8 give the relations between 

Zn~ ~n+l and nd resulting from formuIa (2). 

Por the case in discussion the curves give the answer to the question 
raised in the first section of this paper. They show th at in the lighter parts 
of the image (which correspond to the greater bone thicknesses nd 
traversed) the increase of contrasts brought about by a decrease of the 
diameter R of the representing beam is far more important than that 
resulting from an increase of the wavelength À.. In case of a decrease of R 
the increase of contrasts in the lighter parts is even comparatively greater 
than in the denser parts of the image. 

Summary. 

In this paper are derived two formulae by which contrasts in X~ray 
pictures can be calculated. With the help of these formulae a comparison is 
made of two measures by which contrasts in X~ray pictures can be 
increased, viz. 1. an increase of the wavelength, and 2. a reduction of the 
size of the representing beam. These two measures are found to be by na 
means equivalent: in a special case considered an increase of wavelength is 
shown to affect chiefly the contrasts in the denser parts of the image 
whereas a reduction of the size of the representing beam has comparatively 
more effect in the lighter parts. 



Geology. - The chromite deposits of the G!lleman~concession (Vilayet 
Elaziz. Turkey). By P. DE WIJKERSLOOTH. (Communicated by 
Prof. H. A. BROUWER.) 

(Communicated at the meeting of January 25. 1947.) 

Introduction. 

In our paper "Die Chromerzprovinzen der Türkei" (1942) we had 
occasion to give a general summary of the chromite~bearing areas of 
Turkey. In that article the chromite deposits of the Guleman~concession. 
which will be treated here. were said to belong to the "southern or tauridic 
chrome ore~province of alpine origin". Though the map. added to the 
earlier paper. shows in general the geographical and tectonic~magmatic 
distribution of the turkish chromite deposits. it does not give any complete 
information about the occurrence of ophiolite and chrome ore in eastern 
Turkey. The sketch. which we furnish now. should in this connection fill 
the gaps. It shows clearly. th at the southern or tauridic ophiolite~province 
in the territory of eastern Turkey splits into two beIts. Between both lies 
the "kratogen land" of the Van~lake region. Further to the SE the two 
beIts joinagain and form one single trace. which continu es in the direction 
of the mountaineous reg ion of Kermanshah in Iran. 

SKETCH OF THE CHROMITE-BEARING AREAS OF EASTERN TURKEY 

N 

1 SIVAS • 

C hromite - deposits 
N~ 1 ::: Hafay -Islahiy@ 

" Z ::: 6ed enek (Sivas) 

" 3 ::: Gulpman (E/az; ,) 

Ol ~ ::: Perqini - koy (Tuneeli J 
" 5 = Pirna Kapd n ([ r z urum) 

" 6 == De.s tom; (S ij r t) 

" 7 .. .$ ahb aq i (Van ) 

L~(/j Ophio tite-and Ch r omil e - pr ov lnce (Qr ogen ef 'C Z one of the- Tav r i ds ) 

aJII]]] t:'1 e d iu m - m a s s o f the Van-region 

~'S?0W r ar e /a nd (Sy r len- arabia n pla teau) 

2'0 km ~ Chro"mite - d e po s its of eas te rn Turkey 

Fig. 1. 
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About the chrome ore richness of the two beIts little is known, as no 
systematical exploring for chrome ore has been done here. Only some 
incidentally discovered finding pI aces are known. The northern belt con~ 
tains for instance the chromite deposits of Pirna Kapan (Vil. Erzurum) 
and of ~ahbagi (Vil. Van), while from the southern belt only one chrome 

ore~deposit near Destomi (Vil. Siirt) became known. Notwithstanding 
this scanty knowledge it is evident, that both beIts are chromite~bearing 
and that the southern or tauridic chrome ore~province continues to the east. 

The chrome ore region of Guleman is located near the above mentioned 
virgation point of the tauridic orogenic zone, lying west of the Van~lake. 

Location and transportation~possibilities - historical notes. 

The Guleman concession is situated about 20 km E. of Ergani~Maden. 
between the two tributaries of the Tigris. namely the Bahru~çay in N. and 
the Maden~suyu in S. It occurs at an altitude of appr. 1300 meters in a 
mountaineous region, belonging to the Armenian Taurus. 

A good highway connects the mine with Ergani~Maden and the railroad~ 
station of Maden. The ore is transported by an aerial cableway of some 
20 km length to a bunker and a loading~installation near the railroad. From 
th ere the ore is shipped by railroad via Malatya to the port of Mersin for 
export (a railroad~route over 600 km long). 

The management of the nearby copper~mine of Ergani knew since long 
of the existence of the chromite deposits of Guleman. From this source 
R. PILZ (1917) eVidently obtained the news, mentioned as a side~issue in 
his paper on Ergani~Maden. 

In the year of 1936 the Eti~bank has started to mine this rich chrome 
ore region. Untill the end of 1938 the chrome ore was transported by 
trucks. It was then that the aerial cableway~installation was first put in 
operation. 

During the last years the annual output has varied widely according 
to the very changing economical (and political) conditions. In 1940 it has 
reached the maximum of 90.000 metric tons. 

Earlier published litterature. 

The chromite deposits of Guleman have not been treated until now in 
the main reference books on ore~deposits. They are not mentioned, for 
instance. in the "Lehrbuch der Erzlagerstaettenkunde" (1941) by H. 
SCHNEIDERHÖHN. 

A. HELKE (1938) has given the first short description of the chrome ores 
of Guleman and the surrounding area. A sketch, accompanying his article 
gives a good survey of the great number of pI aceS where chrome ores are 
found in th is region. named by the author "the chrome ore~province of 
eastern Turkey". In the time of his investigations the opening and the 
mining of the Guleman~concession was just starting and therefore the 
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au thor was obliged to con fine himself to a few general remarks on the 
nature and the size of the ore~bodies. 

G. ROSIER (1942) in a short paper has treat~d essentially the strati~ 
graphy and the tectonic structure of the Guleman~concession and the 
surrounding areas. In the field we could always verify and reestablish the 
accuracy of his geological studies. On the nature of the ore deposits them~ 
self he gave little account. 

In the same year V. KOVENKO published a study on the chromite deposits 
of Guleman. which contains many petrografical data and genetic con~ 
siderations. 

Although the above mentioned works exist. there is not yet any detailed 
description of the very important chrome ore~deposits. The aim of this 
paper is therefore to give somewhat more detailed information about them. 
as. because of their si ze and geological position. they merit to be more 
generally known. 

Stratigraphy of the Guleman region. 

Cri sta 11 i nes c h i s t s a n d marbles. 

The oldest members of the rocks that appear here. are highly cristalline 
mica schists. which of ten contain quarzite intercalations. and white marbles. 
About their age we know very little. We can only establish that they are 
older than uppercretaceous (see below). 

T h e 0 p h i 0 I i tic r 0 c k s. 

The principalcomponents of the ophiolitic rocks are serpentine. forming 
the main body. pyroxenite and gabbro. 

The serpentine contains sporadic large individuals of diallag. It looks 
just like its homologue in the Ergani~district. which is cIearly derived from 
peridotite. Here. however. the serpentinization has made much more pro~ 
gress and left behind scarcely any relics of the original rock. from which 
it is evolved. 

The pyroxenite consist of monoclinal pyroxene. It is found mostly near 
the chrome ore~bodies as around Gölalan (see the map). It forms irregular 
streaks (" schlieren") in the serpen tine. 

The gabbro is medium~grained and even macroscopically can be seen 
that it is built up from plagioclase and pyroxene. It appears in the form of 
large solid masses inside the more plastic serpentine. Mostly its borders are 
tectonic and more or less polished by differential movements. As was 
already remarked by G. ROSIER (see the references). the gabbro seems to 
be of younger age than the serpentine and is represented by tectonically 
heavily deformed bodies. which are intrusive in the latter. 

All the members of this ophiolitic series are covered transgressively by 
the Lower~eocene. whose basal parts are developed as conglomerates and 
breccias. In the clastic elements of this formation we find products of 
erosion of ophiolitic rocks and even of chrome ore. According to this we 
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conclude th at the basic rocks and the chrome ores of the Guleman~district 
will be of pre-lowereocene age. Moreover G. ROSIER informs us that out~ 
side of the Guleman~concession near the village of Kelhasi (on the' bank 
of the Bahru~river) uppercretaceous flysch lies in transgression on the 
serpentine. From this it may be referred that the ophiolitic rocks should 
even be of pre~upper~cretaceous origin. 

To fix the lower age limit there is no supporting point at our disposal. 
But if we take into consideration that the basic rocks of this district belong 
to the tauridic ophiolitic province (see "Die Chromerzprovinzen der Tür~ 
kei") , it can be admitted that probably they are not older than the mesozoic 
period. 

T h e c r eta c e 0 u s. 

The cretaceous consist of shaly marIs, sandstones and light phyllitic 
slates which as a whole show a typical flysch~facies. In general the 
formation has a grey~yellow color, but fresh samples, taken from un~ 
weathered parts, exhibit mostly a color of grey~green. lts layers are 
generally poor in fossils. In spite of this G. ROSIER has found here Jeremi~ 
nella Pfenderae Lugeon, which indicates the presence of uppercretaceous. 
On the other hand A. HELKE mentions that he has found in this series 
and particularly in its bituminous components, Ponopaea cf. gurgites 
Brongn., Pecten cf. orbicularis Sow. and Ostrea vescularis Lam. As finding 
places he mentions the villages Heridan, Pertek~Pirajman and Deri, all 
situated in the neighbourhood of the Guleman~concession. These fossils 
prove that locally in the flysch~formation the middle~ and even the lower~ 
cretaceous are represented. 

T hel 0 w e r ~ e 0 c ene. 

Exactly as in the Ergani~district a transgressive formation of red~violet 
schists and limestones is found in the Guleman~concession. Although no 
characteristic fossils were met here. we consider it to be of lowereocene 
age, in virtue of the excellent analogy with the above mentioned neigh~ 
bouring district. As described in our paper on Ergani~Maden (see 
references) the lowereocene of Ergani is rich in schmall nummulites, ortho~ 
fragminae and alviolinae. An other analogy lies in the fact, that in both 
districts the lowereocene contains many and mostly thick intercalations of 
melaphyre. 

The basal parts of the lowereocene are con glom era tic (see above). 
Frequently only a slight rounding up of the coarse clastic elements has 
taken place, so th at it gives the impression that we have to do with slope 
breccias, which have no components of foreign character. Mainly products 
of erosion from the basic rocks are met, accompanied by sporadic pieces 
of cristalline schist and marbIe. 

T hem i d dIe ~ e 0 c ene. 

Without any sharp boundary the lower~eocene is locally covered by 
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iimestone layers which eontain large~sized nummulites of the middle~eoeene 
(as at Saritepe). These small limestone~oeeurrenees represent seanty relies 
of a formerly widely spread middle~eocene formation. 

Tectonie of the Guleman~district. 

As the accompanying map indicates. the ehromite deposits of Guleman 
are situated near the south~border of the Taurids. This has its special 
significance. 

In this connection we like to point out that L. KOBER (1915) has-establ~ 
ished around Maras that the frontal units of the Taurids had been pushed 
as a uniform mass upon the syrien~arabian plateau during a late orogenic 
phase and he reports that the miocene of the foreland of the Taurids was 
overrun. 

We believe that we have observed something similar to this in Hatay. 
between Kirkhan and Hassa. Here the serpentine (together with cristalline 
elements ). representing the frontal mass of the Taurids. seems to have 
been pushed forwards upon the syrien~arabian foreland. characterized by 
a frequency of basaltic flows. 

An excellent analogy with the orogenic structure of the Dinarids is 
offered here. A. PILGER (1941) in his description of the Yugoslavian over~ 
thrust~sheets (nappes) reports that the Merdita~nappe. with its predominent 
serpentine. was pushed up on the folded foreland as a relatively solid mass. 
causing the serpentine to slide over on top. due to its ability to glide on 
other rocks. 

Besides these re su lts of great horizont al movements. which we meet 
now as widespread overthrust~masses. the frontal elements of the orogen 
were mostly affected by astrong digitation. dissecting the overthrust~mass 
into smaller units. 

Probably on a smaller scale both structures seem to exist in the Guleman~ 
district. An overthrust~mass of serpentine (locally with eristalline schists 
and marbles ). lying on an uppercretaceous base. and a manifold breaking 
up of th is unit can be distinguished in form of a generally existing slice~ 
strueture. G. ROSIER (1942) mentions in his valuable paper three slices. 
namely one of Soridag. one of Kundikan and one of Guleman. It must 
be emphasized. however. th at these represent only the most evident three 
members of a much more eomplicated slice~strueture. They are secondary 
phenomena which were of later origin and infringed on a strueture of 
much more importance for the understanding of the local orogeny. 

As it can be gathered from our map of the Guleman~concession. the 
ehromite deposits that exist here. are all found in the thrust~over serpen~ 
tine. which shows a small thiekness inside the coneession~district. At more 
than one place the overridden uppercretaceous base eomes out in form of 
inliers. 

Therefore we should not wonder that the ehromite deposits which. 
together with the serpentine. have been submitted to a great horizontal 



220 

transportation, exhibit astrong tectonically affected picture. This is one 
of the reasons why we have reserved so much space for the treatment of 
the tectonic problems. 

This appearance is specially striking for all the chief ore~bodies of 
Guleman, as Saysin, Tosin and Gölalan, as weIl as for the neighbouring 
masses. They all form flat lenses, bordered by gliding surfaces which gives 
the impression th at they are torn up shreds of an earlier, more or less 
coherent chrome ore mass. Also the intern al structure of the ore reveals 
the effect of astrong tectonical deformation (see below). 

The chromite deposits of Guleman are therefore "rootless" ore~bodies 
that swimm in a foreign serpentine mass. This is a very important know~ 
ledge for the true estimation of the ore reserves and for the further success 
of the total opening up, which has not yet ended. 

The chromite deposits of the Guleman~concession. 

The chromite ore~bodies are found on an appr. 1700 m long line, which 
runs NWW-SEE (see the map). Three main groups can be distinguished, 
namely the Saysin~, the Tosin~ and the GÖlalan~group. Each group shows 
a more or less farreaching partitioning in small and large ore~lenses. It 
must be emphasized, however, that possibly th ere may be many more ore~ 
lenses which, concealed under a cover of serpentine, have not been dis~ 
covered yet. 

The ore~group of Saysin which on account of its being situated in the 
neighbourhood of the installation of the aerial cable~way was mined first, 
has delivered an amount of chrome ore of about 50.000 tons and seemed 
to be entirely exhausted. Recently, however, a new ore~lense was dis~ 

covered, seperated from the earlier mined members of this group by a 
veinlike shaped mass of serpentine. lts ore content will be about 20.000 
tons. There is a possibility, that in the near future even more lenses, 
belonging to this group, will be found. 

The ore~group of Tosin consists of a main body and a few smaller sur~ 
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rounding lenses (see the section) . The main body became sufficiently 
known through the opening works. It forms a flat ore mass, up to 20 m 
thick, which in horizontal projection shows very irregular borders and 
hooklike apophyses. lts contact with the serpentine has a wavy course and 
.is sharp~lined. The whole morphology of the ore~body indicates th at strong 
squeezing out forces were active here. At many places the ore~body was 
cracked and so we find many fissures, now filled up by diapyric intruded 
serpentine. All learns that, if the ore~body had been displaced over a still 
greater distance, a total splitting up would have resulted and the unity of 
the main ore~body of Tosin completely lost. 

The ore content of this group is estimated to be at least 130.000 tons. 
To this amount must be added the possible reserves of the neighbouring 
small ore lenses, about which our knowledge is very restricted. 

The ore~group of Gälalan (in which we include also the ore~lenses of 
Sayver) is not known so weIl as the two above~mentioned groups, since 
the opening works that have to carry away the covering serpentine, are 
only partially advanced. To get information about the deeper parts of the 
chrome ore a few shafts and drillings were made. On the base of these 
few informations and the natural outcrop we assume the content of the 
main ore~body to be at least 300.000-400.000 tons. 

By exact observation it can be established that here also, quite as we 
showed in Tosin, a cutting up of the main body has taken place. Many 
fractures, filled up by serpentine, are crossing the chrome ore, dividing 
the main body in different smaller parts. The surfaces of these single 
parts are polished and show magnificent mirrors. 

The total ore~content of the Guleman~concession is, according to the 
èata mentioned above, about 500.000-600.000 metric tons. It should be 
pointed out, however, that the exploring of the concession~district must be 
continued and that it may be possible, that still important discoveries can 
be made, which might change considerably the above mentioned estimation. 

The chrome ore of the Guleman~concession is al most entirely high~grade 
and massive ("Oerberz"). It is not necessary that the ore is washed and 
it can be delivered as it comes out of the open pit. The annual output 
shows an average content of chrome oxyde ranging from 50 to over 
50,5 per cent. The or es of the main body of Tosin have an average content 
of 49-50 per cent, while those of the main body of Gälalan are somewhat 
richer and show an average of 51-52 per cent. The small ore lenses N 
of the ma in body of Tosin (called A~aga Tosin) contain ores with an 
average Cr203 value of 55.5 per cent, being the richest type found in the 
concession. 

The following table givesa few analytical values about the ore of Tosin: 

49.91 
16.11 
6.09 

50.17 
16.78 
5.83 

50.31 % 
19.83 % 
5.60 % 
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From the mineralogical point of view the ore of Guleman is quite interes~ 
ting. As already mentioned above, it is, almost without exception, very pure 
and massive (Derberz) . Only in the group of Saysin it shows locally a 
strong intergroth with magmatic pyroxene. 

Striking is the considerable grain size of the chromite. It is not rare that 
the crystals (subsequently deformed - see below) have a diameter of 
2.5-3.0 cm. In no other ore deposit in Anatolia have we found such a 
pronounced macro-crystallinity of the chromite. It must be admitted that 
here a very slowand continuous crystallization of chromite from the peri~ 
dotitic magma has taken place. 

A second remarkable feature of the chromite of Guleman is its wide~ 
spread foliation. In this connection we want to refer to our paper on the 
chrome ore of Çatak in Vilayet Bursa (see reference No. 12) in which a 
similar phenomenon was described. We showed there that chromite under 
the, influence of tectonic movements can be crossed by a system of parallel 
orientated ruptures. It has been pointed out that the direction of these 
ruptures is conditioned only by the tectonic action and that there is no 
connection with the internal crystal structure of the affected chromite. In 
this way the chromite of Guleman is broken up in a complex of laminae in 
a large degree. As a result of the release of stresses sometimes differential 
movements have taken place between the laminae and so the chromite 
individuals lost their original form and have been stretched in the direction 
of the tectonical action. At the same time some short transverse fractures 
cracked the laminae which, in the extreme cases, lost hereby their unity. 
Finally a stratified mylonite of finest chromite partides resulted. But 
generally the chromite laminae, although somewhat broken up, preserved 
their characteristic forms. 

This shearing deformation of the chromite has made itself noticeable 
throughout all the chrome ore masses of Guleman. A pronounced 
foliation exists everywhere. A. HELKE has interpreted this phenomenon as 
being a consequence of a "plastic" deformation of chromite and therefore 
he described the chromite laminae as "breitgedrückte Chromitkristalle" 
(widened out chromite crystals). We have accepted this interpretation in 
our artide on the chrome ore provinces of Turkey (see reference) and 
used the expression "flattened ore grains". Our later investigations, how~ 
ever, have proved that here no plastic, but a shearing deformation has 

taken place. 
It could be established by accurate observation that the shear surfaces 

between the chromite laminae are covered with a coat of Kaemmererite. 
This mineral and also the uwarovite 'which is found specially in the main 
ore~body of GÖlalan. are of secondary origin. Generally we find them in 
fissures and on faultplanes which in great number are cutting the ore~ 
bodies. The uwarovite appears of ten in well~shaped crystal~aggregates 
which indicate a dear idiomorphy of this mineral (pentagondodecahedron). 



223 

Microscopically, the chromite shows still other mineralassociations, such 
as olivine and rutile. We meet them only as very fine sized enclosures in 
the chromite. The olivine represents an "old foreign guesC (see 
SCHNEIDERHÖHN "Die Mineraleinschlüsse in Erzmineralien", reference 
No. 7) which as a foreign sub stance was included in the chromite indivi~ 
duals during their growth. On the other hand the rutile seems to be a 
"family guesC, which was formed by unmixing of the constituent elements 
of the chromite *). This conclusion may be based on its symmetrical 
orientation in the chromite crystals. Thus we observed that the rutile is 
grouped in several systems of parallel individuals. All indicates that th ere 
is a general orientation parallel to the (111) directions of the host crystals. 
The rutile appears in the form of very fine and long needies. having sha~p 
ends. This crystal habit seems a justification for giving to these individuals 
the name "sagenite" . 

For completeness the "reconversion enclosures" (Umbildungseinschlüsse) 
must be added here. First we should mention the ferritchromite (see our 
article "Mikroskopische Beobachtungen an anatolischen Chromerzen"). It 
is formed preferably in the fissure cracks and on the grain borders of the 
chramite. Less general is the internal segregation of the iron oxyde which 
we can find in the weakly magnetic parts of the Guleman ore. As we have 
described already in 1942 (see reference) this alteration product is found 
along fissute cracks. as extremely fine and mostly tabu lar (in polished 
section needle~like) aggregates. whose structure can only be observed by 
the use of a very strong enlargement and oil immersion. In the formation 
of these iron~oxyde aggregates the haematite occupies an important place. 
Magnetite could not surely be identified which must be attributed to the 
hard identification of these microcrystalline intergrowth of iron~oxyde. 

Summary. 

The deposits of the Guleman~concession which contain important reserves 
of chromite. consist of very coarse grained and pure ore. The macro~ 
crystallinity of the ore shows that the segregation of the chromite took 
place in a very large reservoir of peridotitic magma. which allowed a slow 
crystallization and a quiet growth of the chromite~individuals. 

The chromite deposits occur all together in an overthrust~mass of serpen~ 
tine which was pushed fram the north to the sou th over a great di stance 
over its upper~cretaceous base. The chrome~ores which perhaps originally 
have formed a single mass. are during the overthrust movement braken up 
in several bodies of different size. They are found in the form of lenses. 
shreds and rounded blocks. all ralled out and bordered by sliding surfaces. 
Everywhere the chromite exhibit astrong foliation. 

The main ore~groups of Saysin. Tosin and Gälalan have together a 

*) In an earlier publication ("Mikroskopische Beobachtungen an anatolischen Chrom~ 
erzen") it was described by mistake as an "older foreign guest". 
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reserve of about 500.000-600.000 tons. Further search of the ore~masses. 
now covered by serpentine. pro mises the discovery of other chrome ore. 
The exact knowledge of the overthrust base and the other local tectonie 
features is necessary for the success of the diffieult exploration. 

Local geologieal observations showed us that the formation of the chrome 
ore as weIl as the genesis of the ophiolitie mother~rocks is of pre~eocene 
age. According to the general historie development of the Tauridie orogeny. 
the chrome ore of Guleman should be assigned a mesozoie age. 
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P. DE WIJKERSLOOTH: The chromite deposits of the Guleman~concession (Vilayet Elaziz, Turkey). 

INDEX: 

• 
E3 
~ 

Violet - ~ed Flysehse~ie 
of fhe under- E't;Jcene 

Breecia and eonglomerafe 
al fhe under- eoe ene 

Crey - yellow flysehsef"ie 
of fhe upper-cretaceous 

~ Crysfalline schisfs 

~ 'White marbles 

(T';ï'71 Serpenf ine 
~ (peridotite, pyroxenifel 

I::n<d Gabbro 

Chromife are - deposits 
of Guleman 

Chromlte are - badies 
of Xundikan 

~ 8asal-plane of 'he overfhrust-mass 
~ of Guleman - Xundikan 

".""1 Slice-zone of 'he overfhrust-mass 

N 
GEOLOGICAL MAP 
OF THE GHROME ORE-REGION 

GULEMAN (TURKEY) 
SCALE 



KONINKLIJKE NEDERLANDSCHE AKADEMIE VAN 
WETENSCHAPPEN 

PROCEEDINGS 

VOLUME L 

No. 3 

President: ]. VAN DER HOEVE 

Secretary: M. W. WOERDEMAN 

1947 
NORTIi-HOLLAND PUBLISHING COMPANY 

(N.V. Noord-Hollandsche Uitgevers Mij.) 

AMSTERDAM 



CONTENTS 

11MBGROVE, J. H. F.: "Origin of the Dutch coast", p. 227. 
VENING MEIN.ESZ, F. A.: "Convection-currents in the Earth", p. 237. 
ITIERSON, F. K. TH. VAN: "BrittIe rupture of plastic material", p. 246. 
CORPUT, J. G. VAN DER: "On sets of integers." (First communication), p. 252. 
BURGERS, J. M.: "Aerodynamical problems connected with fhe motion of a c10ud of gas 

emitted by Nova Persei." I, p. 262. 
BOSCHMA, H.: "The Rhizocephalan parasites of the crab Actaea hirsutissima (Rüpp.) ", 

p.272. 
SZE-TSEN Hu: "Inverse homomorphisms of the homotopy sequence." (Communicated by 

Prof. L. E. J. BROUWER), p. 279. 
FINZI, A.: "Sur les systèmes d'équations aux dérivées partielles, qui, comme les systèmes 

normaux, comportent autant d'équations que de fonctions inconnues." (Troisième 
communication.) (Communicated by Prof. L, E. J. BROUWER), p, 288, 

BLIJ, F. VAN DER: "On the theory of simultaneous and quadratic representation." Part IV. 
(Communicated by Prof. J. G. VAN DER CORPUT), p. 298. 

KONING, L. p, G.: "On Iinnaeite in the Flaad nickel ore deposit, Evje, South Norway." 
(Communicated by Prof. H, A. BROUWER), p. 307. 

ARENDSEN DE WOLFF-EXAUrO. ELSB: "Some investigations on the embryonic 
development of Limnaea stagnalis L." (Communicated by Prof. CHR. P. RAVEN), 
p.315. 



Geology. - Origin of the Dutch coast. By J. H. F. UMBGROVE. 

(Communicated at the meeting of February 22, 1947.) 

1. According to prevailing opinions the Dutch coast originated as a 
large spit which grew from Sangatte near Calais towards the North and 
North-East under the influence of ti dal currents passing from the Atlantic 
Ocean towaros the North Sea by way of the Englisih ChanneI. 

Marine day - ûhe so-called old sea day - accumulated in the bay 
behind the spit. Afterwards the bay be<:ame a fresh-water lake in which 
a few meters of peat accumulated. 

In a still later stage the sea broke througth the sand-bars. lts deposits 
are called young sea day (fig. 1). 

This hypothesis has been propagated by TESCH in several publica
tions 1). A synopsis of this point of vi'ew may be seen in the grapthic 
representation, fig. 2. It shows the thickness of the respective strata, the 
supposed time of their origin and the situation of sea-Ievel during the last 
7000 years. 

Before entering in.to a discussion of TESCH'S hypothesis yet another 
feature of the coast must be mentioned. The sand formation along the 
Dutch coast consists of two elements which are of different ages. The 
ol der element is a set of parallel low sand barriers. Part of the Westernmost 

- ·--SEA lEVEL 

~YOUNG ANO 
"'OlO SEA ClAY 

DOUNES 

I J MARINE SA NO 
.. . . . ANO SANO BARS 

=PEAT 

~~~~~~~~ OlOER HOLOCENE 

Fig. 1. Schematic block-diagram of part of the Dutch coast between 
The Hague and Leyden. 

1) P. TESCH, Duinstudie I-XIII (Tijdschr. Kon. Ned. Aardrijksk. Genootsch. 37-38, 
1920-1930) . 

P. TESCH. De vorming van de Nederlandsche duinkust. . (Wolters, Groningen 1935.) 
P. TESCH, Over de woorden Laagveen en Hoogveen. (Tijdschr. Kon. Aardrijksk. 

Genootsch. 57, 1940.) 
p, TESCH, De Noordzee (Mededeel. Rijks Geol. Dienst, A no. 9, 1942). 
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of these ridges is covered by the more r,ecent and much higher dunes as 
illustrated in the schema tic block~diagram fig. 1. The old sand ridges are 
considered as old dunes by TESCH. The supposed age of the formation 
of the two coastal e1ements is also indicated in fhe graph (Hg. 2). 
Another remarkable feature is that the "old dunes" are intersected abrupt~ 
ly by the coast South of The Hague. 

Origtnally it was supposed by EUGÈNE DUBOlS 2) tihat the material of 
the dunes had derived from the rocks that onee formed the cOThIlection 
between France and England. From t<his it followed that the time of 
origin of the Dutdh coast coincided wi~h the time of origin of the open 
sea~connection between the Atlantic and the North Sea, i.e. the opening 
of Dover straits. 

From 1:Ihat moment on the spit would have grown by the accumulation 
oferosion products of the rocks that formerly eonnected England and 
France. 

2. However, it later beca~e appareilit that the Dover straits dates from 
an earli:er epoch than the time of origin of 1:Ihe Dutdhcoast. 

A petrological investigation of bottom samples from the Nort Sea, car~ 
ried out by BAAK 3) yielded a quite different result. For it appeared that 
a great part of the dune sand derived from land areas in the Sou th East, 
certainly not from the Dover straits and the English Channel. 

Moreover VAN VEEN 4) pointed out that the coast has more the c'ha~ 
ract'er of a lido or sand barrier coast Wlhich means that the oid sand 
:harriers were more a product of forces working in a ,direction at right 
angles to rhe coast than of the pr,edominant lateralrgrowth of a spit. 

The rSa:Ille autlhor demonstralte!d in a convindng manner that there is no 
sand transport of any si'gnificance from the Dov,er straits towards the 
Dutch coast at preS'eilit. Therefore, it remained a puz,z.le What caused the 
sUidden accumulation of the dunes in the nine1:lh century A.D. No satis~ 
factoryexplanation !bas beengiven as yet. 

AccordiIllg to TESCH the wrhole sequence of deposits formed durinlg an 
uninterrupted rise of sea~level, the amount of w'hich is shown by the in~ 
clination of jjhe curve in thegraph, fig. 2. 

However, in the year 1929 Miss B. POLAK 5) published the results of 

2) E . DUBOIS, Over het ontstaan en de geologische geschiedenis van Vennen, venen 
en zeeduinen. (Arch. du Musée Teyler, ser. 3, vol. 4. 1919.) 

3) J. A. BAAK, Regional petrology of the Southern North Sea. (Acad. Thesis, 
Leiden 1936.) BAAK ascribed a Scandinavian origin to part of the sands (the so-called 
A~group). Possibly. however. these were transported also by the Rhine. (See J. I. S. 
ZONNEVELD, Beschouwingen naar aanleiding van de korrelgrootte der zware mineralen 
in zandige sedimenten. Geolog. en Mijnbouw, 8, 1946, p. 103.) 

4) J. VAN VEEN, Onderzoekingen in de hoofden (Acad. Thesis, Leiden 1936). 
5) B. POLAK, Een onderzoek naar de botanische samenstelling van het Ho\landsche 

veen (Acad. thesis, Amsterdam. 1929). 
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a botanical examinaJ1:ion of the peat deposits. She clearly demlOIllStrated 
that the peat of the WIestern provinces is no ww level bog~peat thatgrew 
under freshwater conditions. 

Instead. she proved th at it be10ngs to the type called upland moor or 
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Fig. 2. Graphic representation of Dr. TESCH's hypothesis of a continuous 
rising sea-!evel. 

Sphagnum peat. which means that it Igrew under tIerrestrial conditions. 
It is imrpossilble to reconcile these results witJh fhe theory ,of a continuously 
rising sea-Ievel. There could not be the slightest chance for the develop
ment of land conditions behind rthe sand barriers because thes'e barrÏJers 
had S'wera'lg'arpsthrough w'hich thesea 'had free passage. There must 
evidently have been gaps from the very beg inning even if there were no 
other reason than the necessary outlet of the water from the great rivers. 
And we 'know tfuat such a 'gap is widened and scoured cut by the sea. In 
the case of a continuoU'sly rising sea-Ievel. as supposed by TEseH. tlhe 
area of the cId sea-cIay could not poS'sLbly become a fres'ruwater lake. A 
fortiori it could not ~han'ge to a land surfac,e on whi<lh the upland moor or 
Sphalgnum peat could start to ,grow. 

We do n.ot know ihorw far fue barriers ex'tended Southwal1d. but at any 
rare w,e need not look for a ,connection with a local spit near Calais. 

3. The peat beds give convincing evidence th at their formation had 
been made possible by a re1ative falll of slea..;!evel. 'J1he ,graplh has to be 
altered accordingly (fig. 3). Such a proc'eoore implies the acceptance of a 
subsequent relative rise of the s,ea in more recent times. For without arti
ficia} human conrstructions present sea-1evel would extent twice as far 
Eastward as it did during the formation of the old sea clay. Moreover 
the lorwer surface .of the peat filOIW lies 4 IIlldres below sea-level. 

A,s a matter of f,act such a retreat .of the sea was cTaimed by LORIÉ G) 
as early as 1893. a'nd afterwards by C. A. WEBER arud J. VAN BAREN aoo 

6) J. LORIÉ. Binnenduinen en bodembewegingen. Tijdschr. Kon. Ned. Aardr. Gen. 
10. 1893. 
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again recently by GODWIN 7). But their opmlOn was rejected by TESCH 
who ihas propagated a formation of the peat layel's under conditions of 
continued rise of sea~level8). 

-8000 -7000 -tOGO -5000 -4000 -3000 -2000 -1000 o +/000 +2000 
nME----~._ ~ ____ ~ __ ~ ____ ~ __ ~ ____ ~ __ ~ ____ ~ __ ~L_ __ ~ 

? ? " 

LANDSUR~CE----------------~J~/~/-/-/---------------'-,-,~j~. ------------~/-,,/-/~-
_---..--aLO SAND BARRIERS .... " PEAT ",," DUNES 

___ ------ OLO SEA-CLAY .... , ___ ""YOUNG SEA-CLAY 

SEA-LEVEL 

Fig. 3. Relative move ment of sea-level wh en supposing a stabie land surface. 

4. Now, however, we may correot the term relative fall of sea~level 
and say that it was a true or so~called eustatic 'Iowering 'of iSea~Ievel. 

As early as 1919 DALY 9) came to suspect a subrecent eustatic 10wering 
of sea~level by a few metres that he placed 3000 to 4000 years ago. Wave~ 
cut benches at approximately the same amount of some 6 metres above 
sea~level we re found in the Pacific, the East~IIlIdies, Africa, the Atlantk, 
America, in fact all over the world. 

Of course emerg.ence of a coastal tract need not be found in areas of 
a notabie subsidence of the bottom like Holland. But Holland would 
look very differenlt, if no subrecentlowering of se~level had taken place; 
andcertainly there would !he no Sphagnum peat deposits in the area 
directly behind the coastal dunes. 

The regression of the seaas weB as the formation of the peat probably 
coincides approximately with the Sub~Boreal epoch which started about 
4000 years ago 10). 

The amount of the emerg.ence shown by more stabie parts of the earth 
is .of paramount importance f,or unta'ng1ing the interwoven eHects of sea~ 
level movement and land movement in Holland. Por even if sea~level 

dropped by an unknown amount, say 6 + x metres and rose sulbsequently, 
there always rema~ns an eustatic drop of sea~level of 6 metres since the 
Sub~Boreal regression started. On the other hand an accurate dating of 
the poot deposits ~n Holland is at the same time .of importance for an 
estimate .of the age of tlhe 6 metre terraces as far away as the C'entral 
Pacific! 

Por the sake of simplicity an amount of 6 metres will be used in our 

7) H. GODWoIN, Pollen analysis and Quarternary Geology (Proc. Geol. Assoc. LIL 
1941, 1941. pp. 328-361); Coastal peatbeds of the North Sea Region, as indices of 
land- and sea-level changes (New Phytologist, 44, 1945). See also J. A. STEERS, The 
coastline of England and Wales, 1946, pp. 195 and 426--439. 

8) TESCH, op. cito 1922, p. 74; 1928, pp. 78, 79; 1935, p. 14. 
9) R. A. DAL Y, The Changing world of the ice Age (Yale Univ. Press 1934). 
10) Cf. TESCH, XIII, 1930, p. 173, and 1942, Table 1. 
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further considerations, although one need not ,expect lexactly the s'ame 
amount all oVier the world. 

A first attempt at analysis of the Ï'nterplay of the true events that 
occurred is shown in the curves of fig. 4. The full~drawn line shows the 
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Fig. 4. Analysis of movements of sea-Ievel and subsidence of the bottom, a first rough 
approximation. 

supposed su:bsidence of the land at a constant ra te of 21 cm per century 
during the last 4000 years. The dot~dash line represents the Sub~Boreal fall 
of sea~level by an amount of 6 metres. At the point where the two curves 
intersect, the transgression of the sea starts in Holland. The Sub~Boreal 
reg1ression was eustatic and worldwide. It was, moreover, directly or in~ 
directly, due to glada'l changes. On {he other hand the transgression that 
started ahout A.D. 850 was regional and caused by subsidence of the 
bottom which in Holland resulted in a relative rise of sea~level. According 
to 1:Ihe esttmanes given just now tnis relative rise may have amounted to 
approximanely 2 meters since A.D. 850. 

The dot~dash line shows a small undulation at the extreme right. 
GUTENBERG 11) found from the records of 71 tide gauges over 1:Ihe whole 
world that si1nce albout ] 885 sea~level has risen at a secular rate of a:bout 
12 cm. lt is well known t'hat the ,g ladel\S and ice~caps héWe shrunkal!l over 
the worM in ,thecourse of tlhe last c,entury and tlhis apparently is the cause 
of the eustatic lrise of sea~level. 

If this amount be added to the 21 cm subsidence of the land, tide~ 

gauges in the Western coastal districts of Holland ought to show a relative 
rise of sea~level of 33 cm. Now 30 cm is the amount caku'lated hy RAMAER, 

and VAN VEEN forthe period betw,een the years 1880 and 1920. A diagram 
in a publication by ESCHER 12) illustr,ates this phenomenon very dearly. It 

11) B. GUT:EN8ERG, Changes in sea-Ievel, post-glacial uplift, and mobiliw of the 
earth's interior (Bull. Geol. Soc. America, 52, 1941). 

12) B. G. ESCHER, Het vraagstuk van de daling van den bodem van Nederland 
(Geologie en Mijnbouw 1940, pp. 173-196). 
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shows moreover the increasing movement of later times whicih is obvioulSly 
due to the additionaleustatic rise. 

5. Notwithstanding the remarkable agreement with the records of 
tide~gauges the graph of Hg. 4 nas to be regarded as a first and rough 
approximation. The construction of a more accurate curve, as tentatively 
shown by fig. 5, is a procedure whi,ch meets great diHkulties. For there 
are several uncertain factors. (1) One is the preliminary character of the 
time scale, the starting point of the Sub~Boreal faB of sea~level being only 
approximately at 2000 B.C. (2) Another uncertain factor is the exact 
amount of the Sub~Boreal faB of sea~level. (3) Then, the subsidence of the 
land is represented by a straight line in fig. 4. It may be that it has to be 
replaced by an undulating Hne s:howing one or more a<lcelerations and 
retardaUons as drawn i'n thecurve of fig. 5. (4) Probably the movement 
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Fig. 5. Tentative curves for the movement of sea-level and subsidence of the bottom. 

of sea~leve1 was aLso inter.mittent 13). However, the exact place of the 
retardations as weB as the steepness of the sea~level curve are entirely 
arbitrary. (5) The subsidence line intersedsthe sea-,teve1curve at A.D. 
850. From historical data this seems the right point for the Western part 
of Holland. It Ls quite weB possible that a differt epoch is more probable 
in other ,districts and then !!he graph has to be altered accordingly. 

In Flanders, for example, the point of intersection seems to be at an 
earHer date, viz. approximately A.D. 200. (6) Accoooing to a recent paper 
by FLORSCHÜTZ 14) the boundary between Boreal and Artlantic, which is 

13) Cf. PH. H. KUENEN, Geology of coral Reefs. Snellius Exp. 1933. 
14) F. FLORSCHÜTZ, Laagterras en veen op grootere diepte onder Velzen. Tijdschr. 

Kon. Ned. Aardr. Gen. 61. 1944. 
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assumed at about - 5000 by TESCH, ought to be placed somewhat later. 
In FLoRscHüTz's opinion deposition of the old sea day started some~ 
where in tJhe dimatic sta'ge caHed Atlantic by botanists. It remains to be 
seen W1hat ihe c'Ûrrect c'hroo.ologkal dating is of thi's dimatic indication. 
ProvisionaHy the beginning of the sedimentation of the old sea day is 
inserted in the .graph of fig. 5 somewheTie between 4000 and 3000 B.C. It 
wil! 'have to be adjusted to future more accurate data. (7) But there are 
still other pittfalls. The thickness of the old sea day can not be deduced 
from the curve. FoOr althoug:h it depends on two factors which can be ex~ 
pressed by the curves (viz. rise of sea~level and subsidence) there are still 
others that cannot he inducLed in the Igraph, such as tlhe scouring and ex~ 
cavatingeffectexcerdsed by sea ... currents on the ori'ginal land surface. 

Another uncertain factor is 'the distance between sea~level and surface 
of sedimentation of the old sea day. 

Ohviously sea~level had !been l'Ûwered a certain amount bd'Ûre the sur~ 
face of the old sea day had become dry land and peat could start to grow. 

Apparently the water was not doop. This may be deduced fiTom the fol~ 
lowing comparison. At present large aTeas of HoOIland ,are ahout two metres 
below sea~lev.eI. T:he boundary of the area which i's below sea~level is, 
however, twice as far landward as the Eastern boundary of the old sea day. 

(8) Probably the peat was subjected to a strong:er compactioo. than the 
underlying sand and day ,j,a)'iers. T 'his process walS still accelerated since 
the water leV'el was l'Ûwered artifidally during the past ten centuries. Com~ 
paction ofthe sediments j,s one factor which finds expression in the subsi~ 
dence of the bottom. Accordingly the land curve of fig. 5 corresponds with 
an average su!bsidence of 12 cm per century during the period from -
3500 to - 2000,a:9'ainst 15 cm secular from - 2000 te + 850 and 18 cm 
from + 850 to present times. A'gaion theextra secular compaction of 3 cm 
before + 850 and ,of 6 cm af ter that year are figures that need further 
precision. 

(9) FinaIly, the records from tide~9'auges have to be ta:ken cum grano 
salis. In a recent paper KUENEN 15) ,has published a new table of recal~ 
culated tide~gauge records. According to his results the records show an 
uninterrupted relative riseof sea~level of same 20 om per centUil'y since 
1860. Assuming an eustatic rise of sea~level of 12 cm the bottom move~ 
ment wouLd have been in the order of 8 cm 16). If these data 'have to be 

15) PH. H, KUENEN. De zeespiegelrijzing der laatste decennia. (Tijdschr. Kon. Neder!. 
Aardr. Genootschap 62, 1945.) 

16) KUENEN gives an average subsidence of 5 cm per century, and he thinks this 
to be the right figure for langer times. Without the sub-boreal faU of sea-level an average 
of 5 cm would suffice to explain the present location of the upper surface of the young 
sea-clay. However, taking into account a faU of sea-level of 6 meters the subsidence must 
have been in the order of 21 cm secular. The same amount is needed to explain the 
situation of North- and South-Holland at an average of two meters below present 
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regarded as wen estabLished the result would point to a slowintg down of 
the subsidence. This possibility is tentatÏiVely indi.cated at the utmost right 
of the .graphs. However, I believe that all these data have a preliminary 
character a-nd that an accuratecalculation of tfhese amounts have to be left 
until more trustworthy data will !he availaJble. All these remarks show the 
provisional character of fi,g. 5. The graph has no other meaning than a 
preliminary attempt at illustrating the events that co~operated in the for~ 
mation of the coastal districts of the Western provinces of Holland. 

6. A second problem is solved if the Sub~Boreal regression and the 
subsequent regional transgression be accept ed. For now the destruction 
of the "old dunes" and the reasons for the formation of the new dunes are 
no long·er a puzzle. The location of t1he coastline hef.ore the last trans,gil'es~ 

sion, i.e. bef.or.e the Romans arrÏiVed ,is well illustrated 'in a map by VAN 

VEEN. Sinc,e then the coast has receded in many places, f:Or exampIetwo 
kilometers near Den Helder between A;D. 1571 and 1866 17 ). 

The shape of the ooast adjusted Ï'tseH to the re1ative rise of sea~level and 
the prevailing system of currents as has been fully described by VAN VEEN. 

The present shape of the coast dissects the trend of the former coast and 
the oid sand barriers. 

The sea received a .great quantity of sand not only from tfhe demolished 
"old dunes" , but also from deeper parts due to the adjustment of the sub~ 
marine profile to the new coalStline (the stippled part of Jig. 6 as weLI as 
the part that shows vertical shading) . Tlhis material was heaped up in thç 
younger dunes. As a result of the then and still prevailing strong Westerly 
(SW and NW) winds, ·the dunes are formations which are very different 
from the low and parallel 'sand harriers, which were predommantly mo~ 
delled by the action of the sea. 

PRESENT SEA -LEVEL 

SEA-LEVEL ABOUT 
1000 YEARS AGO 

SHORf-UNE 

: 

PRESENT 
SHOREïLlNE 

Fig. 6. Schematic section illustrating origin of dunes and changing submarine profile, 
due to a relative rise of se a-level. 

The relative ri se of sea~leve1 caused many invasions of the sea (leaving 
the younger sea day deposits behind). At this stage man was forced to 
occupy himself intensively with the situation. Gradually dikes and canals 

sea-!evel. KUENEN'S estimate of 5 cm was an average for the whole coast. For North 
and South Holland, the provinces we have considered, he is inclined to assume about 
10 cm (persona! communication) , 

17) VAN VEEN, op. cito p. 141, fig . 117. 
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weve huilt; in short a syS'tem of polders came into existence in order to 
drain the land of the Western provinces which are actually a few metres 
belo:w sea~level. 

7. It is difficult to say wh at thecauS'e is of ·the sug.g,ested downward 
movement of the land surface. Three factors may have heen of special 
influence viz. (1) compaction of the sediments, (2) suhsidence of the peri~ 
pheral heIt around tJhe last Scandinavian ice.,cap, (3) accelerated subsidence 
of the basement. The Netherlands form part of the so~called North Sea 
Basin. Subs~dence of the floor of the hasin started in the Permian and 
continues up to our days at an average rate of 0.4 cm per century 18). But 
undoubtedly periods of accelerated and retarded subsidence alternated. 
Apparently we are livi,ng in a period ofacceLerated subsidence. No data 
are avaHa!ble on Wihich a quantitative eS'timate of the influence of each 
factor can be based. As mentioned in secNon (5) the compaction of the 
subrecent sediments is estimated tentativ,ely at 3 up to 6 cm secular 
since 2000 B.C. The combill'ed effect of tihe three factors certainly SUI~ 
passes tJhe average subsidence taken over long ,geological periods. For 
even the left part of the subsidence curve of fig. 5 shows an average rtJ.ove~ 
ment of 12 cm per century. 

The structural boundary of the North Sea basin is formed by the massif 
of Brabant in the South and by the axis of Erkelenz in the East. During 
the lonig history of the basin its shape underwent some ohang,es. The Ibasin 
of London formed as a prolongation in its Soutruwestern corner in Tertiary 
times. A structural map of the pre~Pleistocene surface shows the isobases 
of - 50 and - 100 metres to run nearly at right angles to the axis of 
Erkelenz in the Northeastern part of the Netherlands 19). In the same way 
a prolongation of the basin originated in a Southwestern direction thus 
forming a depression right across the former prolongation of tJhe Brahant 
Massif. 

T 'hIs area covers part of the coastal distridsof Belg,ium as far Soutlh as 
the neighbourhood of Calais. As a matter of fact the Holocene sequence 
of strata in Flanders strongly resembles that of Holland 20). It seems, 
however, th at the last relative fise of sea~leveI took placebetween A.D 
200 anid 500 in this area 21). On tJhe other hand a shore~line at ahout 5 
metres above present sea~leveI was mentioned by several authors from 
the coasts of the Mediterranean and the Atlantic coast of Northern France 

18) Cf., UMBGROVE. Periodical events in the North Sea basin. Geolog. Magaz. 82, 
1945, p. 238, Table A and The Pulse of the Earth, Sec. ed. 1947, pp. 312-313. 

19) P. TESCH. Tektonische lijnen in Nederland. Geologie en Mijnbouw 1932, p. 233, 
kaart 2. 

20) R. BLAN'CHARD. L'Origine des Moëres de la plaine ma ri time de Flandre. Bull. de 
la Soc. de Geographie 31 (1917) pp. 337-346. 

21) Cf. TESCH. Duinstudies XIII, 1930, p. 174. 
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induding the area of the English Channel. According to BRIQUET 22) the 
5 metre level in Northern France originated during the third or Riss gla~ 
ciation. That sea~level was h~lgher than it is now during the greatest 
Pleistocene ,glaciation would !he an absurd supposition. At any rate 
BRIQUET asserts that ~he successiV'e fODmation of the Flandrian days, peat 
deposits antd Dunkirk clays - which posslibly corr,espond respectively 
\Vith the old sea day, peat, and young sea day in the coastal district of 
HoIland 23) - took place af ter the fODmation of the 5 metre level. There 
is, however, no relialble basis for a correlation of the 5 m shore~lines in the 
area of the English Channel with the eustatic fall of sea~level of Sub~Boreal 
times. Tectonic and isostatic forces may have interfered. For the same 
reason fhere is still great confusion conceDning the correlation of higher 
terra ces 24). 

At any rate, however, the "Sub~Borear' regres sion must be taken into 
account for the explanation of any coastal district if this p'henomenon is 
considered of world~wide importance. The aim of the present paper ~s to 
show its importance f,ox a good understanding of the ori'gin of the Dutch 
coast. 

22) A. BR,IQUET, Le littoral du Nord de la France et son évolution morphologique. 
(A. Colin, Paris 1930) p. 395. 

23) G. DUBOIS', Classification du Qua.ternaire du Nord de la France et comparaison 
avec Ie Quarternaire danois. C. R. Ac. des Sci. 179, 1924. 

G. DUBOIS, Reserches SUl' les terrains quarternaires du NOl'd de la France. Mém. Soc. 
géol. du Nord, tome VIII, no. 1, 1924, pp. 1-335. 

24) BLANC gives, fol' example, an interpl'etation of coastal terra ces in the Mediterranean 
which differs in many respects from the well-known stheme of DÉPERET. Cf. 
A . C. BLANC, Low levels of the Mediterranean sea during the Pleistocene Glaciation. 
(Quart. Journ. Geol. Soc. London, vol. 93, 1937, pp. 621-651). 



Physics. - Convection~currents in the Earth *). By F. A. VENINO 

MEINESZ. 

(Communicated at the meeting of February 22, 1947.) 

In a previous paper the writer has drawn attention to the fact that the 
hypothesis of convection~currents in the subcrustallayer under the eastern 
half of the Indian Archipelago may give a good explanation of the deep~ 
focus and the intermediate earthquakes in this area. He emitted this 
hypothesis already in 1932 1) for explaining the sinking down of the deep 
basins which are c1early connected with the great folding processes in the 
neighbouring tectonic beIts but which probably have originated with a 
great time~lag of many millions of years after the folding. In the Banda 
arc the last great folding period is put by UMBOROVE 2) in tertiary [2, 
i.e. some twenty million years ago, while the sinking of the Banda basin, 
although difficult to determine exactly by direct evidence, is probably 
much more recent. Direct evidence that this area has provided erosion 
products to the surrounding tectonic belt and that it, therefore, must have 
been above sealevel, dates further back but, as MOLENORAAFF already 
pointed out and as UMBOROVE also is inc1ined to assume, it seems likely 
that the principal part of the sinking of the basin is simultaneous with the 
rising of the adjacent tectonic belt which took place in the pleistocene, i.e. 
only some 1 or 2 million years ago. MOLENORAAFF explained, for example, 
that in Timor, the miocene folding is intersected by the present coast~line 
of the deep basins and that it must, therefore, be anterior to the sinking. 
His opinion about the simuItaneity of the rlsing and sinking movements 
is widely accepted. It agrees with the explanation of both movements by 
the hypothesis of a convection~current in the subcrustallayer which at the 
same time must bring about a rising above the rising current and a sinking 
above the sinking one. 

This hypothesis mayalso explain the evident connection of these crustal 
movements with the folding phenomenon and the great time~lag between 
both. During the folding~period the Earth's crust may be supposed to have 
down~buckled along the tectonic belt, thus forming a considerable crustal 
bulge at the lower boundary of the crust, which according to the negative 
anomalies and the topography in this belt and assuming a density difference 
with the substratum of 0,6 must have a cross~section of 1500-2000 km2 • 

It must have pushed away the subcrustal material. As this last material is 
poorer in radio~active constituents than the crust, we may expect a slow 
heating up of this area by the excess of radio~active radiation caused by 
the concentration of crustal material along the belt. 

* ) Lecture on December 21, 1946. 
1) F. A. VENING MEINESZ, J. H. F. UMSGROVE, PH. H. KUENEN, Gravity Expeditions 

at Sea, Vol. 11, Pub!. Netherl. Geod. Co=., Waltman, Delft, p. 135. 
2) Id. p. 140 e.s. 



238 

This heating up must have disturbed the equilibrium in the substratum. 
If we assume with most geophysicists that the Earth is cooling n?twith
standing the amount of radio-active minerals present in the outer layers. 
the sub stratum must have shown a downward temperature-gradient tending 
to bring about instability as it causes layers of lower temperature to overlie 
higher temperature layers. The writer. however. ag rees with JEFFREYS in 
supposing that these layers have some strength or. in other words. that 
below a certain limit. stresses only bring about elastical deformations; the 
stresses have. therefore. to exceed this limit before flow can take place. 
According to the smallness of the deviations from isostatic equilibrium of 
10-15 mgal the writer supposes this limit to lie between 25 and 50 kgjcm2• 

lf only the vertical temperature-gradient caused by the cooling of the Earth 
i.<; present. this strength must prevent any convection-current to originate 
and it has. therefore. a stabilising effect. H. however. at the same time. a 
temperature gradient in a horizontal sense is present. the normal density 
equilibrium in horizontal layers is disturbed. H this gradient is sufficient 
the resulting stresses will overcome the streng th-limit of the substratum 
and a current must set in which. because of the vertical temperature
gradient. takes the character of a convection-current. 

We must ex peet this heating of the subcrustal layer below the tectonic 
belt to a temperature sufficient to start the above phenomenon. to be a 
slow process and so it does not seem unlikely that we can thus explain the 
time-lag of many millions of years between the folding in the tectonic belt 
and the coming about of the convection-current. It is important to investigate 
this numerically to see whether this is possible. 

We shall begin by assuming that the whole crustal root consists of 
granite. This leads to a density difference from the substratum of about 
0.6 (peridotite = 3.23. dunite = 3.29) as we assumed above when 
mentioning the cross-section of 1500-2000 km2 • For our deductions we 
shall adopt a cross-section of 1700 km2• 

For the radio-active heat-production we shall use the figures for different 
types of rocks given by GUTENBERO in table 22 on page 155 of "Internal 
Constitution of the Earth" and the figures of Table 18-2 on page 270 
of "Handbook of physical constants" by BIRCH. SCHAIRER and SPICER. The 
mean figure for granite given by GUTENBERO is 7.8 X 10-13 caljcm3jsec 
and by the second table 5.6 X 10- 6 caljgramjyear which gives 4.8 X 10-13 

caljcm3jsec. The mean figure is 6.3 X 10-13 caljcm3jsec. Taking the mean 
for peridotite and dunite in GUTENBERO's table we find 1.5 X 10-13 

caljcm3jsec and the Handbook gives for ultra-basic rocks 0.9 X 10- 6 

caljgramjyear = 0.9 X 10-13 caljcm3jsec; the mean is 1.2 X 10-13 

caljcm3jsec. The excess heat developed in the root is the difference and so 
we obtain 5.1 X 10-1 3 caljcm3jsec. For the whole root of 1700 km2 cross
section this gives 9 caljsecjcm (the cm dimension at right angles to the 
cross-section) • 

This figure has been derived for a root consisting entirelY of granite. 
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This is, however, unlikely. If the root has been formed by the downward 
buckling of the crust, as it has been supposed, we must expect deep crustal 
layers to be present and it is usually assumed that these layers are not 
granitic but more basic. As, according to the assumed mode of originating 
of the root, these layers may be expected to form the outer shell of it and 
as we may suppose the root to have partially melted away because of the 
higher temperature these materials must have been subjected to when they 
were pushed downwards, it would of course be possible that a great part 
of this outer shell has disappeared. The explanation of the more acid type 
of volcanism in the nearby inner Banda~arc by the flowing oH of the 
molten material of the root, as it has e.g. been advocated by ANDERS ON 3), 
would seem to point to the granitic central part of the root being now 
exposed to the melting and this would appear to confirm our last sup~ 
position. 

We cannot, however, co me to any certainty about this point and so it is 
no doubt possible that the root partially consists of deeper rocks than 
granite. It is simple to see that if for these rocks the diHerence of the 
heat~production from that of the sub~crustal material would be proportional 
to the diHerence of the density from that of this same subcrustal layer 
our result for the excess of the hèat~production of the root would remain 
the same. The figures for the heat~production given by GUTENBERG and 
others, however, deviate from this proportionality in the sense that the 
heat~production in the crust diminishes probably quicker with depth. 
Resuming we must recognize that the above mentioned figure of 9 cal/sec/cm 
for the root may be too high and so we shall reduce it to 7.5 cal/sec/cm. 

Adopting this figure the problem has to be solved what temperature 
distribution in the subcrustal material is caused by this sou ree of heat 
af ter a lapse of time of some 18 million years. For this solution we have 
to apply the formula of heat~conduction for the two~dimensional case 
represented by our problem. This is given by the diHerential equation for 
the temperature (J 

where !:::,(J expressed in polar coordinates r, qJ is 

and 

6 () = 02 
(j + .!. 0 () + .!. 02 

() 

or2 r Or r2 OqJ2 

À 
a=ce 

A coeff. of thermal conductivity, 
c heat~capacity. 

e density. 

The quantities A, c and e all refer to the subcrustal material. 

(1 A) 

(1 B) 

(1 C) 

3) W. Q. KENN:EDY and E. M. ANDERSON, Crustallayers and the origin of rnagrnas, 
Bull. Volcan. S. 11, Torne lIl, 1938. 
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We shall simplify our problem by the suppositions th at the root has a 
circular cross~section with a radius ro and that the heat~production is 
concentrated in the centre. We shall furthermore assume that the pheno~ 
menon is cylindrieally symmetrie. As the fundamental law of heat~con~ 
duction given by 1 A is linear in (J our phenomenon is not affected by the 
norm al cooling of the Earth and so from this point of view th ere is no 
objection to adopting this assumption. 

The presence of the surface of the Earth at a distance of about 49 km 
(thickness of the crust = 30 km + distance of centre below the lower 
crustal boundary = -+- 19 km) must, however, affect it and so we have 
to prove that this effect is negligible. It is simple to do this. The effect of 
the boundary can be taken account of by assuming the presence of a sink 
of heat of the same amount as the heat~source in the root and at the same 
distance of 49 km above the Earth' s surface. This sink is, therefore, at a 
distance of 98 km from the souree. We shaIl, however, find th at the effect 
of the sink at this distance is negligible and so we can maintain our sup~ 
position of cylindrieal symmetry. 

According to this supposition formulas 1 A and 1 B become 

a 
(
rpo + ~ (0) = 00. 
à r 2 r 0 r à t . (2) 

The solution of this equation is an exponental integraI. whieh we shall as 
usual indicate by the symbol Ei 

0= ~[-Ei(-~)J inA. 'fat 
(3) 

where q is the heat~production in cal/cm3/sec. 
We introduce 

q = 7.5 cal/cm3/sec. 
À. 0.01 (see "Handbook" p. 254). 
c 0.20 (see "Handbook" p. 235 e.s.). 
(} 3.27. 

This leads to 
a 0.015. 

We compute (J for a time t = 18 million years = 5.67 X 1014 sec. 
Using for Ei (-x) the table in JAHNKE u. EMDE "Funktionentafeln" 

p. 21. 22, we find the following va lues for (J. For the radius ro of the root 
we introduce 23 km whieh corresponds to the supposed cross~section of 
the root of 1700 km2• 

r r2 

-Ei(-x) 0 
km 

x=-
'fat 

23 0.1555 1.432 + 85°.4 
40 0.470 0.599 + 35°.8 
60 1.058 0.200 + 12°.0 
80 1.880 0.0506 + 3°.0 

100 2.940 0.0141 + 0°.8 



241 

It is remarkable to see that a temperature of 85° at the surface of the 
root requires such a long lapse of time to come into being. It is also 
interesting to find that the heat af ter this long interval practieally did not 
come beyond some 100 km. We see here our supposition confirmed that 
the effect of a heat~sink at this distance is negligible. 

Por making a rough estimate of the magnitude of the stresses caused 
by this temperature distribution we compute the rise of the surface of the 
substratum brought about by the expansion while neglecting -the elastieal 
deformations caused by the resulting stresses. Por this rough estimate we 
adopt a rectangular cross~section for the root of a height of 37 km and a 
breadth of 46 km, and we as su me in the column of the substratum bordering 

Fig. 1. 

the root a temperature of 85°.4 over 37 km height and below this a falling 
oH of the temperature as given by the above table i.e. at 17 km below the 
point C a temp. of 35° .8, at 37 km below it a temp. of 12°, etc. We 
adopt a volumetrie thermal expansion of the substratum of 3 X 10-5 

and we assume that the adjustment of the hydrostatie equilibrium of these 
layers leads to the entire expansion appearing at the surface. We then 
find a rise th ere of 146 meters whieh for a density of 3.27 represents an 
anomaly of 14 mgal and an excess pressure of 45 kgfcm2• This is exactly 
the order of magnitude we may presume for the strength~limit of the sub~ 
crustal layers and so we see that the great time~lag of 18.000.000 years 
before the starting of the convection~current could weIl be explained. 
When the strength~limit is exceeded by further heating, the sub cru stal 
matter would flow off from the neighbourhood of the root and this would 
disturb the equilibrium in the column below it; a rising current would set 
in here while a sinking one would originate in the area whieh had become 
loaded by this flow while the pressure diHerence in the deeper layer would 

17 
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bring about a flow contrary to the one at the surface. The convection~ 
current would thus be started and as it begins by bringing about an 
increase of the temperature~difference between the rising and sinking 
columns it would accelerate till after some time a maximum difference 
would be reached; this would probably occur af ter about a quarter of a 
complete turn. The speed will th en decrease again till the current has about 
made half of a complete turn, i.e. when it has brought the higher tempera~ 
ture matter on top and the lower temperature matter below; the rising and 
sinking columns will then have assumed the same mean temperature and 
the equilibrium is restored. The heat conduction will more or less alter this 
picture and the amount of movement needed for restoring the equilibrium 
but it does not change the principle of the phenomenon. 

If we as su me that up to now about a quarter of a complete revolution 
has been made and supposing in accordance with the dimensions of the 
Banda basin and the depth of about 400 km of the deep earthquakes in 
this area th at the current takes place inside a cross~section of about 500 km 
height and 500 km breadth, we find that in 2.000.000 years it must have 
travelled a distance of about 200 km and so the mean velocity must have 
been about 10 cm per year. During this interval which is only one ninth 
of the interval involved in the above problem, the cooling cannot have got 
much further than to a dep th of about 40 km, i.e. to a fifth of the depth 
of the upper horizontal part of the current. It does not seem likely that 
this can have seriously affected the course of events. 

For obtaining an estimate of the sinking of the surface above the sinking 
column we have to as su me the temperature distribution in the subcrustal 
layer before the current started and outside the area heated by the root. 
Referring to the curve given by GUTENBERG in "Internal Constitution of 
the Earth" page 162, we think that fig. 2 gives an acceptable estimate. 
We may probably adopt the temperature at the lower boundary of the 
rigid crust at about 700° which would mean a gradient in the crust varying 
from 300 /km at the surface to lOo/km at the bottom. 

If we as su me that during the history of the Earth the subcrustal layer 
has been turned over several times by convection~currents, the temperature~ 
curve in this layer has to show, as GUTENBERG remarks, a much smaller 
gradient of, for instance, 1°/km; from 100 km - 500 km depth he assumes 
a temperature of 1500 - 1800°. In the upper layer, however, where it 
touches the crust a cooling curve must have formed since the last con~ 
vection~current took place, which might have occurred af ter the Eocene 
folding period in the tectonic belt. This has been represented by the curve 
of fig. 2. 

From this curve we may estimate the mean temperature of the upper 
200 km of the subcrustallayer at some 1200° and af ter a quarter revolution 
cf the current this mean temperature must have reigned in the greatest 
part of the sinking column, increased, however, by a certain amount because 
ot the heat~conduction from the surrounding matter. As a result we may 
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make the rough estimate that over the lower half of this column the mean 
temperature will be about 5000 below the normal one. Adopting again a 
thermal expansion coefficient of 3 X 10-5 this amounts to a shortening of 
the column of 3.8 km. 

2oao~ 

500'! 

(> 35 3IJO $O() Ir",. 

Fig. 2. Temperature curve in the upper 500 km. 

We may assume that about half of this shortening will appear at the 
surface and the other half at the bottom of the column, thus causing the 
pressure gradient needed for the horizontal parts of the currents at the 
surface and at the bottom, the first being directed towards the sinking 
column and the second away from it. This rough assumption is in harmony 
with the formulas for a steady éonvection~current; in another paper the 
writer hopes to enlarge on these deductions. We come to the conclusion 
that we may expect a sinking of the surf ace over the sinking column of 
about 2 km. 

The reverse must be true for the rising column, and so we may estimate 
the rising of the surface here at this same value. We neglect here the 
rising at the start caused by the radio~active effect of the root as derived 
above. The result would thus be a difference between the two are as of 
about 4 km. This difference is in good harmony with the actual topography 
of the Banda arc area and, in fact, of the whole eastern half of the archi~ 
pe1ago but there is an obvious disagreement in the fact that the mean level 
of the whole reg ion has not remained the same when the deep basins 
originated but that it has been lowered over 1.5 or 2 km. This point has 
already been raised by MAC GILLAVRY in 1930; he drew attention to the 
difficulty of explaining this lowering of the mean level, while we might 
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rather expect that the thickening of the sialic crust by the orogenic 
phenomena would bring about a rising of this mean level. 

Our hypo thesis of convection~currents in the subcrustal .layer can give 
a simple explanation of this difficulty and it can at the same time make 
clear that this area as a whole must show an excess of gravity as the 
anomaly~field of the East Indies shows it to be the case. The explanation 
is that the presence of convection~currents brings about an increased 
cooling of the Earth in this area. This is clear as the sinking current brings 
matter of lower temperature downwards which absorbs heat from the 
surrounding matter while the excess heat brought to the surface by the 
rising current is for a large part lost to the Earth by an increased radiation 
at the surface. Admitting this excess of cooling up to a depth slightly 
larger than that to which the currents go. it follows that the density is 
correspondently larger than normal while the shrinking must lower the 
surface. If the whole area consisted of rising and sinking columns and if 
the excess heat of the rising column was entirely radiated into space we 
should thus obtain a mean lowering of the surf ace of half the shrinking of 
3.8 km derived before for the sinking column. i.e. about 2 km. This figure 
may be too large but it is certainly possible that it would attain the amount 
of 1.5 km which is present. It is also possible th at part of this amount has 
been caused by older current~systems. In that case this part of the lowering 
would. however. already have been present during the last folding in 
tertiary f 2. 

The discussion of the gravity field may be postponed to a future paper. 
The writer wishes here only to add a short remark which follows from 
the last deductions. If we are right in attributing the low level of the mean 
topography in the eastern half of the East Indies and. in facto in the whole 
area east of Asia wh ere we find tectonic basins to an abnormal cooling 
here of the Earth up to a dep th of some 600-800 km. this must mean a 
disturbance of the therm al equilibrium of the Earth of a much greater size 
than that caused directly by the presence of the crustal root as derived 
before. The question then arises whether this would not be likely to start 
a correspondently greater type of convection~current. made possible by the 
presence to a much greater depth of a slight temperature gradient of the 
order of 10 /km or less caused by the cooling. 

This current~system rising under a broad borderzone of the continent 
and sinking under the adjoining oceanic zone would thus have continental 
dimensions and might even be supposed to involve the whole thickness of 
the mande up to a depth of 2900 km. It might be imagined to bring about 
the major cycles of orogeny weIl known in the geological history of the 
Earth 4). During each cycle the current would only make about one half of 
a revolution in the same way as it has been explained for the smaller type 

4) See also: DAVID GRIGOS. A Theory of Mountain-building. Amer. Journ. o. Sc. 237. 
611-650 (1939). 
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of current dealt with above. Af ter each cycle the temperature gradient 
must have disappeared and it takes a long period of rest before the cooling 
has brought it again into being. 

There is much to be said in favour of this explanation of the orogenic 
cycles. It explains their occurring more or less periodically with a variabie 
period. It likewise explains the regressions in the beginning of an orogenic 
period and the slow change to transgressions in the end of this period 
and during the long period of rest between the cycles; these regressions 
are connected with the rise of the surface over the borderzones of the 
continents when a rising current originates there, while 'the transgressions 
come into being wh en the current is slowly dying out. 

If these speculations may be allowed we should come to the conclusion 
that the initial disturbance of the thermal equilibrium needed for bringing 
about these large cycles would be caused by the smaller types of current~ 
system here discussed which themselves are started as a direct conse~ 
quence of the folding together of the Earth' s crust. We thus would see 
here a chain of events of steadily increasing size started in the beg inning 
by al small surface effect of the Earth and leading eventually to a big 
current~system having its main ca~se in the cooling of the Earth which 
provides it with the energy required. 



Physics. - Brittle rupture of plastic material. By F. K. TH. VAN ITERSON. 

(Commu:1icated at the meeting of January 25, 1947.) 

Rupture at sharp incisions. 

All material can rupture in two ways 1): 
1. Through plastic flow, according to the law of MAXWELL amended by 

the author, i.e. with perfect plasticity, flowing and contracting like heated 
glass while the difference between two principal stresses remains equal 
to the yield stress. 

2. With a sudden rupture. according to the law of MARIOTTE
PONCELET, when the greatest strain (extension) reaches the breaking 
strain. Wh at happens wh en the load on our structural part is gradually 
increased depends on which of the criteria is first fulfilled. 

At the free surface of a mild steel beam one of the principal stresses, 
called !!3' is zero. 

When !!2 ' another principal stress, is also zero, the material flows when 
the only principal stress !! is equal to the yie1d stress. If another principal 
stress exists, the greatest strain is even less and the danger of sudden 
rupture is still smaller. Hence we come to the peculiar conclusion, th at a 
break~down in plastie material. for instance in mild steel. will never start 
at the surface. But a brittle rupture, a sudden lacération. may occur in the 
interior of such material at a spot wh ere three~dimensional tension prevails. 

Imagine a hot~rolled steel beam rapidly cooled (fig. 1). It may be that 

Fig. 1. 

the thin rib first solidifies and then the tips of the flanges. These parts 
cool down further while cores at a of the section are still red~hot. Wh en 

1) See chapters 20 and 21 of Traité de Plasticité pour J'Ingénieur; Liège 1944; or 
Plasticiteitsleer, Luik en Deventer 1945. 
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these cores also become solid they fit in under a neglegible tension. Let 
us suppose that the cores are only 100° C hotter than the material further 
oH which is already blue~warm. But then the temperature equalizes. The 
core tends to shrink and with the modulus of elasticity E = 2.000.000 kgfcm2• 

Poissons modulus m = 13
0 

and the coefficient of expansion a = 0.00001. 

the tension in all directions would be 5000 kgfcm 2 • This is not so harmful 
as it looks because the ideal ten sion accordingly to MARIOTTE-PONCELET 

would only be ( 1- ; ) 5000 = 2000 kgfcm 2 • But this high tension in all 

directions makes the mild steel beam liable to brittle fracture. By super~ 
posing a load on the structure there is a chance that the breaking strain 
may be reached before plastic flow sets in. and in fa ct this often happens. 
The au thor has seen sixteen ruptures when the flanges of four beams 
were cut at both ends by the oxy~acetylene toreh. as represented in 
figure 2. The rents in the rib starting from the danger spot were due to 
the expansion of the flanges when they were heated. 

! i I·--·_·_·_·_·_·_-t 
I . 

Fig. 2. 

But why does a brittle rupture of ten spread in a plastic material? The 
question is so important in engineering. that it must be amply discussed. 

BrittIe fracture in mild steel indicates tension~stress in every direction. 
We therefore have to infer the occurrence of three~dimensional stress near . 
the ends of cracks. In order to prove the existence of such stresses we start 
from the stress distribution according to the laws of elastic deformation 
and tensions near the bottom of incisions. Since Inglis solved this problem 
by means of elliptic co~ordinates we may refer to literature 2). 

Let figure 3 represent a stretched bar of great length in the direction of 
the X~axis. The grooves at both sides are hyperbolic. according to the 
formula 

y2 Z2_ 

a2 - b2 -1. 

If we consider a section of this bar of length tand suppose the pull to be 

p. then the average tension in the weakened section is p = 2
P 

. 
at 

2) H. NEUBER. Kerbspannungslehre. Berlin 1937. p. 33: Die beiderseitige Aussenkerbe. 
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The radius of curvature in the bottom of the groove is e = b2

• 
a 

Transformed from elliptic co-ordinates to orthogonal co-ordinates the 
principal tensions in the danger section are: 

Oz = (a2 + 2ae-y2) (a2 + ae) p 

(a2 + a e-y2)t ~ (a + e) arc tg Vf + 1" ae ~ 
_ (a2_y2) (a2 + a e) 

~- p 

. (a2 + ae-y2)-} ~ (a + e) arc tg -V; + 1"ae ~ 

-06 a
2 + ae p 

~- , . 
(a2 + a e-y2)i ~ (a + e) arc tg Vf + 1" ae ~ 

This last ten sion ox in the direction of the X-axis is derived from oz 
and Oy assuming that the width wand the breadth t of the bar and the 

lz .. __ .-l.~ .. _ .. 
w 

Fig. 3. 

incision are -50 great that a contraction in the length w of the endangered 

• Oz + 0 10 
sectlon may be neglected. Then ox = Y. Por steel m = -3 . . m 

In figures 4, 5 and 6 the distribution of the three principal stresses is 
shown for half the section of the incised bar having hyperbolic grooves 
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with curvatures at the vertex respectively 

a a a 
e = i' e = 16 and e = 100' 

We see from these figures that three~dimensional tensile~stress occurs in 
grooved bars below the bottom of the notch and that the tensions tend to 
infinity when e decreases. This was to be proved. 

Now we return to the theory of plasticity. 
At the bottom of the groove Oy = 0 and, as in plastic flow two · tensions 

become equal, 0" = O. 

~ .O,~sa MAX: 6z • Z,6SP 

b. 0,5 a MAX, 6y w 0,5 P 

Fig. 4. 

5,t3p 

z 
I 
I 

:. §~-§---§--~---~---~---~---~---=-3::~:: 
_°-r.-°

l 
~----------~----------~ 

~.f! MAX:~Z"S,t3p 

b.o,zSQ MAX,c5y .O,97P 

Figo5. 

y2 z2 
---=1 
a2 b2 
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y 

Cl 

g2 ~z~2--------------------..... 
~-b2=1 '?o,Ola MAX: 6z-ll,76p 

b.o,1 a MAX:6y .l,.o\6 p 

Fig. 6. 

But all three tensions rapidly increase when we enter the material. Por 
cylindrical grooves (figure 7) of curvature ro this increase of tensions takes 

place according to the law at = ao (1 + In :0)' 
r r 

ar =<1oln- and <1x =<1oln-. 
ro ro -_··_--t·· __ ·_-

I 

I 

I --<--=k=!C:..+-_.--r---. 

I 

I 

.. _.---L---.-
Fig. 7. 



F. K. TH. VAN ITERSON: BrittIe rupture of plastic material. 

Fig. 8. 

Although the bridge resisted to heavy traffic and was built of excellent mild 
steel the rupture occurred without any deformation. The texture of the fracture 

shows a brittIe appearance. 
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Ut is double the elastic limit for t' = 2,832 t'o. This is very near the 
bottom of the groove when t'o is smalI. 

The differences in tension are Ut - Uz = uo, and Ut - UX = Uo where 
Uo represents the elastic limit or yield stress. 

The steel flows at the bottom of a rounded noteh, but at · some distance, 
the three~dimensional tensions become 50 large, that the material no longer 
flows but breaks in a brittle manner. For sharp rents this rupture occurs 
very near the end of the rent. Of ten the rupture is explosionlike and 
spreadsfar into the material. 

Figure 8 is a photograph of a rent in a blown-up bridge girder. 



Mathematics. - On sets of integers. (First communication.) By J. G. 
VAN DER CORPUT. 

(Communicated at the meeting of February 22. 1947.) 

§ 1. The a + p~hypothesis. 
Consider two systems A and B. bath consisting of integers ~ O. for 

instanee 

A ... O. 1. 2.6.7. 12. 19. 
B . .. O. 1. 2,6,7.8. 12.20. 

The "sumset" A + B is the system formed by the integers a + b. where 
a runs through the elements of A and b through the elements of B. In our 
example A + B consists of the integers 

0.1,2.3,4.6.7.8.9.10.12.13.14.15.18.19.20.21.22.24.25.26.27.31.32.39. 

In this section I denote by A (m) the number of positive integers ~ m 
occurring in A; thus zero is never counted. Similarly we define B(m) and 
(A + B) (m). In our example we have 

A (12)= 5; 

A (13)= 5: 
A(18)=5: 

B (12) = 6: 
B (13) = 6: 
B(18)=6: 

(A + B) (12) = 10: 
(A + B) (13) = 11: 
(A + B) (18) = 14. 

Herefrom we learn that (A + B) (m) may be less than. equal to or greater 
than A(m) + B(m). 

The mathematicians E. LANDAU 1). I. SCHUR 2) and A. KHINTCHINE 3) 
have stated the following remarkable a + p~hypothesis: 

If both systems A and B contain the number zero and if there exists a 
positive integer g. such that 

A (m) ~ a mand B (m) ~ p m (m = 1 ..... g). 

where a and pare numbers independant of m, satisfying the inequality 
f1. + P ~ 1. then 

(A + B) (m) ==- (a + P) m (m = 1, ••.• g). 

1) Die Goldbachsche Vermutung und der Schnirelmannsche Satz. Göttinger Nach~ 
richten. Math. Phys. Klasse (1930). 255-276. 

2) Ueber den Begriff der Dichte in der additiven Zahlentheorie. Sitzungsberichte der 
preuss. Akad. der Wiss .• Math. Phys. Klasse (1936). 269-297. 

3) Zur additiven Zahlentheorie. Matematiceski Sbornik. 39.27-34 (1932). 
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In our example 

A (m) =-lT mand B (m) =- tm 

so that the a + ,8~hypothesis gives 

(A + B) (m) =- (T')- + t) m 

This inequality is rather strong. for instance 

(m = 1. ...• 12). 

(m = 1 ..... 12). 

(A + B) (12) = 10 and h\- + i) 12 = 9. 1 ... 

Several great mathematicians have in vain devoted their efforts to this 
problem. till finally in 1942 H. B. MANN 4) found a very ingenious proof 
of this hypo thesis. He even proved more: 

Theorem 1. If both systems A and B contain the number zero, and if 
there exists a positive integer g, such that 

A (m) +:B (m) =- r m (m = 1. .... g). . (1) 

where r ;;;;; 1. th en 

(A + B) (m) =- r m (m = 1. .... g). 

In our example we have 

A (m) + B (m) =- t m (m = 1. ...• 12). 
hence 

(A + B) (m) =- t m (m = 1. .... 12). 

particularly 

(A+B)(12)=9.6; 

this inequality is stronger than the result furnished by the a + ,8~hypothesis. 
In the special case r = 1 the theorem of MANN gives the result. that 

A + B contains all positive integers ;;;;; g. To show that this result is 
obvious. I suppose that there exists a positive integer m ;;;;; g. which does 
not occur in A + B. The set B contains B(m - 1) positive integers ;;;;; m - 1 
and each of these integers is different from the A (m - 1) positive integers 
:;;:; m - 1 of the form m - a. where a is an element;;;;; m - 1 of A. conse~ 
quently 

B (m-l) + A (m-l) -== m-l; 

since m is not an element of A + B. it occurs neither in A nor in B. hence 

A (m) + B (m) = A (m-l) + B (m-l) -== m-1. . (2) 

so that (1) is not true with r = 1. 
The proof given by MANN of his theorem is rather difficult and even 

4) A proof of the fundamental theorem on the density of s~ms of sets of positive 
integers. Annals of Math. 43. 523-529 (1942) . 
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the simplified demonstrations. the first of which is due to E. ARTIN and 
P. SCHERK 5). whereas we owe the second to F. J. DVSON 6). are not easy 
ta follow. Nevertheless the principle. which forms the base of the argument. 
is very simpie. I will illustrate this by our example. 

I denote on two vertical lines the numbers :;:;; 12. occurring respectively 
in A and B. First I cancel in B the numbers not occurring in A and I add 
these numbers to A. The only integer. which enters here into consideration • 

.. 

A B 

12 12 

10 

9 

8 8 

7 7 

6 6 

4 

3 

2 2 

0 ~-----------------------o0 

Fig. 1 

is the nu mb er 8. In this manner A is transformed into the set A *. which 
contains all elements :;:;; 12 of A and moreover the number 8. whereas B 
becomes the system B*. which contains all elements :;:;; 12 of B. the integer 
8 excepted. I say that the couple A. B is transformed by an elementary 
transformation into the couple A *. B*. In figure 1 this elementary trans~ 
formation is denoted by an arrow. which conneets the integers 8. situated 
on the vertical lines. I have provided this arrow with the number O. 
because the integer cancelled in B is replaced by an equal integer. which 

5) On the sum of two sets of integers. Annals of Math. 44. 138-142 (1943). 
G) A theorem on the densities of sets of integers. Journalof the London Math. Society 

20. 8-15 (1945). 
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'we have added to A. It is c1ear that the sum A(m) + B(m) does not 
change by this trans formation , i.e. 

A* (m) + B* (m) =A (m) + B (m). 

It is easy to see, that each element a* + b* ~ 12 of A * + B* is also an 
element of A + B, hence 

(A + B) (m) =- (A* + B*) (m) (m = I, ... ,12). 

In fact, if a* "1= 8, then a* and b* are elements respectively of A and B 
and if a* = 8, th en a* + b* = a + 8, wh ere 8 is an element of Band 
a = b* is an element of A (otherwise b* would have been cancelled in B), 
so that a* + b* occurs in A + B. 

Now, having transferred to A all elements ~ 12 of B, which do not 
occur in A, I cancel in B* each element b ~ 12 such that b + 1 is ei th er 
> 12 or an integer ~ 12 not occurring in A *. I add these numbers b + 1 
to A *, as far as they are ~ 12. In the whole argument I restrict myself to 
integers ~ 12, so that the behaviour of the numbers > 12 does not interest 
me. The only numbers, which are cancelled in B*, are 2 and 12 and A * 
gains the integer 3. By this transformation the couple A*, B* is trans~ 

formed into another couple A **, B"*. This transformation consists of two 
elementary transformations, the first of which cancels in B the element 12, 
the second of which cancels 2 in Band adds 3 to A. In figure 1 these two 
elementary transformations are denoted by two arrows, each provided with 
the number 1. Each element a** + bU ~ 12 of A** + BU is an element 
of A * + B*. In fact, if a** "1= 3, then a** and b** are elements, respectively 
of A* and B*, and if aU = 3, then a** + bU = a* + b*, where b* = 2 
is an element of B* and a* = bU + 1 is an element of A· (otherwise b** 
would have been cancelled in B*). Consequently aU + b** occurs in 
A * + B*. In this manner we obtain 

(A* + B*) (m) =- (A** + B**) (m) (m = 1, .••• 12). 

It is not true that A*(m) + B*(m) is invariant with regard to this trans~ 
formation. On the contrary, by th is transformation A * (m) + B* (m) is 
diminished by 1 for m = 2 and also for m = 12. Happily we may make 
use of the following remarkable phenomenon, which I will prove presently: 

The inequalities 

A* (m) + B* (m)::=- r m (m = 1 •...• 12). 

where r ~ I, imply the stronger inequalities 

A** (m) + B** (m) =- r m (m = 1. ...• 12). 

Further we cancel in B** each element b ~ 12. such th at b + 2 is either 
> 12 or an integer ~ 12 not occurring in A * *. I add these numbers b + 2 
to A *. as far as they are ~ 12. This means here, that we cancel 7 in BU 
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and add 9 to A **. Continuing in this manner 7) we find successively the 
couples A***. B*** and A****. B****. which satisfy for m = 1. .... 12 the 
inequalities 

(A + B) (m) =- (A * + B*) (m) =- ... =- (A **** + B****) (m) 

and 

(A **** + B****) (m) =- i' m. 

Here the process co mes to an end. since all positive elements :s; 12 of B 
are cancelled. But now we are ready. In fact. for m= 1. .... 12 we find 
B**** (m) = O. hence 

(A + B) (m) =- (A **** + B****) (m) = A **** (m) + B***· (m) =- i' m. 

In the general case the proof is analogous. Without loss of generality 
I may as su me that the systems A and Bare formed by integers :s; g. since 
the numbers > g do not interest us. 

Be e the smallest element of A. to which corresponds a positive element 
b of B. such that e + b does not belong to A. Such an element e of A 
exists. if B contains at least one positive integer b; in fact the greatest 
element a of A has the property th at a + b does not belong to A. 

Af ter having fixed e. I cancel in B a positive element b. such that e + b 
does not belong to A. I add to A the integer e + b. if it is :s; g. If A and 
Bare transformed in this manner into A' and B'. I say th at the couple 
A. B is transformed by an elementary transformation into A'. B'. Thus B' 
is the set of the . elements =1= b of B; if e + b > g. then A' = A. and if 
e + b :s; g. th en A' is the system formed by e + band the elements of A . 
The principal idea of our argument may be found in the fo11owinglemma. 

Lemma 1. lf A contains zero and if 

A (m) + B (m) =- i' m (m = 1 •.•.• g). (3) 

then each elementary transformation transforms A. B into a couple A'. B' 
with the ptoperty 

A' (m) + B' (m) =- i' m (m = 1, ... , g) (4) 

Let us suppose that this assertion is not true. Be k the smallest positive 
integer :s; g. for which the lemma is not valid. more precisely: the positive 
integer k :s; g possesses the fo11owing properties: 

1. It is possible to find a system A containing zero and a system B 
satisfying the inequalities 

A (m) + B (m) =- i' m (m = 1. ... , k), . (5) 

7) In our example zero is an element of A. moreover 1 an element of A*. etc. As it 
will appear. that is the reason why we cancelled in B the elements b. such that b -H 0 does 
not occur in A. further in B* the elements b + 1 such that b + 1 does not occur in A*. etc. 
lf for instance A** does not contain the integer 2. we cancel in B*" the elements b such 
that b+e does not occur A**, where e is the smallest element of A** to which 
corresponds at least one element b of B** with this property. 
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stlch that a convenient elementary transformation transforms A. B into a 
couple A'. B'. for which at least one of the inequalities 

A' (m) + B' (m) ==- r m (m = 1. ...• k) . . . . (6) 
is not true. 

2. Be I an arbitrary positive integer < k. IE C contains zero and if 

C (m) + D (m) ==- r m (m= 1. ...• n. 
then each elementary transformation transforms C. D into a couple C', D' 
su eh that 

C' (m) + D' (m) ==- r m (m = 1. ... , i). . . . . (7) 

The special case I = k - 1, C = A and D = B gives that the inequa~ 
lities (6) are true for m = 1, ...• k - 1. Consequently (6) is not valid 
for m = k. Hence from (5) we obtain 

A' (k) + B' (k) < r k -== A (k) + B (k) . • (8) 

The case b > k is excluded. In facto in that case we would not have 
cancelled in B any element :s; k, nor added to A any element :s; k. so that 

A' (k) + B' (k) = A (k) + B (k). . . . . . . (9) 

contrary to (8). Similarly the case e + b :s; k is excluded. In facto in that 
case we would have cancelled in B one and only one integer :s; k (namely 
b). and added to A one and only one integer :s; k (namely e + b). so that 
we would find (9) again. 

Consequently b < k :s; e + b. hence e > O. I have indicated this result in 
figure 2. 

A B 

Fig. 2 

18 
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In this argument e is the smallest element of A. such that e + b does 
not belong to A. Consequently each element a < e of A (hence also each 
element a;;;;; k - b of A) has the property that a + b belongs to A; in 
particular we find that b belongs to A. This system A contains A (k - b) 
positive elements a ;;;;; k - band each of them gives an element a + b of A. 
which is :2: b + 1 and ;;;;; k. hence A(k) -A(b):2: A(k-b). Since A 
contains also the element b. we obtain A (b) = 1 + A (b - 1 ). hence 

A (k) - A (b-I):= I + A (k-b). 

The inequalities (6) are true for m = 1. ...• k - 1. hence 

A' (b-I) + B' (b-l);:'- i' (b-l). . . . • (IO} 

sin ce this inequality is also valid for b = 1. The proof is established. if 
we show 

A (k-b) =- i' (k-b) . . . . . . (ll} 

In facto th en we find. in virtue of A/(m) = A(m) (m;;;;; k). 

A' (k) + B' (k) =- A (k) + B' (b-I) =- i' (b-I) + I + i' (k-b) =- i' k. . (12} 

contrary to (8). 
How to prove (11)? We know 

A (m) + B (m) =- i' m (m = 1. .•.• k-b). 

Happily these apparently much too weak inequalities suffice. They show 
namely that there exists a subset D of B with the properties 

A (m) + D (m) =- i' m (m=1. ...• k-b); •.. (13) 

for instance D = B has the required properties. I chose the subset D of 
B with these properties. such that the number of elements of D is as small 
as possible. We are ready if we have shown that · D does not contain any 
positive element; in facto th en D (k - b) = 0 and (11) follows from (13). 

Let us suppose for a moment. that D contains at least one positive 
element. Be e' the smallest element of A to which corresponds a positive 
element d of D such th at e' + d does not belong to A. Since d belongs to 
D. therefore also to B, we have e/ :2: e. Thus 

e' + d> e' =- e =- k-b. 

The couple A, D is transformed by an elementary transformation (with 
e' instead of e) into a coup Ie C'. D'. This transformation cancels in D the 
integer d and does not add to A an integer;;;;; k-b. hence 

C' (m)=A (m) (m = 1. ...• k-b). 

From (13) we see that we may apply (7) with C = A and 1 = k-b. thus 

A (m) + D' (m) =- i' m (m = 1. .... k-b). . . . (14) 
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These inequalities are impossible, since D' is a subset of Band contains 
less elements than D. This proves the lemma. 

Above we considered a transformation in which exactly one element of 
B was cancelled and at most one element was added to A. Such a trans~ 
formation has the disadvantage that it may increase (A + B) (m). For 
instance, if both A and B consist of the numbers 0, 1 and 3, then the 
elementary transformation, which cancels the element 1 of Band adds 
the element 2 to A, transformes the couple A. B into the couple A', B', 
where A' consists of the elements 0, I, 2, 3 and B' of the elements 0 and 3; 
A + B consists of the numbers 0, I, 2, 3, 4, 6, but A' + B' of the numbers 
0, I, 2, 3, 4, 5 and 6, hence (A + B) (5) < (A' + B') (5). This is an 
inequality in the wrong direction; hence it is not sufficient to consider 
only elementary transformations. But now we combine all elementary 
transformations in which the same number e occurs, just as in our example 
we combined the two elementary transformations with e = 2. In the general 
case our argument is as follows: 

Be e again the smallest element of A to which corresponds at least one 
element b of B, such th at e + b does not belong to A. In B we cancel all 
elements b with the property that e + b does not belong to A, and to A 
we add these numbers e + b as far as they are:;;;; g. In this manner the 
sets A and Bare transformed into the systems A * and B*. I say that the 
couple A, Bis transformed into the couple A*, B* by an e~transformation. 
I prove that the couple A, B may be transformed into the couple A *, B* 
by a finite number of elementary transformations. This is evident if in B 
only one element is cancelled, for then one elementary transformation is 
sufficient. Let us now assume that at least two elements band b' are 
cancelled in B. If b is cancelled in Band if e + b, as far as it is :;;;; g, is 
added to A, the couple A, B is transformed into the coup Ie A', B' by an 
elementary transformation. Here e is an element of A (hence of A'), to 
which an element bI of B corresponds such that e + bI does not belong 
to A; in fact bI = b' satisfies. I assert that e is the smallest element of 
A' with this property. For, if A' contained an element e' < e with this 
property, th en e' would not be the number added to A (because the number 
possibly added to A is ~ e). In that case e' would be an element < e of 
A, to which an element bI of B (since bI belongs to B') corresponds, such 
that e' + bI does not belong to A. This contradicts the condition, that e 
is the smallest number with this property. Consequently: If in B' the 
element b' is cancelled and if the number e + b', as far as it is :;;;; g, is 
added to A', then A', B' is transformed by an elementary transformation 
into a couple A", B". If in B only the elements band b' are cancelled, we 
are ready. If not, we proceed in the same manner applying elementary 
transformations untill all elements in question are cancelled. 

Since an e~transformation is composed of a fini te number of elementary 
transformations, lemma 1 gives immediately: 
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Lemma 2. If the set A containinu 0, satisfies 

A (m) + B (m) ~ r m (m ~ 1. .... g). 

where r ;:;;; 1 and if the couple A B is transformed by the correspondinu 
e-transformation into the couple A*, B* then 

A * (m) + B* (m) ~ r m 

Now the fin al step. 

(m = 1. ...• U). 

Lemma 3. If the couple A B is transformed into the couple A*. B* by 
the correspondinu e-transformation, then A + B contains each element 
u ;:;;; U of A * + B*. 

In fact, that number u may be written as a* + b*. where a* and b* 
belong respectively to A* and B*. If a* belongs to A, then a* + b* is an 
element of A + B, since b* belongs to B*, consequently to B. Hence only 
the case has to be considered in which a* is one of the elements added to 
A; hence a* may be written in the form e + b, wh ere b is a positive 
element of B. Then a = e + b* belongs to A. For. if a would not belong 
to A, th en b* ~ 0, since e is an element of A and the positive number b* 
would have been cancelled in B by the e-transformation, therefore not 
belong to B*. Herefrom it follows that a is an element of A, so that 
a* + b* = a + b belongs to A + B. 

The proof of the theorem of MANN may now be given in a few lines: 
I may assume that B contains at least one positive element, since other

wise the assertion is evident in virtue of 

(A + B) (m) = A (m) = A (m) + B (m) • (15) 

Further I may assume the theorem proved, if B is replaced by a system 
containing less elements than B. By an e-transformation we may transform 
the couple A, B into a couple A*, B*, which satisfies by lemma 2 the in
equalities 

A * (m) + B* (m) ~ r m (m = 1 ••.. • g). 

Since B* contains less elements than B, we have by induction 

(A * + B*) (m) ~ r m (m= 1 •... ,U). 

wherefrom the assumption follows by lemma 3. 
The condition that B contains the number zero is only used in the 

proof of (15). 
Above the function ym occurred, which may be replaced by an arbitrary 

real function qJ (m) which satisfies some general conditions. Since (10) 
must be valid for b = 1, we must suppose qJ (0) ;:;;; 0, and for (12) 1 suppose 

• (16) 

for all integers u and v both ~ ° with u + v + 1 ;:;;; U. If rm is replaced 
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by a funetion <p (m). which satisfies these two eonditions. the above argu~ 
ment remains valid. This gives the general theorem: 

Theorem 2. Let be <p (0) :;;;; 0 and let the inequality (16) be valid for 
all integers u ~ 0 and v ~ 0 with u + v + 1 :;;;; g. If the sets A and B both 
contain zero and if 

A (m) + B (m) =- <p (m) (m = 1 •...• g). 
then also 

(A + B) (m) =- qJ (m) (m = 1 •.... g). 

Por instanee we may put <p (m) = ym + y - 1. where y :;;;; 1. This gives: 

Theorem 3. If the sets A and B both contain zero and if 

A (m) + B (m) =-" {m + 1)-1 

where y :;;;; 1. then 

(A + B) (m) =-" (m + 1)-1 

In our above example 

A (m) + B (m) =- t (m + 1)-1 
henee 

(m = 1 •...• g). 

(m = 1 •...• g). 

(m = 1. .... 12). 

(A + B) (12) =-.g.. 13-1 = 9.g.: 

this inequality is still sharper than MANN' s. 
The preeeding theorem also gives useful results. if the number zero 

belongs only to one or to neither of the sets A and B. Let us assume f.i. 
that A eontains the number 0 and B the number 1 (it is unimportant 
whether 1 is eontained in A or 0 in B). IE b runs through the system B. 

then b -1 runs through a system. which I denote by B. IE s runs through 
the natural numbers :;;;; g. whieh belong to A + B. then s - 1 runs through 

the number 0 and the elements :;;;; g - 1 of A + B. henee 

(A + B) (m) = 1 + (A + B) (m-l) (m =- 2). 

To apply our last theorem I suppose 

A (m) + B (m) =- y (m + 1) -1 
w hieh is identical with 

A (m) + B (m + I)==-" (m + 1) 
In this manner we obtain: 

(m = 1. ...• g-I). 

(m = 1. ...• g-I). 

Theorem 4. If A contains the number 0 and B the number 1 and if 

A (m-l) + B (m) ==- y m (m = 2 ..... g). 
where y :;;;; 1. then 

(A + B) (m) =- y m (m = 1 •...• g). 

This inequality holds also for m = 1. beeause then we get 1 at the left 
hand side and y at the right hand side. 



Aerodynamics. - Aerodynamical problems connected with the motion of 
a cloud of gas emitted by Nova Persei. I. By J. M. BURGERS. 
(Mededeling no. 49 uit het Laboratorium voor Aero~ en Hydro~ 
dynamica der Technische Hogeschool te Delft.) 

(Communicated at the meeting of February 22, 1947.) 

1. Introduction. - The present paper is a continuation of a preliminary 
investigation concerning cases of motion presented by interstellar gas 
clouds, published last year 1). lts aim is to consider one particular example, 
referring to the motion of a presumably very th in cloud or shell of gas 
emitted by Nova Persei and retarded by the resistance of interstellar 
material encountered in its course; it will be attempted to work out in some 
detail various features which had been indicated in outline only in the 
former publication. It is found that the resistance experienced in retarded 
motion cannot be calculated immediately from the instantaneous value of 
the velocity, as it is influenced by expansion phenomena; this has the 
consequence th at the law of retardation now obtained is different from 
that provisionally assumed in § § 6 and 7 of the paper mentioned. Attention 
further must be given to the transmission of heat by conduction from the 
compressed gas to the advancing cloud; and it has been attempted to work 
out the energy balance for the cloud with the aid of a somewhat improved 
form of the method of calculation, introduced l.c. in § 6. 

Like the former paper the present one owes its conception and its 
astrophysical data to Professor dr. J. H. OORT at Leiden. Together we 
have considered various aspects of the motion, and OORT'sconstant advice 
was a valuable guide in framing the problem in such a way that it became 
tractable. It will be seen that several links are still missing; this is due in 
part to difficulties of the mathematical problems involved, in part to lack 
of sufficient data, in particular referring to physical properties of the 
interstellar material. It is hoped that the investigation of cases of motion, 
such as the one considered here, although the picture developed is an 
extreme simplification of what perhaps may happen in reality, nevertheless 
can be of help in elucidating the phenomena. 

Astronomical data. - Several years af ter the appearance and corise~ 
quent decay of Nova Persei 1901 a gas cloud has been observed, which 
moves away from the star withgradually decreasing velocity. In 1934 the 
velocity was estimated at 1200 km/sec = 1,2. 108 cm/sec; the retardation 
amounted to 0,11 cm/sec2 • It is supposed that the cloud has the form of a 

1) See J. M. BURG'ERS, Some problems of the motion of interstellar gas clouds. Proc. 
Kon. Ned. Akad. v. Wetenseh., Amsterdam, 49, 589 (1946). 
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very thin shell or sheet. and th at the retardation is due to resistance 
experienced from interstellar material upon which this sheet has struck. 
The cross dimensions of the sheet are of the order 2· 1017 cm2 ; its area 
has been estimated at F = 4.8 . 1034 cm2 • whereas its thickness D pro~ 

bably is of the order 1013 -1014 cm. As the interstellar gas upon which 
the c10ud has struck is compressed. the temperature of this gas will be 
raised considerably (formulae referring to motion with constant velocity 
have been given in the preceding paper). N evertheless in consequence of 
its very small density this interstellar gas does not produce observable 
radiation. It can be expected. however. that some of the heat generated is 
transmitted to the c1oud. which has a density about a thousand times 
higher; the radiation emitted by this c10ud is observed and the spectrum 
has been measured. It is estimated that the total amount of radiation is 
1034 erg/sec. while the temperature of the c10ud is estimated at 50.0000

• 

Starting from these data OORT has deduced the following estimates 
concerning thickness and density of the c1oud: D = 7,5 . 1013 cm; 
e aver. = 1.1 . 104 hydrogen atoms per cm3 = 1.83.10-20 gr/cm3 ; and 
density of the original interstellar gas (before the compression) eo = 7.3 
hydrogen atoms per cm3 = 12.1 . 10-24 gr/cm3 • We shall co me back to 
these quantities afterwards. 

In framing the problem in such a way that it becomes amenable to 
mathematical treatment. far going simplifications have been introduced. 
The motion is considered as taking place in one dimension only; the c10ud 
is assumed to be a plane sheet. perpendicular to the direction of the motion. 
It is supposed that the interstellar gas originally was at rest and presented 
a plane front parallel to that of the c1oud. upon which the c10ud at a 
certain instant suddenly impinged with its full velocity. In view of the 
high forward velocity of the c10ud the expansion velocity of the gas at a 
temperature of 10.0000 (3,5. 106 cm/sec) can be neglected. Hence this 
part of the problem can be compared with the following mechanical case: 
a cylindrical tube. extending indefinitely into one direction and filled with 
a gas of uniform density and temperature. is c10sed near the origin by a 
movable piston; originally the whole system is at rest; at the instant t = 0 
a very high velocity is suddenly given to the piston. af ter which it is left 
to itself. The sudden motion of the piston produces a compression wave in 
the gas. which wave moves outward; the high pressure generated causes 
a retardation of the motion of the piston (it is assumed that on the other 
side of the piston there is a vacuum. so th at the piston does not experience 
any force at its back). In consequence of the decrease of the velocity of 
the piston expansion occurs in the gas adjoining the piston. The expansion 
waves overtake the compression wave and interfere with it; it is asked to 
describe the ensuing state of motion of the gas. In view of its general 
interest this problem is treated at some length in sections 2-5 of the paper. 
It may be objected th at the assumption of a discrete front of the inter~ 
stellar material. which is considered originally to represent a homogeneous 
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mass. will be far from the truth; however, the assumption of a gradual 
increase of density (in such a way that the advancing cloud at first 
should not suffer an appreciabie retardation, and th en would gradually 
be obstructed by denser material) , or other suppositions of similar nature, 
bring a twofold difficulty: the exact distribution of material is unknown, 
and the mathematical treatment becomes far more complicated. Another 
point is that the cloud will suffer a deformation during its motion; hence 
its reaction to the resistance offered by the interstellar gas may differ 
from the reaction of a solid body like a piston. It will appear, however, in 
a later part of the paper, that the difference is of small importance. 

The problem in this form should be fully determined by the following 
data: original density eo of the interstellar gas; original temperature T 0 

'of this gas; velocity Vo of the cloud at the moment it strikes upon the 
gas; mass ë of the cloud per cm2 of its front al area. From astrophysical 
considerations T 0 is assumed to be 10.000°; as to the other data, which 
play a basic part in the treatment of the problem, their values have not 
been given explicitly beforehand and should be deduced afterwards from 
the observational data. 

The gas will be treated as an ideal gas, to which the equations of 
aerodynamics can be applied; it is supposed to consist of monatomic 
hydrogen, having the ratio of the specific heats k = 5j3. At the very high 
temperatures generated by the compression the gas will be gradually 
ionised; however, according to calculations by OORT, the time elapsed 
until now is far from sufficient to reach equipartition of energy between 
protons and electrons, so that for general thermodynamical properties we 
will neglect the electrons. The change of state of every element of volume 
is assumed to take place without loss of heat through radiation or con~ 
duction; the latter point, however, is one of the serious difficulties of the 
problem. 

2. Equation of motion for the gas in front of the advancing cloud. -
We use the LAGRANGIAN form of the equations and describe the motion 
of a layer of the gas by: 

x= q; (5; t) (1) 

where s is a parameter distinguishing the various layers and x is the path 
travelled by any layer. We take s = 0 for the layer immediately adjoining 
the advancing cloud; for all other layers s> O. The way in which the 
values of s are assigned to the consecutive layers is arbitrary; a particular 
way leading to a simplification of the equations will be indicated below. 
The velo city of a layer is given by: 

u = dx/dt = aq;jàt . (2) 

As the expansion of a layer is determined by the behaviour of àq;jàs 
as a function of the time for constant s, we have for the density: 

e = Ol (s)/(aq;jàs) (3) 
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and for the pressure (the expansion of every layer being assumed to 
follow POlSSON' s law): 

p = O2 (s) I (o9'/os)5/3 . (4) 

The functions 01 (s) and O2 (s) occurring in these expressions are indepen~ 
dent of the time; they will be given below. With the aid of these formulae 
the equation of motion: 

e . (duldt) = - àplox 

can be brought into the form: 

i}2 9' 1 0 [ O2 (s) ] 
o t2 = - Ol (s) Os (09'/05)5/3 • (5) 

The motion of the front of the advancing c10ud (compare fig. 1, which 
may help to visualize the re1ations) is determined by: 

Xfront = 9' (0: t) V = (dxldt)froDt = (o9'/ot)s=o. 

path of front 
of advancing clou ' 

X=<P(Ojt) 

x 

Fig. I. 

As the c10ud for the present is treated as a solid body, having a mass e 
per unit area of frontal surface, its equation of motion is given by: 

(
0

2
11') = _ P (s=o) = _ ! Ol (01/3 

ot2 s=o e e (àrp/às)s=o 
• (6) 

A second boundary condition refers to the compression wave, which 
is the shock wave at the head of the region influenced by the advancing 
c1oud. The path of this compression wave will be represented by x = 1jJ (t) ; 
the function 1jJ provisionally is unknown. Consider the point of intersection 
X, T, of a particular path 9'(s; t) with the path of this compression wave; 
then: 

11' (T) = 9' (5: T) . • (7) 
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When 1.jJ should be known, this equation would determine T in function 
of s. Now from the formulae valid for shock waves 2) it follows that in 
the present case of a gas with k = 5/3 moving with a velocity far sur~ 
passing the velocity of sound (as calculated for the original state of the 
gas). the following relations hold: 

(a) the velocity of propagation of the shock wave (d1.jJ/dT) is equal to 

4/3 times the velocity (oep/ot) t= T of the gas immediately at the back 
of the shock wave; 

2) See: J. M. BURGERS, Over de eendimensionale voortplanting van drukstoringen in 
een ideaal gas, Vers!. Neder!. Akad. v. Wetensch., Amsterdam 52, 476 (1943). The 
velo city ~ of a shock wave propagating itself through a gas at rest, is given by the 
formula: 

(I) 
where co is the velocity of sound in the gas at rest; fJ = (k + 1)/4 = 2/3 in the present 
case, and u is the velocity of the gas at the back of the shock wave. The density of the 
gas at the back is given by: 

the pressure by: 

PI =PO +!?o ~ U 

and the velocity of sound in the compressed gas by: 

(11) 

(111) 

ei = e~ + [(k -1 )/8 ,82]1 k e - (k -1) e~ - eciW I . (IV) 
The increase of temperature follows from the ratio ci/c5. 

When the velocity u considerably exceeds co these formulae reduce to (with k = 513): 

from which: 

E=4u 
e. = 4: eo· 
P. =4eo u2

• 

eî=t u2
• 

T.=u2/3R. 

. (Ia) 

(lIa) 

(lIla) 

(Vla) 

(Va) 

The same results can be deduced by means of simple kinetic considerations. An observer 
moving with the compressed gas at the back of the shock wave, sees the uncompressed 
gas rushing towards himself with the velocity u. As the collision of the uncompressed 
gas with the compressed gas brings the former to rest for the observer, the translational 
motion is wholly transformed into heat motion; hence the mean square velo city of t!Je 
heat motion af ter the shock must be equal to u2 , from which it follows that the 
temperature of the (monatomic) gas will be equal to u2 /3R, R. being the gas constant. 
When the density of the compressed gas is denoted by 1?1, its pressure will be equal to 
Pl = I?l u2/3. This pressure also can be calculated from the loss of momenturn, which is 
given by the product I?o ~ u, where I?o ~ is the mass taken in per unit area of the wave 
front in unit time, and u is the change of velocity. As the equation of continuity gives: 
I?o ~ = I?l (~- u), we find ~ = 4 u/3. 

For an observer stationary with respect to the uncompressed gas the material through 
which the shock wave has passed has obtained a kinetic energy of translation u2 /2 per 
unit of ma ss and an energy of the heat motion of the same amount. Hence the total 
increase of energy per unit of area of the advancing wave front in unit time is equal to 
I?o ~ u2. This is equal to the work performed by the pressure acting at the back of the 
compressed gas, which moves with the velocity u. 
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(b) the density of the compressed gas immediately at the back of the 
shock wave has the value: el = -4 eo: 

.( c) the pressure immediately at the back of the shock wave is equal to: 

PI = t eo (àq;/àt)i=T. 

The first relation gives: 

dlJ'/dT=t(àq;/àth=T . ...•••• (8) 

Taken in conjunction with (7) this equation will make it possible to find 
the function IJ' and the relation between s and T when the function q; 
should be known. From (b) and (c) we can deduce the values of Ods). 
°2(S): 

(à ) (à)2 (à )5/3 8 1 (s) = -4 eo àq; ; 8 2 (s) = t eo àq; àq; .. (9) 
S t=T t t=T s t=T 

It is useful now to define the parameter s in such a way that along the 
path of the compression wave we shall have: 

s = t IJ' (T) = t q; (s; T). . . . . . . (1 O) 

As the initial slope of the path of a layer of gas (i.e. its initial velocity. 
immediately af ter the shock wave has moved over it) is given by: 

(dx/dt}t= T= (àq;/àt}t= T = t dlJ'/dT. 

·equation (7) leads to: 

• . • • • • • (11) 

This makes it possible to simplify formulae (9). In particular: 0l(S) = 
= -4 eo = constant, while in consequence of (-4) the pressure in an 
arbitrary point of a path s is given by: 

(à)2 (à )-5/3 
p=teo à~ t=T à~ . 

As aresult the equation of motion (5) assumes the form: 

02 
q; _ 1 0 [(Oq;/Ot}i=T] o t2 - - s OS (àq;/OS}5/3 ......• (5a) 

while at the same time the equation of motion (6) for the front of the 
advancing cloud (or of the piston in the mechanical analogue) is reduced 
to: 

(
0

2 
q;) _ 4 I?o [(àq;/ot}~=TJ 

àt2 $=0-- 3 e (0q;/àS)5/3 s=o' .... (6a) 

Comparison of the two formulae shows that the boundary condition at 
s = 0 can be written: 

o [(Oq;/àt)~= TJ -4 eo ( ) 
às In (àq;/às)5/3 s=o= e . . . . . . 12 
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3. Transformation of the equation of motion. Initial solution. - It is 
convenient to take a new dependent variabIe: rfJ = oep/os. and to introduce 
a diagram having s and t as coordinates (fig. 2). The boundary s = 0 

boundary 
condition 

Ê..i=-a; 
ëls 

~,.7 

o 
Fig. 2. 

: boundary condition 
I 

I 
I 
I 
I 

.Qi __ 95" 
at- 48' 

lI'fave 

5 

then becomes a straight line. while the path of the compression front 
(shock wave) will be represented by a curve s = S (t) . From (8) and (10) 
it can he deduced that along this curve: 

S' = dS/dt = t (oep/ot)t= T. . (3) 

When the differentiation with respect to s occurring in (12) is worked 
out. there appears a term: 

d I (:'> 1:,»2 _ d I (S')2 _ 2 S" 
ds n uep ut t= T - ds n - S' 2 

(primes indicating differentiations with respect to t). Hence the houndary 
condition (12) can he written: 

(2 S" IS' 2)s=0 - t (0 In rfJlos)s=o = 4 eo/ë. 
from which: 

orfJ/os = - a rfJ (for s = 0) • (14a) 
where: 

a = t [4 eol"!! - (2 S" /S' 2)s=o] (14b) 

so that a is a constant independent of the time. 
Differentiating equation (5a) with respect to s and making use of (13) 
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we obtain the following equation for ~, which can be taken as the central 
equation of the problem: 

Ol tIJ __ 3 ~ [S'2 tIJ-S/3] 
of - OS2 

(15) 

In this equation S', which originally had been defined as a function of t, 
must be recalculated as a function of s, making use of the formula s = S(t) 
valid along the path of the shock wave. The boundary conditions for 
equation (15) are first, condition (Ha) referring to s = O. As to the 
condition at the path of the shock wave, it follows from (11) that this path 
now is determined by: 

tIJ = 1 . (16) 

Wh en a soIution of (15) should have been found, this path can be drawn 
in the diagram; in consequence of (10) the value of the function rp (s; t) 
can th en be obtained from: 

s 

lP (s; t) = '4 S - J ds tIJ (s, t) (17) 

where the integration with respect to s must be performed along a line of 
constant t, S indicating the value of s at the point of intersection of this 
line with the curve defined by (16). It must be observed that in conse~ 
quence of the dependence of S upon t the function rp(s,; t) defined by (17) 
will not automatically satisfy the originaI differentiaI equation (Sa). By 
inserting (17) into this equation and performing the necessary differenti~ 
ations, making use of (16), it is found that the following condition must 
be satisfied along the line defined by (16): 

(otIJ/ot)s=s=-ïS"/S' (18) 

This equation, taken together with (16), constitutes the second boundary 
condition for ~ 3). 

That these conditions are sufficient to make the problem fully deter~ 

minate, can be seen by calculating a series development of the function ~ 
in the form: 

3) It is possible to transform equation (15) into the foIIowing equation in which t 
is taken as the dependent variabIe. considered as a function of s and <P (indices denoting 
derivatives) : 

t~~ (t; - tPS/3/5 8) - 2 t~s t~ ts + tss ~ = 
= - t t~ ~/~ - 2 (8'/8) ~ ts - t (8"/8) tIJ~. 

where 0 has been written for S'2. which is a function of s. The boundary conditions for t 
th en refer to fixed Iines in a <p. s-diagram; they have the form: 

along ~ = 1 : t~ = 4 ~/9 tss ; 

along s = 0 : ts = a tIJ t~. 
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valid for small values of s and t (the point s = 0, t = 0 is taken at the 
intersection of the path of the advancing front s == 0 and the path of the 
shock wave; i.e. at the point from which the whole process originates). 
We can immediately apply eq. (Ha); next from (16) we calculate the 
function 5 (t) in the form: 

s = 5 (t) = a t + fJ t2 + r t3 + . · (20)· 

which series also can he inverted in order to determine t in function of 5. 
F rom (20) the quantities 5' and 5 r: ean he ohtained; from (19) we 
calculate the value of àifJjàt along the line (20), expressing it likewise as a 
function of t; then the second houndary condition (18) can he applied. 
Finally the differential equation (15) is worked out. It is found that all 
coefficients appearing in the series can he expressed as functions of the 
constant a introduced in (14a) - (14b) and of one arhitrary parameter, 
for which we take the velocity V o of the front of the advancing c10ud (or, 
in the mechanical analogue, of the piston) at the instant t = O. Putting 
a V otj3 = ., a s = a, the first terms of the series are: 

ifJ = 1 + • - a - -ifo .2 - • a + H 0 2 + 0,0368 .3 + 

+ 0.0778 T2 a + 0.8517 • 0 2 - 0,6898 0' - ••• 

a S = • - t t 2 + M t3 - 0.0818 .4 + ... 

a ({J = 3 t + a - t .2 + • 0 - î 02 + ti t 3 
- -io T2 0 - î • a2 + 

+ .. / .. lo 03 - 0.i573 .4 + 0.0368 t3 0 + 0.0389 .2 02 + 
+ 0,2839.03 

- O,I72i 04 + ... 

(21) 

An investigation concerning the domain of convergence of these series. 
has not heen made; as a division had to he carried out in (15) with the 
series for ifJ it will he necessary to restrict the application to values of 1,:' 

and a for which ifJ < 2. 
The value of the parameter a can he ohtained from (14b) hy inserting 

the expression for (2 5"j5'2 )s=o; the result is: 

a = 36 eoj7"?! • · (22~ 

The path of the front of the advancing c10ud is given hy the expression 
for ({J when a is taken zero. Differentiating with respect to t we ohtain the 
expres sion for the velocity: 

V= Vo(l-t.+Ht2 -0.610t3 + ... ) · (23} 

Erom which the retardation is found to he: 

dVjdt=- 21..ra V;(I--j-t + 2.35.2 
- ••• ) (23a)' 

It will he seen that when the values of Voo (!o and e should he known. 
the velocity V can he calculated for values of t within the domain of 
convergence of the series. On the other hand the ohserved values of the 
velocity and the retardation at a single epoch are not sufficient to enahle 
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us to calculate the three unknowns V o, a and the epoch t, unless some 
further assumption is introduced. Such an assumption may refer to the 
original value of the velocity Voo When we assume that this value was 
1,5 times that of V in 1934, so that V 0 = 1,8 . 108 cm/sec, we find as 
rough approximations [with a provisional estimate for the remainder of 
the series (23a)]: 

't ~ 0,55; a V; ~ 0,85 • 

from which: 

a ~ 2.6.10-17 ; el€!o~ 2.1017 ; t- 3.5.108 sec (= 11 years). 

The series for tP (with 0 = 0) th en gives: tP = 1,53. As 12 = 4I2o/tP; 
p = 12I2oS'2/tP5/3, we find: 

R T = 3 S' 2 / ~2f3. 

which at the front of the cloud (0 = 0) reduces to RT =t V;jtP2f3• This 
gives: RT CS) 0,81 . 1016, from which T comes out roughly as 100.000.000°. 

(To bé conti[1ued.) 



Zoology. - The Rhizocephalan parasites of the crab Actaea hirsutissima 
(Rüpp.). By H. BOSCHMA. 

(Communicated at the meeting of January 25. 1947.) 

The present paper contains notes on four different species of Rhizo~ 
cephala which may occur as parasites of the crab Actaea hirsutissima Rüpp. 
One of these is described here as a new species. Sacculina ignorata: 
previously specimens of th is parasite had been wrongly identified. It proved 
to be distinct as it shows retinacula of a kind not yet known in parasites 
with more or less corresponding characters as far as concerns other parts of 
the body. Another species. Loxothylacus variabilis, until now was not 
recorded as a para site of Actaea hirsutissima. 

The four parasites dealt with here may be characterized in the following 
manner: 

Sacculina brevispina V. K. and B.. 1925 (diagnosis copied from 
BOSCHMA. 1937): Male genital organs in the posterior part of the body. 
outside the visceral mass. in their dorsal part largely united. forming a 
common wide sac. Testes abruptly passing into the vasa deferentia. which. 
especially in their ventral part. are rather narrow. Colleteric glands with 
comparative1y few canals. arranged in a single row parallel to the surface 
of the visceral mass. External cuticle of the mantle rather sparsely covered 
with small blunt spines of approximately 15 fl length. which may possess 
a few minute hairs. Internal cuticle of the mantle with rows of retinacula. 
each consisting of a bas al part and a variabIe number (1 to 4) of spindIes. 
The latter are of variabIe size; they may reach a leng th of 20 fl. 

Type on Actaea hirsutissima (Rüpp.); type~locality Sanguisiapo. Sulu 
Archipelago. The species is not known to occur on other hosts. 

Sacculina microthrix Boschma. 1931 c (diagnosis copied from BOSCHMA. 
1937): Male genital organs in the visceral mass. completely separated. 
Testes more or less globular. rather abruptly passing into the comparatively 
wide vasa deferentia. Colleteric glands with a moderate number of canals. 
External cuticle of"the mantIe densely covered with small thin hairs which 
have a length of 3 to 8 fl. The structure of the chitin of these hairs is not 
different from th at of the main layers. Retinacula unknown. , 

Type on Actaea hirsutissima (Rüpp.); type~locality Banda Neira. The 
species is not known to occur on other hosts. 

Loxothylacus variabilis Boschma. 1940: Male genital organs of equal 
size or left small and right large. Curvature of male organs distinct. narrow 
or wide. or male organs slightly bent. or male organs practically straight. 
Colleteric glands with a moderate to fairly large number of branched 
canals. External cuticle densely covered with comparatively small hairs 
(minimum and maximum measurements 6 and 52 fl). Between these hairs 
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there are larger spines in far smaller numbers (minimum and maximum 
measurements 30 and 186 ft). The excrescences have undivided tips or 
are irregularly divided into smaller branches. Retinacula with 1 to 5 spin dIes 
which may show barbs and vary in leng th from 9 to 13 ft. 

Type on Chlorodiella nigra (Forsk.); type~locality near Koepang. Timor. 
The species moreover is known as a parasite of Actaea rüppellii (Krauss) 
and of another. unidentified Xanthid crab. To these hosts now Actaea 
hirsutissima (Rüpp.) must be added. 

Sacculina ignorata nov. spec.: Male genital organs in the posterior part 
of the body. outside the visceral mass. completely separated. Testes more 
or less globular. abruptly passing into the wide vasa deferentia. Colleteric 
glands with a small number of canals (less than 10 canals in the most 
strongly branched reg ion of these glands). External cuticle of the mantle 
with groups of hyaline spines. consisting of a kind of chitin which is 
different from th at of the main layers of the cuticle. As a rule the spines 
of each group remain isolated. though they may be united on a common 
bas al part. The length of the spin es is 30 to 80 ft. Retinacula with single 
spines of a length of 10 to 15 ft. occurring in groups or rows on the surface 
of the internal cuticle. 

Type on Actaea hirsutissima' (Rüpp.); type~locality Ghardaqa. Red Sea 
(from edge of shore reef by the Laboratory. collected by Mahmûd EH. 
Ramadan). The species is not known to occur on other hosts. 

Some more details of the specimens examined follow here. 
A weIl preserved specimen. from which a series of longitudinal sections 

has been made (no. 943 A). is selected as the type of the species. lts meas~ 
urements are: greater diameter 9 mmo antero~posterior diameter 6t mmo 
thickness 4 mmo 

The male genital organs have the same shape and structure as those of 
numerous other parasites which possess excrescences of the external cuticle 
consisting of groups of hyaline spines. The male organs are found in the 
posterior part of the body. outside the visceral mass (fig. Ia). The vasa 
deferentia are rat her wide. their lumen is divided into a nu mb er of cavities 
on account of a great nu mb er of ridges on the inner wall (fig. 1 b). The 
testes are united to the vasa deferentia by a narrow canal with a chitinous 
wal!. In fig. Ic this narrow canal is seen in the anterior wall of the right 
testis. the testis itself is surrounded by a thin muscular layer. The con~ 
nection of the left vas deferens with its testis is represented in fig. ld. here 
the narrow canal is found between the lumina of the vas deferens and of 
the testis. In the latter section a more dors al part of the right testis is 
shown. As usual in the parasites of this group one of the testes is found at 
a slight distance behind the other. 

The colleteric glands (fig. 2) are comparatively smalI. They contain 
few canals only (less than 10 in the most strongly branched region of the 
glands). The canals are neatly arranged in a single row along the surface 
of the visceral mass. 

19 
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The external cutic1e of the mantIe is covered with excrescences in the 
shape of spines which consist of a hyaline, hard kind of chitin, distinctly 

c 

Fig. 1. Sacculina ignorata. a, longitudinal section through the stalk; b--d, parts of 
longitudinal sections showing the transverse section of the male genital organs in different 
planes; b, through the va sa deferentia, each following section from a more dorsal region. 

a, X 18, b--d, X 45. 

Fig. 2. Sacculina ignorata, longitudinal sections of one of the coJleteric glands; a, of the 
peripheral region, each foJlowing section from a more central part. X 72. 

different from that of the main layers of the cutic1e. The spines are more 
or less arranged in groups of a few spines each (fig. 3). Generally the 
individual spin es remain completely isolated, rather exceptionally two or 
three spines may be united in their basal part. In some regions of the 
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cuticle all the spines remain isolated. in other parts compounds of two or 
three spines are rather common. The leng th of the excrescences varies. in 

Fig. 3. Saccu/ina ignorata. excrescences on the surface of various parts of the extern al 
cuticle. X 530. 

some regions of the mande the spines are 30 to 50 fl. in other regions 
55 to 65 fl. 

On the internal cuticle of the mande there occur retina cu la which are 
arranged in groups or rows on the surface (fig. 4). Each retinaculum 

Fig. 4. Sacculina ignorata. retinacuJa as they are arranged on the internal cuticle. X 530. 

consists of a single spindIe which has a length of 10 to 15 fl. The spindIes 
are not barbed. 
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In previous papers remarks have been made on specimens of parasites of 
Actaea hirsutissima which undoubtedly belong to Sacculina ignorata. These 
specimens were collected in the Red Sea at Jiddah in 1881. their state of 
preservation was not sufficient for a distinct study of the internal organs. 
The excrescences of these specimens were described by VAN KAMPEN and 
BOSCHMA (1925). here already attention was drawn to the fact th at the 
spines for the greater part are not united into compounds with a common 
basal part. In another paper (BOSCHMA. 1928. fig. 2d) an excrescence is 
represented consisting of three united spines. Later (BOSCHMA. 1931 b. fig. 
lId) a section of the posterior part of the body was represented. showing 
one of the testes. In the same paper (l.c .. Hg. 13) drawings of groups of 
excrescences as they occur on the external cuticle of the mantle are figured. 
The spines of these two specimens may attain a length of 80 ft. so th at 
they may become slightly larger than those of the type specimen. 

Various species of crabs may be found to be infested by parasites which 
completely correspond with Sacculina ignorata as far as concerns the shape 
of the male genital organs and th at of the colleteric glands whilst more~ 
over they show excrescences of the external cuticle of similar structure. 
Now in S. ignorata as a rule the excrescences consist of isolated or very 
little united spines whilst as a rule in the other forms the spines are united 
into compounds. But in this respect S. ignorata is but gradually dis tin ct 
from the other forms. The retinacula of S. ignorata, however. form a 
character of a high order and on account of these excrescences the species 
is easily to be distinguished from the other forms with similar male and 
fe male organs. In these latter forms a thorough search has been made for 
retinacula on the surface of the internal cuticle; as they never were found 
it seems a safe conclusion to state th at these forms are devoid of retinacula. 

Sacculina phacelothrix Boschma. 1931a. closely corresponds with S. 
ignorata in the shape of the male genital organs. of the colleteric glands. 
and of the excrescences of the external cuticle. which consist of isolated 
hyaline spines arranged in small groups. The two species show. however. 
striking differences in the shape of their retinacula. which in S. ignorata 
have a single spindIe each. whilst in S. phacelothrix each retinaculum has 
3 to 5 spindies. These differences are so pronounced th at they give proof 
of the specific distinction of the two forms. 

The characters of Sacculina microthrix (cf. BOSCHMA. 1931 c) seem to 
be of distinct specific value. As. however. the specimens on which the 
description is based still are immature it is not quite certain that the definite 
specific characters. especially those of the excrescences of the cuticle. as 
yet are known. The male organs of S. microthrix closely correspond with 
those of S. ignorata. the colleteric glands have a far larger number of 
canals (cf. BOSCHMA. 1937). 

The other two parasites of Actaea hirsutissima are strongly different 
from S. ignorata. In S. brevispina the male genital organs are largely united 
and the excrescences of the cuticle are different. this holds for the spin es 
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as weIl as for the retinacula. In S. brevispina the spines of the external 
cuticle are far more sparsely distributed than those of S. ignorata. In both 
species the retinacula are arranged in rows, but whilst in S. ignorata all 
retinacula consist of a single spin dIe, in S. brevispina two to four spindIes 
may be united on a common basal part. Loxothylacus variabilis differs from 
Sacculina ignorata besides by its generic characters by the peculiar shape 
of its excrescences. 

It is interesting that in the specimen of L. variabilis on Actaea hirsutis~ 
sima two layers of external cuticle are present (fig. 5). Both layers have a 
quite similar structure, the outer layer is thinner than the inner, and the 
smaller excrescences are more densely arranged on the inner layer than on 

Fig. 5. Loxothylacus variabilis, specimen on Actaea hirsutissima, section of the two 
Iayers of external cuticle. X 530. 
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the outer. As far as concerns the male genital organs this specimen shows 
astrong resemblance to the type (BOSCHMA, 1940), as these organs are not 
strongly unequal in size and possess a distinct curvature. 

The pronounced differences in the characters of the four species of 
Sacculinidae known to occur as parasites of Actaea hirsutissima show that 
these differences really are due to specific qualities of the parasites them~ 
se1ves. The influence of the host is not evident in these characters. 

In contradistinction to the three other species which till now are known 
as parasites of Actaea hirsutissima (Rüpp.) only, Laxathylacus variabilis 
is known to infest four different species of crabs. As, however, all these 
cr abs belang to the family Xanthidae it is not astanishing that they may 
have the same species of parasite. 
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Mathematics. - Inverse homomorphisms o{ the homotopy sequence. 
By SZE-TSEN Hu. (Communicated by Prof. L. E. J. BROUWER.) 

(Communicated at the meeting of February 22. 1947.) 

1. Introduction. 

In 1935 W. HUREWICZ [4] imparted new vitality to the homotopy 
theory. founded by L. E. J. BROUWER. by introducing the homotopy 
groups of an arcwise connected space. Later this notion was relativized 
and the relative homotopy groups modulo an arcwise connected subset 
were independently defined by HUREWICZ-STEENROD [5]. B. ECKMANN [2]. 
and J. H. C. WHiTEHEAD [8] during their investigations on fibre spaces. 
Let Y be an arcwise connected space and Yo be an arcwise connected 
subset of Y. Choose a point Yo € Yo as the base point and denote by 
nn (Y). nn (Yo). nn (Y. Yo) the homotopy groups of Y. Yo• Y modulo Yo 
respectively. According to J. H. C. WHITEHEAD [8. Theorem 13] the 
fundamental relation concerning these groups is a chain of natural 
homomorphisms. now called the homotopy sequence of the pair (Y. Yo): 

~ nn (Yo) ~ nn (Y) ~k nn (Y. Yo) ~ nn-l (Yo) ~j ••• ~;Tll (Y). 
i1 J i1 J 

which is exact in the sense that the kern el of each homomorphism is 
exactly the image of the preceding. 

Let En denote the n-element in the HILBERT space R" with coordinates 
system x = (Xl' X2 •••• ) defined by 

En: x~ + ~ + ... + x7z ~ 1. Xl = 0 (i> n). 

Let Sn-l = Ën denote the boundary sphere of En. Let ~o = (1. O .... ) 
and define a mapping h: R"~ ROl by taking h (x) = x' € I?" for each 
X € ROl. wh ere x' = (x; • X2 ..... ) is given by 

x~=2IxI2_1. (lxI2=xi+x~+ ... ). 

, _j2 YI- IX"P,Xj (lxI2~1. i=1.2 ...• ) 
Xi+l-

2YlxI2-1.x j (lxI2;;:1. i=1.2 .... ). 

Then Ix'12=1 if Ix12~1 and Ix'12>1 if Ix12> 1. For each n;;:l 
h maps Sn-Ion the point ~o and the interior of En topologically onto 
Sn - ~o. Further the inverse mapping h-l is defined over Sn - ~o for 
each n;;: 1 and maps Sn - ~o topologically onto the interior of En. 

Let a€nn(yo) be represented by a mapping {: Sn~ Yo with f(~o)=yo 
then j (a) € nn (Y) is represented also by (. Let a € nn(Y) be represented 
by a mapping (: Sn ~ Y with f(~o) = Yo. then k (a) € nn (Y. Yo) is 
represented by the mapping {h: En - y. Let a € nn (Y. Yo) be represented 

by a mapping {: En ~ Y with {(Én) C Yo and {(~o) = Yo. then 

a (a) € nn-l (Yo) is represented by the partial mapping {I Ên. 
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In a number of special cases. e.g. (1) when Yo is contractibie to a 
point in Y. (2) wh en Yo is a retract of Y. and (3) wh en Y is deformable 
into Y o• there are some homomorphisms inverse (in a certain sense) to 
those of the homotopy sequence. The aim of the present note is to 
carry out this idea. Our main results are the statements (2.4). (3. i). 
(3.5). (4.3). (4.4). 

A subset M of a space X is said to have the homotopy extension 
property in X relative to Y. if any partial homotopy ft: M - Y (O~ t ~ 1) 
of an arbitrary mapping fo: X - Y has an extension ti : X - Y (0 ~ t ~ 1) 
such that f~ = fo. In particular. we have two important special cases. 
(i) If Y is an absolute neighbourhood retract [7. p. 58]. then every 
cIosed set M of a normal space X has the homotopy extension property 
in X relative to Y [6. p. 86. BORSUK'S theorem]. (ii) If X. Mare 
polyhedra. th en M has the homotopy extension property in X relative 
to any topological space Y [1. p. 501]. 

2. Yo contraetibIe in Y. 
Yo is said to be contraetibie in Y if there exists a homotopy 

(Jt: Yo - Y (0 ~ t ~ 1) such that 80 is the identity and 8 1 (Yo) is a 
single point. 

In the topological product XX I of a space X and the cIosed interval 
1=< O. 1 > of real numbers. Iet us identify each point XEX with the 
point (x.O)EXXI. and all the point (x. 1) of XX 1 to a single point v. 
The resulting space is called the cone c (X) over X. and v. its vertex. 

(2.1) If Y o is contraetibie in Y and Yo E Yo an arbitrary point. then 
there exists a homotopy ~t: Y o -+ Y (0 ~ t ~ 1) such that ~o is the 
identity. ~I (Yo) = Yo. and ~t (Yo) = Yo for each 0 ~ t ~ 1. provided that 
the set Y o U c (Yo) has the homotopy extension property in c (Yo) 
relative to Y. 

Proof. Let V': Yo X 1-+ c (Yo) denote the mapping of identification. 
th en V' maps Yo X 1 on the vertex v and elsewhere topologically. 
Define a mapping f: c (Yo) - Y by taking fV' (y. t) = 8dy) for each 
y E Yo and tEl. Define a homotopy f;.: Yo U c (Yo) -+ Y (0 ~ ). ~ 1) 
by taking 

f;. = f on Yo• 

f;. V' (Yo. t) = f V' (Yo. 1 t). 0 ~ t ~ 1. 

Since fl =fl Yo U c(Yo). it follows from the homotopy extension property 
that f;. has an extension fr: c(Yo)-Y (0~)'~1). In particular. f~=f 
on Yo and f~ (c (Yo)) = Yo' Define a homotopy dt : Yo - Y (0 ~ t ~ 1) 
by taking 

~t (y) = f~ V' (y. t). (y E Y o• 0 ~ t ~ 1) 

Then ~t ,is the homotopy required. Q.E.D. 
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Now assume Yo to be contractibie in Yand let ()t: Yo -+ Y be a 
given contraction. i.e. a homotopy such that ()o is the identity and 
()I (Yo) is a point. For each n> 1. ()t determines a homomorphism 
~: nn-I (Yo) ~ nn (Y. Y o) described as follows. Let a € nn-I (Yo) be 

represented by a mapping f: Èn -+ Yo with f (~o) = Yo' Using polar 

coordinates (e.~) in En where ~ € Èn and O::S; e ::S; 1. we deRne a 
mapping cp: En ~ Y by taking 

cp (e. ~) = Ol-I! f(~) (~€ Èn. 0 ::S; e ::S; 1). 

Then cp = f on Èn. cp represents an element f1 € nn (Y. Yo) which is 
clearly independent of the choke of the representative f for a. It can 
be veriRed that the transformation a ~ {J is a homomorphism 3. Since 

cp I Èn = (. we have <13 (a) = a for each a € nn-I (Yo) and each n > 1. 
Hence 3 is a right inverse of the boundary homomorphism <1. It follows 
that <1 is a homomorphism onto and 3 is an isomorphism into. Let 
nn (Y. Yo) denote the kernel of [<1 and "iin (Y. Yo) the image of 3. We 
have proved the following _ statement: 

(2.2) If Y o is contractibie in Y. then there exists a subgroup "iin (y, Yo) 
of nn (Y. Yo) which depends on the contraction ()t and is mapped 
isomorphicBlly onto nn-I (Yo) by the boundary homomorphism <1. 

Next. let f1 € nn (Y. Yo) be represented by a mapping cp: En ~ Y 
with cp (Èn) C Yo and cp (~o) = Yo' Using polar coordinates (e.~) in En. 
we deRne a mapping 'Ijl: En ~ Y by taking 

)
cp(3e.~) (~€En. o::s;e::S;I/3)! 

'Ijl(e.~)= ()3e-ICP(1.~) (,€~n. 1/3::S;e::S;2/3) 

()3-3e (Yo) (~€ En. 2/3::S; e ::S; 1 ). 

• (i) 

Then 'Ijl (Èn) = Yo' DeRne a mapping g: Sn ~ Y by taking 

~
'Ijlh-I(~) (~€sn_~o) ~ . 

9 (~) = (~_ ~ )'" Yo \0-<;0' 

. (i i) 

9 represents an element v € nn (Y) whkh is clearly independent of t~
choice of the representative cp for {J. It can be seen that the trans~ 

formation f1-+ v is a homomorphism k: nn (i. Yo) ~ nn (Y). 
Now let v € nn (Y) be represented by a map ping (: Sn -+ Y with 

f(~o) = Yo' Then k (v) € nn (Y. Yo) is represented by cp = (h. Sin ce 

fh (En) = Yo. the mapping 'Ijl: En ~ Y in (i) becomes 

)
cp(3e.~) (~€En. 

'Ijl (e. ~) = ()3e-1 (Yo) (~€ ~1I. 

()3-3r! (Yo) (~€ En. 

o ::S; e ::S; 1/3) 

1/3 ::S; e ::S; 2/3) 

2/3::S;e::S;1 ). 
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Deflne a homotopy VJt: En - Y (0 ~ t ~ 1) by taking 

qJ (1 !!?2 t' ~ ) ( 0::::::: ::::::: 1 + 2 t) -..;;:. !? -..;;:. 3 

tpt (!?' ~) = ()3e-2t-1 (Yo) C+2t::::::: ::::::: 2+t) 3 -..;;:.!?"-": 3 

()3-3e (Yo) (2+t::::::: :::::::1 3 -..;;:. !? -..;;:. ) 
Then '11'0 = '11', VJI = qJ and tpt (Èn) = Yo for each 0 ~ t ~ 1. Hence 

f~ g rel. ~o and Tck (v) = v for v € nn (Y) and each n> 1. Thus Tc is a 
[eft inverse of the injection homomorphism k. It follows that k is an 

isomorphism into and k is a homomorphism onto. 

(2.3)' k maps ~n (Y. Yo) isomorphically onto nn (Y). and the kemel 

of k is nn (Y. Y o)' 

Proof. The flrst statement follows from the fact that Tc k is the 

identity. It remains to study the kernel of k. 
Let a € nn-1 (Yo) be represented by a mapping f: Èn - Yo• then 

3 (a) € nn (y, Yo) is represented by the mapping qJ: En _ Y given by 

qJ (!? ~) = ()I-I! fm for each ~ € Èn and 0 ~!? ~ 1. Then the mapping 

'11': En - Y in (i) which represents Tc ä (a) becomes 

) 

()1-31! f (~) (~€ Èn, 0 ~!? ~ 1/3) 

'11' (!?~) = ()31!-d(~) (~€ ~n. 1/3 ~!? ~ 2/3) 

()3-3e (Yo) (~€ En. 2/3 ~!? ~ 1 ). 

It becomes dear that '11' is nullhomotopic relative to Ën and the mapping 
g deflned in (ii) is nullhomotopic relative to ~o. Hence nn (Y. Yo) is 

contained in the kern el of k. 

Conversely, suppose (3 € nn (Y. Yo) be an element of the kern el of k 
represented by qJ: En _ Y. Then the mapping '11' given by (i) is null~ 

homotopic relative to En. i.e. there exists a homotopy tpt: En_ Y (O~ t~ 1) 

such that '11'0 = '11'. '11'1 (En) = Yo. and tpt (Én) = Yo for each 0 ~ t ~ 1. 
By the aid of tpt one can construct a homotopy qJt: En _ Y (0 ~ t ~ 1) 
such that 

qJo = qJ. qJI (!?, ~) = ()I-e qJ (1. n qJt (1. ~) = qJ (1. ~) 

for each ~ € En and 0 ~ t. !? ~ 1. 
which belongs to nn (Y. Yo). 

Hence it follows that (3 = 3<1 ((3) 
Q.E.D. 

The following main theorem of this paragraph is a generalization of 
a th eo rem due to HUREWICZ-STEENROD [5, Theorem 3]. The original 
proof given by them is also available for the general case. 
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(2. i) If Yo is contraetibIe in Y. then nn (Y. Yo) is the direct product 

of nn (Y. Yo) and ïin (Y. Yo); hence 

n;n (Y. Yo)::::; nn (Y) X nn-I (Yo)' 

Proof. Let a E: nn (Y. Yo)' Let v = 3 d (a) E: Jin (Y. Yo) and fJ = a V-I. 
Then it is dear that fJ E: nn (Y. Yo)' Hence a can be expressed in the 
form a = fJ v. Suppose a = fJ* v* wh ere {J* E: nn (Y. Y o). v* E: Jin (Y. Yo); 
th en d (v) = d (a) . d (v*). Since d maps Jin (Y. Yo) isomorphically. we 
have v* = v and fJ* = {J. The expression a = fJ v is unique. 

Since Jin (Y. Yo) is the kern el of 1. it is a norm al subgroup of nn (Y. Yo)' 
Hence {Jv fJ-I = y* E: Jin (Y. Yo) and d (v*) = d (v). Then it follows that 
y* = v and {J v = v {J. This completes the proof. The last argument is 
necessary only for n 2 (Y. Yo) which is in general non~commutative. 

Q.E.D. 

3. Yo a retract of Y. 
We recall that a retraction of Y onto Yo is a mapping f): Y ~ Yo 

such th at f) (y) = y for each y E: Yo' Yo is said to be a retract of Y if 
there exists a retraction of Y onto Yo' Throughout the present paragraph. 
we assume Yo to be a retract of Y with a given retraction f): Y -.. Yo' 

Let n: Sn ~ En denote the mapping defined by n (x) = x' E: En for 
each x E: Sn. where xi = Xi (i = 1. 2 •...• n) and xi = 0 (i> nl. Let 

D~. DJ denote the subsets of Sn defined by Xn+1 ~ O. Xn+1 ~ 0 respec~ 
tively. Then n; maps D7 (i = 1. 2) topologically onto En and is the 
identity on Sn-I. 

Let a E: nn (Y. Yo) be represented by a mapping f: En ~ Y with 

feËn) c Yo and f(~o) = Yo' Define a mapping cp: Sn ~ Y by taking 

l f) fn(x) (xE:D~) 
cp (x) = 

f n (x) (x E: DJ). 

Since cp (~o) = Yo. cp represents an element fJ E: nn (Y) which is dearly 
independent of the choice of the representative f for a. It can be 
verified that the transformation a ~ {J is a homomorphism which will 

be denoted by k: nn (Y. Yo) ~ nn (Y). 

(3. I) k is a right inverse of k. i.e. k k (a) = a for each a E: n;n (Y. Yo)' 

Proof. Let E~. EJ be the subsets of En defined by Xn ~ O. Xn ~ 0 

respectively. The element kk (a) E: nn (Y. Yo) is represented by the mapping 
g: En ~ Y given by 

l f) fn h (x) (XE: E~) 
g(x)= 

fn h (x) (XE: EJ). 

Define a homotopy Öt: En ~ En (0 ~ t ~ I) by taking bt (X) = x if 

XE:EJ and bt{x)=(xI' X2 •.••• Xn-I. tXn. 0 •... ) if X=(XI.X2 •...• Xn. 0 •... )E:E~ • 
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Deflne a homotopy gt: En ~ Y (0:::; t ~ 1) by taking gt = 9 r}t: then 

gl =g. gdÈn) C Yo and gd~o) = Yo for each O~t~ 1. Hence go=f:n;h 150 

represents the element k Ti (0). 
Consider the mapping tp=:n;hr}o: En~En. Denote by D~-I. D~-I 

n-I . 
the subsets of Sn-l deflned by Xn ~ O. Xn ~ O. Then 'I' (D2 ) = ~o and 
'I' maps Sn-I_ D~-I topologically onto Sn-I - ~o with degree + 1. Hence 
there exists a partial homotopy 'I't: Sn-I ~ Sn-I (0 ~ t ~ 1) such that 
'1'0 = 'I' I Sn-I. '1'1 is the identity. and tpt (~o) = ~o for each 0 ~ t ~ 1. 
Since '1'0 = 'I' is deflned over En with values in En. it follows from the 
homotopy extension property of polyhedra that tpt has an extension 
'1'';: En ~ En (0 ~ t ~ 1) with tp~ = '1'. 

Define a homotopy 'YJt: En ~ En (0 ~ t ~ 1) by taking 'YJt (x) to be 
the point which divides the line~segment joining tpr (x) to x in the ratio 
t: (l-t). Then we have 'YJo = tpr. 'YJI is the identity. and 'YJt (x) = x for 

each x E Ën and 0:::; t::S 1. 
Deflne a homotopy ft: En ~ Y (0 ~ t ~ 1) by taking 

~ftp2t(x) (0~t~1/2' xEEn) 
fdx) = (f'YJ2t-dx) (1/2 ~ t ~ 1. x EEn). 

Then fo = go. fl = f. ft (En) C Yo and ft (~o) = Yo for each (0 ~ t ~ 1. 
Hence k Ti (a) = a. Q. E. D. 

Let 7in (Y) denote the image of k. then we deduce from (3.1) the 
following statement. 

(3. 2) If Y o is a retract of Y. then for each n ~ 2 there exists a 
subgroup 7in (Y) of :n;n (Y) which depends on the retraction () and is 
mapped isomorphically onto :n;n (Y. Yo) by the injection homomorphism k. 

The retraction () induces a homomorphism J: :n;n (Y) ~ :n;n (Yo)' IE 
.B E:n;n (Y) is represented by a mapping f: Sn ~ Y with f(~o) = Yo. then 

J (f3) is represented by () f. It is trivial that J is a [eft inverse of j. i.e. 
n (v) = v for each v E:n;n (Yo). Let;n VI denote the image of j. 

(3.3) ) maps ir,n (Y) isomorphicallu onto :n;n (Yo). and the kemel of) 
is 7in (Y). 

Pro of. 1 ne flrst statement foüows trom the fact that 7 j is the 

identity. It remains to study the kernel of j. 
Let a E :n;n (Y. Yo) be represented by a mapping f: En ~ Y with 

f (Ën) C Y o and f(~o) = Yo. th en ] Ti (a) is represented by 'I' = () f:n;: Sn ~ Yo• 
The mapping :n;: Sn ... En has evidently an extension :n;*: En+1 ~ En. 

Hence 'I' has an extension '1'* = () f:n;* of En+1 into Y o• and 7 Ti (a) is 
the neutral element of :n;n (Yo). Thus we have proved that 7in (Y) is 

contained in the kernel of J. 
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Conversely. let p €:n;n (Y) be represented by a mapping cp: Sn -+ Y 

with cp (~o) = Yo' We may assume that cp (D~) = Yo' Suppose p is an 

element of the kern el of J. then f) cp is a representative of the neutral 
element of :n;n (Yo) and henee of :n;n (Y). Let f: Sn -+ Sn be the mapping 
which maps eaeh point ~ € Sn on its mirror image f (~) in the hyperplane 
Xn+1 = O. DeB.ne a mapping tp: Sn -+ Y by taking 

(~€ D~) 

(~€ D~). 

Tbeil tp also represents p. Sinee :n; maps D~ topologically onto En. the 

inverse :n;-I of tbe partial mapping :n; I D~ is deB.ned. DeB.ne a mapping 
f: En -+ Y by taking f= cp:n;-I. Tben we have 

I f) f:n; (~) 
tp (~) = 

f:n;m 

(E € D~) 

(~€ D~). 

f represents an element a €:n;n (Y. Yo) and p = k (a). Hence it follows 
that p € in (Y). 

The following main theorem of this paragraph can be proved by tbe 
argument used in (2.1). 

(3.4) If Yo is a retract of Y. then for each n ~ 2. :n;n (Y) is the 
direct product of .in (Y) and in (Y); hence 

:n;n (Y):::::::n;n (Yo) X:n;n (Y. Yo). 

It remains to consider tbe fundamental group :n;1 (Y). Y is said to be 
1~.!imple relative to Yo if .il (Y) is a normal subgroup of :n;1 (Y). Let 

i l (Y) denote the kern el of}. Then the following statement can be 
easily proved. 

(3.5) If Yo is a retract of Y and Y is l~simple relative to Yo• then 
:n;1 (Y) is the direct product of n' (Y) and i l (Y). where .il (Y) :::::::n;1 (Yo)' 

1. Y deformable into Yo . 

Y is said to be deformable into Yo if there exists a homotopy f)t: 
Y ~ Y (0:::;; t:::;; 1) sueh that f)o is the identity and f)1 (Y) c Yo. 
Throughout the present paragraph. we assume Y to be deformable into 
Ya witb a given homotopy f)t. Further. we may suppose f)1 (Yo) =Yo 
provided that we assume Yo to have the homotopy ex ten sion property 
in Y relative to Ya. 

Let a: 1-+ Y denote the (closed) continuous path deB.ned by a (t) = fh (Yo) 
for eacb t € 1= < O. 1 >. According to S. EllENBERG [3]. a in duces an 
automorphism (stilled denoted by a) of the group :n;n (Y) described as 
follows. Let a €:n;n (Y) be represented by f: Sn -+ Y. tben a (a) €:n;n (Y) 
is tbe element represented by a mapping g: Sn -+ Y su eh that there 
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exists a homotopy h t : Sn ~ Y (0 ~ t ~ 1) with ho = (. hl = g. aod 
ht (~o) = a (t) for each 0 ~ t ~ 1. 

Now let a E;nn (Y) be an arbitrary element. and f: Sn ~ Y with 
f(~o)=Yo be a representative of a. Define a homotopy ht: Sn~ Y(O ~ t~ 1) 
by taking ht = (Jt ffor each 0 ~ t ~ 1. Since hl (Sn) c Yo aod hl (~o) = Yo. hl 

represents ao element f3 E;nn (Yo)' It is obvious that the transformation 
a ~ f3 is the homomorphism induced by the mapping (JI: Y ~ Yo' Let 
us denote this homomorphism by J: ;nn (Y) ~;nn (Yo)' Since ht (Eo) = (Jt 
(Yo) = a (t). we have 

(i. 1) jJ(a)=a(a) for each aE;nn(y). 

Since a is an automorphism. it follows that J is an isomorphism into 
aod j is a homomorphism onto. Let 1in (Yo) denote the image of j~ then 
we have 

(4.2) j maps 1in (Yo) isomorphically onto ;nn (Y). 

Since j is a homomorphism onto. it follows from the exactness of the 
homotopy sequence that the boundary homomorphism a is an isomorphism 
into. Sin ce nn (Yo) is commutative when n ~ 20r when n = 1 aod Yo is 
I-simple in the sense of S. EILENBERO [3]. We have the following statemeots. 

(i.3) If Y is deformable into Y o• then for each n ~ 2 nn (Yo) is the 
direct product of ;În (Yo) and 1in (Yo): hence 

;nn (Yo) :::::: ;nn+ I (Y. Yo) X ;nn (Y). 

(i. i) If Y is deformable into Y o and Yo is I-simple then ;nl (Yo) is 
the direct product of ;ÎI (Yo) and 1i1 (Yo): hence 

;nl (Yo) z;n2 (Y. Yo) X;nl (Y). 

5. Combinations. 
The following statements. which are combinations of the above cases 

two by two. are immediate consequences of the exactness of the 
homotopy sequence. 

(5. 1) If Yo is contractibie in itself. then ;nn (Yo) = 0 for each n ~ 1 
and ;nn (Y)::::::;nn (Y. Yo) for each n ~ 2. 

(5.2) If Y is contractibie. then ;nn (Y) = 0 for each n ~ 1 and 
;nn (Y. Yo):::::: ;nn-I (Yo) for each n ~ 2. 

(5.3) If Yo is a deformation retract of Y. then ;nn (Y, Y o) = 0 for 
each n ~ 2 and ;nn (Y)::::::;nn (Yo) for each n ~ I. 
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Mathematics. - Sur les systèmes d'équations aux dérivées partielles, qui, 
comme les systèmes normaux, comportent autant d'équations que 
de fonctions inconnues (troisième communication ). By A. FINZI. 

(Communicated by Prof. L. E. J. BROUWER.) 

(Communicated at the meeting of February 22, 1947.) 

§ VI. 

Systèmes auxquels on ne peut pas appliquer les considérations du 
§ 11 ou du § V. 

On a vu dans Ie paragraphe précédent que s'il est possible de déduire des 
équations (1) une système normal d'ordre h,(l). les (1) admettent une 
solution et une seule quand on don ne des valeurs initiales des cp et de leurs 
h(l)-1 premières dérivées satisfaisant à n(h(l)-h) + I conditions. Quand 
I > hno Ie nombre des conditions deviendrait plus grand que celui des 
fonctions à donner. 

Mais nous montrerons que si les hn premiers systèmes. qui se déduisent 
du système donné par Iq méthode des § § 11 et V, ne sont pas normaux, 
il existe entre les F. les lP et leurs dérivées une identité de Ia forme 

(12) 

Si une IP Il (f-l = 1. 2 ....• nh + 1) est identiquement nulle. Ia proposition 
est démontrée. parce que IPIl elle-même constitue Ia relation cherchée. Dans 
Ie cas contraire nous savons que des (1) on peut déduire les nh + 1 
combinaisons 1P 1o 1P2 • ..•• IPnh+1 d'ordre k(I). h(2) • ...• h(hn+1). 

1P 1 est. comme on I'a vu. une combinaison linéaire entre les dérivées des 
F d'ordre h(l) + 1 en cp. 1P2 est une combinaison entre les dérivées de 1P1 et 
des F d'ordre h(2) + 1 en cp; enfin IPnh+1 est une combinaisonentre les 
dérivées de IPnh et des F d'ordre h(nh+1) + 1 en cp. 

Choisissons ma in tenant un nombre 

11 =- h(nh+l) 

et considérons Ie nombre des fonctions indépendantes des F et des leurs 
dérivées. qui ne contiennent pas de dérivées des inconnues cp d'ordre 

supérieur a h. 
P armi ces fonctions nous pouvons prendre en premier lieu les F elles-

mêmes et leurs dérivées jusqu'à I'ordre h-h. 
Prenons ensuite les dérivées d'ordre h-hjCll de 1P 1; celles d'ordre 

inférieur ne sont en effet que des combinaisons entre les dérivées des F 
d'ordre, par rapport aux inconnues cp. inférieur ou égal à h et ne peuvent 
donc pas constituer de nouvelles expressions indépendantes. 

Puis prenons les dérivées d'ordre h - h(2) de 1P2 • puisque celles d'ordre 
inférieur sont des combinaisons des dérivées de 1P 1 et des F d·ordre. par 

rapport à cp. ne dépassant pas h. 
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Procédons d'une manière analogue pour les relations successives et ainsi, 

finalement. prenons les dérivées de (jJnh+1 d'ordre h_h(nh+1). 

Nous voulons montrer que lorsqu'on fait augmenter 11. Ie nombre des 
expressions considérées arrive à dépasser Ie nombre total des q; et de leurs 
dérivées dont dIes dépendent. Ces arguments sont en nombre égal à celui 

des dérivées d'ordre non supérieur à h d'une fonction de m + 1 variables. 
augmenté de 1 et multiplié par n. Les F et leurs dérivées jusqu'à I'ordre 

h - hsont. d'autre part. en nombre égal à celui des dérivées d'ordre non 

supérieur à 11 - h d'une fonction de m + 1 variables. augmenté aussi de 1 
et multiplié par n. 

La différence de ces deux nombres est égale au nombre total des dérivées 

d'ordre h - h + 1. h - h t+ 2 ..... h d'une fonction de m + 1 variables. 
multiplié par n: il est certainement plus petit que celui des dérivées d'ordre 

-h d I f' I . I" h • • d' h (m + h) I e a onctlOn. mu tip Ie par n, c est a · Ire n . 
mI hl 

II y a aussi. parmi les expressions à considérer. et comme on I' a vu. les 

dérivées d'ordre 11-11:(1) de (jJ1. ceIIes d'ordre h-h(2) de (jJ2et. enfin. 

ceIIes d'ordre h_h(nh+1) de (jJnh+1: leur nombre total sera certainement 

supérieur au nombre des dérivées d'ordre h_h(nh+1) d'une fonction de 

(m + h-h(nh+l)) , 
111 + 1 variables. multiplié par nh + 1. c.~à~d. (nh + 1) .. 

mI (h_h(nh+l)) I 
Lorsque h augmente indéfiniment, Ie rapport entre les nombres 

( h ) 
(m + h _h(nh+l))! (m + h)' nh

nh 
1 > 1. 

n + 1 mI (h-h(nh+l J) I et nh mI hl' tend vers 

Le nombre des expressions considérées devient donc supérieur à celui 
des arguments dont dIes dépendent: il doit donc exister entre les F, les (jJ 

et leurs dérivées une relation identique comme la (12). 

§ VII. 

Existence des soIutions pour les systèmes considérés au § précédent. 

Comme nous avons vu au paragraphe précédent, la rdation (12) est une 
identité en q;; dIe doit donc être, en particulier. satisfaite si I'on prend pour 
les q; une solution éventuelle des (1). 

Cda équivaut à dire que (12) eIIe~même est nécessairement vérifiée par 
des valeurs nuIIes des F, des (jJ et de leurs dérivées: au cas contraire dIe 
constituerait une rdation absurde pour le système donné qui ne pourrait 
pas admettre de solution. 

Si nous supposons, comme cel a est toujours possible, que la caractéristique 
de la matrice obtenue en supprimant la première ligne de Q est égale à 

20 
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n - 1, nous pouvons certainement construire une expression diHérentielIe 
eonvenabIe Z, d'ordre h en g;, telle que Ie système 

Ft =F, +Z=O, (13) 

F j = 0 (i = 2, 3, ... , n) 
soit normal. 

Puisque, eomme nous l' avons vu, la relation (12) doit être vérifiée par 
les valeurs nu lIes des F, des <P et de leurs dérivées, 1'équation 

IJ'(Ft , F2, •• • , Fn, . .. , rp", . .•• x) = 0 

(<p" étant les eombinaisons qu'on obtient des rp en substituant Fr à Fd 
sera satisfaite si l' on prend pour les g; une solution du système normal (13). 

La relation (121 ) constitue done une équation différentielle qui doit être 
sa tisfaite par Z, définie par la solution du même système (13). 

Cette équation doit admettre nécessairement la solution nulIe: en effet 
quand on prend 

Z=O. (14) 

(121) se réduit à (12) et par eonséquent est eertainement satisfaite. 
Désignons maintenant par h" l' ordre de la dérivée la plus élevée de F 1 en 
(12) et supposons que (121 ). eonsidérée eomme une équation en Z, soit 
normale par rapport à zo. 

n découle alors de ce qui a été dit que si Z est nulle ainsi que ses 
premières h' - 1 dérivées sur la surface 

0(0 I m)-o Z x.x ..... x - (6) 

pour une solution du système normal (13). il devra être partout 

z=o (14) 

et la même solution vérifiera aussi Ie système donné (1). 
On voit tout de suite la différenee substantielle entre Ie cas présent et 

eelui étudié aux § 11 et V. 
Nous devons maintenant assigner, sur la surface portante, les g; et leurs 

premières h-I dérivées assujetties à h* conditions convenables; ma is la 
solution du système donné n'est pas déterminée d'une manière univoque. 
On peut, au contraire, imposer à la solution elIe~même une autre condition 
différentielle. 

z=o (14) 

dans tout Ie domaine de définition. 
Comme on 1'a observé au numéro 5 de la préface, un système d'un tel 

type peut done être comparé, de ce point de vue, à un système de n-I 
équations de nfonetions inconnues. 

Mais naturellement si h* > hn on devra prendre Z de façon que, par un 
ehoix eonvenabIe des valeurs initiales, i! soit possible de satisfaire, avec 
Ia solution du système normal, les h· conditions en question. 
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§ VIII. 

Lemme relatif aux combinaisons W. 

On a vu au § V que Ie système (1 )admet une solution et une seule 
quand on se donne, sur xO= a, les ep et leurs h(l) - 1 dérivées assujetties 
à (h(l) - h) n + 1 conditions. 

L'analogie avec la théorie des systèmes normaux conduit à se de mand er 
s'il suffit de se donner les ep et leurs h -1 premières dérivées seulement, 
assujetties naturellement à 1 conditions. 

Nous verrons au paragraphe suivant que la réponse est affirmative quand 
la condition su ivan te est satisfaite: 

Les coefficients des dérivées des ep d'ordre h, que nous désignerons 
maintenant par E (0) , ne contiennent pas de dérivées des cp d, ordre supérieur 
à h -1 + 1; les coefficients des dérivées des ep d'ordre h - 1. que nous 
désignerons par E(1) , ne contiennent pas de dérivées d' ordre supérieur à 
h -1 + 2, et en général les coefficients des dérivées d'ordre h - r, que 
nous désignerons par E (r)' ne contiennent pas de dérivées d' ordre supérieur 
à h -1 + r + 1. Dans cette hypothèse plus générale rentre en particulier 
Ie cas d'un système d'équations linéaires et celui de 1 = 1. 

Nous devrons faire, dans ce paragraphe, quelques considérations 
préliminaires. 

Etant donnée, en premier lieu, une équation différentielle satisfaisante 
à la condition énoncée, supposons d'abord, pour plus de simplicité, qu'elle 
ne comporte que des dérivées ordinaires 

i Oh epi . i Oh-s epi ~ i oh-r epi _ 
Ei E(o) oxh + .. , + ~i E(s) oxh-s + ... + ~i E(r) oxh-r + ... - O. 

Sa dérivée d'ordre t sera donnée par 

i Oh+t epi [( t) OS E(6) iJ Oh+t-s q; i 
~i E(o) oxh+t + ... + Ei s oxs + ... + E(s) OXh+t-s + ... + 

[( t) or E(~) ( t ) or-s Ed) iJ Oh+t-r q;i _ 
-t Ei r oxr + ... + ,r-s àx r=5 + ... +E(r) àxh+t-r + ... -0. 

Nous pouvons observer que les coefficients des dérivées des ep j d' ordre 
h + t - r ne peuvent pas contenir de dérivées des E(s) d'ordre supérieur à 
r - s, et que, ensuite les E(r) y entrent seulement en term es finis. 

Une conclusion analogue est aussi valable pour une équation aux dérivées 
partielles. 

Nous nous servirons de cette simple observation pour démontrer un 
lemme relatif à la structure des expressions Wil. 

Wil peut être regardée comme une combinaison entre les dérivées des 
F jusqu'à celles d'ordre h(ll) - h + ft. 

Nous voulons maintenant démontrer que Ie coefficient d'une dérivée 
d'ordre h(ll) - h + ft- y peut contenir les E(~) seulement en termes finis 

et les dérivées des E(~_p) seulement jusqu'à l'ordre p. 
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Le lemme est certainement exact pour CPI: en effet CPI est une combinaison 
entre les dérivées des F d'ordre h(l) - h + 1 et les coefficients de celles~ci 
contiennent les E(o) en termes finis. 

Il reste donc à démontrer que si notre lemme est exact pour CPI' il l'est 
aussi pour CPI'+I. 

Il s'agit évidemment de faire voir que dans CPI'+1 les coefficients des 
dérivées des F d'ordre h(l'+l) - h + ft - v + 1 peuvent contenir les 

dérivées des E(v-p) seulement jusqu'à l'ordre p. 
Montrons d'abord que dans CPI' Ie coefficient d'une dérivée d'une 

Oh(!') . 
des cp. d'ordre h(l') (!') ~: (!') ne peut pas contenir de dérivées 

O,xOho OX1hl axmhm 

des E (!,_p) d'un ordre supérieur à p. 
Ce coefficient est donné en effet par la somme de ceux de 

Oh(!') cp j 
h (!') h (!') h (!') 

oxo 0 oxl I .. • oxm m 

dans les dérivées des F. multipliés par les coefficients de ces dérivées 
dans CPI'. 

Les dérivées des F qui entrent en CPI' et qui peuvent con ten ir 

Oh(!') cp j 

hl!') hl!') hl!') 
ox o 0 oxl I •• • oxm m 

sont évidemment seulement celles d'ordre h(l') - h + ft. h(l') - h + ft-I. 
•..• h(l') - h. et. d'après la remarque faite au commencement du para~ 

Oh(!') 
graphe. les coefficients de (!') (!')cp j (!') dans ces dérivées ne 

oxoho OX 1hl •• • axmhm 

peuvent pas contenir de dérivées des E(!'-p) d'un ordre supérieur à 
p. P - 1 .... respectivement. 

D'autre part. ayant supposé notre lemme vrai pour CPI'. dans une telle 
combinaison les coefficients des dérivées des F d'un ordre non inférieur 
à h(l') - h ne peuvent pas contenir de dérivées des E(!'_p) d'un ordre supé~ 
rieur à p. 

Nous avons donc effectivement démontré que Ie coefficient de 

dans cp I' ne peut pas contenir de dérivées des 
hl!') h Cu) hl!') 

oxo ° oxl I .. . oxm m 

EfJL - p ) d'un ordre supérieur à p. 
La dernière ligne de [2(1') contient donc les dérivées des E(!'_p) seulement 

jusqu'à l'ordre p; les autres lignes du déterminant sont proportionelles à 
celles de [2 et contiennent donc seulement les E(o) en termes finis. 

CPI'+l est une combinaison entre les dérivées de Ft (i = 2.3 ..... n) 
d'ordre h(I'+I)-h + 1 et les dérivées de CPI' d'ordre h(l'+l)-h(l') + 1; les 
coefficients des premières sont les coefficients des puissances des p dans 
Ie développement du mineur de [2(1') ob ten u en négligeant la i-ième ligne 
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et la première colonne, alors q'te les coefficients des secondes sont les 
coefficients des puissances des p dans Ie développement du mineur de 
Q(P.), obtenu en négligeant la demière ligne et la première colonne. 

Les coefficients des premières contiennent donc les dérivées des E(I'_p) 

jusqu'à l'ordre p seulement et Mtisfont par conséquent au lemme, alors 

que les coefficients des secondes contiennent seulement les E(o) en termes 
finis. (j)p., d'après notre lemme, est une combinaison, dont chaque ter me est 
constitué par une dérivée de Fi (i = 1,2, ... , n), d'ordre h(P.)-h + fl-7:, 

multipliée par un coefficient, qui peut contenir les dérivées des E(T-P) 

jusqu'à l'ordre p seulement. 
Si nous dérivons un tel terme h(P.+1) - h(p.) + 1 fois, nous obtenons un 

premier terme constitué par une dérivée de FI d'ordre h(P. + l)-h+ fl-7:+ 1. 
multipliée par un coefficient, qui peut con ten ir les dérivées des E(T-P) 

jusqu'à l'ordre p, d'autres termes constitués par une dérivée de Fi d'ordre 
h(P. + 1) -h + fl- 7:, multipliée par un coefficient, qui peut contenir les 

dérivées des E(T-P) jusqu'à l'ordre p + 1. etc. 
Evidemment tous ces termes satisfont aussi notre lemme. 
Ce lemme est donc vrai pour (j)!-,+I, et, par conséquent, pour tout es les 

(j). Lorsque ie système donné satisfait ia condition énoncée au commen~ 
cement du paragraphe, ie coefficient dans (j)p. d'une dérivée de Fi d'ordre 
h(p.) - h + fl- 'IJ ne pourra pas contenir de dérivées des ep d'un ordre 
supérieur à h -i + 'IJ + 1. 

§ IX. 

Nouvelle forme du théorème d'existence pour une classe de s;ystèmes 
non normaux. 

Revenons maintenant à la question, que nous avons posée au commen~ 
cement du paragraphe précédent et supposons que Ie système donné vérifie 
la condition énoncée. 

Nous devons substituer aux anciennes (h(l) - h) n + i conditions, autant 
d'autres conditions équivalentes. 

i de celles~ci ne doivent pas contenir de dérivées par rapport à xO d'ordre 
superIeur à h - 1, de façon à constituer autant de conditions pour les 
nouvelles données initiales: les ep et leurs premières h - 1 dérivées. 11 

Oh ep} 
devra y ' avoir ensuite n équations qui permettent de déterminer les --oxoh 

en fonction de ep et de leurs premières h - 1 dérivées par rapport à x O, 

Oh+ltp . 
Tl qui permettent de déterminer les h+~ en fonction des h premières oxO 
dérivées, et ainsi de suite jusqu'à l'ordre h(l) - 1. 

La relation 

r=o (4) 

obtenue en éliminant les Oh ep ~ entre les équations du système donné 
oxo 

constitue une première relation pour les nouvelles valeurs initiales. 
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La condition de rendre nu lies les Fi (i = 2.3 ....• n) et leurs premières 
hU) - h - 1 dérivées apporte ensuite n - 1 équations indépendantes pour 

d · . I àh 
rp j . I etermmer es --h et autant. respecbvement. pour es 

àxo 

àh+1 rp j àh(ILI rp j 
~ ••••• (I)' 
àxO àxoh -I 

11 suffira donc de trouver 1- 1 conditions pour les valeurs initiales et 

. t' f" àh 
rp j une equa Ion en term es mIs en --h . 

àxo 

Oe cette dernière nous pourrons en effet obtenir. par dérivations succes~ 
àh+! rp j 

sives par rapport à xo. une équation pour les h+1 • une pour les 
àxO 

à
h

+
2 

rp j t . . d 't' '. I' d h(l) 1 àxOh+2 • e am SI e SUl e Jusqu a or re -. 

A partir de tPp. (,u = 1. 2 ....• l) nous définissons la nouvelle combinaison 

",,, d I II I ff" t d d'" d àh(f'Lh Fi t I ~ 
':Yf" ans aque e es coe 1Clen s es envees es ( ) son es memes 

àxOhf'-h 

àh(f')-h FI 
que dans tPp.. alors que. au contraire. les coefficients des et de 

àxoh(f'Lh 

toutes les autres dérivées des Fi sont nuls. 
àh(f') m 

Les dérivées des ; { peuvent apparaître seulement dans les dérivées 
àxOhf' 

àh(f'Lh F · 
des --I -) -'; leurs coefficients sont donc les mêmes dans tPp. et dans tP;, 

àxoh f'-h 

Puis. comme coefficients de dérivées d'un ordre supérieur à h(P.). ils sont 
certainement nuls dans tPp.. ils doivent donc être nuls dans W;. 

Un terme quelconque de 1>; sera donné par 

àh(f'Lh+t . 
a ( ) ( ... ). 

àxOh f' -h+t 
(15) 

mettant entre parenthèse une des Fi ou une de leurs dérivées par rapport 
aux variables Xl. x 2 • •••• xm. 

O'après la remarque faite à la fin du paragraphe précedent a ne pourra 
pas contenir de dérivées d'un ordre supérieur à h -I + ,u - t + 1 dans Ie 
premier cas. et à h -I + ,u - t dans Ie second. 

Construisons maintenant une troisième combinaison 1> •• en substituant f' 
à (15) dans Ie premier cas 

à t (h(P.)-h) àa à t- l (htU)-h+l) à2a 
a -t ( ... )- à------O -t-I ( ... )+ -2 ( ... ) + 

à xO 1 x àxo - 2 à XO 

(

I h(f')-h + t-2) àt- I a à + . , . + (_1)t-1 t 1 à-o ( .•. ). 
t-l àxo - x 

(16) 
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et dans Ie seeond 

ot (h(!'Lh) oa ot-I (h(I')-h+l) 02a Ot-2 
a àx"t ( ... ) - 1 àx" àxot-I ( .•• ) + 2 àx"2 àx"t-2 ( •.• ) + 

(17) 
+ ... + (-I)t (h(I')-h + t-1) àtat ( ... ). t àx" 

t/J** , ainsi définie, est une eombinaison entre les dérivées des F jusqu'à 
I' 

rordre ft et peut done eontenir les dérivées des ffJ jusqu'à l'ordre h + ft. 
En dérivant (16) h(l') - h fois par rapport à xO on obtient 

àh(I'L h+t t-i" (h(I'Lh + t-l) ota àhCuLh 
a àx"h(I')-h+t ( ... ) + (-1) t àx"t àxoh(I'Lh ( ... ) + 

(
h(I')-h + t-2) àh(,u)-h+t-I a 0 + ... + (_1)f-1 1 ( ) Lll ( ••• ). 

t- àx"h ,u -h+t-I uX' 

(16') 

Puisque, en vertu de l'identité 

tous les eoeffieients de dérivées de ( ... ) d'ordre h(l') - h + t - L 
h(I')-h + t-2 ... h(I')-h + 1 sont nuls. 

De la même façon, en dérivant (17), on obtient 

a ( ... )+(-I)t _ _ ( )+ 
àh(,uLh+t (h(I')-h + t) àt-Ia àh(,uLh-1 

àx"h(,uLh+t t + 1 àxot+1 àx"h(I'L h-1 ••. 

(17') 

(
h!!')-h + t-l) àh(I'L h+ta + ... +(-I)f () ( ... ). t ~ h I'-h+t 

uxo 
Les expressions (16') et (17') diffèrent de (15) par des termes, qui 

àh(l') 
peuvent eon ten ir les r( (si ft = l), mais pas leurs dérivées. 

àxohl' 

Il en résulte que dans l'équation, qu'on obtient en dérivant t/J**=O h(,u)-h ft 
. àh(ft) qJ 

fois par rapport à x O, les eoefficients des dérivées des J sont les 
àxoh(ft) 

mêmes que dans (jJ* = 0 et sont par eonséquent tous nuls. ft 

Done, dans (jJ**= 0 les eoefficients des dérivées des Oh ffJl doivent être 
,u àx" 

I d t 
_.. • Oh q: J 

nu s, e sor e que eette equatIon eonstItue, par rapport aux memes --h-' 
àx" 

une relation en term es finis. 
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Nous montrerons maintenant qu'il est possible d'éliminer les Oh qJ/ entre 
oxO 

[<2' F3' . oo, Fn et chacune des combinaisons tP;*, (/)~* ••••• tP;:"I' de manière 

qu'on arrive à obtenir, comme on Ie voulait, 1- 1 conditions pour les 
valeurs initiales. 

Il s'agit évidemment de faire voir que Ie déterminant formé par les 

ff · . d Oh qJ j F F F ",. ( 1 2 1 1 ) I eoe lCients es --h en 2' 3' ... , n. ~~ fl = , , ... , - est nu. 
àxo ~ 

Pour cda nous notons que, étant donnée la non-normalité du système. 

Oh(~Lh P. 
----,.-....:.' - 0 
OxOh(~)-h -

tP~=O. 

(i = 2. 3 •...• n). 

Oh(~)m. 
Ie déterminant des coefficients des (T/ est nul. 

-àXh~ 

(1~) 

D'autre part d'après (16') et (17') et d'après ce qui a été dit, on voit 
facilement que quand fl < 1, comme c' est Ie cas actuel. les terrnes pour les-

àh(~)-h tP·· à hIJL) qJ 
quels tP,. diffère de ( ) ~ et qui contiennent les ({, sont tous 

àxOh ~ -h oxOh ~ 

du type 

Oh(~) qJ j 
ou C désigne un coefficient, qui ne contient pas les --7--7-

àxOh(~) 

Le déterminant formé par les coefficients des 

à h(l')qJj àh(~Lh F
2 

Oh{l.lLh F3 oh(~Lh Fn àh(~) ~:. 
--(-) dans ()' --I -) -..... ()' ( ) 
oxOh ~ àxOh ~ -h àxOh ~ -h àxOh I' -h àxOh ~-h 

doit donc être nul. 
- Oh(~) àh(~)-h rp •• 

De cda. comme les coefficients des ~ ~ dans () ~ sont respec~ 
àxOh I"' àxoh ~-h 

tivement égaux à ceux des à
h 

qJ/ dans tP··. il en résulte que Ie déterminant 
oxo I' 

àh qJ. 
des coefficients des -hl dans F2 . F3' ...• Fn. cp •• est aussi nul, ce qui 

oxo ~ 

est d'accord avec nos intentions. 
rp~. = 0 constitue ensuite la condition à associer aux équations 

Fj=O (i = 2. 3 •...• n) 

d 't . I OhqJj f . d d ' . ·t· I pour e ermmer es - - h- en onctlOn es onnees Int la es. 
àxO 
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En dérivant successivement par rapport à x o, on tire de if>;- = 0 comme 
on a dit au début du paragraphe, les autres conditions nécessaires pour 
déterminer les dérivées des q; d'ordre h + 1, h + 2, ... , h(l) - 1. 

Nous sommes arrivés ainsi à construire les nouvelles (h(l) - h) n + 1 
conditions pour les q; et leurs dérivées et il est facile de se rendre compte 
de ce qu 'elles sont absolument équivalentes aux anciennes. 

On doit ob server que Ie résultat ob ten u peut être établi, avec des con
sidérations semblables, également sous des conditions diHérentes de celle 
énoncée au commencement du paragraphe précédent. 

Cela est vrai, par exemple, et je me contenterai ici de l'affirmer, sous 
la condition suivante, qui, en quelque sorte, a un caractère moins restrictif 
que celle dont il a été question jusqu'ici: 

Les coefficients des dérivées des q;, d'ordre, par rapport à xo, égal à h, 
ne contiennent pas de dérivées d' ordre, par rapport à xo, supérieur à h -I; 
les coefficients des dérivées, d'ordre, par rapport à x o, égal à h -1. ne 
contiennent pas de dérivées d' ordre, par rapport à xo, supérieur à h -I + 1; 
et en généralles coefficients des dérivées d'ordre, par rapport à x o, h - r, 

ne contiennent pas de dérivées d'ordre, toujours par rapport à xo, supérieur 
à h-I + r. 



Mathematics. - On the theory of simultaneous linear and quadratic 
representation . Part IV. By F. VAN DER BLIJ. (Communicated by 
Prof. J. G. VAN DER CORPVT.) 

(Communicated at the meeting of February 22, 1947.) 

§ 17. The systems in five and seven variables. 

Now we consider the system 

xi + x~ + ... + x; = n. 

Xl +X2+'" +xr=m. 
r=5.7. (17. 1) 

The system with r = 5 and r = 7 can be treated together, so we con si der 
the system with r = 5 once more. We will use the formulae deduced from 
the general theory of SIEGEL [14]. Let A (Q, 6) denote the number of 
solutions of the equation 

y' Qy= r(Yi+ y~+ .. 'Y;-l)-(Yl + Y2+" .yr_I)2= r n -m2= 6. (17.2) 

If m O(r) the number of solutions of the system (17.1) equals A(Q, 6). 
If m ~ 0 (r) it equals ! A (Q, 6). 

From the theory of SIEGEL we deduce the number Ao(Q, 6) which is 
the average value of the numbers A (Qi, 6) if Qi runs through a complete 
system of representatives of all classes of the genius of Q. It can be 
proved by analytic means under certain conditions that this number (the 
singular series) gives us an asymptotic value of A (Q, 6), too. 

We may write 
r-l r-3 

Ao (Q, 6) = ( ) IJ ap (Q, 6). 
r r-l IQll p 

2 

n-2- 6-2-

. (17.3) 

Where, if p.f 2r and pI 11 6 

ap(Q. 6) =(I-ep _r~) ~ 1 + ep _r~3 + (ep - r~)2 + ... + (ep_r;-3Y t (17. 4) 

with 

Now we calculate a2(Q, 6 ) and ar (Q, 6). The nu mb er ap(Q, 6) was 
defined by 

ap (Q, 6) = p-J,(r-2) A p !. (Q. 6); 

where A q (Q. 6) denote the number of solutions of the congruence 

y' Q y 6 (mod q); 

and ;. is an integer satisfying }, > 2 ft wh ere pI" 11 2 I Q I. 
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First we calculate ar(Q. ,6,), ,Aq (Q.,6,) being a class invariant we 

replace the quadratic form y'Qy by - yi - r y~ + r (y; + ... + Y;_I)' 

These two forms are r~adic equivalent since: 
i. The matrix Q has the r~adic rank I. 
ii. The determinant of Q equals rr-2. 

iii. The form - y'Qy represents only those numbers which are quadratic 
residues modulo r. Now we calculate 

ar (Q . .6) = r- À (r-2) Ar}' (Q . .6). 

= r-},(r-I) Z Z e (~ [- y~ + r(- y~ + Y; + ... ) - .6]). 
1 mod rl. y mod r}' r1 

We replace the sum over I modulo r l by a sum over k (0 -< k -< ),) and a 
sum over h running through a reduced system of residues modulo 
rk (l = hrl-k). Thus we find 

ar (Q • .6) = 1 + 1: r-k(r-I) Z' e (-; h ~) 2; e ( hk [-Yi + r(-y~ + y; + ... n). 
k=1 hmodrk r ymodrk r 

= 1 + 1: r-k(r-I) Z' e (- h ~) ( kh) r~ l~' r(k+l)r;2 X 
k = I h mod rk r r 

X ( r 1 ) k-I ( ~ ) (r-2) (k-I) i:-2) (k-l)1 • 

= 1 + 1: r- i (k-I)(r-I)-t (-1) 1<;-2)(k-IP+ k ' 2;' (~) e (_ h ~). 
k = I r h mod rk r r 

Now let r f3 11 ,6, and ,6, being even we introduce ,6, = 2 r f3 No. Thus 

ar (Q . .6) = 1 + U) (~o) r-r> r;3 I~-1) 19' +2 rH2. 

And if r = 5 or 7 we may write this 

ar (Q • .6) = 1 _ ( ~o ) r -r> r;3 • 

Af ter this we consider a2(Q. ,6,). 
We replace Q by a 2~adic equivalent matrix 

GIN 
N G2 

where 

(vid. MINKOWSKI [10] pag. 18-25.) 

G r - I 
2 

. (17. 5) 
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l _ r-I (k-I) (2)k+1 ( h~) = 2 + ~ 2 2 ~'- e - -k . 
k=2 hmod2k r 2 

Af ter same eIementary calculatians we ahtain, (2 a +! II 6), 

(17.6) 

In traducing the results of (17. 5) and (17. 6) in (17. 3) we get 

r-I r-I r-3 (d) r-3 
",-2- 2-z- NT ~ - d--z-

A,(Q.l>l= (r-l) ~ dI(~1 )! 1- (~,) r""-"!: 
r 2 r 2 L 2' Xr 

where 6 = 2N, rfj II N; N = rfj No and 

r-I 
2 

The values of the sums L can he faund using the "Hilfssatzen" 9 and 10 
of KLOOSTERMAN [7] pag. 331-332. 

Theorem 7. The number of solutions of the system (17. 1) equals if 
r = 5 or r = 7 

r N!(r-3) (d) _ r-3 
tA (Q,~) = 8!(r-S) ~ - d 2 if N~ 0 (mod r). 

diN r 

A (Q,~) = rN!(~-3) ~ 1- (No) r- 1t9 (r-3) ( ~ (ei') d- r;3 if N = 0 (r) 
8t (r S) (r ~ diN r 

and 
N = r~ No, (No, r) = 1. 

In order to prove this theorem we must prove the rel at ion Ao (Q, 6) = 
= A(Q, 6). This will he dane in § 19, wh ere we calculate the measure of 
the genius of the quadratic farm y'Qy. Prom the results of this calculatian 
we wiII deduce that the genius of Q contains one class of matrices only. 
Then it can he deduced from the definition of Ao (Q, 6) that Ao (Q, 6) = 
= A(Q, 6). 

§ 18. The system in six variables. 

Now we consider the system (17. 1) with r = 6. We replace it hy 

y' Q y = 6 (y; + ... Y~) - (YI +.-:." + Ys)2 = 6 n-m2 =~, ~ (18.1) 
YI + Y2 + ... + Ys = m (mod 6). ~ 
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Once more we make use of the theory of StEGEL, 

n 2 D:,t . 
Ao (Q, 6) = 27 ~ ap (Q, 6) . . . . . (18.2) 

Now let 

6 3 = p~"'p,-1 ... 
6 4 =qi,9q,··· 

6 4 D=6. 

The letters A p , Bq were introduced in § 9 (Part 11), here we must take 
r = 6. We get: 

If p 1- 66 : ap (Q, 6) = (1-p-4) (1- (~) p-2 )-1. 
If p16 3 : ap(Q,6)=(1-p-f)Ap. 

If q 164 : aq (Q, 6) = ~ 1 + (~) q-2 ~ Bq. 

Now we must calculate a3 (Q, ,6.). After replacing y'Qy by 

- yî - 3 y~ + 3 (y; + y; + yD 

(18.3) 

it may be seen readily that we obtain af ter some calculations, as it was 
done in the preceding par ag ra ph, the value of a3 (Q, ,6.). It becomes 

IE 3,9 11 ,6. and ,6. = 3,9,6.0 we Eind 

if f3 is odd a3 (Q, 6) = H- (1 + i.3-!t3-}). ! 
if {J is even a3 (Q, 6) = ~H (l-3- tt3}... if 6 0 = 1 (mod 3). (18.-t) 

~-h (5 +8.3-:~) ... if 6 0 = 2 (mod 3). 

if f3 = 0 a3 (Q, 6) = 2. 

In order to calculate a2 (Q, ,6.) we replace y'Qy by 

6 (2 yi + 2 Y1 Y2 + 2 yi) + 6 (2 y; + 10 Y3 Y4 + 20 Y;) + 5 y;. 
Af ter some elementary reductions we get, ,6. = 2a ,6.1' 

a2 (Q, 6) = l.,( (1-2-{IXH) if a = 1 (mod 2). a;;: 3. ! 
a2 (Q, 6) = tI (l-2-tIX) if a _ 0 (mod 2). 6 1 _ 3 (mod i). 

(18. 5) 
al (Q. 6) = -fT (6 + 2- t IX) if a = 0 (mod 2). 6 1 _ 1 (mod 8). 

a2 (Q. 6) = --h (10-3.2- tIX) if a = 0 (mod 2), 6 1 = 5 (mod 8). 

We introduce these results in (18. 2) and we are led to 

Theorem 8. The number of solutions of the system (17. 1) with r = 6 
equals 
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18 <Xl 'D) 
e3 A (Q, 6) = -5 a2 (Q, .6.) a3 (Q, 6) 6: Il A p Il Bq ~ (-k k-2

• 
:n: pl/';. q I /';. k = I 

(k.6D)=1 

a3 (Q, 6) = a3 (Q, 6) (vid. 18. 4) if 6 = 0 (mod 3). 

aj (Q, 6) = 1 if 6 ~ 0 (mod 3). 

(vid. 18. 5). 

In order to complete the proof we shall prove in the next paragraph 
Ao(Q, L) = A(Q, L) where Q was defined in (18.1). 

§ 19. The measure of same genera of quadratic farms. 

In order to prove that there is only one cIass in the genius of the matrix 
Q defined by (17. 2) or by (18. 1 ), we calculate the measurc of the genera 
of these matrices. This number equals in the three considered cases the 
inverse of the number of automorphs of the matrix Q, th at is to say the 
inverse of the number of matrices V with determinant unity, satisfying 
V'QV= Q. 

Then it is proved that the genius of Q contains one cIass only. From the 
definition of Ao (Q, L) it may th en be seen readily that Ao (Q, L) = 
= A(Q, L). 

The measure of the genius can be calculated using 

(2) (r-l) !.. 2r(t)r'2 ... r 2 IQI2 
M(Q) = :n:~ r(r-I) Il a p (Q, Q) 

. . . (19.1) 

p 

(Vid. formuia 72 pag. 568 SIEGEL [14]). Further we fjnd by SIEGEL the 
value of those ap(Q, Q) for which (p, 21 Q I) = 1. 

We now first calculate ap (Q, Q) wh ere p denotes the odd prime divising 
1 Q I· In the fjeld of the p~adic numbers we may replace y'Qy by 

- y~ + p (- y~ + yi + ... ) = y'Ry since these farms are equivalent ones. 
We use the definition 

(r-J) (r-2) 

ap(R.R)=tq- 2 Aq(R,R); q=pl,l>2r; 

where Aq(R. R) denotes the number ofsolutions V modulo q of the 
congruence V'RV R (mod q). We use the formuia 

Ap;.{R. R) = ApA (R.-I) . Apl_1 (RI' RI) . p(r-2)' 

where Apl.(R. -1) denotes the number of solutions of z'Rz = -1 and 

R=[-1 n J. 
n pR I 

This formuia is a special case of a more general one. The proof of it is 
simpie. Let first c be a solution of the congruence z'Rz - 1 (mod pl.). 
Now we determine a matrix U o in such a way that the matrix (cUo) has 
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determinant unity. If we replace U o by U = cf' + UoH, with arbitrary 
integraI f we have I (cU) I = 1 and it is possible to chose f in such a way 
that c'RU n (mod pl) since 

c' RU = c' R (c f' + Uo H) = 
= c' Re· f' + c' R U o H = -f' + c' R U o H (mod p1). 

Those soIutions V o of V'RV R (mod pl), the first column of which 

is - c (mod pl) can be written as V o = (cU) (~ ~}. 
Thus to every V 0 with first column congruent c, there exists a matrix 

W satisfying 

since 

V~ RVo = (1 n
/

) (- 1 n' ) (1 n
/
) = 

nW' n U'RU nW 

(- 1 n ' ) _ (,-1 n') ( d 1) 
= n W' R

2 
W = n p Rl ma p . 

The p~adic rank of R 2 is zero, thus R 2 = pR3 and R3 is equivalent with 

Rl = (- ~ ~ ~ ). (Vid. SIEGEL [14] Hilfssatz 12). 
001 

Now we have 

1 -1 (r-l)(r-2) (r-2)2 
=yp 2 ApdR,-l)·Ap.l-1 (Rl' Rl)·p . 

-À (r-I) (r-2) . (À-I) (r-2)(r-3) (r-2)" 
=tp 2 ApdR,-1)2.p 2 ap(RI.RI)·p . 

(r-l)(r-2) 

= 2 P 2 ap (RI' RI)' 

If we introduce the values of ap (Rl Rl), we obtain 

If r = 5 : ap (Q, Q) = 2 . 56 
• (1-5-2

). ! 
If r = 6 : ap (Q, Q) = 2.310 • (1 + 3-2) (1-3-2). • 

If r= 7 : ap (Q, Q) = 2.715 • (1-7-2) (1-7- i ). 

. (19.2) 

The calculation of a2 (Q, Q) is somewhat complicated. We refer to a 
general formula of MINKOWSKI [11] pag. 181-182. Using this formula we 
are able to calculate a2(Q, Q) and we find 

if r= 5 

if r=6 . . . . (19.3) 

if r=7 
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Af ter this we determine the number of integral rational automorphs of Q. 
We use the lemme: 

The number of automorphs of the quadratic form r I ~ - ); Xi 
r-I (r-I)2 
i=1 i i=1 

r r 
equals the number of those of the couple of forms I xi. I Xi' 

i=1 i=1 

First we determine to every automorph of the couple an automorph of 
the quadratic form. 

If 

and 

we write 

W' (r E(r)-ee') W = r -e en. 
(

E(r-I) ') 
n' 0 

U' e(r) 

. W-IUW=[Va] 
b'y 

thus the matrix V is an automorph of the quadratic form 

V' (r E(r-l)_e(r-I) e(r-I)') V = r E(r-I)-e e' (19.4) 

Now we try to determine an automorph of the couple if a matrix V. 
satisfying (19.4) is given. We introduce arbitrary vee tors a and band 
element y. and we write 

[Va] =W-IUW. 
b'y 

Now we chose the vectors a and band the number y in su eh a way that 
the matrix U satisfies the equations 

U' (r E(r)-e e') U = r E(r)-e e'. 

U' e =e. 
Then we have constructed an automorph of the coupie. 
The elements of a. band y must satisfy the three equations 

a' (r Elr-I)-e e') = n'. 

V' e(r-l) + rb = e(r-I). 

a' e(r-IJ + y r = r. 
I t is quite easy to prove th at these equations have only one solution for 
a. band y. Thus the lemme is proved. 

It may be seen readily that the coup Ie 

xi + x~ + ... + x; ~ 
XI + X2 + ... + Xr ~ 

has just r! trivial automorphs and no other ones. 
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Thus the number of the integral raticnal automorphs of the quadratic 
form 

x'Qx=r E x;- I XI 
r-I (r-I)2 

1.=1 1=1 

equals r/. 
Now we are able to calculate M (Q) with the formula (19. 1). If we use 

once more the formulae concerning the L~series, we find that if r = 5, 6 or 7 

1 
M(Q)=rï' 

Thus M (Q) equals the inverse of the number of integral rational auto~ 
morphs, and it can be proved that the genius of Q contains one c1ass only. 
So the proofs of theorem 7 and 8 are now completed. 

§ 20. On a surmise of P. BRONKHORST. 

In this paragraph we shall prove that, contrary to a surmise of BRONK~ 
HORST [2] subjoint "stelling" 1, the number' of solutions of 

. ..È x1= n, ! 1=1 

9 

EXI=m, 
i=1 

cannot be calculated with this theory. 

(20.1) 

Instead of calculating the measure of the genius of the quadratic form 

9 (Y~ + Y~ + ... + y~)-'(YI + Y2 + ... + YS)2 • . (20.2) 

we determine "the number of solutions" of this equation as it is given by 
the sum of the singular series in a special case. Then we obtain instead 
of a rational integer, a fractional number. So we conc1ude that the genius 
of the quadratic form (20. 2) contains more th en one c1ass. Thus the exact 
number of solutions is not given in this special case by the sum of the 
singular series. 

We consider 
9 9 

E X1 = 1, E Xi = 1. 
1=1 i=1 

Thus we are led to the equation 

9 (y~ + ... + y~) - (YI + ... + YS)2 = 8. 
And we have the formulae 

n~. 6 3 

Ao (Q. 6) = r (4) . 37 IJ ap • 

If P'* 2. 3 

Ifp=3 
Ifp=2 

ap=(1-p-4) I d-3 • (p"'116). 
dip'" 

a3 = 2 • (if (6.3) = 1). 

a2=2(1-2-4) Id-3 , (2"'+1116). 
d 12" 

. (20.3) 

21 
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If we intro duce these results in (20. 3) we obtain for the number of 
solutions of (20.1) if (6..3) = 1. 

B9 (n, m) = t Ao (Q, L}.) = t I cP. (L}. = 2 N}. . . (20.4) 
diN 

At last we introduce 6. = 8. N = 4. 

B9 (n. m) = t . 73. 

And the number of solutions of the system (20. 1) with n = m = 1 equals 
9. as it can be seen without trouble. 



Geology. - On linnaeite in the Flaad nickel ore deposit, Evje, Sou th. 
Norway. By L. P. G. KONING. (Communicated by Prof. H. A. 
BROUWER.) 

(Communicated at the meeting of February 22. 1947.) 

Introduction. 

The nickelHerous pyrrhotite .deposits in gabbro near Evje in Sätersdalen. 
Sou th Norway. contain mainly su.lphides of Fe. Ni and Cu and oxydes of 
Fe and Ti as ore minerals. Two rock specimens among a collection from 
the Flaad nickel mine in this district - the largest of its kind in Norway 
-. which was presented to the Geological Institute of the University of 
Amsterdam ,during a geolagical trip thl'lough the Kristiansand area in the 
summer of 1939. l'Ievealed the development of the rather uncommon Co~Ni~ 
Fe~mineral linnaeitJe in a gaibbr.oic rock lWith an extraor;dinary concentra~ 
tion of magnetite. Ihaematite and ilmenite. A short description is therefore 
giv'en in ,this paper of the parageneticreIations:hip of this linnaedte. a 
mineral. which is more generally found in hydrothermal Co-Ni-ores of the 
arsenÏdic type. A couple of .other or,e samples from the same occurrence 
were examined for the pUl'1pose of comparisan. 

Geology and mineralogy of the Flaad nickel ore bodies 1). 

The Flaad nickel ore ibodies occur along the periphery of an intrusive 
mass of ga:bbroic and noritic rocks. which are surrounded by older Arohaeic 
gneisses and migmatitic granites. The ore deposits are probably also 
of Arc:haeic age. Tihey are g,endicallyrelated to. and even form part of 
the basic intrusiva. The original gabbro in the Flaad district has been 
uralitized and is called a gabbrodiorite (also uralite-gabbro or uralite
norite). In consequence of the uralitization process the nature of the origi
nal pyroxene bas been dbscured. 

The nickeliferous pyrrhotite are badies preferably occur 'along the rÎlms 

1) F. BEYSCHLAG, P. KRUSCH und J. H. L. VOGT, Die Lagerstätten der nutzbaren 
Mineralien und Gesteine, Ed. I, I, 318-324 (1914). 

J. H. L. VOGT, Die Bildung von Erzlagerstätten durch Differentiationsprozesse in 

basischen Eruptivmagmata, Zt. f. prakt. Geol., 4-11. 125-143, 257-284 (1893). 
- Nickel in igneous rocks, Econ. Geol. 23, 307-353 (1923). 

The article of SMITH and S. MEYER, Flaatgrube. South Norway, Tidskrift för Kjemi 
og Bergwesen (1932). has not been accessible to the writer. 

The writer wishes to thank Prof. Dr. J. WEST;ERVEl.D for putting the rock samples, 
which furnished the material for this study, at his disposal. and for his kind interest in 
this paper. 
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of the Igabbro mass near its contact wibh ~he surrounrding rocks, and only 
rarely in the central porNon of the eruptive body. A few ore bodies have 
also been found in bhe surrounding rocks in t:he vidnity of the contacts. 
By their mode of occurrence most of the ore concentrations may be con~ 
sidered as marginal facies of the gabbroic rock and all gradations between 
pure gabbro rand pure ore can be observed. At same places ore pockets 
may be found in contact with fragments of induded portions of wall rock 
in the interior of the gabbro mass. 

The Flaad ore deposits consist of at least thl"ee shoots, each Wlith a 
thickness of 3-5 m, and dipping about 40°. These boefies consist of 
pyrrhotite~gabbrodiorite with local cOIllC,entrations of pure sulphide or~. 
The ores are cut by veiJlJS of granite~aplite and granite~pegmatite, which 
mirght he acid di.fferentiates of tJhe marginal facies of the gabbro magma 
intimately connected with the liquid~ag.matic segregation of the pyrrhotite 
ores. 

Under the microscope the investigated samples appeared to he gabbroic 
rocks containing apatite, oxy:dic il"OU ores, hy:persthene, hiotitre, hornblende 
(= green, uralitized pyroxene), labradodte, and sulpnides. Apatite is on:e 
of the major constituents of the rock and its local ,enrichment ina strongly 
differentiated zone of the mass reminds of the ooncentrations of apatite 
in basic pegmatites near 0degarden and Krager/" in the Bamle region in 
South Norway. 

l'he investigated linnaeite~bearing ore samples are interesting examples 
of a combination of various liquid",magmatic ore minerals - Wihich sepera~ 
tely are known to form important ore bodies in other parts of Norway -
within one single rock specimen. The oxydes are known to be concen~ 
trated on an enormous scale in the Eggersund ilmenite~magnetite depo~ 
sits in anorthositic norite; the Cu~Ni~ and F'e~sulphides in many nickeI~ 
copper ore de,posits in gabbro and norite; apatite, finally in pegmatitic 
phosphate deposits already referred t~. In order of their relative abundance 
the ore minerais, apatite exduded, are: haematite, ilmenite, pyrr:hotite, 
magnetite, ohalcopydte, pentlandite, pyrite and linnaeite. 

Pyrite belongs to the first crystalliz.ed me miner'als, together with hae~ 
matite, ilmenite and magIlJetite. Linnaeite, pyrrhoNte anld the other sul~ 

phides are later. In many cases felspar crystals can !he seen surrounded by 
pyrrhotite or cut by sm all pyrrhotiteveinlets. The silicate 'gangue minerals 
all seem to have been formed earlier than the ore minerals. 

Microscopie description of ore specimens. 

A number of ore specimens from the Flaad mine were subjected to mi~ 
croscopical examination. They comprise of three types of ore, the linnaeite~ 
bearinlg specimens included: 1 ° massive pyrrlhotitre - pentlandite - c'hal~ 

copyrite ore; 2° massive haematite - ilmenite - magnetite - pyrrhotite 
-- linnaeite ore; 3° uralite~gabbro impregnated with ore minerals. 
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1. !M a s St i v e p y r r hot i t e - pe n t }. a n dit e - c hal c o~ 
p yr i t e ore. 

Pyrrhotite. The predominant sulphide ore is the rather highly reflecting, 
reddish br>QWn and very strongly anisotropic pyrrhotite. In comparison with 
linnaeite in the second type of ore the colour seems to be yellowish. The 
very irregular grains in the polished sections studied have in general no 
crystal :outHnes. In some indivi'duals a lamellar textUl'e of darker ,and ligh~ 
ter bands, frequently cmserved in pyrrhotite, is to be seen. R. W. VAN DER 
VEEN 2) supposed this texture to represent a transformation, perhaps a 
separation by unmixing in the solid 'state, oran allotropy, whereas H. 
SCHNEIDERHöHNand P. RAMDOHR 3) merely sug,gested unmixing in the 
case of this still little understood phenomenon. 

Pentlandite. This mineral occurs as minute blades or feather~sh8iped 
masses in pyrrhotite, starting from c1eavage planes or cracks within this 
host mineral (fig. 1), or as veinIets between 'Pyrihotite crystals (tig. 2). 

pyrrhotite 

Fig. I. Fig. 2. 

Compal'ed with the adjacent pyrrhotite individuals the pentlandHe of the 
veinIets is fine~grained and of ten shows c1eavage along (111). The rela~ 
tionships between pyrrhotite and pentlandite in the ore specimens describ~ 
ed here are the same as in other nidkel~bearing 'PyrIihotite deposits (Sud~ 
bury, E. Griqualand and Pondoland in S. Africa, Petsamo reg ion in Fin
land, etc.). 

A'Ccordin'g ,to R. L. HEWITf 4), who based rhis condusions on experi~ 
ments and descriptions of various other observers, pentlandite may be 
caused to unmix from pyrrhotite by slow cooling from 8000 downwards. 

2) R. W. VAN DER VEEN, Mineragraphy and ore deposition, 49, and figs. 53, 54 (1925). 
3) H. SCHNEIDERHÖHN und P. RAMDOHR, Lehrbuch der Erzmikroskopie, 133---137, 

and fig. 58 (1931). 
4) R. L. HEWITT, Experiments bearing on the relation of pyrrhotite to other sulphides, 

Econ. GeoL, 23, 305-338 (1938). 
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The unmixed pentlandite th en segregates around the grain boundaries of 
the pyrrhotite. This kind cf odgin may have been responsible for part of 
the pentlandite in the veinIets. w,hilstanother part may have been pro
duced Iby crystallization Erom immisdble resLduary liquids. Small pentlan~ 
dite ~rains arcund pyrrhctite grain boundaries and feather~shaped pent~ 
landite lens es within the pyrrhotite grains are to be regarded. probably 
in both insta ne es. as the produet of unmixing in the solid state. 

Chalcopyrite. Chakopyrite ceeurs as vei nIets aIlJd 'grains in the pyrrhotite 
without distinet crystal outlines. lt is distinetly youIlJger than pyrrhotite 
and pentlandite and of ten replaees the pentlandite (fig. 3). 

Haematite. This colourless to bluish. anisotropie. and strongly reflecting 
mineral is cne of the mcst predominating constituents cf the cres studied. 

It oeeurs as needle~shaped erystals cf ten twinned on (loT 1) (fi.g. 4). Hae~ 

Jamellar haematite pyrrhotite 

c;halcof'yri~e gangue mine ral gangul' mineral 

Fig. 3. Fig. 4. 

ruatite is distinetly younger than magnetite. as is shown in fig. 7. where 
mag'netite is seen in course of replacement oy haematite. 

Ilmenite. I1menite is present as roundedg,rainsand lenses together with 
haematite. It shows strong anisotropy and refleetion~pleoehroism. In all 
titanie iron ores. in whïch both haematite and ilmendte are developed. these 
ruinerals are intimately intergrown. Lenses of haematite appeal' within the 
ilmenIte grains. but arlso lenses of ilmenite within the haematite indivi~ 
duals (fig. 5). 

Small indusions of ilmenite are frequently de:veloped w.ith a distinetly 
regular orientation within haematite lenses. whk:h lie interc'alated between 
larger portions of ilmenite. while flakes .of haematite. on the other hand. 
ean of ten he observ,ed in eoarser parties of ilmenite. 
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RAMDOHR 5) has given the following opmlOn on the mutual relations 
between Fe203 and FeTi03: at a temperature of about 700° Fe203 and 
FeTi03 are isomOl."phic and miscible in all proportions in the solid state. 
When the temperature decreases a discontinuity in the miscibility may 
occur. As a consequence o,f this discontinuity the original substance wilI 
separate into haematite containing a small quantity of ilmenite, and ilmenite 

ilmenite 

haematite flake5 ilmenite 

Fig. 5. 

containing some haematite. By a further decrease of the mutual miscibilities 
of the two mineralsa second generation of ilmenite blades will separate 
from t:he first generation of haematite crystals, and a similar, but reserve 
phenomenon will aIso affect the first segregations of ilmenite. The tem~ 
perature, at which this second process takes place, may he about 550--
600°. 

In 'general ilmenite is young'er than magnetite. 
Magnetite. This isotropic, lig'ht brownish~gray minera,l occurs as large 

individuals mostly shOIWing same idiomorphy in its relation to haematite, 
pyrl'hotite, and ,chalcopyrHe. Sometimes magnetite seems to he younger 
than haematite. Many smalt irregularly shaped particles of chalcopyrite 
and pyrrhotite are widely distributed in the larger magnetite crystals (figs. 
7 and 8). 

Pyrite. This very hard, isotropie, lig111 yellow, and strongly refleding 
mineral occurs as smallgr,ains, mostly surrounded by pyrrhotite and chal~ 
copyrite. A tendency towards idiomorphy may be observed. In general 
pyrite is replaced by pyrrhotite and ohalcopyrite. 

2. M a s s i v e h a erna t i t e - i I men i te - m ag ne of i t e -
p y r r hot i t e - 1 i n n a e i t e .0 r e. 

The polished sections of this group (two specimens) show haematite, 

5) P . RAMDOHR, Beobachtungen an Magnetit, Ilmenit, Eisenglanz und Ueberlegungen 
über das System FeO-Fe203-Ti02. N. J. f. Min. Bei!. Bd. 54, A. 320-379 (1926). 
- Beobachtungen an opa ken Erzen, Archiv f. Lagerstättenforschung, Heft 34, 30 (1924). 
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Fig. 7. I1menite-magnetite-haematite-apatite-segregation in gabbroic rock. Flaad nickel 
mine. Evje. S. Norway. Magnetite (ma). replaced by haematite (h) and ilmenite (il). 
Oxydes again replaced by pyrite (p). linnaeite (li). pyrrhotite (py). and chalcopyrite (eh). 

Magnification X ± 110. 

Fig. 8. I1menite-magnetite-haematite-apatite-segregation in gabbroic rock. Flaad nickel 
mine. Evje. S. Norway. Magnetite (ma). replaced by linnaeite (li) and pyrrhotite (py). 

Magnification X ± 150. 



L. P. G. KONING: On linnaeite in the Plaad nickel ore deposito Euje. 
South Norway . 

Fig. 7. 

Fig. 8. 
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ilm~nite, and magnetite, already described in the foregoing pages, as prin~ 
dpal ore minerals. Pyrrhotite, pentlandite, linnaeite, pyrite, and chaIcopy~ 
rite occur as minor constituents. 

Linnaeite. This mineral occurs as a wlhite to light reddish~ream com~ 
pon ent af the sulphide portions of the ore minerals. lts hardness is higher 
than that of pyrrhotite, but lowerthan that of pyrite. The mineral 
shaws a very strong tendency towards idiomol'phy (111), accompanied hy 
a distinct d~avage along (tOD) (Hg. 6). Many indusions of chakopyrite, 

c halcopyri te I i nnaei te 

pyr-i 

minpral 

Fig. 6. 

pyrrhotite ·andgangue minerals ,give the aystals a sieve~like structure. 
Replacement by these later sulphides proceeds allong the deavage planes 
(Hg. 8). 

In several ore deposits 'Of t'he nickeliferous pyrmotite slequence (Sud~ 
bury district in Ontario, Key West mine in Nevada) the minerals of the 
linnaeitegroup (polydymite, lViolarite, sychnodymite, carrolite) halVe heen 
found. 

For the pol)'ldymit'e occurring in ores of tJhe Levack mine, Sudbury, A. 
W ANDKE and R. HOFFMAN 6) are of the opinion that this mineral has been 
formed from supergene s'Olutions. The rpolydymite from the Vermilion 
min~ is, ,according to C. F. TOLMAN and A. F. ROGERS 7), probably due to 
the breaking down af rpentlandite. W. LINDGREN and W. M. DAVY 8) 
came to the condusion that tlhe so~caIIed polydymite of the Sudbury 
district and the Key West mine in Nevada has resulted from secondary 
alteration of tpentlandite by super.gene waters. 

Ther.e remains, however, no doubt that tJhe mineral des·cdbed in this 
paper as linnaeite, is a primarycanstituent af the are . 

. 6) A. WANDKE and R. HOFFMAN, A study of the Sudbury ore deposits, Econ. Geol.. 
19, 169-204 (1924). 

7) C. F. TOLMAN and A. F. ROGERS, A study of the magmatic sulphide ores, Leland 
Stanford Univ. Publ., Stanford University, 33 (1916). 

8) W. LINDGREN and W. M. DAVY, Nickel ores from Key West mine, Nevada, 
Econ. Geol., 19,309-319 (1924). 
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3. U ral i t e - ,ga b b r 0, imp r e ,g nat e d wit hor e m i -
n era 1 s. 

In polished sections this type of rock shows the same ore mineraIs, ex
cept linnaeite, as in the above-mentioned kinds of ore. Fe-Ti- and Fe
oxydes are the most important ore mineraIs, while the greater part of the 
rock consists of silicates. 

Amsterdam, Geological Institute of the University. 



Zoology. - Some investigations on the embryonic development of Limnaea 
stagnalis L. By ELSE ARENDSEN DE WOLFF-ExALTO. (Prom the 
Zoological Laboratory. University of Utrecht.) (Communicated by 
Prof. CHR. P. RAvEN.) 

(Communicated at the meeting of February 22. 1947.) 

I. The influence of NaSCN on the development of Limnaea stagnalis L. 

In 1892/93 HERBST discovered th at the vegetative differentiations of 
the sea urchin egg extend under the influence of the lithium~ion at the 
expense of the animal differentiations (ectoderm. cilia). This was confirmed 
by many other investigations. On the other hand. an extension of the 
anima 1 differentiations at the expense of the vegetative differentiations is 
brought about by the action of NaSCN. According to RUNNSTRÖM, the 
development of the sea urchin eggs is controlled by the interaction of an 
animal and a vegetative gradient. Whereas Li ex erts a depressing influence 
on the anima I gradient, NaSCN, on the other hand, has the opposite effect. 
When he treated (1928) sea urchin eggs with a mixture, consisting of 
80 parts of seawater and 20 parts of an isotonic solution of NaSCN, the 
influence~zone of the animal factors increased; in extreme cases the animal 
differentiations only developed. According to RANZI and TAMINI (1939, 
1940; TAMINI 1941; RANZI 1942). the action of NaSCN is also in Amphi~ 
bians opposite to that of lithium. As also with eggs of Limnaea stagnalis L. 
certain characteristic malformations have heen obtained, indicating a 
suppression of the most anima I differentiations under the influence of 
lithium (RA:vEN 1942). it was only natural to investigate whether this 
material would, under the influence of NaSCN, show a reaction contrary 
to the one caused by Li. 

The next pages show the results of th is investigation. 

Material and methods. 

Egg~masses were obtained by stimulation of the snails with Hydrocharis 
in the manner described by RAVEN and BRETSCHNEIDER (1942). 

In the beg inning the eggs were freed of the surrounding jelly and. still 
enclosed in the egg~capsules. put into NaSCN~solution. Egg~capsules of 
the same egg~mass were cultivated in tap water as a con trol. However, 
th is method of culture proved to be detrimental to the controls, so that 
of ten their development lagged behind. IE, on the other hand. the eggs 
had been in a 0.1 % NaSCN~solution during some time (E.i. 24 hours) , 
and were then put into tap water, they developed much better. Moreover, 
it proved to be much better to leave them in their jeIly~coat, so that later 
the eggs were cultivated in the jeIly. 

At first, three different NaSCN~solutions were tried out, 1 %. 0.5 % 
and 0.1 % solutions. The first two solutions appeared to be too harmful, 
but the 0.1 % solution could be used. 
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Results of the experiments. 

Under the influence of NaSCN two effects can appear: 

1. An abnormal balloonlike swelling of a part or of the whole embryo, 
together with a deformation and dislocation of several organs. 

2. A dark wine~red colouring especially in the foot, mouth region, eyes, 
mantle fold and opening, oesophagus, stomach and nephridial canal. 

An extensive description of both effects may be given first. 

1. The swelling is caused by the SCN' ~ion 1), by a disturbance in the 
water regulation. Much fluid is taken in and the embryo swells. This 
swelling can be more or less extensive depending on the circumstances. 
When it is slight, it of ten first appears above the head or in the foot. 
Different deformations may appear. In extreme cases the embryo becomes 
a large, transparent balloon, which fills the egg~capsule almost completely 
and enlarges it to two or three times its normal size. A definite division 
between the head and the foot does no more exist, but a line or groove 
runs over the balloon under the mouth. In most cases the organs are present 
in their normal forms and sizes, though of ten dislocated. As a ruk the 
following organs can be distinguished: pharynx, oesophagus, stomach, gut, 
albumen cells, nephridial canal. eyes and nerve system; the heart cannot 
always be seen; when present, its contractions are very irregular. In a few 
cases, a sort of dent in the abdominal sac could be seen, as a result of 
which the shell went to the inside and several or gans bulged strongly to the 
outside. At the same time, the shell might show abnormalities. 

Efforts were made to fix these swollen embryos. Wh en removed from 
their capsules, however, they burst in consequence of the very high tension 
inside and shrink to normal si ze. 

It is no use to fix the embryo within the capsule, because the albumen 
of the capsule~fluid becomes opaque and brittIe. In the shrunken embryos 
no abnormalities of the organs were observed. Enlargement of the head, 
lateral displacement of the eyes, and other phenomena expected in 
connection with the supposed NaSCN~action, contrary to that of Li, could 
not be found. The preparations were drawn on scale by means of a 
drawing~prism and measured. 

Before discussing the stages in which the swelling shows itself, first 
the seheme of the different phases of development at an average 
temperature of 20° may be given. 

1) The outer protoplasmie layer has the properties of a gel. H ' and OH' increase the 
swelling of a gel considerably. while the anions influence the process in accordance with' 
the Iyotrope series 

CL' Br' l' SCN' 

the swelling increase 



Number of days: 

o days: egg 
day : blastula 

2 days: gastrula 
3 very early trochophore 
-4 early trochophore 
5 trochophore 
6 late trochophore 
7 very early "veliger" 2) 
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8 days: 
9 

10 
11 
12 
13 
14 

early "veliger" 
"veliger" 
late "veliger" 
very young snai! 
young snai! 
snai! 
snail at hatching. 

It was found that if the developing embryo was left in the 0.1 % 
NaSCN~solution till at least the trochophore~stage, a swelling appeared. 
If the embryos stay in the solution till the late "veliger" ~stage, and are 
then put into tap water, the already existing swelling can disappear again. 
At a later stage it does not disappear anymore. If the embryos are put 
into the solution at the "veliger" ~stage (or later), no swelling appears, 
but if they are brought in before that stage it does appear. The disturbance 
in the osmotic regulation comes into effect between the stages of 
trochophore and very late "veliger", and cannot be suspended anymore 
later. 

2. Colouring. Wh en the embryo develops in a NaSCN~solution, at a 
certain moment a wine~red colour appears at special places. At first, the 
eyes show themselves as red circles and at the same time two red bands 
appear underneath the head, and the mande fold and foot get a red colour. 
The black pigmentation of the foot and body continues normally. In later 
stages the colour of the eyes gets darker, the tentacles, the mande fold, 
oesophagus and sometimes the nephridial canal become pink and the foot 
and mouth region red. This colour changes later into purple and dark~ 
brown and at hatching it has almost disappeared. The stomach takes an 
orange~red colour, which stays till the end. 

The moment at which the colour becomes visible is, for a normally 
developing embryo, the stage of "veliger" . For the abnormal swollen 
embryos it beg ins in the same phase of development. The coloured embryos 
do not hatch, jf they have stayed in the solution till the young snail stage. 
Wh en the embryos are put into the solution at the stage of a very late 
"veliger", or later, no colouring appears but they do not hatch either. 
Brought in as a young snail or later they develop normally. 

About th is colouring the following can still be reported. If the coloured 
embryos are taken out of the solution and further cultivated in water, the 
red colour disappears. So the substance causing the colour is presumably 
a product of the metabolism, which product cannot exist without new 
supply of NaSCN. Which is the chemical composition of this substance 

2) As the velum of the fresh water Pulmonates remains rudimentary, this denomination 
of "veliger" for the stages following the trochophore is only used for the sake of brevity. 
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could not be discovered. It comes to existence under influence of the 
SCN'-ion; in a KSCN-solution the red colour appears in the same way. 

It was only natural to attribute the red colour to the formation of the 
red Fe(SCNh 3). Therefore a study was made of the presence of free 
iron during embryonic development. For the method and a detailed 
description of the results, see part II. It may be stated here that no parallel 
could be found between the appearance of the red colour and the places 
where, during the development, iron was found. 

II. The presence of free iron in the embryos of Limnaea stagnalis during 
their development. 

Method. 

To investigate the presence of iron in the several stages of development 
the method described by HIRSCH and BRETSCHN8IDER (1937) was used. 
This method is based on the Prussian blue method after TARTAKOWSKY. 
In this manner the masked iron is not detected; therefore the following 
details concern free iron only. 

Beginning with the newly laid uncleaved egg, the embryo was tested 
with intervals of one day during the whole of its development. 

Results. 

a. The uncleaved egg (fig. 1) 4). 

Fig. 1. Uncleaved egg of Limnaea 
stagnalis. Iron reaction. 

Fig. 2. Blastula. Iron reaction. 

3) NaSCN with a ferri-salt solution gives a blood-red colour 

FeCLa + 3NaSCN ~ 3NaCL + Fe(SCN)3. 
red 

4) A determination of the amount of iron in newly laid egg-masses, executed under 
the direct ion of Dr. VONK at the Laboratory of comparative physiology of the University 
of Utrecht, gave the foIIowing results: 
6,6 mgr. of ashes con ta in 0.06 mgr. Fe. The amount of ashes is 1.13 °/00 of the fresh 
weight Ilnd 3.64 % of the dry weight. 

Therefore the amount of iron in a newly laid egg mass is: 

0.91 % X 1.13 °/00 = 0.01030100 of the fresh weight, and 

0.91 % X 3.64 OIo = 0.330100 of the dry weight. 
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If one applies the iron reaction to newly laid eggs. one finds that they 
take a dark-blue colour instead of the original yellow one 5). (The capsule 
fluid also takes this blue colour. which points to the presence of iron in this 
fluid too.) The iron proves to be bound to the p-granules. especially in the 
subcortical protoplasm. which covers the vegetative and equatorial sides 
of the egg (cf. RAVEN and BRETSCHNEIDER 1942; RAVEN 1945). The aster 
figure only is free of iron. In the granules the iron is laid down in several 
forms (fig. 3); in general. especially the outer layer of the granules is 
coloured. 

Fig. 3. Loealisation of iron reaetion in the {J-granules. 

b. The blastula and gastrula, resp.land 2 days old (fig. 2. fig. 4). 
At the blastula stage the small blastomeres at the animal pole are almost 

full of iron. The larger blastomeres at the vegetative pole also contain a 
large amount of iron granules. which. however. are limited to the ectoplasmic 
part of the cells. The nuclei are in the region which is free of iron. The 
nucleoli have a faint blue colour. which indicates the presence of iron. 

The gastrula. which appears the next day. gives the same p-icture. The 
iron granules are found especially in the ectoplasm of the ectoderm and 

. entoderm cells. However. the large mesoderm cells. which are visible now 
on either side of the archenteron. prove to be very rich in iron too. 

Fig. 4. Gastrula. Iron reaetion. 

c. During the trochophore-stage (3d till 7th day). the first distinct 
differentiation in the distribution of iron takes place. which differentiation 
proceeds during further development. The early trochophore still contains 
much iron. which. however. is concentrated in the mesoderm cells and the 
big cells of the ectoderm. In the course of further development. the large 
ciliary cells which are found in the mouth region. in the prototroch. apical 
plate and head-vesicle. keep their high concentration of iron just like the 
giant excretory cells of the protonephridium and the ciliary cells in pharynx 
and oesophagus. The cells of the shell gland contain iron like those of the 

5) BRETSCHNEdDER. using the same method to investigate the presenee of iron in the 
gonads of Limnaea stagnalis. L .• observed that in the beg inning no iron ean be shown in 
the young egg eelIs. During further growth of the egg. iron granules appear and the ripe 
eggs in the ovary are erowded with iron granules (personal eommunication). 
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entoderm, from whieh, however, the iron disappears graduaIly. The same 
proeess, though quieker, takes plaee in the small eetodermal eells. 

From the albumen eells whieh, in the beginning, eontain a large amount 
of iron, the iron granules withdraw quiekly and at last ean be found only 
along the eell wa lIs and in loeal aeeumulations, forming half moons and 
triangles between the eells (fig. 5). The granules beeome smaller and 
stain less strongly. 

Only at the early troehophore stage the nucleoli still eontain iron. 

Fig. 5. Albumen cells of trochophore stage. Iron reaction. 

d. At the following stages of "veliger" (7th till llth day), the 
eoneentration of free iron is still high in the ciliary eells around the mouth, 
of the velum, apical plate, head vesicle~ pharynx (fig. 6) and oesophagus, 
and the giant exeretory eells of the protonephridium. 

Fig. 6. Ciliary cells in the roof of the pharynx. Iron reaction. 

Between the albumen eells of thegut here and there some small groups 
of iron granules are present. From all other eells the iron has disappeared 
(fig. 7). 

Fig. 7. "Veliger". Iron reaction Iocalized in velum (v), head vesicle (e.v.) and ciliary 
cells of oesophagus (oes). 
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e. During the last days of development, ciliary ce lis containing iron 
are still found in the mouth reg ion (11 days). Later on a small remainder 
of the head vesicle in the bend between head and mantle fold, and the 
few cells to which the velum is reduced, are the only places were iron is 
present. All other tissues are ironIe ss. 

At the moment of hatching no free iron can be found in the snail 
any more. 

Discussion. 

As has been stated before, a wine~red colouring of the embryo appears 
at special places under certain conditions af ter a treatment with NaSCN. 
A KSCN~solution has the same effect and, as no red colour is seen in 
embryos cultivated in other Na ~ or K'~salt solutions, one may suppose that 
this colour is based on a chemical compound which is formed by (or under 
the influence of) the SCN' ~ion. The composition of this compound is still 
unknown. As, without fresh supply of NaSCN, the red colour disappears 
from the embryo, the substance causing the colour may be a product of the 
metabolic processes. 

At first the formation of Fe (SCN) 3 was supposed, especially as the 
Prussian blue reaction could be applied successfully to the eggs, which 
proves the presence of free iron. 

So a research was made for the presence of iron in the different stages 
of development, with the following results: 

The uncleaved egg contains a large amount of iron, which is concen~ 
trated in the fJ~granules. During development the even distribution of iron 
is lost: the amount of free iron decreases and it is limited to a few special 
cells. At the early trochophore stage, the large ectodermal cells and the 
giant excretory cells of the protonephridium show the largest concentration 
of free iron. The entoderm contains somewhat less, the small ectodermal 
ce lis still less iron. The nucleoplasm is free of iron, but the nucleoli show 
in the first stages a distinct blue colour. In the late trochophore the 
differential distribution has become more conspicuous. The greatest 
concentration of free iron is found in the large ciliated ectoderm cells and 
the protonephridium, somewhat less in the stomodaeum and the entoderm, 
still less in the small ectoderm cells. 

In an early "veliger" stage (8 days old) the large ciliary cells of the 
velum, apical plate, and head vesicle, around the mouth, in the pharynx 
and the oesophagus contain a large quantity of iron granules; almost all 
other cells have become free of iron. 

The last tra ces of free iron are found in a 12 day embryo in some cells 
of the neck reg ion (remains 'Of the head vesicle). 

At the moment that the above mentioned red colour becomes visible, 
which is at the stage of "veliger", the iron is only concentrated in some 
velum cells, the head vesicle, and a few other cells. There is no iron in the 
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foot and theeyes, where the red colour is very strong. If the colouring were 
caused by a simple Fe-combination, th en the places where free iron is 
present ought to be coloured in the first place. This was not the case. 

Summary. 

1. In eggs of Limnaea stagnalis L., cultivated in a 0.1 % solution of 
NaSCN, two effects become visible: swelling and colouring. 

2. The appearance of the colouring and the swelling depend on the 
moment at which the embryos are put in, and taken out of. the solution. 

3. The swelling is due to osmotic disturbances; no changes in the 
structure of the embryo, indicating an influence on the determination 
process, could be observed. 

4. The substance causing the colour participates in the metabolic 
processes; without new supply of NaSCN the colour disappears. 

5. The substance will be formed under the influence of the SCN'-ion 
and does not consist of the simp Ie formation of Fe(SCNb. 

6. During the embryonic development of Limnaea stagnalis L. a decrease 
of the amount of free iron is found. 

7. The iron is present in the p-granules. 
8. In the newly laid egg, the iron is especially accumulated in the 

subcortical protoplasm; at later stages, it is found in the ectoplasmic 
parts of the cells. 

9. In the course of development, it appears that only the cells with 
strong functional metabolic processes keep their iron. 
These cells are: 

a. the ciliated cells around the mouth. 
b. in the pharynx and the oesophagus. 
c. of the prototroch (velum). 
d. apical plate and the head vesicle. 
e. the protonephridium. 

10. From all other tissues the iron granules disappear. 
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Physics. - On tlle spreading of invertase solutions. By E. GORTER and 
H. A. OIEU*). From the Laboratory of the Chiklren's Clinic 
(Prof. Dr. E. GORTER) of the University of Leiden-Holland, and 
from the physical~chemistry Department of the University of Liège~ 
Belgium (Prof. Dr. DESREUX). 

(Communicated at the meeting of November 30, 1946.) 

Introduction. 

In the investigations on the purity of invertase solutions one of us 1) has 
shown that it was easy by ethyl alcohol or acetone fractional precipitation 
to obtain solutions with constant specific activity (ahout 4500-5000 
S.U. 2). From many physico~chemical tests of pudty (electrophoresis by 
the "Schlieren~Methode", micro~electrophoresis on collodion, diffusions 
bYithe Northrop's and Lam's methods, solubility by the Northrop's method) 
it was to be concluded Ithat two constituents are present in these solut>ions: 
one of them possesses a molecular weight as lew as 3.500, the other, a 
molecular weight as high as 100.000. Moreover, it seems ,that the substance 
with low molecular weight may be responsible for the Jnv,ertase activ!ty. 
although hav,ing a very small concentration (5% of the amount of protein 
materiaI. g~nerally 2 or 3 mg per cm3 ). Thus, it remained to be seen now 
the separa,tion between these :two substances cau be realised. 

Undoubtedly various aHemptscould be made. like dia'lysis. electrodialy~ 
sis. uItrafiltration. diffusion, adsorption ...•.. 

In fact many of these experiments were done as carefully as possible. 
and the results of ten were contradictory. ln order to throw more light 
upon this question. we have thought that it perhaps would be possible to get 
some benter indications by the spreading method. cOl1JSidering not only 
the large dissimilitude between the two components. but also the infor~ 
mations given by this method in the field of the protein~chemistry 3). 

Apparatus. 

The apparatus used is a LanglIDuir balance already described in the 
litterature 4). It is obvious as it was again very recently noted by H. B. 
BULL 5). that the complication due to surface active~contaminants from the 
air must be avoided. We have found very helpful to cover the spread films 
by a glass plate (intermediate space must be as small as possible). 

Experiments. 

The method of spreading consists in carefully blowing a small quantity 

.) Travelling fellow of the "Accords culturels belgo-néerlandais". 
1) H. A. DIEU. Etudes sur l'invertase. Bul. Soc. Chim. Biol. 28. 543 (1946). 
2) For the signification of these numbers, see ref. 1). 
3) E. GORTER, Rapport au VllIième Congrès de Chimie Biologique de Liège-Liège 

1946. 
4) E. GORTER, Chem. WeekbI. 31, 587 (1934). 
6) H. B. BULL, J. A. C. S., 67,4 (1945). 
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of invel1tase solution on to the buffer surface by means of a micro~pipette. 
Spreading g'enerally is rapid (I minute), sometimes it is slow (in correla~ 
tion with the salt~concentration of the liquid in the trough, and also with 
the hydrogen ion~concentration of the same liquid. The pH of all buffer 
solutions was controlled by colorimetrie and electrometric measurements 
with a quin~hydrone electrode (the "salt error" is here negligible). The 
readings cover the pH range of 1-5,6 at room temperature. For the 
solutions of pH 1-3.5, we use diluted Hel. for pH > 3,0, 1/300 M acetate 
buffers are used. 

Ie) Spreading at pH 1. 

We have first studied the influence of the purification of invertase solu~ 
tlons up on their spreading at pH 1. In fig. 1 are shown some pressure~ 
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Fig. 1. Force~area~curve for invertase solutions of variabIe purity at pH I, af ter 1 minute. 
1 = S. Act.: 4421) 0 3 = S. Act.: 1880/::,. 
2 = S. Act.: 2630 X 4 = S. Act.: 226 0 
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area curves at several stages of purity. These curves contain: a Hnear part 
as is the case of most proteins. Thus. it is easy toexltra'polate the curves 
in the usual way to zero~pressure. Usually this area. when divided by the 
number of molecules in the film is supposed to yidd the area per molecule 
of spread material. This is the customary procedure. but BATEMAN and 
CHAMBERS 6) believe that it has no physical justification and that a more 
logical method is to determine the coefficient of compressibility f3 of the 
spread film. This coefficient is given by the relation: 

f3-_~X(àA) - A àF (1) 

where A is the area in sq. meters per milligram of nitroger. and F. the 
free surface energy drop produced by the film molecules. in dynes per cen~ 
timeter. ln facto it was fouOod necessary to compare the magnItude of the 
spreading; with the quanti.ty of total nitrogen instead of the quarutity of 
proteins. We have also applied thJs method to the study of invertase films. 

In figure 2 is shown the compressibiJ.ity coefficient plotted ag'ainst the 
area of the spread film at several stages of purÏlty. Also. it must be noted 
that the applicability of equation (1) is only significative of a film at mode~ 
ra te or high pressure. (When protein films are compr,essed to a moderate 
ex tent. inhomogeneous pa'rts occupy a negligible surface area). From 
these curves the sharp minima of the compressibility coefficient can easily 
be drawn. and therefore. the areas of these mindma. They correspond to 
film pressures which represent the maximum compressions fo which the 
several invertase films can be subjected and remain uncollapsed. The results 
of such an interpolation are shown in table 1. 

TABLE 1. 

Specif. Activ. {J min. .A:m2jmg N 2 Pres: dyn/cm 

4420 0.024 LH 14.0 
2630 0.025 1.47 12.6 
1880 0.018 1.49 9.1 
226 0.017 1.13 10.2 

From these results. it may be concluded Ithai by purification the films 
become more stabIe. Naturally these values reported in this ,tabIe. have 
been based on the hypothesis that. during the compression d.F. the film 
composition is unchanged. what is not always trU'e. Moreover. the film 
pressures and the corresponding film area of egg albumin and f3 lactoglo~ 
bulin on 35 % (NHh 504 solutions have been determined at the point 
of minimum compressibility 7). At this point the egg~albumin <bas a film 
pressure of 14.6 dyn/cm and the f3 lactoglobulin. a film pressure of 16.7 

6) J. B. BAl1EMAN and L. A. CH~MBERS . J. Chem. Phys. 7. 2H (1939). 
7) H. B. BULL. J. A. C. S. 67. 4. 8. 10 (1945). 
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dynjcm. Our solutions of high purity have a film pressure of 14 dynjcm. 
Therefol"e it seems possible to compare the packing of these films. Accor~ 
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Fig. 2. Compreissibilitycoefficient of invertase films plotted against the film area at 
pH I after I minute. 

1= S. Act.: 44200 3 = S. Act.: 18W /::,. 
2 = S. Act.: 2630 X -4 = S. Act.: 226 0 

ding to the sensibility of the balance, at last. it appears impossible to cal~ 
cu late the molecular weight of these films. because the molecular weight 
is only significant at a pressure below one dyne per centimeter pressure 
(gaseous films). 

2e. lnfluence of pH on the spreading. 

The influence oE the hydrogen ion content on the spreé1lding oE proteins 
ii! weU known, and sometimes brings many inEormations on their structure 
of their physico~chemical properties. The data obtained Erom the invertase 
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films confirm very weIl these hypothesis, as shown in fig 3. The percen
tag'e of spreading for several solutions is plottedagainst the pH. When 
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Fig. 3. Influence of pH on the spreading (in %) of solutions of variabIe purity. 

1 = S. Act.: 44200 3 = S. Act.: 1880 6-
2 = S. Act.: 2630 X 4 = S. Act.: 226 0 

cxamining .the spreading of the fourth solution (weak sp.-activity) we find 
t·.) exist a typical W -shaped curve and ithe spreading' is not too large at 
pH 1. With thc incrcasing purification, this W-shaped curve changes. The 
top of the curves decreases rapidty and finally disappears. Moreover, 
the spreading at pH 1 increases up to the same value. Strikingly similar 
results have been obtained recently in th is clinic by one of us 8) in colla
boration with G. A. ELINGS, with seroglycoid protein of Hewitt. In this 
research, the changes,associated with the progressive elimination of crys
talline albumin, in the form of Ithe spreading, curve, are essentially similar 
to the changes observed in the progressive purification by acetone of our 

8) E. GoRTER and G. A. ELINGS, Proc. Kon. Ned. Akad. v. Wetenseh., A'dam, 49, 
891 (1946) . 
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invertase solutions. They summaöze their studies in the following manner: 
"In order to find out the differen(:·e in spreading teooency between Ithe 
two proteins. one has to examine this spreading at various pH. It appears 
th at there is a very ·great difference !in so far that crystal albumin shows 
the properties of a protein. in whieh only a few free COO- and NH3 

groups are present. whereas the spreading of seroglycoid with a low mini~ 
mum at a pH 3.0 and onl)' very little spreading tenclency at a hi'gher pH 
above 3.0 behaves like a protein in whieh the NH3 + groups have dis~ 

appeared and replaced by acid groups. Itis possible that the seroglycoid 
is more soluble than the crysta.Jbumin fraction owing to the presence in 
this conjugated protein molecule of several OH-groups." 

Hence it appears that the invel1tase solutions of constant specific activity 
(4420 Sp. Un.) contain essentially a mucoprotein. It has been possible 
t0estimate in ,the solution in the trough. the invertase aCJtivity for several 
pH. At pH 1. invertase is entirely spread on the surface; at pH 2.90. in~ 
vertase is dissolved in the bulk of the solution. Unfortunately the charac~ 
terisation of mucoproteins is a prob1em for which at the present time. there 
are few effective approaches as has been recently shown by K. MEIJER 9). 

For the determination of the polysaccharide cont'ent S0RENSEN~HAU~ 

GAARD's 10) colorimetrie method was used. This method has been criticized 
by several authors, but it is diffieult to find an actually better one. The 
standardizations were done with galactose. In the table 2 data relating to 
(l('tivity, nitrogen content and polysaccharide estimations per cro3 of inver
tase solutions are shown. Further informations useful for the elucidation 
of the polysaccharide composition is derived from the estimation of ,the 
glucosamine, accoI'ding to HEWITf 11 ). It appears that the ratios glucosa~ 
mine : nitrogen~total nitrogen is so great as 1 : 10. 

TABLE 2. 

Activity Nitrog. 
mg/cm 3 Polys. *) Sp. Act. Act.jPolys. INitrog./polYs. 

2630 1.00 52.0 2630 50 0.020 
2260 0.52 43.2 4420 52 0.012 

*) The numbers shown in this column have a relative value. That is due to thc fact 
that the absorption spectrum and the colour intensity of the orcinol-reaction products 
change with the monosaccharides responsible for the coloration. 

Moreover, our preparations of greatest activity do not contain phos
phorus. As has been pointed out by SEVAG 12), an other method of poly
saccharide~protein separation consists in allowing CHCI3 to act upon this 

9) K. ME1JER. Advances in Protein Chemistry. Vol. 11, p. 256 N. Y. 1944. 
10) M. S0RENSEN and G. HAUGAARD, Bioch. Zeitschr. 260, 247 (1933). 
11) HEWITT, Bioch. J. 32, 1554 (1938). 
12) SEVAG, Biochem. Z .• 273, 419 (1934). 
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mixture. This separation is very interesting to isolate polysaccharides, but 
it is not poss-ible to avoid the degradation of the protein. Recently, in the 
field of invertase researches, very active solutions were obtained 13) by 
r.,dsorption methods. In contrast, our solutions gave no good resuLts by 
this process. 

Summing up the results of various investigations, it would seem fairly 
safe to draw the foHowing conclusions: our solutions of constant activ~ty 
consist chtefly of a polysaccharide and protein mixture. 

The duality is a fact, but it has not yet been possible to confirm that 
the invertase is certainly a low molecular protein as indicated by our diffu~ 
sion data. 

Summary. 

From invertase solutions with progressive purity it is found that the 
curves indicéllting the spreading at different pH give results similar to 
these obtained with both proteins isolated from the serum following 
HEWITT'S technique. For solutions of greatest activity the spreading de~ 
creases rapidly up to pH 3,0, and Ithen at higher pH above 3,0, the solu~ 
tions show very little tendency to spread. Orcinol and glucosamine estima~ 
tions indicate that these solutions contain a mucoprotein. It seems théllt in~ 
vertase is th is substance. 

It appears also that much can be learned about Ithe characterisation of 
mucoproteins through a study of spreading. This method could be some~ 
times used for the separation of protein~mixtures with spreading~proper~ 
ties, which greatly differ. 

13) C. S. HUDSON, N. ADAMS, J. A. C. S. 65. 1366 (1943). 



Aerodynamics. - Aeradynamical prablems cannected with the matian af 
a claud af gas emitted by Nava Persei. 11. By J. M. BURGERS. 
(Mededeling no. 49 uit het Laboratorium voor Aero~ en Hydro~ 
dynamica der Technische Hogeschool te Delft.) 

(Communicated at the meeting of February 22. 1947.) 

4. Attempt at canstructing an asymptatic salutian. - Along with the 
solution giving the first stages of the motion it would be of importance to 
have an asymptotic solution. valid for large values of the time. lts domain 
of applicability might be restricted to small values of s. as the quantities 
principally sought are the expression for V and the temperature in the 
immediate neighbourhood of the front of the advancing cloud. For this 
purpose it has been tried to use a development of tP of the type: 

tP = (1-0') CPa + 0'2 CP2 + 0'3 CP3 + ... (24) 

where the tPn represent functions of 1'. This series already satisfies the 
boundary condition (Ha) for a = O. From the re su lts obtained in the 
preceding section we have: 

(5')2 = t vg (1- t 0' + H 0'2 - 0,5492 0'3 + ... ) (24a) 

Inserting these expressions into (15). working out the differentiations and 
equating coefficients of corresponding powers of a on both sides, an infinite 
set of equations is obtained for the functions tPn. of which the first and 
second are: 

4>ö = - cpo5/3 (392 _ 10 CP2) 
45 tPo 

(25a) 

CP" = + cp-5/3 (90328 _ 160 CP2 _ 30~) 
o 0 3645 3 CPo CPo 

(25b) 

Every subsequent equation introduces a further function tPn. It thus 
appears possible. at least in principle. to express all functions tPn in terms 
of tjJo, but it does not seem promising to introduce the expressions obtained 
in this way into the series (24). in order to investigate its convergence 
and to see whether it can be made to satisfy the boundary condition along 
the path of the compression wave. 

F rom eqs. (25a) and (25b) it is seen that there must exist a linear 
relation with constant coefficients between the th ree functions tPo, tP2 and 
tP3' Should one conclude from this fact that these functions would be pro~ 
portional to each other. then it appears probable that the subsequent 
equations of the set willlead to the same result for the other functions tjJn. 

so that the expression for tjJ would become of the form tPo (1') . F (0'). By 
direct substitution it can be verified that it is possible to satisfy the 
differential equation (15) by means of a function of this type, which also 
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can be made to satisfy the boundary condition (Ha) for a = O. It is 
impossible, however, at the same time to satisfy the second boundary 
condition. 

It may be mentioned nevertheless th at a rough approximation is given 
by: 

tP = (1 + t r)314 (1 + ~ 0)-918. 
which gives: 

a S = t (l + t r)213 - ~ • 

This expression for tP satisfies both boundary conditions, but not the 
differential equation. The corresponding expres sion for q; is found to be: 

arp= 22
7 (1 +tr)213-9(1 +-!r)311(1 +~a)-1/8-t. 

from which: 

V= V o 14 (1 + tr)-113 - 3 (l + t r)-I/4I. 
or developing: 

V= Vo 11- 0.778 r + 0.75 r2 -0.81 T
3 
••• 1. 

The correct expression is, according to (23): 

V = V o 11 - 0.778 T + 0.65 T2 
- 0.61 T

3 
••• 1. 4

) 

When these formulae are used with the same data as considered at 
the end of section 3 we find: r = 0,70; a V2 = 1,10; a = 3,4 . 10-17; o 
ë/(!o = 1,5. 1017; t = 3,4 . 108 sec; tP = 1,64; RT = 0,66. 1016; 

T = 79.000.000°. 

5. Derivation of a solution from the equations for the isentropic 
expansion of a homogeneous mass of gas. - As a variant of the problem 
investigated until now, it is useful to consider a simpier example, referring 
to a problem wh ere the advancing cloud or piston first during a con
siderable period of time is moved forward with a constant velocity, through 
the application of an appropriate force. The shock wave generated in this 
case runs ahead with constant velocity of propagation and has a constant 
intensity; hence all the gas through which this shock wave passes will 
suffer the same change of state, so that the compressed gas between shock 
wave and piston everywhere has the same density, pressure, temperature 
and velocity. IE now from a given instant onward the piston is left to 
itself, its motion will be retarded by the effect of the pres su re of the 

4) From the expression for cP we obtain: 

r = t 4>4/3 (1 + ~ 0)3/2 - t. 
This formula for , satisfies the boundary conditions given for t as a function of cP and s 
in footnote 3). When it is substituted into the differential equation for t mentioned in that 
note, in which 0 = (1 + • a)-:1. the left hand side gives: - 88/45 = -1,96; the right 
hand side: -248/135 = -1.84 [omitting in both cases a factor 27 cP2 ( 1 + • a)5/2/aVo3 ]. 

As the boundary conditions for this equation refer to fixed lines, it may be possible to use 
the equation for the calculation of a correction. 
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compressed gas in front of it. Again expansion phenomena will appear. but 
sa long as the first of the expansion waves af ter its reflection at the shock 
wave has not come back to the piston. we can calculate with the equations 
for the motion of a homogeneous gas. the physical state of which is des~ 
cribed by one variabIe only. for instance by its density. from which the 
pres su re and the temperature will follow unambiguously 5) • 

The equations of motion for the gas in this case can be put into the 
EULERIAN form. given in the paper quoted in footnote 1) [§ 2. eqs. (1) 
and (2)]. to which we now can add POISSON's equation: pje5/3 = constant, 
with the same value of the constant throughout the whole mass of gas 
between shock wave and piston. By introducing the velocity of sound c 
the equations can be transformed into: 

ou + u ou = - 3 c ou l ot OX ox 
oe + oe _ 1 oe ot u ox - - "3" e ox 

(26) 

A general solution of these equations can be found. which expresses 
that from every point of the path of the front of the cloud or piston (the 

palh I l r,onl of 
adv ncing cloud 

xït' ) 

/ 
/ 

/ / 
/ / 

/ // /' 
_x. / / /' /' ~ 

motion with constant 
velocity V. 

Fig. 3. 

xpansion waves 
X-X~1J(t-t·) 

x 

5) The case in which the piston. af ter having been moved for a certain period with 
a constant velo city. is suddenly brought to complete rest. has been treated in the paper 
mentioned in footnote 2). where particular attention has been given to the phenomena 
accompanying the reflection of expansion waves when overtaking the shock wave. 
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coordinates of which we shall indicate by x·, t*), an expansion wave pro~ 
pagates itself into the gas, in such a way that each wave is characterized 
by constant values of density, pressure, temperature, velo city of sound c 
and velocity of motion u. Consequently the velocity of propagation of the 
wave in space, which is given by u + c, likewise is constant, so th at in 
an x, t~diagram (compare fig. 3) the path of every wave is represented 
bya straight line, starting Erom the point x*, t* wh ere the wave originated. 
This solution is represented by the formulae: 

· (27) 

where 1] is the parameter giving the slope of the path of the wave in the 
diagram, in such a way that: 

x- x* =1] (t-t*) = (u + c) (t-t*). (27a) 

while 1]* is a constant. 
Wh en we assume that the state 1 from which the gas expanded was the 

state Eound af ter the passage oE the shock wave, we have: 

UI = Vo; el = -4 eo ; PI = t €lo V~ ~ 
RTl = t V~; Cl = (y'S/3) V o = 0.745 Vo ~ • 

• (28) 

Erom which we derive: 

1]1 = t (3 + iS) V o = 1.745 V o ; 1]* = t eVS -1) V o = 0.309 Vo (29) 

At any later instant u and c follow from (27); while density, pressure and 
temperature are obtained Erom: 

· (30) 

In order to find the motion of the piston we observe th at the velocity 
of the gas immediately adjoining the piston must be equal to that of the 
piston itseIf; hence for every expansion wave: 

u=V=dx*/dt . 

The motion of the piston is determined by the equation: 

d2x*fdt*2 = - p/f! 
lnserting the value of P given by (30), with: 

we obtain a diHerential equation for x*, the solution of which is: 

25518 (- V:3)1/4 
x* + Xo = 33/1 e eo 0 (t* + top/i - i 1]* (t + to) 

• (31) 

(32) 

(33) 

where xo, to are integration constants. The numerical factor in the first 
term on the right hand side has the value 2.399. It appears Erom this 
equation that ultimately the piston will move with the constant velocity 
-41]* = 1.236 V o in the negative direction. This negative fin al velocity, 
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however. will only be obtained when we let the gas expand to vanishing 
densities. that is. below the original density which it had before the passage 
of the shock wave 6} . 

From (33) we obtain the velocity of the piston: 

(34) 

It follows that the slope 1] of the wave starting from the piston at the 
instant t* is given by: 

1] = 2.399 (e V5/eo)1/4 (t* + to)-1/4 - 1.236 V o• 

Along any such wave: u = V (t· ). while: 

c = 0.600 (e V5feo)1/1 (t + to)-1/4. 

(35) 

(36) 

It can be proved that all the paths of waves represented by (27 a) with 
x* and t· related by (33). wh en produced backwards. pass through a single 
point. having the coordinates - xo. - to; this point has been indicated 
in fig. 3. Hence we can bring the equation for the path of a wave into 
the simple form: 

(37} 

with the same values xo. to for all waves. 
We shall fix the constant to in such a way that V = V o for t* = 0 (in 

fig. 3 it has been assumed that at the same instant x· = 0); this gives: 

1.800 (e V~feoP/4 to1/4 = 2.236 V o 

Formula (34) can th en be written: 

V = 2.236 Va tb/4 f(t + to)1/4 - 1.236 VI 

from which the retardation is found to be: 

dV/dt = - 0.559 V o tb/4 f(t + tO)5/4 

At the same time the expres sion for c becomes: 

• (38) 

(34a) 

(34b) 

(39} 

The form of the solution in this case has the advantage that it immedi~ 
ately gives the distribution of various quantities. such as the temperature. 
in function of x and t. From (27) and (37) it follows that: 

c = (x + xo) / 4 (t + to) + 0.309 V o • 

6) It will be seen from eq. (34a) bel ow that the motion changes direction when 
[(t* + to) l toP/4 = 1.81; we then have: c = 0.412 Vo = ct/1.81; hence e = e1/5.9 = 
= 0.68 eo. - The pressure and the temperature at th is instant still are considerable. 

The question whether such a reversal of the motion. which means that the cloud 
rebounds from the intersteUar gas upon which it has struck. may occur also in the case 
treated in sections 3 and 4. can only be decided when one should succeed in giving the: 
asymptotic form of the solution. 
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[insertion of x*, t* for x and t respectively reduces this expression again 
to (36)]; the temperature th en is obtained from the third formula (30). 

Although this solution refers to rather artificial initial conditions, we may 
attempt to adapt it to the case of the moving cloud of gas. It wiIl be seen 
that wh en the values of V o, eo and e should be given, the value of to can 
be obtained from (38) 50 that for any given instant t* the value of V 
and the temperature etc. of the gas can be calculated. On the other hand 
when we start from the observational data for the velocity and the retar~ 
dation, we again come to the conclusion that there is one more unknown 
than we have relations. In order to make it possible to calculate backward 
from the observational data it is necessary to introduce an additionaI 
assumption, just as proved to be the case with the solution obtained in 
section 3. When also here we assurne that the value of V 0 was 1,5 times 
the value of V at the epoch of observation (1934), the foIlowing results 
are obtained: 

to = 4,08.108 ; t* = 3,71.108 (= 11.7 years); 

e/eo= 1.74.1017
; c= 1.142.108

; RT=0.78.106
• 

from which T = 94.000.000°. 
It is remarkable that the values of t*, e/eo and T derived in this way are 

not very different from those obtained in section 3. There is found, 
however, a difference in the temperature gradient in the neighbourhood of 
the advancing cloud or piston. In the case treated here it was assumed that 
after the passage of the shock wave the whole mass of gas had a constant 
temperature determined by RTl = t vg. In the expansion process every 
subsequent expansion wave brings a lower temperature. When from a 
given point x*, t* of the path of the front of the advancing piston we move 
outward in the positive direction of x, we reach waves which have started 
from this front at earlier instants. As these waves carry with them higher 
temperatures, àT/àx is positive in this case. lts value is found most easily 
in the foIlowing way [compare (40)]: 

à (R T)/àx = t c (èk/àx) = 0,3 c/(t* + to), 

which at the instant of observation (t* = 3,71.108) gives: à(RT)/àx = 0,044. 
In the case treated originaIly, the shock wave, although starting with the 

same intensity and initiaIly producing a temperature of the same height as 
mentioned above, immediately is retarded, as will be seen from the 
expres sion for S given by (21). This has the consequence th at layers of 
gas at further distances from the advancing front, af ter the shock wave has 
passed over them, start with a compression tempera tu re lower than th at 
of the first layer (the one immediately adjacent to the front). Notwith~ 
standing the circumstance that the expansion itself is more efficient the 
nearer we are to the advancing front, the temperature is now found to 
decrease when we move outward. This result is obtained from the formula 
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RT = 3 S' 2J(j)2 f3 mentioned at the end of section 3; for sm all values of a 

we have: S' 2 = t VJ (1 - ~ a); (j) = (j)o (1- a), so that: 

R T= t V~ (j)Ö2f3 (1- t a). 

Hence: 

a (R T)fox = (af (j») . a (R T)/àa = - /7 a VJ ~o5f3. 

At the instant of observation this expression gives o(RT)Jox = -0,031. 
The order of magnitude is the same, but the sign is different. 

Although the negative value is obtained for a case which starts from 
less artificial initial conditions than does the other case, not much weight 
can be given to the result, as the distribution of the temperature in the 
compressed gas may dep end upon the precise distribution of the density 
in the interstellar gas before the advancing c10ud struck upon it, which 
distribution is unknown to us. 

(To be continued.) 



Mathematics. - Richtlijnen der intuïtionistische wiskunde. By L. E. J. 
BROUWER. 

(Communicated at the meeting of March 29, 1917.) 

Sinds haar ontstaan heeft de intuïtionistische denkoriënteering in de 
eerste plaats getast naar een nieuwe routine van scheppend wiskundig 
werk, in de tweede plaats gezocht naar een zoo adequaat mogelijke for~ 
muleering voor de richtlijnen dezer routine. 

Van genoemde doelstellingen schijnt de eerste thans vrijwel bereikt. 
Waarschijnlijk is zij ook vollediger bereikbaar dan de tweede, aangezien 
immers voor de intuïtionistische denkwijze door de wiskundige taal geen 
andere rol kan worden gespeeld dan die van een bij alle practische doel~ 
matigheid niettemin tegen misverstanden nimmer volledig vrijwarend hulp~ 
middel. om mathematische constructies of constructiemethoden te memo~ 
rizeeren of aan anderen te suggereeren. 

Dit vooropgesteld, moge voor bedoelde richtlijnen hieronder de formu~ 
leering worden gegeven, die mij op het oogenblik de meest adequate toe~ 
schijnt. In sommige opzichten wijkt zij van vroegere formuleeringen af. 

De intuïtionistische wiskunde dan is een essentieel taallooze gedachten~ 
<constructie. Zij ontstaat door zelfontvouwing van de tweeheidsabstractie 
als wiskundige oerintuïtie. Deze zelfontvouwing veroorlooft in eerste 
instantie de samenvatting niet slechts van eindige rijen van wiskundige 
systemen, doch ook van wetmatig onbegrensd voortschrijdende rijen van 
inductief voorgevormde wiskundige systemen. Doch in tweede instantie 
evenzeer de samenvatting van in volledige of aan (eventueel wisselende) 
beperking onderhevige vrijheid onbegrensd voortschrijdende rijen van wis~ 
kundige systemen. Ten slotte mogen bij dezen opbouw der wiskunde in 
ieder stadium eigenschappen, die voor reeds verkregen mathematische 
.denkbaarheden ondersteld kunnen worden, als nieuwe mathematische 
denkbaarheden worden toegevoegd onder den naam van soorten. Reeds 
verkregen mathematische denkbaarheden, waarvoor zulk een eigenschap 
geldt, worden dan als elementen der betrokken soort gequalificeerd. 

De soort, die meer dan andere de intuïtionistische wiskunde fertilizeert, 
is de spreiding (Menge). met haar elementen o.a. gedefinieerd in deze 
Proceedings Vol. XXIII, p. 950, 951. Wegens de taalloosheid der wis~ 
kunde behoort in genoemde definitie bij het woord teeken (Zeichen) , in 
het bijzonder ook bij het woord cijfergroep (Ziffernkomplex). gedacht te 
worden aan gedachtenteekens, bestaande in reeds verkregen mathematische 
.denkbaarheden. 
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Mathematics. - On sets of integers. (Second communication.) By J. G. 
VAN DER CORPUT. 

(Communicated at the meeting of March 29. 1917.) 

§ 2. Generalisations. 

Let us put the following question: IE two couples A. Band C, D satisfy 
the inequalities 

A (m) + B (m) =- r m; C (m) + D (m) =- c5 m (m=l. ... ,g) (17) 

and if each of the sets A. B. C and D contains zero. is it then possible to 
deduce similar inequalities involving A + C. A + D. B + C and B + D? 
In fact, that is possible. If r + c5 ;;;;; 1 we find 

(A + C)(m) + (A +D)(m) + (B+ C) (m) + (B+D)(m) =- 2 (r+") m. (IS) 

In particular, if r;;;;; -! and A and B both contain zero. we deduce from 

A (m) + B (m) =- r m (m = 1, ... , g) . (t9} 

the inequalities 

(A +A)(m) +(A +B)(m)+(A +B)(m) +(B+B)(m)=-ir m (m= 1. . .. ,g). 

I do not know whether the inequalities (19) imply 

(A + A) (m) + (B + B) (m) =- 2 r m (m= 1. ... ,g). 

The above result may be deduced by the following argument, due to 
F. J. DvsoN: 

Lemma 4. If a couple A, Bis transformed by the corresponding e~trans~ 
formation into A*, B*, then we have for m = L ... , 9 and for every set U 
consisting of integers ~ 0 

(U + A*) (m)-(U + A) (m) -c::: (U + B) (m-e)-(U + B*) (m -el, 

th us also 

(U + A*) (m)-(U + A) (m) -c::: (U + B) (m)-(U + B*) (m). 

For a proof of this lemma it is sufficient to show th at every integer 
h ;;;;; g. which occurs in U + A * and not in U + A. has the property that 
h - e occurs in U + Band not in U + B*. The number h in question 
has the form u + a*, wh ere a* occurs in A* and not in A. Hence 
a* = e + b, where the positive integer b is contained in B, so that 
h-e = u + b occurs in U + B. IE h-e was an element of U + B*. then 
h - e would be of the form u* + b', where u* would occur in U and b* 
in B*. Then a = e + b* would be an element A. In facto if not. b* is 
positive (because e is an element of A) and this positive integer b* would 



341 

have been cancelled in B by the e~transformation and therefore not occur 
in B*. This gives a contradiction. since h = u* + a does not occur in 
U+A. 

Theorem S. Let the systems A and B both contain zero and satisfy 

A (m) + B (m) =- r m (m = 1 •...• g). . . • . (20) 

where r::;:;; 1. Then a set Z exists, containing zero and satisfying the 
inequalities 

Z(m)=- r m (m=l •...• g) •. ....• (21) 

with the property that for every system U of integers ~ 0 and tor 
m = L ... , 9 the inequalities 

(U + A) (m) + (U + B) (m) =- (U + Z) (m) + U (m) (22) 
and 

(U + S)(m) =- (U + Z)(m). . . .. (23) 

are va lid; here S = A + B. 
The right hand sides of (20) and (21) may be replaced by r(m + 1)- 1. 
IE U consists only of the number zero. (23) gives the theorem of Mann. 
The proof proceeds as follows: 
IE B contains no positive elements ::;:;; g. then the set Z = A possesses the 

required properties. We may therefore suppose that B contains at least 
one natural number ::;:;; 9 and further we may suppose the theorem proved. 
if B(g) is replaced by a smaller number. We transform the couple A. B 
by the corresponding e~transformation into a couple A *. B*. satisfying the 
inequalities 

A * (m) + B* (m) =- r m (m= 1. ... . g). 

In virtue of B* (g) < B (g) there exists by induction a set Z of integers 
2: 0 with (21). containing zero. such that for m = 1 ..... 9 

(U + AO) (m) + (U + B*) (m) =- (U + Z) (m) + U (m) 
and 

(U + S*)(m) =- (U + Z)(m). . . . . . . (24) 

where S* = A* + B*. The preceding lemma gives (22). From lemma 3 
it follows that S* is a subset of S. so that (23) follows from (24). 

Now it is easy to show that the inequalities (17) imply (18). if each of 
die sets A. B. C and D contains zero. In facto by the above theorem. two 
sets Zand Y exist. with 

Z(m)=- r mand Y(m) =- b m 

su eh that we obtain for these values of m 

and 

(m = 1 •..•• g). 
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and that the left hand side of (18) is at least equal to 

(C + Z) (m) + (D + Z) (m) + C (m) + D (m) 

==-(Y + Z)(m) + Z(m) + C(m) + D(m) ==-(Y + Z) (m) + r m + 15 m. 

Prom the theorem of MANN it follows that (Y + Z) (m) is at least equal 
to (y + b)m, which proves (18). 

Above I gave the argument of DVSON, simplified and generalised. The 
prooL given by MANN of the a + p~hypothesis does not apply elementary 
but more complicated transformations, used also by ARTIN and SCHERK. 
These transformations enable us to prove in a simple manner the following 
theorem: 

Theorem 6. lf A and B both contain zero and 

A (m) ==- a (m + 1) (m= L ... ,g),. (25) 

where fl denotes a natural number, not belonflinfl to A + B. then 

(A + B) (g) ==- a (g + 1) + B (g). . (26) 

T 0 illustrate the sharpness of this proposition I consider the two 
systems A and B, both consisting of the numbers 0, 1, 2, 6, 7, 8, 12, so 
that A + B is formed by the integers 

0,1,2,3,4,6.7.8,9.10.12.13.14,15,16,18,19.20,24. 

Here 

A (m) ==- t (m + 1) (m= 1. ...• 11). 

so that we obtain by means of the above theorem 

(A + B)(ll)==-t. 12+5=9. 

It is impossible to find a better result, since the left hand side just equals 9. 
The theorem is even so sharp, that it is not allowed to replace in (25) 
the number a (m + 1) by a mand at the same time in (26) the number 
a(fl + 1) by afl. In fact, in our example we have 

A (m) ==- t m (m = 1. .... 11). 
but 

t. 11 + 5 > (A + B)(11). 

Inequality (26) is not necessarily true for an element fl of A + B, for 
in our example the inequalities (25) are valid with a = t for m = 1. .... 12. 
but 

t . 13 + B (fl) = V + 6 

is greater than (A + B) (12) = 10. 
In the proof I may suppose that B contains at least one positive element 

;;;; fl, since otherwise the assertion is evident in virtue of B(fl) = 0. 
Be e an arbitrary element < fl of B. I denote by S the system A + B 

and by S the system of integers ~ e and < fl not belonging to S. I consider 
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the elements s of S to which corresponds at least one element slof S so 

that 8 + 81 - g - e denotes an element of A; the set formed by these 

integers s will be denoted by S'. IE s runs through the set S', then 

b' = g + e - s runs through a set which I call B'. In virtue of e :s; 8 < g 

each element of B' is > e and :s; g. The integer snot belonging to S is not 
equal to zero. Hence there is an (1, 1) ~correspondence between the positive 
elements :s; g of B' and S', thus B'(g) = S'(g). 

Each element b' of B' can be written in the form Sl - a, where 81 is an 

element of S and a an element of A. IE b' would belong to B, th en 

SI = a + b' would belong to A + B = S, which is exc1uded. Consequently 
Band B' are disjunct. 

IE S does not contain g - 1, it is possible to choose the element e < g 
of B, such that g - 1 is an element of S'. In fact, be m the greatest 
element < g of S. Since g - 1 does not belong to S, we have m :s; g - 2. 
The integer m belonging to S = A + B can be written in the form 
m = a + e, wh ere a is an element of A and e is an element of B. The 
integers g - 1 and m + 1 do not belong to S and are both :2: e and < g; 
further (g-l) + (m + 1) - g - e = m-e is equal to the element a 

of A, consequently g - 1 and m + 1 are both elements of S'. 
Denote by B* the set, formed by the integers belonging to at least one 

of the sets Band B'; further by S* the set formed by the integers, belonging 
to at least one of the sets S and S'. In order to show that A + B* and S· 
contain the same integers :s; g, it is sufficient to prove, that each element 
:s; g of A + B* occurs in S* and that each element :s; g of S· occurs in 
A+B*. 

Be s an element :s; g of A + B*. IE s is an element of A + B = S, 
then it is certainly an element of S·. In the remaining case s is an element 
:s; g of A + B'. IE g belongs to A + B', then g = a + b', where 

b' = g + e - 8, hence s = a + e, contrary to the hypothesis that s does 
not belong to S. Consequently s denotes an element < g of A + B' and 

s = a + b' = a + g + e-8, where 8 is an element of S'. Thus s:2: b' :2: e 
and s and s denote two integers both :2: e and < g not belonging to S, 

with the property that s + s - g - e = a is an element of A. By con~ 
vention s is an element of S', consequently also of S*. 

Each element of S = A + B occurs in A + B*. To each element slof 
S' corresponds at least one element s of S, with the property that 

S + Sl-g-e = a denotes an element of A; th en g + e-i = b' 
belongs to B', consequently i1 = a + b' to A + B' and therefore also to 
A + B*. Hence each element of S· belongs to A + B*. 

The proof now runs easily. I may assume the theorem already proved 
if g is replaced by a smaller natural number, not belonging to S. I 
distinguish two cases: 
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1. Be g - 1 an element of S. I put q = O. if S contains all natural 
numbers :;;;; g - 1; otherwise q be the greatest natural nu mb er :;;;; g - 2. not 
belonging to S. The set B contains B(g) - B(q) integers > q and :;;;; g 
and none of these numbers has the form g - a. where a denotes an element 
of A. The number of integers > q and :;;;; g of the form g - a is 
1 + A (g-q-l). hence 

g-q ===- B (g)-B (q) + 1 + A (g-q-l). . .. (27) 

Sin ce S contains the numbers g - 1. .... q + 1. we have 

S (g)-S (q) = g-q-l. 

If q = O. we obtain by (27). applied with A(g-l) = A(g). 

S (g) = g - 1 ===- A (g) + B (g) ===- B (g) + a (g + 1). 

so that then the proof is established. 
If q> O. I deduce from (27) 

S (g) - S (q) = g - q - 1 ===- B (g) - B (q) + a (g - q). 

Since the theorem is assumed true. if g is replaced by the smaller integer q 
not belonging to S. I obtain 

S (q) ===- B (q) + a (q + 1). 

Adding we obtain the required result. 
2. Let us suppose that g - 1 is not an element of S. I choose the 

element e of B. so that g-1 is an element of S'. Then g-1 belongs to 
S*. hence also to A + B·. The number g belongs neither to Snor to S'. 
hence neither to S· nor to A + B·. I may therefore apply the result. found 
in 1. with B* instead of B. In this manner I find. since S· and A + B· 
contain the same numbers :;;;; g. 

S· (g) ==- B· (g) + a (g + 1). • •• •• . (28) 

The disjunct sets Band B' form B* and the disjunct sets S and S' form 
S·. consequently 

B (g) + B' (g) = B* (g) and S (g) + S' (g) = S· (g). 

so that B'(g) = S'(g) implies 

S (g)-S* (g) = B (g)-B* (g) 

and the assertion follows from (28). 

§ 3. Weights. 

In § 1 we considered the nu mb er of positive integers not exceeding a 
certain bound g and occurring in given systems. In this section I give to 
every natural number m:;;;; g a positive weight [(m). so that A(m) does 
not denote the number of positive elements :;;;; m of A. but the sum 

A (m) = Z [(a), 
a~m 
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extended over all positive integers :s; m. occurring in A. Just as in the 
preceding section zero is never counted. It will appear. that the preceding 
argument may be applied almost unchanged. if we impose to the weights 
f(m) the conditions 

f (m) > 0 (m = 1. .... g) ~ 
f(m + 1) =- f(m) (m = 1. ...• g-l) 

f2 (m + 1) =- f(m) f(m + 2) (m = 1. ...• g-2). 

• • (29) 

We shall find 

Theorem 7. lf A and B both contain zero, if the weights f(m) satisfy 
the conditions (29) and if 

m 
A (m) + B (m) =- r 2 f(h) 

h=1 
(m = 1. .... g). . . . (30) 

where r :s; 1. then 

m 

(A + B) (m):>- r 2 f(h) 
h=l 

(m = 1. ...• g). . . . (31) 

IE we choose f (m) = m. then A (m) denotes the sum of the positive 
elements :s; m of A. In the first example. given in § 1. we considered the 
systems 

A . .. O. 1. 2. 6. 7. 12. 19 
B ... 0.1.2.6.7. 8.12.20 

A + B . .. 0.1. 2. 3, 4, 6. 7. 8. 9.10.12, 13, ti, IS, 

18,19,20,21.22.24,25.26.27.31,32.39. 

Here we have for m = 1. .... 12 

A (m) + B (m):>- t (1 + ... + m). 

hence 

(A + B)(m) =- t (1 + ... + m). 
in particular 

(A + B) (12) =- i- X 6 X 13 = 31.2. 

This result is rather bad. for the value of (A + B) (12) is equal to 62. 
Above we gave a positive weight f(m) only to the positive integers 

m :s; g. but it is possible to provide each number m with a positive weight 
f(m). such that 

f(m + 1) =- f(m) and f2 (m + 1):>- f(m) f(m + 2). . . (32) 

for each positive integer m. In facto iE 9 ~ 2 and iE f(m) satisfies the 
conditions (29), then I put 

f(m+1) = f2(m) f =-
f(m-1) orm=g. 
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This function possesses the required properties, since we obtain for 
m~g 

[(m + I) _ [(m) [(g) :=: I 
[(m) - [(m-I) - ... - [(u-I)-

and further for m ~ g - 1 

[2 (m + I) = [(m) [(m + 2). 

In order to be able to prove theorem 7 by means of the principle of 
mathematical induction, it is necessary to generalise this theorem, where
fore I use the following lemma: 

Lemma 5. ff every natural number m possesses a positive weight f(m) 
with f2(m + 1) ~ f(m) f(m + 2) and if the n systems Al' ... , An (n ~ 1) 
satisfy the inequalities 

m 
Adm) + ... + An (m) ==- y }; [(hl (m = 1. ... , g),. . (33) 

h=\ 

then w-:: obtain for the same values of mand for each integer r ~ 0 

m 
I [(a\+r)+ ... + I [(an + r)==-y I[(h+r);. (31) 

al~m an~m h=\ 

the sum I is extended over all positive elements ah :;;; m of Ah. 
ah~m 

Proof. In the special case r = 0 the formula (34) becomes (33), 50 

that then there is nothing to be proved. If the special case r = 1 of lemme 5 
has been proved and if we replace f (m) by the function f (m + 1) (this 
function satisfies also the imposed conditions ), then we obtain (34) with 
r = 2. In this manner we find the assertion successively for r = 2,3, ... , 
so that we have only to give the proof for r = 1. 

Since the assertion is evident for y:;;; 0, I may suppose ï > O. Then 
Al (1) + ... + An (1) > 0, so that at least one of the sets Alo ... , An con
tains the numbcr 1. Suppose 1 = t l < t2 < ... < ta are thc different 
integers :;;; m, belonging to at least one of the sets Alo ... , An. Put 
ta+l = m + 1. Inequality (33), applied successively with t2 - 1, ... , tu+! -I 
instead of m, gives 

'u+\-\ 
À\ [(td + ... + lu [(tu) ==- y I [(h); 

h=\ 

here .h denotes the number of systems Alo ... , An, containing th. 
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The left hand side of (34) can be written in the form 

Il {(tl + 1) + ... + Iu {(tu + 1). . • (35) 

In order to obtain for this sum an appropriate lower bound. I multiply 
the sides of the above inequalities respectively by 

((tl + 1) {(t2 + 1) ((t2 + 1) {(t3 + 1) 
((tl) - ((t

2
) : ((t

2
) - {(t

3
) : ••• ; 

((tu-I + 1) 
{(tu-I) 

{(tu + 1) {(tu + 1) 
((tu) , ((tu) • 

All these factors are ~ 0 in virtue of 

{(h + 1) ===- {(h + 2) 
((h) = {(h + 1) 

. . • • • . . (36) 

Adding we find. since ti = 1. 

Il ((tl + 1) + ... + Iu {(tu + 1) 

===- r ((tl + 1) t"i/ ((h) + r {(t2 + 1) t1i/ {(h) + ... + r {(tu + 1) tUi: -I((h). 
{(tl) h=t, ((t2) h=t. ((tu) h=tu 

In the first sum we have f(i(~) 1) {(Tt) ~ {(h + 1) in virtue of (36); 

similarly in the second sum ((t2(~ 1) {(h) ~ {(h + 1). and so on. Hence 
( t2 

(35) is at least equal to 

t.-I tu+I-1 m 

",I ((h+l)+ ... +r Z {(h+l)=r Z ((h+1), 
h=t, tu h=1 

which proves the lemma. 
As it will appear, it is sufficient for the proof of theorem 7 to repeat 

the argument of § 1. but now applied on the case the weights 1 are 
replaced by arbitrary weights {( m) with the proper ties (32). Instead of 
lemma 1 we obtain 

Lemma 6. If A contains zero and 

m 
A(m)+B(m)=-r ~ {(h) (m = 1. ... , g), 

h=1 

where r:;;;; L th en each elementary transformation transforms the couple 
A, B into a couple A', B' with the property 

m 
A' (m) + B' (m) ===- r Z {(h) (m = 1, ... , g). 

h=1 
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For the proof it is recommendable to deduce a more general result. viz.: 
under the conditions of lemma 6 the inequalities 

m 
~ {(a' + r) + ~ {(b' + r)~ y ~ {(h + r) 

a'~m b'~m h=l 
(m = 1. .... g) (37) 

are true for every integer r ~ 0; the first sum is extended over all positive 
elements a';;;; m of A' and the second over all positive e1ements b';;;; mof B'. 

The special case r = 0 gives lemma 6. 
Let us suppose that this assertion is not true. Be k the smallest positive 

integer;;;; g. for which the lemma is not valid. more precisely: the positive 
integer k ;;;; g possesses the fo11owing properties: 

1. It is possible to find a system A containing zero and a system B 
satisfying the inequalities 

m 
A (m) + B (m) ~ y 1: {(h) (m = 1. .... k). . . . (38) 

h=l 

such that a convenient e1ementary transformation transforms A. B into a 
coup Ie A'. B'. for which at least one of the inequalities 

m 
~ {(a' + r) + ~ {(b' + r) ~ y ~ [(h + r) 

a'~m b'~ m h=l 
(m = 1. .... k) (39) 

is not true for a conveniently chosen integer r ~ O. 
2. Be I an arbitrary positive integer < k. IE C contains zero and if 

m 
C (m) + D (m) ~ y ~ {(h) (m = 1 •... • 1). 

h=l 

then each e1ementary transformation transforms C. D into a couple C'. D' 
such that 

m 

1: {(c'+t)+ 1: {(d'+t)~y ~ {(h+t) 
c'~m d'~m h=l 

(m = 1. ... • 1). (40) 

wh ere t denotes an arbitrary integer ~ O. 
The special case I = k - 1. t = r. C = A and D = B gives that the 

inequalities (39) are true for m = 1 ..... k - 1. Consequently (39) is not 
valid for m = k. hence 

k 

1: {(a' + r) + 1: {(b' + r) < y ~ {(h + r).. . . (41) 
a'~k b'~k h=l 

From lemma 5. applied with n = 2. Al = A and A 2 = B. it fo11ows for 
m = 1. ... , g, that 

m 
~ {(a+r)+ ~ {(b+r)~r ~ {(h+r) (m=1. .... g). 
a~m b~m h=l 

so that we obtain. by putting m = k, 

k 

1: {(a + r) + 1: {(b + r)~ y 1: {(h + r). . . . (-42) 
a~k b~k h=l 



349 

The elementary transformation, which transforms the couple A, B into 
A', B', cancel!> in B a positive element bo. The case bo > k is excluded. 
In fact, in that case we would not have cancelled in B any element ::;; k, 
nor added to A any element ::;; k, so that 

2 {(a' + r) + Z {(b' + r) = Z f(a + r) + Z f(b + r), 
a'~k b'~k a~k b~k 

contrary to (41) and (42). Similarly the integer e + bo, possibly added 
to A. is certainly greater than k, for otherwise we would have added to A 
an integer e + bo ::;; k with weight [(e + bo + r) ~ [(bo + r). whereas 
we would have cancelled in B an integer bo ::;; k with weight [(bo + r) 
and this is also contrary to (41) and (42). Consequently bo ::;; k < e + bo. 

Since e is the smallest element of A, such that e + bo does not belong 
to A, each element a < e of A, consequently also each element a oe::: k - bo 
of A, possesses the property, that a + bo belongs to A. Thus bo is an 
element of A and 

hence 

2 f(a + r)~ ~ f(a + r) + f(bo + r) + Z {(a + r + bo). 
a~k a~b.-! a~k-bo 

The inequalities (39) are valid for m = 1, ... , k -1, whence 

sin ce this inequality is also valid for bo = 1. The proof is established, if 
we show 

k-bo 
Z f(a + r + bo) ~ r Z {(h + r + bo). . . . (43) 

a~k-bo h=! 

In fact, then we find, since A and A' consist of the same integers ::;; k, 

Z ((a'+r)+ 2 f(b'+r):= Z f(a+r)+ Z {(b'+r) 
a'~k b'~k a~k b'~bo-! 

bo-! k - bo 

=- r Z {(h + r) + {(bo + r) + r 2 {(h + r + bo) 
h=! h=! 

k 

~ r Z f(h + r), 
h=! 

contrary to (41). 

Lemma 5, applied with n = 2, Al = A and A 2 = B. furnishes for 
m = 1, ... , g and for each integer t ~ 0 

m 

Z f(a + t) + 2 {(b + t) =- r 2 f(h + t). 
a~m b~m h=! 

I apply this inequality with t = r + bo for m = 1, 2, ... , k - bo. In this 
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manner I find. that there exists at least one subset D of B with the 
properties 

m 

X {(a + t) + X {(d + tr= r X {(h + t) (m = 1. .... k- bo); (44) 
a~m d~m h=1 

in fact D = B possesses the required property. I choose the subset D of B 
with these properties. such that the number of elements of D is as small 
as possible. It is sufficient to prove that D does not contain any positive 
elements. for then L: = 0 and (43) follows from (44). 

d~m 

Let us suppose for a moment. that D contains at least one positive 
element. Just as in the proof of lemma 1. the coup Ie A. D can be trans~ 
formed into a couple C'. D' by an elementary transformation. which cancels 
in D one positive number and does not add to A an integer:;;; k - bOf so 
that C' (m) = A (m) for m = 1. ...• k - bo. Since the inequalities (44) are 
true for m = 1. .... k - bOf and the couple A. D is transformed into 
C'. D' by an elementary transformation. we obtain by induction for 
m = 1. .... k-bo 

m 
L: {(c' + t) + X {(d' + t)~ r L: {(h + t). 

c'~m d'~ m h=\ 

hence 
m 

L: {(a+t)+ I {(d'+t)~r X {(h+t) (m = 1. ...• k-bo)· 
a~m d'~m h=\ 

These inequalities are impossible since D' is a subset of Band contains 
less elements than D. This proves the lemma. 

Since an e~transformation is composed of a finite nu mb er of elementary 
transformations. lemma 6 gives immediately: 

Lemma 7. lf the set A, containing zero, satisfies 

m 

A (m) + B (m) ~ r X {(h) (m = 1, .... g). 
h=1 

where r :;;; 1, and if the couple A, B is transformed by the corresponding 
e~transformation into a couple A·, B*, then 

m 
A* (m) + B" (m)::O- r L: {(h) (m= 1, ... • g) •. . (45) 

h=1 

The proof of theorem 7 runs as follows: 
I may assume that B contains at least one positive element and I may 

suppose the theorem proved. jf B is replaced by a system containing less 
elements. By an e~transformation we can transform the couple A. B into 
a couple A ~ .B*. which satisfies by lemma 7 the inequalities (45). Since B* 
contains less elements than B. we have by induction 

m 
(A* + B*) (m) ~ r X {(h) (m = 1. ...• g). 

h=\ 

wherefrom the assumption follows by lemma 3. 



Mathematics. - Sur les systèmes d'équations aux dérivées partielles, qui, 
comme les systèmes normaux, comportent autant d' équations que 
de fonctions inconnues (quatre communication ) . By A. FINZI. 
(Communicated by Prof. L. E. J. BROUWER.) 

(Communicated at the meeting of March 29, 1947.) 

§ X. 
Equations de l'applicabilité des surfaces. 

Nous allons utiliser les résultats obtenus pour étudier un système non 
normal remarquable: les équations de l' applicabilité des surfaces. 

Nous retrouverons un théorème con nu de géométrie différentielle. 
Cette étude a déjà été faite, par une autre méthode, par HADAMARD 1) . 
Les équations dont nous voulons parler ont, comme on sait, la forme 

(
OX)2 (oy)2 (OZ)2_ 
au + au + OU/ -E(u, v), 

OXOX + oy oy + oz oz = F(u, v), 
au ov au ov au ov (18) 

(
OX)2 (oy)2 (OZ)2_ ov + au + au - G (u, u), 

x, y, z étant les coordonnées cartésiennes d'un point quelconque de la 
surface, qu'il s'agit de déterminer, et u et v sont les coordonnées de Gauss 
sur la même surface, dont Ie ds2 est: 

Edu2 + 2 Fdu du + Gdv2. 

L ... d J d' t . OX oy OZ a caractenstlque u ACOBIEN u systeme par rappor a au' Ou • au est 

égale à deux, et on ne peut pas espérer réduire Ie système à la forme 
normale par un changement de variables puisque, comme il est facile de 
vérifier, il a un caractère invariantif. 

A cause de ce caractère nous pouvons supposer dans notre note, que la 
courbe portant les données initiales est u = O. 

Appliquant aux équations (18) la méthode exposée dans les § 1 et 2, 
on arrive au système d'ordre 3· 1 -1 = 2: 

(~~)2 _ 02X 02X + ( 02y )2 _ 02y à2y + (~~)2 _ 02z 02Z = 
au ov ou2 ou2 au ov a u2 ou2 au au a u2 ou2 

1 (alE 02F 02G) 
= 2 ou2 - 2 au ov + ou2 • 

(19) 
Ox 02 X + oy à2 Y + OZ 02 Z _ ! oE 
au ou2 au ou2 au ou2 - 2 au • 

ox 02x + ox 02X + oy 02y + oy 02y + oz 02Z + oz 02Z _ aF 
au au au au ou2 au au au 011 ou2 au au au ov ou2 - au . 

1) Bull. Soc. Math. F rance (1906), 48. 
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Les équations (19) forment un système normal puisque Ie déterminant 
des coefficients des dérivées secondes de x, y, z par rapport à u 

02X o2y 02Z 
ou2 ou2 ou2 

OX ày OZ 
(20) ou àu ou 

àx ày OZ 
ou ou au 

u'est pas identiquement nul. 
Le système (18) admet donc une solution et une seule quand on se 

donne les trois fonctions x (0, v), y (0, v), z (0, v) satisfaisant à la condition 
nécessaire constituée par la troisième équation (18). 

Cela revient à dire que la forme de la surface est déterminée quand on 
se donne la courbe u = o. 

On retrouve donc Ie théorème connu: Si SUl' une surface flexible on 
maintient une courbe rigide, la surface ne peut pas être déformée. 

Le cas d' exception se présente quand les valeurs initiales rendent nul 
Ie déterminant (20), ou les dérivées par rapport à u, conformément à ce 
qui a été dit au § IX, peuvent s'exprimer en fonction des valeurs initiales 
elles~mêmes. 

Quand Ie déterminant (20) s' annule on dit que la courbe u = 0 est 
asymptotique; dans ce cas les valeurs initiales doivent satisfaire, non 
seulement à une, mais à deux conditions. D'autre part, de telles valeurs ne 
déterminant plus la forme de la surface, il existe des déformations qui 
laissent rigide une asymptotique 2) . 

§ XI. 

Extension au cas le plus général des résultats de la présente recherche. 

Les résultats des paragraphes précédents peuvent être étendus au cas 
ou Ie déterminant Q, d'ordre n, a la caractéristique n - t. Nous montrerons 
qu'il ex is te dans une telle hypothèse t combinaisons entre les dérivées 
cr ordre h (n - t) des équations du système donné, dans lesquelles les 
coefficients des inconnues de I'ordre Ie plus élevé h(n - t + 1) sont nuls. 

De la matrice constituée par les n - t premières lignes de Q et par une 
des t suivantes, par exemple par la n - t + 1 ~ème, nous pouvons extraire 
un déterminant d' ordre n - t + 1, en associant la colonne j~ième 

(j = 1,2, ... , t) aux n-t dernières. 
Le développement de ce déterminant montre qu'il s'agit d'une forme 

homogène en p de degré h (n - t + 1) à coefficients identiquement nuls. 
En supprimant les éléments appartenant à une quelconque des n - t + 1 

2) Cf. BIANCHI, Lezioni di geometria differenziale [Pisa 1894], pag. 199. 
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lignes de la même matrice, on tire ensuite des n - t dernières colonnes un 
déterminant d'ordre n - t, qui est, à son tour, un polynome homogène en 
p de degré h (n - t): désignons par 

.d~or, .•. rm (1'0 + rl + ... + rm = h (n - t)) 

Ie coefficient de p~o p[, .. . pr m dans Ie déterminant obtenu en supprimant les 
m 

éléments de la i~ième ligne (i = I, 2, ... , n - t + 1). 
Le coefficient de p~opf' ... pSm (so + s! + ... + Sm = (n-t + l)h) 

m 
dans Ie déterminant d' ordre n - t + I, considéré plus haut, est donné, 
comme on voit en développant suivant les éléments de la j~ième colonne 
de Q, par 

la sommation étant étendue à toutes les valeurs des h et des r pour les
quelles 

ho + ro = So: hl + rl = SI: h m + rm = Sm, 

alors que l'indice i varie de 1 à n - t + 1. 
On aura donc 

(j = 1,2, ...• t). 

Formons maintenant la combinaison 

(7') 

(21) 

Dans une telle combinaison Ie coefficient d'une dérivée de l'ordre Ie plus 
àlz(n-t+I) 

élevé cp j est donné - on Ie reconnait comme au para-
àxosoàxlSI .•. àxmsm 

graphe 1 - par 

VEil Ai 
"" Izoh, . .. hm ror, ... rm· 

la sommation étant étendue aux valeurs des h et des r qui vérifient (7'). 
Si j = 1. 2, ... , t, une telle expres sion est nulle à cause de (21): donc les 
coefficients des dérivées d'ordre h (n - t + 1) des cp!, CP2' ••. , cPt sont nuls. 

Si ensuite j> t l'expression est également nulle puisqu'elle coïncide avee 
Ie coefficient de p~o pf' ... pSm dans un déterminant qui a deux lignes 

m 

identiques et qui est par suite identiquement nul. 
Les dérivées de l'ordre Ie plus élevé de toutes les inconnues cp sont done 

éliminées. 
En associant aux n - t premières lignes, au lieu de la (n - t + 1) ~ième,. 

chacune de celles qui restent, on obtient en somme t - 1 autres com
binaisons 

...-,(2) _ O. m(3) - O. . m(lt ) -_ 0, 
~l - ,"*'1 - ,t···, ~ 

jouissant de la même propriété. 
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Nous pouvons maintenant construire un second système d'ordre 
(n-t + l)h-1 = h(l) 

àh(lLh F 
----c-c,-----'-, - 0 
àxoh(IL h -

(i = t + 1. t + 2, ...• n). 

(i = 1. 2 •...• t). 

Si ce second système est normal ou si, en répétant un certain nombre de 
fois les opérations indiquées. on parvient à construire un système normaI. 
on peut établir pour Ie cas actuel des considérations analogues à celles des 
paragraphes 11. lIl, V. 

Dans Ie cas contraire il devra exister entre les F, les qJ et leurs dérivées 
un certain nombre de relations identiques, d'une manière analogue au cas 
t = 1. 

Pour considérer un cas typique supposons qu'il existe entre les F, les 
W et leurs dérivées jusqu'à l'ordre hO, t relations d'identité 

lJFr (FI • F2 • •••• Fn . ... , qJ, • • •• x) = 0 (r= 1.2 •.. . , t). 

Supposons que la matrice formée à l' aide des n - t dernières lig nes de Q 
ait la caractéristique n - t. Nous pouvons construire t expressions différen~ 
tielles en cp d'ordre h, ZI' Z2' ... . Zt, telles que Ie système 

(i= 1. 2 •...• t) Ft =F,+Zi=O 
Fi=O (t = t + I, t + 2 •...• n) 

(13') 

soit normal. 
Supposons en co re que Ie système en Zi d'ordre hO 

'I'r (Ft. F2- •••• , Ft • Ft+l . .... Fn, ... , qJ, ••• , x) = 0 (r= 1. 2, .. , . t) 

soit normal. 
Ce système admet certainement la solution nulle. Quand la solution du 

système norm al (13') rend initialement égaux à zéro les Z et leurs h*-I 
premières dérivées, on aura donc partout 

(i = 1. 2, .... t) (1-4') 

et Ia solution du système normal (12') vérifiera aussi Ie système donné. 

§ XII. 

Equations de la gravitation d'Einstein. 

Les considérations du paragraphe précédent trouvent une application 
dans I'étude des solutions des équations de la gravitation d'Einstein. Ce 
sont dix équations du second ordre 

(22) 
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dans les dix inconnues glk. coefficients de la forme quadratique. qui définit 
la métrique de r espace~temps. 

Les Gik sont des expressions formées avec les glk et leurs dérivées 
premières et secondes. linéaires par rapport à ces dernières; elles constituent 
Ie tenseur de RICCI-EINSTEIN; la combinaison 

Iglk G lk = G 

(ou les gik sont les réciproques des gik dans Ie déterminant 11 glk \\) en 
constitue !'invariant linéaire; " est la constante universelle de la gravitation 
et les Tik sont les composantes du tenseur énergétique. lesquelles. dans Ie 
cas Ie plus simpie. doivent être considérées comme des fonctions données 
de la place. 

Les Elk = Gik - t Ggik satisfont quatre relations différentielles identi~ 
ques du premier ordre 

(i = O. 1. 2. 3). (23) 

~n désignant par Ie symbole I k la dérivation contravariante. 
A cause de ces relations Ie système (22) n'est pas normal et la caracté~ 

ristique du déterminant Q est égale. en généraI. à 10 - 4 = 6. 
On déduit facilement des (23) que dans les quatre combinaisons 

(i= 0.1. 2. 3) (24) 

les dérivées secondes par rapport à zO (XO• Xl. x 2• x 3 ) sont éliminées 3). de 
façon que ces combinaisions constituent certainement. pour les valeurs 
initiales. quatre conditions nécessaires pour la résolubilité des (22). 11 faut 
maintenant distinguer deux cas: Tik ~ 0 et Tik = 0 (i. k = 0,1. 2. 3). 

Dans Ie premier cas on peut déduire des (22) Ie système norm al du 
second ordre 

à 
Ik à,xO (Eik + "Tlk)lk = 0 

G ik + wtik=O 

(i = O. I, 2. 3) 

(i. k = 1. 2. 3) 
(25) 

(avec Tik = (Tik-fgik T)) de façon que les (22) rentrent (et précise~ 
ment avec 1 = 2), dans Ie premier des deux types fondamentaux dans les~ 
quels se partagent les systèmes non normaux. 

On peut démontrer que la solution des (25) vérifie aussi les équations 
de la gravitation (22) lorsque les valeurs initiales des gik et leurs premières 
dérivées satisfont à huit condition convenables: savoir les (24) et, en outre 
les 

(i = O. 1. 2. 3). (26) 

3) Cfr. LEVI-CIVoJTA, [Rendiconti de)J'Accad. dei Lincei 11 (1930), 113-*1. 

24 
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C'était d'ailleurs à prévoir, d'après la règle donnée au § VIII, que la 
c0nnaissance des valeurs initiales des inconnues et de leurs premières 
dérivées était suffisante pour déterminer la solution des (22). 

Lorsque au contraire Tik = 0, les équations de la gravitation rentrent 
dans Ie second des deux types fondamentaux. puisque (23) constituent 
précisément quatre conditions diHérentielles identiques entre les (22). On 
pourrait démontrer que dans ce cas les quatre conditions nécessaires (24) 
sont aussi suffisantes pour la résolubilité des équations (22). 

Naturellement. la solution du système n'est plus univoquement déter~· 
minée par la connaissance des valeurs initiales. 



Mathematics. - On the theory of linear integral equations. VII. By 
A. C. ZAANEN. (Communicated by Prof. W. VAN DER WOUDE.) 

(Communicated at the meeting of March 29. 1947.) 

§ 1. Introduction. 

In a series of six papers which were published in these Proceedings I). 
and will be denoted by I-VI in what follows. we have discussed the 
theory of linear integral equations with "symmetrisable" kernels. In 
another series. of which the present paper is the first one. we shall 
treat the case of systems of linear integral equations with "symmetrisable 
matrix~kernels". We shall prove. in fact. that the theory of completely 
continuous. symmetrisable transformations in a HILBERT space. expounded 
in I. is sufficiently general 50 as to have this case as one of its applications. 

Before entering into details. we shortly recall some de6nitions. given 
al ready in 11: Let ap. bp (p = 1 •...• m) be real numbers. such that 
ap < bp (p = 1. .... m). Then 6 = [al' bI:"': am. bm] is an interval in 
m~dimensional Euclidean space. The point (Xl •.•.• Xm) in this space will 
be denoted by x. and the set of all complex~valued functions f(x). for 

which If(x)12 is summabie (in the sense of LEBEsouE) over 6. by L~m)(6) 
or L 2 (6) or shortly by L2• The interval [al' bI:"': am. bm: BI.b l : ... : Bm.bm] 
in 2m~dimensional Euclidean space will be denoted by 6 X 6. and the 
set of all complex~valued functions f(x. y) (x.y € 6). for which If(x.y)12 
is summabie over 6 X 6. by L~2m) (6). Let now n ~ 1. Kij (x. y) € L~m) (6) 

(i.j = 1. .... n). [i (x) and gi (x) € L~m)(6) (i = 1. .... n) 2). Ä, a complex 
parameter. We consider the system of linear integral equations 

IJ=IJ Kj (x.y)fj (y)dy-Ä,t (x)=gi(X) (i= 1. .. . • n). (1) 
l; 

where Kij(x.y) and gi(X) are supposed to be given. We shall say that 
the system (1) has the "matrix~kernel" "Kij (x. y)". If the conjugate 
complex number of any complex number a is denoted by a. the adjoint 
matrix-kern el "Ki j (x. y)" of "Kij (x. y)" is de6ned by 

11 K7j (x. y) 11 = 11 Kji (y. x) 11· 

1) A. C. ZAANEN. On the theory of linear integraI equation~. Proc. Kon. Akad. v. 
Wetenseh .. Amsterdam. 49. I 194-204. II 205-212. III 292-301. IV 409-423. V 571-585. 
VI 608-621 (1946). (Indagationes Mathematicae VIII 91-101. 102-109. 161-170. 
264-278. 352-366. 367-380). 

2) The letters i and j in expressions such as ti (x ) or gi (x) are no exponents but 
always indices. 
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Several cases will be treated: 

1°. The matrix-kern el IIKijl1 is Hermitian. that is IIKijll=IIKiJII. 

in other words. KiJ (x. y) = KJdy. x) almost everywhere in 6 X 6. 
This is the analogue of the Hermitian case treated for n = 1 in 11. 

2°. The matrix-kern el 11 KiJ (x. y) 11 is the matrix-product of the matrix
kernel 11 Aij (x. y) 11 and the matrix 11 hij (y) 11. where the following conditions 
are satisfied: 

a. All hij (y) are bounded and measurable in 6. 
b. hij (y) = hjdy) and l:~ j=l hij (y) ai aJ ~ 0 for every system of 

complex numbers ai and every y € 6: the matrix 11 hiJ(Y) 11 is therefore 
Hermitian and of positive type. 

c. All Au (x. y) € L~m) (6). 

d. 11 hij (x) 11 • 11 Kij (x. y) 11 = 11 K;J (x. y) 11 . 11 hij (y) 11. in other words 

11 hij (x) 11' 11 Ai} (x. y) 11·11 hij (y) 11 = 11 hij (x) 11 • 11 A;J (x. y) 11 • 11 hiJ (y) 11· 

This condition is automatically satisfied if 11 Aij (x. y) 11 is Hermitian. 
This case is the analogue of that which we treated for n = 1 in 111. 

For general n;?; 1 it was considered by J. ERNEST WILKINS in 1944 3). 

who. however. besides the already mentioned conditions. supposed all 
hij (y) to be continuous in 6. and all A ij (x. y) to be bounded in 6 X 6 
with their discontinuities "regularly distributed". We shall free ourselves 
from these limitations. and. moreover. prove a great deal more. 

3°. The matrix-kern el 11 Klj (x. y) 11 (all Kij (x. y) € L~m) (6)) has the 
property that there exists an Hermitian matrix-kernel 11 Hij (x. y) 11 (all 

HIJ (x. y) € L~m) (6)) of positive type such that the matrix-product 

is Hermitian. This is the analogue of the case of the Marty-kernel 
treated in IV. Several specializations. corresponding with the cases 
treated in V and VI. will also be considered. 

In all these cases we shall show that the characteristic values of (1). 
if any exist. are realo that under very general conditions this system 
has at least one characteristic value À =/=- O. and that the characteristic 
values possess aremarkable maximum-minimum property. Furthermore 
we shall prove some expansion theorems for functions of the form 

f Klj (x. y) f(y) dg. as well as for the elements of the matrix-kern el 
lo. 

11 Klj (x. g) 11 themse1ves. 
In the present paper some general theorems will be proved. and the 

case of an Hermitian matrix-kemel will be treated. A knowledge of 
the contents of the papers land 11 is assumed. 

3) J. ERNEST \VILKINS. Definitely self-conjugate adjornt integral equations. Duke
Mathematical Journal11. 155-166 (1941). 
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§ 2. Some general theorems. 

Let R be a complete (not necessarily separable) HILBERT space. If 
the elements of Rare denoted by f. g ....• the scalar product of f and 
g by (f. g). and if À is an arbitrary complex number. it is weIl~known 
that the set Rn of all elements I f j = I [I ..... fn I. when the fundamental 
operations and the scalar product in it are defined by 

Ifl + Igl = 1[1 + gl •..•• fn + gnl. À Itl = 
= Pf1 •. ..• Àfnj. Of!, IgD = ~F=I (fi. gi), 

is also a complete HILBERT space. 

We suppose that Klj (i. j = 1 •... n) are linear transformations, defined 
for every f € R. Then, by 

gl = ~1=1 Klj fi (i = 1. .... n), . . . . • (2) 

a linear transformation I g I = K I ti in Rn is determined. 

Theorem 1. K is bounded in Rn if and only if all K ij are bounded 
in R. 

Pro of. 10. Let IIKij l1 ~M(i.j= l. .... n). Then 

11 Igl W = 1:F=1 11 gi W = ~F=1 111:1=1 Kij fj 11 2 ~ 

~?=1 (1:1=1 Mil fj 11)2 ::S; ~F=1 (M n 11 IflllF = M2 n3 11 Ifl W, 
hence 11 Kil ~ M n'/·. 

20• Let 11 Kil ~ l",[, and suppose that for one (at least) of the trans~ 
formations Kij there exists an element fa € R such that 11 Kido 11 > M il fa 11. 
We define I fa I = I fci , .... ft j by fd = fa and ft = 0 for k =f j, hence 

IllfaI I12=~F=11 I f~W=llfaW· Then, writing Igaj=Klfal. we have 

11 KlfaII12=~r=1 11 gbW;:: 11 gg W= IIKij # W = 
11 Kij fa 112 > M211 fa 112 = M211 Ifa1112, 

in contradiction with 11 Kil ~ M. Hence 11 K ij 11 ~ M (i,j = 1. ... , n). 

Theorem 2. K=f 0 (the nulltransformation) in Rn if and only if 
one at least of the transformations Kj =f 0 in R . 

Proof. It is trivial that K =f 0 implies Kij =f 0 for one at least of 
the transformations Kij. H. converse1y. Kij =f 0 for a certain set of 
indices i. j. we define I ti = I fl, .. . • fn I by fj = f, wh ere Kij f=f 0, and 
fk = 0 for k =f j. Then. when I g j = K I fI, we see that gl = Kij f=f O. 
hence K=f O. 

As weIl~known. the bounded linear transformation T, defined for all 
elements of a HILBERT space. is said to be completely continuous when 
every bounded infinite set of elements contains a sequence fk such that 
the sequence T 6 converges. 
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Theorem 3. K is completely continuous in Ril if and only if all K iJ 
are completely continuous in R. 

Proof. 1°. LetKlj (i.j= 1 ..... n) be completely continuous. Let. furthermore. 

Itl be an infinite set of elements in Ril. such that ii I fl [12 = 2:F=l ii[iii2~M 
for all I fI. Then this set contains a sequence I ft I (I = 1. 2 •... ) such 

that KIl fl converges ; the sequence I ft I in its turn contains a subsequence 

I f,1I I (m = 11.12 .... ) such that Kld~ converges. and so on. In this way 
we obtain a subsequence I fr I such that 

limr~ CD Kij t! = gij. 

Writing 2:7=1 gij=gi and Igl=lgl ..... glll we have limHCD Klfrl=lgl, 
which shows that K is completely continuous. 

2°. Let K be completely continuous. Let. furthermore. the infinite set 
of elements f € R be given. where ii f[12 ~ M for all f. Defining the 
corresponding set of elements I ti = I [I ..... fll I € Ril by fj = f and 
fk = 0 for k ~ j. we have ii I fl [12 = ii fj [12 = ii fii 2 -:::; M for all f. The 
set I fl contains therefore a sequence I fr I sucb that I g rl = KI fr I 
converges in Ril. Then g~ = Kij t! = K ij fr converges in R. which shows 
that Kij (i. j = 1 •...• n) is completely continuous. 

We shall consider only bounded linear transformations K of the form 
(2) in Ril. Then the adjoint transformation K* exists. and a simple 
computation shows that K* is of the same form. and that 

(K*)1j = (Kji )*. 

It follows that K is self-adjoint if and only if KiJ=(Kji)* (i.j=1. .... n). 
We observe that if the bounded linear transformations K and L in Ril 
are of the form (2). the same holds for L K. and 

(LK)iJ = 2:f=1 Lik KkJ. 

To be able to mention some concrete applications of the foregoing 
theorems. we recall the well-known fact that the set L~m) (6) of functions. 
defined in § 1. is a HILBERT space if the fundamental operations are 
defined in the usual way. and the scalar product of f and g as 

(f, g) -J f(x) g (x) dx. 
l; 

so that 

lifii = (J ifi2 dX )1:'. 
l; 

Convergence of 1:':=1 fk (x) to f (x) in this space means that lim r~ CD 
i i f - 2:k=1 fk i i = 0; to . avoid any misunderstandings. we shall say th at 
2:k=1 fdx) converges in mean to f(x). and write 

f(x) (/) 2:;=1 fk (x). 
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reserving the term convergence for ordinary point~wise convergente. 

In the same way the set L~m)(6) may be considered as a HILBERT 

spa ce with scalar product 

(f, ghm = J f(x, y) g (x, y) dx dy. 
I:; XI:; 

The following lemma's we suppose to be known: 

Lemma 1. If, for x € 6, A (x) is a complex~valued, measurable 
function, the transformation A, defined by 

Af= A (x) f(x), 

is a bounded linear transformation in L~m) (6) if and only if A (x) is 
bounded on 6. In this case the adjoint A· is given by 

A*f= A (x) f(x); 

we have A*"O (the nulltransformation) if and only if A (x) *" 0 on a 
set of positive measure; A is self~adjoint if and only if A (x) has only 
real va lues (almost everywhere on 6). Supposing A to be bounded and 
self~adjoint. it is of positive type if and only if A (x) is non~negative 
(a/most everywhere on 6). 

Lemma 2. If, for (x, y) € 6 X 6, A (x, y) is a complex~valued, 

measurable function, such that 

J [ A (x, y) [2 dx dy . . . . • • • . (3) 

I:; x I:; 

is finite (in other words, A (x, y) € L~m) (6)) the linear "integral trans

formation" A in L~m\ (6), defined by 

Af= J A (x, y) f(y) dy, 

I:; 

is completely continuous. The adjoint A * is given by 

A* f= J A (y,x) f(y) dy. 
I:; 

We have A*"O if and only if the integral (3) does not vanish, that 
is, if and only if A (x, y) *" 0 on a set of positive measure in 6 X 6. . 
A is self~adjóint if and only if the "kemel" A (x, y) is Hermitian, that 

is, if and only if A (x, y) = A (y, x) almost everywhere in 6 X 6. 
Supposing A to be self~adjoint, it is of positive type if and only if 

J A (x, y) f (x) f(y) dx dy ;:?; 0 
I:; XI:; 

for arbitrary f(x) € L~m) (6.). 
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The following theorems in the HILBERT space [L~m) (.6.)]n of all elements 

I fl = I ti (x) • ...• fn (x) I. wh ere fi (x) € L~m) (.6.) (i = 1. ...• nl. are now 
immediate consequences of the foregoing theorems and lemma's: 

Theorem 4. I{. for x €.6.. the functions Aii (x) (i. j = 1. .... n) are 
comp/ex-valued. measurable functions. the transformation A. defined by 
Igl =A IfL where 

(i = 1 •...• nl. 

is a bounded linear transformation in [L~m) (.6.W if and only if all 
functions A i i (x) are bounded on .6.. In this case the adjoint I h I = A *1 f I 
is given by 

(i=1. ...• n): 

we have A=!=-O if and only if one at least of the functions Aii (x) =!=- 0 
on a set of positive measure; A is self-adjoint if and only if the matrix 

11 Aii (x) 11 is Hermitian. that is. if and only if Aii (x) = Aii (x) for 
almost every x €.6.. and. supposing A to be bounded and self-adjoint; 
it is of positive type if and only if 

l.'~i=1 Aii (x) [i (x) fi (x) ~ 0 . . . . . . (4) 

for arbitrary I fl € [L2]n and for almost every x € .6.. 
Pro of. It is only the last part of the theorem that needs a proof. 

The statement that the bounded self-adjoint transformation is of positive 
type means by def1nition that 

~~j=lJ Aii (x) fi (x) fi (x) dx= (A IfI.lfl) ~ 0 
te. 

for every I ti € [L2]n; th is however is equivalent with (4). 
Remark. The condition (4) is certainly satisf1ed if 

~~j=1 Ai} (x) al aj ~ 0 

for every system of complex numbers al • • ..• an and every XE:.6.. 

Theorem 5. I{. for (x. y)€.6. X 6. the functions Aii (x. y) (i.j= 1. ... n) 
are complex-valued and measurable. and if the integrals 

JI A ij (x. y) 1
2 dxdy (i.j = 1. .... n) . . . . (5) 

te. X te. 

are finite (in other words. if A ij (x. y) € L~m) (.6.)). the linear "integral 

transformation" A in [L~m) (.6.W. defined by I g I = A I fl. where 

gi (x) = ~j=IJ A ij (x. y) fi (y) dy (i = 1 •...• nl. 

te. 
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is completely continuous. The adjoint 1 h I = A *1 ti is gilJen by 

hi (x) = ,E7=lJ Aii (y, x) fi (y) dy (i = 1, ..• , n). 
1:> 

We halJe A *" 0 if and only if one at least of the integrals (5) does 
not lJanish, that is, if and only if one at least of the functions Aij (x, y) *" 0 
on a set of positilJe measure in ,6. X,6.. A is self~adjoint if and only 
if the "matrix~kernel" 11 Aii (x, y) 11 is Hermitian, that is, if and only if 

Aii (x, y) = Ail(y, x) almost elJerywhere in ,6. X,6.. Supposing A to be 
self~adjoint, it is of positilJe type if and only if 

,E~i=lJ Aii (x, y) fi (x) fi (y) dxdy ~ 0 
6X1:> 

for arbitrary 1 ti € [L2]n. 
Remark. We shall say that the transformation A in Theorem 5 

is "determined" by the matrix-kemel 11 Aij (x, y) 11. 

§ 3. EquilJalence of the in teg ra I transformation with matrix~kernel 
with an ordinary integral transformation . 

The method of considering 

gi (x) = ~l= 1 J Aii (x, y) fi (y) dy (i = 1, ... , n) . . (6) 
1:> 

as a linear transformation in [L~m) (,6.)]n is the abstract analogue of a 
well~known device, used al ready by I. FREDHOLM in his fundamental 
paper on Integral Equations 1). Supposing, for a moment, that ,6. is the 
linear interval O:S; x:S; 1 (hence m = 1), we define the functions f(x) 
and 9 (x) in O:S; x :S; n by 

f(O) = [1 (0), f(x) = fi (x-i + 1) for i-I < x ~ i 

9 (0) = gl (0), 9 (x) = gi (x - i + 1) for i-I < x:S; i 

and the kern el A (x, y) in O:S; x, y :S; n by 

A(x,y)=Aij(x-i+ l,y-j+ 1) 

for i-I < x:S; i, j-l <y:S;j 

A (x, y) = 0 in all other points. 

(i = 1, ... ,n), 

(i = I, ... , n), 

(i,j=l, ... ,n), 

Denoting now the interval O:S; x ~ n by n,6., the integral transformation 
(6) with a matrix~kernel is equivalent with the ordinary integral trans~ 
formation 

9 (x) f A (x, y) f(y) dy 

n1:> 

in L2 (n ,6.). 

4) I. FREDHOLM. Sur une c1asse d'':quations fonctionnelles. Acta Math. 27. 365-390 
(1903). 
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For m> 1 we may. clearly. proceed in a similar way. 
Furthermore. it is evident that the kern el A (x. y) in n ~ is Hermitian. 

that is. A (x. y) = A (y. x) almost everywhere in n ~ X n~. if and only 
if the matrix IIAil (x. y) I1 is Hermitian. 

Both methods of considering (6) have their advantages in the theory 
of systems of linear integral equations. The simpier of the two. described 
in the present paragraph. wiII suffice in the case of a system with 
Hermitian matrix-kernel. but. in the more complicated cases. the other 
method wiII be essential to obtain quick results. 

§ 4. System of line3r integral equations with Hermitian matrix-kemel. 

We consider the system of linear integral equations 

277= IJ Kij(X. y)fj (y)dy-).fi (X)=gi (x) (i= 1. ... • n). (1) 
I'> 

wh ere K ij (x. y) E: L~m) (~) (i. j = 1 ....• nl. ! fI and I g I E: [L~m) (~)]n. the 
matrix-kernel I1 Kil (x. y) II is Hermitian. and ). is a complex parameter. 
As well-known. every value of ). for which the system (1). with 
gl (x) 0 (i = 1. .... nl. has a solution I fI which does not vanish 
identically. is called a characteristic value. The corresponding solution 
! fI we shall call a characteristic functionset. 

The equivalence of (1) with the ordinary linear integral equation 

J K (x. y) f(y) dy - ).f(x) = g (x). 

nl'> 

where the Hermitian kernel K (x. y) and the functions f(x) and g (x) are 

defined as described in § 3. enables us. on account of K(x. y) E: L~m) (n ~). 
f(x) and g (x) E: L~m)(n~). to announce the following theorems: 

Theorem 6. Every characteric value). =t= 0 of (1) has {inite multiplicity . 
The total number of different characteristic values ).k is {inite or 
enumerable. and in the latter case Iimk-+ <Xl ).k = O. 

Proof. Follows from 11. Theorem 1. 

Theorem 7. The characteristic va lues of (1) are realo and characteristic 
(unctionsets. belonging to different characteristic va lues. are orthogonal. 

that is. if rpk (x) belongs to the characteristic value ).k. rp~ (x) belongs to 
)./. and ).k =t= )./. then 

27?=1 J rp~ (x) rp~ (x) dx = O. 
I'> 

Proof. Follows from 11. Theorem 2. 

Theorem 8. If), *" 0 is a characteristic value of (1). this system of 
equations has. for a given ! g I E: [L2]n. a solution ! fl E: [L2]n for those 
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and only those I g I€. [L2]n that are orthogonal to all characteristic 
functionsets, belonging to the characteristic value )., If I =f 0 is no 
characteristic value of (1). the system (1) has a uniquely determined 
solution for every I g I€.[ L2]n. 

Proof. Follows from II. Theorem 3. 

Theorem 9. If 

11 Kif (x. y) II~m = JI Kif (x. y) 12 dxdy =f 0 

for at least one of the kemels Kif (x. y). then the system (1) has a 
characteristic value =f O. 

Pro of. Sin ce 

J I K(x. y) 1
2 dxdy = ~i~f=IJ I Kif (x. y) 1

2 dxdy. 
n6. Xn 6. 6. X 6. 

our theorem is a consequence from Il. Theorem 4. 

Let now Ik ( I ).1 1 ;:;:: 1 ).21 ;:;:: ... ) be the sequence of all characteristic 
values =f O. each of them occurring in this sequence as many times as 

denoted by its multiplicity. and tpi (x) (i = 1 •...• n) a corresponding 
orthonormal sequence of characteristic functionsets. We have therefore 

J . -. - ~ 1 for k = I. 
~F=1 tpi(x) tpi{x) dx = ~ 0 for k =f I. 

6. 

Theorem 10. If 

at = J f(x) tpt (x) dx (j= 1. .... n; k = 1. 2 .... ). 

6. 

then 

J Klj (x. y) f(y) dy (/);Ek ).k at epi (x) (Expansion Theorem) (7) 

6. 

J Klj (x. y) f(x) f(y) dx dy = ~k ).k al at . . . . (8) 
6.X6. 

for any f(x) €. L~m) (1::::.). 
Proof. Supposing. for a moment. that I::::. is the linear interval [0.1]. 

we define g(x) in n 6. = [0. n] by 

g(x)=f(x-j+l) for j-l<x~:;;j. 

g (x) = 0 elsewhere. 

while tpk (x) is defined in nl::::. by 

tpdO)=O. epdx)=epi(x-i+ 1) for i-I < x~i (i = 1. ... • n). 
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Then. if ak = I g{x) epk(X) dx. we have by 11. Theorem 5 
n6. 

J K (x. y) g (y) dy en 1:k lk ak epk (x). 

from which. since by our definition of g (x) 

ak= Jf(x) ept(x) dx=at· 
6. 

the reJation (7) follows. (8) is an easy consequence of (7). 
If b. is not the interval [0.1]. we proceed in a similar way. 

Theorem 11. Let lkl (l = 1,2, ... ) be the subsequence of all positive 

characteristic values, where lk, ~ lk. ~ . . .• let the functionsets 

P:(x) .... ,pLt{x) (i=1. .. "n; all p~(x)E:L~m)(b.)) be arbitrarilygiven, 
and let 

,uI = upper bound 1:~j:=1 J Kij (x, y) f(x) f(y) dXdY/1:[':=l.fl fi 12 dx 
6.X6. 6. 

for all sets I ti = I fl,. .. , rn I E:[L2]n satisfying ~i";,1 f 1 fi 12 dx =/= 0 and 
6. 

1:[':= IJ [i P: dx= ... = 27[':= IJ [i PLt dx= o. 
6. 6. 

The number ,uI depends on P: (x), ... , pÏ-I (x). Letting now these functions 

run through the whole space L~m) (b.), we have 

).kl = min ,uI. 

A similar statement holds for the negative characteristic values. 
Proof. Follows from 11. Theorem 6. 

Theorem 12. Let l =/= O. and let I g IE: [L2 ]n be orthogonal to all 
characteristic functionsets of (1), belonging to the characteristic value l 
(If l is no characteristic value, I g I is therefore arbitrary in [L2]n). 
Then the solution of (1) is given by 

f " ( ) gi (x) ,lk "( ) 
I X en - -l- -1:k l (l-lk) ak ep~ x (i= 1. ... , n), 

where ak = g:=1 f gi (x) epi (x) dx for lk =/= l. and where 1:/c denotes that 
6. 

for those values of k {or which lk = l the coeflicient of <pi (x) may 
have any arbitrary value (but the same value for i = 1 ••..• nl. 

Proof. Follows from 11. Theorem 7. 

Theorem 13. We have 

~J:=IJI Kij (x. y) 1
2 dy = ~k l~ 1 epi (x) 1

2 
• • • • (9) 

.c:, 
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{or i = 1, ..• , n, and {or almost every x € I::::,. : 

J:rj=1 J I K ij (x, y) 12 dx dy = J:k li:· . . . • (10) 

b.Xb. 

Kij (x, y) (/) J:k lk ({!i (x) rp! (y). • • . • . (11) 

Proof. Follows from 11, Theorem 8. 

Similar theorems hold for the equation with iterated kernel. The p~th 

iterated matrix~kernel 11 KW (x, y) 11 is defined by 

Kl~ (x, y) = Klj (x, y), 

Klj) (x, y) = J:?=IJ Kil (x, z) Kl~-I) (z, y) dz. 
t:. 

It is not difficult to prove that KW (x, y) € L~m) (1::::,.), that 11 KW (x, y) 11 is 

also Hermitian, th at l1: (k = 1, 2, ... ) is the sequence of all characteristic 

va lues *0 of 'I IKW(x,y)ll, and that ((!f,(x) is a corresponding sequence 
of characteristic functionsets. 

Theorem 14. J:;=I J KY't)(x,x) dx= 2k l1: {or p ~ 2. 
t:. 

Proof. Follows from II, Theorem 9. 
Remark. If the Hermitian matrix~kernel 11 Kij (x, y) 11 satisfies the 

conditions that 

J'I Kij (x, y) 12 dy is finite for i,j = 1, ... , n, and for every x € 1::::,., 

t:. 

and 

limx.--+- XlJ I Klj (X2' y) - K ij (XI' y) 1
2 dy = 0 

t:. 

(i. j = 1, ... , n), 

it follows from well~known results in the theory of an ordinary linear 
integral equation with Hermitian kern el that several of the mentioned 
theorems can be improved. The convergence in mean in the Theorems 
10 and 12, and the convergence almost everywhere in Theorem 13, (9), 
may be replaced by uniform convergence. Moreover. for p ~ 2, the 

,series 2k l1: rpi (x) rp! (y) converges uniformly in 6, X 6, to KW (x, y). 

For later purposes we finally mention the following 

Theorem 15. I{ in the space [L~m) (6,W the bounded sel{,adjoint 
trans{ormation H o{ positive type is determined by the matrix,kernel 
JI Hij (x. y) 11, where Hij (x. y) (i,j = 1, ... , n) is continuous in 6, X 6. 
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then there exi3t3 an Hermitian matrix~kernel 11 HrJo! (x, y) 11 of positive 
type for which 

JI HrJ" (x, y) 1
2 dy (i,j= 1, ..• , n) 

fj. 

is bounded, such that the uniquely determined, bounded self~adjoint 
transformation H'I. of positive type (Hli. is therefore the "square roor 

of H) is determined by the matrix~kernel 11 H;1(x,y) 11. 
Proof. Follows from 11, Theorem 10. 



Mathematics. - Ueber Definitionen von Perron~Integralen. I. By J. 
RIDDER. (Communicated by Prof. W. VAN DER WOUDE.) 

(Communicated at the meeting of March 29, 1947.) 

Die Lektüre von Kapitel 8 des Buches: Integration von EDWARD JAMES 
Me SHANE (Princeton Univ. Press) führte uns zu den hier folgenden 
Betrachtungen über Definitionen von Perron~Integralen. 

KAPITEL I. 

§ 1. Definition. f(x) sei eine im abgeschlossenen Intervall [a, b] 
definierte Funktion. Eine in [a, b] stetige Funktion '!f'dx) ['!f',(x)] heisst 
eine zu f(x) in [a, b] adjungierte linksseitige [rechtsseitige] Oberfunktion, 
wenn: a) '!f'da) = 0 ['!f',(a) = 0] ist; b) für jedes x in [a, bl. die Punkte 
einer höchstens abzählbar unendlichen T eilmenge ausgenommen, die linke 
untere Derivierte von '!f'dx) , D_ '!f'I(x) , :f= - co und ~ f(x) ist [die 
rechte untere Derivierte von '!f',(x), D+'!f',(x}, :f=-co und ~ f(x) ist]. 

Definition. Ebenso solI eine in [a, b] stetige Funktion tpdx) [tp,(x)] 
eine zu f(x) in [a, b] adjungierte linksseitige [rechtsseitige] Unterfunktion 
sein, wenn: a) tpda) = 0 [tp,(a) = 0] ist; b) für jedes x in [a, bl. die 
Punkte einer höchstens abzählbar unendlichen Teilmenge ausgenommen, 
die linke obere Derivierte von tp I( x ), D- tp d x ), :f= + co und ~ f (x) ist 
[die rechte obere Derivierte von tp,(x), D+tp,(x), :f= + co und ~ f(x) 
ist] . 

Nun lautet die Me SHANEsche Integraldefinition wie folgt: 
Definition J. Die in [a, b] definierte Funktion f(x) ist Pl~integrierbar 

über [a, bl. wenn es zu wilIkürlich positivem I! ein Quadrupel ['!f'I(x) , 
1p,(x), tpdx), tp,(x)] von Ober~ und Unterfunktionen gibt, in [a, b] zu 
f (x) adjungiert, deren je zwei in jedem Punkte von [a, b] eine Differenz 
haben, weIche, absolut genommen, kleiner als I! ist. 

Nach Me SHANE ist die Differenz einer jeden Oberfunktion und einer 
jeden Unterfunktion monoton nicht~abnehmend in [a, b] 1). Ist f(x) Pl~ 
integrierbar über [a, bl. so gibt es eine Funktion F dx), welche gleich der 
unteren Schranke aller '!f'I(x) , der unteren Schranke aller '!f"(x), der 
oberen Schranke aller tpdx) und der oberen Schranke aller tp, (x) ist. 
Wir definieren nun: 

b 

(PIJ f{x) dx= FI (b). 2) 
a 

1) Siehe Me SHANE, Infegration (Princeton Uno Press 1944), S. 313 (Nr. 57.3). 
2) Siehe Me SHANE, loc. cito 1), S. 315 [Nr. 57.7]. 
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§ 2. Definition. f (x) sei definiert in [a, b]. Eine in [a, b] stetige 
Funktion 1jJ(x) heisst eine zu f(x) in [a, b] adjungierte Perron~Ober~ 
funktion, wenn: a) 1jJ (a) = 0 ist; b) für jedes x in [a, b]. die Punkte einer 
höchstens abzählbar unendlichen Menge ausgenommen, die untere Deri~ 
vier te von 1jJ(x), D1jJ(X) , =j:. - <Xl und ~ f(x) ist. 

Definition. Ebenso solI eine in [a, b] stetige Funktion ep (x) eine zu 
f(x) in [a, b] adjungierte Perron~Unterfunktion sein, wenn: a) ep(a) = 0 
ist; b) für j edes x in [a, b]. die Punkte einer höchstens abzählbar unend~ 

lichen Menge ausgenommen, die ob ere Derivierte von ep(x), Dep(x), =j:. + <Xl 

und :s; f(x) ist. 
Definition 11 (nach PERRON und BAUER). Die in [a, b] definierte 

Funktion f(x) ist 1.l3*~integrierbar (integrierbar im Perronschen Sinne) 
über [a, b], wenn die untere Schranke aller (existierend anzunehmenden) 
Perron~Oberfunktionen 1jJ (x) und die ob ere Schranke aller (ebenfalls 
existierend anzunehmenden) Perron~Unterfunktionen ep(x) in jedem 
Punkte von [a, b] zusammenfallen. Ist F (x) der gemeinsame Wert beider 
Schranken, so sei das Perron~lntegral 

b 

(lll oJ f(x) dx = F (b). 
a 

Satz 1. Die Definition I von Me SHANE ist aequivalent mit der Defi~ 
nition 1I nach PERRON und BAUER 3) . 

Beweis. Aus Integrierbarkeit gemäss Definition 11 folgt sofort Inte~ 
grierbarkeit gemäss Definition I; die Integralwerte sind dieselben. 

Nehmen wir, umgekehrt, Integrierbarkeit von f(x) über [a, b] gemäss 
x 

Definition I an. Ist (PIJ f (x) dx = F d x) in [a, b]. so gibt es zu will~ 
a 

kürlich positivem E eine linksseitige Oberfunktion 1jJdx), eine rechtsseitige 
Oberfunktion 1jJ,(x) , eine linksseitige Unterfunktion epdx) und eine rechts~ 
seitige Unterfunktion epr (x) mit 

o -=:::: tpl (x)-FI (x) < E/4, 0 -=:::: tpr (x)-FI (x) < e/4, 

o -=:::: FI (x) - epi (x) < E/4, 0 -=:::: FI (x) -epr (x) < E/4 

in jedem Punkte x von [a, b]. 
Die Differenzen odx) - tpL{x) - FI (x), 02(X) 1jJr (x) - FI (x), 

03(X) Fdx) -epL{x) und 04(X) FI(X) -epr(X) sind monoton nicht~ 
abnehmend 4). Daraus und aus den Definitionen folgt, dass 

Fdx) + odx) + 02(X) 

eine zu f(x) adjungierte Perron~Oberfunktion, Fdx) - 03(X) - 04(X) 
eine zu f(x) adjungierte Perron~Unterfunktion ist. In jedem Punkte von 
[a, b] ist ihre Differenz < E, und weicht eine jede von ihnen um weniger 

3) Ueber dies en bemerkt Me SHAiNE, loc. cito 1), S. 316: "the proef is far from simpIe"; 
der hier folgende einfache Beweis kann damit wobl nicht gemeint sein. 

4) Siehe Me SHANE, loc. dt. 1), S. 317 (Remark) . 
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e 
als 2 von Fl(X) ab. Somit ist f(x) auch integrierbar über [a, b] gemäss 

Definition 11, und ist der Wert des Perron~Bauerschen Integrals über 
[a, b] ebenfalls Fd b). 

KAPITEL 11. 

§ 3. Definition ID. Die in [a, b] definierte Funktion f(x) ist P2~ 
integrierbar über [a. b], wenn es zu willkürlich positivem e ein Paar 
[tp,(x), <pL{x)] von rechtsseitiger Oberfunktion und linksseitiger Unter~ 
Iunktion gibt, beide in [a, b] zu f(x) adjungiert, deren Differenz in jedem 
Punkte von [a, b]. absolut genommen, kleiner als eist. 

Die Differenz tp,(x) -<pL{x) ist mono ton nicht~abnehmend in [a,b] 1). 
Ist f(x) P2~integrierbar über [a, b]. so gibt es eine FunktionF2 (x), welche 
gleich der unteren Schranke aller tpr (x) und der oberen Schranke aller 
<pL{x) ist. Wir definieren nun: 

b 

(PJ f(x) dx = Fl (b). 
a 

Definition. Eine in [a, b] definierte, endlichwertige Funktion P(x) 
ist unterhalb totalstetig auf der perfekten Teilmenge P von [a. b]. wenn 
die Summe der Funktionsdifferenzen: ~ {P(bj) -P(aj)} in den zu P 

(i) 
gehörenden Endpunkten aj < b j von endlich vielen, nicht übereinander 
greifenden Intervallen immer einen unteren Limes ;;;: 0 hat, sobald die 
Längensumme dieser IntervalIe gegen Null konvergiert. 

Definition. Eine in [a, b] definierte, endlichwertige Funktion 4> (x) 
ist oberhalb totalstetig auf der perfekten Teilmenge P von [a. b]. wenn 
die Summe der Funktionsdifferenzen: 1: {4>(b j ) - 4>(aj)} in den zu P 

(i) 
gehörenden Endpunkten aj < b j von endlich vielen, nicht übereinander 
greifenden Intervallen immer einen oberen Limes :s; 0 hat, sobald die 
Längensumme dies er IntervalIe gegen Null konvergiert. 

Definition. Eine in [a, b] definierte, endlichwertige Funktion P (x) 
ist in [a, b] unterhalb totalstetig im verallgemeinerten Sin ne [abgekürzt: 
UTV]. wenn [a, b] mit Ausnahme von höchstens abzählbar unendlich 
vielen Punkten sich überdecken lässt durch abzählbar viele perfekte 
_Mengen {P k }, derartig, dass P (x) unterhalb totalstetig ist auf j eder 
Menge Pk. 

Definition. Eine in [a, b] definierte, endlichwertige Funktion 4> (x) 
ist in [a. b] oberhalb totalstetig im verallgemeinerten Sinne [abgekürzt: 
OTV], wenn [a, b] mit Ausnahme von höchstens abzählbar unendlich 
vielen Punkten sich überdecken lässt durch abzählbar viele perfekte Mengen 
{Pk }, derartig, dass 4>(x) oberhalb totalstetig ist auf jeder Menge Pk. 

Definition. Eine in [a, b] definierte, endlichwertige Funktion F (x) 
ist in [a, b] totalstetig im verallgemeinerten Sinne [abgekürzt: TV], wenn 
I a, b] mit Ausnahme von höchstens abzählbar unendlich vielen Punkten 

25 
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sich überdecken lässt durch abzählbar viele perfekte Mengen {Pk }, der
artig, dass F(x) totalstetig ist auf jeder Menge Pk. 

Eine Funktion, welche in [a, b] sowohl UTV wie OTV ist, ist daselbst 
auch TV; und umgekehrt. 

Satz 2. In [a, b] zu einer Funktion f(x) adjungierte rechts~ oder links
seitige Oberfunktionen sind daselbst UTV; in [a, b] zu f(x) adjungierte 
rechts~ oder ,Zinksseitige Unterfunktionen sind daselbst OTV. 

Beweis. Es wird genügen zu zei gen, dass jede rechtsseitige Oberfunk
tion '!f'r(X) in [a,b] UTV ist. 

Dies folgt sofort aus dem folgenden 
Lemma. Wenn die in [a, b] stetige Funktion F(x) in den Punkten 

einer Teilmenge E von [a, b] eine rechte untere Derivierte #- - co hat, 
so lässt sich E, ausgenommen in den Punkten einer (ev. leeren) abzähl~ 
baren Teilmenge, überdecken durch abzählbar viele perfekte Mengen 
{ P j }, auf deren jeder F(x) unterhalb totalstetig ist 5). 

Beweis. Eist Summe von abzählbar vielen Mengen {E~}, wobei i eine 
ganze, n eine natürliche Zahl ist, welche in abgeschlossenen Intervallen 

[~. i! 1] enthalten sind, und die Eigenschaft haben, dass für jeden Punkt 

x eines Ei 
n 

aus O<x'-x-==~ folgt F(x')-F(x)"=·-n· (x'-x) . . (I} 
n 

Es sei H ~ die abgeschlossene Hülle von E~. Dann folgt aus (1) und 
der Stetigkeit von F(x), dass für jedes Paar (x. x') von Punkten von 
Hl mit x<x' n 

F(x')-F(x)'::=>' -n' (x-x') 

ist. Somit ist F (x) unterhalb totalstetig auf dem perfekten Kern von H ~ .. 
Das Lemma folgt daraus sofort. 
Satz 3. I st f (x) integrierbar über [a, b] gemäss Definition II I. so ist 

sie es auch nach der allgemeinen Denjoyschen Integraldefinition; und die 
lntegralwerte sind einander gleich: 

b b 

(p.J f(x) dx= (DJ f(x) dx. 
a a 

Beweis. Aus der deskriptiven Form der Denjoyschen Integraldefinition 
x 

folgt, dass es genügt zu zeigen: la. (P.J f(x)dx F2 (x) ist in [a, b] TV. 
a 

20
• F 2 (x) hat in fast allen Punkten von [a, b] eine approximative Ablei~ 

tung gleich f(x). 
Beweis von 10: Es gibt eine Folge von rechtsseitigen Oberfunktionen 

I'!f'~) (x)} und eine Folge von linksseitigen Unterfunktionen {<p~k) (x)} 

5) Ein etwas allgemeineres Lemma findet man bei J. RIDDER. Fund. math. 22 (1934) .. 
S. 157. 158. 
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(k = 1, 2, ... ), adjungiert zu f(x) in [a, b], für die 

lim 'P~) (b) = lim q;~k) (b) = F2 (b) 
k-+oo k-+oo 

ist. 
Aus Satz 2 folgt, dass [a, b] sich überdecken lässt durch eine abzähl~ 

bare Menge H und abzählbar viele perfekte Teilmengen (Pi), derartig, 
dass 'P~)(x) unterhalb~ und cp~\)(x) oberhalb totalstetig ist auf einer jeden 
der Mengen (Pi)' 

Zu jedem k = 1,2,3, ... ist die Differenz 1J'~)(x) - cp~I) (x) in [a, b] 
nicht-abnehmend; somit auch 1J'~;j) (x) - cp~l;j) (x), wob ei 1J'~;j) (x) und 
cp~l;j) (x) in den Punkten der perfekten Menge Pi mit 1J'~) (x) bzw. mit 
cpV) (x) zusammenfallen und sich linear ändern in den zu Pi komplemen
tären abgeschlossenen Teilintervallen von [a, b]. Da cp~l) (x) auf der 
Menge Pi oberhalb totalstetig ist, wird cp~l;j) (x) in [a, b] von beschränkter 
Variation sein; somit auch 1J'~;j) (x) als Summe von 1J'~;j) (x) _cp~l;j)( x) und 
q;?;j) (x). Ausserdem ist 1J'~;j) (x) stetig in [a, b]. 

Da 1J'~) (x) in [a, b] UTV ist, gilt dasselbe von 1J'~;j) (x); [a, b] lässt 
sich somit bis auf eine abzählbare Menge überdecken durch abzählbar viele 
perfekte Mengen {M~;j)} (p = 1,2, ... ), auf deren jeder 1J'~;J) (x) unter
halb totalstetig ist. Daraus und aus der Stetigkeit von 1J'~;j) (x) folgt 
sofort 6), dass die in [a, b] zu 1J'~;j)(x) gehörende, total-additive Mengen~ 
funktion 'P~;j) (e) einen nicht-negativen (total-additiven) singulären 
Bestandteil hat. Dadurch wird 1J'~;J)(x) in [a, b] unterhalb totalstetig, 
somit 1J'(~)(x) auf Pi unterhalb totalstetig sein. 

Ebenso ist jedes cp~k)(x) auf jeder Menge Pi oberhalb totalstetig. 
F2(X) muss totalstetig sein auf jedem Pj. Sonst existierte für eine dieser 

Mengen, P 1" eine z.B. positive Zahl L1 und eine Folge von Mengen (Mn), 
welche jede für sich von endlich vielen, nicht übereinander greifenden, 
abgeschlossenen Intervallen [a~), a~LI] gebildet würden, deren Endpunkte 
zu P j' gehörten und so dass gleichzeitig 

lim .2' [F2 (a~Ll) - F 2 (a~))] =.6 und lim m (Mn) = 0 
n-+ 00 (p) n-+ 00 

• (2) 

wäre. 
cp~k') (x) sei eine Funktion der Folge {cp~k) (x)} mit 

F2 (b)_cp~k') (b) < 1/2.6. 
Da F2(X) - cp)k') (x) eine nicht-abnehmende Funktion ist, wird bei will
kürlich, ab er fest gewähltem n: 

~ [F2 (a(n) ) - F 2 (a(n))] - .2' [cp(k') (a(n) ) - cp(k') (a(n))] l 
(p) p+ I p (p) I pH I p 

. -c:: F 2 (b) - cp~k') (b) < 1/2 .6 
(3) 

sein. 

G) Siehe C. DE LA VALLÉE POUSSIN, Infégrales de Lebesgue, etc., Collo Bore! (2e éd. 
1934), Kap. 6, insbes. S. 91. 
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Aus (2) und (3) f~g~ 

lim sup .E[cp~k') (a(nLI)-cp~k') (a(n))] > 1/2 6.. 
n-+ IJ) (p) p p 

Da cp~k')(x) oberhalb totalstetig ist auf Pl" gelangen wir zu einem Wider~ 
spruch. 

Auch ein negativer Wert von t::, ist unmöglich. F2(X) ist somit auf 
jedem Pj totalstetig, somit TV in [a, b]. 

Beweis von 2°: Aus der Eigenschaft einer Oberfunktion 'ljJr (x): 
"D + 'ljJ r (x) "# - co in den Punkten von [a, b]. abzählbar vide ausgenom~ 
men" folgt, dass 'ljJ r (x) in fast allen Punkten von [a, b] eine endliche 
approximative Ableitung D appr• 'ljJr(X) = D+'ljJr(x);;;;: f(x) hat 7). 

Ebenso hat jede Unterfunktion CPI(x) in fast allen Punkten von [a, b] 
eine endliche approximative Ableitung D appr. cp I (x) = D- cp I (x) ::;;; f (x). 

'ljJr(X) -F2(x) ist nicht~abnehmend. hat also fast überall in [a, b] eine 
endliche Ableitung. Somit muss auch F 2 (x) fast überall in [a. b] eine end~ 
liche approximative Ableitung haben; und in fast allen Punkten von [a, b] 
ist 

D appr. "Pr:::- D appr F2 :::- D appr. CPI. 

F 2 (x), und die Oberfunktionen und Unterfunktionen der oben einge~ 
führten F olgen {'ljJ~) (x) }. {cp ~k) (x)} haben a II e in den Punkten eines 
massgleichen Kernes K von [a, b] endliche approximative Ableitungen. 

Bei willkürlich positivem e sei Kt(e) die Menge derjenigen Punkte von 
K, in denen die approximativen Ableitungen von 'ljJ~) und cp~k) eine Differenz 
~ e haben. Das Mass dieser Menge wird mit zunehmendem k nach Null 
konvergieren. Sonst existierte eine positive Zahl b derart, dass für unend~ 
lich vide Werte (k') m{ Kk' (e)} ;;;;: b wäre. Anwendung des Vitalischen 
Ueberdeckungssatzes würde zeigen, dass für die nicht~abnehmenden 

Funktionen {'ljJ(: ') _ cp~k')}: 

"P~k') (b) - cp~k') (b) =- t5 • e 

wäre. während doch 

lim I "P(k') (b) - cp(l<') (b) I = 0 
k'-+ IJ) r I 

ist. Die approximative Ableitung von F 2 (x) weicht somit fast überall in 
[a. b] urn weniger als e von f (x) ab. Da e willkürlich positiv ist, muss 
Dappr' F 2 (x) fast überall in [a, b] gleich f(x) sein. 

Satz 4. Ni c h t jede über [a, b] nach der allgemeinen Denjoyschen 
Definition integrierbare Funktion hat ein P2~lntegral gemäss Definition 
lIl. Ni c h t jede über [a, b] nach der Denjoy~Khintchineschen Defini~ 
tion 8) integrierbare Funktion hat ein P2~lntegral gemäss Definition lIl. 

7) Siehe S. SAKS. Théorie de l'intégraLe, Warszawa 1933. S. 173 (Th. 7) u. S . 171 
(Th. 3) . 

8) In deskriptiver Form lautet diese: F(x) ist das D.-K. Integral iiher [a, .x] für 
jedes x mit a::;;; x::;;; b. faIls: 1° F(a) = 0 ist; 2° F(x) in [a. b] TV ist; 3° die Ableitung 
von F(x) in fast allen Punk ten von [a. b] existiert und gleich f(x) ist. 



375 

Beweis. Betrachten wir jede nach der allgemeinen Denjoyschen Defi~ 
nition integrierbare Funktion f(x) auch als integrierbar nach Definition 111. 
Dann ist auch - f(x) integrierbar gemäss beiden Definitionen. Die Klassen 
der zu f (x) in [a, b] adjungierten rechtsseitigen Oberfunktionen und der 
zu f(x) in [a, b] adjungierten linksseitigen Unterfunktionen, {1pr(X)} 
bzw. {rpI(x)}, sind nicht leer, und es ist: 

b b 

(DJ f . dx -(P.J f· dx = untere Schranke aller 1pr (b) 
a a 

= ob ere Schranke aller rpl (b). 

Ebenso sind die Klassen der zu - f(x) in [a, b] adjungierten rechtsseitigen 
Oberfunktionen und der zu - f (x) in [a, b] adjungierten linksseitigen 
Unterfunktionen, { tp,(x)} bzw. { qïI(x)}, nicht leer, mit 

b b 

- (DJ f . dx = (pj - f . dx = untere Schranke aller tp r (b) 
a a 

= obere Schranke aller qïdb). 

Jede Funktion -tp,(x) ist in [a, b] zu f(x) adjungierte rechtsseitige 
Unterfunktion; jede Funktion - qïdx) ist in [a, b] zu f(x) adjungierte 
linksseitige Oberfunktion. Ausserdem ist 

untere Schranke aller 1pr(b) = untere Schranke aller -qïdb) 
= ob ere Schranke aller rpdb) = obere Schranke aller -tpr (b). 

f(x) wäre dann über [a, b] auch integrierbar nach der Definition I. 
somit wegen Satz 1 ebenfalls nach der Perron~Bauerschen, und der mit 
dieser aequivalenten, speziellen Denjoyschen Definition. Wir erreichen 
einen Widerspruch. 

Die Behauptung über das Denjoy~Khintchinesche Integral wird in völlig 
gleichartiger Weise bewiesen. 

§ 4. Satz 5. Ni c h t jede nach Definition lil integrierbare Funktion 
ist es nach der speziellen Denjoyschen Definition; n i c h t jede nach 
Definition lil integrierbare Funktion ist es nach der Denjoy~Khintchine~ 
schen Definition. 

Beweis. Es gibt eine in [a, b] stetige Funktion F(x), welche in den 
Punkten einer perfekten Teilmenge P van [a, bl. mit m(P) -=j:- 0, den 
Bedingungen genügt: 

D+ F (x) = + 00, D_ F (x) = - 00, D+ F (x) = D- F (x) = 0, 

während in den übrigen Punk ten van [a, b] eine endliche Ableitung van 
F(x) existiert 9). 

Die Funktion f(x), welche in den Punkten van P gleich NulI. in den 

0) Siehe A. DENJOY, Journal de rnath. (7) 1 (1915), S. 105-240, insbes. S. 196-200; 
aueh E. W. HOBSON, Theory of tunetions of a real variabie I (Third Ed. 1927), S. 402 
(Ex. 4). 



376 

übrigen Punkten von [a, b] gleich der Ableitung von F(x) ist, ist über 
[a, b] integrierbar nach Definition lIl; denn F (x) - F (a) ist sowohl 
eine in [a, b] zu f(x) adjungierte rechtsseitige Oberfunktion wie links~ 

seitige Unterfunktion. Dabei ist 
x 

(p,,! f dx = F (x) - F (a). 
a 

Da F(x) ni c h t in fast allen Punkten von [a, b] eine Ableitung h~t, 
x 

gilt dasselbe von (Po)! fdx. 
a 

f(x) kann dadurch nicht integrierbar sein nach der speziellen Denjoy~ 
schen Definition [nach der Denjoy~Khintchineschen Definition]. Denn 
wäre dies wohl der Fall. so wären das P2~Integral und das spezielIe Den~ 
joysche [das D.-K.] Integral über [a, x] beide TV in [a, bL und hätten 
beide in fast allen Punkten von [a, b] eine approximative oder eine ge~ 
wöhnliche Ableitung gleich f(x); sie müssten somit zusammenfallen. Da 

x 
aber (P2J f dx n i c h t in fast allen Punkten von [a, b] eine gewöhnliche 

a 
Ableitung haben kann, während dies wohl für das Denjoysche Integral 
[das D.-K. Integral] von f(x) über [a, x] der Fall sein müsste, gelang ten 
wir zu einem Widerspruch. 

§ 4bis. Definition Illbis. Die in [a, b] definierte Funktion f(x) ist 
P; -integrierbar über [a, b L wenn es zu willkürlich positivem 10 ein Paar 
['lj!I(x), cpr(X)] von linksseitiger Oberfunktion und rechtsseitiger Unter~ 
Iunktion gibt, beide in [a, b] zu f(x) adjungiert, deren Differenz in jedem 
Punkte von [a, b], absolut genommen, kleiner als 10 ist. 

Sab: 3bis. Ist f(x) integrierbar über [a, b] gemäss Definition Illbis, so 
ist sie es auch nach der allgemeinen Denjoyschen Integraldefinition; und 
die Integrale sind einander gleïch: 

b b 

(P,.J f{x) dx = (DJ f(x) dx. 
a a 

Satz 4bis. Ni c h t jede über [a, b] nach der allgemeinen Denjoyschen 
Definition integrierbare Funktion hat ein P; ~Integral gemäss Definition 
Illbis. Ni c h t jede über [a, b] nach der Denjoy~Khintchineschen Defini
tion 8) integrierbare Funktion hat ein P; -Integral gemäss Definition Illbis. 

Satz Sbis. Ni c h t jede nach Definition Illbis integrierbare Funktion 
ist es nach der speziellen Denjoyschen Definition; n ie h t jede nach 
Definition Illbis integrierbare Funlction ist es nach der Denjoy~Khintchi
neschen Definition 8) . 

Beweis. Dies folgt durch Betrachtung der Funktion G (y), welche aus 
der im Beweise von Satz 5 benutzte Funktion F(x) hervorgeht durch die 
Annahme G(y) = -F(-x) mit y = -x 10). 

10) In korrespondierenden Punkten y und x ist D_ G{y) = D+ F{x), D+ G(y) = 
=D-P{x). 
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Satz 6. Ni c h t jede über [a, b] P2~integrierbare Funktion ist P; ~ 
integrierbar über [a, b]; ni c h t jede über [a, b] Pi ~integrierbare Funk~ 
tion ist P2~integrîerbar über [a, b]. 

Beweis. Wäre die erste HäHte des Satzes unrichtig, so wäre für jede 
über [a, b] P2~integrierbare Funktion f(x), nach den Sätzen 3 und 3bis, 

b b b 

(PJ f dx = (DJ f dx = (P,.J f dx. 
a a a 

Aus den Definitionen 111. Illbis und I folgte sodann, dass f auch Pl~inte~ 
grierbar wäre, somit, nach Satz I, auch integrierbar nach der speziellen 
Denjoyschen Integraldefinition. \-Vegen Satz 5 gelangten wir zu einem 
Widerspruch. 

Die zweite HäHte des Satzes beweist man in analoger Weise. 

, 
§ 5. Deuten wir durch Plo ~, D*, P2 , Pi, D, DK an die Klassen der 

über [a, bJ integrierbaren Funktionen bzw. nach Oef. I. Oef. 11 (Perron
Bauer), der Oef. des speziellen Denjoyschen Integrals, der Oef. lIl, der 
Oef. Illbis, der Oef. des allgemeinen Denjoyschen Integrals und der Oef. 
des D.-K. Integrals, so liefern die vorangehenden Sätze und Definitionen 
die folgenden Zusammenhänge zwischen diesen Klassen: 

PI = ~·=D· C P2 CD; (4a) 

PI = ~* = D* C P; CD; (4 b) 

nonDKC P2 ; nonP2 C DK; nonDKC Pi; nonP; CDK; (4C) 

non P 2 C Pi; non Pi C P 2• (4 d ) 



Mathematics. - Non~homogeneous binary quadratic forms. 11. By H. 
DAVENPORT. (Communicated by Prof. J. G. VAN DER CORPUT.) 

(Communicated at the meeting of February 22, 1947.) 

1. In a previous paper 1) with this title (a knowledge of which, 
however, is not necessary for the understanding of the present paper) 
I have investigated the possibility of improving in some cases on the result 
of MINKOWSKI's theorem on the product of two non~homogeneous linear 
forms. If 

E=ax+(:Jy, 1}=i'x+~y 

are two linear forms, I determined in a few particular cases the least number 
M such that, for any real a, b one can find integers x, y for which 

I (~-a) (fj-b) I ~ M. . . . . . . . (1) 

One example was the case 

~=x+8y, fj=f=x+8'y, ....•. (2) 
where 

8=t(1 + fS), 8'=t(1-fS). (3) 

It was proved that (1) is then always soluble when M =!. and this is 
plainly the least such M, as we see from the possibility a = b = t-

I have since investigated th is particular case more deeply, and have 
discovered a phenomenon which doubtless occurs in many other cases. 
The re su lts, as far as I have carried them, are as follows: 

Theorem 1. If~, e are the linear forms (2), and a, bare any rea I 
numbers, then there exist integers x, y such that 

I(~-a) W-b) I ~-l-. . . . . . • . (4) 

The sign of equality is needed here if and only if 

a = t r + ~l' b = t r' + ~~, . . . . . . . (5) 

where r is any unit, and ~1 any integer, of the field k ((J), and r', ~ i their 
con jugates. 

Theorem 2. If a, b are not of the form (5), there exist integers x, y 
su eh that 

I(~-a) W-b) I ~.g. ... . • . (6) 

The sign of equality is needed here if and only if 

1) Proc. Kon. Ned. Akad. v. Wetenseh., Amsterdam, 49, 815-821 (1946). 
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Theorem 3. I f a, b are not of the form (5), nor of the form (7), there 
exist integers x, y such that 

I (~-a) W -b) I < 6.
1
34' . . . . . . . (8) 

The number 6.34 has no unique significance here, and could be improved 
slightly at the cost of longer calculations. 1 have not been able to determine 
whether a "third minimum" exists, but may point out that if it exists it 
cannot be less than 

1 1 
48 - 6.472 ... · 

This follows from the curious inequality 

I(E-2~) W-t) 1;;:4~' . • • (9) 

which will be proved in § 5. It will be seen that this of a different type 
from the obvious inequalities 

I (~- t) W - t) I ;;: t, I ( ~ - -/5) (E' + -/5) I ;;: t 
1 1 

which correspond to the first two minima; for although 2 and 28 are 

numbers of k((}), they are not conjugates. 
The theorems do not assert anything about the existence of an infinity 

of solutions of (1). It is, however, possible to modify the method of proof 
to give the following (less detailed ) answer to this question. 

Theorem 4. For any M> i, the inequality (1) has an infinity of 
solutions with 1$ - a I arbitrarily smal/, and similarly an infinity of 
solutions with I~' - b I arbitrarily sm all. 

Theorem -1 can also be expressed in the more concise form: 

lim inf I (~-a) f I ~ -l- ' 
{-+a 

wh ere $ approaches a through integers of k ((}). Here again -l- is the best 
possible constant, from the case a =1 t. For there are an infinity of 
arbitrarily small units of the form 2 $ - 1, and as $ approaches a through 
the corresponding values, 

lim I (~-t) f 1= lim t I (2~-1)(U'-1) I = t· 
{-+a {-+a 

2. The method of the present paper is a modification and a development 
of that of another paper 2), on the product of three non~homogeneous 
linear forms. We first prepare for the proofs of Theorems 1, 2 and 3. 

We denote by M = M (a, b) the lower bound of 

I (~-a) W -b) I 
2) Proc. Cambridge Phil. Soc. (in course of publication). 
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for all integers ~ of k (()). i.e. for all integral x, y in (2). If M = 0 there 
is nothing to prove. so we suppose M > O. For any arbitrarily small positive 
number eo there exists an integer ~o of k(()) such that 

I (~o-a) (~ó- b) I = 1 Me' where 0 ~ e < eo 

Wedefine a. (3 by 

Since 

the definition of M tells us that 

(10) 

l(a~-I) (f3e-l) I ~ l-e. . . . . . . (12) 

for all integers ~ of k(()) . We have also 

l-e 
I a (31 = M . . . . . . . . . (13) 

by (10). 
The properties (12) and (13) of a and {3 are unaltered if we replace 

a and {3 by a"l and {3"l'. where "l is any unit of Ic (()). since 'Z' can be absorbed 
in~. As ()n. for any integer n. is a unit of k(()). we can modify the numbers 
a. (3 in this way to obtain two which satisfy 

!<1~1~8 ......... (14) 

The properties (12) and (13) are also unaltered if we interchange a 
and {3 or if we replace a. {3 by -a. -{3. By these operations we can ensure 
that I (31 <: I aJ and a> O. Hence we may suppose. without loss of 
generality. that 

a 
a>O. 8~1{3I~a .....•.• (15) 

The condition (12) may be expressed in the equivalent form: 

I (a-~-I)({3 - (f)-I) I ~ (l-e) I H' I-I • . • . . (16) 

for all integers ~ "::j=- 0 of k (()) . 
We proceed to investigate the intervals to which a and (3 are restricted 

by (15) and (12) [or (16)]. and to deduce the possible values of M 
from (13). 

3. We recall that ()' = _()-l = 1 - (). Some numerical values which 
are relevant are 

() = 1.618034 .... ()' = -0.618034 .... ()2 = 2.618034 ...• ()-2 = 0.381966 .... 

Lemma 1. lt is impossible that a < -Y2-e. 

Proof. By (12).with~=I.wehavel(a-l) ({3-1)1>I-e. 
Since I {3 - 1 I <: a + 1 by (15). this imp lies I a2 - 1 I :> 1 - e. IE 
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a < y 2 - e, th en a <:: y;' Let m be the largest positive integer for which 
ma<l; th en plainly ma:>t. But, by (12) with ;=m, and by (15). 
we have 

and this is a contradiction. 

Lemma 2. It a < y5 - e then 

I a-21 ~ 2e, 1.8-21-:::; 2e . (17) 

Pro of. Suppose first .8 < 0. By Lemma 1, a:> y2 - e, whence 

1.81:> y2-f/() > 1/() by (15). By (16) with ; = ()-1, 

I (a-8) (.8-8') I ;::: I-e. 

Since .8 ànd ()' are negative, and I ()' I < 1.81 <:: a, this implies 

I (a-8) (a-8-1) I;::; I-e, 

or I a2 - {S a -r 1 I ;::: 1-e. 
This is impossible, since 

- t ~ (a-i YSF -i < (~YS-e)2-i ~ 1-e. 
Hence .8 > 0, and .8 > ()-1 as before. We now apply (16) with 

e = ()-2, which gives 

whence 

(8 2-a) (.8-8-2) ~ 1-e, 
(8 2-a) (a-8- 2);::: l-e, 

or - a2 + 3 a-I :> 1- e. This implies (a - {_)2 :s i- + e, whence 

a ~ 2 + e. . • . • • • • • • (18) 

It follows from (a - 1) 1.8 -1 I :> 1 - e that 

.8~ 1 + (l-e)J(1 +e)~2-2e . ..... (19) 

Since.8 <:: a, (17) follows from (18) and (19). 

Lemma 3. It a <ys -e, then a =.8 = 2. 

Proof. We write a=2+al, .8=2+.810 so that lall<::2e, 
1.81 I <:: 2 e by Lemma 2. Substituting in (12). 

1(2;-1 +a1~)(U'-1 +.81 f) l;::: l-e ... (20) 

for every integer; of k (()). 
Since ()3 = 2 () + 1 1 (mod 2), we have (+- ()3) n - 1 (mod 2) for 

every integer n (positive or negative). Hence we may take 

. (±83)n + 1 
;= 2 . 

Then 

e 1 + (± ( 3)-n 
2~-1 2 
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and since (2 ~ - 1) (2 e - 1) = -+- 1, (20) becomes 

I~I+ 1+(~83)-n alnl+I+(~83)npl~I;;:I_e, (21) 

on noting that ()' = _ ()-1. 
Suppose first that al < 0. We take n to be an even negative integer, 

say n = -2 m, in (21), and obtain an inequality of the form 

Here 
[(1 + .tm a\)( 1 + ,um PI) [ ;;: I-eo . . . . . (22) 

1 + 8-6m 

,um = 2 < 1. 

so that 

Also 
[I +,um PI [::::; 1 + 2e. . . • • • . . (23) 

I + 86m 

.tm = 2 ' 

so that A~~I < 86
, 

Since Am ~ 00 as m ~ 00, and Al ! al ! -< 2 À,1 e < I, we can choose m so 
that 

Then 

Am [al [> Am+1 !al/8-6 > 8-6, 

and since we are supposing al < 0, we obtain 

0::::; I + Am al < 1-8-6
• • • • • • • (2") 

Now (23) and (24) contradict (22) . 
Similarly, if al> ° we take n to he an odd negative integer, say 

n = -(2 m + 1), in (21), and taking the lower sign, we ohtain an 
inequality of the form 

[ (l-.t~ al) (1 + ,u~ PI) / ;;: I-e, 
where l' mand ,u' m have similar properties to À,m and ,um in the preceding. 
The same proof estahlishes that P1 = 0, by taking n in (21) to he a 
positive integer, odd if P1 is positive and even if P1 is negative. 

Lemma 4. ft -V5 - e -< a < 3-t e, then P < o. 
Pro of. Suppose P> 0, so that p:> (-V5 -e)/() > 1. 
The condition (16) with ~ = ()-2 gives 

/ a-82 / (P-8-2) ;;: I-e. 

If a < ()2, this implies 

(82-a) (a_8-2) ;;: I-e, 

whence a -< 2 + e as in the proof of Lemma 2. This is impossihle. 
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If a > ()2, we obtain 

(a-lP) (a-8-2) ~ l-e, 

whence a 2 - 3 a >- - 10, or 

a-t~i!-E=til-tt ~t-te. 
This also contradicts the hypothesis. 

Lemma 5. If is - 10 -< a -< 2.9208, th en 

I a - 151 ::s; 1 Ie, I ,8 + is I ~ 11 10 (25) 

Pro of. By Lemma 4 we can write ,8 = -,8', where ,8' > o. The 
inequality (16) with ~ = ()-2 gives 

If a> ()2, th is implies 

I a-82 I (,8' + 8-2) ~ 1-10. 

(a-82) (a + 8-2) ~ l-e, 

a2 - is a -(2-10) ~ 0, 

a ~ t (iS + i13-4 10) > 2.9208, 

which is impossible. Thus we have a < ()2. and 

(82-a) (a + 8-2) ~ l-e, 

a2 _ is a-t::S; 0, 

a ::s; t (is + i 5 + 4 e) ::s; is + E. 

Also 

(8 2-a) (,8' + 8-2) ~ 1-10, 

and since ()2 - a -< ()2 - is + 10 -< ()-2 (1 + 3 e). th is implies 

,8' ~- 8-2 + 8 2 (1-4e) ~ is -1110. 

This suffices to prove the results stated. 

Lemma 6. If (25) holds. then a = is.,8 = - iS: 
Pro of. We write a = Is + al' ,8 = - is + ,81. so that I all -< 11 E. 

1,811 -< 11 E. by Lemma 5. Substituting in (12). 

l(iSE-I+al~)(-i5f-l+,81f)1~1-E ... (26) 

for every integer ~ of k (0) . 

We have 0-3 3 (20-1) (mod 5). and since 20-1 =is. it 

follows that () 3 (mod iS). Hence if n is any integer (positive or 
negative). 

84n +2 = -1 (mod IS). -8M = -I (mod 15). 
Thus we may take 

E = (84n+2 + 1)IiS 
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in (26). which gives 

I ~ 1+ I + :;in-2 al nl - 1 +i~in+2 fJI ~ I ~ l-E. . . (27) 

or we may take 

~ = (_(jin + 1 )/f5. 
which gives 

(28) 

The proof proceeds as in Lemma 3. If al> 0 we apply (28) with 
negative values of n. If al < 0 we apply (27) with negative values of n. 
If fJl > 0 we apply (27) with positive values of n. If fJl < 0 we apply (28) 
with positive values of n. In every case we ob ta in a contradiction. which 
proves that al = fJl = O. 

Lemma 7. If a> 2.9208 and fJ < 0, then 

I a fJ I > 6.34 . . . . . . . . (29) 

Pro 0 f. We write fJ = -f3', wh ere fJ' > O. 

Cas eLSuppose 2.9208 < a < 3. By (16), 

(a + 8-2) IfJ'-82 I ~ I-E. 

If fJ' > (j2, this imp lies 

fJ' > 8 2 + 3~~E_2 > 2.618 + 3.~82 > 2.913. 

This is more than sufficient to prove (29). so we can suppos .. fJ' < (j2. 

We now have 

fJ' < 8 2 
- 3~~~2 < 2.324. 

We now apply (16) with ~ = 78-48 (j. We have 

~~' = 36 (13-88) (13-8 8') = 36. 
and 

~-I = 78~~8 8' = t 8 + ~ = 2.99071 ...• 

( 1:')-1 - 78-488 _ 4_ 8' + 5 - 0 00929 
\0 - 36 -1 1'-' •••• 

Hence (16), which takes the form 

I (a-~-I) (fJ' + (n-1) I ~ 136
E 

• 

implies 

l-t 
I a-~-II ~ 36 (2.334) > 0.0119. 
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Since a < 3, we obtain 

a < ~-I -0.0119 < 2.979. 
But now 

(a-fP) (fJ' + 0-2) < (2.979-2.618) (2.324 + 0.382) < I-e. 

contrary to (16). 

Cas e 2. Suppose 3 <: a < 3.15. We apply (16) with ; = 7 0 - 11. 
so that ;;' = - 5. We have 

;-1 = _ CO'; 11 ) = 7 0 5+ 4 = 3.06525 ... . 

(f}-I = - ( 70-;11 ) = 70'5+ 4 = -0.06525 ... . 

Since I a - ;-11 < 3.15 ~ 3,06525 ... < 0.085. we have 

, 1-e 
I fJ - 0.0625 .. ·1 > 5 (0.085) > 2.35. 

Hence fJ' > 2.4, and afJ' > 7.2. 

or 

Cas e 3. Suppose a CE 3.15. We have fJ':> af 0 > O. By (16). 

(a + 0') (fJ' -0) ~ I-e. 

fJ' >- 0 + l-e 
:;;..-- a-O- I 

MuItiplying this by a we obtain a lower bound for afJ' in terms of a, this 
lower bound being an increasing function of a, sin ce its derivative with 
respect to a is 

(I-e) 0-1 

0- (a 0-1)2 > 1.6-1 > O. 

Thus 

fJ ' >- 3 150 + (l-E) (3.15) 
a :.-- . 3.15-0-1 

(l-e)(3.15) 
> (3.15) (1.618) + 3.15-0.618> 6.34. 

Lemma 8. If a> 2.9208 and fJ> 0 then 

a fJ > 6.472.. . . . . . . . . (30) 

Pro of. We use two inequalities giving lower bounds for fJ, namely 

(a-02) (fJ-0-2) ~ l-e 

derived from (16), and fJ :> aIO from (15). The former gives 

fJ >- 0-2 + (l-e) a 
a :;;..-- a a-02 
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This decreases as a increases for a < ()2 + I, since its derivative with 
respect (0 a is 

8-2 _ (I-e) 8 2 < 0 
(a_82)2 • 

On the other hand, ap:> ()-l a2 , which increases with a. The two 
expressions, if we neglect e in the former, are equal when a = 2 (), since 

(2 8) _ -I 2 _ _ 
8-2 (28) + 28-82 - 28 + 2-8 - 2 (8-1) + 2 (8 + I) - 4 8. 

Hence, plainly, 

ap;;: 48 -e' = 6.4721 ... - e', 
where e' depends only on e and is arbitrarily small with e. 

4. Proof of Theorems 1, 2, 3. In § 2 we derived from the given real 
numbers a, b two other real numbers a, p, connected with them by (11). 
We modified a, p by replacing them by a., p1" where • is a unit of k (()), 
or by interchanging a and p. In Lemmas 3, 5, 6, 7, 8 we have proved that 

the modified numbers are either 2,2 or is, - is or else satisfy (29). 
In the last case, we have 

I-e I 
M=~< 6.34' 

and the conclusion of Thearem 3 follows. In the two former cases, a, b 
are either of the form (5) or of the form (7). IE they are of the form (5), 
th en (4) is soluble with equality, but not with strict inequality, and if they 
are of the form (7), the same applies ta (6). This proves all that was 
asserted. 

5. We now give a proaf of the inequality (9), which may be written 

1(28~-I)(U'-I)1 ~ 1. 
If ~ = 0, there is nothing to prove. If ~ =j:- 0, then I U' I :> I, sa that 

one at least of the following inequalities is valid: 

I ~ 1 ;;: 8~2, W I;;: 8 2
• 

Cas eLSuppose I; I :> ()-2. If ; :> ()-2, then 

1
2 8 ~-1 1 = 2 8 ;-1 >- ~ 2 ~-I, 

:/'"(1-2~, 

the latter since (() + 1) ;:> (() + 1) ()-2 = 1. If ; <: - ()-2, then 

12 8 ~-11 = 28 I; 1 + I > 2 1 ; 1 + 1 = 12 ~-II· 
Hence, in this case, 

1(28,-1) (2~'-1)1;;: 1(2~-1) (2f-l)l;;: 1. 
Cas e 2. Suppose I e I :> ()2. If e :> ()2, th en 

12f-ll = 2,'-1;;: U' 8-1 + I = IU' 8'-11, 
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since (l-8-IH';::: (1-8-1) lP = 1. If e' ~ - 8 2, th en 

12 e' -11 = 2 Ie' I + 1 > 2 I e' I 8-1-1 = i 2 e' 8'-11· 

Hence, in this case, 

1(2 8 ~-11 )(U' -1) I;::: 1(28 e-l)(2 8' e -1) I;::: 1, 

since ()~, ()'f are conjugate integers of k (()). 
This proves the result. It is apparent from the proof th at equality occurs 

in (9) if and only if ~ = ()-2, e = ()2. 

6. Proof of Theorem 4. We define M(b), for any b>O, 
as the lower bound of 

I (~-a) W -b) I 
for all integers ~ of k(()) which satisfy 

Ie-al ~ b. 

We define Mo by 

Mo = lim inf I (~ -a) W -b) I. 
ç~a 

Then M ( J) increases (or does not decrease) as J decreases, and 

lim M (15) = Mo. 
à~o 

The theorem asserts that Mo <: t, so that in proving it we may suppose 
that Mo > O. 

For any /::0 > 0 there exists J such that 

M (d) > Mo (I-eo)' . . . . . . . (31) 

Having determined d in this way, there exists an integer ~o of k(()) 
.such that 

I~o-al ~ 15, 

, M(d) I (~o-a) (eo-b) 1= l-e ' where 0 ~ e < /::0' • • • (32) 

We now define a, fJ as before by 

a = (a-Eo)-I, fJ = (b-~Ó)-I. 
For every integer ~ of k(e) satisfying 

I a ~-1 I ~ 1; . . . . . . . . (33) 
we have 

I ~ + ~o-a I ::s; I eo-a I ~ 15, 

and therefore, by (32) and the definition of M (J). 

, I(E + eo-a) W + eó-b) 1 M(d)_ 
l(a~-I)(fJ~ -1)1 = (~o-a)(~ó-b) ;::: M(d)/(l_e)-l-e. 

26 
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Hence we have the same situation as in § 2, except that the funclamental 
inequality (12) is now only known to be valicl wh en ~ satisfies (33). In 
place of (13) we have 

I-e I-e I 
la PI =M(15)< (l-eo)Mo ~ (l-eo)Mo' ... (34} 

We can still moclify a, P by replacing them by aT, {h', where T is any 
unit, but we can no longer interchange a, P without clisturbing the vital 
conclition (33). We can therefore suppose, without loss of generality, that 

a 
a > 0, 8 < I P I ~ a 8 . . . . . . . (35) 

It will suffice to prove that 

I a P I ;::d-el' . . . . . . . . (36), 

where el clepencls only on e and tencls to zero with e (ancl is zero if e = 0). 
For then (34) implies Mo -< t, as requirecl. 

Cas e 1. Suppose 0 < a -< 1. Then ~ = I satisfies the conclition (33), 
ancl so 

(I-a) I P-II ;::: l-e. 

By (35), I P I :s; () a, hence 

(I-a) (8a + 1);::: I-e. 

This gives () a2 :s; (() - 1) a + e, whence a -<.g., since otherwise 

8a2 > t 8a = (8-1) a + (1-% 8) a> (8-1) a + f (1-%8). 

Let m be the greatest positive integer for which ma < I, th en plainly 
ma :> t. Then ~ = m satisfies the conclition (33). ancl so 

(I-ma){m8a + I);::: I-E. 

This gives () (m a) 2 -< (() - 1 ) m a + e, and as before we decluce that 
ma -< t. This contracllcts ma :> t, ancl so the case is impossible. 

Cas e 2. Suppose 1 < a < 2 - e and P > O. We have again 

(a-I) lP-I I ;::: I-e, 

which shows that P> 1. But now, by a weIl known inequality, 

-Vap;::: I + -V(a-l)(p-I)~ I +-Vl-e, 

which proves (36). 

Cas e 3. Suppose 2 - e -< a < 2.55 and P> O. Then ; = ()-2:: 

satisfies the conclition (33), whence 
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Since fJ > (2- E)/O > 0-2, th is implies 

I-e 
fJ ~ (j-2 + -(j2 ' -a 

(I-e) (j2 
ap ~ (j-2 a- (I-e) + (j2_a . 

This expression plainly increases with a, hence 

_ (I-e)(j2 
afJ ~ (j 2 (2-e) -(I-e) + (j1-2 + e ~ 4-t l_ 

since 20-2 -1 + 02/(02 -2) =4. 

Cas e 4. Suppose 1 < a < 2.55 and fJ < O. It is impossible that 
a < 1.3, for th en I fJ I <: a 0 < 2 . 2, and 

I(a-I) (P-I) 1< (0.3) (2.2 + 1) < I-t, 

which is impossible. Hence a > 1.3. 
Since; =0-1 satisfies the condition (33). we have 

I (a-(j) (fJ_(j/) I ~ I-e. 

Writing fJ = _fJ', where fJ' > 0, we have fJ' > a 0-1> 0-1. Hence 

I I-e 
. p ~ (j-I + la-(jl' 

fJ' ---- (j-I + (l-e) a 
a ;:::::::; a la-BI 

This expression (if we neglect E) increases as a increases from 1.3 to (J, 

th en decreases as a increases from 0 to 2.55. Wh en a = 1.3 its value is 

(l-t) (1.3) 
(1.3) (0.618 ... ) + 0.318... > 4.5, 

and when a = 2.55 its value is 

(l-e) (2.55) 
(2.55) (0.618) ... ) + 0.9.32... > 4.3. 

Hence (36) holds. 

Cas e 5. Suppose a >2.55. By (35). 

a I fJ I ~ a2 (j-I ~ (2.55)2 (0.618) > 4.01. 

This complet es the proof of (36), and so of Theorem 4. 

University College, London. 
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representation. Part V. By F. VAN DER BLIJ. (Communicated by 
Prof. J. G. VAN DER CORPUT.) 

(Communicated at the meeting of February 22, 1947.) 

§ 21. Polygon numbers. 

In this paragraph we consider the representation of rational integers 
by sums of polygon numbers. We use generalized polygon numbers that 
is to say numbers tm = (t m - 1) x 2 - (t m - 2) x, with rational 
integers x. 

We consider the solutions of the equatioll 

x'Qx = N, 
which satisfy the congruence 

x a (mod ft) 

(21.1) 

(21. 2) 

It may be seen readily thàt the representation by sums of polygon numbers 
forms a special case of this problem. For we may replace 

r 
2 (t m-l) X:-(t m-2) Xj = N 
j=1 

by 
r 

}; 12 (m-2) xj-(m-4:)j2 = 8 (m-2) N + r(m-4:)2, 
j=1 

and this can be written as 

r 

2 Y: = M, YI = -m + 4: (mod 2 (m - 2)). 
1=1 

We are able to determine the number of solutions of this system in some 
cases, if we replace it by a system of aquadratic equation and a linear 
one, this system can be treated with the theory developed in the preceding 
paragraphs. We avoid this roundabout way in the examples given later on. 

There is no essential restriction in considering only the system 

I~ Y7 = N, ( . (21. 3) 

- Yi = 1 (mod ft), ~ 
if we should study the representation by polygon numbers. 

If we consider the system 

x'Qx = N, x a (mod ft) (21.4:) 

we will suppose the congruence 

a'Qa N (mod ft) (21. 5) 
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to be satisfied. else there are no solutions of the system. We introduce 

x = flYo + aC 
and we obtain 

~ fl2 y~ Q Yo + 2 fl , Yó Q a + '2 a' Q a = N. 
~ ,= 1. 

Let now 

thus we consider 

y'QIY = f~2 y'W'QWy + fly'za'QWy + 
+ fly'W'Qaz'y + y'za'Qaz'y = N. 

z'y-ft~ = 1. 

Now we search the number of solutions of 

(21. 6) 
satisfying 

y'z - 1 (mod fl) (21. 7) 

It may be seen readily from the definition of Ql that the solutions of 
(21. 6) satisfy 

(y'Z)2 a'Qa - N (mod fl) 

And we supposed the congruence 

a'Qa N (mod fl) 
to be satisfied. 

(21. 8) 

If (a'Qa. fl) = 1 and ft is either a power of a prime of the double of a 
power of a prime the congruence can be omitted if we halve the number 
of solutions if fl> 2. if fl = 2 the congruence can be omitted. In some 
instances we considet systems with (a'Qa. fl) > 1. too. 

First we consider the system (21. 3) with r = 2. 
This may be replaced by 

y' QI Y= fl2 Yi + 2fl (l-fl) YI Y2 + (fl2_2fl + 2) Y~ = N , Y2 _1 (modfl). 

Af ter an elementary transformation we write th is 

fl2 x 2 + 2 fl xy + 2 y2 = N , y = 1 (mod fl). 

If fl is even we simplify once more and we get 

( 
fl )2 2 _ N fl _ 2 x2 + u - 2 ' 2 x + u = 1 (mod fl)· 

Trigonal numbers being closely connected with odd squares, the repre~ 
sentation by sums of th ree trigonal numbers can be deduced from that 
by sums of three squares. The formulae being complicated will not be 
considered here. 

According to the researches of STREEFKERK [15] we consider the 
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representation by a sum of three pentagonal numbers or by a sum of three 
octagonal numbers. We commence with octagonal numbers 

3 

2' (3~-2xi)=N: .. 
/=\ 

. . (21. 9) 

3 

~ (3x/-l)2 = 3 (N + 1): 
/=\ 

3 

~ Z: = 3 (N + 1) , ZI = 1 (mod 3). 
/=\ 

Now we determine the number of those solutions of 

y' Qy = (3 Y\-2Y3)2 + (3Y2-2Y3)2 + y~ = 3 (N + 1), (21. 10) 
which satisfy 

Ya - 1 (mod 3). 

Those solutions of (21. 10) which satisfy Ya 0 (mod 3) are the solutions 
of 

N+l 
(1]\ - 21]3)2 + (1]2- 2 1]3)2 + '1; = -3-' 

or of the equation 

c~ + C~ + C~ = t (N + 1). . • (21. 11) 

Theorem 9a. The numbet' of solutions of the system (21. 9) equals 
tA(Q) -lAa, whet'e 

A(Q) denotes the number of solutions of (21. 10). 
Aa denotes the numbet' of solutions of (21. 11 ) . 

or 

For the representation by sums of three pentagonal numbers we con si der 

3 

2'(tx:-tX/)=N: ...... (21.12) 
/=\ 

3 

~ Z: = 3 (8N + 1), ZI = 1 (mod 6). 
1=\ 

We replace this by 

y' Q2 Y = (6 Y\ + Y3)2 + (6 Y2 + Y3)2 + Y; = 24 N + 3, . (21. 13) 
and 

Ya - 1 (mod 6). 

It can be deduced from (21.13) th at Ya 1 (mod 2). 

Theorem 9b. The numbet' of solutions of the system (21. 12) equals 
lA(Q2) -tA(Qa), whet'e 

A (Q2) denotes the numbet' of solutions of (21. 13). 
A (Q3) denotes the numbet' of solutions of the equation 

(21]\ + 1]3)2 + (2 1]2 + 1]3)2 + 1]~ = t (8 N + 1). 
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The numbers A(Q). A3' A(Q2). A(Q3) which occur in theorem 9a and 
9b can be calculated from the general theory of quadratic forms of 
SIEOEL [14]. The formulae thus obtained are neither simple nor surveyable. 

At last we consider the representation by sums of four trigonal numbers 
and that by sums of four octogonal numbers. First trigonal numbers. 

4 

2 (t x~ + {- Xi) = m 
i=\ 

We introduce N = 2 m + 1 and A 4 (,0,) denotes the number of repre~ 
sentations of 6 as a sum of four squares. Considering 

4 

2 (2 Xi + 1)2 = '4 N 
i=\ 

we get the well-known 

Theorem 10. The number of representations of m as a sum of four 
trigonal numbers equals 

Ai (4 N)-A i (N) = 16 2 d. 
dI2m+\ 

In the case of octogonal numbers we con si der 

4 

2 (3 xi-2 Xi) = m. 
i=\ 

we replace this by 

i 

2 z; = 3 m + '4 = N. Zi = 1 (mod 3). 
i=\ 

Thus we must calculate the number of solutions of the equation 

(3 YI + Yi)2 + (3 Y2 + Yi)2 + (3 Yl + Yi)2 + Y~ = N. 

We find about this number 

and 

Thus 

ap = (1-~) S d-I
• if pl ll N and (p. 6)= 1. 

P dlpl 

a2 = 1. 

al = 2. 

Ao= -~ 2 d. 
diN 

IE we introduce here N = 7. the number Ao becomes a fractional one. so 
the strict value of the number of solutions is not given by the singular 
series. 
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§ 22. Degenerated cubic forms. 

We study the representation of rational integers by degenerated cubic 
forms. If we suppose the cubic form to be degenerated into the product 
of three linear forms the problem is quite elementary. Thus we consider 
those cubic forms which are degenerated into the product of a linear form 
and aquadratic one. 

First we study the simple equation 

x3 + y3 = N, N> ° (22.1) 
or 

(x + y) (x2-xy + y2) = N. 

This may be replaced by the equations 

x 2 - xy + y2 = d, l 
x + y = d; ~ 

where d runs through all positive divisors of N and d cl = N. 

(22.2) 

There are two rational integral solutions of (22.2) if 12d-3d2 a 
positive square and th ere is one solution if 12 d = 3 d 2• 

Theorem 11. The number of solutions of the equation (22. 1) equals 

the double of the number of positive divisors d of N such that 12 ~ - 3 d 2 

is a positive square, this number must be incrcased by one if 4 N is the 
cubic of a rational integer. 

This theorem. though it is not very complicated, is not "beautiful", for 
it is not a multiplicative one. 

If the determinant of the qua dra tic form, which is a factor of the cubic 
one vanishes the formulae become multiplicative ones. We will give an 
example. 

The equation 
x3 + y3 + z3-3xyz = N,N>O . 

can be written as 

(x+y+z) (x2+y2+z2-xy-xz-yz) =N. 

Now we consider the system 

4(r+y2+z2-xy-xz-yz)-(2x-y_z)2+3(y-z)2 = 4d, 

x+y+ z=d, 

First we suppose N ~ ° (mod 3). 
Then half the number of solutions of the equation 

u2 + 3 v2 = 4d, 
satisfy the congruence 

u d (mod 3) 

since d ~ 0. ct ~ ° (mod 3). 

(22.3) 

dd=N, 

d>O. 
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The number of solutions of the equation (22. 3) equals in this case 

where -r(d) denotes the nu mb er of positive divisors of d. 
IE N 0 (mod 3) th ere are no solutions unIe ss N - 0 (mod 9). Thus 

we suppose 
N 0 (mod 9). N = 9N1 . 

The number of solutions of the quadratie equation u2 + 3 v 2 = 4 cl equals 

6 ~(do). 
dold 3 

Theorem 12. The number of solutions of the cubic Diophantic equation 
(22. 3) equals 

if N ~ 0 (mod 3) .... 3 ( ~) d~ ( ~ ) l (d). 

if N = 0 (mod 9). N = 9 NI .... 6 d 5.. (~) l (~I). 
Each cubie form whieh is a symmetrie function of it variables and th at 

is degenerated into the product of a linear form and aquadratie one 
with determinant zero can be written as: 

The number of the solutions of the equation 

(r-l) (Z Xi)3 + (r-3) (Z Xi x])--6 Z Xi XI Xk = N ; N> 0 (22.4) 

equals 

~ A (d), 
diN 

where A(d) denotes the number of the solutions of the system 

l
r i x~ = d + d2 , 

i=1 I 

r 
~xl=d, 

i=1 

dd=N. 

We know that this number A(d) is almost a multiplicative function of 
r. r- 1 (cl + d2 ) -d2 = cl. 

At last we consider a cubic form, which is not a symmetrie function, to 
know 

x 3 + y3 + z3 + x 2(y + z) + x(y2-2 yz + z2) - yz(y + z). 

We con si der the equation 

(x+y+z) {(x+y-z)2+ (x-y+z)2}=2N. N>O (22.5) 
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and the system 

(x + Y-Z)2 + (X-y + Z)2 = 2d, 
dd=N. 

x + Y + z = d, 

We replace this by the equation 

u2 + v2 = 2d 

here u and v must satisEy this condition: we must be ab Ie to determine 
rational integers x, y and z Erom the equations 

x + y-z = u, 

x-y +z= v, 

x + Y + z = d. 

From this we obtain the condition u v - d (mod 2) so d - d (mod 2). 

Theorem 13. The number of solutions of the equation (22.5) equals 

if N = I (mod 2) 

if N = 2 (mod i) 0 

if ~ N = 0 (mod i) i (a-I) (N~) lN ( )) l (d). 

( 2«IIN.N=2«N1• 



Applied Mechanies. - On the restricted applicability of the principle of 
least work in the plastic domain. By P. P. BIJLAARD. (Communicated 
by Prof. J. M. BURGERS.) 

(Communicated at the meeting of March 29. 1947.) 

In preceding publications 1) 7) we proved. that with large plastic 
deformations. in re1ation to which the elastic deformations may be 
neglected. the stresses in a centrically loaded weakened strip of a steel 
plate (fig. 1) will adjust themselves in such a manner. that the strain 

4 

I 
I 

t 

Fig. 1. 

ca 

energy becomes a minlmum. This may be readily understood. as plastic 
deformations will only occur in the weakened oblique part. wh ere practi~ 
cally a homogeneous stress distribution will prevail. Hence in this reg ion 
the modulus of plasticity Ep will be a constant. so that the stresses establish 
themselves in the same way as in the elastic domain. with the only 
difference that now the coefficient of lateral contraction m is equal to 2. 
in consequence of which the strain energy is only shearing energy. It 
follows th at the e1astic shearing energy Vs. which is the controlling factor 
for the plastic deformation. is a minimum. so that the plastic deformations 
will be as small as possible and a maximum resistancc will be offered 
against extern al forces. These arguments hold equally weIl in the domain 
of strain hardening. when the slope cp of the stress~strain graph has a 
positive value. as at the yie1d point. 

Hence both with e1astic and with pure1y plastic deformations the strain 

1) BIJLAARD. De plastische vervorming van vloei-ijzer en de berekening van ijzer
cor.structies. De Ingenieur. Nr. 23 (1933). 
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energy acquires extreme values. In the transitional do ma in between elastic 
and mainly plastic deformations the state of stress will have to change 
from one, corresponding to minimum elastic strain energy, to one, cor~ 
responding to minimum strain energy with m equal 2, i.e. minimum 
shearing energy. One might be inclined to think that here the state of 
stress would correspond to a minimum of the totaI. i.e. elastic plus plastic 
strain energy, but this is not true. 

Let us consider for example a simple case, in which the angle f3 in fig. 1 
equals zero and the weakened strip is bordered by infinitely rigid thin 
plates. Owing to the junction to the rigid plates, the strain Ey in the 
weakened strip will be zero. Furthermore az equals zero. If the 
weakened strip deforms only elastically the condition Ey = 0 will give 
ay = ax/m = 0,3 ax, whilst with large plastic deformations (with m = 2) 
the stress ay will increase up to 0.5 ax. According to the condition of 
yielding 

0
2 

- a 0 + 0 2 = 0 2 
x x y y ,,' (1) 

in the latter case ax will increase up to 1.154 avo If for example ax equals 
1,150 av, the stress ay according to eq. (1) will be 

ay = ax /2- -Vo;-30iJ4 = 0,485 0.; 

and, according to our former publications 2) , 

Ir. however, ay would be a little greater, for example 0.5 av, which would 
be statically possible just as weIl, the yield stress would not be reached 
at all, as may be seen directly from the course of the ellipse (1). In that 
case the deformations would be purely elastic and Ex would only amount to 

EX = axJE -0.5 o,.jmE = (1.15 -0,15) a.JE = 1.00 av/E. 

In this imaginary case the total strain energy would be less than half of 
that which really occurs. 

That in this transitional domain the total strain energy V will generally 
not acquire extreme values, may be proved by means of the calculus of 
variations. The first variation of the total strain energy V may be written 
a!; 

bV= bYe + dVp , 

V. and V p being the strain energies for elastic and plastic deformations 
respectively. Considering the general case of a three dimensional state of 

2) BIJLAARD. A theory of plastic buckling w;th its application to geophysics. Proc. 
Kon. Ned. Akad. v. Wetenseh., Amsterdam, Nr. 5 (1938) , eq. (8). 
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stress we have. distinguishing the elastic strains by the subscript e 3) : 

<5Ve = f f f <5 Vet dxdy dz = f f f (t.xe <5a.x + tye ~ay + tze <5az +! . 
+ Yxye <5lxy + Yyze <5lyz + Yz.xe <5lzx) dx dy dz 

the value Vel being the elastic strain energy per unit of volume. 

(2) 

As al ready mentioned. in the transitional domain between elastic and 
mainly plastic deformations the state of stress will change. We assume 
that under these circumstances the total plastic deformations and the state 
of stress determine each other reciprocally. in such a way. that the ratio of 
the total plastic strains is always equal to that of the deviator components 
of the stresses 4). so that 

txp = ax/2 Gp• etc.; Yxyp/2 = lxy/2 Gp• etc. • (3) 

the deviator stress ax being for example equal to ax - a. whilst 
a = (ax + ay + az) /3. In consequence of this assumption the state of stress 
will be the same as when the plastic strains would have been built up in 
the ratio they finally acquire. In a former publication 5) we have compared 
this mode of deformation with other possibilities and found that with 
problems of plastic stability we remain at the safe side with it. 

We will now compute the first variation of the plastic strain energy 
V p in such a way. that the derived formulae at the same time will have a 
more general value. IE in the case of pure extension or compression the 
relation between the stress and the plastic strain t p is an arbitrary one. 
the work performed by ax is faxdexp per unit volume (fig. 2). etc. Hence 

a. 

o~------~------------~~ f.~ 
Fig. 2. 

the total strain energy for the plastic deformation is 

V p = f f f V pt dxdy dz = f f f f(ax dexp + ay deyp + az dtzp + l 
+ lxy dyxyp + lyz dyyzp + lz.x dyzxp) dxdy dZ' 

(4) 

3) FÖppL. Vorlesungen über Technische Mechanik. Part V (1922). p. 281-286. 
TIMOSHENKO. Theory of elasticity. p. 145-151. 

4) PRAGER.Mécanique des solides isotropes aU! delà du domaine élastique. Mémorial 
des sciences mathématiqucs. fase. 87 (1937). 

5) BIJLAARD. A theory of plastic stability and its application to thin plates of 
.structural steel. Proc. Kon. Ned. Akad. v. Wetenseh .• Amsterdam. Nr. 7 (1938). 
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and the first variation b V Pl per unit volume for arbitrary variations of the 
stress components can be written: 

u pi - à uOx à U(Jy à UOz Ox Oy Oz 
.tv _àVpI.t +àVpI.t +oVPI.t +/ 

+ oVPI.t +àVPIÓ +àVpI.t ~ 
(5) 

à utxy à t yz à utzx txy t yz tzx 

A variation óO x will. according to eq. (4) and fig. 2. produce an excess 
work Ox (àexpjàox) box per unit volume in consequence of the corresponding 
variation of expo but it will also evoke variations of the other strain com~ 
ponents. so that 

àVpl _ àexp + oeyp + OEzp + àrxyp+ oryzp+ orzxp (6) 
à - Ox 0 Oy à Oz à txy à t yz à tzx à • Ox Ox Ox Ox 0x Ox Ox 

In the domain of strain hardening a definite relation 5 1 = lP (Ed exists 
between 

S = , j 02 + 02 + 02 + 2 (t2 + t 2 + t 2 
) 1 r x y z xy yz zx 

and 

EI = fe;p + e;p + e!p + i (r;yp + r;zp + r;xp) • 

Si being equal to 4GV s. in which G is the elastic modulus of rigidity and 
V s is the elastic shearing energy. In the case of pure extension for which 

we may write 0 = Epep (fig. 3). we have 5 1 = of2/3. El = ep f3j2. so 
that 5 1 = 2EpE 1j3 = 2GpE 1 (fig. 4). as with plastic deformation 
G p = mE pj2 (m + 1) = E pj3. Hence for corresponding points of figs. 3 
and 4 we have tan rps = -i tan rp. 

E .. 
Fig. 3. 

/' 
/' 

/ 
/' 

/' 

/'" 
/' 

/' 

/ 
/' 

4l 

O~~------------------------~~'~P-E, 

Fig. 4. 

From the data given above we compute 

oGx _ 2 àoy _ àäz -_l OSI Gx 

àox -"3"' oox - oox - "3"' oox = SI' 
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and, also according to fig. 4, 

~ (_1 ) = 0 (2EI /SI) = d(2EdSI) OSI = 
OOx Gp OOx dSI à Ox 

=2SI/tan~&-2EI ax = 2ax (2Gp -1) 
SI SI SI Gp tan fPs 

• • • (7) 

from which e.g. 

OEXp __ 1_ oax + ax ~ (_1 ) _ ~ + ai ( 2 Gp _ 1) 
oox - 2 Gp oox 2 oox Gp - Ep 2 S~ Gp tan fP, 

OEyp __ 1_ Oay + ay ~ (_1 ) ___ 1_ + ax ay (2 Gp -1) 
OO'x - 2 Gp OO'x 2oO'x Gp - 2Ep 2sî Gp tanfPs . (8) 

OYxyp = a~ 'rxy ( 2 Gp -1) 
oox SI G p tan fPs 

The other partial derivatives with respect to Ox will he ohvious. Suh~ 
stituting them into eq. (6) we find, af ter summation, 

oVpl _ 2ox-oy- Oz + 
oox - 2Ep 

+ ~x (2G
p -1 ') (oxax+oyay+ozaz+2'r~y+2'r;z+2'r;x)' 

2 SI Gp tan fPs 

As 

we have 

oVpl = a
G 
x + a

G 
x (2Gp -1) =~. . .. (9) 

oox 2 p 2 p tan fPs tan fPs 

The partial derivatives of V p with respect to the other stress components 
are derived in the same way. We find e.g. 

. (10) 
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Thus we obtain e.g. 

oVpl _ OExp + OEyp + àEzp + àyxyp + àyyzp + ! 
à - Ox à Oy à Oz rxy à ryz ::. t'xy rxy t'xy àt'xy rxy Urxy 

(11) 
+rzxàYzxp=rXY + ;xy (2Gp -1)S:= 2rxy 

àrxy Gp SI Gp tan gJs tan tp, 

so that eqs. (4) and (5) yieId 

tan gJs tan gJs tan l{Js <SVp =JJf(~ <Sox + ~ doy + ~ <Soz + 

• (12) 
2t'xy 2ryz 2rzx ) + -- <St'xy + -- <St'yz + -- dt'zx dx dg dz 

tan gJs tan gJs tan gJs 

As dox = Cox + do, etc. and Öx + oy + oz = 0, eq. (12) mayalso be 
written as follows 

() V p = f f f (l/tan l{Js) (ox dox + oy <SOy + Oz doz + 2 t'xy dt'xy + 

+ 2 t'yz dt'yz + 2 t'zx dt'zx) dx dg dz = 

= f f J 1(1/2 tan gJs) 15 (o~ + 0; +0; + 2t'~y + 2t';z + 2t';x) I dxdgdz= 

= f f J(dS:/2 tan gJs) dxdg dz. 

(13) 

The variation was arbitrary, so that the ratios dox/ox, doy/oy, etc. will 
not be equal. Prom eq. (13) we see, however, that we may split up the 
variation into one, for which the ratio of the stress components and hence 
also that of the deviator components, does not change, but with varying 
values of El and Sl; and one, for which El and Sl remain constant, whilst 
the ratio in question changes; eq. (13) th en says that during the latter 
variation dV p = 0. As with constant El and Sl the value of G p is a 
constant too, so that for example dExp = IJäx/2Gp , it follows also more 
directly, that in this case 

bVp = J J J (1/2 G p) (€Ix dox + oy doy + Oz do; + 2 t'xy bt'xy + 

+ 2 t'yz dryz + 2 t'zx dt'zx) dx dg dz = J f J (dS~/4 G p) dx dg dz = O. 

Hence with the original as weIl as with the varied state of stress V p will 
be the same as if the ratio of the stress components had remained constant 
during the deformation, whilst dV p presents in deed the difference of the 
plastic strain energies in the two cases. The fact that no work should be 
done by the exterior forces in a deformation with constant El is rather 
contrary to what should be expected; the conclusions obtained above 
therefore do not plead for a complete behaviour of a material according to 
the assumed mode of deformation. 

According to eqs. (3) we may write eq. (12) as follows 

dVp= f J J(2 Gp,ltan gJs) (Exp dox + Eyp doy + Ezp doz +! 
(14) 

+ Yxyp <St'xy + yyzp dt'yz + YzxP drzx) dx dg dz. 
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The partial strains Eu. etc. cannot be expressed in the displacements u. v 
and w; neither can the partial strains Exp. etc. Only the total strains Ex. 
etc. may be expressed by the partial derivatives of the displacements with 
respect to the coordinates. We can introduce them when eqs. (2) and 
( 14) are combined as follows 

JJJ( r} Vel + t;r;;s r}VPI) dxdy dz = ! 
' P (15) 

= f f f(Ex r}O'x+Ey r}O'y +ez ~O'z +l'xy chxy +l'yz r}t'yz +rzx ~t'zx) dxdzdz 

To prove the principle of least work in the elastic domain. the strains 
Eu. etc. are put equal to oujox. etc.; af ter partial integration. taking into 
account the conditions of equilibrium and the boundary conditions. it th en 
appears that with unchanged surface forces the integral in eq. (2) is 
equal to zero 3). The same reasoning (which we will not repeat here) may 
be applied to the right hand side of eq. (15). so that it appears that 

J J J (r}Vel + t;r;;;s <5VPI) dxdy dz=O. (16) 

It follows that the relation 

~v=fff(r}Vel + r}Vpl ) dxdy dz=O. 

which would mean that the total energy should have an extreme value. 
can only be obtained if tan qJsj2Gp = 1. that is with an Sl -El as weIl 
as aO' - ep relation given by a straight line through the origin. a case which 
practically never occurs. 

In the same way as we found eq. (13) we may derive that 

dVp = f f f (dS~/2 tan qJs) dx dy dz. 
or 

dVpl = dSi/2 tan qJs and V pl = f (dSi/2 tan qJs). 

which equation yields. according to fig. 4. 

V pl = f (SI dSl/tan qJs) = f SI dEI. • . (17) 

As it followed from eq. (13) that a change of the state of stress does 
not influence V p when the value of Sl is kept constant. we may compute 
V p just as weIl up on the assumption that the ratios of the deviator compo~ 
nents do not change during the deformation. In that case the ratios between 
the deviator components and Sl will be constant. It may be easily under~ 
stood. that th en the relations ax-exp. etc. will be identical with the relation 
Sl -El' so that dexp = dax/tan qJs. etc. (fig. 4). Hence it follows from 
fig. 4 that 

V pl = f (ax dexp + ay deyp + az dEzp + txy drxyp + tyz dl'yzx + t'zx dl'zxp) 
= f (l/tan qJs) (ax dax + ay Qay + Oz Qaz + 2t'xy dt'xy + 2tyz dt'yz + 2tzx dt'zx) 

= ((dSi/2 tan qJs) = f SI dEI' 

in accordance with eq. (17). 
27 
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\Ve may now derive from fig. 4 that with a Si-El relation cor~ 
responding to the full drawn out curve, a variation of Sl will cause a 
variation c5V Pl which is 2Gp/tan qJs times the variation c5V PiS that would 
occur, if the Sl - El relation would have been determined by the straight 
line OPQ. In the latter case we found 

~V= f f f (c5Vet + c5Vpts) dxdy dz=O (l8) 

as may be derived likewise from the fact that in this case the stress strain 
relation is the same as in the elastic domain, with the only difference that 
now the coefficient of lateral contraction is between mand 2. Substitution 
of c5Vns = (tan qJs/2G p )c5VP1 into eq. (18) will give us inversely the 
relation expressed by eq. (16). 

Furthermore it appears from eq. (16) that with tan qJs = 0, that is at 
the yield stress, c5Ve = 0 and hence V e has an extreme value. This con
clusion is in accordance with HENCKY'S deductions 6). However, we have 
se en above that in the transitional domain the state of stress changes from 
one, corresponding to minimum elastic strain energy, to one with minimum 
shearing energy, so that in this domain the elastic strain energy V e will 
not obtain a really extreme value. The reason why nevertheless we find 
c5Ve to be zero is, that, although V e does not become an absolute minimum, 
it will be (in distinction to what is the case in the elastic domain) a 
constrained minimum, i.e. a minimum for such states of stress only, which 
besides satisfying the conditions of equilibrium (which have to be satisfied 
in the elastic domain as weIl), satisfy the condition of yielding. The latter
one here acquires the form Si = const. 

In the elastic domain V p = 0, so that eq. (16) gives c5Ve = 0, in. 
accordance with the principle of least work valid in that domain. 

When the elastic deformations may be neglected relatively to thE' 
plastic ones, eq. (16) gives: 

f J Jt;~s dVpt dxdydz=O (19~ 

from which it follows that in this case the principle of least work will hold 
anyway if tan qJs/2Gp is independent of the coordinates x, y and z, in 
which case eq. (19) reduces to c5Vp = O. This condition is i.a. satisfied in 
the example we considered in the beginning of this paper, the plastic 
deformation of a centrically loaded oblique weakened strip, wh ere, also 
with tan qJs surpassing zero, tan qJs and G p everywhere have the same 
value. 

Moreover V p will become an extreme if c5V Pl is zero everywhere, also 
with varying values of tan qJs/2Gp • This will occur for example, if a 
weakened strip is deformed arbitrarily in such a way, that the adjacent 
elastic parts rotate with respect to one another around an arbitrary point 0 

6) HENCKY. Zur Theorie plastischer Deformationen. Proc. lst Congress for Applied 
Mechanics. Delft. (1921). 
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(fig. 1). In this case the direction of yielding of every point of the strip is 
given by the perpendicular to a line, connecting th at point with O. Prom 
our former publications it follows 7), th at in such a case at the yield point 
the stresses establish themselves such, that the component of the oblique 

stress fl = -V o~ + 'l~y in the direction of yielding (which we have called 
the "effective oblique stress" fl. = fl cos r) assumes a maximum value. 
As only these components give a moment with respect to 0, the total 
moment with respect to 0 will be a maximum too and hence also the 
resistance of the weakened strip against rotation of the adjacent parts 
about O. This holds likewise if the weakened section follows a curved 
course. However, in all these cases the breadth a of the strip has to be 
small in comparison to its length b (fig. 1), in order to make Ey every~ 

where equal to zero. A maximum resistance causes a minimum rotation by 
a given moment and thus a minimum exterior work, so th at the interior 
\Vork V P is a minimum as weIl. At the other hand it follows from eq. (14) 
that with a plane state of stress, where only Ox, ay and 'lxy differ from zero, 
with Eyp = 0 and given values ax and 'lxy, hence with ~ax = ~'lxy = 0, we 
shall have ~V p = O. In the latter case the boundary conditions are such 
that eq. (19) holds also for a length dx of the strip, so that it yields 
~V PI = 0 and hence also ~V p = O. 

If an unweakened plate is loaded in such a way, that the breadth of the 
dangerous region is small in relation to its length, the same conclusions 
wiII hold. 

As 

d àEx àEx àEx àEx àEx d àEx d 
Ex = à- dox + à- doy + ~ doz + à- d'lxy + -à lyz + -à 'lzx, etc. 

0x Oy "Oz 'lxy 'lyz 'lzx 

and 

àex = àExe + àExp = -.!-. + à Exp , etc., 
àox àax àax E oox 

the differential relations given by eqs. (8) and (l0) may be used likewise 
in order to express the excess stresses dax = a' x, etc. by means of the 
excess strains dEx = E' x, etc., if an elasto~plastic body is subjected to an 
infinitely small excess stress tensor, as we have shown in a communication 
to the Sixth Congress for Applied Mechanics in Paris, September 1946. 
It appears, th at in such a case, which may occur in three dimensional 
buckling problems, the behaviour of the elasto~plastic body is anisotropic 
and is governed by 7 constants. With plane stress the relations reduce to 
those of our theory of plastic stability of th in plates 8). 

7) BIJLAARD. Weerstand van een verzwakte scheeve doorsnede van een getrokken 
plaat. berekend volgens de hypothese van HUBER-HENCKY. De Ingenieur. Nr. 37 (1931). 

BIJL AARD. Theory of local plastic deformations. Chapter 2. Int. Ass. for Bridge and 
Structural Engineering. Zürich. Sixth Volume (1940/1941). 

8) Cf. lito footnote 2. eqs. (21 )-(24). 



Applied Mechanics. - Inequalities fot' conjugated Maxwell influence 
numbet's. By O. BOTTEMA. (Communicated by Prof. C. B. BIEZENO.) 

(Commu.,:licated at the meeting of March 29, 1947.) 

1. We consider a two~dimensional framework the joints of which are 
fixed in space but liable to rotations. The joints are denoted by 
Ai (i = I, 2, ... n) and the length of the member joining the points Ai and 
A j is indicated by lij = Ijl: if AI and A j are unconnected lij = 0 by 
definition. 

IE Mi is the moment acting in AI and CfJi the rotation that occurs in Ai, 

the following linear relations hold 

MI = all CfJI + 812 CfJ2 + ... aln fIJn ! 
M 2 = 821 flJl + a22 flJ2 + ... a2n fIJn 

(alj = a/i) • . . . . . . . . . . . . 
M n = ani flJl + an2 CfJ2 + ... ann CfJn 

(1) 

where the coefficients ai jare characteristic nu mb ers of the framework, 
depending on the elastic properties of the members. They are called the 
conjugated Maxwell influence numbers of the system and may be regarded 
as dualistic to the ordinary Maxwell coefficients 1). Obviously ai j can be 
defined as the moment required to act at Ai when A j is subject to the 
unit~rotation and if all joints Al (k ~ j) are locked. 

The coefficients aij fulfill certain inequalities. It is well~known that the 
determinant 

is positive 2). 

all al2'" aln 

a21 822'" a2n 
(2) 

In the course of an investigation concerning the convergence of the so~ 
called relaxation~method for frameworks of the type mentioned above 
BIEZENO and BOTTEMA 3) proved in an indirect way 

al4 -aiS" • 

-a24 a25' •• 
> 0 (3) 

a34 -a35" • 

1) For the conjugated Maxwell numbers see H. B!EZENO und GRM,I MiE IJ, Technische 
Dynamik (Belrdin 1939), p. 95. 

2) BIEZEN!o-GRAMflIEL, p. 96. 
3) BIEZENOand BOTIEMA, The convergence of a specialized iterative process in use 

in structural analysis. Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, 49, 489--499 
(1946). 
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thus showing that if in a Maxwell determinant (related to the type of 
structure mentioned above) the numbers of all diagonals beginning with 
a13. a15 ••..• a3l. a5l .... are replaced by their negative values. the determi~ 
nant remains positive. 

We now add two other inequalities with regard to the coefficients alf 

(only for the frameworks under consideration) one of which is a 
generalization of (3). 

2. To this end we give an expression for aij by means of the values of 
the characteristic elastic properties of the members of the framework. For 
the greater part the results have already been given in the above mentioned 
paper. 

We put 

f
AjdX 

Fij= EI' 
AI 

• (4) 

where EI represents the local ben ding rigidity of the member AiAj. If all 
joints A j (j #= i) are clamped and the external moment acting on AI is 
Mi. if furthermore Mij represents the share of Mi acting on AiAj. then 
the rotation gJl of Ai is determined by 

• (5) 
wh ere 

_ lij 
aij - 2 

Fijlij-Sij 
• (6) 

Moreover the equilibrium of AiAj requires a clamping moment in A j of 
thc magnitude 

where 

{J 
- lij Sij-lij 

ij - 1 
ij 

• (7) 

From these results it follows that a rotation gJi in Ai (all other joints being 
fixed) requires a moment M j in A j (j #= i) of the magnitude 

_ _ lij Sij-lij 
M j - aij {Jij gJi - 2 CPi, 

F ij lij-Sij 

the moment Mi in the joint AI itself being 

Mi = I Mik = Iaik gJi 
k k 

Consequently the conjugated Maxwell numbers can be written as: 

aii = Iaik 
k 

aij = ai} {Ji} (i =f j) 
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If for abbreviation we put 

we have 

1 
rij = 2 • /Jij = lij Sij-lij • • • • • (8) 

FiJ lij-Sij 

ai! = :E rik lik 
k 

aij = rij /Jij 

. . (9) 

lt can easily be shown that rij = rjl and /JIJ = Oj/.so that a/j = ajl as 
required. 

3. It foIlows from (4) and (8) that Y/ j > O. 0/ j > 0 and furthermore 
that 

so that 

O/J < i lij lji 
In view of the theorem on the arithmetical and geometrical mean we have 

Hence 

:E aij =:Erlj /Jij <:Et rij (lij + lJi) =Irij lij =:E :Erik lik =2aii 
i * J I.J I.J i,J I k I 

'So that 

}; alJ < :E aii • • • • • • • • (11) 
I*J I 

that means: the sum of the coefficients in the main diagonal of the Maxwell 
matrix is greater than the sum of all the other coefficients. 

4. The quadratic form Q = :E aijX/Xj can be written as (see (9)) 
Ij 

Q = t 2 (rij lij X~ + 2 rij OiJ XI Xj + rij I ji x}) = 
I,J 

= t ~ rij (lij xi + 2 /JIJ Xi XJ + Ijl xJ). 
I,J 

The discriminant 6.lj of 

qlJ = lij x~ + 2 oij XI XJ + Ijl xJ . . . . . (12) 

being 02lj-ll j ljl we have 6.ij<O. so that (12) is essentiaIly positive. 
But then the same holds for 

q/J = liJ x~-2 oij XI XJ + Ijl xJ 

as weIl as for Q' if Q' denotes the qua dra tic form. that is .obtained if in 
Q = t ~ rijqlj one or more of the terms q/j are replaced by q'ij. The 
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coefficients of the quadratIc form Q' are thus seen to be the same as those 
of Q provided th at one or more of the coefficients aij (i -=j:- j) are replaced 
by -aij. In view of the well~known properties of positive quadratic forms 
we have the following theorem: if in the Maxwell determinant I aij I be~ 
Ion ging ta the constructions under consideration one or more pairs of 
symmetrical coefficients aij = aji (i -=j:- j) are replaced by their negative 
values, the determinant re ma ins positive. The theorem is a generalization 
of that quated in § 1. 



Comparative Physiology. - Some Aspects of the Tonus Problem. (From 
the Laboratory of comparative Physiology of the University of 
Utrecht.) By N. POSTMA. (Communicated by Prof. J. M. BURGERS.) 

(Communicated at the meeting of March 29, 1947.) 

For the foot of the snail (Helix pomatia 1.), as a representative of the 
hollow smooth muscIe, we have found that the tonic reactions (lengthening 
and recovery) are based on reflex~shortening and on reflex~distension of 
different muscular units. These mutually opposite movements are produced 
by antagonistic impuls es conducted to the muscIe along efferent nerve~ 
paths (POSTMA, N. 1945). Innervation and mode of action of the snail 
foot muscIe are similar to those of vertebrate intestinal hollow smooth 
muscles. The tonic reactions are determined by the ratio between the 
numbers of shortening and distending muscIe fibres . In this respect there 
is a resembIance to the reflex tonus of striated muscles. With regard to 
unstriated muscIe, however, this does not allow to speak of tetanotonus. 

Formerly the theory was accepted that energy had to be suppIied by 
metabolic processes for the shortening of a muscIe, the relaxation being 
effected passively. Afterwards the opposite conception was held to be true: 
metabolism restoring the electrical charges in the muscIe fibres is now 
generally held to be the cause of a discontinuation of the shortening. The 
muscIe is stretched (" decontracted") by intrafibrilar electric -fields, and 
shortening apparently follows passively as soon as these charges are 
reduced by the stimulus causing contraction (BUCHTHAL, 1) a.o.). Thus 
it is possible to maintain tonus, i.e. a definite degree of shortening, without 
demand for extra energy. 

Striated muscIe decontracts spontaneously (BUCHTHAL ); it is probable 
that this mechanism has been developed to favour the motorial function at 
the expense of an inexpensive postural one. For decontraction disposes the 
muscIe to immediate new contraction, which is a condition for nimble~ 
fingered action (as required, e.g. in playing the piano). As a consequence, 
tetanotonus, like complete or smooth tetanus, has to make use of the same 
mechanism. On account of this spontaneous decontraction, the ·efferent 
innervation of striated muscIe needs only excitatory impulses: stimulation 
merely causes contraction. The antagonistic stimuli remain afferent; central 
inhibition can occur in that phase of the phenomenon which is enacted in 
the spinal chord or in the higher nervous centres. 

In addition to BUCHTHAL's investigations on isolated striated muscIe 
fibre those by SZENT-GvÖRGVI on actomyosin threads may be instructive 
in elucidating the nature of the tonus function, especially of smooth muscIe. 

1) We do not accept a causa! relation between the electric fields and the Z-stripes. 
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These muscles are characterized: 1. by their slow contraction, which in the 
model experiment (actomyosin threads) is connected with deficiency of 
Mg~ions (1941; it is not known whether the fibrils effect a slow shortening 
caused by Mg~deficiency) 2); 2. by the need of or at least the supply with 
impulses to excite dis ten sion, whereas in the model experiment relaxation 
cannot be eHected without Mg~ions (1942). Referring to these results and 
to SZENT-GvÖRGYI's theory of muscIe function, according to which con~ 
traction is caused by disturbance of the balance of the K~ions, we attributed 
the distension to a specific tonolytic impulse placing Mg~ions at the disposal 
of the muscIe 3). So tonolysis active in the myogenic region (peripheral) 
must be distinguished from inhibition (active in the neurogenic region) 
(cf. POSTMA, 1946, p. 477). Relaxation not being spontaneous, maintenance 
of ~onic shortening thus would be assured without a demand for extra 
energy. SZENT-GvÖRGVI does not pay attention to possible consequences 
for the tonus problem of the re su lts obtained by his school. 

IE it were possible to prevent the spontaneous decontraction of skeletal 
muscIe, similarly a higher tonus would not require extra metabolism 3). The 
energy~spending tetanotonus, therefore, must be attributed to the luxury 
of having spontaneous decontraction so as to afford sufficient mobility. 
Possibly the innervation by the autonomic system sustains tetanotonus by 
a mechanism similar to the tonus of smooth muscIe (cf. POSTMA, 1946, 
p. 491), but its effect it too weak to fulfil the tonus function apart from 
tetanus. In our opinion such a mechanism could also play a röle in the 
ORBELI~effect. The fact that preceding parasympathetic stimulation aug~ 
ments this effect (BARVSCHNIKOW) has to be attributed to an increased 
deficit in th is supporting component of the tonus function: there is more 
to supply. 

The reflex tonus of hollow smooth muscIe, inexpensive as regards energy 
because of the absence of distension, must be distinguished as "bloek" tonus 
(German: Sperrtonus). the decontraction being blocked (German: ge~ 

sperrt), in contrast with what occurs in tetanotonus of striated muscles. 
The above considerations lead to the view that the tonus phenomenon 

primarily raises a myogenic problem. To solve this problem it is necessary 
to establish: 1. what determines the delay of relaxation in smooth muscles, 
while decontraction immediately follows shortening in striated ones; 
2. what is the mode of action of the tonolytic stimulus in unstriated muscIe; 
and 3. whether Mg~ions really play a part in the circumstances present in 
muscIe in the sense th at they determine the slow tonic contraction (JORDAN) 
and the delayed distension (POSTMA). 

2) In striated as wel! as in smooth muscles composed of a number of reading units 
slow or fa st contraction shows arelation to the number of units coming into action 
successively or simultaneously. 

3) These considerations are derived from an unpublished manuscript of a lecture 
delivered before the "Committee for the Study of Viscosity" of the Academy of the 
Sciences in Amsterdam (1944). 
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Paleontology. - A femur of Manis palaeojavanica Dubois from Western 
Java. By D. A. HOOIJER. (Communicated by Prof. H. BOSCHMA.) 

(Communicated at the meeting of March 29, 1947.) 

STEHN and UMBGROVE (1929) have recorded fossil remains of Bos, Sus 
and Cervus from the Tji Taroem valley W. of Batoedjadjar, Preanger, 
W. Java. The collection was presented to the Geological Museum at Leiden 
by Prof. Dr. J. H. F. UMBGROVE. The exact geological age of the fossiIs 
could not be established; they might have originated from the neighbouring 
Neogene limestone. VAN Es (1931, p. 15) states that the absence of 
proboscideans points to a younger age than that of the otheroccurrences 
of vertebrates. VON KOENIGSWALD (1933, pp. 44, 47) refers the Sus speci~ 
men, a right ramus with P3-M2' to his species Sus terhaari. I cannot see 
the reason, however; in a later paper (VON KOENIGSWALD, 1935, p. 87) the 
fossil is left specifically undetermined. The cervine remains, of which two 
teeth have been figured by STEHN and UMBGROVE (l.c., pI. IV, figs. 1-3), 
were referred to Cervus unicolor Kerr (c. hippelaphus Smith) by VON 
KOENIGSWALD (1933, p. 74). Afterwards, however, they are identified as 
"Cervus (ex aH. zwaani)" (the upper molar) and "cf. Antilope modjoker~ 
tensis v. K." (Iower molar). The bovine fossiIs should belong to Bubalus 
palaeokerabau Dubois (VON KOENIGSWALD, 1935, p. 87/88). 

To this fauna only Rhinoceros sondaïcus Desmarest has been added 
since by VON KOENIGSWALD (1935, p. 87). who regards the age of the 
fossils as very probably lower Pleistocene. Rhinoceros sondaïcus Desma~ 
rest, however, ranges from the lower Pleistocene (Djetis fauna) to the 
present day (HOOIJER, 1946, pp. 3, 34-81 ) ; Bubalus palaeokerabau Dubois 
was not known previously from the lower Pleistocene (cf. VON KOENIGS~ 
WALD 1934, p. 191). but indeed the deer remains may belong to species 
which are said to be typically of lower Pleistocene age. 

To my great surprise I found a right femur in the STEHN and UMBGROVE 
collection (Geol. Mus. Leiden, no. 28069) which does not belong to either 
of the genera mentioned above. It was catalogued as "Felis sp.". The 
peculiar flatness of the shaft and the comparatively slight prominence of 
the condyles, however, show this identification to be incorrect. The bone 
belongs to: 

Manis palaeojavanica Dubois. 

Manis palaeojavanica Dubois, Tijdschr. Kon. Ned. Aardr. Gen., ser. 2, vol. 24, 1907, 
p. 455; STREMME, N. Jahrb. f. Min., 1911. p. 55; STREMME4 in: SELENKA-BLANCKEiNHORN, 
Die Pithecanthropus-Schichten auf Java, Leipzig, 1911. p. 141; MARTIN, Unsere pa!aeo
zoologische Kenntnis von Java, Leiden, 1919, p. 107; VAN Es, ll1e Age of Pithecanthropus, 
'The Hague, 1931, p. 31; VON KOENIOS'WALD, De Ing. in Ned. Ind., vol. I, part. 11. 
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sect. IV, 1934, pp. 190, 191, 196; KORMOS. Folia Zool. et Hydrob., vol. 6, 1934, p. 88; 
VON KOENIGSWALD, Quartär, vol. 2, 1939, p. 35; BOK, Bijdrage tot de kennis van de 
raseigenschappen van het Javaansche volk, thesis Utrecht, 1940, p. 4; VON KOENIGSWALD, 
'Wet. Med. Dienst Mijnbouw Ned. Indië, no. 28, 1940, p. 56. 

Manis palaejavanica Dubais, Tijdschr. Kon. Ned. Aardr. Gen., ser. 2, vol. 25, 1908, 
p. 1267, Versl. Verg. Afd. Natuurk. Kon. Akad. v. Wetenseh., Amsterdam, Vol. 35, 1926, 
p. 949, Proc. Kon. Akad. v. Wetenseh., Amsterdam, vol. 291, 1926, p. 1233; VAN DER 
MAAREL, Leidsche Geol. Med., vol. 5, 1931, p. 472; HOOI}ER, Zool. Med. Museum Leiden, 
voJ. 26, 1946, p. 107. 

M[anis] palaejavanico Weber, Die Säugetiere, vol. 2, Jena, 1928, p. 185. 
[Manis] paleojavanica Raven, Bull. Am. Mus. Nat. Hist., vol. 68, 1935, p. 238. 

The present giant pangolin was reported upon first by DUBOlS in 1892 
(ANONYMUS, 1892, p. 14) on the evidence of remains of a skeleton from 
Kedoeng Broeboes, a fossil locality in the Kendeng Beds in Central Java 
which two years earlier had provided DUBOlS with a mandible fragment 
which he finally attributed to Pithecanthl'opus erectus (Dubois) but the 
systematic position of which is still uncertain (WEIDENREICH, 1945, 
p. 103/104). The total length of the pangolin is statecl to have been 2t m, 
and it also must have been more heavily built than the recent Manis jal'a~ 
nica Desmarest. The same statements we find in another paper (DUBOIS, 
1907, p. 455) in which the fossil form is designated as Manis palaeojava~ 
nica. A more eIaborate description and comparison with other forms is 
given in 1908 under the name "Manis palaejavanica n. sp." (DUBOIS, 1908, 
p. 1267). In his final description of the remains DUBOlS (1926) only rders 
to the latter paper and name. 

Manis palaeojavanica Dubois is the best known of the fossil pangolins. 
We know parts of its skull, atlas, caudal vertebrae, radius, ulna, femur anèl 
tibia, as well as metacarpals, phalanges, astragalus, calcaneum, navicular, 
ectocuneiform and metatarsals. Fram DUBOIS' paper of 1926 it is clear that 
the species displays the greatest resemblance to Manis javanica Desmarest, 
though in size it comes nearest to Manis gigantea IIIiger which is about 
one~third smaller. Fram the characters of the endocranial cast and of the 
foot bones DUBOlS inferred that in all probability the fossil form was 
covered with scales, that it had large claws on its pes as weil as on its 
manus, and that it walked permanentlyon the outside of its feet. 

Some other fossil pangolins have been based only on isolated phalanges, 
e.g., Manis lydekkeri Trouessart (olim Manis gigantea Lydekker) from 
the Pleistocene Karnul caves near Madras in India and Manis sindiensis 
Lydekker from the Siwaliks of Sind (LYDEKKER, 1886, p. 50). as well as 
Manis hungarica Kormos (1934) from the Villafranchian of VilIány in 
Hungary. HELBING (1938) assembles previous records of Tertiary pango~ 
!ins in Europe (Quercy, Solnhofen and Wintershof West) and describes 
remains of Manis of Oligocene age from St. André near Marseilles, Mon~ 
taigu~le~Blin (Allier) and Weisenau near Wiesbaden. None of the species, 
named or unnamed, is as large as Manis palaeojavanica Dubois. 
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The newly~discovered femur is of the right side. The proximal portion 
has broken oH; the medial surface of the bone is slightly damaged below. 
The corpus is flattened from before backwards. At the narrowest part, 
about 4 cm below the broken edge, the width is one~half greater than the 
antero~posterior diameter. The shaft increases in width distally, its medial 
border is somewhat more rounded than the lateral and ends in the medial 
epicondyle which is somewhat less prominent and placed on a slightly 
higher level than the epicondylus lateralis. Just above the latter the border 
of the bone is very prominent, rather a crest. The bone belonged to an adult 
individual, but the suture of the dis tal epiphysis is still partly shown. 
Measured across the epicondyles the bone is twice as broad as at the 
narrowest part of the shaft. 

The trochlea is much more prominent medially than laterally; the facies 
pateIlaris is rounded oH above with its highest point to the medial side of 
the axis of the corpus. 

Of the two condyles the media I is by far the larger; it projects more 
backwards and is placed slightly higher than the lateral. lts articular 
surface is more strongly convex from side to side than in the lateral 
condyle, in which it is narrower and slopes down obliquely to the inside. 

The posterior surface, just above the intercondyloid fossa, presents 
a faint depression, but otherwise the posterior surface is slightly convex 
from side to side, especially towards the middle of the shaft. 

The only parts of the hind limb of Manis palaeojavanica Dubois that 
were known already from DUBOIS' descriptions consist of the medial half 
of the proximalextremity of a right femur with almost the entire head and 
the lesser trochanter, and the proximal half of a Ie ft tibia. The type speci~ 
mens are not fully adult; the epiphyses are not yet fused with the shaft. 
The Preanger femur thus fills up a hiatus in our knowledge of the 
osteology of this interesting species, and I was anxious to see wh ether the 
characters that can be drawn from this part of the skeleton would be in 
accord with those already found by DUBOlS or not. 

DUBOIS compared his fossil specimens with a subadult skeleton of Manis 
gigantea IIliger fr om Liberia in the Leiden Museum (cat. a) which I have 
also at my disposal, and with a more than middle~sized skeleton of Manis 
javanica Desmarest in his private collection. It is about one~third larger than 
the almost adult female skeleton of the same species in the Leiden Museum 
(reg. no. 1775, from the Rotterdam zoological garden, 13~9-1929) of which 
the measurements (in mm) are given in the third column of the table below. 

Prom this table it results that the index pilastricus of palaeojavanica is 
intermediate between those of gigantea and javanica; the figures for the 
index poplitaeus and the distal width index are greater, and that for the 
condyle index seems to be smaller than in the recent species. Unfortunately 
the lack of the proximal part of the fossil femur makes it impossible to 
compute more and better indices. 
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Femur 

1. Antero-posterior diameter of caput . . 
2. Antero-posterior diameter at trochanter 

minor .... . •..... 
3. Distance from top of trochanter minor 

to top of caput . . . . . . . . . 
4. Width at narro\vest part of shaft 
5. Antero-posterior diameter at same level 

( 
meas. no. 5 X 100) 

6. Index pilastricus meas. no. 4 
7. Width of distal end of corpus . . . . 
8. ft.ntero-posterior diameter of the latter . 

(
meas. no. 8 X 100) 

9. Index poplitaeus meas. no. 7 
10. Greatest distal width . . . . . . . 

(
meas. no. 4 X 100) 

11. Distal width index 10 
meas. no. 

12. Width of condyles . • . . . . . . 
13. Greatest width of facies patelIaris 
14. Distal antero-posterior diameter from 

medial ridge of trochlea to line connecting 
posterior surfaces of condyles . . . . 

15. Height of condylus medialis . . . . . 

(
meas. no. 15 X 100) 

16. Condyle index meas. no. 12 

Manis 
palBeo-

javBnica 
Dubois 

40 

28 

52 
32l 
21~ 

66 
60 
41 

68 
66 

49 
57 
37 

54 
ca. 27 

ca. 46 

Manis Manis 
gigBntea jBvanica 

IIIiger Desmarest 

28 11 

14 7i 

40 16 
22 9 
13 7 

59 78 
49 19 
29 12 

59 63 
53 20 

12 45 
46 18 
31 10 

39 16 
24 9 

52 50 

In search for other recent species of Manis in which the distal extremity 
of the shaft of the femur is Ie ss compressed antero~posterior1y, and in 
which the distal epiphysis is more broad than gigantea and javanica, I found 
Manis temminckii Smuts (Leiden Museum, cat. a) to have a distal width 
index of 48; unfortunately the index poplitaeus could not he computed 
hecause the sutures are invisihle. In th is adult specimen and in an adult of 
Manis longicaudata (Brisson) (Leiden Museum, cat. a) the index pilastri~ 
cus is 65 to 66. Both femora also possess a distinct supracondyloid crest 
which has not so weIl developed in the other, younger, specimens I had for 
comparison. In Manis aurita Hodgson (Leiden Museum, cat. a) the popli~ 
teal index of the femur is 56, the same figure I found in Manis tricuspis 
Rafinesque (Leiden Museum, cat. a). 

Thus a distinctive feature of the femur of Manis palaeojavanica Duhois, 
as compared to the other species .of its genus, seems to he the thickness of 
the lower end of the shaft. But certainly th ere is an amount of variation in 
this character; so, e.g., in two specimens of Tamandua tetradactyla (L.) 
in the Leiden Museum (reg. nos. 1163 and 1773) the index poplitaeus is 
63 and 56 respectively. Both specimens are females. 

The diHerence between the distal antero~posterior diameter (meas. 
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no. 14) and the condyle width (no. 12 in the tabIe) is less in the fossil form 
than that in the recent. This ratio is 0.95, against 0.85 and 0.89 in gigantea 
and javanica. This is remarkably weIl in accord with the shape of the 
approximal surface of the tibia of palaeojavanica in the Dubois collection. 
The proximal extremity of the tibia, just like the distal extremity of the 
femur here described, is thicker in proportion to its width than in gigantea 
and javanica. The ratio's of the antero-posterior to the transverse diameter 
of the upper epiphysis of the tibia (see DUBOIS, 1926, p. 1238) for the 
three species in the above given order are 0.69, 0.60 and 0.63 respectively. 
The difference between the figures found for the ratio's of palaeojavanica 
and gigantea is more than twice as great as that between the figures in the 
former and javanica, i.e., exactly the same result as I arrived at with the 
Preanger femur. 

DUBOIS' type specimens are from Kedoeng Broeboes, a locality with both 
lower Pleistocene (Djetis-) fauna and middle Pleistocene (Trinil-) fauna 
(VON KOENIGSWALD, 1934, p. 188). VON KOENIGSWALD (l.c., p. 190) 
records a phalanx of Manis palaeojavanica Dubois from the Djetis deposits 
of Goenoeng Boetak, which is very near the type locality. He states that, 
the species not being found in any of the rich fossillocalities with Trinil or 
Ngandong (upper Pleistocene) fauna, it is not to be doubted at that 
DUBOIS' specimens originated from the Djetis deposits. If Manis palaeo
javanica Dubois indeed is typical of the Djetis fauna, the femur in the 
STEHN and UMBGROVE collection supports VON KOENIGSWALD's view that 
the Tji Taroem valley fauna belongs to the lower Pleistocene. 
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Zoology. - On the Identity of Maticora intermedia Westermann and 
Dipsadoides decipiens Annandale. By L. D. BRONGERSMA. (Com
municated by Prof. H . BOSCHMA. ) 

(Communicated at the meeting of March 29, 1947.) 

In his notes on the snakes of the islands of Banka and Billiton, 
WESTERMANN (1942) mentions two species, the identity of which will be 
discussed in the present paper. 

Maticora intermedia Westermann 

This new species is described by WESTERMANN (1942, p. 617) from two 
specimens, one from Billiton, the other from Borneo. With its ventral count 
the species comes within the range of variation of Maticora intestinalis 
(Laur.), while it agrees with Maticora bivirgata (Boie) in the number of 
subcaudals. However, it differs from both M. intestinalis and M. bivirgata 
in having seven upper labials, and in having the subcaudals partly single, 
partly paired. A further difference from these two Maticora species is 
found in the enlarged vertebral scales. This character M. intermedia has 
in common with the species of the genus Bungarus Daudin. Thus the 
species would be intermediate between Maticora intestinalis and M. bivir
gata in some characters, while in others it would be intermediate between 
the genera Maticora Gray and Bungarus Daudin. The new species is 
referred to Maticora, however, "as the heart of the examined specimens 
is shifted far backwards on account of the poison glands". 

The au thor mentions that the coloration of Maticora intermedia is similar 
to that of M. bivirgata in several respects. Wh en recently handling 
a number of specimens of Bungarus flaviceps Reinh., I was struck by the 
superficial resemblance, whtich this species bears to IVlaticora bivirgata. It 
became dear to me that Maticora intermedia probably had been based on 
specimens of Bungarus flaviceps. Owing to conditions due to the war the 
types of M. intermedia were not at hand, when in 1946 I paid a short visit 
to the Zoological Museum at Buitenzorg (Java). Therefore, the following 
discussion must be based on WESTERMANN'S description. 

A comparison of the description of Maticora intermedia to that given 
for Bungarus flaviceps by DE ROOI] (1917, p. 245) shows that in all 
characters of lepidosis the two species are identical. DE ROOI] mentions 
193-240 ventrals (intermedia 206-214) and 42-54 subcaudals (inter
media 48-54), the latter partly single and partly paired. Like M. inter
media, Bungarus flaviceps has seven upper labials, of which the third and 
fourth enter the orbit. In coloration they are exactly alike, the red colour 
of the tail (white in alcohol) extending on to the posterior part of the back. 

28 
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Ta have a further check, I examined the following specimens of Bun~ 
garus flaviceps in the collections of the Leiden Museum: 

2 ex. , 
1 ex. , 
2 ex. , 

ex., 
ex., 
ex., 

Sumatra, leg. G. F. WIENECKE, 1865, Herp. reg. no. 5772. 
Sumatra, leg. S. MÜLLER, Herp. reg. no. 1437. 
Nias, leg. J. D. PASTEUR, Herp. reg. no. 4333. 
Banka, leg. J. F. R. S. VAN DEN BOSSCHE, Herp. reg. no. 559. 
Banka, leg. P. BUITENDIJK, Herp. reg. no. 5628. 
Smitau on the Kapuas river, Borneo, December 11 , 1893, leg. 
J. BÜTTIKOFER, Herp. reg. no. 8392. 

The counts of ventrals and subcaudals of these specimens, together with 
those of the types of Maticara intermedia are given in table I. All spec·imens 
of Bungarus flaviceps have an undivided anal, one preocular, two post~ 
oculars, temporals 1 + 2, and seven upper labials of which the third and 
fourth enter the orbit. In one of the Nias specimens the second upper labial 
of the right side is separated from the border of the lip by the first and 
third labial forming a short suture. In the specimen from Smitau the sixth 
upper labial of the right side just reaches the border of the lip, while on 
the left side it is separated from this by the fifth and seventh labial forming 
a suture. 

TABLE I. 

Reg. No. Ventrals Subcaudals 

5772 ~ 
224 23 +28/12.+ 1 
221 1/1 + 17 + 31131 + 1 

1437 225 

4333 ~ 
219 26 + 20120+ 1 +212 + 1 
219 10+ 212 +2 +36/36+ 1 

559 217 19+ 212 + 1 +22122+ 5 +111+1 
5628 211 20+ 32/32+ 1 
8392 228 24+111 +2 + 24124 + 1 

M . intermedia ~ 206 33+ 111 +2 + 12/12 (+ 11) 
214 21 +111 +2 + '/6 + 9 + 3IJ + 6 + 6/6 ( + 11) 

The chief argument for referring intermedia to the genus Maticora was 
the position of the heart (WESTERMANN, 1942, p. 618). The types of 
M. intermedia have a head and body length of 413 and 369 mm respec~ 
tively. The front of the heart 'is situated at 114 and 105 mm from the tip 
of the sn out. For these specimens and for specimens of same other species 

. distance from tip of snout 
I calculated the ratio: with the following results. 

length of head and body 

M aticora intermedia Westerm. 
Maticora bivirgàta (Boie) 
M aticora infestinalis (Laur.) 

0.28-0.29 ( 2 specimens) 
0.26-0.35 (22 specimens) 
0.37-0.44 (10 specimens) 



Bungarus flauiceps Reinh. 
Bungarus fasciatus (Schn.) 
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0.24-0.29 ( 7 specimens) 
0.22-0.26 ( 6 specimens) 

In the value of this ratio Maticora intermedia comes within the range of 
both Maticora ~ivirgata and Bungarus flaviceps. Therefore this ratio can~ 
not be used to assign intermedia either to the genus Maticora or to the 
genus Bungarus. If for the types of M. intermedia it was known at the 
level of which ventral the front of the heart was situated, this might prove 
more helpful. For the other species mentioned I find the following values: 

M aticora bivirgata (Boie) 
Maticora intestinalis (Laur.) 
Bungarus flaviceps Reinh. 
Bungarus fasciatus (Schn.) 

79th - 94th ventral 
83rd-l06th ventral 
54th - 58th ventral 
52nd- 53rd ventral 

WESTERMANN accounts the position of the heart to the length of the 
poison glands, but the author does not state that he actually checked 
whether the poison glandsextended into the body cavity. I feel convinced 
that from the position of the heart, WESTERMANN took the length of the 
poison gland for grant'ed. The largest specimen of Bungarus flaviceps 
(Smitau, head and body 1720 mm, tail 235 mm) was examined in this 
respect. The poison gland is of the same type as in other Bungarus species 
and does not extend into the body cavity. 

If the similarity in outward appearance had not mis led this author, so that 
he firmly believed that he was dealing with a Maticora species, but if 
instead he had used the keys by DE ROOI] (1917, pp. 241, 243) th is would 
have led his identification straight to Bungarus flaviceps Reinh. In my 
opinion there can remain no doubt that Maticora intermedia Westermann 
is a strict synonym of Bungarus flaviceps Reinh. 

Dipsadoides decipiens Annandale 

This species was described by ANNANDALE (1905, p. 213) from a single 
specimen fr om the Malay Archipelago. The type was re~examined by 
DE ROOI] (1917, p. 210, fig. 81). who mentions that the scales are placed 
in 21 rows, and not in 19 rows as stated by ANNANDALE. Further DE ROOI] 
mentions that the chinshields of the second pair are separated from each 
other. Since the original description was published, no new specimens 
became known, until VAN HEURN (1932, p. 14) mentions a specimen as 
presumably belonging to this species 1). Later Jhr. W. C. VAN HEURN sent 
me the head of a snake, taken by Mr. J. H. WESTERMANN on Mt. Menum~ 
bing, Banka, in June 1933 (Herp. reg. no. 8428); Jhr. VAN HEURN was not 
sure whether it represented Dipsadoides decipiens or a Boiga species. 
WESTERMANN (1942, p. 611, fig. 1) describes and figures a snake from 
Banka, which he refers to Dipsadoides decipiens; on p. 612 this au thor 
mentions a second specimen from Pendopo, South Sumatra. 

1) This specimen afterwards proved to be Boiga draprezii (Boie). 
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As in the case of Maticora intermedia, the specimen was not at hand 
wh en I visited Buitenzorg, and we have to depend on the description by 
WESTERMANN. However, in a collection of snakes from Banka, presented 
to the Leiden Museum in 1874 by Mr. I. H. G. VOSMAER, I found two 
snakes (Herp. reg. no. 8427), which agree weIl with that described by 
WESTERMANN. They have the same distinctive colour pattern of the upper 
surface of the head, and the same arrangement of the posterior chinshields. 
These two snakes, as weIl as the head sent by Jhr. VAN HEURN, I identify 
as Boiga jaspidea (Dum., Bibr. & Dum.). For comparison I used the fol~ 
lowing additional specimens of Boiga jaspidea: 

1 ex., Java, leg. S. MÜLLER, Herp. reg. no. 982. 

2 ex., Mt. Simpai, W. Java, 2100 ft., leg. C. P. J. DE HAAS, Herp. reg. 
no. 6834. 

ex., Muara Siberut, Siberut, Mentawei Ids., leg. W. RUINEN, Herp. reg. 
no. 5847. 

The scale counts of all specimens examined by me, together with those 
mentioned by WESTERMANN are given in table 11. 

IE these specimens are compared to the descriptions given by DE ROOI} 
(1917, pp. 199,210) for Boiga jaspidea (Dipsadomorphus jaspideus) and 
Dipsadoides decipiens, it is clear that they agree about equally weil with 
both. The point may be raised, whether Dipsadoides decipiens really 
represents a distinct genus and species. 

DE ROOI} (1917, p. 210) mentions the following characters in which the 
genus Dipsadoides differs from Boiga: "pupil round; nasal undivided. 
Maxillary teeth 6, ...... ; mandibular teeth subequal". These characters 
may be discussed first. 

WESTERMANN (1942, p. 612) states that in the living specimen the pupil 
was vertically elliptic. In the preserved specimens of Boiga ja~pidea exam~ 
ined by me, some have a distinctly vertically elliptic pupil, while in others the 
pupil has expanded to nearly round. In fact a slight angle in the upper and 
lower border of the pupil is the only indication of its elliptic origin. The 
round pupil of the type of Dipsadoides decipiens may be weIl due to post 
mortal changes as assumed by WESTERMANN. 

In the specimens of Boiga jaspidea examined by me the nostril is very 
large and it is directed backwards. Above and below the nostriI, the nasal 
is very narrow, butit is not completely divided into two shields. In some 
specimens an incisure is indicated, and the nasal may be termed semidivi~ 
ded. Posterior to the nos tril the nasal is concave. In the structure of the 
nasal and nostril Boiga jaspidea and Dipsadoides decipiens apparently 
agree completely. 

Maxillary teeth. It is a weIl known fact that in snakes of ten part of the 
teeth are ankylosed to the jaw, while others are only loosely attached to 
the bone. Generally the loosely attached teeth alternate with the ankylosed 
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teeth. In counting the number of maxillary teeth, both the ankylosed and 
the loosely attached teeth must be considered. If the maxillary has been 
extracted from the mouth, and if it has been cleaned, all or most of the 
loose teeth will have got lost; their place between the ankylosed teeth is 
indicated by shallow depressions in the jaw. To ascertain theexact number 
of maxillary teeth it is necessary to count those ankylosed to the jaw, 
as well as the depressions in the bone, which mark the lost teeth. In this 
connection I may cite BOULENGER (1896, pp. 614-615). who wrote: "It 
even of ten happens that every alternate tooth having dropped out, the jaw 
appears, on a superficial examination, to possess only half the real number." 

In Boiga jaspidea the maxillary teeth number 12 solid ones, followed 
af ter an interspace by two or three larger grooved teeth. Of the solid teeth 
6 are ankylosed to the jaw, and 6 are only loosely attached to it. The 
figure of a maxillary of Dipsadoides decipiens given by ANNANDALE (1905, 
fig . 3) shows that the teeth stand wide apart. The wide interspaces between 
these teeth are a distinct indication that only the ankylosed teeth are repre~ 
sented, and at the same time they indicate that 6 loosely attached teeth got 
lost. In some places the contour of the maxillary shows slight inward curves, 
probably indicating the depressions. Therefore, we may safely conclude, 
that 12 solid teeth followed by two grooved ones is the number of maxillary 
teeth originally present in the type of Dipsadoides decipiens. In this respect 
there is also complete agreement between Dipsadoides decipiens and Boiga 
jaspidea. 

Mandibular teeth. DE ROOI} (1917, p. 195) mentions that in Boiga 
(Dipsadomorphus) the anterior mandibular teeth are longest, while (l.c., 
p. 210) it is stated that in Dipsadoides the mandibular teeth are subequal. 
In Boiga jaspidea the difference in size between the anterior and posterior 
mandibular teeth is only slight, especially if this species is compared to 
other Boiga species, e.g., Boiga dendrophila (Boie), in which there is a weil 
marked difference. It is well understandable that some authors would 
describe the mandibular teeth of Boiga jaspidea as subequal. The supposed 
di Heren ce between Boiga and Dipsadoides may be explained in this way. 

Of the specific characters mentioned by DE ROOI} (1917, pp. 199,210) 
for Boiga jaspidea (Dipsadomorphus jaspideus) and Dipsadoides, the 
relative si ze of the internasals and the number of postoculars might provide 
diHerences. For B. jaspidea DE ROOI} mentions: "internasals as long as 
prefrontals", and for D. decipiens "internasals larger than prefrontals". In 
the specimens of B. jaspidea examined by me, the greatest length of the 
internasals is equal to, or slightly exceeds that of the prefrontals; however, 
the medium suture between the internasals is much long er than that 
between the prefrontals; indeed, the former may be even up to three times 
as long as the latter. 

The type of Dipsadoides decipiens has a very large supraocular and one 
small postocular. The specimen described by WESTERMANN has two post~ 
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oculars, and so have all but one of the specimens of Boiga jaspidea 
examined by me; one specimen has three postoculars. The figure of Dipsa~ 
doides decipiens given by DE RoOI} (1917, fig. 81) makes it likely that in 
the type the upper postocular has fused with the supraocular, a variation 
known from other snakes too. 

The leng th of the eye in Boiga jaspidea varies from very slightly shorter 
to slightly longer than the length of the snout. In this respect the type of 
Dipsadoides decipiens comes within the range of variation of Boiga 
jaspidea too. 

The colour pattern is also the same in Dipsadoides decipiens and Boiga 
jaspidea. 

Thus I arrive at th~ conclusion that Dipsadoides decipiens agrees in all 
essential characters with Boiga jaspidea, and that there is no reason to 
separate them specifically. Dipsadoides decipiens Annandale is, therefore, 
referred to the synonymy of Boiga jaspidea (Dum., Bibr. & Dum.). I com~ 
pared my specimens of Boiga jaspidea to the original description of Trigly~ 
phodon jaspideum by DUMÉRIL, BIBRON and DUMÉRIL (1854, p. 1093), and 
there can be no doubt that they belong to the species descrihed by these 
authors. 

It may be remarked that ANNANDALE compared his specimen to Boiga 
cynodon (Boie). According to DUMÉRIL, BIBRON and DUMÉRIL (1854, 
p. 1096). SCHLEGEL even confused this species with Boiga cynodon (Boie). 
The specific name decipiens was weil chosen indeed. 

TABLE 11. 

Reg. No. Scales Ventrals Subcaudals Upper Labials 

8427 

~ 
21/21/13 257 150/150 + I r: 6 (3, 4) 

I: 8 (3,4. 5) 
23/23/15 255 151/151 + 1 8 (3. 4. 5) 

982 21/21/15 246 142/142 + 1 8 (3. 4. 5) 

6834 

~ 
23/21/15 249 147/147 + 1 8 (3. 4. 5) 
21/21/15 253 149/149 + 1 r: 8 (3. 4. 5) 

I: 7 (3. 4) 

5847 23/21/15 253 147/147 + 1 8 (3. 4. 5) 
8428 23/-/- - - 7 (3. 4. 5) 

Banka. WESTERMANN -/21/13 262 159/159 (+ 17) 8 (3. 4. 5) 
Pendopo. S. Sumatra 21/21/15 250 147/147 (+ 17) -
D. decipiens. type -/21/- 258 152/152 (+ 11) 8 (3. 4. 5) 

With regard to the specimensexamined by me. I may make the following 
notes on variations observed. The scales may be placed in 23 rows behind 
the head, this number generally diminishes towards the middle of the body. 
where I count 21 rows. Only in one specimen from Banka (Herp. reg. 
no. 8427) 1 count 23 rows at mid~body. Further backwards the number of 
scale rows is reduced to 15 or 13 in front of the vent. One of the Banka 
specimens has two superposed loreals. instead of only one. One of the 
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specimens from Mt. Simpai, W. Java, has three postoculars. The number 
of upper labials may vary from 6 to 8 (tabIe 11). 
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Mathematics. - On sets of integers. (Third communication.) By J. G. 
VAN DER CORPUT. 

(Communicated at the meeting of April 26. 1947.) 

§ 4. Theorems on more than two sets. 

The "sumset" Al + ... + An of n sets Al' .... An. each consisting of 
integers ;;;: O. is defined as the set of all integers of the form al + ... + an, 
wh ere, for each value of h, the integer ah is a term of Ah. 

By A(m) I denote again the number of positive elements :s; mof A. 
In order to deduce a general result, I con si der I systems Sl • •• , .Sl (I;;;: 1), 

wh ere Sh, for each value of h. is formed by nh sets Ahk (k = 1 ..... nh). 

each consisting of integers ;;;: O. each containing zero and satisfying the 
inequality 

Ah. I (m) + ... + Ah.nh (m) ::=- "Ih m (m = 1. ... , g),. . (46) 

where "11 + ... + "11 :s; 1. Further I consider a sum of the form ~ 1 T (m), 
extended over a finite number of sets T with the property. that any of 
these sets T is the sumset of a number of systems Ahk. I suppose that in 
any T each system AH is counted at most once, so that for in stance T may 
have the farm All or A 12 + A 13 or A 12 + A 41 + A 52 • but not All + All' 
In connection with the fact that the given inequalities (46) are symmetrical 
in the sets Alh belonging to Sl. 1 will assume that ~1 T(m) is symmetrical 
in these sets. also symmetrical in the sets belonging to s2..... finally 
symmetrical in the sets. belonging to SI. Then it is possible to deduce for 
m = 1. .... g a convenient lower bound for the sum ~1 T(m). namely 

Theorem 8. Under these conditions we have for m = 1. ... , g 

1:1 T (m)::=- m 1:1 f (T), 
if 

'l (T) = ).1 "11 + ... + ).1'Y1, 
n) nl 

where Àh denotes. for each value of h. the number of terms Ahk. occurring 
in T. 

As corollaries of the special case I = 1 we obtain the theorems 9 and 10. 
found by F. J. DVSON: 

Theorem 9. If each system Al' ...• An contains zero and 

AI (m) + ... + An (m)::=- "Im 

where "I ::;;; 1. then 

(Al + ... + An) (m)::=- "I m 

(m = 1, ... , g). 

(m = 1 •... , g). 
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In fact, the left hand side is symmetrical in Al' ... , An and is the sum 

of n terms T(m), where 1'(T) = [ 
n 

Theorem 10. If the conditions of the preceding proposition are satisfied. 
we have for every natural number r ~ n and for m = I, ... , g 

I2{At, + ... +Atr)(m)=-(n-l) rmt 
r-1 

where ~2 is extended over the ( ;) systems of natural numbers t 1 • .... tr 

with t 1 < t2 < ... < tr ~ n. 
In fact, the left hand side is symmetrical in Al' ... , An and is the sum 

I 1 of (~)terms T(m), where 1'( T) = r: ' so that 

.EI 1'{T)= (n) . rr = (n-1) r. 
r n r-1 

Another example of theorem 8: If each of the systems A, B, C and D 
contains zero, 

A (m) + B (m) =- I' mand C (m) + D (m) =- dm 

wh ere r + c5 ~ 1. th en we obtain for m = 1. ... , g 

(m = 1 ••.•• g). 

(A + C) (m) + (A + D) (m) + (B + C) (m) + (B + D) (m) ~ 2(1' + c5)m. 

In facto the left hand side is symmetrical in A and B, also in C aod D 
and is the sum of four terms T(m), where 1'(T) = 'Hr + c5). 

We have treated the last problem already in § 2. 
I propose not only to prove theorem 8, but simultaneously the fo11owing 

proposition, involving positive weights f(m). These weights satisfy the 
inequalities 

f{m + I) =- f{m) (m = 1. .... g-I) and f2 (m + 1) =- f{m) f{m + 2) ~ 
(29) 

(m= 1. ... • g-2). 

wh ere as A (m) denotes the sum L: f (a), extended over all positive 
a~m 

e1ements a ~ m of A. 

Theorem 11. lf the positive numbers f (m) (m = 1. ... , g) satisfy the 
inequalities (29), if the sets Al' ... , An consist of integers ~ O. if each of 
these sets contains zero and if 

m 

Adm) + ... + An (m) =- r .E f{h) (m = 1 •...• g). 
h=1 

where I' ~ L th en for these va lues of m 

m 

(AI + ... + An){m) =- I' .E f{h) 
h=1 

(m= 1 •...• g). 
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To prove these theorems I make use of two lemmas. In these lemmas 
A (m) denotes the sum of the weigths of the positive elements ~ m of A. 
where for m > g the weight f(m) is defined such that 

f(m + 1) =- f(m) and f2 (m + 1) =- f(m) f(m + 2) (m = 1 •...• g). 

Let us consider n(n ~ 2) systems Al' ... , An each of which consists of 
integers ~ 0 and ~ g and contains the number zero, whereas An contains 
moreover at least one positive integer. Be e the smallest integer ~ O. such 
that a natural number q ~ n - 1 can be found with the property that e is 
an element of A q and that An contains at least one positive element b. 
such that e + b is not contained in Aq. Such an element e exists, since the 
greatest element a of Al and any positive element b of A have the property 
that a + b does not belong to Al' After having fixed e and q, I cancel in 
An a positive element b, such that e + b does not belong to Aq. and I add 
to A q this integer e + b. if it is ~ g. IE A q and An are transformed in this 
manner into A~ and A~ and if further Ah = Ah for h #- q and #- n, I say 
that the system Al' ... , An is transformed by an elementary transformation 
into A; • ...• A~. Thus A~ is the set of elements #- b of An: iE e + b > g, 
then A~ = Aq. and if e + b ~ g, then A~ is the set formed by e + band 
the elements of Aq. 

Lemma 8. If each of the sIJstems Al' ... , An (n ~ 2) contains zero, if 
An contains moreover at least one positive integer ~ g, and if 

m 
Al (m) + ... + An (m) =- r I t(h) (m = 1. .... g).. . (47) 

h=l 

where 'Y ~ 1, then each elementarIJ transformation transforms Al' ... , An 
into a sIJstem A; .... , A~, with 

(m = 1. .... g). 

We obtain even for anIJ integer r ~ 0 

m 
2' f(a; +r)+ ... + I f(a~ + r) =- 'Y ~ f(h + r) (m = 1. ...• g). (i8) 

Q;~ m Q~~ m h=l 

if 1: is extended, for each value of h, over the positive elements ah ~ m 
Qh~m 

of A", 
Let us suppose that this assertion is not true. Be k the smallest positive 

integer ~ g, for which the lemma is not valid, more precisely: the positive 
integer k ~ g possesses the following properties: 

1. It is possible to find a system Al' ...• An. such that each set Ah 
contains zero. that An contains at least one positive element ~ g. that the 
inequalities (47) are true for m = 1 ..... k and that a suitably chosen 
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elementary transformation transforms the system Al' .... An into a system 
Ai • .... A~. for which at least one of the inequalities 

m 

I {(ai +1')+ ... + I f(a~+1')~r ); ((h+1') (m=1. .... k). (49) 
ai~m a~;;;m h=l 

where l' denotes a convenient integer ~ O. is not true. 
2. Be 1 an arbitrary positive integer < k. IE each of the systems 

Cl' .... Cn contains zero. if moreover Cn contains at least one positive 
integer :s; g and if finally 

m 

Cdm) + ... + Cn (m) ==- r }; {(h) (m = 1. .... ij. 
h=l 

then each elementary transformation transforms Cl' .... Cn into Ci ..... C~. 
such that 

m 

I {(ei + t) + ... + I {(c~ + t) ==- r }; {(h + t) (m = 1. .... ij (50) 
c~~m c~~m h=l 

for each integer t ~ O. 
The special case 1 = k -1. t = r. Ch = Ah gives. that the inequalities 

( 49) are true for m = 1. .... k - 1. Consequently (49) is not valid for 
m = k. that is 

m 
I {(ai + r) + ... + }; {(a~ + r) < r I {(h + 1'). . . (51) 

ai~m a~~m h=l 

From (47) and lemma 5 we conclude for m = 1. .... k 

Just as in the proof of lemma 6 (§ 3) we show. that the number b. cancelled 
in An. is :s; k and that the number e + b. possibly added to Aq. is > k. 

From the definition of e it follows th at each element a < e of each set 
Ah (h = 1. .... n -1) has the property. that a + b belongs to Ah; in 
particular b belongs to each of the sets Al' .... An_l. The system Ah (h < n) 
contains 1 + Ah (k - b) elements a:S; k - b < e and each of these 
elements furnishes an element a + b of Ah. which is ~ band :s; k. so that 
we find for h = 1. .... n - 1 

}; {(ah + r) - }; {(ah + r) ==- {(b + r) + }; {(ah + r + b). (53) 
ah~k ah~b-I ah~k-b 

The inequality 

is obvious for b = 1 and follows for b > 1 from (52). For h = 1. .... 
n - 1 the sets Ah and Ah contain the same integers :s; k; the two 
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sets All and A~ contain the same integers :;;;; b - 1. so that we obtain for 
h = 1. ...• n - 1 from (53) 

;E {(ah + r) ==- {(b + r) + ;E {(all + r) + ;E {(ah + r + b) (55) 
ah~k ah~b-I ah;;;2k-b 

and further from (54) 
b-I 

;E {(a; + r) + •.. + ;E {(a~ + r) =- r ;E {(h + r). . (56) 
a;;;;2b-1 a~;;;2b-1 h=1 

The proof is established if we · show 
k-b 

;E {(al+t+b)+ ... + I {(an-I+r+b)=-r ;E {(h+r+b). (57) 
Q,;;;2k-b an_l;;;2k-b h=1 

for then we may replace in this inequality al • ...• all _1 by a; • ...• a~_I. 
hence by (55) and (56) 

I {(a; + r) + ... + ;E {(a~ + r) 
a; ? k a~;;;2 k 

=- ;E {(a; + r) + ... + ;E {(a~_1 + r) + ;E f(a~ + r) 
a;;;;2k a~_I~k a~~b-I 

b -I k-b 

::0- (n -1) {(b + r) + r I {(h + r)+ r ;E {(h + r + b) 
h=1 h=l 

k 

::0- r ;E f(h + r) 
h=1 

{in virtue of n - 1 ~ 1 ~ l'). con trary to (51). 
The proof of (57) runs precisely as that of (6) in lemma 1 (§ 1). Thus 

we find the assertion of our lemma. 
Let us again consider n (n ~ 2) systems Al' .... All. each of which 

consists of integers ~ 0 and :;;;; g and contains the number zero. whereas 
All contains moreover at least one positive integer. Be e again the smallest 
integer ~ 0 such that a natural number q :;;;; n - 1 can be found with the 
property th at e is an element of A q and that All contains at least one 
positive element b. su eh that e + b is not contained in Aq. I cancel in All 
all these elements band I add e + b to Aq. as far as they are:;;;; g. In this 
manner All and A q are transformed into the sets A· and A·; I put Ah· = Ah . n q 
for h yf:. q and yf:. n. I say that the system Al' ...• All is transformed into 
the system A; . .... A: by an e~transformation. Since this transformation 
can be decomposed into a finite number of elementary transformations. the 
preceding lemma gives: 

Lemma 9. Suppose that each of the n (n ~ 2) systems Al' ... , All 
consists of integers ~ 0 and :;;;; g, and contains the number zero, whereas 
moreover All contains at least one positive integer. I f the inequalities (47) 
are true, where l' :;;;; 1. we have also 

m 

Ai (m) + ... + A~ (m) =- r ;E {(h) (rn = 1, .... g).. . (58) 
h=1 
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The proof of theorem 11 can now be given in a few lines. The assertion 
of this theorem is obvious if n = 1. so that I may suppose n > 1 and I may 
assume th at the theorem is true for every value of n less than the actual 
value. Consequently the theorem holds. if An consists only of the number 
zero. I may therefore suppose. that An contains at least one positive element 
:;;;; g and that the theorem is true with the actual value of n. whenever the 
value of An (g) is less than its actual value. I transform the system 
Al' .... An by an e-transformation into a system A; •...• A~. Then 
A~(g) <An(g) and the preceding lemma gives the inequalities (58). sa 
that it follows from the inductive hypothesis 

m 

(Ar +, .. +A~)(m)=-Î' 2 {(hl (m = 1,.,., g). 
h=1 

We have A ~ = Ah for each value h:;;;; n - 1. with the exception of one 
value h = q and by lemma 3 (§ 1) A q + An contains each element:;;;; g of 

A~+A~. hence 

(AI + ' .. + An) (m) =- (Ar + ... + A~) (m). 

This proves theorem 11. 
Now the proof of theorem 8. I put nl + ... + nl = p. IE p = 1. then 

1 = 1 and nl = 1. so that each set T. occurring in the sum 2:1 , denotes 
the set All with 'l (T) = "11' hence for m = 1. .... g 

T(m) = All (m) =- "11 m = mr (T). 

Consequently I may suppose p > 1 and as su me that the theorem is true 
for any value of p less than the actual value. IE one of the p sets Au 
consists only of the number zero. each set T. occurring in the sum 2\. is 
the sumset of p - 1 systems AH. so that the assertion of theorem 8 follows 
from the inductive hypothesis. Consequently I may suppose. that each set 
AH contains at least one positive integer and I may assume that the 
theorem holds with the actual value of p. whenever the value of AI.nl (g) 
is less than its actual value. I distinguish two cases: 

1. IE nl = ... = nl = 1. then by (46) 

Ah.1 (m) =- Î'h m 

and T is the sumset Z3Ah,1 of a number of sets A h,l. In virtue of 
"11 + '" + Î'l :;;;; 1 and nh = 1 it follows from the theorem of MANN 

T(m) ~ mZ3'Yh = m(J'lÎ'l+'" + llÎ'z) = m'l(T). 

consequently 

2. In the remaining case at least one of the integers nl' .... nl is greater 
than 1. Without 10ss of generality I may assume nl > 1. I transform the 
system A 1.10 .... AI. nlby an e-transformation into a system A ;.I' ... ,A ;.nl' 

Then A -I n (g) < AI n (g). By the preceding lemma. applied with f (m) = 1. 
• I . • I 
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the inequalities (46) remain true. if Aloh (1 ::s; h ::s; n,) is replaced by A i.h' 
Consequently we deduce from the inductive hypothesis for m = 1 •...• g 

here T* denotes the set into which T is transformed. if A/oh (1 ::s; h ::s; n/) 
is replaced by A;,h' It is therefore sufficient to deduce the inequalities 

(m = 1 •...• g). 

It follows from the definition of the e~transformation. that A;.h = AI.h 
for each h ::s; n/ - 1. only one value h = q excepted. 1 write 

The summation Z4 is extended over the sets T. involving neither A I.q 
nor A I.n/: the summation Z5 over the sets T. involving one and only one of 
the two sets A I. q and A I. n /; fjnally Z 6 is extended over the sets T invol~ 
ving both AI,q and Al.n/, 

For the sets T. occurring in Z4' we have T = T*. hence Z4T(m) = 
Z4 T *(m}. Each set T. occurring in Z6' is a sumset containing both 
sets A/o q and A l.n/; by convention. made at the beginning of this section, 
each of these two sets is counted only once. hence 

T=AI,q+AI.nl+U and T*=Ai,q+Ai.n/+U. 

By lemma 3 (§ 1) A/,q + A/,nl contains each element ::s; g of Ai,q+A;.nl' 
so that 

T (m) ::=- T* (m). hence .2'6 T (m) ==- I6 T* (m). 

The sum Z5T(m). which is symmetrical in AI,q and AI,nl can be written 
as a sum of terms of the form (U + Aloq) (m) + (U + AI,n/) (m). and 
lemma 4 (§ 2) gives for m = 1 ..... g 

(U + AI.q) (m) + (U + AI,n/) (m) ==- (U + Ai. q) (m) + (U + Ai,n/) (m). 

hence 

Z5T(m) ~ Z5 T*(m). 

This completes t·he proof. 



Biochemistry. - Tissues of prismatic celloidin cells containing biocolloids. 
VIII. Gelation of the parietal gelatine~gum arabic complex~coacervate 
and behaviour of the objects obtained with regard to neutral red 
at va rio us pH's. By H. G. BUNGENBERG DE JONG and R. C. 
BAKHUIZEN VAN DEN BRINK. 

(Communicated at the meeting of February 22, 1947.) 

1. I ntroduction. 

In previous communications 1) we described the complex~coacervation 
of a mixture of gelatine and gum arabic sols, present in the cells of an 
artificial tissue, and studied the influence of pH, neutral salts and non~ 
electrolytes. During these investigations the temperature (33-40°) was 
always kept above the temperature of gelation of the coacervate (-+- 28°). 
In this communication we describe the gelation of the coacervate present 
in the cells and some properties of the objects obtained, especially shifting 
of colloid from the gelated coacervate~layer to the central vacuole. 

2. Preparation of the membranes. 

We made use of new experience 2) with regard to a methodof spreading 
that could be better reproduced. As an emulsionizing Huid we used a 
solution of 20 gr celloidin~gel in a mixture of 100 cc ether + 50 cc amyl~ 
alcohol + 50 cc benzene. In a graduated stoppered me as ure of 10 cc, 
fastened to a revolving disk with 22 rotations a minute, 1 cc of a solution 
of 3 gr gum arabic + 3 gr gelatine + 100 cc distilled water is emulsionized 
for 5 minutes in 4 cc of the emulsionizing Huid indicated above. Of the 
emulsion obtained 0,33 cc is spread on a basin of a circular shape, 30 cm 
in diameter, filled with fresh tap~water (distance of the lower end of the 
pipette to the surf ace of the water 3 cm). Under these circumstances a 
membrane formed, with an average diameter of about 14 cm, in which the 
separate round cell~groups are still connected by bundIes of little folds, 
but in which as a rule only two such bundIes of little folds spring from 
each cell~group. 

A short time after the preparation, part of the membrane is scooped up 
with an object~glass, the superHuous appending membrane is removed and 
the object~glass covered with membrane put as a cover on a cuvette as 
described in previous communications, which is filled with hot (35°) 2 m 
aeq. acetate~buffer of pH 3.7 (2 m aeq. Na~acetate + 20 millimol acetic 
acid p. L.) 

1) H. G. BUNGENBERG DE JONG and cooperators, Proc. Kon. Ned. Akad. v. Wetensch., 
Amsterdam, 43, 512 (1940),45,51,67 (1942). 

2) In a later communication in these Proceedings we hope to give further details about 
this experience. 
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Af ter this buffer~mixture has passed through the cuvette for 2 minutes. 
we switch over to a 20 m aeq. acetate~buffer of the same pH (20 m aeq. 
Na acetate + 200 millimol acetic acid p. L.). Af ter 5 minutes the morpho~ 
logically ideal final stage. the parietal coacervate being free from vacuoles 
(fig. 1) has been reached. The picture remains unchanged even if this 
20 m aeq. buffer (35°) has passed for some hours. 

3. Undesired lesions of the tissue~cells. 

It was found that the procedure indicated: 2 min with 2 m aeq. buffer 
followed by 5 min 20 m aeq. buffer. led much more- quickly to a parietal 
coacervate free from vaeuoles than if one works exclusively with 20 m aeq. 
buffer. 

It may oeeur that in spite of this a few cells in a cell~group do have a 
vacuolised parietal eoacervate. while all the eells surrounding them look 
normal. Such cells in which vacuolisation eontinues a long time or even 
increases are damaged and of ten mieroseopically one may observe a 
perforation of the eell~wall between the cell~cavity and the cuvette~liquid 
(fig. la). It was also observed that such lesions occur more frequently if 

c 

a 
Fig. 1. 

an emulsion kept one or more days at room~temperature (-1- 17°). is 
used for the preparation of a membrane. Apparently this is eorrelated with 
the gelation of the emulsionized drops. Such an un suitable emulsion is 
much improved by warming to 35° and eooling to room~temperature. In 
general we reeommend using freshly prepared emulsion. as we got the 
impression th at a different kind of lesion mayalso oeeur much more 
frequently when spreading sueh emulsions that are 1 or more days old. We 
mean lesions of the side~walls between the cells themselves. Fig. 1 gives 
the morphologieal picture of such a les ion of the side~wall between the 
eells band c. The two central vacuoles communicate here. because of a 
perforation~hole in the side~wall that buIg es toward c. 

Apparently the lesion has been eaused by an over~pressure in cell b 
relatively with regard to the pressure in c. Sueh side~wall lesions may 
sometimes become very frequent and whole series of eells in the cell~group 
eommunicate with one another in the same way as band c. 
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4. Gelation ol the parietal coacervate. 

With reduction to room-temperature. while the 20 m aeq. buffer con
tinues to pass along the membrane. vacuolisation occurs in the parietal 
coacervate. It depends further on the ra te of reduction in temperature 
whether many small (quick reduction in temperature) resp. relatively few 
larger vacuoles (slow reduction in temperature) are ultimately present in 
the gelated parietal coacervate. Vacuolisation is a process that also occurs 
in a coacervate layer in a sedimentation tube. beg inning to appear at about 
28° 3 ) • 

While the original central vacuole was round. fig. 2a. it has now 
become more or less angular in shape. fig. 2b. and the gelated coacervate
layer is less thiek than the Huid one. 

With warming up the original situation (b ~ a) is re-established. 

5. Morphological changes of the gelated complex-coacervate-layer, 
wh en the complex-relations are removed, shilting of colloid to the 
vacuole. 

When now. starting from the condition b of fig. 2. KCI is added to the 
buffer (pH 3.7) at room-temperature. to an amount of 200 m aeq. p. L.. 

Fig. 2. 

the parietal coacervate-Iayer swells. the central vacuole becomes irregular 
in shape. while the optie contrast between vacuole and gelated coacervate
layer diminishes strongly. The boundary of the central vacuole is not 
distinctly visible and the vacuoles in the pariotal coacervate layer become 
also invisible (fig. b ~ c) . 

Wh en the KCI concentration is sufficiently reduced. the vacuoles become 
visible again. however. The KCI action is based on a removal of the electro
statie interaction of gelatine (positive) and gum arabie (negative). We 
know from other experiments that under these circumstances gum arabic 
goes out of the gelated coacervate and so in our case the central vacuole 
must begin to contain gum arabic. 

This cannot be shown. however. with a basic dye. as the accumulation 
is prevented by the high KCI concentration. 

The complex-relations can also be removed by increasing the pH above 
the I.E.P. of the gelatine used (I.E.P. -+- 5). H. starting from the condition 

3) H. G. BUNGENBERG DE JONG. E. G. HOSKAM and L. H. V. D. BRANDHOF

SCHAEGEN. Proc. Kon. Ned. Akad. v. Wetenseh .• Amsterdam. -i-t, 1104 (1941). 
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b at room-<temperature a very much diluted borax~solution (-do mol. p. L.) 
is led along the membrane, the gelated coacervate~layer also swells, the 
central vacuole being strongly curved in and the vacuoles of gelation 
stretched out in the shape of a pear or elliptically (fig. 2d). 

Af ter this, wh en rinsing with a diluted solution of a basic dye, it can be 
proved that the gum arabic has gone over into the central vacuole, because 
th is vacuole colours more strongly than the gelated coacervate~layer. 

The results depend on the dye used and on the pH. With methylene 
blue the accumulation can be realised even at pH 9, but the coacervate~ 
layer also still colours weakly here. A better contrast can be obtained 
with neutral red. For this reason we have examined this more in detail. 

6. Accumulation of neutral red in the central vacuole. 

In the case of neutral red the choice of the pH is limited on account of 
the easy flocculation at higher pH's. Borax exclusively (pH 9.24) is there~ 
fore completely unsuitable and even in borax~KH2P04 buffers of pH 7.5 
flocculation still occurs. pH 7.0 can just be used but pH 6.0 is more 
favourable in every respect. 

In 5) colouring of the vacuoles was attained in two stages: a treatment 
beforehand with a buffer, followed by a treatment with the diluted dye~ 
solution. It appears that it is also possible to obtain the same result by 
Jeading only a buffered neutral red solution along the membrane. It takes 
a rather long time then, however, as apparently at the lower pH's (7 resp. 
6) the expulsion of the gum arabic to the central vacuole occurs more 
slowly than at pH 9.24. 

Use was made of a liquid consisting of 10 cc (borax + KH2P04 ) 

buffer 4) + 5 cc neutral red 0.1 % + 85 cc distilled water. 
Starting from condition b (fig. 2), within half an hour strong accumu~ 

lation in the vacuoles is obtained at pH 7.0 and strong accumulation 
followed by coacervation at pH 6.0. From now on we shall indicate the 
first type by diffuse accumulation, the second by grain~accumulation. We 
found further that with these y-b-o % neutral red solutions at pH 6 
diffuse accumulation occurs instead of grain~accumulation, when the 
passing liquid also contains 50 m aeq. p. L. KCL When switching over to 
the same liquid without KCI. the diffuse accumulation changes into grain~ 
accumulation. When the liquid containing KCI is carried over, grain~ 

accumulation is again replaced by diffuse accumulation. 
The reversible change of grain~accumulation into diffuse accumulation 

is not only possible by increasing the salt~concentration, th ere being con~ 
stant dye~concentration, but can also be realised by exclusively changing 
the dye~concentration. 

If at pH 6 with yh % neutral red grain~accumulation (fig. 3b) has been 
obtained, it changes into diffuse accumulation when 401-00 % neutral red 

4) By mixing 0.05 molar borax with 0.1 molar KH2P04. 
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(pH 6) passes. Increasing the neutral red concentration to y·h % then 
again gives grain~accumulation (fig. 3a ~ b). 

7. Colouring of the gelated coacervate~layer with neutral red. 

IE one starts from the grain~accumulation with Th % neutral red at 
pH 6 and if the liquid that passes through is replaced by a yh % neutral 
red solution of pH 5, the darkly coloured grains disappear in the vacuole 
and the vacuole liquid loses its colour, while on the other hand the gelated 
coacervate layer itself is coloured (fig. 3b ~ c) . 

'/'iQQQ % N Tl. 

I'H6 
1f2QQ % NR 

'pH6 

Fig. 3. 

~ 
'I2QO % NR. 

pHJ] 

So at this pH, which about agrees with the I.E.P. of the gelatine used, 
practically all the gum arabic already goes again from the vacuole into 
the parietal gelated coacervate layer, but as it is here only very imper~ 
fectly compensated by the positive partial charges of the gelatine, the 
possibility of colouring with neutral red remains. 

At pH 3.7, where complete compensation does take place, neutral red 
does not colour the gelated coacervate layer at all (fig. 3d). 

That this non~colouring is indeed due to the fact that gum arabic 
combines with gelatine and not to a possibly unfavourable pH is dear, 
because with membranes which only indude gum arabic, at pH 3.7 strong 
accumulation and coacervation do take place. It is only at a lower pH 
value (2.3), where the ionisation of the COOH groups of the gum arabic 
is practically suppressed, that no accumulation occurs any longer. 

Essentially the same phenomena as with neutral red were also observed 
with methylene blue. 

Summary. 

1. Undesired lesion~symptoms of the cells filled with gelatine and gum 
arabic, and their prevention, are described. 

2. The morphological changes which accompany the gelation of the 
parietal complex coacervate and the influence on this gelated coacervate 
of a neutral salt addition or a pH increase are described. 

3. At pH's higher than the I.E.P. of the gelatine, gum arabic passes 
into the central vacuole, as a consequence of which accumulation, sometimes 
followed by coacervation, with a basic dye (neutral red.döö-yh %) may 
occur. 

i. The reversible change (neutral red, pH 6) between diffuse and 
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grain~accumulation as a consequence of a change of the salt resp. of the 
dye~concentration is described. 

5. The change of the colouring of the vacuole (neutral red pH 6) into 
the colouring of the gelated coacervate layer (neutral red pH 5) points 
to an absorption of gum arabic by the gelatine. the gum arabic being com~ 
pensated very insufficiently. so that it can still combine with neutral red. 

6. At pH 3.7 the gelated coacervate layer is no longer coloured by 
neutral red. though gum arabic. if only present in the ceII compartiments. 
may still accumulate neutral red at this pH. So because of the combination 
with the positive gelatine the power to combine with neutral red is 
suppressed. 

7. Gum arabic. if only present in the ceII compartiments. no longer 
accumulates neutral red at pH 2.3. This can be explained by suppression 
of the ionisation of the COOH groups of the gum arabic. 



Auodynamics. - Aerodynamical problems connected with the motion of 
a cloud of gas emitted by Nova Persei. 111 *). By J. M. BURGERS. 

(Mededeling no. 49 uit het Laboratorium voor Aero- en Hydro
dynamica der Technische Hogeschool te Delft.) 

(Communicated at themeeting of March 29. 1947.) 

6. 5ummary of results of Part J. - In the first part of this paper we 
have investigated the phenomena of compression and subsequent expansion 
produced in a mass of intersteIlar gas. upon which a th in sheet of a gas 
of far greater density was imagined to have struck. The results for the 
density. pressure and temperature of the gas in the compression region 
are given by the formulae: 

(l = 4: (lo/lP p = 12 (lo S'1/lP5/3 RT=3 5'2/lP" •. (41) 

where Qo = original density of the uncompressed interstellar gas. In these 
expressions lP is a function of tand s given by the first line of (21); 
5'2 is a function of s given by (24a). s being a parameter characterizing 
the paths of the various layers of the compressed gas. with s = 0 at the 
front of the advancing cloud. For s = 0 the function 5'2 reduces to-A- V5' 
so that at the front p = t (lo V~/lP~/3 ; RT=t VUlP~/3 (lPo is the value of 
lP for s = 0; it is a function of the time). In the formulae referred to the 
quantities 'r = t a Vot and a = a s are non-dimensional variables; V o is 
the velocity of the thin sheet or cloud at the moment it struck upon the 
mass of intersteIlar gas (assumed originaIly to have constant density with 
a sufficiently weIl defined plane front). while a is a constant. proportional to 
eo/ë (e being the mass of the advancing cloud per cm2 of frontal area). as 
indicated in (14b) and (22). Distances expressed in a-measure can be 
reduced to distances in x-measure (i.e. real distances) by means of the 
relation: iJx/iJa = tP/a. - The velocity V of the front of the advancing 
cloud as a function of the time is given by (23). 

The calculations leading to these expressions had been based upon the 
assumption that the processes taking place in the gas could be discussed 
with the aid of the classical equations of aerodynamics. treating this gas 
as an ideal monatomic gas and neglecting radiation. heat conduction and 
effects of viscous forces. Investigations in the meantime carried out by 
DORT have thrown doubt upon this assumption; its seems probable th at in 
consequence of the high velocities of the atoms the ordinary calculations 
concerning the mean free path do not apply and that phenomena of quite 
a different nature make their appearance. The process is complicated by 

*) Parts land 11 appeared in these Proceedings 50. ?p. 262. 332. -1947. 
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the dissociation of the hydrogen atoms into protons and electrans. These 
circumstances require totally different methads of treatment. which for a 
large part still have to be developed. As such a development falls outside 
the original scope of the paper. and on the other hand the methads applied 
here may have same interest in themselves. the au thor has permitted him~ 
self to finish the paper in the way originally intended. by considering the 
effect of heat conduction from the compressed gas to the advancing cloud 
and by working out an energy balance for the latter. Ta retain continuity 
with the preceding part of the paper. the numerical values found th ere 
have been used also here (Vo = 1.8. 108 cm/sec; 'f = 0,55; ifJo = 1.53; 
a = 2.6 . 10-17; T= 97,5 . 106 ). For eo instead of OORT's original value 
12.1 . 10-24 gr/cm3 (7.3 H~atoms per cm3 ) we take a much lower estimate 
2.85 . 10-24 gr/cm3 (1.7 H~atom per cm3 ). which is deduced below in 
section 8 where the temperature of the cloud is supposed to be 25.000° 
(instead of 50.000°. which may be toa high). We then find: e = 4eo/ifJo = 
= 7,43. 10-24 gr/cm3• But it must be kept in mind that probably the 
equations can only be applied to cases of a less extreme nature. 

7. Heat conduction in the compl'essed gas. - From the kinetic theory 
of gases we take the following expressions, referring to a monatomic gas 
with smooth spherical molecules: 

coefficient of viscosity: ft = 0,33 1 e Cm; 

coefficient of heat conduction: J.. = 2,5 ft Cv, 

where Cm = -y3RT = (quadratic) mean molecular velocity; Cv = 1,5 R = 
= specific heat at constant volume; and 1 = mean free path, defined by 
1 = 1/(:nna2 ) = 4,38· 10-9/e, with a = diameter of an atom = 1,1 . 10- 8 

cm and n = 6,03 . 1023 e = number of atoms per cm3• Taking 
e = 7,43 . 10-24 gr/cm3 and Cm = 1.56. 108 cm/sec. corresponding to 
RT = 0,81 . 1016, we roughly find: 1 = 5,9. 1014 cm; y = ft/e = 3,04.1022 

cm2/sec; Necv = 7,6 . 1022 cm2/sec. The mean free path is small in com~ 
parison with the distances over which th ere is an appreciabie change of 
temperature according to the results of Part I. as those distances are of 
the order ifJ/a = 6.101 6 cm. - In the neighbourhood of the front of the 
advancing cloud a much lower temperature will appear in consequence of 
loss of heat through conduction; this will entail a decrease of J.. proportional 

to -y T. while at the same time the density will change proportionally to 
l/T, if we assume that the pressure near the front remains equal to the 
value t eo Vi/ifJ~/3. In th at case we shall write: 

lIc. = Cl TI/2 I 
. (42) 

e = pIRT= t eo V51R T ifJ~/3 = C2 T- l ifJö5
/
3 

wh ere Cl = 2,5 . 0,33. 4,38· 10-9 -y 3R = 5,7 . 10-5 , and c2 = t eo V51R 
= 14,8 . 10-16• 

The equation for the change of temperature, through expansion of the 
30 
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gas and heat conduction combined, wh en written in EULERian coordinates. 
has the form: 

(i3) 

W riting p = e RT and transforming to the LAGRANGian coordinates t, s 
as used previously we find: 

(438) 

Noticing that ou/os = o(/J/ot and introducing the non~dimensional variables 
Tand a, we can also write this equation as follows: 

(43b) 

From the value of À/ecv given above, combined with the data for V o 
and a, we deduce th at in the interior of the compression region the value of 
3al/ecv V o is approximately 0,033. Hence in this region, where the deriva~ 
tives of T, À and (/J with respect to Tand a are of the same order of 
magnitude as the quantities themselves (T and ahaving va lues of order 
unity), the right hand side of (i3b) can be neglected, so that we arrive at 
the result: 

T (/J2/3 = constant along a line of constant a, 

which is the adiabatic law applied in Part I. 
The situation becomes different in the neighbourhood of the frontier 

with the cloud. As the density of the latter, at least in the layers most near 
to the front, is about a thousand times greater than the density of the gas 
before the front, the temperature of the cloud will be about a thousand 
times less, as otherwise there could not be equality of pressure on both 
sides of the boundary surface. (This high density of îhe cloud is the cause 
of the observable radiation by the material of the cloud, as the radiation 
per unit volume is proportional to the square of the density). We assume 
that the temperature of the cloud, although it may be changing, never~ 
theless will remain considerably lower than th at of the interstellar gas at 
some di stance from the front; consequently we can consider the presence 
of the cloud simply as a boundary condition for a problem of heat con~ 
duction confined to the interstellar gas only. In view of the expected ratio 
between the temperatures it is allowed to take this boundary condition in 
the simplified form that the temperature of the interstellar gas decreases 
nearly to zero at the surface wh ere th is gas meets the cloud. 

Combining this argument with what had been deduced in connection 
with eq. (43b) we conclude that in the interstellar gas, in the immediate 
neighbourhood of the frontier with the cloud, the temperature of this gas 
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will change considerably over a region, the width of which in a~measure 
can be expected to be of the order 0,18 7). As this cotresponds to a distance 
of about 1016 cm in x~measure, there is no danger of coming too near to 
the length of the mean free path, the more so as in consequence of the 
greater density in the reg ion considered the length of this path will 
decrease far below the value 5,9. 1014 cm mentioned above. On the other 
hand the small width in a~measure allows us to replace if.> by if.>o, which is 
independent of a. Multiplying eq. (43b) on both sides by t Tl/2 if.>o and 
introducing the expressions for À. and e given by (42), we can now bring 
this equation into the form: 

~ (T3/2 if.» - 3 Cl a p/2 ~ (P/2 fP) 
àl' 0 - T T ~1/3 àa2 0 • 

C2 V 0 'Yo 
(43c) 

We put: 

T 

Jd ~-1/3 
l' 'Yo = z. (oH) 

o 

The equation can then be written: 

àY __ 1_ yà 2 Y 
àz - 2,,2 àa2 (45) 

where ,,= -yC2 Vo/6c1a = 5,48.106• 

In analogy with the Error~function solution of the ordinary equation ot 
heat conduction, we look for a solution of (45) in which Y is a function f 
of the variabIe C = "al{i [the factor" has been inserted to get rid of the 
coefficient in (45)]. It is found th at f must satisfy: 

f"f=-Cf' .. (46) 

As boundary conditions we assume: f = 0 for C = 0; f = constant for 
C = co. Solutions of (46) satisfying these conditions are of the form: 

(47) 

where r; = Cia, a being an arbitrary numerical constant, while F is defined 
in such a way that F'(O) =!l. For small values of r; the following series 
can be constructed: 

7) It might be useful to check whether there is sufficient spa ce for th is region between 
the front of the cloud and the shock wave at the head of the compression region. It can 
be that with small values of '" this should not be the case; we might then expect a some
what smaller value for Qfrollt than is obtained from eq. (50). This point has not been 
investigated. 
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The solution can be continued by a simple numerical method of integration. 
giving the following approximate values: 

'YJ=0.5 
1.0 
1.5 
2.0 

00 

F = 0.386 (from the series) 
0.59 
0.68 
0.71 
0.72 (estimated). 

To apply this solution to the problem of heat conduction before us. the 
following boundary conditions are assumed for the latter: at the initial 
instant 'r = 0 the quantity T rp2/3 has the constant value Tl = t Vo2/R = 
= 1.3 . 108 for the relevant values of a; for 'r> 0 the value of T rp2/J is 
zero at the fronUer a = 0; while for values of a large compared with 0.18 
it has the value 3S'2/R. which remains practically equal to Tl' With these 
boundary conditions we find Yex> =a2F( ro) = TI 3/2; so that. with 
F(ro) = 0.72. we obtaina = 1.18 T 13/1 = 1.43· W6 • The solutionbecomes: 

T3/2 rpo = Y = a2 F (x aJa yz) .. (49) 

Hence the heat current at the front (taken positive when directed 
towards negative va lues of x) amounts to: 

qfront = l (~~) = ~l (~:) 
8=0 0 a=O 

_! al (àY) _!clc.aax 
-~ T I / 2 ~2 àa - ~ ~2 ,/-

""0 .. =0 ""0 r Z 

(50) 

With 'r = 0,55 we find roughly z = 0.41. Inserting numerical values we 
obtain: 

qfront = 0.65 ergJcm2 sec. 

This amount is about 3 times higher than the arr:ount of the radiation 
estimated from the astronomical data. viz. 0.2 erg/cm2 sec. The decrease 
of heat conductivity in consequence of the decrease of the temperature near 
the frontier of the domain appears to be compensated by the increased 
steepness of the temperature gradient. which according to (49) becomes 
infinite for a = 0 8 ). IE a lower value is taken for the temperature of the 

8) Formula (50) for the heat current can be brought into the farm: 

_ 2 ·1.18 Tfalec. Vo 
qfront - -.I 2/J ,/ 

3 r 6 rpo r z 
(I) 

where T represents the temperature of the gas at sufficient distance from the frontier 

(T = Tl <[>-2/3), while the values of ;. and e correspond to this same temperature. 
When ;. and e should have been treated as constants, and at the same time the 

temperature T at a sufficient distance from the frontier and the linear scale of the field 
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interstellar gas, quont changes proportionally to T3/ .. through the influence 
oE a. Such a lower temperature might be obtained if we could assume a 
smaller value Eor the initial velocity V o. It should Eurther be remarked 
that the value oE qfront as given by (50) decreases with time. If we use 
the approximate expres sion for cp mentioned in section 4, so that 
CPo = (1 + t rp/" we find: 

z = t In (1 + t r): 2 ,r 3/2 ,/ CPo f Z = 0,87 (1 + t r) rin (1 + t r). 

which Eor 7: = 1 becomes 2,85. 

8. Energy balance [or the doud. - When the energy received by 
conduction Erom the interstellar gas is not wholly radiated away, a gradual 
rise of temperature oE the cloud must be expected, accompanied by 
expansion. In order to obtain a picture of these phenomena, we construct 
a semi~stationary solution, according to the method indicated in a previous 
paper 9). It is assumed that the expansion proceeds sufficiently slowly, 
so that in first approximation the whole mass of the cloud suffers the same 
deceleration - dV/dt. As OORT had pointed out this deceleration has the 
same effect as a gravity field directed towards the front of the cloud, and 
gives rise to the appearance of a "barometric" gradient of the pressure. 
We assume that the differences of temperature between the various parts 
of the cloud are not great, and will regard the temperature as approximately 
constant throughout its interior. 

The equations of motion, when written in EULERIAN coordinates, have 
the form 10): 

Du _ (au + u au) __ ap 
e Dt - e at àx - àx (51) 

De _ àe + u àe _ _ au 
Dt - at àx - e ax (52) 

DT _ (àT aT) _ au aq 
e c. Dt - e c. at + u àx - - P àx + àx - tp • (53) 

Here q is the current of heat, reckoned positive when directed towards 

(àx/ ào) could be considered as independent of the time, the familiar solution of the 
ordinary equation of heat conduction would have given: 

- 1 ,/ 
- Tl/lee. _ - T ralec. Vo (11) 

quont - r ----;t - Y3.71 y7:' 
The numerical factors in formulae (I) and (11) differ very Httle (resp. 0,321 and 

0,326); the only difference of some importanee is that between q,~/3 y~ = 0,84 and 

V:; = 0.74, which is connected with the change of the field with time. 
9) Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, "9,600 (1946). 

10) Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, "9, 591 (1946). 



448 

- x. while 'IJl represents the radiation per unit mass in unit time. It is 
assumed that the cloud stretches out from x = <Po(t) (= front of the 
cloud) to some negative value of x. 

The solution will be constructed so as to satisfy the equation of con .. 
tinuity (52) and eq. (51). To find an exact solution of (53) would require 
precise knowledge of the phenomena of heat conduction and radiation as 
functions of x throughout the cloud; as this is not available we replace 
(53) by the integral equation of energy for the whole cloud. which is 
obtained by adding to (53) the product of (51) with u. and integrating 
the resulting expression with respect to x. When we suppose that at the 
back of the cloud (practically for x = - co) the pressure and the value 
of q can be neglected. we find: 

j t
o 

(DT Du) JfO 
qüont = dx (! c. Dt + (! u Dt + püont V + V' dx. 

-00 

We can eliminate PCront by making use of the integral of (51): 

1'0 

J Du 
pfront = - dx (! Dt . 

-00 

In this way the resulting equation takes the form: 

j t
o 

~ DT Du~ J"o 
qfront= dX(f!c. Dt -(!(V-u) Dt ~ + V'dx . (54) 

-00 -00 

expressing that the heat received by conduction from the interstellar gas 
is divided into a part serving for increase of tempera tu re. a second part 
for expansion. and a third part for radiation. - The lack of information 
which we suffer by the rejection of the differential equation (53) will be 
compensated by an assumption concerning the distribution of the density. 
to be introduced subsequently. 

We assume the expression: 

(55) 

to represent the paths described by the various elements of the cloud. 
s being a parameter distinguishing between the paths of different elements. 
in such a way that s = 0 at the front of the cloud. while positive values 
of s reler to elements at some distance behind the front. We take t = to 
at the epoch of observation (1934). and determine <P1 (t) in such a way 
that <P1 (to) = 1. so th at for to the value of s is equal to the distance 
behind the front. The velocity of an element of the cloud is given by: 

(56) 
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Hence at the front: V = tPo. We further have: àu/àx = -(I/epl).(àu/às) = 
= tPl/epl' from which it will be seen that (55) implies a homogeneous 
expansion of the whole c10ud [a non homogeneous expansion would have 
been obtained, if to (55) we should have added terms with higher powers 
of s]. In connection with what has been said concerning the ra te of 
expansion, it will be evident that we must suppose StPl < < tPo for the 
relevant values of s. 

In order to satisfy the equation of continuity the expres sion for the 
density must be of the form: (! '= (!*(S)/epl: making use of the freedom we 
have gained by discarding (53), we take an exponential function for 
(!* (s) and write: 

• (57) 

where (!m is a constant. Wh en th is expression is substituted into (51), 
integration gives: 

t> (mo 1 + {3s .. ) p = -(!m e-"'S /f - {32 ep. • • (58) 

from which the tempera tu re is found by means of: 

RT = ~ = _ (;Po _ 1 + {3 s .. ) 
(! epi {3 {32 epi • • (59) 

For many purposes it is sufficient to reduce these expressions to their most 
important parts as follows: 

pm ~ - (!m e-!3s ;Po/{3 

RT:: - ;Po ep.! {3. 

(60a) 

(60b) 

We might write: -;Po = g, representing the deceleration of the c1oud: 
from (60b) we then find: {3 = g epl/RT, so that (60a) can be written: 

p ~ (em RT/fIJ.) . e-gs'f.IRT • (60c) 

showing the analogy with the formula for the barometric pressure gradient 
under the act ion of gravity. 

We now calculate the terms of the right hand side of (54). The first 
one becomes, to the same approximation as used in (69): 

'1'0 Cl) 

"Jd DT -J 3 R DT - s ;Po tP. + ;Po flJl x (! Cv Dt - ds y e Dt fIJ. - - y em {32 • 
-CD 0 

In order to calculate the second one, which depends upon the difference 
between V and u, we use the full expression for u, but re duce Du/Dt to its 
principal term. This gives: 

J
'fO (V Du JCD Du ;Po tPl 

- dxe -u) Dt = - ds(!(V-u) Dt flJl =-em 7' 
-CD 0 
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In the third term the radiation per unit volume will be represented by a 
formula of the type e21jJo (T). Neglecting differences of temperature in the 
interior of the cloud we find: 

fo co 

f f 2 e!z 11'0 (T) 
dxtp = ds f2 11'0 CPI = 2fJ CPI • 

-co 0 

Adding together the various terms we arrive at: 

_ f> ;Po <PI 3 cp(\ CPI e!z 11'0 (T) (61) 
qfront--"i"em 7 -"i"f2m 7 + 2fJcpI • 

Along with this equation we use the condition th at the pressure at the 
front of the cloud. to be obtained from (60a) for s = O. must be equal to 
the pressure in the interstellar gas at this front. which has been found in 
Part I. This leads to the equation: 

.. IfJ • T T2 ..... -5/3 - f2m CPo ="3" f20 v 0 ~O • (62) 

This equation. which in fact is the same as equation (6) of section 2 
[the reader will observe that the mass ij of the cloud per unit area of 
frontal surface. in the present notation is equal to em/fJ] gives the value 
of ;Po. which thus can be considered as a known function of the time. -
The value of qfront is given by (50). - As the character of the function 
1jJo (T) is known from physical considerations. this quantity can be con~ 
sidered as a function of ~o and CPl in consequence of (60b) and (62). 
Hence (61) constitutes a differential equation for CPl; when CPl has been 
found. the course of temperature and density as functions of the time can 
be deduced as weIl. 

In order to have numerical values. we take the temperature of the 
cloud to be 25.0000 at the epoch of observation. At this same epoch 
-;Po = 0.11 cm/sec2 • while CPl is assumed to have the value 1; hence eq. 
(60b) gives: fJ = 5.29.10-14 cm- l11 ). Calculations made by OORT give 
for this temperature: 1jJo = 6.5 . 10-23 erg/cm3 for a density of 1 H~atom 
per cm3 • Reducing the density to gr/cm3• we find: 1jJo ~ 2.4 . 1025 • The 
expres sion for the integrated radiation per cm2 of frontal area. e!z lpo/2fJCPl' 
must be equal to 0.2 erg/cm2 sec. With these values we obtain: 

e!z 1jJo = 2.12 . 10-14; em ~ 3,0. 10-20 ; e = em/fJ ~ 5.6 . 10- 7; 

and finaIly: eo = "3"~a ij = 2.85 . 10-24, as was already mentioned before. 
For a rough discussion of eq. (61) we shall assume 1jJo to be independent 

of the temperature. which can be done in the range from 15.0000 to 
50.0000

• a suitable mean value being 1.8. 1025 • 

When the expressions for ;Po [from (62)] and Eor qfront [given by 

11 ) It should be checked afterwards whether the condition .pI! p ~.po is satisfied with 

this value of p. As ,pI will be of the order aVo. this probably will be the case. 
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(50)] are inserted into (61), this equation after some reductions can be 
brought into the form: 

d~ Cl cvaa'X{J 
dt - 5eo vJ tP6/3 yz 

3 e7n "Po 
(63) 

~ having been written for qJl/tPO. Introducing the numerical data, and 
changing from the time t in seconds to the dimensionless variabIe 
l = t aVo t, we obtain: 

107 22,2 
. (63a) 

dl - tP6/3yz - tP~/3 E • 

In this equation tPo and z are known functions of the time. It is sufficient 
here to use the approximate expressions mentioned at the end of section 7; 
then: 

d~ 124 

dl - (1 + t l) yIn (1 + t l) 

22.2 
• (63b) 

It will be seen that with the present numerical data, which did not give 
a balance of heat conduction and radiation, the first member on the right 
hand side of (63b) is preponderant, so that in course of time ~ will increase; 
this in its turn will strengthen the preponderance of the first term. An 
approximate solution is obtained by neglecting the second term; adjusting 
the constant of integration in such a way that at 1: = 0,55 (epoch of 
observation) we shall have ~ = l/tPo = 0,65, we find: 

~ < 185 [YIn (1 + t l) - yIn 1.73] + 0.65 .. • (64) 

From this expression qJl is obtained by multiplication with (1 + t l)314• 

Taking as a rough approximation to the value of ;Po the formula: 

;Po = - ·,ir a V~ (1 + t l)-S/4, 

equation (60b) finally gives: 

RT < 48 a ~g (1 + t lr1
/
2 [yIn (1 + t l) - 0.740]. 

The temperature would be rapidly rising during the present period. 
The approximations applied here are very rough, but they show that 

the behaviour of the temperature of the cloud is very sensitive to changes 
in the energy balance. 
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Summary. 

In this paper recovery and recrystallization are treated as processes of 
dissolution and movement of dislocations present in the cold-worked state. 

In I some general features of both processes are discussed,especially 
with a view to ascertain whether they are fundamentally different or 
whether recovery has to be viewed as recrystallization on an "invisible" 
scale. Some experimental facts are brought forward , relating to the depen
dence of both phenomena on time and temperature of annealing and degree 
of deformation, which point to fundamental differences between both 
processes. 

In order to get a closer insight into these differences, in 11 the block
structure of the crystalline state is discussed. Attention is drawn to the fact 
that single crystal, polycrystal and cold-worked state differ only by 
degrees: they all are built up of lattice blocks, eventually in a stressed 
condition, connected and separated by transition layers of dislocated atoms. 
Some considerations regarding the stability of such structures, as far as 
available from the literature, are given. 

Finally in 111 the atomic movements, induced in the cold-worked state 
by heating, are considered. A difference is made between (a) displacements 
which, hy "dissolution" of dislocations, change the stresses in the lattice
blocks, and (b) displacements of houndary layers as a whoIe, causing 
growth of one domain at the cost of an adjoining one. The former are 
essential for recovery, the latter for recrystallization. With the aid of both 
types of displacements several experimental facts, observed with recovery 
and recrystallization, are discussed. As to recrystallization it is mentioned 
that the mean rate of growth of crystals, grown in fine grained quasi
isotropic polycrystalline testpieces, although being constant in all directions, 
is different for different crystals. The possibility is to be considered 
that such differences are due to differences in imperfection (" mosaic 
character") of these crystals. This supposition would imply the 
assumption that a crystal, wh en starting its growth from an "imperfect" 
nucleus, retains this imperfection throughout its development. 

Finally the occurrence of "stimulated" crystals is brought forward. It is 
shown that their presence explains the increase in rate of nucleation in the 
course of isothermal recrystallization, observed recently in an investigation 
of the recrystallization of aluminium by ANDERSON and MEHL. 
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I ntroduction. 

When a metal is cold~worked, its physical and mechanical properties 
generally suffer considerable changes. By a subsequent annealing treatment 
these changes are again annihilated, either gradually or, at a sufficiently 
high temperature, in a more or less abrupt manner. We can thus speak of 
a process of recovery, taking this word in its general sense. In practice, 
however, there is reason to discriminate between two apparently different 
processes, one most easily observed at lower temperatures, in which a return 
of the properties to their normal values takes place without "visible" change 
in structure of the metaI. and a second process, in which we observe the 
formation and the growth of new crystallites. The expression recovery is 
generally confined to the first mentioned process, whereas the second is 
ca lIed recrystallization. This expression embraces in its "primary" stage 
the formation and growth of new crystallites in the deformed matrix. It is 
of ten followed by a "secundary" growth of the new crystallites at the cost 
of their equally new neighbours, a process indicated as grain~growth. 

Although both recovery and recrystallization have been extensively 
studied, for example in their dependence on duration and temperature of 
annealing (for a summarizing review we may refer to (1) ), it must be 
stated that our knowledge and insight in the mechanism of the underlying 
atomic prucesses are still very defective, notwithstanding valuable contri~ 
butions to this question by variousauthors, of whom we mention in parti~ 
cular KORNFELD (2) and DEHLINOER (3). 

In what follows we intend to discuss recovery and recrystallization, 
starting from a picture of the cold~worked state as consisting of a system 
of slightly deformed lattice blocks, separated and connected by more 
severely dislocated transition layers. One of our objects will be to ascertain 
in how far such a picture can be of help to understand some of the diffe~ 
ren ces observed between these two annealing processes. 

I. Recovery versus recrystallization in their dependence on time and 
temperature of heating. 

I. 1. Analogy. 

The question can be raised what, physically speaking, the difference 
between recovery and recrystallization amounts to, as undoubtedly both 
processes are due to the shifting of a certain number of atoms in the 
deformed matrix to positions of more stabIe equilibrium. In fact it is of ten 
very difficult to decide whether during a given heat~treatment recrystalIiz~ 
ation does not occur at all. The dissolving power of the experimental 
method applied to ascertain the presence or absence of structural changes 
(microscopie observation, X~ray diffraction, etc.) plays an important part 
here. Of ten what is called recovery according to one method, is beg inning 
recrystallization according to the other. 

In practice a discrimination between recovery and recrystallization is 
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certainly justified. Especially at lower temperatures of heating a consider~ 
able recovery of physical and mechanica I properties can be brought about 
without "visible" structural changes. This is particularly true with deformed 
single crystals. where. according to measurements of HAASE and SCHMID (4) 
with bismuth and zinco of KORNFELD (5) with aluminium and of KOREF (6) 
with tungsten. an approximately complete recovery of the shear~ or tensile~ 
stress could be brought about. With polycrystalline testpieces such a "pure" 
recovery cannot be realized so completely. 

On the other hand it was brought forward in particular by VAN 
LIEMPT (7). that in many annealing experiments the relation between 
time (t) and absolute temperature (T) of heating. required to cause a defi~ 
nite percentage of recovery of a physical property (for example the electric 
resistance) or in other cases a definite state of recrystallization (for 
example half of the matrix recrystallized) obeys to the same formula. 
of type 

Q 
Tlnc· t= R (1) 

in which Q has the meaning of an activation energy for atomic interchange 
and c is proportional to the atomic frequency of the metal considered. 

This "law of corresponding states of recovery (or recrystallization)" 
may said to be based on the very simplest picture of the processes involved. 
in which the atomic movements from a metastable "deformed" into a stabIe 
"undeformed" position are governed by a single activation energy Q. In 
such a picture the recovered respectively recrystallized fraction (x) 1) at 
any moment obeys arelation 

dx 
dt=k(l-x) 

with the velocity constant k determined by 

Q 

k=c· e- RT 

or integrated 

x= l_e-ct.e-Q/RT • 

(2) 

(3) 

(4) 

[see KRUPKOWSKI and BALICKI (8); also (1) (§§ 75.77.151)]. For the 
quantity Q values are found of the order of magnitude of those met with 
in diffusion experiments in the solid state. that is. values to be expected 
for processes. consisting of interchange of individual atoms. 

Similar activation energies occur in the relations. which in "pure" recrys~ 
tallization experimentsare found to govern the rate of nucleation and the 
rate of growth of the new crystals. forexample with aluminium by 

1) It is further assumed that the relative recovery of the property considered is at 
every moment proportional to th is fraction. 
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KORNFELD and PAWLOW (9) and by ANDERSON and MEHL (10), for rock~ 
salt by MÜLLER (11) 2). 

This apparently closely analogous behaviour of both recovery and 
recrystallization in their dependence on timeand temperature of heating 
might be considered to support the conception, that what is called recovery 
is in reality recrystallization on such a small scale, that it is still "invisible", 
so that there would be no reason to dis crimina te between both phenomena 
in a more fundamental way. 

I. 2. Differences. 

This conclusion breaks down, however, if we consider what happens 
af ter prolonged times of heating. H, under such circumstances, "visible" 
recrystallization sets in, we observe a return of the properties to their 
normal values for the completely annealed state, this state being attained 
the sooner the higher the chosen temperature, as might be expected af ter 
[1], which is confirmed in the more precise treatment given in (10). In 
"pure" recovery~anneals, on the contrary, af ter an initial return of the 
properties, the rate of the process decreases so much below the magnitude 
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Fig. 1. Isothermal recovery curves of aluminium single crystals. The original deformation 
was in all cases the same (100 % increase of yield value = relative yield value 2). 
The ordinates give the decrease of this latter quantity as a function of time of heating 
for three different temperatures: at each temperature a nearly constant "rest value" is 
approached, which lies the lower the higher the temperature of annealing (af ter 

KORNFELD (2) (5)). 

2\ In ANDERSON and MEHL's paper. which appeared as recently as 1945, the course 
of re.:rystallization in aluminium sheet was analysed in terms of ra te of nudeation 
(N = number of new crystals formed per unit of time per unit of area of the 
unrecrystallized matrix) and ra te of growth (C). It follows from their investigation that 
formula [1] given above is valid only under simplifying assumptions (for that case the 

paper gives arelation between Q and the activation energies QN and Qa for nucleation 
and growth separately). ANDERSON and MEHL show that the whole course of isothermal 
recrystaIlization is more complicated than foIlows from [2] and [3]. in parti<oular in 
consequence of the circumstance. that N increases with time. a fact to which we shall 
return at 'he en~ of .. ection UI of this paper. 
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expected according to [4]. that a value is attained which remains approxim
ately constant for much Jonger durations of heating. Although the differ
ence between this "restvalue" and the value for the completely annealed 
state diminishes with increasing temperature of annealing, nevertheless at 
each temperature, if not too low, a definite residual effect of the cold
working remains. Fig. I, which is taken from KORNFELD (2) (5), may serve 
to illustrate this for annealed aluminium crystals [for other examples we 
refer to (1) (§ 69)]. 

This different behaviour of "recovering" and "recrystallizing" anneals is 
still more accentuated by the fact that, according to KORNFELD (2), the 
rate at which the "restvalues" are attained, is greater for single crystals 
than for polycrystals: this is contrary to what is generally found in recrys
tallization experiments: here for a given deformation polycrystalline mate
rial recrystallizes "easier" (for example at lower temperatures) than 
unicrystalline material [KARNOP and SACHS (11a); (1) (§ 150)]. 

A difference is also observed when we consider annealing experiments 
carried out with test-pieces, subjected to different degrees of coid work. 
On general grounds one would expect the activation energy Q to 
decrease with increasing deformation and thus, according to [4]. the more 
severely deformed test-piece to approach the completely annealed state for 
a given temperature in a shorter time, or for a given time at a lower 
temperature. This is actually observed in pure recrystallization experiments 
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Fig. 2. As fig . 1. Here, however, all curves relate to the same temperature (200° C.) 
but to four different states of deformation, the original relative yield values before 
annealing being 3, 2.5, 2 and 1.5. The "rest values" Zie higher. the larger the original 
degree of cold-work (the relative recoveryll) is approximately the same in all four cases, 

namely 0:4) (af ter KORNFELD (5)). 

1) elI ed yieldvalue before anneal - yieldvalue af ter anneal 
a cu at as: . ld I b f 1 .. 1 . ld 1 yle va ue . e ore annea -'- onglna yle va ue 
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[see again ANDERSON and MEHL (10)] and also in such "recovery" experi~ 
ments, in which it is highly probable that the recovery was actually accom~ 
panied by recrystallization: for example by SAUERWALD (12), BRINDLEY 
(12a). In KORNFELD's (5) recoveryexperiments with aluminium single 
crystals, however, a different result is obtained, as shown in fig. 2. Here 
the four "recovery isotherms" relate to four crystals, extended so far that 
the yield~value was raised to respectively 1.5, 2, 2.5 and 3 times its original 
value. The curves show the decrease of these "relative" eIastic limits as 
a function of the time of heating at 2000 c., where no "visible" recrystal~ 
lization occurred. It will be seen that the quantities considered approach 
to residual values which lie higher the more the crystal had been deformed 
(the relative recovery, however, was approximately the same for all degrees 
of deformation). This result again is quite different from that generally 
found in the case of recrystallizing test~pieces 3). MASING (12b) has 
already drawn attention to this curious behaviour and considered it as 
an indication that recovery and recrystallization are essentially different 
phenomena 4) . 

Leaving th is question as it stands, it seems in any case to follow from 
what has been said that . "pure" recovery at constant temperature of anneal~ 
ing leads to states, which are intermediate between the cold~worked and 
the completely annealed state and which possess a considerable stability. 

3) A to some extent similar re sult was, however, obtained by BRINDLEY (12a) in. 
annealing .experiments with rolled copper with different percentage reduction, where the 
thermal E.M.F. between the cold-worked and the undeformed state was measured. although 
in these experiments the occurrence of at least partialI recrystallization seems possible. 
According to BRINDLEY it is likely, th at the effect is due to different grain sizes and (or) 
grain orientations in the partly annealed states as compared to those present in the ·original 
undeformed metaI. 

4) It must be remarked here that also DEHUNGER (3) has advanced the view th at 
recovery and recrystallization are different processes. To his conceptions we shall return 
in section 111. DEHLINGER's arguments we re partly based on the assumption of an 
essentially different dependence of both phenomena on temperature. in the sense that the 
temperature coefficient of the velocity for recrystallization was much larger than that for 
recovery. As far back as 1929 DEHUNGER in a fundamental paper on recrystaIHzation 
put forward the conception of an "instability-temperature" (a kind of CURIE-temperature). 
above which the rate of recrystaUization should increase jumpingly. As we exposed in 
(1). (§ 152). we do not know experiments which support this assumption in an unambi
guous way; also its theoretical basis is not clear. 



Mathematics. - On the zeros of a polynomial and of its derivative 1I. 

By N. G. DE BRUIJN and T. A. SPRINGER. (Communicated by Prof. 
W. VAN DER WOUDE.) 

(Communicated at the meeting of April 26. 1947.) 

1. In a previous paper 1) (referred to as I), the following theorem was 
proved for some special classes of polynomials: 

Theorem 1. Let the polynomial f(z) of degree n> L have the zeros 

~l' ••• , ~n, and let 'YJl' "', 'YJn-l be those of f'(z). Then we have 

1 n-I 1 n 

n_l~~IIIm7]~I~;;~~IIIm~~ I , . (1) 

the sign of equality holding if and only if no two zeros of f (z) are 
separated by the real axis. 

Here we shall prove the theorem in the general case. namely for poly~ 
nomials with arbitrary realor complex coefficients. In our proof we 
introduce an auxiliary function f*(z) obtained from f(z) by replacing the 
zeros of f (z) in the lower half~plane by their complex conjugates. 

Theorem 1 can be generalized in several ways. In the first place we may 
ask for the class C of real continuous functions 'IjJ(z) of the complex 
variabIe z. such that 

1 n-I 1 n 

n-l ~~I 'P (7].) ~ ;; v~ 'P (~.). (2) 

holds for any polynomial f(z). We have not been ab Ie to characterize this 
class C; it is. however. likely. that C consists of all convex functions 'IjJ(z) 2). 
Anyhow, all functions of the class C are convex. 

It is possible to derive from th eo rem 1. by superposition. a large sub~ 
class C* of functions 'IjJ(z) belonging to C. Important items are 'IjJ(z) = I z lp 
and 'IjJ(z) = I Im z lp (p ~ 1). This will be shown in section 3. 

A second generalisation of theorem 1 is to rational functions with positive 
residu es (section 4). 

Other generalisations. concerning the zeros of "composition~polynomials", 
will be given in a next paper. 

1) N. G. DE BRUIJN. On the zeros of a polynomial and of its derivative. Proc. Kon. 
Ned. Akad. v. Wetenseh., Amsterdam. 49. 1037-10H (1946). In that paper. our 
theorem I was proved in the following two cases: 

a) if all coefficients of Hz) are real. and 
b) if all zeros of Hz) are purely imaginary. 

2) 1J.' (z) is called convex. if 1J.' (J'I zl +).2 Z2);S; ).11J.' (Zl) + ).21J.' (Z2) for aU values of 
%1' %2. ).1. ).2. satisfying ).1 ?- Ol ).2 ~ Ol ).1 + ).2 = 1. 
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2. Proof of theorem 1. 

We remark. in the first placet that the theorem is trivial when all zeros 
of f(z) lie in lm z ~ O. For then. by the well-known Gausz-Lucas theorem. 
the same holds for the zeros of f'(z). so that the imaginary parts of 
el' ...• en. 7]1> •.•• 7]n-l all have the same sign. The theorem then follows 
from the relation 

1 n-I 1 n 
-1 ~ 7]. = - ~ E.. . . . . . . . (3) 
n- .=1 n .=1 

This shows that in (1) the sign of equality holds in this case. 
The general case is reduced to this one by means of the following 

k n 
Lemma. Let f(z) = a n (z-e,,) n (z-ep) (0:::; k <: nl. where 

,.=1 .=k+i 
lme" >0 (v= 1.2 • .... k).lme,,<O (v=k+ 1. .... n). 
Putting 

k n_ r (z) = a n (z-~.) n (z-~.).. . . . . . (-t) 
.=1 .=k+1 

we have 

I f' (x) I ~ I (*' (x) I . . . . . . . . (5) 

for all real values of x. 
There is equality for all real x if and only if no two zeros of f{z) are 

separated by the real axis. 

Proof. W riting 

Î ~=P+Oi. i _1_=R+Si (x.P.O.R,S real) 
.. =1 X-t;v .=k+1 x-~ .. 

we have 

f' (x) _ . 
[(x) -(P + R) + dO + S). 

{*' (x) _ . 
{* (x) - (P + R) + 1(0-8). 

Now it follows from 

Im ~ .. ~ 0 (v = 1 •.•.• kl. Im el' < 0 (v = k + 1 •...• n) 

that Q > O. S <: O. We obtain IQ + S I <: I Q-S I. which gives 

I 
f' (x) I :::::: I {*' (x) I 
[(x) " {*(x) . 

For real x we have 

I{(x) I = I{* (x)l. 
and hence 

I f' (x) I ~ I {*' (x) I· 
There is equality (for all real x) only if either Q = 0 or S = O. that is to 
say. if all zeros of f(z) lie either in lm z <: 0 or in lm z > O. 

31 
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With this lemma the proof of theorem 1 is quite simpIe. Since all zeros 
of f* (z) lie in lm z :::> O. it follows from our remark above that 

1 n-I 1 n 

n-l v~ IIm1];I=nv~ IIm~vl· • .. (6) 

where 1]r ..... 1]~-1 denote the zeros of [*'(z). Further. by the lemma. 

A A 

flog If' (x)1 dx ~flog Ir' (x) I dx (A> 0). . . (7) 

-A -A 

or 
A A 

:i f log I X-1].1 dx ~ :g J log I X-1J; I dx. . . . (8) 
-A -A 

It is easily seen that 

A 

floglx-aldx=2(AlogA-A)+nllmal+O (~) .. (9) 

-A 

Substituting this into (8). and making A ~ CXJ we find 

n-I n-I 

21Im 1]v I ~ 21 Im 1]; I • . . . . (10) 
v=1 v=1 

Combining this inequality with (6) we obtain (1). 
There is equality in (10) if and only if there is equality in (7). that is. 

if I f' (x) I = I t' (x) I for all rea 1 values of x. and then. by the lemma. all 
zeros of f(z) lie either in lm z:::> 0 or in lm z <: O. 

Thus theorem 1 is completely proved. 

3. Theorem 1 means. geometrically. that the zeros of f' (z) He. in the 
mean. closer to the real axis. than the zeros of f (z). The same can be said 
about any line. that is to say. theorem 1 remains true. wh en we replace 
Ilm z I by Ilm(az + (J) I. a and {J being complex numbers. (This is easily 

proved by applying theorem 1 to f ( Z a (J) ). Hence the functions Il m( az + (J) I 
belong to the class C. defined in section 1. Furthermore. it follows from 
(3) that the functions lm (az + (J) also belong to C. We can obtain new 
functions of C by superposition of these special ones. We thus obtain a 
sub-class C* of C. which consists of all real continuous functions 'IJl (z) of 
the complex variabIe z. which are sums of functions of the types 
Ilm(az + (J) I. lm (az + (J) with positive weights. For instanee. C* contains 
all convex functions of lm z. We have. namely 

Theorem 2. Let ~l' ... , ~n be the zeros of f(z), 1]1 ..... 7Jn-l those of 
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f'(z), and let lm ~1 <: lm ~2 <: ... <: lm ~n.lf VJ(x) is a convex real function 
of x in the intervallm ~1 <: x <: lm ~n, and if 

1 n 1 n-I 
D (VJ. f) = 11 y~ tp (Im ~.) - n-l Y~I tp (Im TJ~) 

then 

D(VJ. f) ~ O. • . . . . . (11) 

D(VJ,f) = 0 holds only if VJ(x) is linear for lm~l <:x<:lm~n (which 
implies the case lm ~1 = ... = lm ~n). 

Theorem 2 can be proved in the same way as theorem 7 in I. A special 
case is VJ(x) = Ixl p (p:> 1), giving 

Theorem 3. With the notations of theorem 1, we have, if p :> 1 

(12) 

There is equality in the following two cases only: a) if p = 1 and all zeros 
of f(z) lie in the same half~plane lm z:> 0 or lm z <: 0, and b) if p:> 1 
and I m ~ 1 = ... = I m ~n. 

Obviously this theorem remains true when Ilm(az + /1)1 is substituted 
for Ilm z I. This remark is used for the proof of 

Theorem 4. With the assumptions of theorem L we have, if p :> 1 

• . . • . (13) 

There is equality in the following two cases only: a) if p = 1 and all zeros 
of f(z) lie on the same half~line with endpoint 0, and b) if ~1 = ... = ~n. 

Proof. The distance of the point z in the complex plane to the line 
through the point 0 making an angle g; with the positive real axis. is 

1 cos g; . lm z - sin g; . Re z I. 

By theorem 3 we have 

1 n-I 1 n 
n-l .-EI 1 cos CP' Im 1]y- sing;' Re TJ.IP ~ 11 .-EI 1 cosg;' Im ~Y-sin cp' Re e.IP. 

By integrating this inequality we obtain 

2,. 

1 n-IJ 
n-l y~ 1 cos cp' Im 1'].- sin g;' Re 1]. lp dg;~ 

o 
2,. 

1 n J . ~ 11 .-EI 1 cos cp' Im e.-sin cp' Re ~.IPdcp 
o 

or 
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The cases of equality are easily deduced Erom those oE theorem 3. 

A direct consequence oE theorem 4 is 

Theorem 5. With the assumptions of theorem 1 and p > O. we have 

This may be proved by application oE theorem 4 to f (Zk). (CE. I. 
theorem 3). 

It is probable. that. more generally. the inequality 

(0 ~ p ~ I)~ . . . (15) 

holds. We have. however. not been able to prove this. Anyhow. iE e is a 
fjxed number (e > p). an inequality 

(O~p~I) .... (16) 

cannot be true Eor arbitrary f (z). This is easily seen by considering 
f(z) = zn-l (z-l) Eor large integers n. 

4. Rational functions of the type 

n t 
9'(z)=-az + b + I _v_ 

.. =1 z-av 
(a ~ O. tv> O. n ~ 0) • (17) 

have properties analogous to that expressed in theorem 1 (Cf. I. theorem 2). 
In the first place. we obtain 

Theorem 5. lf n > 1. 
n t 

9' (z) = ;Z _v_ 
.=1 z-av 

• • • • (18) 

and if Pl ..... pn_l are the zeros-of cp(z). then we have 3) 

n 

n-I n ;Z tvllm avl 
;Z IIm P .. I ~ ;Z IIm a .. l- _v=_I_

n
-

.. =1 .. =1 ;Z tv 
• • • • (19) 

v=1 

Proof. This may be proved by the same method as theorem 1. but it is 
also possible to de duce (19) directly Erom theorem 1. For. by applying (1) 

3) The case tl = ... = tn = 1 is embodied in theorem 1. 
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11 

to the polynomial IJ (z- a7)" (where the hare natural numbers) we 
~=\ 

obtain 
11 

11-\ 11 -1 + ~ k" 11 

~ IIm P~I + I (k,,-I) IIm a"l::( --11--'-"=--=\'---- • I k~ IIm apl. 
~=\ ,,=\ ~ k" ~=\ 

,,=\ 

where Pl .... , pn_l are the zeros of i~. Hence (19) follows for rational 
"=\x-a,, 

tv. and the general case follows by an argument of continuity. 
Since (1) holds for all functions 'Ijl (z) of the cIass C. the same argument 

shows 

Theorem 6. Under the assumptions of theorem 5. we have 

11 

11-\ 11 I t. V' (a,,) 
~ V' (P~)::( I V' (a,,) - -'-"=---=\-'-11--

,,=\ ,,=\ I t. 
,,=\ 

for an y function 'Ijl (z) of the class C. 

To obtain a corresponding inequality for the function 

• • . • (20) 

11 t 
If'(z)=b+ I -"- (b =j: 0, 't.> 0, n>O) ... (21) 

,,=\ z-a" 

we apply theorem 6 to 

() T + i _t,,_. 
If'T z = -r ,,=\ z-a" 

Z+b 

From lim If'T (z) = If'(Z) it follows. that 
T-++a> 

,,~ V' (P,,) ::( ,,~\ V' (a,,) + (..~\ t,,) . T~~ao ~ V' (- r) 
(Pl' .... pn denoting the zeros of If'(z)) if 'Ijl(z) belongs to cIass C and the 
limit exists. This will occur. for example. if 'Ijl(z) is homogeneous (i.e. 
V' (AZ) = A'Ijl (z) for all A :> 0 and all complex z). We then have 

,,~\ V' (P,,)::( 1\ V' (a,,) + V' ( - ~ ) • (..~\ t,,) . . . (22) 

The most important applications are 'Ijl(z) = Ilm z 1 and 'Ijl(z) = 1 z I. 

For the function 

11 t 
If'(z)=-az+b+ I -"-

"=\z-a,, 
(a > 0, t" > 0, n ~ 0) • (23) 
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whose zeros be denoted by Pl' .... pn+l. we have CP,Z} = tim CPT (z). 
T-++co 

where 

T2 T2 Il t 
CPT(z)=z+pT_q+ z-pT-q +~~IZ ~av 

Application of theorem 6 to CPT(z) yields 

,..=1 

This proves 

Theorem 7. lf Pl' ... , pn+l are the zeros of (23) (a> 0, tv > 0. n :> 0). 
and 'Ij!(z) is a convex function of Im z (Cf. Theorem 2), th en we have 

April 1947. 

Mathematisch Instituut der Technische 
Hogeschool, Delft. 



Mathematics. - On the theory of linear integral equations. VIII. 
By A. C. ZAANEN. (Communicated by Prof. W. VAN DER WOUDE.) 

(Communicated at the meeting ol April 26, 1947.) 

§ 1. Introduction. 

This paper is an immediate sequel to the paper VII, bearing the 
same title I). For a general introduction into the theory of systems of 
Iinear integral equations with "symmetrisable matrix-kernels" and for 
the meaning of the used symbols and notations we refer to that paper, 
in particular to § 1. In the present paper a knowledge of the contents 
of the papers I. 11 and VII, which we re published in these Proceedings 2) 
under the same title, is assumed. 

We shall discuss here the system of linear integral equations 

2J=1 J Klj (x, y) fj (y) dy-).[i (x) = gi (x) (i= 1, ... , n), (1) 

where fi (x) and gi (x) € L~m) (.6), ). is complex, and the matrix-kern el 
11 Klj (x, y) 11 is the matrix-product of the matrix-kern el 11 Aij (x, y) 11 and 
the matrix 11 hij (y) 11, the following conditions being satisfied: 

a. All hij (y) are bounded and measurable in .6, 

b. hij(y)=hjdy) and 2~j=1 hij(y)aiaj-;;::'O for any system of 
complex numbers al, ... ,an and every y€.6: the matrix Ilhij(y)11 is 
therefore Hermitian and of positive type, 

c. All Aij(x, y) € L~m)(.6), 

d, Ilhij(x)II·IIKij(x,y)II=IIKij(x,y)II·llhij(y)ll, 

in other words, 

11 hij (x) 11 . 11 Aij (x, y) 11 . 11 hij (y) 11 = 11 hij (x) 11 . 11 Aij (x, y) 11 . 11 hij (y) 11· 

This last condition is automatically satisfied if 11 Aij (x, y) 1I is Hermitian. 
As we have already remarked in VII, § 1. the system (1) reduces for 

n = 1 to the integral equation which we have discussed in 111 3). It wil!, 
however, be possible to read the present paper without any knowledge 
of the contents of 111. The case n -;;::'1 was considered by J. ERNEST 

1) A. C. ZAANEN, On the theory of linear integral equations VII, Proc. Kon. Ned. 
Akad. v. Wetenseh., Amsterdam, 50, 357-368 (1947) (Indagationes Mathematicae IX, ,.~). 

2) A. C. ZAANEN, On the theory of linear integral equations, Proc. Kon. Ned. Akad. 
van Wetenseh., Amsterdam, 49, I, 194-204, II, 205-212 (1946) (Indagationes Mathe
maticae VIII, I. 91-101. II, 102~1O9). 

3) A. C. ZAANEN, On the theory of Iinear integral equations lIl. Proc. Kon. Ned. 
Akad. v. Wetenseh .. Amsterdam. 49. 292-301 (1946) (Indagationes Mathematicae VIII, 
161-170). 



166 

WILKINS in 1911 4) (he generalized earlier results of W. T. REID S)). 
who. however. supposed. instead of condition a.. all hij (y) to be 
continuous on b... and. instead of condition c.. all Aij (x. y) to be 
bounded in b.. X b.. with their discontinuities "regularly distributed". 
We shall free ourselves of these restrictions. and. moreover. prove a 
great deal more. 

Af ter some preHminary lemma's in § 2 (one of these. Lemma 1. is of 
' interest in itself). we shall show in § 3. amongst other things. that the 
characteristic values of (I). if any exist. are real: that under very general 
conditions this system possesses at least one characteristic value '1=- O. 
and that the characteristic values have some remarkable extremizing 
proper ties. Furthermore we shall prove expansion theorems for functions 

of the form Il=1 f K ij (x. y) fJ (y) dy. as weIl as for the elements of the 
IJ. 

matrix-kernel 11 K iJ (x. y) 11 themselves. In § 1 we shall consider the 
iterated kern els of 11 Kij (x. y) 11. and in § 5 we shall show that. by 
strengthening the conditions a. and c.. the results of the expansion 
theorems can be improved (replacement of convergence in mean by 
uniform convergence). Finally. in § 6, we shall compare our results 
with those obtained by WILKINS. 

§ 2. Some preliminary lemma' s. 

Lemma 1. 1°. If IIh iJ11 (i.j=1. .... n) is an Hermitian matrix of 

positive type (that is. hij =hJi and ~r.J=1 hij ai aj ~ 0 for any sequence 
al •...• an of complex numbers). there exists a uniquely determined matrix 

11 MJ) 11. which is also Hermitian and of positive type. such that ' 

11 M'y') 11 . 11 M'I II = 11 hij 11· 

2°. If now the numbers hij depend upon the parameter x. running 
through the interval b... and all hij (x) are bounded. measurable functions 

of x for x € 6.. the functions h ~j') (x) are also bounded and measurable 
in b... 

3°. Pinally. if the functions hij (x) are continuous in b... the same 

holds for the functions h~j') (x). 

Proof. 1°. Considering an n-dimensional unitary space with ortho
norm al base cpl ••••• CPn. the linear transformation A in this space. 

determined by Acpi=Il=1 hiJcpj, is self-adjoint and of positive type. 
As well-known. th ere exist an orthonormal system 'PI •••.• 'Pn and non
negative numbers ÀI •••.• Àn such that A 'Pi = Ài 'Pi (i = 1 ....• n). The 
numbers Ài are therefore the characteristic va lues of A and the elements 

4) J. ERNEST WILKINS, Definitely self-conjugate adjoint integral equations, Duke 
Mathematica! JournaIlI, 155-166 (1944). 

ó) W . T. REID. Expansion problems associated with a system of linear integra! 
equations. Transactions of the American Math. Soc. 33. 475-485 (1931). 
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"PI are corresponding characteristic elements. Defining now the trans

formation A'/. by A'/. "Pi = lï·"Pi. this transformation is clearly self
adjoint and of positive type. and satisfies (A'/'F = A. Moreover. A'/. is 
the only self-adjoint transformation of positive type. having this property. 

Writing (A'/· fPi • fPj}--:- h~'~ (i.j= l. .... n). the matrix Ilh~~,)11 is therefore 
uniquely determined, Hermitian and of positive type. while moreover 

so that 

hij = (A fPi, fP j} = (A'/. fPi. A'/, fPj) = 

~r=1 (A'/. fPi. fPk) (All. fP j. fPk) = 1:r=1 h~~,) h~~ • 

11 h~)) 11 . 11 M~ 11 = 11 hij 11· 

2°. IE "PI' •.•• "Pn are the characteristic elements of A. introduced in 

1°.. the elements fPl ..... fPn can be represented by fPi = Ij=1 bij "P j. 

where 1:1=1 I bij 12 = 1 (i = 1 •.•.• nl. Then it follows easily that for 
every integer 1?;:0 we have 

n 1 --
(A 1 fPi. fP j) = 1:k=1 (A 1 fPi. 1f!k) (fP j, "Pk) = 2f=1 lk bik b jk: 

hence, if P(l) is an arbitrary polynomium. 

(P(A)fPl. fPj)=2f=1 P(lk) bik bjk. 

Furthermore. in the same way. 

h(l/') (All. ) n 'I. b -b ij = fPi, fPj = 1:k=1 lk ik jk' 

Let now all hij = (A fPi. fP j) be bounded and measurable functions of 
x on 6. Then the transformation A. depending on x. is also bounded. 
uniformly in x. The same holds therefore for the characteristic va lues 
of A. so that there exists an absolute constant M> 0, having the 
property that. for all x € 6. all characteristic values of A are contained 
in 0 ~ l ~ M. Let now e > 0 be given. Then there exists a polynomium 
P(l) such that IP(l)-l'/'I<E for O~l~M. Writing Pij=(P(A)fPi,fPj), 
we have therefore 

uniformly for x € 6. This implies that, since the functions Pij (x) are 

eVidently measurable on 6. the same holds for the functions h~y)(x). 
The boundedness of h~1)(x) follows immediately from 

I h~J) (x) I = 12f=1 l'/c' bik bjk I ~ M'/, ~:=I I bik bjk I ~ M'/ •. 

3°. If thefunctions hij (x) are continuous in 6. the same holds for 

the functions Pij (x): hence. by (2). also for the functions h~~ (x). 
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Before stating our Lemma 2. we recall that in I. § 5. we have 
considered symmetrisable transformations K in a HILBERT space R. 
having the form K = AH. where A is self-adjoint. H is self-adjoint 
and of positive type. and at least one of the transformations A and H 
is completely continuous. We have proved in that place an expansion 
theorem for elements of the form K f. another one for every solution 
f 'of K f - ,1. f = g. and finally th at the self-adjoint transformation 

K = H'!, A H'!· has the same sequence of characteristic values *" 0 as 
K = A H. Here we shall show that these results are also valid in a 
slightly more general case. 

Lemma 2. All results. proved in I. § 5. remain valid when A is 
not necessarily self-adjoint. but satis{ies HA H = HA * H. 

Proof. (HK{.g) = (HAH f.g) = ({.HA* Hg) = ({.HAHg)=(f. HKg); 
the transformation H K is therefore self-adjoint. in other words. K is 
symmetrisable (relative to H). The proofs of the expansion theorems 
in I. § 5. remain unaltered; furthermore it is easily seen that 

H'!. A H'!, = H'!, A * H '!,. so that K = H'!, A H'!· is self-adjoint. As a 

consequence. the proof that K has the same sequence of characteristic 
values *" 0 as Kundergoes no change. 

§ 3. Properties of the system of linear integral equations (1). 

We shall discuss now the system of linear integral equations (1) with 
matrix-kemel 11 Kij (x. y) 11 satisfying the conditions a.. b.. c. and d .. 
mentioned in § 1. By VII. Theorem 4. the linear transformation 

I g I = H I fl in the HILBERT space [L~m) (6W. defined by 

gl (x) = ~J=I hij (x) fj (x) (i = 1 •...• n). 

is bounded. self-adjoint and of positive type. while by VII. Theorem 5. 
the linear transformation I g I = A I fl in this space. defined by 

gl (x) = ~J=I.f Alj (x. y) fj (y) dy (i = 1. ...• n). 
l> 

is completely continuous. Moreover. by condition d .• we have 

HAH=HA*H. 

The transformation K=AH. given by Igl =Klfl. where 

gl (x) = ~J=I J Klj (x. y) fj (y) dg (i= 1 •.•.• n). 

is therefore completely continuous. and. by Lemma 2. symmetrisable with 
respect to the transformation H. Supposing that at least one of the 
functions hij (x) *" 0 on a set of positive measure. so that H*"O 
(cf. VII. Theorem 4). all theorems in I. and in particular (by Lemma 2) 
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those in I. § 5, may therefore be applied to the equation KI fl-).I fI = 1 g I 
in [L 2]n or, which is equivalent, to the system of equations (1) in L 2 • 

Before stating results, we mention a theorem about Hand its "positive 
square root" Hl' •. 

Theorem 1. The uniquely determined, bounded, self~adjoint trans~ 
formation 1 g I = Hl', 1 fl of positive type in [L2]n is determined by 

(i = 1, ... , n), 

where the functions hW(x) are those determined in Lemma 1. 
Proof. Follows immediate1y from Lemma 1 and the fact that Hl" is 

uniquely determined. 
For the system (1) the following theorems hold: 

Theorem 2. The characteristic va lues of (1) are real, and characteristic 
functionsets, belonging to different characteristic values, are H~orthogonal, 

that is. if lP~ (x) belongs to the characteristic value )'ko lP} (x) to ).1, and 
).k *' ).1, then 

2~j=' J hij (x) lP} (x) lP" (x) dx = O. 
ö 

Proof. Follows from I, Theorem 5. 

Theorem 3. I{)' *' 0 is a characteristic value of (1), this system of 
equations has, {or a given 1 g I€ [L2]n, a solution 1 fl € [L 2]n {or those 
and only those 1 g I € [L2]n that are H~orthogonal to all characteristic 
(unctionsets belonging to the characteristic value ).. If ). *' 0 is no 
characteristic value of (1). the system (1) has a uniquely determined 
solution 1 fI € [L 2]n (or every I g I € [L2]n. 

Proof. Follows from I. Theorem 12 and I, Theorem 3. 

Theorem 4. I{ 

..Er="f Kl~) (x, x) dx *' 0, 
ö 

where 

Kl~ (x, y) = ..El=1 J Kil (x, z) Klj (z, y) dz, 
ö 

the system (1) has a characteristic value *' O. 
Proof. Since, by I, Theorem 18, K has the same characteristic values 

*' 0 as the se1f~adjoint transformation K = Hl'tA Hl'. with Hermitian 

matrix~kernelll Kij(x.y) 11. wh ere Kij(X' y) = ~f.I=1 h~~,)(x) Aki (x, y) h~~,)(y), 
our system (1) has a characteristic value *' 0 if only 

..Ei~j=1 JIKi j (x, y) 12 dxdy*,0 • (3) 
öXö 
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(cf. VII, Theorem 9). An easy computation gives 

I~/=I I Kil (x, y) 12 = 2f,/=1 Kil (x, y) Kit (y, x): 

the inequality (3) is therefore equivalent with 

2r=1 J KW (x, x) dx"=/- O. 
L:,. 

Let now Àk ( I ÀI 1 ;::: 1 À21 ;::: ••• ) be the sequence of all characteristic 
values "=/- 0, each of them occurring as many times as denoted by its 
multiplicity, and V'i (x) a corresponding H~orthonormal sequence of 

characteristic functionsets. These functionsets satisfy therefore the relations 

2F',j=1 .f hij (x) V'i (x) V't (x) dx = 1, 
L:,. 

If,/= I J hij (x) V'i (x) V'! (x) dx = 0 for k "=/-1, 
L:,. 

. . (4) 

Theorem 5 (Expansion Theorem). If 

ak=(lfI, IXkl}=Ir=l! fi(X) Xi(x)dx, 
1\ 

then 

2j=1 J Kij (x, y) fl (g) dg C/l Ik Àk ak V'i (x) + pi (x) (i=1. ... ,n) (5) 
L:,. 

for any I fl € [L2]n. where I p I = I pI (x), ... , pn (x) I satisfies Hip I = 101. 
that is, 

(i = 1. ... , nl. 

Furthermore, if P = H K has the matrix~kernel 11 Pij (x, y) 11, 

If,j=1 J Pij (x, y) [i (x) fl (y) dx dy = Ik).k lak 1
2

• • • • (6) 
L:,.XL:,. 

Proof. Follows from I, Theorem 15 and J, Theorem 9. 
Corollary. If ak=(lfI, IXkl)=O for k=1,2, ... , then HKlfI=IOI 

and (H I fl. KI g I) = 0 for every I g I €[L2]n. 
Proof. Sin ce ak = 0 for k = 1, 2, ... , we have K I ti = I p I with 

Hip I = I 0 I, hence H KI fI = 101. This implies 

(H lf}, Klg!) = (It}, H K Igl) = (HKlfl, Igl) =0 
for every I g I € [L2]n. 
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Theorem 6. Let li [ (I = 1. 2 •... ) be the subseqttence of all positive 

characteristic values. where lk,;::: 1kt ;::: . . .• and let P = H K have the 
matrix~kernel 11 P'J (x. y) 11. Then 

lk[ = max E~J=I J PIJ (x. y) [i (x) fJ (y) dx dyl 
6.x6. 

~~J=I J hiJ (x) f' (x) fJ (x) dx 
6. 

for all I fl € [L2]n satisfying the conditions E~J=t f hiJ (x) [i (x) fJ(x) dx=j=.O 
6. 

and (ltI.lxk,I)= ... =(lfl.lxk,_tl)=O. For Ifl= IXk[1 themaximum 
is attained. 

A similar statement holds for the subsequence of all negative 
characteristic va lues. 

Proof. Follows from I. Theorem 10. 

Theorem 7. Let the functionsets p~ (x) • ...• P~_I (x) (i = 1. ...• n; 

all p~ (x) € L~m) (.6.» be arbitrarily given. and let 

!'I = upper bound .2f.J=1 J PIJ (x. y) [i (x) f1 (y) dxdy/ 
6.X6. 

E7.J=J hij (x) [i (x) fJ (x) dx 
6. 

for all Itl € [L1]n satisfying ~~J=I f hiJ(x)[i(x)fJ(x)dx=j=. 0 and 
6. 

(H I fl. I PI I) = ... = (H I fl. I PI-tl) = O. The number !'I depends on 
I PI I.· ... 1 PI-I I. Letting now these elements run through the whole 
space [L 2]n. we have 

1k[ = min !'I. 
A simtlar statement holds for the negative characteristic values. 
Proof. Follows from I. Theorem 11. 

Theorem 8. Let 1 =j=. O. and let I 9 I € [L2]n be H~orthogonal to all 
characteristic functionsets of (1). belonging to the characteristic value 1 
(If 1 is no characteristic value. I 9 I is therefore arbitrary in [L2]n). 
Then every solution I fl of (1) satisfies a relation of the form 

f i ( ) gl (x) + 'Ç" 1k I ( ) + I ( ) 
X(/)- -.t- ~k 1 (lk- 1) ak '11k x q X (i= 1 •.•.• nl. 

where ak =~=I f gi(x) Xk(x) dx for 1k =j=.1. H Iql = 101. and where ~k 
6. 

denotes that for those va lues of k for which lk = 1 the coeflicient of 
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tp~(x) has the value ~r=1 f fi (x) x~ (x) dx. For every set of arbitrarily 
1:;, 

prescribed values of the latter coeflicients there exists a solution of (1). 
Pro of. Follows from I, Theorem 17. 

Theorem 9. We have 

~r=1 J KW (x, x) dx = ~k ÀL (7) 
1:;, 

Proof. In the proof of Theorem 4 we have already seen that 

so that, since by VII, Theorem 13, the expression on the right is equal 

to ~k Àt formula (7) follows. 

Theorem 10 (Expansion Theorem for the elements of the matrix~ 
kemel). We have 

(i,j= 1, •.. , n), . (8) 

where Pij (x, y) € L~m) (L) (i, j = 1, ... , n) satisfies 

~;=I hiq (x) pqj (x, y) = 0.. . . . . . . (9) 

Pro of. We ob serve first that, by I, Theorem 18, K = H '/, A H '/· has 
the same sequence Àk of characteristic values *- 0 as K = AH, and that 
IlJfk 1= H '/, I tpk I is a corresponding orthonormal sequence of characteristic 
elements. Hence, by VII, Theorem 13 (1 J), 

Kiq (x, y) (/) ~k Àk 1Jf1 (x) IJff (y) 

with 1Jf1(x) = ~J=I h~J)(x) tp{(x), 50 that 

(i, q = 1, ... , n) 

~~=I h~'~) (x) Krj (x, y) = l'~,S=1 h~'~) (x) Ars (x, y) hsl (y) = 

or 

Z=I h~'~) (x) Kr} (x, y) (/) ~k Àk 1Jf1 (x) x{ (y). . . . (la) 

Let us consider now the matrix~kernel 11 Dij (x, y) 11, belonging to the 
transformation D=A H'/·. Then, for every i(i= 1, ... , n) and for al most 

every x € L, I di I = I d} (y), ... , d7 (y) I, where d{ (y) = Dij (x, y), belongs 
to [L 2]n. Hence, by BESSEL'S inequality (the system of functionsets 

1Jf1 (x) is orthonormal), 
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or. since 

(ld;l.1 'Pkl) = .El=IJ dl (y) 'PI (y) dy = .0=IJ Dij (x. y) 'PI (y) dy = 
~ ~ 

2:1= 1 J .E;. r= 1 Aiq (x. y) h~1) (y) hj''j (y) 'Pr (y) dy = 
~ 

.E~=IJ Kir (x. y) 'Pr (y) dy = Äk 'Pi (x). 
~ 

2:kÄ7c1'Pi(xW~2:1=IJIDij(x.y)12dy ... • (11) 
~ 

for al most every x € L. 
Then we observe that in the HILBERT space [L~m) (LW' the elements 

(i.j = 1. .... n) 

are orthogonal on account of the orthogonality of the system I 'Pk I in 

[L~m)(LW. Furthermore. by (11). 

2:k 111 {kl W = .Ek Ä7c (.2f.j=IJI 'PI (x) 12 ·1 'PI (y) 12 dxdy) = 
~x~ 

.Ek Ä7c (.EF=IJ I'Pi (x) 12 dx) ~ .E~j=IJIDij (x. y)12 dxdy < 00. 

~ ~x~ 

whïch shows. since 

112:%=p I {kl W = .E%=pl l l{kl W 
by the orthogonality. that 2:k I (k I con verg es in [L~m) (L)]n'. This implies 

that. for i. j = 1 •...• n. the series .Ek Äk 'Pi (x) 'Pf (y) converges in mean. 
Denoting the sumfunction by 6j (x. y). we have therefore 

{ij (x. y) (/) 2:k Äk 'Pi (x) IJIf (y). 
50 that. writing 

.E;=I 6q (x. y) h~1) (y) = Klj (x. y)-Pij (x. y). 
we have also 

(i.j = 1. .... nl. (12) 

The only thing th at remains to be proved is .E;= 1 hiq (x) pqj (x. y) = O. 
From (12) we deduce 

.E~=I h}?) (x) Krj (x. y)-.E~=I h~l?) (x) prj (x. y) (/).Ek Äk 'Pt (x) x{ (y). 

hence. comparing this with (10). 

2:~=1 h}?)(X)Prj(x. y) =0 or .E~=I hir(x)Prj(X.y)=O. 

This completes the proof. 



Mathematics. - Ueber Definitionen von Perron~Integralen. 11. By J. 
RIDDER. (Communicated by Prof. W. VAN DER WOUDE.) 

(Communicated at the meeting of March 29, 1947.) 

KAPITEL 111. 

§ 6. Definition IV. Die in [a, b] definierte Funktion f(x) ist P3~ 
integrierbar über [a, b], wenn es zu willkürlich positivem ti ein Paar 
[V',(x), <pr(x)] von rechtsseitigen Ober~ und Unterfunktionen gibt, beide 
in [a, b] zu f(x) adjungiert, deren Differenz in jedem Punkte von [a, bl. 
absolut genommen, kleiner als ti ist. 

Die Differenz V' r( x) - <p r( x) ist monoton nicht~abnehmend in [a , b] . 
Ist f(x) P3~integrierbar über [a, b], so gibt es eine Funktion F3(X), welche 
gleich der unteren Schranke aller lJ'r(x) und der oberen Schranke aller 
<pr (x) ist. Wir definieren nun: 

b 

(Ps,! f{x) dx = F3 (b). 
a 

Definition. Eine in [a, b] definierte, stetige Funktion P(x) ist unter~ 
halb totalstetig* auf der perfekten Teilmenge P von [a, bl. wenn: 1 ° P (x) 
unterhalb totalstetig ist auE p, 2° die Oszillationen von P(x) in den zu P 
komplementären Teilintervallen von [a , b] eine (absolut) konvergente 
Reihe bilden. 

Definition. Eine in [a, b] definierte, stetige Funktion (,f) (x) ist ober~ 
halb totalstetig* auf der perfekten Teilmenge P von [a, b[. wenn: 1° (,f)(x) 
oberhalb totalstetig ist auE p, 2° die Oszillationen von (,f)(x) in den zu P 
komplementären Teilintervallen von [a, b] eine (absolut) konvergente 
Reihe bilden. 

Definition. Eine in [a, b] deEinierte, stetige Funktion P(x) ist in [a, b] 
unterhalb totalstetig* im verallgemeinerten Sinne [abgekürzt: UTV·l. 
wenn [a, b] mit Ausnahme von höchstens abzählbar unendlich vielen 
Punkten sich überdecken lässt durch abzählbar viele perfekte Mengen 
{Pk}, derartig, dass P(x) unterhalb totalstetig* ist auE jeder Menge Pk. 

Die Definition der Funktionen, welche in [a , b] oberhalb totalstetig* 
im verallgemeinerten Sinne [abgekürzt: OTV*] sind, liegt hiernach auf 
der Hand. 

Satz 7. Ist zu der in [a, b] definierten Funktion f(x) daselbst sowohl 
eine Oberfunktion V'r (x) wie eine Unterfunktion <pr(x) adjungiert, so ist 
V',(x) UTV*, <p,(x) OTV· in [a, b]. 
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Beweis. In den Punkten von [a. b]. abzählbar viele ausgenommen. ist 
D + 'Ijl r -=j:. - co und D+q; r -=j:. + co; es sei E die von diesen Punkten ge
bildete Menge. Dann ist E Summe von abzählbar vielen Mengen {Eln}. 
wobei i eine ganze. n ei ne natürliche Zahl ist. welche in abgeschlossenen 

Intervallen [i. i+ 1] enthalten sind. und die EigenschaEt haben. dass Eür 
n n 

jeden Punkt x eines E~. 

aus 0 < x' - X -=: ~ Eolgt 'Ijl r (X/)- 'Ijl ,(x) ==- - n . (x' - x) ~ 
und q;, (X/)- q; ,(x) -=: + n . (x' - x). ~ 

• (5) 

Es sei H~ die abgeschlossene HülIe von E~. Dann Eolgt aus (5) und 
der Stetigkeit von 'Ijlr und von q;,. dass Eür jedes Paar (x. x') von Punkten 
von H~ mit x<x' 

'Ijl r (x') -1p, (x)==- - n . (x' - x). und q;, (x/)-q;, (x) -=: + n . (x' -x) 

ist. 'Ijlr ist somit unterhalb- und q;r oberhalb totalstetig auE dem perfekten 
Kerne K~ eines H~. EalIs dies er Kern nicht leer. also H~ nicht abzählbar 
ist. 

I(a~;p. b~;P)} seien die zu K~ komplementären IntervalIe des kleinsten. 
K~ enthaltenden. abgeschlossenen IntervalIs (p = 1. 2 •... ). Die Oszil-

lationen von 'Ijlr(X) in (a~;p. b~;P) sei (J)~;P = 1pr(~;P) -1pr(E~P). mit 

a~;P -=: i~;p -=: b~;P und a~;P -=: ~~;P -=: b~;p. Dann ist wegen (5) 

• (6) 

und 

also auch 

1p, (i~;p) < 1p, (a~;P) + n . a~;p - a~;P) + 11p, (i~;p) - q; r (i~;p) 1-
-11p, (a~;P) - q;, (a~;P) I. 

oder. wenn wir die nicht-negative und nicht-abnehmende Funktion 
'Ijlr - Cr - ar setzen. 

1p, (~~;P) < 'Ijl, (a~;P) + n . (i~;p - a~P) + la, (~~;P) - (1, (a~;P) I. (7) 

Aus (6) und (7) Eolgt: 

(J)~;P < n . (~~;P + ~~;P - 2 a~;P) + I or (~~;P) - 0, (a~;P) I. 
oder. urnsomehr. 

32 
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Aber daraus leitet man sofort ab, dass die Oszillationen von 1pr in den 
Intervallen {(a~;p, b~;p)} eine konvergente Reihe liefern. 

1pr ist unterhalb totalstetig* auf jedem K~. somit UTV· in [a, b]. 
In analoger Weise findet man, dass cp r 0 TV· ist in [a, b]. 

Satz 8. Die Definition IV ist aequivalent mit der Definition II (nach 
Perron und Bauer). 

Beweis. Dass aus Integrierbarkeit nach Oef. 11 Integrierbarkeit gemäss 
Oef. IV folgt, mit gleiehem Integralwert, ist evident. 

Nehmen wir, umgekehrt, Integrierbarkeit von f(x) über [a, b] nach 
Oef. IVan. Aus Satz 7 folgt dann, dass jede zu f(x) in [a, b] adjungierte 
Oberfunktion lPr in [a, b] UTV·, und jede zu f(x) in [a, b] adjungierte 
Unterfunktion gJr dort OTV* ist. Jede Funktion lPr und jede Funktion gJr 
sind dadurch fast überall differenzierbar in [a, b] 11), wobei in fast allen 
Punkten von [a, b] gilt: 

DlPr ~ f(x) ~ DgJr. 

Aus diesen Eigenschaften der Ober~ und Unterfunktionen {1pr} und {gJr}, 
und der Eigenschaft: untere Schranke aller lP r (b) = obere Schranke aller 
cp r( b ), welche wegen der Integrierbarkeit nach Oef. IV auch erfüllt ist, 
folgt, dass f(x) ein spezielles Denjoysches Integral 12 ), und somit eben~ 

b 
falls ein Perron-Bauersches Integral über [a, b] hat, gleieh (Pa)! f(x) dx. 

a 
Der Satz ist damit bewiesen 13). 

§ 6bis. Definition IVbis, aus Oef. IV hervorgehend durch Ersetzung 
der Funktionen lPr, gJr durch Funktionen lPl, gJl, führt zu einem Pi ~Inte~ 
gration, welche ebenfalls gleichwertig ist mit der speziellen Denjoyschen 
Integration. 

KAPITEL, IV. 

§ 7. Definition. f(x) sei eine im abgeschlossenen Intervall [a, b] 
definierte Funktion. Eine in [a, b] stetige Funktion lPL{x) [lPr(X)] heisst 
eine zu f (x) in [a, b] ad jungierte a 11 gem e i n e linksseitige [rechts~ 

seitige] Oberfunktion, wenn: a) lP L{ a) = 0 [lP r( a) = 0] ist; b) [a, b] 

sieh überdecken lässt durch eine abzählbare Menge E und abzählbar viele 
perfekte Mengen (P j). derartig, dass in den Punkten eines jeden P j, 
abzählbar viele ausgenommen, die "in bezug auf dieses P /' genommene 
linksseitige untere Derivierte von lPl, D~J lPl, #- - co und ~ f (x) [die 
"in bezug auf dieses P /' genommene rechtsseitige untere Derivierte von 
lP r, D~J lP r, #- - co und ~ f(x)] ist. 

l.l) Siehe J. RIDDER. Math. Ztschr. 34 (1931). S. 252 (Satz 18). 
12) Siehe RIDDER. loc. cito 11). S. 255 (Satz E). 
13) Man hätte auch das Verfahren, das zu Satz 3 führte, anwenden können. Verg!. 

J. RIDDER. Math. Ztschr. 41 (1936), S. 194-196 (Beweis von Satz a2). 
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Die Definition der zu f (x) in [a, b] adjungierten all gem e i n e n 
linksseitigen [rechtsseitigen] Oberfunktionen ~L(x) [~, (x)] liegt hier~ 
nach auf der Hand (verg!. auch die Definitionen in § 1). 

Neben der Me SHANEschen Integraldefinition von § 1 haben wir nun 
hier: 

Definition V. Die in [a, b] definierte Funktion f (x) ist P 4~integrierbar 
über [a, bL wenn es zu willkürlich positivem E ein Quadrupel ['PL(x). 
'Pr(x). ~dx). ~,(x)] von allgemeinen Ober~ und Unterfunktionen gibt, 
in [a, b] zu f (x) adjungiert. deren je zwei in jedem Punkte von [a. b] eine 
Differenz haben. welche, absolut genommen, kleiner als Eist. 

Die Differenz einer jeden allgemeinen (links~ oder rechtsseitigen) Ober~ 
funktion und einer jeden allgemeinen (links~ oder rechtsseitigen) Unter~ 

funktion ist monoton nicht~abnehmend in [a, b] 14). Ist f(x) P4~integrier~ 
bar über [a, bl. so gibt es eine Funktion F4(X). welche gleich der unteren 
Schranke aller 'Pz(x). der unteren Schranke aller 'P,(x). der oberen 
Schranke aller ~z(x) und der ober en Schranke aller ~, (x) ist. Wir 
definieren nun: 

b 

(P.'! f{x) dx= F" (b). 
" 

§ 8. Definition. f (x) sei definiert in [a, b]. Eine in [a, b] stetige 
Funktion 'P (x) heisst eine zu f(x) adjungierte all gem e i n e Perron~ 
Oberfunktion, wenn: a) 'P (a) = 0 ist; b) [a, b] sich überdecken lässt 
durch eine abzählbare Menge E und abzählbar viele perfekte Mengen 
(P j). derartig, dass in den Punkten eines jeden P j, abzählbar viele ausge~ 
nommen, die "in bezug auf dieses P /. genommene allgemeine untere Deri~ 
vierte von 'PI, DPj 'P. # - 00 und ~ f(x) ist. 

Definition. Ebenso soll eine in [a, b] stetige Funktion ~ (x) eine zu 
f(x) adjungierte all gem e i n e Perron~Unterfunktion sein, wenn: 
a) ~ (a) = 0 ist; b) [a, b] sich überdecken lässt durch eine abzählbare 
Menge E und abzählbar viele perfekte Mengen (Pj), derartig, dass in 
den Punkten eines jeden P j , abzählbar viele ausgenommen, die "in bezug 

auf dieses P/' genommene allgemeine obere Derivierte von ~,DPj~.=j=- + 00 

und ~ f(x) ist. 

Definition VI. Die in [a, b] definierte Funktion f (x) ist ~~integrierbar 
(integrierbar im verallgemeinerten Perronschen Sinne) über [a. bl. wenn 

14) Man beweist dies mittels transfiniter Induktion. VergJeiche RIDDER. Ioc. cito 11), 
S. 247-249 (Beweis von Satz 14); siehe .dabei auch Me SHANE, loc cito 1). S. 314. 315 
(Nr. 57.4). Ein zweiter Beweis verläuft wie folgt. Man zeige erstens dass jede allgemeine 
Oberfunktion UTV-. jede allgemeine Unterfunktion aTV in [a, b 1 ist. zweitens dass jede 
allgemeine Oberfunktion fast überall in [a, bl eine approximative Ableitung ~ f(x). jede 
allgemeine Unterfunktion fa st überall in [a, bl eine approximative Ableitung ~ f(x) hat. 
und wende darauf RIDDER. Fund. math. 21 (1933), S, 4 (Satz) an. Schliesslich 
erhält man einen dritten Beweis durch Anwendung des beim Beweise des eben zitierten 
Satzes angewandten. indirekten Verfahrens. 
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die untere Schranke aller (existierend anzunehmenden) Oberfunktionen 
~ (x) und die ob ere Schranke aller (ebenfalls existierend anzunehmenden) 
Unterfunktionen 4>(x) in jedem Punkte von [a, b] zusammenfallen. Ist 
~(x) der gemeinsame Wert beider Schranken, so sei das verallgemeinerte 
Perron~Integral 

b 

(Ill,J [(x) dx= ~ (b). 
a 

Bekanntlich reicht diese Definition genau ebenso weit wie die allgemeine 
Denjoysche Integraldefinition 15). 

Satz 9. Die Definitionen V und VI sind aequivalent. 
Beweis. Aus Integrierbarkeit gemäss Def. VI folgt sofort Integrier~ 

barkeit gemäss Def. V; die Integralwerte sind dieselben. 
Nehmen wir, umgekehrt, Integrierbarkeit von f(x) über [a, b] gemäss 

x 
Def. Van. Ist (PJJf(x)dx F4(X) in [a, b], so gibt es zu willkürlich 

a 
positivem e eine allgemeine linksseitige Oberfunktion ~ t{ x), eine allge~ 

meine rechtsseitige Oberfunktion ~ , (x), eine allgemeine linksseitige Unter~ 
funktion 4>t{x) und eine allgemeine rechtsseitige Unterfunktion 4>,(x) mit 

o -=: ~/ (x) - F .. (x) < el .. , 0 -=: lJf, (x) - F .. (x) < el .. , 

o -=: F .. (x) - 4>/ (x) < el .. , 0 -=: F .. (x) - 4>, (x) < el .. 

in j edem Punkte x von [a, b]. 
Die Differenzen ~dx) ~t{x) -F4(x), ~2(X) - ~ ,(x) - F 4(x), 

~3(X) - F4(X) - 4>t{x) und ~4(X) - F4(X) - 4>, (x) sind mono ton 
nicht~abnehmend. Aus den Definitionen von ~t{x) und ~ r (x) folgt, dass 
[a, b] Su mme ist von einer abzählbaren Menge und abzählbar vielen per~ 
fekten Mengen (Qj), auf deren jeder, ausgenommen in den Punkten einer 
höchstens abzählbaren Teilmenge, gleichzeitig 

D~.' ~/ (x) ~ - co und ~ [(x), 

D~l lJf, (x) ~ - co und ~ [(x) 

ist. Daraus folgt für die Funktion ~(x) _ F 4(x) + ~dx) + ~2(X) in 
denselben Punkten von Qj: 

DQl 'P (x) ~ - co und ~ [(x). 

lJf(x) ist somit eine zu f(x) in [a, b] adjungierte allgemeine Perron~Ober~ 

15) Siehe RIDDER, loc. cito 11), S. 263 (Satz G) u. 235. An der zitierten Stelle treten 
die hier in den Definitionen zugelassenen abzählbaren Ausnahmemengen in den P j nicht auf; 
der Umfang der verallgemeinerten Perron-Integration wird dadurch nicht beeinträchtigt. 
Verg!. auch loc. cito S. 257, 258 (Fussn. 43). - Auch zeigt der zitierte Satz G, dass in 
den Definitionen der allgemeinen Perron-Ob er- und Unterfunktionen die Bedingungen 

DPj IJl ~ f{x) und DPi q, :;;;; f(x) in den Punkten einer Teilmenge vom Masse Null eines 
]eden zugehörigen P j n.icht erfüllt zu sein brauchen, ohne dass dies den Umfang der 
Definition VI ändert. 



479 

funktion. Ebenso ist tlJ(x) - Fdx) -.2'2(X) -2:3 (X) eine zu f(x) in 
[a, b] adjungierte allgemeine Perron~Unterfunktion. In jedem Punkte von 
[a, b] ist '1' - tlJ < t, und weicht eine jede von ihnen urn weniger als tl2 

b 

von F 4 (x) ab. Somit existiert (IllJ fdx und ist gleich F 4 (b). 
Q 

§ 9. Definition vno Die in [a, b] definierte Funktion f(x) ist Ps~ 
integrierbar über [a. b]. wenn es zu willkürlich positivem t ein Paar 
['1' ,(x), tlJz(x)] von allgemeiner rechtsseitiger Oberfunktion und allge~ 
meiner linksseitiger Unterfunktion gibt, beide in [a, b] zu f(x) adjungiert, 
deren Differenz in jedem Punkte von [a, b]. absolut genommen, kleiner 
als eist. 

Die Differenz '1' , (x) - tlJ z( x) ist monoton nicht~abnehmend in 
[a,b] 14). Ist f(x) Ps~integrierbar über [a,b]. so gibt es eine Funktion 
Fs(x), we1che gleich der unteren Schranke aller '1'z(x) und der oberen 
Schranke aller tlJI(x) ist. Wir definieren nun: 

b 

(pJf f(x) dx = Ps (b). 
a 

Satz 10. In [a, b] zu einer Funktion f(x) adjungierte allgemeine links~ 
oder rechtsseitige Oberfunktionen sind daselbst UTV; in [a. b] zu f(x) 
adjungierte allgemeine links~ oder rechtsseitige Unterfunktionen sind 
daselbst OTV. 

Beweis. Betrachten wir nur den Fall einer allgemeinen rechtsseitigen 
Oberfunktion '1', (x). Ist P j eine der in der Definition von '1' r (x) einge~ 
führten perfekt en Mengen, so sei '1'! (x) die Funktion, we1che in den 

Punkten von P j und in a und b mit '1' r (x) zusammenfällt, und sich linear 
ändert in den zu P j komplementären, abgeschlossenen Teilintervallen von 
[a, b]. Dann ist in den Punkten von P j, diejenigen einer abzählbaren 

Menge ausgenommen, D+ '1' ~ (x) = D~j '1'r(X), also auch D+ 'l'~ (x) -=j:-- 00. 

Nach dem Lemma von § 3 lässt P j sich, ausgenommen in den Punkten 
einer (ev.leeren) abzählbaren Teilmenge, überdecken durch abzählbar 
vide perfekte Teilmengen {Qj;d von P j , auf deren jeder tp~(x), und 
somit auch '1' r (x), unterhalb totalstetig ist. Daraus folgt der Satz für eine 
allgemeine Oberfunktion '1' T (x). 

Satz 11. Die Definitionen VI und VII sind aequivalent. 

Beweis. Aus Integrierbarkeit gemä1?s Definition VI folgt sofort Inte~ 
grierbarkeit gemäss Definition VII; die Integralwerte sind dieselben. 

Nehmen wir, umgekehrt, Integrierbarkeit von f(x) über [a, b] gemäss 
Definition VII an. 

J ede allgemeine rechtsseitige Oberfunktion '1',( x). we1che in [a, b] zu 
[(x) adjungiert ist, ist, nach Satz 10, UTV in [a, b]. Auf einer jeden von 
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abzählbar vielen perfekten Mengen (P j ), welche [a, b] bis auf den Punk~ 

ten einer abzählbaren Teilmenge überdecken, ist D~J '1' r "=1= - co, die 
Punkte einer abzählbaren Teilmenge ausgenommen. Daraus folgt, nach 
einem bekannten Denjoyschen Satze 7), dass in fast allen Punkten von 

P j 'l'~J 16), und somit auch '1' r selbst, eine endliche approximative Ablei~ 

tung hat, welche gleich D~J '1' r, somit ~ f (x) ist. 
'1' rist eine in [a, b] stetige Funktion mit den Eigenschaften: 1 ° 

'1' r (a) = 0, 2° '1' rist UTV in [a, b], 3° in fast allen Punkten von [a, b] 
gibt es eine approximative Ableitung D appr• '1' r ~ f(x). 

Ebenso hat jede allgemeine linksseitige Unterfunktion (/>/, welche in 
[a, b] zu f(x) adjungiert ist, die Eigenschaften: 1° (/>z(a) = 0,2° {/>/ ist 
o TV in [a, b]. 3° in fast allen Punkten von [a, b] gibt es eine approxi~ 
mative Ableitung Dappr• (/>/ ::s; f(x). 

x 
Ausserdem ist die Funktion (P.,! f (x) dx stetig in [a, b]. 

a 
Daraus folgt 17). dass f (x) auch ein allgemeines Denjoysches Integral 

b 
über [a, b] hat. welches gleich (Ps>! fdx ist; somit 18) existiert ebenfalls 

a 
ein ~~Integral von f über [a, b] mit demselben Wert.-

Satz 3 ist ein Korollar zu Satz 11. 

§ 9bis. Definition VIIbis. Die in [a, b] definierte Funktion f(x) ist 
Ps ~integrierbar über [a, b]. wenn es zu willkürIich positivem e ein Paar 
[ '1' z( x), (/> r( x)] von allgemeiner linksseitiger Oberfunktion und allge~ 

meiner rechtsseitiger Unterfunktion gibt, beide in [a, b] zu f (x) adjungiert, 
deren Differenz in jedem Punkte von [a, b]. absolut genommen, kleiner 
als eist. 

Satz l1bis. Die Definitionen VI and VlIbis sind aequivalent. 

§ 10. Schliesslich hätte man noch P6~ und p. 6~Integrationen einführen 
können, unter ausschliesslicher Anwendung von allgemeinen rechtsseitigen 
Ober~ und allgemeinen rechtsseitigen Unterfunktionen bzw. von allge~ 

meinen linksseitigen Ober~ und allgemeinen linksseitigen Unterfunktionen. 
Beide Integrationen zeigen sich völlig aequivalent mit der allgemeinen 
Denjoyschen Integration. Der Beweis verIäuft wie der des Satzes 11. 

Die Relationen (ia) lassen sich nun durch Anwendung der ResuItate 
von Kap. 111 und diesem Kapitel erweitern zu: 

16) 'i'~J(x) ist die aufPj mit 'i'r(x) zusammenfallende Funktion. 
17) Man wende hier RIDDER, loc. cito 14), S. 6 (kursiv gedruckter Satz) an. 
18) Siehe den Text bei Fussn. 15. 
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KAPITEL V. 

Integration durch Substitution, und partielle Integration. 

§ 11. Den bei Me SHANE, loc. cito 1). S. 329 (Nr. 64. 1) vorkommen
den Satz über Integration durch Substitution beim Pro und somit auch 
beim ~.- und D*-IntegraI. wollen wir hier auf das ~-, und damit auch auE 
das D-Integral übertragen. 

Satz Ä. [ (x) sei ~-integrierbar über [a. b]; g (y ) sei stetig und 
monoton nicht-abnehmend in [a. fJ]. mit a = g (a). b = g (fJ). und 

Dg(y) =j= + (X) in den Punkten von [a. fJ]. höchstens diejenigen einer 

abzählbar unendlichen Menge ausgenommen. Dann ist [[g(y)] . Dg(y) 
~-integrierbar über [a. fJ]. und es ist 

b ~ __ 

(Ill,f ({x) dx = (Ill)! ([g (y)] . Dg (y) dy. . (8) 
a 

Beweis 19). Ist !l'(x) eine in [a. b] zu [(x) adjungierte allgemeine 
Perron-Oberfunktion 20a ), so wollen wir zeigen, dass !l' [g (y)] eine in 

[a, fJ] zu [[g(y)] . Dg(y) adjungierte allgemeine Perron-Oberfunktion 
ist 20 b ). 

Diejenigen Punkte von [a, fJ]. welche sich mittels x = g(y) auf die 
Punkte der in der Definition von !l' (x) vorkommenden abzählbaren Menge 
E abbilden. liefern eine abzählbare Menge F von einzelnen Punkten und 

eine abzählbare Menge von abgeschlossenen Teilintervallen (in) von 
[a, fJ]. in deren jedem g(y) konstant ist; die Punkte von F gehören somit 
zu keinem abgeschlossenen IntervalI. in welchem g(y) konstant ist. Jedes 

abgeschlossene Intervall in ist als perfekte Menge aufzufassen, auE welcher 

!l'[g(y)] konstant. und somit D!l'[g(y)] = 0 = [[g(y)] . Dg(y) =j=--oo 

ist, die beiden Endpunkte ausgenommen. Neben den Intervallen (in) kann 
es noch höchstens abzählbar unendlich viele abgeschlossene TeilintervalIe 
(Un) geben, deren jedes die Teilmenge von [a, fJ] ist. die sich auf 
einen einzelnen, bestimmten Punkt von [a. b] abbildet; auch hier ist 

Q!l'[g(y)] = 0= [[g(y)] . Dg(y) =j= -- 00, die Endpunkte von Un aus
genommen. 

19) Man erhält einen zweiten Beweis, ausgehend von der deskriptiven Definition des 

" allgemeinen D-Integrals. Beachtet man, dass(D)ff(x)dx in [a, bl TV ist, 50 folgt daraus 
a 

" und aus der Eigenschaft von g(y) in [a,p] totalstetig zu sein. dass(D)ff(x)dx, als 
a 

Funktion von y betrachtet mitteIs der Substitution x = g(y), in [a, Pl TV ist; ausserdem 
hat diese Funktion fast überalI in [a, P] eine approximative Ableitung gIeich f[g(y) l.g'(y). 
Daraus foIgt die Relation (8). 

2QI1) Siehe die im Texte gegebene Definition. 

2O
b

) Dabei wolIen wir die Definition dieser Oberfunktionen uns abgeändert denken 
gemäss der Ietzten Bemerkung in Fussn. 15. 
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Jede in der Definition von 'l'(x) auftretende, perfekte Menge Pj ist, 
mittels x = g(y), Bild einer perfekten Teilmenge Qj von [a, 11]; lassen 
wir aus Qj diejenigen Punkte fort, welche zu einem der offenen IntervalIe 
(Un) gehören, so entsteht eine perfekte Teilmenge Rj von Qj; die Abbil~ 
dung von Rj auf P j ist ein~eindeutig, ausgenommen in Paaren von Punkten 
von Rj, welche beide Endpunkt eines /in sind (hier ist die Abbildung zwei~ 
eindeutig) . 

In den Punk ten von P j, abzählbar viele ausgenommen, ist 

QP{'l'(x) #-00; 
in den Punkten von Rj, abzählbar viele ausgenommen, ist Dg(y) # + 00. 

Daraus folgt, dass in den Punkten von Rj, abzählbar viele ausgenommen, 
DRj 'l'[g(y)] # - 00 ist. 
- In den Punkten von P j, abzählbar viele ausgenommen, ist 

QPj 'l' (x) ~ [(x); 

in fast allen Punkten von Rj existiert eine endliche Ableitung g'(y) ~ O. 
Daraus folgt, dass in fast allen Punkten von Rl: 

DRj 'l'[g(y)] = DPJ 'l'(x) 0 g'(y) ~ [(x) . g'(y) = f[g(y)] 0 Dg(y) 
ist. 

Jede zu [(x) in [a, b] adjungierte allgemeine Perron~Oberfunktion 

'l'(x) liefert somit eine zu [[g(y)] 0 Dg(y) in [a, 11] adjungierte allgemeine 
Perron~Oberfunktion 'l' [g (y) ] im Sinne von Fussn. 15 (letzte Bemerkung). 

Ebenso liefert jede zu [(x) in [a, b] adjungierte allgemeine Perron~ 

Unterfunktion <P(x) eine zu [[g(y)]. Dg(y) in [a, 11] adjungierte allge~ 
meine Perron~Unterfunktion 'l'[g(y)] im Sinne von Fussn. 15 (letzte 
Bemerkung) . 

Aber daraus folgt, dass [[g(y)] 0 Dg(y) über [a, 11] ein ~~Integral hat, 
mit 

iJ _ b 

Nollf f[g (y)] . Dg (y) dy = (Ill)f ((x) dx. 
m a 

§ 12. Satz B. Hat [(x) ein ~~lntegral über [a, b], und ist g(x) in 
[a, b] von beschränkter Variation, so ist auch [( x) . g (x) ~~integrierbar 
über [a, b]; dabei ist 

b b 

(Ill)f ((x) · g (x) dx= F (b) . g (b) - f F(x) dg (x), 
a a 
x b 

mit F(x) (IllJ f(x)dx, und fF(x)dg(x) ein Stieltjessches lntegral. 
a a 

Zu diesem Satz 21) machen wir einige Bemerkungen: 

21) Einen alJgemeinen Satz über partielIe Integration bei den Perron-Stieltjesschen, 
und den mit diesen aequivalenten Denjoy-Stieltjesschen Integralen, welcher Satz Bals 
Spezialfall umfasst, findet man in unserer Arbeit: Math. Anno 116 (1938) , So 76-103, 
insbeso So lOl, 102. 
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1. Für den FaII des ~. ~Integrals findet man den Satz bei Me SHANE. 
loc. cito 1). S. 332 (Nr. 65. 1). Gerade um dies en Satz beweisen zu können 
führte Me SHANE die hier unter Definition I vorkommende Perron~ 

Integration ein. 
2. Da wir uns hier auf die Gleichwertigkeit von ~~Integration (Oef. 

VI) und P4~lntegration berufen .dürfen. können wir das Beweisverfahren 
von Me SHANE auch benutzen beim Beweise des obigen Satzes B. Nur 
müssen wir dabei nicht mit allgemeinen extremen Derivierten. sondern mit 
extremen Derivierten in bezug auf die in den Definitionen der aIIgemeinen 
rechts~ oder linksseitigen Ober~ und Unterfunktionen auftretenden. per~ 
fekten Mengen (P j) arbeiten (§ 7). Uebrigens treten keine wesentlichen 
Aenderungen im Beweisverfahren auf. 

3. Satz Bist natürlich aequivalent mit dem Satze. der entsteht durch 
Aenderung von ~ in D. Daraus folgt. dass der Satz wo hl auch bewiesen 
werden kann. ausgehend vom aIIgemeinen Denjoyschen Integralbegriff. 
Ein auf der deskriptiven Definition dieses Integrals beruhendes Beweis~ 
verfahren enthält SAKS. loc. cito 7). S. 201-203. und ein auf der konstruk~ 
tiven Definition des Integrals beruhendes HOBsoN. loc. cito 9). S. 711-715. 



Mathematics. - Non~homogeneous binary quadratic forms. 111. By H. 
DAVENPORT. (Communicated by Prof. J. G. VAN DER CORPUT.) 

(Communicated at the meeting of February 22. 1947.) 

1. The papers of this series 1) are concerned with the determination. 
for particular indefinite binary quadratic forms f (x. y). of the least number 
M such that. for any real Xl, Yl. we can satisfy 

. (1) 

in integers X, y. In the first paper I mentioned that I had not then been 
able to solve this problem for the third form of MARKOFF's series. the form 
f(x. y) = 5 x 2 -11 X Y - 5 y2. The present no te gives a solution. which is 
obtained by a modification of the methods used in the second paper of 
this series for the form x 2 + X Y - y2. There is. however. an appreciabie 
difference in the treatment. as will be seen in § 2. 

Writing f(x,y) = 5 (x-ey) (x-e'y). where 

8 = +0- (11 + 1"221). 8' = +0- (1l-1"221). . (2) 

the inequality (1) takes the form 

I (x - 8 y - a) (x - 8' y - b) I ~ t M. 

where a. bare real numbers determined by Xl, Yl' We prove: 

Theorem 1. For any real a, b there exist integers x, y such that 

I (x - 8 y - a) (x - 8' y - b) I ~ t. 
and the constant i on the right is the be~t possible. 

The last clause follows at once from the case a = b = t. Por 

(x- 8y - t) (x- 8'y -1)=-</-0 (5 X2-II XY - 5 y2). 

• (3) 

with X = 2x-I. Y = 2 y. and 5 is the minimum of 15 X2-11 XY-5 y 21. 
by the work of MARKOFF. The question arises wh ether a better result 
holds if special values of a, bare excluded (values equivalent. in a certain 
sense. to t. t). I indicate briefly how the work can be extended to show 
that this is in fact the case. The result established is: 

Theorem 2. Suppose a, b are not of the form 

a =xo - 8yo ± ttn, b=xo - 8'yo ± t T - n , 

1) Proc. Kon. Ned. Akad. v. Wetenseh .. Amsterdam. 49. 815-821 (1946) and 
50. 378-389 (1947). 
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nor of the form 

a = Xo - 8 Yo ± t rn 8, b = Xo - 8' Yo ± t r -n 8' 

where Xo, Yo are integers and 

• • (5) 

r=2+58=t(15+l'221) . ...... (6) 

Then th ere exist integers x, y such that 

!(x- 8y - a)(x-8'y-b) 1< 4.0~OOl . . . . • (7) 

2. We denote by M the Iower bound of the product on the Ieft of (3), 
and can suppose M> 0, as if M = 0 there is nothing to prove. For an 
arbitrarily small EO> 0 there exist integers xo, Yo for which 

I (xo - 8 Yo - a) (xo - 8' Yo - b) I = M , where 0 ~ e < t~. 
l-e 

We define real numbers a, p by 

a = (a - Xo + 8 YO)-I, P = (b - Xo + 8'YO)-I, 
so that 

(8) 

l-e 
laPI= M ......... (9) 

and have 

lI(x-8y)a-lll(x-8'y)P-ItI~1-e •.. (10) 

for all integers x, y. 
Our next step is to derive from a, {J two other numbers which also 

satisfy (9) and (10). and satisfy in addition certain simple inequalities. 
An important difference between the present case and the previous case, 

where () was 1- (1 + l'S), now arises, in that we are not entitled to inter~ 
change a and {J. This was permissible in the previous case because either 
x - ()y or x - ()' y represented the general integer of k (()). and the 
significance of (10) was unaltered wh en we interchanged a and {J. In the 
present case, x - ()y and x-()'y do not represent the same elements of 
k (()). We can, however, prove the following Lemma. 

Lemma 1. If numbers a, P exist satisfying (9) and (10), then numbers 
exist satisfying both (9), (10). and 

a>O, 8cla::S;I.BI~8a ......• (11) 

Pro of. We consider first the effect of the integral unimodular 
subs ti tu tion 

x=13X+5Y, y=5X+2Y 

on the Iinear forms x-()y, x-()'y. We have 

x- 8 y = (13-5 8) X + (5-28) Y= (13-5 8) (X - 8 Y), 
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since 5 (J2 = 11 (J + 5, and similarly with (J' in place of (J. Now 

13-5 (J' = 13-(11-5 (J) = 2 + 5 (J = 'l, and 13-5 (J = 2 + 5 (J' = 'l-l. 

Hence the effect of the above substitution on (10) is to change it into a 
similar inequality with a, fJ replaced by a'l-l, fJ'l. If a = al 'lil, fJ = fJ l'l-1I 
where n is any integer, then al' fJl also satisfy (9) and (10), and we can 
choose n so that 

8CI~I!: I ~th. 
If IfJll <: (J I all, this suffices to prove (11), since we can always 

replace a, fJ by -a, -fJ to ensure that a > O. Now suppose that 
I fJl I> (J I al I· By the substitution x = y, y = -X, we have 

x - (j y = y + (j X = 8 (X - (j' Y). 

and similarly with (J. (J' interchanged. Hence (10) remains valid if we 
replace fJ by a(J and a by fJ(J'. Writing fJ1 = a2(J. al = fJ2(J', we have 
(since (J(J' = - 1 ) • 

I !: 1= 8 2 1 ;: I ~ (j2 ((jt) - I = 8t-l
, 

I !: I = (j21 ;: I < (j2 (j-I = (j. 

Hence. in this case the set a2. fJ2 (or -a2, -fJ2) satisfies (11). and 
th is establishes the Lemma. 

3. We now follow the same general plan as before. by investigating 
the intervals which are possible for a and fJ in virtue of (10) and (11). and 
deducïng the possible va lues of M from (9). We record first some 
numerical values: 

(J = 2.5866069 .. . . (J' = - 0.3866069 ... . 
'l = 14.9330344 ... , 'l-1 = 0.0669656 ... . 

7:(J-l = 5.7732137 ... , 'l-18= 0.1732137 .. .. 

Lemma 2. lt is impossible that a < 1. 
Proof. By (10), I(a-l) (fJ-l)1 :> 1-t. By (11), this imp lies 

(I-a) ((ja + 1) ~ l-t, 

or (Ja2 <: ((J-l) a + t . Since 1-(J-1 = 0.6133 ... , we must have a < 0.614. 
Again by (10). I (2 a-I) (2 fJ - 1) I :> 1 - t, whence 

12a-II(2(ja+ I)~ I-t. 

It is impossible that 2 a> 1, since 

12 (0.614) - 11 12 (j (0.614) + 1 I < (0.228) (4.2) < 0.96. 
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Hence 2 a < I, and in the same way as before we ob ta in 

4 () a2 -< 2 «() - 1) a + e, whence a < 0.307. 

Let m be the largest positive integer for which m a < I, th en ma::> 1-a. 
By (10) and (11). 

(l-ma)(m8a + 1) ~ l-e, 

whence 

ma (m8a-8 + 1) ~ E. 

This is impossible, since 

ma ~ I-a> 0.693, m8a-8+ 1 ~ l-a8 > 1-(0.307) (2.6). 

Lemma 3. lt is impossible that a> 1 and 0 < f3 < 1. 
Proof. By (10), we have in this case (a-1)(1-f3)::>I-e. 

Since f3 ::> ()r- 1 a> 0.173 a, this implies 

(a-l)(1-0.173a)~ l-e, 

or 0.173 a2 - 1.173 a + 2 - e -< O. But this quadratic expression is always 
positive, since (1.173)2<4 (0.173)(2-e). 

Lemma 4. lt is impossible that a> 1 and -1 < f3 < O. 
Pro of. We use three particular cases of (10), namely 

(a+ 1) (f3+ 1) ~ l-E, 

11(8-2) a-lll(8'-2) f3-111 ~ I-e, 

11 (8 - 1) a-I I1 (8' - 1) f3 - 1 I1 ~ 1 - E. 

The nature of the argument will be such that we can neglect e. W riting 
f3 = -f3', where f3' > 0, and neglecting e, the three inequalities become, 

on noting that «() - 2) «()' - 2) = - tand «() - 1 ) «()' - 1) = - 16
1

, 

(a + 1)(1-,8') ~ 1. . . . (12) 

I (a-1.70i7 ... )(,8'-0.4190 ... )I~-~, (13) 

I (a-0.6303 ... ) (f3' -0.7212 ... ) I ~!r

If f3' < 0.4190 ... , (11) tells us that 

a ~ T8-1 ,8' < (5.774) (OA2) < 2.5, 

(14) 

and we would have an obvious contradiction in (13). If f3' > 0.4190 ... , we 
must have a> 1. 7047 ... , otherwise (13) is violated, and using a < 5.774 f3' 
we obtain 

(5.774 f3' -1.7047 ... ) (f3' -0.4190 ... ) ~ t. 
This gives 

5.774 f3' ~ 1.7047 ... + (5.774) (0.4190 ... ); 
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whence p' > 0.712. It is now plain that we must have p' > 0.7212 ... to 
avoid a contradiction in (14). 

Applying the same argument to (14), we obtain 

(5.77-4 p' -0.6303 .. . )(P' - 0.7212 ... ) ~-fr. 

This gives 5.774 p' :> 0.6303 ... + (5.774) (0.7212 ... ), whence p' > 0.829. 
On the other hand, the same argument applied to (12) gives 

(5.774 p' + 1) (I-P') ~ 1. 

whence p' <: 4.774/5.774 = 0.8268 .... This is a contradiction 2). 

Lemma 5. If a> 1 and P < -1 then a I PI> 4.1. 
Pro of. We use the following cases of (10): 

I (8 a-I) (8' P - 1) I :;:: 1 - E, 

I1 (8 - 2) a -11 1 (8' - 2) P -111 ~ 1 - E, 

I1 (3 - 8) a-I I 1 (3 - 8') P - 1 II ~ 1 - E, 

11(48-10)a-ll 1(48'-10)P-lll~ l-E. 

I (2 8 a-I) (2 8' P - 1) I ~ 1 - E. 

We write P = -P', where P' > 1. Neglecting E, and noting that 
(3 - 0) (3 - 0') = tand (40- 10) (4 0' - 10) = -4, we can write 
these inequalities as 

(a - 0.3866 ... ) lP' - 2.5866 ... 1 ~ 1. 

I a - 1.7047 ... 1 (P' - Ooi 190 ... ) ;:: t, 
I a - 2.4190 ... 1 (fJ' + 0.2953 .•. ) ~ t, 
I a - 2.8866 ... 1 (fJ' - 0.0866 ... ) ~ {-. 

(a - 0.1933 ... ) lP' - 1.2933···1 ~-1-. 

We mayalso suppose, in proving th is Lemma, that 

a P' ::s; 4.1. . . . . . . , . . 
Case 1. Suppose P'>2.5866 .... By (20). P'<4.1. By (15), 

a ~ 0.3866 ... + (fJ' - 2.5866 ... )-1. 

aP' :;:: (0.3866 ... ) P' + 1 + (2.5866 ... ) (P' - 25866 ... )-1. 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

This last expression decreases as P' increases in the range under considerat~ 
ion, hence 

aP' ~ 4.1 (0.3866 ... ) + 1 + (2.5866 ... ) (4.1 - 2.5866 ... )-1> 4.2. 

2) The contradiction just obtained really arises from the fact that the lower bound 
found for {J' is T"T (7-2 (J), and the upper bound is ~2 (J. That the latter is the smaller 
is equivalent to (J > H = 2 . 5833 ..... . 
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Cas e 2. Suppose 2 -< pi < 2.5866.... Using (15) again, we obtain 

a p' ~ (0.3866 ... ) p' -1 + (2.5866 ... ) (2.5866 ... - P')-I, 

and since this plainly increases with p' we have 

aP' ~ 2 (0.3866 ... ) - 1 + (2.5866 ... ) (0.5866 ... )-1 > i.18. 

Cas e 3. Suppose 1 < pi < 2. In the first place (a -1) (P' + 1) :> 1, 
whence a > 1.33. N ext, by (16). 

5 
I a -1.7047 .. ·1 ~ 7 (1.5810 ... ) > 0.450, 

whence a> 2.154. Further, by (17). 

5 
I a - 2.4190···1 ~ 7 (2.2953 ... ) > 0.311, 

whence 

a> 2.729. . . . . . . . (21) 
By (20), 

R' 4.1 50 
I' < 2.729 < 1. 3. 

Using th is in (18), we obtain 

1 
I a-2.8866···1 ~ 4 (1.4164 ... ) > 0.176. 

In view of (21), this gives 

a> 3.062, 
and (20) gives 

R'< 4.1 3 
I' 3.062 < 1. 4. 

It is now plain from (19) that we cannot have p' > 1.2933 .... For then 
p' - 1.2933 ... <0.0468, and a < 4.1 by (20). giving a product considerably 
less than i. Hence 

p' < 1.2933... . 
We now use the inequality 

(a + 1) (p' - 1) ~ 1 , 

a special case of (10), apart from e. In view of (20). this implies 

4.1 + p' - a -1 ~ 1. 

whence a -< 2.1 + p' < 3.394 by (22). Now (19) gives 

p' < 1.2933 ... - 4 (3~201) < 1.216, 

and (23) gives 

p' > 1 + 4.~9i > 1.227, 

a contradiction. This completes the proof of Lemma 5. 

(22) 

(23) 
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Lemma 6. If a> 1 and P> 1 then ap:> 4 - 3 e. 
Pro 0 f. By (10). (a - 1 ) (P - 1) :> 1 - e. Hence, by a weU known 

inequality, (a P) i :> 1 + {(a -1) (P -1)}i :> 1 + (1- e)i, and 

ap?;; 1 + l-e + 2 (l-e)t;:: ~-3e. 

4. Pro 0 f 0 f T h e 0 rem 1. By Lemmas 1 to 6, we have nu mb ers 
a, p with I a PI :> 4 - 3 e, and, by (9), 

l-e 
laPI= M' 

Hence either M <! or M = ! and e = O. In view of the definitions of 
Mand e, this suffices to prove Theorem 1. 

5. 0 u t I i n e 0 f t h e pro 0 f 0 f Th e 0 rem 2. The first step 
is to prove that if a I P I -< 4.00001. then 

I a - 21 < 0.0034 , lP - 21 < 0.0034. . . . . (24) 

Prom Lemmas 2 to 6, we can restrict ourselves to the case a> I, P > 1. 
and (24) is easily deduced from (a -1) (P -1) :> 1 - e. 

Por we have 

l-e 
ap;::p+ l-e+ p-l' 

and if P :> 2.0034 this would give 

l-e 
a P ?;; 2.0034 + 1 - e + 1.0034 > 4.00001. 

Similarly if P -< 1.9966, and again for a. 
The next step is to improve (24) to 

I a - 21 ~ K e , lP - 21 ~ K e, • . . • • • (25) 

where K is an absolute constant. This can be done by using three particular 
cases of (10). The first two are those used for (16) and (17). namely 

(a-1.70i7 ... )(P+0,4190·.·);::t(l-e), 

(2.4190 ... -a) (P -0.2953 ... );:: t (1- e). 

These are satisfied with equality wh en a = P = 2 and e = 0, as the 
reader will easily verify on going back to their origin in (10). The 
third is 

1I (38 + 97 8) a-I I 1 (38 + 97 8') P - 1 I1 ;:: 1 - e. 

This is also satisfied with equality when a = P = 2 and e = 0, since 

(75 + 1948) (75+ 1948') = 752 + (15) (19i) (J 1)-1942 = -1. 

Writing a = 2 + at. P = 2 + Pl and simplifying, the three inequalities 
become 

(1 +3.386 ... al) (1 +0.413 ... PI)?;; l-e, . . . (26) 
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(1- 2.386 ... al) (1 + 0.586 ... PI) ;:;: 1-E, 

(1+0.501 ... al)(1-287.9"'PI);:;: l-E. 

(27) 

(28) 

A Httle thought now shows that (26). (27), (28) imply (25); e.g. if 
Pl < -K e, (26) and (27) are inconsistent, and so on. 

From (25) we shall deduce that a = P = 2. We easily find that if n 
is any integer (positive or negative), then 

± f3n = 2(x-8y)-1, 

where x, y are integers. Giving x, y these values in (10), we obtain 

111 + Hl + T) ad 11 + t (1 + T-I) Pd I ;:;: 1-t, 

where T = -+- f-3 n• The argument proceeds as in the proof of Lemma 3 
inthe preceding paper. IE al> 0, we get a contradiction by taking 
T = _f3n with a suitable positive integral value of n. IE al < 0, we take 
T = f3 n• IE}l > 0 we take T = _1'-3n, and if Pl < 0 we take T = 1'-3n• 

In this way we prove th at either a I PI> i.OOOOl or a = {J = 2. In the 
former case, (7) follows from (9). In the latter case, we have to examine 
the possible values of a, b. Retracing the argument of Lemma I, the original 
numbers a, {J are either of the form 

a = ± 2 r n , {J = ± 2 en, 
or 

a = ± 2rn 8-1 , P= ± 2rn (8')-1. 

By (8), a and bare either of the form (i) or of the form (5). 
It may be observed that the form (5) is actually included under the 

form (4), since 

! 1'n () = .!'Z'n ( l' - 2 - 4 () = !'Z'n +1 + X - () y, 

where x, y are integers. 

University College, London. 
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Mathematics. - Inequalities for the eoefficients of trigonometrie polyno~ 
mials. By R. P. BOAS Jr. (Communicated by Prof. J. G. VAN DER 
CORPUT.) 

(Communieated at the meeting of March 29. 1947.) 

n 
1. Let F(t) = Z aj eijt be a trigonometrie polynomial; for simplicity 

-n 
of statement we assume that F (t) is reaI. i.e. a_" = äk . 

The following inequalities are known 1) : 

21 ak 1-== max 1 F (t) I. 

1 ao 1 + 21 Bk 1-== max 1 F (t) I. 

2" 

1 BO 1 +t I ak I-==t fl F(t) 1 dt. 

o 

If in addition F (t) ~ O. then 2 ) 

1 Bk 1-== ao cos [J1r . 
~ +2 
k 

n 
k>J' 

n 
k>2' 

n 
k>2' 

k>O. 

(1) 

(2) 

. (3) 

(4) 

The proofs given by VAN DER CORPUT and VISSER for (1 )-(3) are so 
simp Ie that 'it seems worth while to point out that (4) can be obtained 
from their work by a device used for another purpose by BOAS and KAc 3), 
The same idea allows us to generalize (1). (2) to inequalities analogous 
to (4). applying to all values of k. As to (3). it will appear that the 

constant i on the right can be replaced by 1 +t V2 = .234 . ... 
21r 

2" 

Let us introduce the notation M = max 1 F(t) I. 1= 2~f l F(t) 1 ~t, 
o 

1) J. G. VAN DER CORPUT and C. VISSER, fuequalities concerning polynomials and 
trigonometrie polynomials. Proc. Kon. Ned. Akad. v. Wetenseh .• Amsterdam. 49. 383--392 
(1946). 

2) E. V. EO'ERVÁRY and O. SZÁsz. Einige Extremalprobleme im Bereiche der trigono~ 
metrischen Polynome. Math. Zeitschr .. 27. 641-652 (1928); G. SZ'EOÖ. Koeffizienten~ 

abschätzungen bei ebenen und räumlichen harmonischen Entwicklungen. Math. Annalen, 
96,601-632 (1927). 

3) R. P. BOAS Jr. and M. KAc, Inequalities for Fourier transforms of positive functions. 
Duke Math. J., 12, 189-206 (1945). 
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Our results are the following: 

1 ak 1-== M cos p ~ 2' 

(p is the largest odd integer with pk :s; n), 

1 ao 1 + 1 ak 1 sec [J:Tl -== M, 
~ +2 
k 

k> 0,. . (2') 

1 ao 1 + t 1 ak 1-== (1 + t y2) I, k >~.. . (3') 

Other inequalities analogous to (3) can be obtained, for example 

k >~.. . . (3") 

Results extending (3) to all k eould be obtained by the same method, 
but would be more eomplicated. We also notiee an inequality analogous 

2,. 

to (2) and (3"), but involving M 2 = ~i:Tlfl f(X)12dXf, namely 

o 

(5) 

2. We begin with the ease where f(x) ~ ° and prove (4). Let 

p = [ ~ J. 0 -== y < -î sec p~ 2' Then 4) there is a nondeereasing funetion 

a(t) in [0,2 n]. whose FOURIER-STIELTJES eoefficients Cj satisfy Co = 1, 
Cl = Cl = "I, Cj = C-i = 0, j = 2,3, ... , p. Define a(t) in [2kn, 
(2k + 2)n] by a(t) = k + a(t-2nk). Then the eonvolution 

2,. 

f(x)· ~a(kx)=2~kf f(x-t)da(kt) •... (6) 

o 

is a nonnegative trigonometrie polynomial g (x) whose eoefficients bi are 
zero if j is not a multiple of k, while brk = arkCr. Thus bo = aO; b±k = 
= ya±k; brk = ° jf 1 r 1 > 1, sinee k(p + 1) > n. That is, 

g (x) = ao + "I ak eikx + "I ak e- ikx =- O. . . . . (7) 

Choose x so that ak eikx = -I ak I; then (7) gives 

2 "I 1 ak 1 -== ao· . . . • • • • (8) 

:Tl 
Let "I ~ i see p + 2 ; then (8) reduees to (4). 

4) This follows from the theory of the trigometrlc moment problem; cf. BOAS and 
Kkc, loc. cit., p. 194-195. 
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3. Next we consider a general f(x) and prove (2'). Construct g(x) 
as in § 2: g(x) is not necessarily nonnegative, but Erom (6) 

2n 2nk 

Ig(x)I-=M' 2!kJ da(kt)-==M' 2 !kJ da(t)=M. 

Q 0 

Instead of (7) we now have 

I ao + y ak ei k x + y ak e-i kx I -== M. 

Choose x so that ak e1kx = I ak I sgn ao: th en 

I ao I + 2 y I ak I -== M. 
n 

If y ~ t sec p + 2' (2') fo11ows. 

1. Our method leads to a partieularly simple proof of (1) . We have 

k > j: let p = 1 and construct a(t) as in § 2. Now consider 

1 
g (x) = I ei k x f (x) I • 2 k a (2 k x), 

whieh is a trigonometrie polynomial whose coeHieients b j satisfy bo = a_k, 

b 2k = akY, b-2k = afi3ky = 0 since 3k> n: all the other b jare also zero. 
Thus 

I g (x) I = I a- k + ak Y e2 i k x 1-= M, 

and (1) fo11ows by choosing x appropriate1y and letting r ~ 1. 

5. To establish (1'), we let p be the largest odd integer such th at 

pk ~ n and construct a(t) as in § 2. Then g(x) = f(x)· ~ a(kx) is a 

trigonometrie polynomial who se coefficients b j satisfy bH = yaH: 

b(2r+llk=O if r>O or r<-l. since b(2r+l)k=a(2r+l)kC2r+l: for 
2r + 1 ~ p, C2r + I = 0, while when 2 r + 1 > p, (2r + 1) k > n and 
a(2r+l)k = O. We now use one of the two fundamental formulas of 
VAN DER CORPUT and VISSER, namely 

max I g (x) I =- max I Z b J ei J x I ; 
J=m(mods) 

taking m = k, s = 2k, we th en have 

max I g (x) I =- max I b_k e-I k t + bk ei kt I = 21 bk I = 2 y I ak I ; 

letting r ~ t sec p ~ 2' we obtain (1'). 

6. We now turn to (3) and its generalizations. We begin by observing 
th at the trigonometrie polynomial 

h (x) = 1 + t cos x - a cos 2 x 
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satisfies 1 h (x) 1 :s 1 + a + -81 • and this maximum for 1 h (x) 1 is smallest 
1 a 

1 ,/- n 
when a = 3 f2' when we have 1 h(x)l:S 1 + t r2 . IE k> 2' let 

2" 

g(X)=21~J F(x-t)h(kt)dt: . ..... (9) 

o 
then 

2" 

Ig(x) 1=lao+t(akelkx+ake-ikx) :-=max Ih(x)l' 2
1
nJIF(x)ldx-=(1 +-1 ti)l. 

o 

<::hoosing x appropriately. we have (3'). 
More generally. let 

h (x) = 1 + 2 I' cos x - a cos 2 x = 1 + a + I' cos x - 2 a cos 2X. 

If H(r) = min max 1 h(x)I. we have 
a x 

1 ao 1 + 2 I' 1 ak 1-= H (I') J. 
n k>2' ... (10) 

For example. H(1) = 1 + f2 and (10) reduces to (3"). 
7. In a similar way. let h(x) = 1 + 21' cos x and es ti mate (9) by 

SCHWARZ's inequality. We obtain 

2,. 2,. 

1 ao 1 + 2 I' 1 ak 1-= ~ i ~ J 1 F (x) 1
2 

d x r ~ 21~ J 1 h (k t) 12 
d t r 

o 0 

IE we take i' = 1. we have (5). 
Similar inequalities involving other mean values of F(x) are readily 

written down. 



Mathematics. - Distance geometry. Curvature in abstract metric spaces. 
By J. HAANTJES. (Communicated by Prof. J. A. SCHOUTEN.) 

(Communicated at the meeting of April 26. 1947.) 

The problem of treating the local properties of geometrical figures 
metrically. i.e. of developing a differential geometry without the use of 
coordinates. has recently received the attention of some mathematicians. 
The local properties of curves and surfaces have been studied in differential 
geometry almost entirely by means of analytic methods. which make it 
necessary to impose some conditions (e.g. conditions concerning differen~ 
tiability) upon the entities involved. In a metrical theory the differential 
geometry can be freed from many of these restrictions. which are of ten 
geometrically unessential and serve merely to make the application of 
differential calculus possible 1) . 

In this paper we are concerned with a metric treatment of the local pro~ 
perty of curvature for arcs in abstract metric spaces. A metric definition 
of curvature has been given by MENGER 2). A somewhat more general 
notion of curvature is due to ALT 3). Both definitions impose. however. a 
euclidean notion of curvature upon general metric spaces (See § 2 and 
§ 3). In the following a definition is given. which is free from this aesthetic 
imperfection. This definition of curvature proves to be more general than 
the notion of Menger curvature. though it can be shown th at both 
definitions are equivalent for arcs in euclidean planes. 

§ 1. The abstract metrie space. 

A metric space M is a set of abstract elements. called points. such that 
to each pair of elements p. q is attached a non~negative real number pq. 
called the distance of pand q. satisfying the conditions: 

1. pq = 0 if and only if p = q. 
2. pq + qr :> pr (triangle inequality). 
An infinite sequence of points {p~} is said to have the limit p if and 

only if lim p~p = O. From the triangle inequality follows the continuity 
~~co 

of the metric. which means that if {qv} ~ q and {p.} ~ p lim p~q" = pq. 
A neighbourhood U (p. d) of the point p is defined as the set of points q 

for which pq < d. 

1) See L. M. BLUMENTHAL. Distance Geometries. A study of the development of 
abstract metrics. The University of Missouri studies. Vol. 13. nr 2 (1938). 

2) K. MENGER. Untersuchungen über allgemeine Metrik. Vierte Untersuchung. Zur 
Metrik der Kurven. Math. Annalen 103. 466---501 (1930). Referred to as: Menger IV. 

3) F. ALT. Ueber eine metrische Definition der Krümmung einer Kurve. Vienna 
Dissertation (1931). 
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§ 2. The Mengel' curvature. 

Because of the triangle inequality each set of three pairwise distinct 
points q. r. s in M is congruent with three points q'. r'. s' of the euclidean 
plane. The inverse of the radius of the circumscrihed circle of the triangle 
with vertices q'. r'. s' can he expressed in terms of the distances of the 
points q'. r'. s'. which equal the distances of the points q. r. s in M. This 
expression is according to a formula of elementary geometry 

K(q.r.s) = -y(qr+ l'S + sq) (qr+ rs-sq) (qr-rs + sq) (-qr+ l'S + sq) (1) 
qr. l'S. sq 

and is called the curvature of q. r. s. Let K he a suh~set of M. Then MENGER 
defines the curvature at an accumulation point p of K as follows 4 ) 

Definition. The set K has. at an accumulation point p. a curvature 
K(p) ~ 0 provided that. corresponding to each E> 0 there is a 15 > O. such 
that I K (p) - K (q. r. s) I < E for every triple q. r. s in the neighbourhood 
U(p.15). 

This curvature is called the Mengel' curvature; throughout this paper it 
will he denoted hy KM. The re1ation of KM with the classical curvature is 
expressed in 5) 

Theorem 1. If a curve in a euclidean plane has a Mengel' curvature 
KM at a point p. then the classical curvature exists at pand is equal to KM. 
The converse is not true. 

The second part of this theorem follows from the fact that the Menger 
curvature is a continuous function of p. which is not necessarily the case 
for the classical curvature. 

PAUC 6) answered the question which continua possess Menger curvature 
hy proving 

Theorem 2. I f a metric continuum K has a Mengel' curvature at one of 
its points p. then K is. in a neighbourhood of p. a rectifiable curve. 

§ 3. The Alt curvature. 

The existence of a Menger curvature at p requires that K (q. r. s) has a 
limit as the points q. r. s independently approach to p. ALT takes p as one 
of these points. This leads to the following 

Definition 7). The set K has. at an accumulation point p. a curvature 
K (p) ~ 0 provided that corresponding to each E > 0 there is a 15 > 0 such 
that IK (p) - K (p. r. s) I < E for every pair of points r. s in the neigh~ 
bourhood U (p. 15). 

This curvature is called the Alt curvature and is denoted hy KA' It can 
he shown 

4) MENGER IV. p. 480. 
5) O. HAUPT and F. ALT. Zum Krütnmungsbegriff. Ergebnisse eines mathematischen 

Kolloquiums (Wien) Heft 3 (1932). 4-5. 
6) C. PAUC. Courbure dans les espaces métriques. Atti Acad. di Lincei. Serie 6. 24 

(1936) 109-115. 
7) F. ALT. I.c. 3). 



498 

Theorem 3. For euclidean plane curves the exisfence of classical 
curvature implies the existence of Alt curvature and the two are equal. The 
converse is not true, at least when the classica I cu rva tu re of the curve 
y = [(x) is defined by the expression ["(1 + ['2)-1'18) 

PAUC showed (see 6» 
Theorem 04. A metric continuum K that has an Alt curvature at one of 

its points p is, in a neighbourhood of p, either the sum of finitely many 
rectifiable arcs, which have pairwise only the end~point p in common, or 
the sum of a denumerable infinity of such arcs, the diameters of which 
converge to zero. 

We see that both definitions impose a euclidean notion upon general 
metric spaces. This can however be avoided as will be shown in the next 
paragraph. where a third definition of curvature is given. This definition 
applies only to rectifiable arcs. though an ex ten sion to other sub~sets could 
be given. But for continua theorems 2 and 4 show that for Menger curva~ 
ture and Alt curvature too we may confine ourselves to rectifiable arcs. 

§ 4. The curvature K. 

Let B be a rectifiable arc (topological image of a segment) in a metric 
space M. Then to each pair of points q. sof Bare attached two numbers: 
the distance d = 'qs and the length I of the arc qs. part of the arc B. 

Definition. The arc B has at a point p a finite curvature K(p) ~ 0, 
provided that, corresponding to eaeh E > ° th ere is a b > 0, sueh that 

(2) 

for every pair of points q, s of B in the neighbourhood U (p. b). 
In this paper this curvature will be denoted by K. It is natural to ask 

how this curvature. applied to arcs of spaces where a classical curvature 
can be defined (Riemannian spaces ) compares with the classical curvature. 
The answer is given in 

Theorem 5. For reetifiable ares in Riemannian spaees, which defining 
equations are differentiable to a suffieiently high order, the classical 
eurvature is equal to K. 

In order io prove this theorem we introduce in the n~dimensional 
Riemannian space V n polar coordinates with the point P (one of the points 
of the given arc) as pole. The coordinates of a point Q are determined 
by the geodesic distance z to P together with the unit vector i" at P. which 
is tangent to the geodesic PQ. The polar coordinates of Q are defined as 9) 

8) See K. MENG ER. La géométrie des distances et ses relations avec les autres 
branches mathématiques. L'Enseignement Mathématique. Nos 5----(;, 348-372 (1936). 

9) J. A. SCHOUTEN. Einfiihrung in die neueren Methoden der Differentialgeometrie J. 
Noordhoff. Groningen 1935. p. 101. 



499 

In a neighbourhood of P the arc is given by 

~h _ h + 1 h 2 + 1 h l + 
i" - al 5 2/ a2 $ 3/ a3 $ ••• 

where s is the arc length. The classical curvature e is defined as the leng th 
of the vector 

d 2 ~h h d ~i d ~j 
ds2 + rij d$ . ds 

at P. As a result of the vanishing of r~j at P (see SCHOUTEN p. 103) this 
vector is a ~. The distance z to P is given by 

::2 = (9hi)P Eh ~i = S2 + (al a2) s3 + I t (al a,) + t (a2 a2) I s1 + . . . (3) 

where (uv) stands for (ghi)P IlhVI• Now 

d ~h _ h + h + 1 h 3 + d$ - al a2 5 2/ a3 s •.. 

is a unit vector. Using the formula (SCHOUTEN p. 138) 

9hi = (9hi)P + t ~k ~j Kkijh 

it follows 

(al a2) = 0: (al a3) + (a2 a2) = o. 
So equation (3) gets the form 

Z2 = s2-fi e'2 51 + ... 
from which we have - in harmony with (2) -

s-z e2 = 41 lim -
s-+ 0 .s' 

We will not investigate here which curves in Riemannian spaces possess 
a curvature K. Theorem 5 has only been proved to show that the classical 
curvature in Riemannian spaces is connected in the same way with the 
same limit as Kis: therefore. in Riemannian spaces our definition of 
curvature cannot lead to paradoxical results. 

Theorem 6. Thc curvature K is a continuous function of p wherever it 
exists. 

Let us denote the expres sion 4 ! (1- d) 1-3 for the pair of points q. r by 
K2 (q. r). According to the definition of curvature th ere corresponds to 
each e a ~ such th at 

IK(p)-K(r.s)1 < ~ for r.5 C U(p, 2 ~) .• (4) 

Let q be a point of the arc B contained in U (p. ~). There exists a neig h~ 
bourhood U(q. ~d such th at for each pair of arc points r. s contained in 
this neighbourhood we have 

E 
IK(q)-K(r.s)1 < 2. (5) 
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The intersection of U(q. bd and U(p.2<5) eontains an infinity of arc 
points. q being an accumulation point of B. For two of these points both 
the inequalities (4) and (5) hold. from which it follows 

IK(P)-K(q)l<e for qcU(p.<5). 

This means however that K(p) is a continuous funetion. 
It is natural to investigate how the eurvature K eompares with the 

eurvatures KA and KM. One of the results is given by the following 
theorem: 

Theorem 7. ff both KA (or KM) and K exist, these curvatures are 
equal. 

Consider three points p. q. r of the arc. for whieh pq = qr = d. The 
points q and rare supposed to lie on the same si de of the fixed point p. 
IE the distanee pr is denoted by a the following expression for the eurvature 
KA (or KM) at p is obtained from (1) 

K 2-1' (2d+a)a2(2d-a)_I' 2d+a 2d-a_ l. 4 (1 a2
) 

A - lm di 2 - lm d . d3 - lm d2 - A d2 
d-+O a d-+O d-+O"'I 

It follows that a ~ 2d as d tends to zero and therefore 

2 • 2d-a 
K A =4hm d3 • 

d-+O 
. (6) 

Let the lengths of the ares pq and qr be denoted by 11 and 12 respeetively. 
Aeeording to the assumption that the eurvature K exists at p. we have 

. I,-d . 12-d . 1,+12-a K2 
hm -13 - = hm -13 - = hm (I + I )3 = ~/' 
d-+O, d-+O 2 d-+O, 2 "'I 

• (7) 

Now 

1,+12 -a I,-d I~ 12 -d I~ 2d-a d 3 

(1, + 12)3 = ~ . ~+ 12)3 + zr- . (I, + 12P + d 3 • u;-+ 12)3' (8) 

IE it is taken into eonsideration that ll/d ~ 1 and 12/d ~ 1 as d ~ 0 it is 
seen from (7) and (8) 

1 K2 I' 2d-a 
4" = lm d3 • 

d-+O 

whieh gives for K exactly the same expression as (6) gives for KA. 50 
K and KA (or KM) if both existing are equal. 

Further investigation to the relations existing between the curvatures 
KM. KA and K leads to the following theorem: 

Theorem 8. ff the curvature KA of the arc at p exists, it equals 
lim K(p. q). 

q+-p 

It is easily seen th at the preceding theorem 7 is an immediate conse~ 
quence of theorem 8. In order to prove this latter theorem we consider the 
triangle in the euclidean plane corresponding to the arc points p. q. r. i.e. 
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the triangle with the sides pq, qr and pro Let e(p, q, r) stand for the sum 
of the smallest two angles of this triangle. PAve 10) has shown that if KA 
exists at p the quantity e(p, q, r) ~ 0 as both q and rapproach the point p. 
Thus th ere is a neighbourhood U(p, <5d such that for each pair q, r 

:n 
contained in this neighbourhood e(p, q, r) <"2 whieh means that the 

triangle is obtuse-angled. If at the same time two of the sides are equal 

(b), the length of the third side will exceed b {Z (property P). By means 
of this property it can be shown that the distance d of the arc points 
q (q C U(p, <5 1 ) to P will increase steadily if q traverses the arc B starting 
from the point p. For d is a continuous function of q and thus of the 
parameter on the arc. Suppose this function is not monotonie. Then it has 
relative maxima or minima and it is possible to find two different points 
whieh have the same di stance to p but a smaller mutual distance, contrary 
to property P. Hence this cannot occur. It is equally impossible that d 
remains constant for a while, so d will increase. 

Another consequence of the existence of KA at p follows immediately 
from the definition. There is a <5 2 > 0 such that for each pair of arc points 
q, r in U(p, <5 2 ) 

Kl (1 - 1]) < K2 (p. q. r) < Kl (1 + 1]). • (9) 

Consider a point q of Bin the neighbourhood U(p, <5), where <5 < <51 and 
<5 < <5 2 , From the proof of theorem 4 it follows that the arc pq (part of B) 
is rectifiable. Let I be its length and d the distance of the end points. A 
finite subset (P1, ... , PN) of the arc pq (B') is called an e-subset provided 
that each pair of two consecutive points has the distance e and PP1 <: e 

and PNq <: e. It has been proved by MENOER 11) that corresponding to 
each positive 1; th ere is a positive number eo such that for every e-subset 
(e <: EO) 

1;::: P PI + ... + PN-I PN > 1-C. . (10) 

The number N depends of course on e. 
Let rand s be two points of B' such that in traversing B' from P to q 

°the point r is encountered first. Then as we have seen ps> pro Suppose 
pr :> rs. Putting for shortness ps = a, pr = b, rs = c, K(p, r, s) = R-1 
we obtain from some formulae of elementary geometry 

1/ c2 1/ b2 

a = b r 1 - 4 R2 + cri - 4 R2 . 
By using the first of the following inequalities 

Yl-a~l-ia. 

10) See footnote 6). 

Yl-a;::: I-i a-a2 for a < i 
Yl-a;::: I-a 

11) MENGER IV, p. 469. 

• (11) 

(12) 

(13) 

(14) 
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it is readily seen from (11) 

a<b+e- 8k2eb2 ....... (15) 

whereas the second inequality (13) leads to 

a> b + e- 8 k2 (be2 + eb2) - 8k4 eb4
• • • • • (16) 

This it is true is only right if band care small enough but we may choose 
~ smaller than KA (1 + '1) and then it is correct. Yet another inequality 
will be used. It is obtained from (11) and (14) and runs as follows 

a> (b + c) ( 1 - id~2).' . . . . . . (17) 

for band c are smaller than d, d being thc distance pq. 
The inequalities (15), (16) and (17) are now applied succesively to 

the sets ppiPi+l (i = I, .... N -1) where the subset pi is supposed to 
be an E~subset (with PPI = E) satisfying (10). Let us start with the third 
inequality. It will be proved that 

ppj>jEll-t(j+l)K~(1+t})dEI • •.•• (18) 

This is true for j = 1. Suppose it is true for j = mand let us prove it for 
j = m + 1. From (17) it follows 

PPm+1 > (PPm + E) 11-i d E K~ (1 + t}) I 
> (m + 1) E l1-t m t d K~ (1 + t}) lil-i- E d K~ (1 + '1) I 
>(m+ I)EII-t(m+2)EdK1(1 +'1)1 

which is exactly the inequality (18) for j = m + 1. 
In a similar way it can be proved from (15) 

2 m-I 4 
PPm=:::;mE-tE3KA(1-'1) .2,,2+-hKA(1 +'1)2dE4f(m). (19) 

v==l 

with f(m) = im4 - tm3 - tm2 + tm. 
For we know it is true for m = 1. Suppose it holds for m. Then it 

follows from (15) under consideration of the inequality (18) 
2 m-I 4 

ppm+1 < (m + 1) E-t E3 KA (1-1J) .2 ,,2 + ti KA (1 + '1)2 d E4 f(m) 
~=I 

- t Kl (1- '1) E
3 m2 11-t (m + 1) Kl (1 + t}) dE 12 

2 m 4 < (m + 1) E-t E3 KA (1-'1) ~,,2 + ti KA (1 + '1)2 d E4 f(m + 1) 
'-=1 

since 

f(m + 1) = f(m) + 2 m2 (m + 1). 

Application of the inequality (16) to the sets PPipi +1 leads in much the 
same way to 

m-I m-I 
PPm;;: m E-t Kl (1 + '1) E3 .2 (,,2 + ,,)-t Kl (1 + t})2 ES .2,,4 (20) 

.=1 ~=I 
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Again it is true for m = 1. If it is true for m we have as aresuit from 
(16) 

m-\ m-\ 
ppm+\ ;::: (m + 1) a-i- Kl (1 + ']) e' E (,.2 + ")-i- Kl (1 + '])2 eS E "t + 

.=\ .=\ 

-i Kl (1 + ']) (el m + e3 m2)-t Kl (1 + '])2 aS mt 

since 

PPm~me 
according to the triangle inequality. But this shows that (20) holds still 
if m is replaced by m + 1. 

We turn back to (19). Putting m = N it gives 

PPN~Ne--hKl (1-']) (Nep ~ 1- 2 ~ + 2 ~2~ + 

+ 2-7 Kl (1 + '])2 d (N e)t ~ 1 - 3
2
N - ~2 + 3 ~l ~ 

So we have in connection with (10) 

d~PPN + a ~ a + 1--hKl (1-']) (I-C)3 ~ 1- /N + 2 ~2~ + 
t ~ 2 lil + 2-7 KA (1 + '])2 d It ~ 1 - 3 N - N2 + 3 N3 ~ 

Now af ter fixing the point q. the quantities 1; and e can be chosen arbitrarily 
smalI. Thus we have 

d~ 1-;"4 Kl (1-']) P + 2-7 Kl (1 + '])2 dit 

from which it follows 

• (21) 

Another inequality is obtained from (20) by putting m = N. Since 
N-\ 

I ". < N5 and PPN ~ d 
.=\ 

we have again in connection with (10) 

d ~ I-'-fe Kl (1 + ']) P (1- ~2) -i- Kl (1 + '])215 

which leads to 

or 

K2 (p. q) ~ Kl (J + ']) + 3 Kl (1 + '])2 12. . • • • (22) 

From (21) and (22) together it follows th at IK2(p.q) -Kli is smaller 
than an arbitrarily given e' provided that pq is sufficiently small (d < b'). 
in other words 

KA = lim K(p. q). • • • . • • , (23) 

which proves theorem 8. 
q-+p 



504 

So the existence of the Alt curvature implies the existence of the limit 
(23). The existence of a curvature K at a point p requires however that 
the function K (q. r) has a limit as the two points q. r independently 
approach the point p. This is more than the existence of the limit (23). 
A curve may possess Alt curvature at a point p without having a curvature 
K. For according to theorem (6) the curvature K(p) is a continuous 
function. which is not the case for the Alt curvature. E.g. the plane curve 

(y = x 4 sin!. x ~ 0; y = O. x = 0) in the euclidean plane has an Alt 
x 

curvature. but not a curvature K at the origin. 
If however the Menger curvature exists at p the inequalities (9) are not 

only true for K2 (p. q. r) but even for K2 (q. r. s). providing that the triple 
q. r. s is contained in U (p. c5 2 ). As a consequence of this the inequalities 
(21) and (22) are true not only for the pair p. q. but for every pair of 
points q. r contained in U (p. Ó). So we see that the limit of K (q. r) exists 
if q and rapproach p. which means that the curvature K exists and 

KM = lim K (q. r) = K. 
q-+ P 
r-+ p 

Hence we have the theorem 

• {24} 

Theorem 9. The existence of the Menger curvature of an arc implies 
the existence of the curvature K and the two are equal. 

§ 5. Further investigations as to how the curvature K compares with KM. 
In § 4 it has been shown that the existence of KM implies the existence 

of the curvature K so far as arcs in metric spaces are concerned. 
The converse of this theorem is not necessarily true. A curve may possess 

a curvature K at a point without having a Menger curvature or even an 
Alt curvature. We give an example. 

Consider a space M formed by the points of the interval 0:;;; x :;;; 1. 
where the distance xy of two points x. y is defined by 

1 1 1 . 
x y = t - - (3 + - t4 sin - = f{t) 3/ 4/ t - t=lx-yl· • {25} 

The first thing to show is that M is indeed a metric space. thus that the 
triangle inequality is satisfied. Let x. y. z be three points of Mand 
y - x = u. z - y = t. z - x = u + t (u > O. t > 0) . 

Since 

d f (t) _ 1 1 tl + 1 t3 . 1 1 t2 1 > 1 1 1 1 > 0 -- - -Y 1r sm - -Y- cos - -Y-1r-Y4 d t t 4 t 

the distance will increase with t. So xz > xy and xz> yz and it is sufficient 
to show that xy + yz ::> xz. According to (25) 

1 1 
xy + yz-xz=tut{u + t}--4'!CP (u + t)-cp{u)-cp{t)l; cp{u) = u4 sin - (26) 

. u 
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Suppose u -< t (this may be supposed because the expression is symmetrical 
in u and t). Then 

I rp (u + t) - rp (t) - rp (u) I = I U rp' (t + 8 u) - rp (u) I 
< 4 u (u + t)3 + u (u + t)2 + Ui < (8 + 2 + 1) u t (u + t) 

from which it follows that the expression (26) is positive. 
The metric of M is topologically equivalent to the euclidean metric, 

hence M is an arc. 
Next it will be shown that the arc is rectifiable. Let E' (Po = x , 

PI' ... , P N = y) be a fini te subset of the arc with end points x and y and 

Ipl+! -pi I = I; = tiN, t = I x-y I. Then 

, (E') - ~ - (1 1 2 + 1 3 • 1 ) " =i~IPi-IPi-t -3/ E 4/1; Sin; 

which expression converges to t if e ~ O. Now the length l(x, y) of the 
arc is defined as the least upper bound of the numbers À(E) if Edescribes 
all fini te subsets of the arc. So we see l(x, y) :> t for À(E/ ) ~ t, but from 
(25) it is clear that for any fini te subset E the number À(E) < t. Hence 

l(x,y)=t. 

IE d denotes the distance of x and y, we have therefore 

K 2 ( ) - A /1- d _ A • 1 x. y ="'I ----p- - "'I-t Sin t . 
Hence 

IK(x,y)-21<1J for Ix-yl<21J. 

So the curvature K exists at every point of the arc and is equal to 2. The 
arc has constant curvature. 

In order to show that the Alt curvature does not exist we consider again 
the points x , y andz(y-x=u, z-y=t, z-x=u+t) and study 
the function K(x, y, z) as x and zapproach the fixed point y. According 
to (1) 

K 2 ( ) _ (d + dl + d 2) (d-d, + d 2) (d + dl -d2) (dl + d 2 -d) 
X. y. Z - 2 2 

d2 dl d2 
where 

Put 

P 

q 

d+dl +d2 

u+t 

d-d l +d2 

t 

d+d,-d2 r =-'-~--" 
u 

dl = f (u), d2 = f (t). d = f (u + t). 

2 _2- ~(U+t)2+~ + ~~ +~~rp(u+t)+rp(u)+rp(t)~ 
31( u+t u+t~ 4/~ u+t ~ 

1 1\, , I 1 ~ 
2 - 3/12 t2 + 3 u (u + t) 1+ 4! ; t3 

Sin t + rp (u + 8 1 t) ~ 

2- ;/12u2 +3t(u + t) I + ~/~ u3 sin~ + rp' (t+82 u) ~ 
~_ ~ ~ rp(u+t)-rp(u)- rp(t) ~_1 _2- ( t) 
2 4/ ~ u t(u + t) ~ - 1" 4! 1p u, . 
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It is easily seen th at 
lim p = lim q = lim r = 2 

as x and z independently approach to y. Thus the Alt curvature will exist 
if and only if lim s exists. 

For u = t 

m (2 u) - 2 m (u) . 1 . 1 
'Ijl (u. u) = T T = 8 U SlO - - U SlO -

2 u3 2u u 

which expres sion goes to zero if u --+ O. For u-1 = 2nn, t- 1 = 2n3n however 

(u + tP. 2 n n (n 2 + 1)3. 2 n n 
'Ijl (u, t) = - u t SlO n2 + 1 = - 2 n nS SlO n2 + 1 

and the limit of the expression for n --+ co is - I. Hence the limit of 
'Ijl (u, t) as u and t independently approach zero does not exist from which 
it follows that the arc has no Alt curvature. The Menger curvature does 
not exist either because the existence of the Menger curvature implies the 
existence of the Alt curvature. 

This example shows that the notion of curvature K is more general 
than the notion of Menger curvature. It may of course be possible that for 
certain metric spaces the definitions are equivalent. Without giving a set 
of necessary and sufficient conditions for such spa ces it is shown in the 
following that for arcs in a euclidean plane both definitions are equivalent. 
Because of theorem (9) it will be sufficient to prove that in this space the 
existence of the curvature K implies the existence of the Menger curvature. 
As a first result the following theorem will be proved. 

Theorem 10. An arc in a euclidean space with a curvature K at a 
point p has a tangent in a neighbourhood of this point. 

Let q and r be two arc points lying on the same si de of p such that the 
arcs pq, qr and pr have the lengths 1,11 and 1 + 11 respectively. Suppose 
further that q and r lie in a neighbourhood U (p, J) with the property that 
for each pair of arc points s, t in U (p, J) 

I K2 (r. s) - K21 < 4/ e • • (27) 

wh ere e is an arbitrarily chosen number. Putting pq = c, qr = a, pr = b, 
we have from (27) 

c=l-a[3+'YJIP' 

a=/l-al:+'YJ2 /: 

b = I + I1 - a (1 + 11)3 7- 'YJ3 (1 + 11)3 

with I 'YJi I < e. Let a denote the angle qpr. Then 

A • 21 (b+a-c)(c+a-b) 
"'ISlO Ta= be 

Suppose 11 -< 1. In this case 

b + a-c<21+ IOd3, 

c + a - b < (6a + 10 e) 13. 

• (28) 

• • (29) 



507 

Hence 

. 21 (6 a + 10 t) (2 + 10 t 12) P. 
4 SIn Ta < (I-a [2-t 12) (1-80' [2-8 t [2)' 

• (30) 

As the angle la is acute 

n 
ta <"2 sin t a 

From this inequality and (30) it is seen th at if 1 is sufficiently small 
(l <.1.) 

a<AI. • (31) 

wh ere A is a fixed number. Consider the points ql (qo = q) on the arc pq 
for which the lengths of the arcs pqi are equal to 2- il. If the angle qi p ql_l 
is denoted by ai we have from (31) 

at < A 12-1 

as a result of which the angle qipq (=!pi) satisfies the inequality 

!PI ::S; al + a2 + ... + al < A [ ( t + t + ... + ~/) < A I. 

Let s be an arbitrarily chosen point on the arc pq. Then s lies on one of 
the arcs qiqi+1 and so we have 

L $ P q ::S; tpi + L S P ql < A [ ( t + ... + ~I + ~I) = A I. 

Thus corresponding to each ~ > 0 th ere is a e > 0 such that for every pair 
of points q. s of the arc on the same side of p for which each of the 
distances pq and ps is less than e. the angle spq is smaller than ~. In a 
similar way it can be shown that the angle spq ~ 2:n: if s and q approach p 
from different sides. Hence the tangent at p exists. but not only at p for 
in the above account we may replace p by any other point in the neigh~ 
bourhood U(p. 15). which completes the proof of theorem 10. 

In the following we con fine ourselves to arcs in a euclidean plane and it 
will be proved 

(31) 

It is sufficient to prove that !P2 = al + a2' As will be shown later in this 
paper a2 < al' So there are only two possibilities !P2 = al + a2 and 
!P2 = al - a2' Suppose !P2 = al - a2' If a point r travers es the arc from 
q to ql' the angle r p q is a continuous function of the parameter and this 
function runs from 0 to al' So it passes the value !P2 = al - a2' (The 
angle cannot pass :n: because it is acute if Z is small enough). Let r be the 

point on the arc q ql for which Lr p q = !P2' Then the points Plq2 and r 

lie on a straight line and we have 

(Pq2 + q2 r -pr) (Pq2 -q2 r + pr) (-pq2 + q2r + pr) = 0.. (32) 

Let u be the arc length of pq2 and t the leng th of the arc q2r. Thus 
u = -!- z. t 1 < t < Zand 

pq2 + q2r-pr > 3 a ut(u + t)-e I u3 + t3 + (u + tP I 
> 18 a u3 -190 t u3 > 0 34 
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if E has been chosen small enough. It is equally impossible th at one of the 
other factors in (32) vanish. So qJ2 = al - a 2 cannot occur and there 
remains only the other possibility qJ2 = al + a2. 

By substituting the value of a. band c for 11 = 1 given in (28) into the 
formula (29) it is seen that corresponding to a E' th ere is a cl such that 

I ~: - 6 a I < E' for 1 < d' 

Hence 

2-; l-V6 a-E' < al < 2-; l-V6 a + E' 

from which it follows firstly that (again if E' is small enough) ai+1 < ai 

(already used for proving (31)) and secondly that the angle qJ between pq 
and the tangent at p satisfies the inequalities 

(33) 

The same is true however for the angle between rs and the tangent at r 
providing that rand s are contained in U (p. 15) and the leng th of the 
arc rs is smaller than 15'. Let q. r. s be three points in a neighbourhood 
U (p. d) where d is chosen smaller than 15 and so that the length of the 
arc between two arc points in U (p. d) is smaller than 15'. The lengths of 
the arcs qr. rs and qs denoting by 11 • 1 and 1 + 11 respectively it follows 
from (33) that the angle rqs ({3) satisfies the inequalities 

, I I ,1 ' -V2 E' P < (l + I,) r 6 a + E' -11 l6 a - E' < I r 6 a + E + I, ,I-

-=------;, -V2 E' P> I-V6a-E -11 , 1-· 
r6 a 

r 6 a 

Now suppose 11 <: 1 (For 11 :> 1 one proceeds in the same way with the 
angle rsq). 

The inverse of the radius of the circumscribed circ1e of the triangle with 
vertices q. r. s is given by 

K(q. r. s) = 2 sin P = ~in {3 • ~ 
r sIr s 

(34) 

Since (J > sin {3 > {3 - ~:. K = 2 -V 60 (see (28)) it is seen from (34) that 

lim K(q. r . s) = K 

as q. rand s independently approach p. So the Menger curvature exists 
and equals K. The result is 

Theorem 11. For aces in a euclidean plane the notion of eurvature K 
is equivalent with the notion of Menger eurvature. 

It should be observed that this proof is only valid for a euc1idean plane. 
not for euc1idean spaces of higher dimension. though it is natural to 
conjecture that theorem 11 will be true for every euc1idean space. whatever 
its dimension may beo 



Biology. - Mathematics of pollen diagt'ams. I. By J. WESTENBERG. 

(Communicated by Prof. M. W. WOERDEMAN.) 

(Comrnunicated at the meeting of March 29. 1947.) 

In biological work. one of the most usual problems for statistical treat~ 
ment is to state significant differences between two frequency distributions. 
In treating the question. the investigator used to believe. and is still inclined 
to suppose that the data will followan idealized form. obtained by imposing 
certain properties on the frequency curves. In a general way. the trend of 
thought in this procedure may be represented as follows. 

The probability. that a variate n should have a value in the range 
(n. n + dn) is supposed to be expressible by a function [( n). the so~called 
frequency function. in the form 

dF = [(n)dn 

specifying the distribution of n in the population. from which our series 
of data is regarded as a random sample. IE in the frequency function of n. 
one or more parameters °1.°2.°3 •.. are introduced. we have 

dF = [(no 01' 02. 03 .. . )dn 

where [ now specifies only the type of the frequency function. 
The supposition usually made. implies the special case. in which the 

population is specified by the "normal" or Gaussian frequency distribution. 
in other words the probability that the variate should have a value in the 
range (n. n + dn) is expressed by the formula 

1 _ (n-n)' 

d F{n}= ---=' e 2a' . dn 
o Y2:n 

In this frequency distribution two symbols appear as parameters viz. Ti 
the (arithmetic) mean of the population and On (or simply 0) the standard 
deviation of the variate. measuring in the same units the extent to which 
the individual values are scattered. In all populations (normal or not). 
0 2 is defined as the mean square of all the deviations from Ti. occurring 
in the population. 

Now. if a sample is taken from a norm al population. the mean Ti of the 
sample is in its turn also distributed according to a normal distribution 
around the same origin Ti. and its standard deviation 0ïï is determined by 
the relation 

0 2 
0 2 --

ïï - k 

k representing the number of individuals included in our sample. 
The difference between two means of samples taken from independent 

normal distributions is again distributed according to a normal distribution. 
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the square of its standard deviation being equal to the sum of the squared 
deviations of the two means of our samples: 

(1~ _ = (1~ + (1~ 
n'-n n' n 

n' and Tï representing the (arithmetic) means of the two samples respec~ 
tively. 

Mathematicians have proved. that for any normal variate. and hence for 
Tï' - n. the probability of obtaining a + or - deviation greater than 2! 
times its own standard deviation. is as small as 0.0124. From such a 
deviation from zero. we may conclude. that the difference Ti' - Tï is unlikely 
to have had its origin at zero. or in other words that it is unlikely th at 
the two populations should have had equal means. 

In testing the significance of a given + (or -) difference Tï' - Tï we are 
interested in the chances of obtaining + (or -) deviations only. As the 
norm al distribution is symmetricaI. the + and - chances are equaI. and so 
the probability of a + (or -) deviation greater than 21- times its own 
standard deviation is just half of 0.0124. From this consideration it 
appears to be still more unlikely. that a given difference Tï' - Tï with a 
I Tï' - Tï I exceeding 21- times its standard deviation. should have had its 
origin at zero. Hence we are led to conclude. that Ti' > Ti. in case Tï' - Tï 
is + (or that Ti' < Ti in case Tï' - n is -). which implies the significance 
of Tï'-n. 

A fundamental difficulty is experienced in applying the test described 
above. because we cannot know exactly the parameters involved in the 
formula. The parameters are characters of the population. and if we could 
know their exact values. we would know more than any sample from the 
population could teIl us. Samples only permit us to make estimates of these 
values. TechnicaIly. these estimates are denoted as statistics. These 
statistics are of course calculated from the observations. and are in their 
turn distributed around the parameters. The larger the series of 
observations. the closer the statistics will be distributed around the 
parameters. these being the limits to which the statistics approach as the 
series of observations are extended to infinity 1). For this reason the 
difficulty becomes especially inconvenient in the treatment of small series. 

The parameters being the limits of the statistics. the best estimation of Ti 
can be proved to be the (arithmetic) mean of the sample 

- nl + n2 + n3 + ... nk Z n n- --- k - k 

and s'. the estimate of the standard deviation is defined by placing 

'2 _ ZX2 

S - k-l 

x being the deviation from the mean n of the sample. 

1) Here we properly deal with stochastic limits. which means, that even in the case 
of large series of data, great deviations may incidentally Gccur. 
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Apart from this, we think of the relations 

0 2 

o~ = ~ and 

o~ _ = o~ + o~ 
n'-n n' n 

and hence the quantity s'n'-ii is defined by 

IX'2 ~x2 

$'~'-ii = k'(k' -1) + k (k-l) 

has the expectation value 0n'- ii, so that the test may finaIly be specified 
by the weIl known formula 

1_, -I 211 / ~X'2 + ~x2 
n -n > "2 V k' (k'-I) k (k-I) 

x' and x representing the deviations from the (arithmetic) means of the 
two samples respective1y, 
k' and k representing the nu mb ers of individuals, included in the two 
samples respectively. 

In spite of the fact, that this test is only approximate1y valid for large 
normal samples, it has been applied successfuIly in many a case, and it 
does not mean depreciating the merits of early wor kers , to state that an 
essential progress has been made later on, by designing a special method 
for the treatment of smaIl samples taken from normal populations. The 
application of this method resolves itself into the calculation of a statistic, 
indicated with the symbol t. 

The statistic t belonging to some normal statistic, is defined as the ratio 
of this statistic to its own standard deviation, as estimated from observations. 
In our problem, we have to apply the calculation to the statistic Ti' - Ti. 
thus computing 

It is cIear, that any normal statistic, distributed around zero, wiIl yield 
at, that is likewise distributed around zero. From the frequency distribution 
of t, the limits have been calculated, beyond which t is unlikely to have 
had its origin at zero, the nu mb er of observations being taken into account. 
If this so~caIled t~test is applied to the difference in means of two samples 
from normal populations with equal variances, we are able to decide, 
whether it is unlikely, that the two populations should have had equal 
means. 

The values, which a t is expected not to exceed in a certain number of 
cases out of 100, are tabulated to the third decimal. One of the entries of 
the t~table indicates the relative frequencies and the other en try is based 
on the number of available data (giving the so~caIled number of "degrees 
of freedom"). 
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The condition for a difference, to be significant, is: 

t 

F (t) = f {(tj' d (t) ?;; 0,99 
-tll 

The practical meaning of this statement is: IE we always use this 
criterion, the percentage of correct statements can in the long run be 
expected to be very close to 99 %. It goes without saying, that the choice of 
0,99 is an arbitrary one. 

It is a remarkable fact, th at not a single parameter enters into the 
formula, specifying f (t), and this constitutes the mathematical beauty of 
the t~test. When applying this method, one need not use any statistic as an 
approximating substitute for a parameter, and from this it is evident, that 
the t~test is a sound method, even for the treatment of small sampl~s 
(taken from normal populations). 

A serious restriction, however, is entailed by the assumption of the 
normal law, on which both of the given methods are bas ed. Many authors 
have emphasized, that in biology this law can by no means be recognised 
as the leading principle in frequency distributions, since only few 
predictions can be made on the properties of distributions characterising 
biological phenomena (cf. E. F. ORlON a.o.). For the treatment of such data 
special methods have been designed by K. PEARSON, F. Y. EDGEWORTH 
and by J. C. KAPTEYN & M. J. VAN UVEN. Still, in spite of these 
considerations, we must guard against an underestimation of the 
applicability of the methods based on the normal law, for in many cases, 
as for instance in counting bacteria, blood corpuscules, pollen grains or 
seeds, the obtained frequency distributions are mainly imposed by weil 
defined sampling techniques. The law, that is fundamental for the 
distribution of such counting data is known as the binomial or Bernoullian 
frequency distribution, which may approach the normal law. 

The binomial frequency distribution is expressed by the formula 

NI Pn = . pn . (l_p)N-n 
nl (N-n)1 

Pn expresses the probability, that a certain event should happen exactly 
n times in N trials, provided the probability of the occurrence at a single 
trial be equal to p, and each happening be independent of previous events. 

The fact, that in certain cases, the binomial frequency distribution 
approaches the normal law, greatly enhances the applicability of those 
statistical methods, based on this law. Nevertheless the application of the 
ordinary methods may be somewhat unsatisfactory. 

The English statistician R. A. FIS HER (1935) has given a special method 
for testing the significance of the difference in binomial variates. This 
method will prove to meet exactly our needs in many a case of biological 
routine work. 
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The probability. th at a binomial variate is equal tho the integer n +6. is: 

NT 
PnM = (n + 6)1 (N: "-n-6)/· pnM . (l_p)N,-n-t> 

Similarly 

N 1 and N 2 being the values of N in two series of countings. 
The probability of the simultaneous occurrence of these two events or 

rather of the occurrence of a certain difference 2 6. with fixed values of 
n. Nl' N 2 and p. will therefore be 

P - N) 1 N 2! . 2n. (1- )N,+N.-2n 
t>;n.N"N,.p -ln+6)I(N)-n-6)!(n-6)/(N2-n+6)! p p 

Since p is not known. this probability can not be computed. 
In this formula. the powers of pare independant of 6.. and therefore 

the unknown factor 

p2n. (l_p)N,+N.-2n 

is the same for all possibilities with fixed values of n. Nl' N 2 and p. If these 
values are kept constant. the probability of any value of 6. occurring is 
proportional to 

F- N)!N2 1 
- (n + 6)1 (N) - n - 6) 1 (n- 6) 1 (N2 - n + 6)1 

The total probability of all possible values of 6.. with fixed values of 
n. N l' N 2 and p is represended by 

which mayalso be written as 

I;Pt>. N N =p2n. (1_p)N,+N.-2n. 2:F. ,n, 11 2,P 
t> t> 

In this summation I 6. I <: n and <: N 1 - n and <: N 2 - n. 
The probability of a certain 6.. the values of n, N 1 and N 2 being fixed, 

is given by 

whatever the value of p might be. 
It will be noticed. that the unaccessible parameter p has disappeared 

from the formula. 
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In order to carry out the summation I F, we follow the trend of thought 
.ó. 

given below: 
According to the theory of combinations 

represents the number of ways, in which N 1 + N 2 objects may be grouped 
into four different groups of A, B, C and D objects respectively, the 
arrangements of the objects within the groups not being considered. In 
case the condition A ~ B ~ C ~ D is not fulfilled, we have to keep in 
mind, that the four groups are not interchangeable. 

The number of ways, in which N 1 + N 2 objects may similarly be devided 
into two groups of A + Band C + D objects respectively, is given by 

(A + B)/(C + D)f 

The nu mb er of ways, in which these objects may be rearranged into 
2 groups of A + C and B + D objects respectively, regardless of the 
previous division, is given by 

(NI + N 2)1 (NI + N 2)1 
(A +B)!(C+D)/· (A + C)/(B+D)f 

This double choice completely specifies all the sets of A. B, C and D 
having fixed values of A + B, C + D, A + C, and B + D. 

The same number of ways may be obtained directly from 

(NI +N2)1 
AIBICIDI 

by varying A, B, C and D according to the same condition. In order to 
vary the factorials in our formula 

(n+6)/(NI-n-6)/(n- 6)/(N2 -n + 6)1 

according to the aforesaid condition, we have only to vary ~, as becomes 
clear from a glance at the following 2 X 2 tabIe, since the marginal fre~ 
quencies are independent of ~. 

A+B=NI A=n+6 B=NI-n-6 

C+D=N2 C=n-6 D=N2 -n+6 

I A+C=2n B+D=NI +N2 -2n 
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We are now able to carry out the summation of the series obtained by 
varying 6. 

~F=~ N I /N2 1 
ó ó (n + .6)1 (NI-n- .6)1 (n- .6)/(N2-n + .6)1 

= NI 1 N 2 1 ,I (NI + N 2) 1 
(NI + N 2) 1 ó (n + .6) 1 (NI - n - .6) 1 (n - .6) 1 (N2 - n + .6) I 

_ NI 1 N 21 (NI + N 2) 1 
-(NI + N 2)/' NII N 2 1 

(NI +N2)1 
- (2n)1 (NI + N 2-2n) f' 

Finally we may write 

(2n)1 (NI + N 2 -2n)/-

p _ ~_ (n + .6)/(NI-n-.6)! (n-.6)! (N2 -n+.6)1 
ó;n,N"N. - I F - (NI + N

2
) 1 

ó (2n)/(NI +N2 -2n)1 

The derivation of this formula has previously been published by FIS HER 
in an extremely abridged form; for the complete demonstration I am in~ 
debted to ORlON. 

A shorter method for the solution of Z F has been suggested by O. VAN 
OANTZIO (private communication). The same principle will be applied 
later on in the development of the test for extra pollen countings. 

The method is based on the fact, that if two polynomials or power 
series are identically equal for all values of the variabIe (in a certain 
interval) the coefficients of equal powers of the variabIe are equal. 

For instance: 

a + bx + cx2 - A + Bx + Cx2 

implies a = A, b = Band c = C. 
According to NEWTON'S binomial: 

and 

Multiplication yields 

N, N. 

~ '\"-;' NI! N 2! k+l- ( )N +N -
~~kll!(NI-k)!(N2-l)t'x = l+x ' '= 

o 0 

N,+N. (N + N)! 
- ~ 1 2 h = ~ h!(NI +N2 -h)/' X • 
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Equating the coefficients of Xh in the first and the last part of this 
identity gives 

h 
~ NI! N 2 ! (NI + N 2)! 
J.! kl (h - k)! (NI - k) I (N2 - h + k)! = h I (NI + N 2 - h) 1 

o 

with 1 = h - k. 0 <: k <: h, h - N 2 <: k <: N 1 

If we put h = n + m, k = n + 6. and hence h - k = m - 6 we get 

For n = m. we arrive at the same result as previously obtained. 
The present form of the function P b,ö n. N" N

2 
allows computation of the 

chances of specified values of 6. belonging to fixed values of n . N 1 and 
N 2' It is therefore possible to calculate in what proportion of cases. any 
value of 6 will not be exceeded. A detailed tabulation of this function 
would enable an easy and correct treatment of the difference in means of 
samples taken from binomial populations. 

For equal values of N. we arrive at the simplified form 

(N!)2 
p _ (n + 6)! (N - n - 6) I (n - 6) ! (N - n + 6) I 

b,ön,N- (2N)! 

(2 n)! (2 N - 2 n) f 

Tabulation for some giv,en values of N is of special interest to certain 
fields of biological work. For exemple a table for N = 150 can be 
of practical use in pollen analysis. 

In pollen analytical research. samples from different strata of peat bogs 
are examined in order to detect significant differences in the relative 
abundance of various kinds of pollen grains. This is done with the aim 
of reconstructing previous botanical aspects of the reg ion. 

In each sample. the individuals of marking species are scored up to a 
total number of 150. The number of grains of any species. counted in a 
sample may be expected to follow the binomial law. provided the sample 
has been thoroughly blended. If p be the chance. that the grain first 
counted should belong to a certain species. the chance that the second 
grain should likewise belong to this same species. should be p2 &c. If 
150 grains are taken into account. this reasoning leads to 

p - ISO! . n. (1- )(Iso-n) 
n-n!(150-n)! p p . 

Eventually peat samples contain certain kinds of pollen in so large 
quantities. that the general view of other species would be confused. if 
these abundant species would be treated in the same way. For this reason 
counting up to 150 is restricted to a limited set of species. accepted as 
markers. Apart from this. grains of the remaining species. the so~called 
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extra pollen. are scored up as they aeeompany the ISO marker grains. It 
is clear. that the extra pollen should undergo a slightly different treat~ 
ment. sinee 

p*_(150+n)/. *n.(I_ *)150 
n - n I 1 50 I P p. 

The eomparison between samples from different strata is undertaken 
in the assumption. that eaeh sample aetually represents the eomposition of 
the entire stratum in the bog. or in other words that the stratum is 
homogeneous in horizontal direetion. Some statistical work eoneerning this 
eondition has been earried out by BARKLEY (1934) and by WOODHEAO & 
HODGSON (1935). For the rest one has to make sure that eaeh sample is 
sufficiently mixed and that various kinds of pollen grains have been 
preserved to the same extent in strata of different age. 

An example of graphical representation of a pollen analysis is given in 
fig.!. The stratigraphieal survey of the peat bog is shown at the left side 

-----;;-;::-~----- ---- --------- -----
----+--------_:.-:==: .. 

BQ 

Fig. 1. A pollen diagram (reproduced after WALTER). 

of the diagram. The eountings of the eorresponding samples are plotted 
on horizontal axes. eaeh beginning on the left side. The frequencies of 
one sample are gathered on one axis. Special marks are used to indicate 
the different species. The seheme is eompleted by eonneeting marks of 
the same species. The marks of extra pollen eountings are eonneeted with 
dotted Hnes. 



518 

The binomial test can easily be adapted to this graphical representation. 
For this purpose we have to compute the values of P l!.; n, N for N = 150, 
varying both ~ and n. 

For n = 75, we obtain: 

[:, = 16 P = 0,0001 3 0,0724 

15 0,0002 2 0,0827 

14 0.0005 1 0,0895 

13 0,0010 0 0,0919 

12 0,0020 -1 0.0895 

11 0,0037 -2 0,0827 

10 0,0064 -3 0,0724 

9 0,0107 -4 0,0601 

8 0,0168 -5 0,0474 

7 0,0250 

6 0,0354 

5 0,0474 

4 0,0601 

~'nN ~ . 

Fig. 2. Chances of [:" according to P l!.; n, N for n = 75 and N = 150. 



519 

These probabilities are represented in fig. 2. From this column we 
calculate the cumulative chances: 

6 = 16 0,0001 8 0,0415 
15 0,0004 7 0,0666 
14 0,0009 6 0,1020 
l3 0,0019 5 0,1493 
12 0,0039 
11 0,0076 
10 0,Ql40 
9 0,0247 

represented in fig. 3. 

Fig. 3. Graphical interpolation of cumulative chances of 6. 

By means of graphical interpolation we find the values of 6 belonging 
to cumulative chances amounting to 0,001. 0,005, 0,01 &c. In carrying 
out this interpolation, we treat P "-; n, N as a continuous function. A mathe~ 
matical significanee can be attributed to this procedure by replacing the 
factorials in P "-; n, N by their corresponding r ~functions for broken values 
of 6. This will not affect our further reasoning. 
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These cumulative chances, the so~called ( unila ter al) tail errors, are 
represented in fig. 2 by the specially indicated areas. 

The same is done for other va lues of n, and we obtain the following data 

Tail N = 150 
error n=5 10 20 30 40 50 60 75 90 100 110 120 130 140 145 

TVYo [:; =4.9 6.9 9.4 11.1 12.2 13,0 13,5 13.8 13,5 13,0 12.2 11.1 9.4 6.9 4.9 

l% 4.3 5.9 8.1 9.3 10.3 11.0 11.4 11.6 11.4 11.0 10,3 9.3 8.1 5.9 4.3 
1% 4.0 5.4 7.3 8,5 9.3 10.0 10.4 10,5 10.4 10.0 9.3 8.5 7.3 5.4 4.0 
2% 3.6 4.9 6,5 7.6 8.3 8.9 9.2 9.4 9.2 8.9 8.3 7.6 6,5 4.9 3.6 
3% 3.3 4.5 6.0 7.0 7.7 8.2 8.4 8.6 8.4 8.2 7.7 7.0 6.0 4,5 3.3 
4% 3.1 4,3 5.6 6.6 7.2 7.6 7.9 8.1 7.9 7.6 7.2 6.6 5.6 4.3 3.1 
5% 3.0 4.0 5.3 6.2 6.8 7.2 7,5 7.6 7.5 7.2 6.8 6.2 5.3 4.0 3.0 

These data can be used for the construction of a transparant graph of 
the same breadth as the pollen diagram. The values of nare plotted along 
an oblique line from zero to 150, and for a certain value of n. the cor~ 
responding values of L, (e.g. for a tail error of t %) are plotted along !'l 
horizontal axis to the right and left si de of n (fig. 4). This is done for 
various values of n. and the points. thus obtained are connected by smooth 
lines. the so~called tail error lines. 

o 

Fig. 4. Constructien of tail error line. 



Botany. - Isolement et culture du plasmode de Licea flexuosa PERS. By 
JOHANNA C. SOBELS. (Communicated by Prof. V. J. KONINGSBERGER.) 

(Communicated at the meeting of April 26, 1947.) 

Les travaux de COHEN 1939 sur les Myxomycètes nous ont incité à isoIer 
et à cultiver in vitro Ie plasmode de l'un de ces organismes. 

Cet auteur décrit une méthode qui permet de débarrasser Ie plasmode 
des microorganismes qui l'accompagnent et de l'obttenir en culture pure. 
Cet auteur a en outre réa1isé des cultures associées de plasmode et d'UD 

autre microorganisme (levure ou bactérie) sur les milieu x généralement 
utilisés en bactériologie. En partant d'un sclérote récolté sur Stereum pur~ 
pureum nous avons pu obtenir des cultures de plasmode d'une espèce, qui 
après fructifications a pu être déterminée comme étant Licea flexuosa. 

Nous avons pu purifier Ie plasmode en Ie laissant s'étaler sur des plaques 
de gélose. Le milieu avait été ajusté à pH 6 et tamponné à l'aide du mélange 
de phosphate monopotassique et disodique de SÖRENSEN. 

Dans les traces laissées par Ie plasmode sur la gélose noos avons isolé 
une levure ne provoquant pas la fermentation alcoolique, que nous avons 
déterminée comme étant Ie Torulopsis Laurentii nov. var. On a obten.u Ie 
développement optimum de cette levure à 15-20° cen,tigrades. 

Pour les cultures associées, nous avons utilisé, soit la gélose aux flocons 
d'avoine, soit de Ia gélose contenant 6 % de malt (6 % maltose), sur Ie 
premier de ces milieux les cuiltures se conservent 6 semaines, sur l'autre 
3 à 4 mois (V oir les photos Iet; 11). 

Nous avons utilisé pour ces cultures de longs ,tubes dans lesquels nous 
faisons couler Ie milieu en couche inclinée, on obtient ainsi beaucoup moins 
d'infection que lorsque ron emploiedes boîtes de PÉTRI. On introduit à la 
surface de lagélose une suspension stérile de Torulopsis Laurentii obtenue 
par cerutrifugation et lava'ge à l'eau stérile. Nous avons cherché à savoir 
si Ie plasmode était capable de se nourrir non seulement avec de la levure 
tuée, ma is avec les constituants de celle~ci. 

Pour cela nous avons introduit à l'aide cl'une pipette dans une boîte de 
PÉTRI à la surface de la gélose, soit un extrait alcoolique de levure (Bios 
extrait, E. C. W ASSINK, 1934: 603). soit un extrait pudEié (L' extrait purifié 
était deux fois moins concentré que I' extrait brut'). 

Nous avons constaté que Ie plasmode suit la trace de l'extrait brut plus 
rapidement que celle de I' ex,tTait purifié. Par la suite nous avons uniquement 
employé l'extrait brut. 

11 est important de ne pas mettre l'extrait de levure directement sur Ie 
milieu, il fa ut ajouter un substrat que Ie plasmode puisse phagocyter. Comme 
substrat nous utilisions une suspension de Torulopsis Laurentii préparée 
de la façon suivante. La levure était stérilisée à 120° C. avec cinq fois son 
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volume d' eau, puis agitée pendant une semaine et ensuite centrifugée pour 
séparer Ie liquide clair. Nous lavons Ie cwlot à l'eau stérile et on en fait 
une suspension. C' est cette suspension qui est utilisée comme suostrat. 

Nous avons comparé I'effet de I'extrait de Torulopsis obtenu par centri~ 
fugation suivant la méthode que no us venons de décrire et celui de l'extrait 
alcoolique de Ievurede bouIanger et nous n'avons constatéaucunedifférence 
(voir les photos lIl, IV et V). 

11 serait d'un grand intérêt de rechercher un mil}jeu de culture synthétique 
dont tous les éléments seraient chimiquement définis. Le plasmode de 
Licea flexuosa eIl!semencé sur un milieu géIoséajusté à pH 6 auqueI on 
ajoute 10 % d'extrait alcoolique de levure donne quelques jours après 
une belle culture régulière avec une nervation dense et un contour bien 
déveIoppé de couIeur jaune clair. Cette culture reste vivante pIusieurs 
semaines (voir photo VI). D'après la photo, nous pouvons constater que 
Ie plasmode est capable de dissoudre Ia gélose. 

Mlle. DALEuxen 1940 a démontré que Ie plasmode de Fuligo septic:a 
corrode notablement la gélose. Elle dit aussi "il s'agit d'une attaque par 
Ie plasmode ... probablement due à la secrétion d'une diastase, Ia gélase 
dont SKUPIENSKI a supposé l' existence." 

Nous avons démontré que Ie plasmode des Myxomycètes est capable 
de sedévelopper en absorbant les substances nutritives d'un milieu gélosé 
sans phénomènes phagocytaires. 

Nous avons ensuire cherché à déterminer quels étaient les constituants 
de l' extrait de levure nécessaire à Ia croissance du plasmode. 

Pour ceIa nous avons déterminé la teneur en azote de l' extrait akooltque 
par Ia méthode de KjELDAHL. 

Cet extrait en referme une quantité correspondant' à 2 % de protéines, 
si bi en que Ie milieu préparé à I'aide de cet extrait n'en contient que 0,2 %. 

Nous avons émis I'hypothèse que les protéines jouent un röle capital dans 
la nutrition du plasmode et nous avons cherché à Ia vérifier en cultivant Ie 
Licea flexuosa SUl" des milieux gIucosés à 0,5 % qui l"enferment 0,2 % de 
peptone soluble, et sur d'autres auxquels nous ajoutions en plus l'extTait 
de levure alcoolique. (Les plasmodes cultivés en présence de 0,5 % de 
glucose ont une nervation beaucoup moins dense) . 

Nous avons utilisé différentes sortes de peptones. Les milieu x préparés 
avec la Peptone Witte, Peptone Rhöne Poulenc, . Protéose-Peptone Difco, 
Peptone Organon provoquen.t pendant quelques jours une très bonne 
croissance, maiscelle-ci se ralentit très vite et Ie plasmode meurt au bout 
d'une semaine. Au conrraire avec Ia Peptone Merck et la Bacto-Peptone 
Difco Ie plasmode se développe nor,malementet I'adjonction d'extrait 
alcoolique de levure n' apporte aucune modification (voir les photos VII et 
VIII). 

On peut donc supposer que Ie plasmode est capa:ble de se déveIopper 
en présence de seuls facteurs de croissance apportés par les peptones. 
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Sur Ie milieu préparé avec la peptone Merck, Ie plasmode a vécu 3 semal~ 
nes et sur la Bacto peptone Difco nous raYOnS entretenu pendant deux 
mois, période après laquelle il a formé des sporanges. Nous avons ainsi 
démontré qu'un Myxomycète peut se développer normalement sur un milieu 
ne renfermant aucun microorganisme vivant ou ,~ué, ni aucun extrait de 
microorganisme. 

Etant donné qu'au cours des premiers jours qui suivent Ie repiquage Ie 
développement du plasmode est identique sur toutes les espèces de peptone 
que nous avons essayées, on peut se demander ce qui diffél"encie la peptone 
Merck et la Bacto peptone Difco des autres qui sont impropres à la cwlture. 
11 se peut que ces dernières ne renferment pas les substances de croissance 
convenables, ou bien on peut imaginer qu'au cours de son développement 
en présence de ces peptones Ie plasmode élabore des produits de méta~ 
holisme toxiques (NH3 par exemple). 

N ous avons cherché à déterminer la concentration optimale en azote 
pour la croissance du plasmode. Pour cela nous avons incorporé au milieu 
de culture des quantités croissantes de peptone de manière à ce que ce 
dernier renferme 0,1 %, 0,2 %, 0,4 %, 0,6 % et 0,8 % d'azote. 

Nous avons constaté qu'aux plus fortes concentrations utilisées 0,6 %, 
0,8 % Ia croissance était médiocre, Ie plasmode devenait transparent et sa 
nervature était läche. Cependant, au bout d'une période de 3 semaines, 
la végétation semble s'améliorer. 

Toutefois après un mois de culture on peut constater que ce sont les 
milieux con tenant 0,1 % d'azote qui fournissent les meilleurs résultats. 
La concentration optimale pour la peptone Merck nous paraît être voisine 
de 0,1 % ou 0,2 %. L'adjonction d'extrait de levure à des milieux renfer~ 
mant cette quantité d'azote n'amène aucune améJlioration. 

Nous avons cherché ensuite à cultiver Ie plas mode sur un milieu de 
compositrion bien déterminée ,et pour cela nous avons réalisé une série 
d'expériences en employant comme substrat les milieux suivants: 

(ensemencé Ie 3 mars 1944,gélose lavée pH 6 et) 
1. Asparagine 0,27 % + Tréhalose 0,1 % + Extrait de levure 0,1 % 
2. + Tréhalose 0,1 % 
3. + Extrait de levure 
4. 
5. Tréhalose ·0,5 % 
Nous avons obtenu Ie meilleur développement sur asparagine~tréhalose~ 

extrait de levure (1). Le plasmode a vécu sur ce milieu pendant une périocle 
de 39 jours. Sa couleur était jaune clair, il se déplaçait assez rapidement 
en formant un contour très net. 

Le développement du plasmode sur un milieu asparagine~tréhalose (2) 
diHère très peu du premier. 11 reste en vie aussi pendanb 39 jours. La vit esse 
de déplacement est au début plus petite, mais la différence disparaît. Les 
plasmodes sont plus petits, mais de forme régulière et avec un contour 
très net. 

35 
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Nous avons supposé que la culture de 1'organisme sur asparagine~extrait 
de levure (3) provoquerait un développement important. Ceci se produisit 
au début; les cultures se déplacaient rapidement, mais bientó:t nous avons 
observé un changement. Le plasmode se divise en petits morceaux qui 
pénètrent profondément dans Ie milieu et ne se réunissent plus. Ces cultures 
restent en vie pendant 31 jours. 

Les cultures sur asparagine (1:) et sur tréhalose (5) se déplacent difficile~ 
ment et nous avons bientöt observé sur 'Ie milieu contenant de 1'asparagine 
(1:) unedivision du plasmode en très petites parties qui pénètrent dans la 
gélose. Nous avons '9'ardé vivantes ces cultures pendant 31 jours. 

Sur les milieu x contenant clu tréhalose (5) les plasmodes ne se divisenb 
pas, mais ils restent très petits, de couleur jaune orangé, avec une nervation 
läche, sans contour, mais plus tard ils se contractent'. Ces cultures dissolvenrt 
un peu la gélose et restent en vie pendant 31 jours. 

N ous avons pu constater que sur 1e milieu asparagine~tréhalose (2) qui 
est entièremerut' synthétique, la croissan<:e était exceHente, presque com~ 
parabIe à celle que nous obtenions avec Ie milieu (1) asparagine~tréhalose 
qui renfermait lui, l' extrait de levure. 

Les cultures sur asparagine~tréhalose (2) se déve10ppaient mieux que 
sur asparagine et extrait de levure (3). 

A ce~te concentration, 1'extrait de levure ne renferme pas suffisamment 
de glucides pour remplacer Ie tréhalose. 

Avec Ie tréhalose (5) seul, la croissance était un peu meilleure qu'avee 
1'asparagine (4) seule qui n'est pas une source de carbone suffisante pour 
subvenir aux besoins du métabolisme du plasmode. Ceci explique que Ie 
développement soit mieux sur les milieux ne renfermant que du tréhalose, 
et que 1'extrait de levure seul ne puisse remplacer eet effet. L'action de cet 
extrait semble être d'ordre hormonal. Nous nous proposons de vérifier cette 
hypothèse 'en faisant ,des cultures sur des milieux renfermant à la fois du 
tréhalose et de l' ex:trait de levure. 

Historique. 

Dès 1890, STANGE constata sur Ie Chondrioderma 1'effet chimiotactique 
de l'asparagine utilisée à la concentration 1,2 %. En 1925, IWANow isola 
de différents Myxomycètes, une diasftase qui hydrolysait Ie tré'ha1lose et 
qu' il nomma tréhalase. 

En 1896, BEIJERINCK réussit à cultiver des amibes in vitro en les associant 
à des cultures de bactéries de vinaigre ou de Bacterium zymophila. 

En 1899, NADSON fit des cultures associées d'amibes de Dictyostelium 
mucoroïdes et de Bacillus fluorescens liquefaciens. Il essaya de cultiver 
ces organismes sans ,bactéries sur des solutions de peptones et de phos~ 
phates; ma is dans ces conditions Ie développement était :t'rès mauvais. En 
1902, Pons réussit à cultiver Ie Dictyostelium mucoroïdes en présence des 
cellules de Bacterium fimbriatum, tué par Ie chlorofor,me; mais il n'obtint 
aucun résultat en opérant de la même manière avec Ie Bacillus megatherium. 
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PINOY en 1907 réalisa des cultures de Dictyostelium diseoideum en 
présence de différentes bactéries, en~re autres B. fluoreseens liquefaciens, 
mais -;1 ne parvint pas à cultiver cet org'anisme en présence des bactéries 
tuées par un antiseptique. A la suite de ces expériences, l'auteur considérait 
Ie Myxomycète comme un parasite de la bactérie. 

Cependant en 1898, MILLER avait déjà réussi la culture aseptique d'un 
myxomycète. En 1925-26, SCHUCKMANN put cultiver Ie Dictyostelium sur 
un bouillongélosé. 11 constata Ie développement norm al des amibes et des 
pseudoplasmodes. Mais à la Iongue Ie myxomycète perdait Ie pouvoir de 
fructifier. 

En 1937, RAPER reprit la question, ill montra que le , Dietyostelium 
mueoroïdes se développait très bien en présence des bactéries tuées par la 
chaleur ou les rayons ultraviolets. Mais sur I' extrait des pois gélosé ou 
sur la gélose à 1 %de lactose et 3 % de peptone, Ie développement était 
très mauvais. De même, il n'obNnt aucun résultat en employant comme 
substrat un filtrat stérile de B. eoli. Ces résultats confirment ceux de 
NADSON. 

RAPER (1937) émit l'hypothèse que ron pouvait cultiver les Dietyo
steliaeeae sur des milieux synthétiques. Les Dietyosteliaeeae en effet 
forment des agrégats ou pseudoplasmodes, mais nous n'avons trouvé aucune 
indicaHon bibliographique sur Ie développement des fusiplasmodes sur 
milieux stériles. 

SMART 1938 a étudié la germination des spores de deux Myxomycètes. 
11 a constaté que des spores désinfectés germaient beaucoup plus faci~ement 
in vitro sur un milieu stérile qu'en présence des badéries ou des champig
nons. 11 a également remarqué que les solutions nutritives facilitaien,t 
beaucoup la fusion de Myxomycètes et la formation du plasmode. 

MARTIN 1940 érnit l'opinion que certains myxomycètes sont capables 
(sur la pa'ge 365): " ... to utilize nutrient material in soluNon as weU as 
to ingest concrete particles and digest them. It may be inferred thatJ in 
natureboth methods of securing food are utilized". Sur la page 379, il dit 
avec 'grand opt'imisme ,,' .. once bacteria-free cultures are secured, it shoulcl 
be possible to g-row myxomycetes in pure culture from spore to fructification 
wirh no ,greater difficulty than is entailed in culturing some species of 
Phycomycetes" . 

Les expérienees que nous avons relatées préeédemment montrent que 
fon peut cultiver un myxomyeète sur un milieu gélosé à base d'asparagine 
et de tréhalose. Or, avant les travaux de COHEN (1939) on considérait que 
les microorganismes étaient indispensables à la nutrition des amibes et des 
myxomycètes. 

Laguerre nous a obHgée à int'errompre ces recherches en septembre 1944. 
Nous les avons repris en mai 1945 au "Botanisch Laboratorium Utrecht", 
maïs les charges de l' enseignement ne nous ont pas permis de nous y 
consacrer entièrement età cette époque par suite cl'une infection due à un 
Penicillium anNbiotique la souche de cultures associées de Lieea flexuosa 
que nous entretenions depuis décembre 1940 fut détruite. A l'heure actuelle 
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grace à une bourse clu Gouvernement français nous avons repris ces 
recherches à l'Institut Pasteur sous la direction du Dr. A. LWOFF et du 
Dr. J. MAGROU. 

Nous travaillons avec Ie plasmode d'une espèce encore indéterminée 
récoltée en Hollande et nous cherchons en ce momen.t une méthode de 
mesure qui nous permette de déterminer quantitativement la croissance du 
plasmode. 

En terminant nous tenons à ex primer toute notre reconnaissance au 
Professeur V. J. KONINGSBERGER, qui a bien voulu s'intéresser à notre 
travail et n'a cessé de nous a~der de ses conseils. Nous adressons aussi nos 
remerciements très sincères au Professeur A. J. KLUYVER qui nous a 
aimablement accueillie pendant quinze mois dans son Iaboratoire. 

Paris Ie 21 mars 1947. 
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PHOTO I. - Culture associée du plasrnode de L. flexuosa et cje lev ure T. Laurentii. 

Agée de 15 jours. Couleur: jaune foncé. 
Ensemencée Ie 30 juin 1943 sur gélose aux flocons d·avoine. pH 6. 
Photographiée Ie 15 juillet 1943. 

PHOTO 11. - Culture associée du plasrnode de L. flexuosa et de la levure T. Laurentii. 

Agée de 16 jours. 
Ensemencée Ie 31 août 1943 sur gélose à 6 % de malt. 
Photographiée Ie 16 septembre 1943. 
On observe 2 plasmodes. A la périphérie. un plasrnode jaune clair. qui s'est déve10ppé 
symétriquement et qui a atteint un diamètre de 9 cm. 
A !'intérieur une zone de couleur crème de Tomlopsis Laurentii qui s 'est développé 

dans la trace du plasmodl 
Au cenlre se trouve I'endroit d'ensemencement qui s'est développé une deuxième fois 
pour donner un plasrnode jaune c1air d'un diamètre de 4 cm. 

PHOTO III. - Culture de 2 jours. 
Ensemencée Ie 11 août 1943 sur gélose lavée. pH 6. avec une sus pension de levure 
(Ie cubt de centrifugation ,Iavé avec I' eau stérile). 1 = ensemencement, 2 1<. vure 

(culot). 
Photographiée Ie 13 août 1943. 

PHOTO IV. - Culture de 2 jours. 
Ensemencée Ie 11' août 1943 sur gélose lavée, pH 6, avec une suspension de levure 
Ie culot de centrifugation auquel on a ajouté un extrait aqueux) . I = ensemencement. 
Photographiée Ie 13 août 1943. 

PHOTO V. - Culture de 2 jours. 
Ensemencée Ie 11 août 1943 sur gélose lavée, pH 6 avec ul1e sus pension de levure 
(Ie culot de centrifugation et auquel on a ajouté un extrait alcoolique) . 1 = 
ensemcncement. 
Photographiée Ie 13 août 1943. 

PHOTO VI. - Culture de 13 jours. 
Ensemencée Ie 25 novembre 1943 sur gélose lavée, pH 6 avec 10 % de I'extrait 
a lccolique de levure. 
Photographiée Ie 8 décembrc 1943 à travers Ie fond de la boite de PÉTRI. 
Après 5 jours, Ie plasmode s'est dispersé en petits flocons jaunes sur Ie milieu, après 
1 semaine i1s ont pénétré profondément dans Ie milieu et au bout de 15 jours il y a 
3 grands plasrnodes dont Ie plus grand se trouve sur la gélose et les 2 autres enlre 
la gélose et Ie verre. IIs sont jaune clair, ont un contour bien développé et une 
nervation pas très dense. 
La superficie est environ 8;Y.î cm2 , celle du plasrnode ensemencé 71 cm2 . 1 = 
ensemencement 
Le plasrnode a formé des trous dans la gélose (2) . 

PHOTO VII. - Culture de 2 jours. 
Ensemencée Ie 6 octobre 1943 sur gélose lavée, pH 6. 10 cm3 par tube. Bacto-peptone 
DJco 0, 2 %. Glucose 0.5 %. 
Photographiée Ie 8 oe tob re 1943. 
La nervuration se compose d 'un réseau de grosses veines espacées entre lesquelles 
on distingue un second réseau de fines veines. 
II s'est déplacé rapidement et se trouve à 11 cm de I'endroit ensemencé superficie 
371 cm~. 

1 = ensemencement, 2 = plasrnode. 

PHOTO VIII. - La même culture. au bout de 5 jours. 
Photographiée Ie 11 octobre 1943. 
Le plasrnode s'est divisé en deux par ties dont I'une se trouve entre la gélose et Ie 
verre et I'autre à la surface de la gélose. 
Le plasrnode qui se trouve dans Ie fond du tube est à une distance de 1471 cm du 
point d 'ensemencement. Sa superficie est 5 cm2 . 

Le deuxième plasrnode est revenu et se trouve à 871 cm du point d'ensemencement, 
SOI1 contour est très net et sa nervuration dense. 
Superficie 2;Y.î cm2 • 

I =ensemencement, 2=plasmode à la surface, 3=plasmode entre la gélose et Ie verre. 

}OHANNA C. SOBELS: Isolement et culture du plas mode de Licea flexuosa PERS, 



Botany. - The inhibition of germination, ca,used by extracts of seedbaUs 
of the sugarbee~ (Beta Vulgaris). By CHR. P. A. DUYM, J. G. 
KOMEN, A. J. ULTÉE and B. M. VAN DER WEIDE. (Communicated 
by Prof. V. J. KONINGSBERGER.) 

(Communicated at the meeting of April 26, 1947.) 

Introduction. 

A great number of recent publications deals with inhibiting l substances 
(5. 38. 39); they partly concern the inhibition of the growth (3. 11, 15. 
22, 23, 31) and partly 'vhat of the germination. To the latter belong those 
on the inhibition of the germination by extracts of Heshy fruits (10, 15. 
17, 18, 19, 24, 26. 28. 32. 37) and by extracts of seeds (or seedballs in 
the case of Beta) (4.6,7.8.9, 14.20.21, 25, 27. 29. 34, 36). Moreover. 
several authors reported on inhibiting effects of gases and volatHe sub~ 
stances from seeds and fruits on germination (2. 6. 16, 36). To this 
category also belongs an extensive literature on the action of ethene. 

We have restriûved ourse1ves to the effect of extracts of the seedballs 
of Beta, following the experiments of FRÖSCHEL (7. 8. 9. 14. 20. 21. 25. 
34). JENTYS (14) was the first who prepared extracts of beet seeds and 
tested these on inhibiNon. He toogave the first analyses of the inorganic 
components of these extracts. FRÖSCHEL ( 1939) published his. almost 
classical. experiment on germination with unilateral wat'er supply. in which 
he dearly demonstrated the presence of a germination inhibitor in seeds 
of Beta. The liquId. af ter passing beet seeds. retarded the germination of 
seeds of at least 29 other species. This proved that this inhibitor is not 
specific to the species. In a second report (8) FRÖSCHEL demonstrated the 
reversability of the effect. From FRÖSCHEL's first paper it was already 
clear that the in'hibiting substance was easily soluble in water. He used 
,t'his property to prepare water extracts. Other important features are: 

1. The inhibition increases with the concentration. 
2. The effect is most marked in the light. 
3. Adsorption of the inhibitor by rhe usual ad'Sorbants could not be 

proved. 
4. Animal charcoal adsorbs the brown colour from the extracts; this 

colour has nothing to do with the inMbition. 
5. The inhibiting substance is ,thermostable and insoluble in alcohol 

and ether. 
6. The occurrence of inhibitors in seeds is widely spread. 
7. The inhibitor from barley also decreases the intensity of respiration. 
GILLIS (12. 13) made a qualitative and for the greater part quantitative 

analysis of the inorganic components of beet seed extracts. The occurrence 
of oxalate ions in rather a high concentration was striking. GILLIS proved 
an inhibiting effect of a 0.03 normal potassium oxalate solution. 

It is ,generally assumed that inhibi,lling substances are important in 
preventing a premature germination of the seed and in securing a normal 
development of the plant. 
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Experimental part. 

Preparation of the seed extracts. We followed the method of FRÖSCHEL 

(private communication). 

1 kg Beta seeds are immersed in 4 I distilled water and filtered 
with suction af ter standing for 24 hours at room temperature 
(filtrate about 3 I). Then 2.5 % active charcoal is added, the 
solution heabed to bOiling and filtered again. The filtrate is almost 
colourless. In order to prevent growth of bacteria the extract is 
sterilized at 120°C for half an hour. This we call the standard solution. 

Some tests were made with solutions not treated with active coal. but 
otherwise prepared in the same way and with solutions not heated at 
all. A treatment with coal without heating does not give a complete 
decolourization. 

Determination of the rate of germination. Tests were made with Avena 
sativa (Victory oats 1941 ), Lepidium sativum (harvest 1945) and Papaver 
orientale. The seeds were considered germinated when the seedcoats we re 
perforated by the germ. 

The seeds were placed on wet filter paper, wrapped around glass plates 
of 3 mm thickness in Petri .. ·dishes (0 11 cm). Each dish contained 100 
seeds and 15 mI solution (or distilled water in the controls ). Avena seeds 
had previously been soaked for one -hour in -the solutions in question. The 
results aregiven as the mean of the observations of the different authors. 
The most impor1tant tests were repeated under sterile conditions; the results 
showed no difference with the not sterile ones. 

This method is essentially different from that used by FRÖSCHEL, who 
placed the seeds on paper strips, while one end of ,these was immersed in 
the solutions. In th is way the liquid is flowing through the paper (proved 
by the accumulation of coloured substances) . Thus the water of the moving 
solution partly disappears by 1. absorbtion by thegerminating seeds and 
2. evaporation;and therefore the concentration of the solution increases. 
The inhibited seeds do not absorb much water and so this increase is mostly 
due to evaporation. This concentrated solution gives a much stronger 
inhibiting effect than with our method, but the concentration of the solution 
on the place of the germinating seeds is not known_ 

lnfluence of light on the inhibition. Tests were made to investigate the 
action of light on the inhibition of germination. 

TABLE 1. 
0/0 Germinated Avena seeds af ter 

Distilled water; in the light 
Beet seed extract; in the light 

Distilled water; in the dark 
Beet seed extract; prepared and tested in the dark 
Beet seed extract; prepa red in the light and tested in the dark 

21 h 4B h 

72 
15 

B2 
67 
67 

B7 
4B 

94 
B3 
B7 
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The inhihiting effect is most marked in the light. 

lnfluence of decolourizing and heating of the extracts. Four types of 
ex,tracts were used in the following experiments in order to investigate 
whether the inhibitors are partly removed during the purification and 
sterilizing of the extracts. 

TABLE 2. 

0/0 Germinated Avena seeds af ter 

Distilled water 
Beet seed extract, not decolourized and not heated 

, not decolourized and heated 
, decolourized and not heated 
, decolourized and heated 

% Germinated Lepidium seeds after 

Disti\led water 
Beet seed extract, decolourized and not heated 

, decolourized and heated 

16 h 20 h 

65 
17 
13 
16 
16 

88 
27 
23 
H 
41 

20 h 40 h 

31 
23 
21 

67 
58 
52 

Heating of the solutions had no influence, decolourizing slightly 
diminished the inhibiting capacity. 

On the nature of the inhibiting solution. All extracts were optically 
inactive. In order toget an impression of the concentranion of the deco~ 
lourized solution we determined: 

I. Dry weight in vacua over conc. H 2S04 • 

11. Dry weight of the residue at 105 0 C. 
111. Dry weight of the residue when ignited. 

Beet seed extract, decolourized 
Id. af ter electrodialysis 
Not decolourized extracts 

a) according to JENTYS (14) 
b) according to GILLIS (13) 

TABLE 3. 
Dry weight in %. 

Extraction of beat seed extract with peroxyde-free ether 
a) at pH 7.1 
b) after addition of 10 % conc. hydrochloric acid 
c) af ter addition of 10 % conc. (40 %) potass. 

hydroxyde 

11 III 

0.95 0.87 0.65 
0.093 0.050 0.020 

1.27 0.93 
1.17 0.67 

0.001 
0.021 

0.001 
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When extracting the acidified solution the oxalic acidpartly goes into 
the ether layer. 

TABLE 4. 
Test results. % germinated Avena seeds af ter 

Distilled water 
Beet seed extract 
Id., af ter electrodialysis 
Extract with peroxyde-free ether 

a) at pH 7.1 
b) af ter addition of la % conc. hydrochloric acid 
c) after addition of 10 % conc. (40 %) potass. hydroxyde 

Residue on evaporation dissolved in orig. vol. of water 
Residue of ignition dissolved in orig. vol. of water 

24 h 

81 
47 
81 

80 
91 
94 
SI 
SI 

These tables show that the inhibition is mainly due to the inorganic 
compounds of the extract. 

lnorganic components of the inhibiting solutions. The most detailed 
analysis is that of GILLIS (12, 13), but he gives no figures of the content 
of phosphate and carbonate. This is shown by the fact that Ithe total of 
his cation-equivalents is higher than that of the anions. Probably organic 
anions and silica~es also play a part. 

The results of GILLIS and JENTYS are: 

TABLE 5. 
Milli-equivalents in 100 mi according to 

Na+ 
K+ 

NHt 

Mg++ 

ea++ 
CI

NO;-

JENTYS 

4.5 

4.6 

2.5 

50';- 1.19 

Cp:.;-
HPO:';- 0.74 

HCO; 2.4 * 

GJLLIS mean 

4.6 4.6 

4.4 4.5 

0.38 0.38 

0.62 0.62 

0.01 0.01 

4.4 3.5 

1.37 1.37 

1.12 1.15 

1.85 1.85 

0.74 

2.4 

* JENTYS analysed the ashes and this may account for the high amount of carbonate, 
which may originate from the oxalate and eventually other organic · material. 

We prepared a solution based on the figures of the mean, adding 
bicarbonate to balance the anions and cations. 



531 

TABLE 6. 

Salt solution: mol per I 9 per 1 

NaCI 0.0350 2.042 
Na2S04 10 aq 0.0007 0.225 
Na2HP04 1 aq 0.0037 0.658 
KNOa 0.0137 1.387 
K2C204 1 aq 0.0093 1.712 
KHCOa 0.0129 1.291 
MgSO~ 7 aq 0.0031 0.763 
(NH4)2S04 0.0019 0.252 
CaS04 0.00005 0.007 
NaHCOa 0.0021 0.176 
RbNOa trace trace 

T 'he osmotic value can be estimated about 4 atm. 
We tested the retardation of the germination of AveTza seeds by this 

solution: 

TABLE 7. 
010 Germinated Avena seeds af ter 

17 h 20 h 

Distilled water 
Beet seed extract 
Inorganic salt solution 

Under steriIe conditions we found: 

TABLE 8. 

68 
20 
28 

% Germinated Avena seeds after 

86 
iS 
58 

17 h 21 h 

Distilled water 
Beet seed extract 
Inorganic salt solution 

Si 
26 
33 

82 
60 
61 

The same experiments with Papaver orientale instead of with Avena 
gave the following results: 

TABLE 9. 
0/0 Germinated Papaver seeds af ter 

Distilled water 
Beet seed extract 
Inorganic salt solution 

72h 

68 
39 
i9 

Consequently the inor'ganic salts are for ,~he greater part responsible 
for the inhibition. Wethen investigated wh ether the inhibition was due 
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to specific ions by replacing eachion successively by anotJher one 
(Na+by K+, Mg++by Na+, C20i- by HC03" and 50 on.) All these 
solutions showed the same effect. 

The salt solution tested in the dark showed a much weaker in'hibition 
than in ,tlhe light, just like beet seed extracts: 

TABLE 10. 
% Germinated Avena seeds af ter 

Distilled water; tested in the light 
Beet seed extract, id. 
Inorg. salt solution, id. 

Distilled water; tested in the dark 
Beet seed extract, id. 
Inorg. salt solution, id. 

lnfluence of osmotic pressure. 

TABLE 11. 
0/0 Germinated Avena seeds after 

Distilled water 
Beet seed extract, not decolourized, not heated 
Id., diluted twice 
Id., concentrated -4 X by freezing 
Inorganic salt solution 
Id., diluted twice 
Mannitol (3.3 % in water, isosmotic) 
Id., 1.65 % 

21 h 

79 
55 
57 

86 
78 
79 

17 h 

68 
19 
60 

1 
24 
62 
13 
32 

19 h 

86 
41 
74 
2 

47 
74 
24 
52 

Mannitol has astrong osmotic effect, due to the low permeability of 
the protoplasm for this substance. 

Electrodialysis. In order to prove directly that electrolytes have agreat 
influence, we subjected beet seed extract to e1ectrodialysis with cellophane 
membranes during two days. The resistance of the solution had then 
increased from 143 Ohms to 2100 Ohms. The results obtained are shown 
in table 4. 

Volatile substances. Volaoile substances in beet seeds were found to 
have an inhibiting effect on germination, but they are not present any more 
in decolourized extracts. 

The influence of beet seed extract on cell elongation. The method used 
in measuring-cell e1ongation was ,tohe coleoptile~cylindertest of BONNER (1), 
as modified by VAN SANTEN (30). We cut cylinders from the zone of 
4-6 mm from the tip (length of the cylinders 131-2 mm). Indole~3~acetic 
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acid in a concentration of 1 mg!1 was added, as auxin appeared to be the 
limiting factor for elongation after about one hour and a half. When the 
experiments last much longer, food factors begin to play a part. 

TABLE 12. 
Growth in per cent after 

3 h 12 h 

Distilled water 9.2 14.5 
Beet seed extract 1.8 2.8 
ld., diluted 1 : 50 4.5 8.8 
Distilled water with indole-3-acetic acid 16.4 23.1 
Beet seed extract with indole-3-acetic acid 2.1 3.0 
ld., diluted 1 : 100 with indole-3-acetic acid 11.7 20.0 
Inorganic salt soln. with indole-3-acetic acid 0.8 
Tap water with indole-3-acetic acid 6.6 13.2 

Inorganic salts and even tap water decrease the growt'h ra te of the 
cylinders. 

The influence of the extracts on the respiration of Avena seeds 
and coleoptile cylinders. Dormant seeds show a weak respiration; on 
germination the consumption of oxygen rapidly increases. We investigated 
the respiration of inhibited seeds during the first· 4 hours by means of the 
manometric method of WARBURG. Temperature 25° c.; manometer vessels 
illuminated with 5000 lux. 

TABLE 13. 
Comsumption of oxygen in mm3/15 seeds in 210 min 

af ter immersion in the solutions. 

Distilled water 
Beet seed extract 
Inorg. salt solution 

63 
61 
71 

These differences are within the experimental error. The same results 
were obtained with Avena coleoptile cylinders. In this case the respiratory 
quotient was 1.0 both in water and in bee~ seed extract. 

Conclusions. The inhibiting effect on the germination of beet seed 
extractsis caused for the major part by its inorganic components. This 
follows from the almost equally strong inhibiting effect of the inor.ganic 
salt solution.Moreover the inhibiNng power disappears af ter electrodialysis 
of the extract by which the ions and small organic molecules are removed. 

It is known th at the osmotic pressure of the medium influences the 
germination percentag·e (19, 24, 28, 35, 37). From this view it is significant 
that mannitol ex erts astrong retardation, as this substance slowly pene~ 
trates into the cells and therefore has a high osmotic effect. The inhibition 
by beet seed extracts is generally attributed to specific sub stances (8, 14, 
36, 39). In this case the effect of specific inhibiting substances can only 
be slight and secondary. The occurrence of auxins in concentrations that 
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could inhibit germination is not probable in our heated and decolourized 
extracts (39). Moreover the inhibition of the growth would shift into an 
acceleration by diluting theextract. This is not ,t'he case. 

The identity of the inhibition of thegrow,th and of the germination has 
never been proved, although it has tacitly been assumed by several authors 
(e.!g. 15). There are at least some marked differences, such as the influence 
of indole~3~acetic acid, which is slight and inconsistent on germination 
(e.g. 24a) and pronounced in rhe cell elongation as measured with BONNER'S 

test method. The coleoptile cylinders are very susceptible to ions and other 
regulators of permeability. 

Remarkable is the strong influence of light on the inhibition, which we 
cannot explain, but which also appears to be important in the case of 
inhibition by salt and sugar solutions. 

Summary. 

An investigation was made on substances in the extracts of seedballs 
of Beta, which inhihited the germination. It is shown that in this case 
osmotic ·effects are ,the more important. Specific inhibiting substances 
could not he detected. 

April 1947. Botanical Laboratory, Utrecht. 
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Astronomy. - Egyptian "Eternal Tables". I. By B. L. VAN DER WAERDEN. 
(Communicated by Prof. A. PANNEKOEK.) 

(Commwlicated at the meeting of March 29, 1947.) 

Introduction. 

Very little is known about the history of Egyptian astronomy. Were 
the Egyptians in possession of long observations of movement, periods 
and stationary points of the planets. so that even the Chaldaeans could 
learn from them. as Diodoros (I 81) says? Were they able to predict 
celestial phenomena by graphical or geometrical methods. as Theon of 
Smyrna (p. 177 HILLER) asseèts? Were their astronomy and astrology 
autochtonous or largely influenced by Greek or Chaldaean (= Babylonian) 
ideas? Does Egyptian astronomical science go back to old~Egyptian wis~ 
dom, or is it a product of Hellenistic times? 1) What was the nature of 
the knowledge of the Egyptians about the planets laid down in the "eternal 
tables", as mentioned by a horoscope 2) for AD 81? 

The best method to decide these questions would be the careful analysis 
of Egyptian astronomical and astrological texts. Only quite recently dis~ 
cussion of the astronomical texts started. mainly through the work of 
OTTO NEUGEBAUER 3) 4) 5). 

I will discuss three of the most important astronomical texts, published 
by NEUGEBAUER 5). concerning the dates of entrance of the planets into 
the signs of the zodiac, and I will show that they are calculated entirely by 
Babylonian methods. 

I believe that this fact, combined with other indications of Babylonian 
influence such as the pictures of the goatfish (= Capricorn). the archer 
(= Sagittarius) and the weigher (= Libra) on the famous zodiac of 
Dendera. will help to throw more light on the dark origins of Hellenistic 
astronomy and astrology in Egypt. 

Egyptian Planetary Texts. 

The texts will be designed, as in NEUGEBAUER's paper. by the letters 
P. S and T. 

P is the Berlin Papyrus P 8279. first published by SPIEGELBERG 6). 

1) A thorough discussion of these questions is given by O. NEUGEBAUER: Egyptian 
planetary texts. Trans. Amer. Philos. Soc. 32 (1942) p. 235. 

2) Published by KENYON, Greek Papyri in the British Museum, Cat. I (1893) p. 133. 
3) O. NEUGEBAUER and A. VOLTEN, Ein demotischer astronomischer Papyrus (Pap. 

Carlsberg 9). Quellen u. Studien Gesch. Math. B 4 (1938) p. 383. 
4) O. LANGE and O. NEUGEBAUER, Papyrus Carlsberg No. 1, ein meratisch

demotischer kosmologischer Text, Kg!. Danske Vid. Selsk. HistAi!. Skrifter 1. no. 2 
(1940). 

5) O. NEUGEBAUER, Eg. Plan. Texts, Trans. Amer. Philos. Soc. 32 (1942), p. 209. 
6) W. SPIEGELBERG, Demotische Papyrus aus Berli'n, Leipzig 1902. 
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S denote the "Stobart tablets". published by BRUGSeH 7). 
T is the Teptunis papyrus 11 274. published by GREENFELL. HUNT and 

GOODSPEED 8). 
NEUGEBAUER re~edited these Egyptian Planetary Texts (l.c.) with an 

excellent astronomical and historical commentary. 
He found that dates in Pare given according to the 'Egyptian calendar. 

in S according to the Alexandrian calendar. P covers the years 14-41 of 
the reign of Augustus (- 16 till + 11 AD). S consists of 3 parts: 

A Years Vespasian 4 - 10 (A D 71 -77) 
Cl + C 2 : Years Trajan 9-Hadrian 3 (AD 105-118) 
E : Years Hadrian 11-17 (A D 126-132). 

The Greek papyrus T gives dates of entrance of planets into the signs 
for the years 10- 18 Trajan nearly identical with those of S. It contains. 
furthermore. an interesting additional column giving dates of the new moon 
and subsequent crescent. calculated according to a simple rule. which can 
also be found in Papyrus Carlsberg 9. published by NEUGEBAUER and 
VOLTEN (l.c.). 

Comparing the positions given in Pand S with modern calculations. 
NEUGEBAUER found a systematic difference (text minus calculation) of 
about 4° in the beg inning of the reign of Augustus and decreasing with 
time. This means th at the texts use a fixed origin of the zodiac. connected 
with the fixed stars. just as Babylonian moon and planetary tables do. If 
modern longitudes are reduced to the ecliptic of 100. the difference becomes 
5°; hence the origin of the zodiac in our Egyptian texts coincides with 
that of the Babylonian ephemerides and observation texts of the latest 
time 9). 

NEUGEBAUER has made it highly probable that Pand S belong to the 
so~called "eternal tables" mentioned by PTOLEMAIOS 10) and by a Greek 
horoscope for AD 81 mentioned before. He could. however. not decide 
by what means the tab les were calculated. He rightly ob serves that some 
kind of theory must have been used. for the entrance of aplanet into a 
sign is indicated even if it is invisible. In the main "linear part" of the 
orbits. where the motion is approximately uniform. he found agreement 
between text and calculation. but in the retrograde part and immediately 
before and af ter there are considerable discrepancies. a fact which excludes 

7) H. STOBART, Egyptian AntiqUlÎties, Par is and Berlin 1855. - H. BURGSCH, 
Nouvelles Recherches sur la divisi'on de J'année, suivies d'une rnérnoire sur des observations 
planétaáres, Berlin (P. Schneider) and Pa ris (P. Duprat) 1856. 

8) B. P. GREENFELL, A. S. HUNT and E. J. GOODSPEED, The Teptunis Papyri 11. 
Univ. ofCaltforni~ Pub!. 2, London 1907. 

9) KUGLER, Sternkunde und Sterndienst in Babel 11, p.520. - B. L. v. D. WAERDEN, 
Babylonische Planetenrechnung. Eudernus I (1941) p. 47. 1 found for earlier texts 
(210--160 B C) a dlifference of about 3° 30', for 160--130 B Cabout 4° 10', and for 
110--60 B C exactly 5° 20', cornpared with the edipti'c of -100. 

10) PTOLEMAIOS, Syntaxis IX 2 (p. 211 Heiberg). 
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the use of something like epicycles and excenters. He conjectures th at the 
tables are the result of combined observations and calculations. 

In the following lines it will be shown that the tables p, S, and T are 
calculated according to Babylonian methods. The velocities of any planet 
are assumed to be constant during a definite part of the synodic period and 
in a definite part of the ecliptic, and to jump suddenly to another constant 
value if these limits in time or space are exceeded, just as in certain 
Babylonian procedure texts. As a typical example, I quote the procedure 
text Rm IV 431 11) . In this text the ecliptic is divided by the points 2° /6, 

17°'ö', 9°§, and 91llinto 4 parts, for which different speeds are assumed. 
On the "fast arcs" from 2° /6 to 17° 'ö' the velocity of Jupiter is 

during 1 M after heliacal rising 15' per 1 D (1 M = 30D ) 

3M 8' per l D 

4M retrograde 5' per 1 D 

3M 7'40" per 1 D 

1 M until heliacal setting 15' per 1 D 

1 M un til heli ac al rising 15' per 1 D 

On the "middle arcs" from 9° 1ll to 2° /6 and from 17° 'ö' to 9° § these 
velocities are multiplied by H·, and on the "slowarcs" from 9° €9 to 9° 1ll 
by t. 

Hence the velocities show the same ratio as 40: 45: 48. The total 
synodic arc is 36° on the "fast arcs", 33°45' on the "middle arcs" and 
30° on the "slowarcs". 

It will be shown, that quite similar schemes are used in our Egyptian 
"eternal tables"; only the velocities are different from those of the known 
Babylonian procedure texts. 

The purpose of the column of new moons and crescents in T becomes 
clear too: it allows the reduction of Babylonian dates to the Egyptian or 
Alexandrian calendar; for the Babylonian month begins with the crescent. 

Venus. 

The dates for Venus for the year 9 Trajan in text S are: 

Month Day Sign Difference Month Day Sign I Difference 

1 16 'IJl' 24 7 4 or 25 
2 10 !!::!:! 24 7 29 'ö' 25 
3 4 111. 25 8 24 )( 24 
3 29 7f- 23 9 18 § 25 
4 22 /6 24 10 13 Q 25 
5 16 "'" 24 11 8 'IJl' 38 
6 10 X I 24 12 16 !al -

As one sees from the differences, the planet moves during the first 11 
months with a nearly constant velocity. Only at the end of the year, just 

11) See KUGLER, Stemkunde I, p. 136, and V. D. WAERDEN, Eudemu'S I, p. 35. 
KUGLER eaUs the procedure texts "Lehrtexte". 
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before the retrogradation begins. the motion becomes slower. During the 
uniform " linear part" of the motion the time needed to pass a sign alternates 
with few exceptions between 24 and 25 days throughout the whole tabIe. 

Two explanations for these constant differences are possible: either 
some of the positions were observed and the others found by linear inter~ 
polation. or all of them were calculated by assuming a constant velocity. 

To decide between these two possibilities. I have reduced the dates of 
the next synodic period (year 11/12) to the year 9/10 by subtracting a 
synodic period (584 days) from the dates and a synodic arc of Venus 
(360° + 215P) from the positions. In the same way. I have reduced the 
dates of the year 12/13 to the year 9/10 by subtracting 2 synodic periods. 
etc. for the whole text S. All positions thus obtained are shown as points 
in diagram 1. 

As is seen from this diagram. the linear parts of the 16 synodic periods 
covered by the text are brought to exact coincidence by our reduction 
procedure. The deviations seldom exceed 2 days. This proves that all 
positions are calculated. For if they were partly derived from observation, 
deviations up to 5 or 6 days ought to occur. owing to the anomalies of the 
sun and Venus. Observational errors and the difficulty of dividing the 
ecliptic into 12 exactly equal signs would tend to increase these deviations 
still more. 

Furthermore one sees from the diagram. that about the date month 
11 day 13 a sudden change in velocity takes place. After this change. the 
velocity remains constant again during 1 month at least. The law of the 
retrograde motion is not quite clear. but in any case the retrograde arc is 
too large (at least 18° , probably 20° or more). just as in the Babylonian 
Venus tablet Sp I 548 + 230 12). Af ter the retrograde motion the velocity 
increases again stepwise until it resumes its original value in the linear part. 

The highest and second highest velocities, obtained graphically from 
the diagram. are 

480° in 392 or 393 days (linear part) 
23 ° in 30 days (before and after). 

One gets much simpIer values. if the velocities are calculated not for 
30 days but for one Babylonian month. As I have shown in Eudemus I. 
the fundamental unit of time in Babylonian planetery texts is the mean 
synodic month of 29.53 days, which is divided for the purpose of easy 
calculation into 30 artificial "days". W riting 1 Mand 1 D for the Babylonian 
month and artificial day. 1 d for the rea I day, we find the two velocities 

480° in 400D. i.e. * (0 per D) 
22!0 in 30D, i.e. î (0 per D) 

These two values are certain, but the law of motion during the retrograde 
course and immediately before and af ter is not quite clear. AreasonabIe 

12) KUGLER. Sternkunde und Sternendienst I. p. 205. 

36 



540 

conjecture seems to be the following, represented by the broken line in 
the diagram: 

14M 40 velocity I °12' per 1°, travelled distance 508°48' 
IM 45' 22°30' 
IM 36' 18° 
IM 10° 30' retrograde, -20° 
}M 10° 36' per 1° , 24° 
lM 45' 22°30' 

19M 240 total synodic period, 

Slight alterations are possible, but in any case the law of motion is 
quite analogous to those of the Babylonian procedure texts for Jupiter (see 
Introduction) and Saturn (see hereafter), only in the case of Venus no 
dis tin ct ion between different parts of the ecliptic needs to be made, the 
anomalies of Venus and the sun being small. 

Mars. 

As yet 4 indications pointed to Babylon: 
the fixed origin of the zodiac, 
the retrograde arc of Venus of about 20°, which is too large, 
the simple values of the velocities in Babylonian units, 
the law of motion analogous to Babylonian procedure texts. 
We could add that planetary calendars of the same kind as our Egyptian 

ones, recording the entrance of plan ets into signs of the ecliptic, exist in 
cuneiform texts since 200 Be 13). But the definite proof of the Babylonian 
origin of the Egyptian tables is given by considering the mot ion of Mars 
in text S. 

In this case too we have a "linear part" of the motion and an "irregular 
part", wh ere it is slow er or even retrograde. In the linear part the date 
di fferences , th at is, the times required for traversing the signs of the 
ecliptic, are as follows (see following page): 

It is seen at once, that the following differences occur most frequently: 

in 1W ~ i8 
in 1ll ;;r. i1. 42 and 43 
in ;t, = 38 
in )-( 'Y' 41 
in 1:5 :n: 46 
in § Q 54 

13) See KUGLER. Sternkunde und Sternendienst I. p. 92-107, 11 470-513 and 3. 
Ergänzungsheft p. 358-374. In the planetary tables for the years 178, 234 and 236 of 
the Seleucid era (KUGL:ER 11. p. 496. 490 and 474) the velocity of Venus in the linear 
part of the motion is 30° in 250. just as in our Egyptian tables. 
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Date differences for Mars In different Signs 
(- means retrograde motion) 

Text and year 1JP~ 1It if. ;{) ... >< 'Y' 

Vespasian year 

A 

Trajan year 

Cl 

Cl 

Hadrian year 

Hadrian year 
E 

4/5 
6 

7/8 
9 

9 
10/11 
12/13 
14/15 
16/17 
18/19 

1/2 
3 

11 
12 

41 41 37 34 39 38 
~ 48 41 41 38 38 40 38 
48 ~ 43 38 38 41 41 
48 48 43 ~ 

41 38 38 40 40 
48 ~ 43 38 38 41 41 
48 48 44 52 ~ 43 43 
45 48 42 42 38 39 ~ 

i) i4 43 42 38 38 41 39 
46 45 39 31 48 38 41 41 

I 
46 46 14) 4P4)39 36 37 39 40 

-- 46 46 41 26 38 40 35 

I 49 46 I 42 42 I 36 38 I 41 

'ti )( 8 Q 

i4 46 54 55 
44 41 54 54 
46 43 48 53 

42 

46 42 51 54 
46 i4 48 51 
48 48 53 49 
46 46 54 54 

-- 52 52 
46 - 51 
46 46 15) 60 15) 

43 46 14) 

I 46 46 I 53 48 

In the middle of the linear part, near the conjunction, deviations from 
these norm al values occur frequently, just as if after the heli ac al setting 
or rising the dates were corrected in order to resto re the exact synodical 
period, but near the beg inning and the end of the linear part, the normal 
values prevail. 

1 shall call these norm al values t, taking in the second case (11l if.) t = 42 
as a mean value. 

Now, in a Babylonian table for Mars exactly the same division of the 
ecliptic into 6 parts of 2 signs each occurs. The rule for calculation of the 
synodical arc of Mars in AO 6481 is as follows 16): 

if the arc beg ins in 1W or ~ it is 360° + 40°, but if the arc oE 40° exceeds 
30° ~, th en for every degree one half degree is added; 

if it begins in 11l or if. the arc is 360° + 60°, but if it exceeds 30° jf-, 
for every degree one~half degree is added; 

if it begins in ;t, or ""', the arc is 360° + 90°, but iE it exceeds 30° ""', 
for every degree 15' are subtracted; 

if it beg ins in X or 'Y', the arc is 360° + 67io, but if it exceeds 30° 'Y', 
for every degree 20' are subtracted; 

if it begins in 't5 or )(, the arc is 360° + 45°, but if it exceeds 30° )(, for 
every degree 20' are subtracted; 

if it beg ins in § or Q, the arc is 360° + 30°, but if it exceeds 30° Q, 

for every degree 20' are added. 

14) Following NEUGEBA UER. I have corrected 1 1 11l (C2. year 1) dnto 1 30. and 
12 30 § (year 3) into 12 1. 

16) I have corrected 12 14 § (C2. year 1) into 1224. 
16) KUGLER. Stemkunde und Sternendienst in Babel H, p. 580. 
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Hence the velocity of Mars is. just as in our Egyptian text. largest in 
;6 and ""'. smaller in X and 'Y'. still smaller in l1l. and;i?<. much smaller in 
'ö and )(. still smaller in 111> and !Q!. and smallest in @ and Q. Thisquali~ 

tative correspondence can even be formulated quantitatively: if 360 + u is 
the synodical arc of Mars according to AO 6481. and t as betore the time 
necessary to traverse a sign of the ecliptic in the linear part of the motion 
according to S. we have the following corresponding values 

Signs u 360° : u 

1JII !QI 40° 9 48 

'Rl if. 60° 6 42 
;t, - 90° 4 38 
X 'Y' 67° 30' 5} 41 
'ö' )( 45° 8 46 
8 &2 30° 12 54 

Hence a linear relation 

t=2' 360 + 30 
u 

holds. This means that the velocity of Mars in the different signs of the 
ecliptic is given by 

30
0 

30u u (0 d) 
t - 720 + 30 u - 24 + u per . . (1) 

Theoretical deduction of (1). 

Arelation like (1) could be expected a priori. if the motion of Mars is 
represented by a scheme like th at of the Babylonian procedure texts. 

Let us suppose th at this scheme was as follows: 
In § and Q. where the velocities are smallest. let VI be the velocity of 

fast motion (valid in the linear part of the course). V2 th at of the following 
slower motion. - v3 that of retrograde motion. v4 that of the slow motion 
following it. Let. further. '1:2. '1:3. '1:4 be the numbers of days during which 
the velocities are V2. - V3. and V4' 

In 111> and !Q!. let all these velocities be multiplied by a factor Cl' in 11\.. 
and JII by C2. in ;:r, and "'" by c3. in X and 'Y' by c4. in ;:r, and )( by cs. 
the times '1:2. '1:3. 'l4 remaining unaltered. just as in the procedure texts for 
Jupiter and Saturn. 

Now what is the time necessary to traverse the two signs § and Q. if 
the planet enters the sign § with velocity vl. remaining within these two 
signs during the times 'l2. '1:3 and '1:4 (with velocities V2. - v3 and V4) and 
leaving the sign Q with velocity VI again? 

During the time 'l2 + 'l3 + 'l4 the travelled distance is 'l:2V 2 - 'l:3VS + "4v4' 
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The remaining distance 60° - 'r2V2 + 'r3V3 - 'r4v4 is traversed with velo~ 
city Vl. hence the time is 

+ + + 60° - T2V2 + 1:3V3 - T4V4 _ 
~ ~ ~ -VI 

60 + T2 (1 _ V2) + 1:3 (1 + V3) + T4 (1- V4) = 60 + T 
VI VI VI VI VI 

where 'r depends only of 'r2. 'r3. 'r4 and the ratios of the velocities. 'r is the 
delay caused by retardation and retrogradation. for without th is delay the 

time would be 60 . 
VI 

Now 'r remains the same if the velocities Vl. V2. V3. V4 are multiplied 
by a common factor Cj. Hence the delay 'r is independent of the assumed 
signs § bl. Thus we find for the time necessary to traverse any pair of 
signs like 1W !Q! 

the factor Ci depending on the chosen signs. but 'r being always the same. 
By a slight modification of the argument one can even see that the 

delay 'r remains the same if the retrograde arc belongs to two adjacent 
signs having different velocity factors Cl' The times t2. t3. and t4 must in 
this case be split up into terms t~ + t~. etc .• belonging to these signs. but 
the result remains the same. In such a case. the time necessary to traverse 
e.g. the four signs § bl 1W!Q! will be 

60+ 60 +T 
VI CIVI 

where 'r is again the delay due to retardation and retrogradation: 

Now what is the time necessary to traverse the whole ecliptic. beginning 
with normal velocity vlor CiVl' next proceeding slower. going back. then 
proceeding forward slowly and fast again? IE we caU this time T. we have 
obviously 

T = 60 + 60 + 60 + 60 + 60 + 60 + T. 

VI CIVI C2VI C)VI C4VI CSVI 

Thus it is seen that T is independent of the sign or signs in which 
retardation or retrogradation takes place 17). 

We do not know the exact value of T. because we ignore the exact 

17) The time T is not identicaI with the orbitaI period. wruch is the time in which 
Mars in mean motion would traverse the ecliptic. 
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Babylonian law of motion. In our text S, the time T necessary to traverse 
the whole ecliptic varies between 698d and 712d, the mean value being 
about 707d• The deviations from this mean value are probably due to 
casual corrections of the dates, just as the deviations from the normal 
values of t we previously observed. It turns out that the best agreement 
i., reached by adopting the value 

T= lH years=706d• 

Now let v be the sun's velocity. In one synodic period Mars covers a 
distance 360 + u, and the sun a distance 720 + u, hence the synodic 
period is 

720 + u 
v 

But the time necessary for Mars to proceed 360°, including the retardated 
and retrograde part of the motion, is T, hence the time necessary to cover 
the remaining distance u in the linear part of the motion is 

720 + u -T. 
v 

So the velocity 30 is 
t 

30 u u 
-- - ·v 
t - 720 + u -T - 720-Tv+u . 

v 

Now Tv is the arc which the sun covers in T = H- years, vid 

Tv = H-. 360° = 720° - 24° 
hence (2) yields 

30 u -= v 
t 24+ u 

which is nearly the same thing as (1), since v is nearly 1 (0 per d). 

. (2) 

The exactitude of our determination of the constants in (1) is of course 
not sufficient to decide which exact values of Tand v were adopted. But 
in any case the form of the relation (1) is just what might be expected 
from Babylonian planetary theory, and also the order of magnitude of 
the constants involved ag rees with expectation. 

Jupiter. 

KUGLER has analyzed 3 types of Babylonian Jupiter tables. In the 
tables of the first kind the ecliptic is divided into 2 parts: from 30° 11l to 
25° )( the synodic arc of Jupiter is 36°, and from 25° )( to 30° 11l it 
is 30°. In the tables of the second kind the ecliptic is divided into 4 parts: 
from 9° @ to 9° 11l the synodic arc is 30°, from 9° 11l to 2°;ti and from 17'ö 
to 9° @ it is 33°45', and from 2° ;ti to 17 'ö it is 36°, just as in the 
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procedure text Rm IV 431. The time intervals necessary to cover 
these distances of 30°, 33°45' and 36° are nearly 13M 12D, 13M 16D, and 
13M 180 (see Eudemus I. p. 34). 

VENUS. TEXT S / 

DI) 

o Reduced positions text A /~ 
f." • Reduced positions lext C1+C, 

/{ . Reduced positions lext E 

. V. 

V Vl~ . / r- i . .. , 
/.' ...... Ä , , , 

,/./ 
v ' : , , , 

~' 
, 

UI) 

.V i : : ~ 

/1: 
: 

~ 
; . , -X I . 

11 12 1 2 3 .. 
I 

YEAR 9 TR.AJAN YEAR \0 TRAJAN 

Diagram 1. 

X' JUPITER, Text S 
reduced to L./ ["" year 15 TTajan 

r-:-..... 

o Text A Y: ~ 

.. ' + Text C1 +C2 )/ 
I 

I 

I 

"Text E I 

I 

I ;/ I 

I 

I /+ I , 
I 

L+/ 
I I , I , I , I 

I 
, 

, , 
i I 'I i 

2 3 4 5 6 7 8 9 10 11 12 2 

Diagram 2. 

If our Egyptian tab les are composed according to the same scheme, we 
should expect th at in the "slow part" ( Q 1)11 ~, perhaps also ~ and 1Tl) 
the time necessary to traverse a sign of the ecliptic (30° ) should be 
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13M 12D = 395d, and the retrograde motion toa should be reproduced 
exactly in the next sign after that lapse of time. 

This expectation is fulfi11ed in both tables Pand S, for the dates of 
entrance into the signs and the time intervals to the next similar entrance are: 

Text P forward retrograde forward Time intervals 

Augustus year 17 2 20 'IJl' 8 5 Q 9 291JP 395d 399d [394] 
.. 18 3 20 !g! [9] 9 'IJl' [10 28 !Q!] 18) 397 398 [394] 
.. 19 4 22 11\. 10 12 !9! 11 27 11\. [396] 
.. 20 [5] 23 j(I. 

year 26 12 1 8 I 393 
N 27 12 29 Q 400 
.. 29 1 29 'IJl' 400 
.. 30 [3] 4 !g! 400 
.. 31 3 9 1tl 404 
.. 32 4 18 ;r. 

year 38 1[1] 14 @ 393 
.. 39 12 12 Q 400 
.. 41 1 12 'IJl' 

Text S forward retrograde forward Time intervals 

Vespasian year 4 11 24 !!l! 387 
A .. 5 4 6 1tl 9 16 !!:!! 12 16 11\. 380 

.. 6 4 21 j(-

Trajan year 9 12 28 'IJl' 395 
.. 11 1 22 !al 394 

Cl .. 12 2 21 11\. 392 
.. 13 3 18 j(I. 

Trajan year 19 10 IS @ 393 
Hadrian N I 11 13 Q 368, corrected 398 

~ .. 2 lP') 16 'IJl' 
.. 3 no entrance 

Hadrian year 12 10 3 @ I 393 

.. 13 [11] 1 Q 398 
E .. 14 12 4 'IJl' 393 

.. 16 1 1 !g! 396 

.. 17 2 2 1Yl 
I 

147 
6 29 ;r. 

I cannot explain why several time intervals in Pare about 5d too large. 
Those in S are quite correct: the deviations do not exceed i d, except twice 
in A. Even in the signs @ and lil the correct intervals appear; only in 
Hadrian year 17 the dates are irregular. In all other cases the signs @ and 

1 8 ) Restored by interpolation. 
19) Presumably an error: should be 12. 
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111. are obviously included in the reg ion of slow motion, just as in the Jupiter 
tables of the first kind. 

Next we seek to determine the law of motion in the "fast past" of the 
ecliptic, consisting at least of the signs;t; ""'" X l' 'ö. Assuming a synodic 
arc of 36° and a synodic period of 18'M18D :;:::= 401 d in this region, one can 
reduce all positions of Jupiter to one synodic period, just as it was done 
in the case of Venus. I have chosen the year 15 Trajan and reduced all 
other positions of C in the fast region to it by adding or subtracting 
multiples of 36° to the positions and of 401 d to thé dates. Prom the 
positions of E in the fast reg ion I first subtracted 5° and from the data 
12 years 5d according to Babylonian planetary theory, and likewise I 
added 15° to the positions of A and 36 years lSd to the data; af ter this 
operation these positions too could be reduced to the year 15 Trajan. The 
result is shown in Diagram 2. The law of motion in the irregular and 
especially in the retrograde part of the motion is uncertain, but in the 
linear part a straight line fits very weIl. As is seen from thE! diagram, the 
velocity during 3 months in the neighbourhood of the conjunction is 

27° in 90D , i.e. 18' per ID. 

This is larger than the velocity of 15' per 1 D assumed in Rm IV 431 
(see Introduction). but the time of 90D (probably again 1M before heliacal 
setting, 1'M invisible and 1M af ter rising) is quite the same. The value of 
15' is better than 18', just as the division of the ecliptic into 4 parts assumed 
in Rm IV 431 is better than the division into 2 parts used by the more 
ancient kind of tables. Hence it seems that the Babylonian souree of S 
follows a more primitive system than that of Rm IV 431. Also the 
retrograde arc seems to be larger (perhaps 12° in the "fast part", 10° in 
the "slow part" of the ecliptic). 



Crystallography. - Calculation of the stereographic pole figure of the 
cubic lattice for any given direction [H KL]. I. By W. MAY. (Com~ 
municated by Prof. J. M. BURGERS.) 

(Communicated at the meeting of March 29. 1947.) 

1. Introduction. 

The method of SCHIEBOLD and SACHS 1) is of ten used wh en the orien~ 
tation of a single crystal must be determined. A transmission LAUE 
photograph of the single crystal is taken and from this (generally asym~ 
metric) photograph a stereographic pole figure is prepared. By means of 
a stereographic net the pole figure is rotated till an important zone lies 
on the reference circle; this operation brings the projection of the cor~ 
responding zone axis in the centre of th is circle. By preparing beforehand 
stereographic pole figures for the more important crystallographic directions 
of the crystal lattice (standard projections ). it is possible to find a cor~ 
respondence between the rotated projection and one of the standard 
projections. Indices can then be assigned to every LAUE spot and the axes 
can be plotted. 

On a LAUE photograph nearly always more than one zone can be 
observed. but it complicates the process too much if for every zone axis 
a standard projection is prepared. SCHIEBOLD and SACHS. who worked out 
the methad for the cubic face~centered lattice. have limited themselves to 
5 standard projections. viz. for the directions [110]. [001]. [112]. 
[1 3 0] • [1 1 1]; one of the corresponding zones is practically always 
present in the LAUE pattern. The above sequence of crystallographic 
directions is that of decreasing packing density. Our experience with a 
large nu mb er of LAUE photographs of aluminium single crystals confirms 
this limitation; the various projections were used according to the following 
percentage scale: [110] 60%. [001] 21 %. [112] 11 %. [130] 7%. 
[111] 1 %. 

In order to obtain precise results, it is necessary to construct these 
standard projections. as reproduction of those given by SCHIEBOLD and 
SACHS is rather inaccurate (for a radius of 7 cm the error is about 2°). 
especially when an enlargement is required. The construction can be made 
in several ways: 

a. construction with the aid of a stereographic net. by laying oH the 
calculated angles between the direction of the standard projection and the 
poles of the planes. It is quite probable that SCHIEBOLD and SACHS have 

1) E. SCHIEBOLD und G. SACHS. Z. Krist. 63 (1926) 34. 
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constructed their projections in this way 2). It is dear that this method is 
not very accurate either. as the accuracy of a stereographic net with a 
radius of 10 cm is about !a. As the net is also used for the orien~ation 
determination. the possible error is doubled and comes to 1 a. 

b. construction with the aid of descriptive geometry. This method has 
clearly the drawback that this construction becomes very complicated and 
that errors will occur frequently. The accuracy will be slightly bet ter 
than method a. 

c. calculation of the coordinates of the projection. With this method 
any desired degree of accuracy can be obtained so th at the precision of the 
standard projection is only limited by the plotting of the calculated 
distances and does not exceed a few tenths of a degree. In the following 
sections this calculation is given in detail. 

2. General course of the calculation. 

In fig. 1 the axes X and Y are mutually perpendicular and lie in the 
plane of projection. In their point of intersection 0 a perpendicular Z is 

\ 

[001]\ 
\ 

\ 

"' \ 
\ 

! 
'[100] 

Fig. 1. 

erected so that OXYZ is a three~dimensional set of rectangular axes. The 
cubic lattice is represented by the three axes [1 00]. [0 1 0] and [00 1 ] 
and forms a second set. Let the direction [HKL] of the cubic lattice 

2) We have not been able to find another method published; see for example: 
Internationale Tabellen zur Bestimmung von Kristallstrukturen, Berlin 1935. Il, 687. 
R. GL20CKER. Materialprufung mit Röntgenstrahlen. 2. Aufl., Berlin 1936, 364. 
F. HALLA und H. MARK. Röntgenographische Untersuchung von Kristallen. Leipzig 

1937, 199. 
C. S. BARRETT. Structure of Metals. New-York. 1943, 33. 
A. TAYLOR. An Introduction to X-Ray Metallography, London 1945, 251. 
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coincide with the Z axis. [HKL] being the direction for which the standard 
projection must be calculated. This involves that the pole (HKL) lies in 
the centre of the projection and therefore the poles of the corresponding 
zone planes lie on the reference circle. It is further supposed th at [0 0 1] 
lies in the OYZ~plane; then the X axis lies in the plane 0 - [100]
[0 1 0] 3). In this way the pole (0 0 1) is always situated on the positive 
si de of the Y axis of the projection. as is also the case in the standard 
projections of SCHIEBOLD and SACHS. 

In the cubic lattice the direction [hkl] (that is the line connecting the 
origin with the point hkl) is perpendicular to the plane (hkl). so th at 
one may say that plane (hkl) is represented by point hkl. Let Q in fig. 1 
represent the point hkl; then first the coordinates X. Y and Z of Q must 
be calculated. Then the point of intersection of the direction [hkl] with 
the reference sphere (centre 0) is stereographically projected upon the 
plane OXY and the coordinates x and y of the projection are calculated 
from X. Y. Z. 

3. X. Y. Z as a function of H. K. L. h. k. I. 

The problem of the calculation of the coordinates of a point in a second 
set of rectangular axes when the coordinates in the first set are given. the 

\ 
\ 
\ 

\ 
\ 

I 

1 , 

i~V' 

lk.-, 
.-' , 

U ----. 

Fig. 2. 

TABLE I. 

U V W 

U' 81 bi Cl 

V' 82 b2 C2 

W' 83 bl Cl 

sets having the same origin and a given mutual position. is solved in 
elementary analytical geometry. If in table I al. bi and Cl (i = 1. 2. 3) 
represent the cosines of the angles between the two sets OUVW and 

3) This can be easily proved as follows: OX 1. plane OYZ and therefore OX 1. 
[001]; now [100] and [010] are both 1. [001] and therefore OX. [tOO] and [OtO]lie in 
the same plane. perpendicular to [001]. 
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OU'V'W' (fig. 2). then the transformation equations for the coordinates 
are: 

v=b l u'+b2v'+b3 w' ....... (1) 
u = al u' + a, v' + a3 w' l 
W = Cl u' + C2 v' + C3 W' 

Let the set OUVW of fig. 2 be set OXYZ of fig.land set OU'V'W' the 
cubic lattice. then we have: 

u =- Y: v =-X: W =+z~ . • • • • (2) 
u'=+k: v'=+h: w'= + I. 

The cosines are related to each other by six independent equations: 

a7 + b7 + ct = 1 (i = 1. 2. 3) a/aj + bib j + CiCj = 0 (i = 1. 2. 3; 

i = 1. 2. 3; i #= j) . 
From this and the location of the cubic lattice (section 2) they can be 
calculated (see table 11): 

TABLE 11. 

KL . H K 
al = + i(H2+K2). ~ H2: bi = - iH2 + K2: Cl = + i Z H2 

HL K H 
a2 = + i (H2 + K2) . Z H2: b2 = + y H2 + K2: C2 = + i ~ H2 

• (3) 

w+~ L 
aJ=- i ZH2 : b3= 0 ; C3=+ i ~H2 

Putting (2) and (3) in (1) gives: 

X- Hk-Kh . y_H(Hl-Lh)+K(KI-Lk). Z=Hh+Kk+LI (4) 
-iH2+K2' - Y(H2+K2)·~H2' i ZH2 

where I H2= H2 + K2 + L2. 

4. x and y as a function of H. K, L. h. k. I. 

The point of intersection of the line OQ with the reference sphere 
(centre O. radius R) is now projected stereographically in the plane of 
projection OXY. It will be deal' that this is whally equivalent ta projecting 
the plane (hkl). 

In fig. 3a is drawn the plane through the Z axis and point Q and the 
intersection of this plane with the reference sp here. In fig. 3b the pro~ 
jection plane is given. It is easy to see that: 

I Vl-coSLMQO l/OQ-MQ 
OS=RtanyL.ROV=R l+cosL.MQO=R V OQ+MQ' 
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where ~ h2 = h2 + k2 + [2. 

z 

Fig. 3a. 

Fig. 3b shows that: 

os OS 
x = ,/ X and y = l' Y. ,X2+ y2 X2 + y2 

Yr 

Fig.3b. 
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With equations (4) this gives: 

x - (Hk-Kh)· f"Yfi2 R' 
- (fIH2 • Ih 2 + Hh +Kk + Ll)· fH2+K2 ' 

• (5) 
- H~-~+K~-~ R 

y - (fIH2. Ih2+ Hh +Kk+ Ll)· fH2+K2 . 

With these equations it is possible to calculate the coordinates of the 
stereographic projection of every plane in the cubic lattice for any given 
direction [HKL]. 

It is possible to extend this method to other symmetry systems, but the 
difficulties in handling the more and more complicated equations win 
grow rapidly. 



History of Science. - The Amici~microscopes about 1850 in possession of 
the University of Utrecht. By P. H. VAN CITTERT and J. G. VAN 
CITTERT-EYMERS. (Communicated by Prof. A. J. KLUYVER.) 

(Communicated at the meeting of March 29, 1947.) 

Wh en about 1800 achromatic microscope objectives were constructed, 
only relatively weak objectives could be made, so that an important im~ 
provement was only attained for the lower magnifications. Indeed, the 
achromatic objective must necessarily consist of a convex crown lens and 
a concave flint lens. Now, in order to obtain high magnifications the convex 
lens must be very much more powerful than in the case of a single mono~ 
chroma tic lens and this leads to practical difficulties in their construction. 
SELLIGUE and CHEVALIER, soon followed by others, were the first to obtain 
high magnifications by combining into a system a number of small lenses, 
each of which had been separately achromatized as weIl as possible. The 
advantage of this method was that by simply adding or removing one or 
more of the lenses, the magnification could be altered very easily. The 
drawback, however, was the accumulation of the separate spherical aber~ 
rations, which in the case of higher magnifications spoiled the resolving 
power. This explains why the resolving power of the compound microscope, 
though increased considerably by achromatizing, still remained below that 
of the simple microscope. It is due to the ingenious AMICI (1786-1863), 
among others, that these difficulties were overcome. He showed that in 
order to arrive at a high resolving power the objective must be composed 
of different parts, each of which separately still can give rise to aberrations, 
but which are so computed that they neutralize each other's impairing 
influence. He was also the first to drawattention to the part played by the 
cover glass and to the great advantage of having at one's disposal a number 
of eyepieces of different powers, as weIl as a number of different objectives. 
He pointed out, moreover, the influence of a larger aperture and the great 
advantage of immersion. 

About 1850 the University of Utrecht was, as far as can be traced, in 
the possession of three original AMICI~microscopes: 

A. the microscope bought in 1835 for f 750.-, described by 
HARTING 1) in his famous book entitled: Het Mikroskoop, part 11, 
page 85, 1848; 

B. the microscope bought in 1836 for f 500.- by Prof. VORSSELMAN 
DE HEER for Prof. G. MOLL on behalf of the Physical Society 
(Natuurkundig Gezelschap) of Utrecht; 

1) Prof. P. HARTING was professor at the University of Utrecht from 1843 to 1882. 
He was succeeded in 1882 by Prof. A. A. W. HUBRECHT and died in 1885. 



P. H. VAN CITTERT and J. G. VAN CITTERT-EYMERS: The 
Amici-microscopes about 1850 in pos'session of the U niversity of 
Utrecht. 

Fig . 1. AMICI microscope. bought in 1836 by the Physical Society of Utrecht. 



L. P. G. KONING : On linnaeite in the Plaad nickel ore deposit . Euje . 
South Norway. 

Fig. 7. 

Fig. 8. 
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C. the microscope bought in 1849 for f 250. - by Prof. HARTING perso
nally and presented by him to the Zoological Laboratory of Utrecht. 
This microscope is amply described in the above mentioned book 
by HARTING, part lIl, page 205, 1850. 

As regards microscope A, HARTING informs us that ten achromatic double 
lenses belonged to it, out of which various combinations could be formed. 
Only four of them, called by him I, 2, 3 and 4. are mentioned in his book. 
Further, five eyepieces belonged to this microscope, the strongest of which 
was not used by HARTING, as its magnification was unnecessarily large. 
Besides, a weak eyepiece of DOLLOND was used, designated by HARTING 
as no. 1. The AMICI-eyepieces used by him were numbered 2, 3, 4 and 5. 
From HARTING's description we may conclude that in mechanical respect 
th is microscope probably strongly resembIed microscope B, described below. 
Whether microscope A has been in the possession of the Zoological Labo
ratory or in that of Prof. HARTING personally cannot be ascertained. It has 
disappeared without leaving any traces. One of the eyepieces (no. 4). how
ever, has recently been found again (see below). 

The mechanical construction of microscope B (and also probably of 
microscope A) can be seen in fig. 1. It is constructed as follows: on a 
folding tripod is mounted a brass stand along which a very large concave 
illuminating mirror and the stage as weil, can be made to slide by rack and 
pinion. The horizontal microscope is attached to the upper end of the stand. 
AMICI constructed the tube horizontally, convinced that this facilitated the 
observations: he attained this by placing a rectangular prism above the 
objective. The stage can be moved in two directions at right angles to each 
other. These displacements can be measured with the aid of two micro
meter screws of which the divisions correspond to 0.0031 mm and to 
0.00246 mm (= 0.0001 inch) respectively. Directly under the stage is fitted 
a cone with a diaphragm-wheel with three apertures. This cone can be 
rotated out of the optical axis. There is, further, a small ground glass plate 
capable of the same rotation. A plano-convex condensing lens for the 
illuminating of opaque objects is attached to the microscope tube, and one 
of the objectives is fitted with a LIEBERKUEHN mirror 2). Three different 
camera lucida belonged to th is microscope 3). Originally five eyepieces and 
ten objectives belonged to it. The objectives were numbered from 1-8, 10 
and 12 and could be combined by two small cylindrical tubes no. 0 and 11 
in the following ways: 

2) A. LIEBERKUEHN mirror is a small concave mirror fixed to the objective for the 
purpose of converging light from above onto opaque objects. 

3) A detailed description can be found in: Descriptive Catalogue of the collection of 
microscopes in charge of the Utrecht University Museum with an introductory historica! 
survey of the reso!ving power of the microscope by P. H. VAN OTTERT, pages 68-71. 
193~. Edition P. NoordhoH N.V., Groningen. 

37 
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UI U 2 U3 U4 U5 U6 U7 U8 

I 10 I 10 

11 0 0 0 0 0 0 

12 1 1 4 6 -- -- --
2 2 2 5 7 --

2 3 6 8 

The only difference between U 4 and U 5 was that the LIEBERKUEHN 
mirror (also marked 2) was attached to the lower end of the combination 
0-1-2. 

According to AMICI the thickness of the cover glass was of no importance 
when using the combination UI to U 5, U 6 required a definite clearly 
determined thickness, U 7 should be used without a cover glass, while with 
U 8 it was necessary to cover the object with a th in plate of mica. 

AMICI gives the following magnifications for a distance from the eyepiece 
to the surface of the table = 33 cm: 

TABLE I. 

~ I 3 44) 
2 5 

Object. 
(Am I) (Am 3) (Am 4) 

UI 38 
U2 61 
U3 120 
U4 247 480 636 1039 
U6 348 676 896 1464 4685 
U7 305 591 784 1306 4100 
U8 585 1137 1507 2463 7881 

At the time when the Descriptive Catalogue. quoted above, was com~ 
posed, all that was leEt of these various optical accessories, were only 
tube O. objective 1. fitted with the LIEBERKUEHN mirror and the eyepieces 
I, 3, 4 and 5. Lately. however. 5 objectives of this microscope viz. 4. 5, 6. 7 
and 8. from which can be formed the systems U 7 and U 8 have been found 
again in the Zoological Laboratory of Utrecht. together with a large 
number of objectives belonging to the micro scope C. described below. 

Of the eyepieces. no. 1 is a very long one: it consists of a plano~convex 
field~lens and a ditto eyeglass; the plane surfaces of both are turned toward 
the eye. No. 3 is an Huygenian eyepiece. also fitted with two plano~convex 
lenses; no. 4 is composed of two plano~convex lenses. one immediately on 
top of the other, whereas nO.Sconsists of a single spherical lens. AMICI 

4) The Desc. Cat. gave for eyepiece Am 4 the magnifications 1039. 1264. 1406 and 
2263. instead of 1039. 1464. 1306 and 2463. This is partly due to the fact that in AMICI's 

letter the figures 4 of 1464 and 2463 were written sa illegibly that ihey looked like 
figures 2 and partly to the fa ct that AMICI gives the number 1406 instead of 1306. 
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remarks, with some truth, that this eyepiece is practically never used: the 
magnification is unduly large and the image formed is not sharp. As even 
the weakest eyepiece (no. 1) is relatively strong, we have added a weaker 
one belonging to a microscope of HARTNACK 5) 6), in order to check the 
optical power of the various optical combinations. HARTINO did the same 
thing when examining microscope A by adding an eyepiece of DOLLOND. 
We should have liked to use that same eyepiece of DOLLOND, in order 
to make a direct comparison possible, but the DOLLoND~microscope, to 
which this eyepiece belonged, is lost to the Utrecht collection (see below). 
Table 11 gives the magnification and the resolving power 7) of the various 
combinations, eyepiece no. 5 not being used: 

TABLE 11. 

~ 
Magnification at 25 cm distanee Resolving 

power 
Object. Hek Am 1 Am 3 Am ~ in mm 

U3 45 100 250 400 1/ 400 1) 

U7 115 255 640 1020 1/800 
U8 210 465 1165 1865 1/1000 

1) with eyepiece Hck only 1/200 mmo 

Microscopes A and B dating practically from the same year, their optical 
properties could be expected to be very much the same. Indeed, from 
a comparison of the data of HARTINO, those of AMICI and of our measure~ 
ments it appears that the objective systems no. I, 2 and 4 of the lost 
HARTINO microscope A and identical with the combinations U 5, U 6 and 
U 8 of microscope B, which is still in Utrecht; combination no. 3 of micros~ 
cope A, however, does not fit in with any of the combinations U I-U 8 of 
microscope B. The eyepieces no. 3, 4 and 5, mentioned by HARTINO, are 
identical with the eyepieces 2, 3 and 4 of microscope B, while HARTINO 
states that the eyepiece, called by him no. 6, is impracticable, just as is the 
case with no. 5 of microscope B. 

HARTINO gives on page 91 of part 11 of his book the resolving powers of 
some combinations of the objectives and the eyepieces. Since, for their 
determination he used as a criterium thek capacity of resolving the meshes 
of a network, his measurements cannot be compared immediately with ours 
in which the GRAYSON ruling was used. HARTINO's data lead to aresolving 
power of 1/400 mm for his objective no. 1 and 1/1400 mm for no. 4, whereas 
the corresponding combinations U 3 and U 8 give at present aresolving 
power of 1/400 and 1/1000 mm respectively. 

5) Desc. Cat., page 81, Q 3. 
6) Denoted by us by Hck, as distinetive from the AMICI eyepieces, which we shall 

call Am 1 ... Am 5. 
7) All measurements are done with the aid of a "GRA YSON ruling" (Desc. Cat. page 7), 

with pencils of rays of very slight divergence. 
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Concerning microscope C HARTINO (loc. cit.) informs us that he regarded 
this microscope. though surpassed by several microscopes in mechanical 
respect. at the most perfect microscope in optica I respect he ever examined. 
The mechanical design can be seen immediately in fig. 2. to be found on 
plate 6 of part 111 of HARTINO's book. We mention here that besides 
a coarse adjustment with rack and pinion. a fine adjustment by means of 
the screw I is possible. that the mirror admits of a sideways motion in order 
to make oblique illumination possible and that the tube. in contradistinction 
to microscope A and B is not provided with a rectangular prism imme~ 
diately above the objective. but is the usual vertical tube. l1nd can be drawn 
out from 29 to 57 cm; for those observers. however. who prefer to observe 
horizontally a prism A can be mounted between the parts n and f of the 
tube. A small tube is mounted under the object table for the screwing in of 
one of the objective systems to be used as a condensor. According to 
HARTINO no less than 21 achromatic double~lenses belonged to this micro~ 
scope with which 13 different systems could be formed. Several of these 
combinations had about equal focal distances and consequently also equal 
magnifications. but were intended to be used with cover glasses of different 
thickness (from 0-1.5 mm). Pour of these systems gave for instance. 
wh en used with the weakest eyepiece. the magnifications X 664. 672. 644 
and 650. resp .• but should be used with cover glasses of thickness O. 0.2. 
0.25 and 0.33 mm resp. In all. there were three eyepieces. all of a peculiar 
construction: they consisted of two small sliding tubes x and y (see fig. 2). 
each provided with a plano~convex lens. while a diaphragm z was mounted 
in the inner tube. When the tubes were completely pushed in. the system 
formed a RAMSDEN eyepiece. it could. however. he altered immediately into 
a Huygenian eyepiece by drawing out the tube. HARTING describes the 
optical power of th is microscope in detail. He compares the resolving power 
with among others that of an OBERHÄUSER microscope 8). and concludes 
that the AMICI microscope surpasses the latter. 

When the "Descriptive Catalogue" was composed. microscope C was 
missing in the Utrecht collection. so that it was not described in the 
catalogue. What had become of it was totally unknown. When visiting 
the Science Museum in London one of us. however. was very astonished 
to Eind the missing microscope C exhibited th ere with the inscription: 
"purchased of the Zoological Laboratory of the Utrecht University through 
Dr. C. W. HUBRECHT in 1886. presented by Prof. P. HARTINO to the 
University". On making inquiries we learned that a number of microscopes. 
belonging to the Utrecht University. were sold to the late Mr. CRISP. these 
microscopes being bought af ter Mr; CRISP's death by Mr. COURT. Some of 
these instruments are exhibited in the Science Museum, but are still owned 
by Mr. COURT. Mr. OOURT very kindly gave us some further informations: 
Among these microscopes of the Zoological Laboratory in Utrecht in 

8) Desc. Cat. page 80. Q 2. 
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charge of Prof. HARTING, which were sold af ter his death, was a micro~ 
scope, made by DOLLOND which actually belonged to the Physical Labora
tory but happened to be uncler his care at the time of his death: it was 

• 

Fig . 2. AMICI microscope, bought by Prof. HART~NO for his own use in 1849. 

to th is microscope that the eyepiece belonged, used by HARTING when 
examining microscope A. A second microscope bought was the above men~ 
tioned AMICI micro scope C, which is provided with one system of 3 objec~ 
tives, marked A, B, C, one adjustable eyepiece, a binocular fitting, a double 
body fitting, a quadriocular fitting and an experimental prism for use with 
the quadriocular body, which had been found by HARTING to be unsuit
able 9) . A third microscope, made by KIPP, was bought, thrown in instead 

9) These accessories are described in P .. HARTINO: "De nieuwste verbeteringen V3;l 

het microscoop", 1858, page 74-112. 
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of a WOLLASTON microscope, made by HARTING himself (Desc. Cat. 
page 31, E 2), which was the original offer. Even the VAN LEEUWENHOEK 
microscope (Desc. Cat. page 14, AI), the VAN MUSSCHENBROEK micro
scope (Desc. Cat. page 17, BI) and the achromatic objective of BEELD
SNIJDER (Desc. Cat. page 63, L) were offered for sa Ie, but were fortun
ately saved for the Utrecht collection and for the Netherlands. 

As practically all objectives of the above described AMICI microscope B 
were missing, it seemed likely that these were all sold to Mr. CRISP with 
the AMICI microscope C. It was, however, impossible to trace any of these, 
as Mr. CRISP used to combine all separate objectives and eyepieces to form 
a special collection, instead of leaving them with the instruments to which 
they originally belonged. 

Recently, however, through the kind intermediation of Dr. BRET
SCHNEIDER a small box containing a large number of achromatic lenses and 
eyepieces was found again in the Utrecht Zoological Laboratory. An 
accompanying letter from AMICI made it dear that the lenses, contained in 
the box, were all the missing lenses from the AMICI microscope C, except 
of course the system A-B-C, which is actually in London. Moreover, 
however, this box also contained the objectives 4, 5, 6, 7 and 8 from the 
microscope Band also an eyepiece, which was nearly identical to eyepiece 
no. 3 of microscope Band must therefore in all probability be identified as 
the eyepiece no. 4 from microscope A (see above). 

According to AMICI's letter the following 20 objectives: A B, C. M. N. 
P. Q. R. Y. Z. 0, 1, 2. 3, 5, ., .. , ... , .... , ..... , belonged to the microscope 
C, further there were three cylindrical tubes, marked 3', 4' and X. All these 
objectives (of coarse except A, Band C) and the three tubes were found 
again. The lenses could be combined in the following ways: 

L 11) L 2 L 3 L 4 L 5 2) L 6 L 7 
-- --

1 ~ 1 

A N N M 4' 3' 
--

B P P N 2 3 -- --
C Q R P 1 1 -- -- --

R 0 0 

thickness of cover glass 
in mm 0 0 1= Ph 0-1/ 4 

L 8 L 9 L 10 L 11 L 12 L 13 

5 

11 

5 I1 X I I X I 
1 

y II-}-I 3' 4' X 

3 2 --
I 1 - -
0 0 

thickness of cover 
glass in mm 1/4-112 0-117 1/5 1/4 1/3 

1) Can also be used without lens A. 
2) M is a correcting negative lens. 
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The adjustable eyepieces mentioned above are unfortunately mIssIng. 
According to AMICI the variabie distance between the two eyepiece lenses 
was necessary because the various objectives were not all achromatized in . 
the same way and the adjustment allowed to a certain extent the correction 
of the differences left. A few testobjects, enclosed between two glass 
plates, one having a thickness of 1 mm and the other being very thin, 
belonged originally to the microscope. 

As the original microscope and one of its eyepieces were in London and 
the other eyepieces were missing, we combined the objectives with the 
HARTNACK eyepiece and with the eyepieces Am 1, Am 3 and Am 4 of the 
AMICI microscope B in order to be able to measure the magnifications and 
the resolving powers of the different objective systems. We mounted the 
lenses in an arbitrary microscope tube, taking as the length of the tube that 
of the tube of micro scope B. The magnifications and the resolving powers 
measured by us are given in table 111. All measurements are done with 

TABLE 111. 

~Eyep. Magnifieation for a distanee of 25 cm Resolving 

I 
power 

Object.~ Hek Am 1 Am 3 Am 4 in mmo 

L2 90 200 500 800 1/ 800 
L3 60 130 335 535 1/ 400 
L4 100 220 555 890 1/ 1000 I) 
L5 85 190 470 760 1/ 600 
L6 180 400 1000 1600 1/1000 2) 

L7 180 400 1000 1600 1/1000 
L8 190 420 1055 1690 1/1000 
L9 200 445 1110 1780 11 800 
L 10 280 620 1555 2490 1/1200 
Lll 290 645 1610 2580 1/1200 
L 12 270 600 1500 2400 1/1000 
L 13 280 620 1555 2485 1/1000 

1) With Hek and Am 1 only 1/800 mm; with an extra cover glass of 1 mm thickness 
for all magnifieations only 1/ 800 mmo 

2) With Hek only 1/800 mm; with an extra cover glass of 1 mm thickness, however, 
also 1/1000 mmo 

a thickness of the cover glass equal to 0.17 mm, viz. the cover glass of the 
GRAYSON rulings (refractive index 2,549), but sometimes anextra cover 
glass was added in order to approximate the thickness mentioned by AMICI. 

HARTING states that he was able to resolve with system L 2 the 7th group 
of a N OBERT plate, which corresponds to 1/1100 mm, with L 4 and L 6 the 
8th group (1/1300 mm) and with LIl the 9th group (1/1560 mm); these 
measurements, however, cannot be compared directly with our measure
ments, as HARTING used widely diverging beams instead of beams of very 



562 

slight divergence as were those, used by us. Therefore our measurements 
gave results for the resolving power, which were about 1,3 times as low as 
HARTING' s results 10), and taking this into account the agreements must be 
considered as striking, especially as about a century lies between these two · 
sets of measurements. 

In fig. 3 OUr results are plotted in the graphs published in the Desc. Cat. 
page 8 11). In these graphs the horizontal line gives the theoretical limit 

_,_ 
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E 
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N.A. 090 

.~ _,_ 
;1600 
~ - -. - ·Hartnack±1870 
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/ ·· .... Oberhauser:!:f8~5 
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1 
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1 
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Fig. 3. 

,/ 

~i~jf836 

Chromatic +1700-1820 
. . . ... . ' compound" 

Magnification 

300 

for N.A. = 0,9 and À. = 5000 A. The construction of the slanting line is 
based on the experimental fact that the angular distance of two points must 
be at least l' in order to be seen separately. How in the course of time 
these limits have been more and more approximated is clearly to be seen. 
The single microscopes and also the chromatic compound microscopes have 
been considered as a group. The points L for the VAN LEEUWENHOEK 
microscope and D for the VAN DEYL microscopes have been indicated 
separa tely (see Desc. Cat. l.c.). This figure shows very clearly how till 
about 1830 the resolving powers of the compound microscopes fall short 
by a long way of those of the single microscopes. This was no longer the 

10) P. H. VAN CITIERT, Proc. Kon. Akad. v. Wetenseh .• Amsterdam. 39. 182 (1936). 
11) See also Ned. Tijds. v. Nat. 2. 51 (1935). 
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case when achromatic objectives were made successfully. Yet it is a fact 
that the VAN LEEUWENHOEK microscope. dated about 1700. is superior to 
an achromatic microscope made by CHEVALIER in 1837. The lines AMICI 

1836 (microscope B) and AMICI 1849 (microscope C) indicate the very 
iarge progress. due to AMICI. Whereas HARTING remarks that the AMICI 

microscope 1849 (C) surpasses the OBERHÄUSER microscope (1845). our 
measurements show that this is. at least for the lesser magnifications. 'even 
the case with the AMICI micro scope 1836. 

To be sure the work of AMICI has indeed improved the optical power of 
the microscope by leaps and bounds! 



Hormonology. - Testosterone and luteinization. By F. J. A. PAESI. (From 
the Pharmacological Laboratory, University of Leiden, Holland.) 
(Communicated by Prof. J. VAN DER HOEVE.) 

(Communicated at the meeting of April 26. 1947.) 

The relations bet ween male h~rmone and the ripening of the ovary. 

In our laboratory (PAESI e.a. 1943. GAARENSTROOM e.a. 1944) and 
elsewhere too. it was found that testosterone may exercise a favourable 
influence on the development of the follicle cavity in rats. In immature mice 
it even led to ovulation (DE JONGH e.a., 1944); in the rat so~called "blood 
points" have repeatedly been observed by ourselves as weIl as by others 
(BAUER 1943. SELYE 1939). We cûuld show, moreover. fhat .treatment with 
chorionic gonadotrophin leads in the ovary of hypophysectomized rats to 
the production of an androgenic substance, and that its interstitium. but 
no other part, becomes hypertrophic (PAESI e.a. 1943). Such a substance 
was supposed to he present in norm al animals too, and ,to influence the 
ripening of the foIlicle by a direct action on the ovary and not by ac,ting 
through the intermediary of the hypophysis (GAARENSTROOM and DE 
JONGH 1946). 

Somewhat oIder experiences with regard to a favourable effect of male 
hormone on the luteinization process (HoHLWEG 1937. rat; SALMON 1938a 
and b. rat; NATHANSON e.a. 1938. rat; SELYE 1939, mouse) appear now in 
a new light: GAARENSTROOM and DE JONGH are of opinion that the 
favourable influence exercised on the luteinization depends on the more 
advanced degree of follicle ripenting, and that this influence too is therefore 
referable to a dir,ect influence of the androgenic substance on the ovary, 
and not to one exercised by way of the hypophysis. 

Are the corpora lu tea influenced by the androgenic substance? 

In connection with the considerations set forth in the preceding para~ 
graph. it interestJed us to know whether already existing corpora lutea are 
influenced by male hormone. That oestrogens act in this way, has 
repeatedly been described. 

LAQUEUR and KOETS obtained in 1945 by means of testosterone in normal 
adult rats corpora lutea th at showed great similarity to corpora lutea 
graviditatis. It would be interesting to know whether this effect was 
obtained withûhe co~operation of the hypophysis, as in the case of the 
anaIogous activity of ,the oestrogens is highly probable, or without its 
intermediary. i.e. by a direct influence exercised on ,the corpus luteum. 

In lfihis respect experiments carried out at an earlier date by GAAREN~ 
STROOM (1941) are of importance. He injected a number of young rats 
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with a full gonadotrophic mix,ture 1). and found that the ovaries became 
almost entirely filled with corpora lutea. Af,tler the hypophysis and the 
right ovary had been removed. the animals were during a period of ten 
days subjected to a treatment with ambinon in combination wit!h various 
other substances. At the end of the experiment the weighû and histological 
structure of the remaÏ'ning ovary were compared wlth the weight and 
st:ructure of the right one. The d'ecrease in weight of the ovary. that at 
the end of the experiment still consisted almost entirely of corpora lutea. 
appeared to be far moreeHectively retarded by the combination of ambinon 
and ,testosterone rhan by ambinon alone. This resu},t was ascribed to the 
formation of a larg'er number of new corpora lutea. for a measurement of 
the three largest corpora lutea showed that the latter had been no better 
protected against abrophy by ambinon plus testosterone ,than by amhinon 
alone. The possibility that testosterone might exercise a preservative effect 
on the corpora lutea. or even cause an improvement of their condition. was 
on this account. for <the moment, set aside. 

Our own experiments. 

It seemed desirabIe to us to place GAARENSTROOM's conclusion on a more 
solid base. Although we too are of opinion ,thaó the lal"gest corpora lutea 
shouId be the first to show a measurable difference in the degree of atrophy 
when the animals have been treated in different ways. we think th at the 
possibility of a se1ective influence on the smaller ones should also be taken 
into account. Moreover. GAARENSTROOM confined himself to an examination 
of only one scction out of each group of ten. which particularly with regard 
to the smaller corpora lutea may lead to erroneous conclusions. Finally. it 
seemed advisable ,to us to count the corpora lutea. Our experimental meehod 
resembied in the main ,bhat of GAARENSTROOM: 

A number of adult female rats, weighing from 137 g. to 179 g .• were treated during a 
week with ambinon (twice daily 2.5 R.U.) plus pregnyl (twice daily 2.5I.U.). In this way 
the ovaries were intensively luteinized in all anima Is. On the eighth day of the experiment 
the hypophysis and the right ovary were removed. and preparations of them were made 
in the usual way. The anima Is were then divided in three groups: a. band c, that were 
subjected from the 9th to the 18th day to the following treatments: 

a) ambinon (twice daily 2.5R.U.) plus testosterone propionate (twice daily O.5mg.), 
b) ambinon (twice daily 2.5 R.U.) plus oil. 
c) 0,9 per cent NaCI plus oi!. 
On the 19th day the animals were killed. Preparations were made of the left ovary and 

the sella turcica. In the latter no rests of the hypophysis were found. The corpora lutea 
were counted, and in each ovary the four largest and the four smallest ones were selected 
for measurement: of each of them the two largest. vertically intersecting diameters were 
measured by the aid of an eyepiece-micrometer. By taking the third power of their mean 
a measure for the content of the corpora lutea was obtained. The four figures obtained 
for the smaller ones and those obtained for the larger on es were averaged. 

1) Ambinon (hypophysis extract. Organon) plus pregnyl (chorionic gonadotrophin. 
Organon). 
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The experiment was repeated with a second group of rats, weighing from 137 to 166 g. 
In a thircl series of experiments the first treatment was ended one day bdore the 

hypophysectomy, and the second started two days af ter the latter. The removal of the 
right ovary too took place twd days af ter the hypophysectomy. We deviated here from 
our former course because we wished to find out whether certain phenomena that had 
been observed in the preceding series should be ascribed to the infJuence of some 
gonadotrophic hormone that remained in the circulation. These rests might belong to the 
amount produced by the animaJ's own hypophysis or to injected pregnyl and ambinon. 

Results. 

The results are given in the tabIe. Data pertaining to nine rats that died 
during the course of the experimeruts are omitted. 

The table confirms, to begin with, two observations ma-de by GAAREN~ 
STROOM: 

1. In all three series the ovary weight (column C) showed the smallest 
-decrease under the combined influence , of ambinon and testosterone, and 
the largest decrease in the controls. 

2. Neither of the treatments influenced in any series the mean size of 
the largest corpora lutea (column G) in a favourable way. 

A number of new facts are also revealed. These will now be discussed. 

TABLE. 

In the columns C-G the values obtained for the left ovaries are expressed as a percentage 
of the corresponding values obtained for the right ones. The values themselves are 
averages; the number of animals from which the latter were taken, are given in column B. 

A B C D E F G 

Treatment af ter Number Number 
Mean weight 

Mean volume Mean volume 
hypophys- of 

Ovary 
of corp. 

of corp. lut. 
of the -4 smaIl· of the -4 largest 

weight calcuJ. from. 
ectomy animals lutea 

C:D 
est corp. lutea corpora lutea 

ambinon + 
testosterone 3 8-4 122 71 85 62 

ambinon + oil 2 67 liS 62 55 67 

0.9 per cent NaCI 

+ oil 3 50 113 52 27 64 

ambinon + 
testosterone 2 85 127 67 20 68 

ambinon + oil 2 68 98 68 37 73 

0.9percentNaCI 

+ oil 3 62 lOS 59 21 97 

ambinon + 
testosterone 5 119 137 81 12-4 83 

ambinon + oil 5 90 106 82 103 70 

0.9 per cent NaCI 

+ oil 5 76 I 91 83 133 86 

* The first and the second treatment separated from each other by an interval of a 
few days. 
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A. The counts of ths corpora lutea (column D) have proved wit'hout 
any doubt that the increase under the combined influence of ambinon and 
testosterone is larger than under the influence of ambinon alone. Testo
sterone therefore must have exercised a favourable effect on the increase 
Whether ambinon alone gives an increase. remains uncertain. 

In the third series, in which the right ovary was removed three days after the end of 
the first treatment, no new corpora Jutea were found in the controJs. In the second series 
their presence was dubious, in the first one conspicuous. In the Jatter the appearance of 
new corpora lutea wil have to be ascribed to the presence of gonadotrophic substances 
produced in the previous period by the animaL',s own hypophysis or else introduced in its 
circuJation during that period by means of the injections. 

B. By dividing the relative ovary weights (column C) by the number 
of corpora lutea (column D) values are obtained that may serve as a 
measure for the average weight of the corpora lutea (column E). When 
these values are found to be equal in .groups that have been treated 
diHerently. the difference in the ovary weig'ht must be due to an increase 
in the numher of corpora lutea. and then any influence that might be 
interpreted as a retardation of the atrophy ("preservation" ) of ,the existing 
corpora lutea. seems excluded. This doubtless applies to the third series. 
In view of the fact~hat the ovaries. before as weIl as af ter the second 
treatment. were almost 'entirely luteinized. we are of opinion that neither 
ambinon alone nor ambinon plus testosterone are able to preserve the 
existing corpora lutea when. as in the third series the hormonal influences 
from the preceding period must have completely disappeared. It is for the 
rest hardly conceivable that they would be able to achieve this when a small 
quantity of hypophysis hormone or some pregnyl (first and second series 
of experiments) would have remained in the circulation; sÎ'gns that seem 
to point in this direction. should be regarded with a good deal of distrust. 
However. before consIderingthem more closely. we want to say a few 
words with regard to the corpora lutea beloDlging ,ta the smallest size class: 

C. In the third series of experiments the smallest corpora lutea dÏ'd not 
atrophy; it looks on the contrary more as if they increased in size. This 
is in contradiction to the behaviour of the largest ones, and also in sharp 
contrast to that of the smallest corpora lutea in the two other series. This 
cannot be accidental. and must have its cause in the three days that elapsed 
between the last injection with the gonadotrophic mixture and the removal 
of the right ovary; it is ,to he remembered th at in two of these three days 
the hypophysis had also been absent. In these few days the atrophy must 
have taken place. for in the period of the second treatment there was no 
further sign of it. The exact nature of the second treatment is here of no 
importance. The differences in the degree of atrophy of the smallest corpora 
lu tea observed in the first two series. in connection with the special nature 
of the second treatment, which will presently be discussed. must therefore 
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already have been established in the very first stage of the latter. This 
points to a particularly high vulnerability of the very small corpora lutea. 

This is to us a motive for a partial revision of the views that we have elsewhere 
(PAESI, 1946) brought forward. At that time we had observed that the corpora lutea 
obtained in young mice by a treatment with ambinon plus pregnyl were larger and showed 
less tendency to degenerate than those obtained by a treatment with ambinon alone. As 
under the influence of ambinon plus pregnyl more oestrogen is formed than with ambinon 
alone, we supposed at that time that this oestrogen would have exercised, in the generally 
accepted way, a positively trophic influence on the corpora lutea. This may be right, but 
the results of the experiments described above show that another possibility should also 
be considered: if the smallest corpora lutea atrophy more rapidly than the larger ones, 
they will probably degenerate also in a larger number. 

The particularly high vulnerability of the smaller corpora lutea points 
to a flaw in the luteinisation process of the Iatter. As the histological 
examination reveals that the theca of the smallest corpora lutea does not 
take part in the luteinizatrion or is at least not over its whole extent con~ 
cernoo in this process, the vascularisation of these corpora lutea falls 
behind that of the larger ones, and in thisdifference, we believe, tne 
vulnerability of the smaller ones may have its ground. The inadequacy of 
the blood supply may be responsible for the tendency to atrophy. It can, 
of course, nob be regarded as acddental rhat corpora lutea in which these 
anomalies occur, remain small. 

In the experiment with young mice to which reference was made above, the increase in 
the power of resistance of the corpora lutea under the influence of pregnyl would not 
have been due entirely to oestrogen production, but also to a more complete participatio:!. 
of the theca in the luteinization. 

D. Af ter this consideration of the behaviour of the smallest corpora 
lutea, we will now return to our main object, and try to find out what 
t:he first two series of experiments may teach with regard ,to an influence 
that might have been exercised on the corpora lutea themselves. We will 
begin with ,the inflUience exercised by ambinon alone. 

The table shows that the differences in the ovary weight cannot be 
entirely due to ·differences in the number of corpora lutea. The possibility 
,that the corpora lutea are better preserved, shouId therefore be taken into 
consideration. On account of the data derived from the behaviour of the 
smallest corpora lu tea, this possibility cannot be excluded, for under the 
influence of ambinon the degree of at1rophy was in both series in rhe smallest 
corpora lutea smaller than in the corresponding controls. However, with 
regard to the considerable diHerences between the values in column F 
that refer to groups of animals itreated in the same way, the interpretation 
must be careful. 

A second possibility is that the new corpora lutea in the ambinon group 
and in the controls are of different si ze, for such a diHerence would also 
cause a difference in ,rhe avemge weig,ht of the corpora lutea. However, 
to exercise such an influence, the number of new corpora lu tea should not 
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be too smalt. As a complete disappearance of corp?ra lutea in the course 
of the second treatment need not be taken intoaccount, we may estimate 
the production of new ones by diminishing the fi.gures given in column D 
by 100. The number of new corpora lutea now appears to be but sm all, 
and it is therefore improbable that differences in size between these and 
the already existing corpora lutea might be responsible for the large 
diHerence in the average weight of all corpora lutea giV'en in column E. 

As a third possibility thc follicle ripening should he considered. It is true 
that the ovaries at the beginning as weIl as at the end of the second 
treatment give the impression of being entirely luteinized, but a certain 
degree of follicle development not ending in luteinization may nevertheless 
have occurred, and although this may have been insi'gnificant with regard 
to the total size of the ovary, it may have been of some importance in 
comparison with the new corpora lutea. When the averag,e weight of the 
corpora lutea is calculated in the way described above, it will undergo a 
fictitious increase when follicles, perhaps large in number, although small 
in size, begin to ripen. This may have happened in OUIf experiments, for 
that ambinon may he able to bring about some ripening of new follicles, 
cannot be ,denied, and the number of corpora lutea did not increase under 
the influence of ambinon. 

E. We will now examine the possibiHty of an influence exercised on 
the éorpora lutea themselv;es by comparing the influen.ce of the combination 
ambinon~testosterone with that of ambinon alone. The answer is in this 
case less dubious than in the previous one. 

The variability in the hehaviour of the smallest corpora lutea is so large, 
,that the atrophy of the smallest corpora lutea cannot be used as a base 
for discussion. We will have to build our conclusions therefore on the 
figures given in the columns C, D and E. 

A comparison of the figures of column E (the avera'ge wei[ht of the 
corpora lutea obtained by divj.ding the figures of column C by those of 
column D) suggests ;t'hat the corpora lutea of the animals that had received 
both ambinon and testosterone are in the first series larger thansthose of 
the animals treated with ambinon alone, but, that such a difference is not 
found in the second series. In view of the entirely identical treatment that 
the animals in these two series had received, this discrepancy is difficult 
to explain. It remains entirely incomprehensible when we assume that the 
corpora lutea are in the first series better preserved by the addition of 
testosterone, and it is not clear either when we ascribe it to a selective 
formation of large corpora lutea, against which moreover the same dbjection 
may be raised as has been d'One under D. 

It is, however, not improbable that on account of minor diHerences in 
the treatmenv that escaped con trol, a number of newly ripened follicles may 
in the second series have succeeded in becoming' luteinized, whereas a 
similar number in the first series just failed to reach this stage. Support for 
this supposi;Non is found in column D: the number of new corpora lutea 
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formed under the influence of testosterone is in the first series small and 
in the second comparatively large. W 'hen it is right, the differences hetween 
,tthe values of the first series in column E must rest on diHeren<:es in follicle 
ripening, and then the rea I average weight of the corpora lutea may, as the 
values of the second series suggest, have been id~ntical. 

Testosterone therefore would not have helped .to preserve the corpora 
lutea, but its action would have b~n confined to a stimulation of the 
production of new ones. An improvement in the condition of the corpora 
lutea by means of testosterone (LAQUEUR and KOETS) may be obtained in 
animals whose 'hypophysis has not been removed, but in this case it win 
have to be eHected throug'h t·he intermediary of the hypophysis. 

Summary. 

1. The weight of previously luteinized ovaries of hypophysectomized 
rats is better preserved by a treatm~nt with pittuitarygonadotrophin than 
without the latter, and stiLl better wh en in addition testosterone .is ad'mi
nistered. 

2. Pituitary gonadotrophin alone does not give a well-marked increase 
in the number of corpora lutea, butl in co-operation with testosterone the 
increase is undeniable. 

3. The corpora lutea may be better preserved when pituitary gonado
trophin is given; moreover the latter probably causes a modest follicle 
development. 

4. Testosterone apparently does not pres erve the corpora lutea. The 
retardation of the atrophy of the ovary may be due entirely to the formation 
either of new foUicles or of new corpora lutea. 

5. Arguments were brought forwal'd, pointing to an especially short 
duration of life of the smallest corpora lutea. 
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