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(Translated from: Verslagen van de Gewone Vergaderingen der Wis· en Natuur· 
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K oNINItLurrn AlLtOEMIE VAN WETENScIiAPPE~ 
TE A~ISTERDA~f. 

PROOEEDINGS OF THE MEET JNG 

of Saturday May 30, 1914. 

VOL XVII. 
----_:>:)0------

, President: Prof. H. A. LORENTZ. 

Secretary: Prof. P. ZEEMAN. 

\ . 

(Translated from: V t:rslag van de gewone vergadering der Wis· en Natuurkundige 

Afdeeling van Zaterdag 30 Ivlei 1914, Dl. XXIII). 

CON 'I' :El N 'I' S. 

P. Rü'rIIIG anc1 C U. /I lUTINS KAPPERS: "FnrtlH'r' cOIl~ribll tions to our lmowleclge of thp 

br.ain of Myxine glntillosa". (C()l1lmuni~ated by Prof. L BOI.IC), p. 2. (With 2 pl.). 

H. IÜMERLINGH ONNBS: "Fllrthcr cxp~lil1lents \\ith lif[nid helinm .• T. 1.'hc imitation of an 

A~U'BRR molecular cUJ'rent Ol' of :t pcrl1lancnt magnet by mcalls of a sllpm·condnctOl", p. 12. 

W. IJ. KJ;ESO~I: "Thc chemical constant and the application of the f[uantu:11-thcory by the 

method of thc nutl1l'nl vibmtions to th" cquntion of stnte of :111 ic1col mOllutomir gus". 

(Commnnicutcd by PlOf'. rI. KAmmL1NGII ONNBS), p. 20 • 

• J. WOLT.TF.R Jr.: "On SERLIGER'S hypotiwsis about thc anomalies in thc Jllotion ol' thc innel 

plallct.". (Cumm11nicatcd by Prot'. W.· DE SIrrBR), p.,23. 

W. DE SIITER: "RCllllllks on MI'. 'VOI.TJRR'S papet conccJ'IJing SEEf.IGER'S hypothesis", p. 311. 

A. S~nTs aud A. IT. W. ATBN: "Thc :tpplIclttiull of' the theory of allotl'upy 10 clectr011luti\,c 

eql1ilibri:t". Ir. (Colllnmnicatcd by Prof . • T. D. VAN DER WAAI.S), p. 3i. 

EltNS'r COIIRN and W. D. IbLlIRmIAN: "Thc allotropy of Cadmium". II, p. 54. 

ERNST COllEN and W. D. I1ELDRRMAN: "The allotropy of Zinc". II, p. 59. 

ERNS1' COlIRN ,md W. D. I1ELDERMAN: "T1JC alldtropy of COjljlC!·. IT, p. 60. 

LucIF. C. DOYER: "Encrgy tnUJsformutiolls dIlring thc germinntioll of \\hcat grains". lCom· 

lllllnic:tted by PI'Ol: F. A. F. C. W};N'r), ]1. 62. 

l!'. A. Il. SCIIRF.INF.MAKERS: "Equilibriu in tCl'mtry systems." 'XV, p. 70. 

H. IIuLSJIOl': "On the thcl'JllodynuJllic potential us a kinetic quantity". (First part). (COlllIllIl' 

nicated by Prof. J. D. VAN DER WAAI_S), p. 85. 

L. IC WOLl'l' anel E. H. BiicIlNER: "On the bchaviour of gels towul'ds liquids nnd thc vapoUl's 

thcrcof". (Colllll1llnicated by Prof. A. ]'. HOLLEMAN), p. 92. 

JAN DE VRU.S: "Thc quadruplc invulution of the eotnngential points of' ,t cubic pcncil", p. 102 . 

• JAN Dl~ VRIES: "A cnbic involution of thc secolld class", p. 105. 

W. II. KEF.SOM: "On thc ~Ull.11er in which the sllsccptibility of pUl'l1lllagnetic substances 

depcncls on thc dcnsity." (Collllllllnic-atcd by Prof. lI. ICuumr.INCH! ONNl~S), p. 110. 

ERNST Com;N :Illd W. D. Ibr_DEltMAN: "'fhc ,Lllotropy of Cudminm HP', p. 122. 

1 
. Proceedings Royal Acad. Amsterdam. Vol. XVU .• 
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.À.natomy. - "F~~l'thel' cont1,ibutions to oUJO knowlec(qe o} t!te b;azrl:. 
of J.l1yxine glutinosa." By P. RÖTHlG (Berlin) and c. u. ,ARIËNS 
KAPPERS (Amsterdam). rOommunieated by Prof. L. BOLK). 

(Communicated in the meeting of -March 28, 1914). , 

The former of us has gi\'en a description of the motor roots and 
nuclei in Myxine glutinosa all? in some Amphibia in Vol. XVI of 
these Proeeedings (p. 296). 

IToL' Myxine the topogL'aphy of the V-VU nucleus and the spino
occipital column has been discnssed, and mention was made of the 
absence of tlle eyemnscle-lluclei and the motor glossopharyngeus. 

For the disCllssion of the vagus roots refel:enee was made to 
f"urther researches not yet completed at that time, which we ShOllld 
aceomplish in eonjullciion. 

Tt is known that the vaglls of M.vxine e;lntinosa has caused 
many difficllltie&, anel before giving Ollr OWII resnlts we wish 
fo reyiew the opinions of fOl·met· authors, becallse such a review 
elear]y shows the points which give rise la different interpretalions. 

It is obviollS that in doing so we shall be obligeel to deal again 
witl! other roots of the cranial nerves in Myxine. 

The first descL·iption of tbc central nerVOllS system of MyxÏ!Je 
glutillosa was given by ANDlms RI~TZIFS 1), who melltions three 
nerves of the Oblongata, tbe Va!?;us, a nerve of the labyrinth (TabIe 
VI 1. c. Fig. 7), a cntaneOllS branch of this labyl"inth nerve (Tabie 
VI;'Fig. 8) ::tnel several bl·anches of the V (p. 397, 400 and 401.) 

Aftel" A. R\<jTZlt'S, JOIlANNI':S .MÜUER 2) gave an elabol'ate desel'iption 
of the origin anel perifm·ul cOlll·se of tbe cranial nerves in Peiromyzon, 
Belellostomn. anel Myx.ine. FOt" 1\1)' xine he gave a dèscl'iption of the 
TL'igeminus, Fncialis, Acusticus anel Vagus (comp. Fig. 4, 4 anel 6 
on Table lIL 1. c. 1838). I 

It is inteL·esting that he mentions a cutaneous brl1l1ch of the VII 
(p. 193 1. e. 1838)" which still wnuts affirmation, specially since 
Mitis WORTIllNGTON 3) eould not. find any but visceL'al sensol'y and 

1) A. HETZIUS, Beitrag ZUl' Anatomie des Ader· und Nerv-cnsystems der Myxine 
Glutinosa (Lin.) (Aus d. Abhandlg. d. Känigl. Schwedischen Akademie del' Wissen 
schaften Jahrgang 1822 H. 2) Meikel's Archiv fül' Anatomie u .. Physiologie 1826 
S.386-404. 

2) J. MÜLLER, Ueb. d. eigentlimliclLen Bau des Gehörorgans bei den Cyclostomen, 
mil Bemerkungen über die ungleiche Ausbildung der Sinnesorgane bei den 
Myxinoiden Abhandlg. d. Kg!. Akael. d. Wissensch. Berlin ] 837 (25. IV. 1836), 
\lnd: VergleichenJe NeUl·ologic d. Myxinoiden, ibidem, ·1838 (15. H. 1838). 

3) J. WORTI-HNGTON: Desceiplive Analomy of the Beain anel cl'anial nerves of 
BLiellosloma dombeyi (p. 169) Quart. Jouen. Miscr. Science Vol. 41:), 1906. 
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lÎlOtOL' ftbl:es in tbe facial nerve of the American Myxinoid Bdello.: 

stoma dombeyi. 
Af ter JOH. MÜLLER, GUST AF - RETZIUS 1) ga,-e very valllabie contri~ 

butions which appeared abundantly illustmted in 1881 and 1893. 
lt is just the excellent descriptions given by G. RI<JTZIUS that show 
how difficult the interpretation of this brain is, for G. RETZIUS himself 
emphasizes at the end of hjs elauorate descl'iption of 1893 (p. 63) 
that - though he had been ga.thering the data concerning the 
brain of this animal fol' seveml years, he bad not yet sncceeded lil 

obtainillg a complete idea of its exart relations. 
G. RETZIUS mentions, as did P. RÖTlJIG in his conLriblltion (I. c.), 

the absence of the trochlearis, oculOlIlotori ltS allel abd llcens. Tbe 
most front..'l.l nerve roots, accOl·ding to him, are two trigeminal 
branches (p. 60 and Table 24, b'!g. 1-3) each pl"ovided with a 
spindleshaped ganglion. 

Following on this he fillds t), sma,ll nerve without ganglion (a 
motor nerve consequenlly) .whirh he considel's to be -- liko JOH. 
MtnJLmt - the facial nel've. Close to Ihis nel've he finds a thil'd 
ganglionaleel root, which he sllpposes to oe a ihird trigeminus 1'001. 

anel behind these the two roóls of the octa\'us ocrm which he had 
already described before (1881): the Ramus anLeriol' and }::1l1lUS 
post~rior acustici, Mllch more uack"vaI'd the vagus roots 1;l,ppear 

,without ganglion, Dorsally from these /Je, 1101VeVel', finds a smal! 

sensory root witlt nn ovnl ganglion, which he considers to be a 
sensol'y vagns root (p. 59). 

Aftel' G. RETZlUS SANDERS 2) look up ihis f'mbject. S~lce thi~ worl~ 

was not avaihtble fol' us, we can OJlly quote hom it what Hmlll 
J , 

lIas cited (1. c. infm). 
According to this antho1' SANDIms found the V, VII, VUl and X 

nen'es, but diffel's in so tiw froll! G. HE'l'ZLUS th at he cOJlsiders some 
J'oots' ~l1terillg the brain behind the ntg1l8 of Rg'l'7,lUS still as vagns 
roots, whilst the lt~tler mentions them as spino-occipital nel'ves. 

lt is SANDlo\RS' merit to have fit'st g'iveu a detailecl description of 
the oblongata-nuClei, which he divides into two cellgroups of whi('h 
one has an entirely central position nea1' the dOl'sal raphe: "gangli~ 
centralia" ,and another near the pel'ifel'Y of the bnlb: "ganglia latero-

1) G. RETZIUS. Das Gehörorgan cl. Wit·heltiel'e Bel. [, Stockholm, 1881; Ueb. d. 
Hypophyse von Myxine Biolog. Ulltersuchg. Bel. VI ; Dus Rückenmark von Myxine 
Bi%g, Untersucltg. N. F, Bd. W. 1891; Das Gehirn unel elas Auge von Myxine 
Biolog. Untersuchg. N, F. Bel. " 189~. 

2) SANDERS. Rese::u'ches on ~he nel'VOUS sysLem of Myxine glulinosa, 1894, 
\Villiams and Norgate, London. 

1*'-
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, ventralia' \ the lattel' of which extending (varying In slze) trom thê 
entrance of the V to the X. 

\ 

In GEGENBAUR'S Festschrift FÜRBRINGER 1) describes the spinal, occi-
pito-spinal ánd vagal roots (p. 616 et seq.) aud gives a drawing of the 
roots of the American Myxinoid : Bdellostoma (Text figure 1). Accord
ing' to him the vagus leaves the brain ,\rith 1-4 rootléts (he 
draws 2) and possesses a prevailing motor character (p. 619). 

FÜRBRINGER Atates th at this also holds good for Myxine. He con
siders the glossopharyngeus - not mentioned by preceding authors -
'lS represented byelements of the nf?rvlls pharyngeus X, al thOllgh 
he states that a branchial sack innel:vated by the IX is failillg in 
Myxinoiels. In other "\Vorels he grants the absence~of all independent 
IX, but supposes that elements of it are inclueIeeI in the pbaryngeus 
branch of the Xl 2) 

FÜRBRINGl!lR emphasizes that fhe spino-occipital roots are shifted in 
a fl'ontal direction in Myxine. Tllis holds good as weIl fol' his 
first sensolT spino-occipital root as for his secOlld spino-oc~ipital 
root. The first in his opinion enters the urain on the level of 
the ramus acusticus posteriol', tlle second near the level of the vagus 
roots. FÜR~,RINGRR points out tbat, in contrast to Myxine, in Petromyzon 
the spino-occipital roots are localed on a fail'ly large distance behind 
the vagus roots. 

This diffel'ence between Myxine and Petl'omyzon, according to 
~}m, can, be, e~plained in two ways, eithel' the first spin o-occi pita I, 
root of lVlyxine is lacking in Petl'omyzon, Ol' the spino-occipital 
root,s ar~ shifted forward in Myxine. FÜHBHINGER b~li~~es tlw,t the 

1) lfÜRBRlNGER, Uebet' die spino·o~cipilalen NervPI1 der Selachier l1nd Holoce- , 
phalen und ihl'~ vel'glcichende MOI'phoiogie. l,'estschrift füL' GEGENB.AUR TeilllI 1897 
p. 34-9-766. . 

We do not deal het'e with lhe papel' of RANSOM and n'ARCY THOMPSON (quoted 
by FÜRBRJNGER) because it conlains vel'y liLLlt' on OUl' subject. Compal'e: On the 
spinal and' vfscel'al nerv~s (lf Cyclostomata. Zoölogischer Anzeiger No. IX, 1886 
p. 421.' ' 
, 2) We may add here that Miss WORTHINGTON, to whom we owe sllch an excellent 

sedes of papers on the Amet'ican Myxinoid Bdellostoma, c0nsidet's th is bt'auch as 
a rea I IX O. c. p, 172), "lying so close to the X that it is difficult to distinguish 
on,e, frwn the other'·. She also menlions that they have a common foramen and 
that (p. 173) "the glossopharyngeus 1 uns in lhe same sheath with the vagus as 
far as the' second branchial arch"'. Consequently - as fal' as these points are 
conccl'l1ing - the presënce of a reul glossopluu'yngeus is not very conspicuous eiLher 
in Bdellosloma nor in Myxine - Since its periferal terL'Ïlory abo is fairly weil 
aLL'ophied - (sep. the 1'0Jlowing pages) these argumenls foL' the presence of a IX 
seem t~ b,e open to, CL'iLicism, though in a veL'Y rudimenlary way it may be 
present. 

: 
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fit st is tl'ue, anel that consequently the lirst sensory spino-ocejpital 
root of l\1yxine is lacking in the Lamprey. 

We may rem~l'k here that, in' our opinion, FÜR13RINGl!]R is mistaken 
when he considers the first root here mentiuned as being a spino
ocripita1 one. We are more inclined to believe that in .Myxine the 
same 1'elation is found as in Bdellostoma, for which Miss WORTIlING'rON 
has pointed out that FÜRBRINGJm'S first spino-occ. root is the Acusticus 
b, i. e. a lateralis root. 1) 

The topographical difference in the spino-oceipital roots bet ween 
Myxine and Petromyzon consequently is not so considerable as FÜR
BltlNGER thought, since ~ 'the spino-oceipital roots of Myxirle do not 
l'each as fal' frontally as the aCl1sticus. 

Still there is aeonspieuous ti'ontal elisplacement of spino-occipital 
elemen ts in Myxine, aR appears fl'om a comparison of Fig. 2 with 
Fig. j. In our opinion the tl'ansitory region bet ween oblongata 
and cel'vical cOI'd is shiftpd in a frontal direction, , 

The vago-spino-occipital región of the oblongata has approached 
t,he trigemino-facial region, the otie and postotic part of' the bulb 
being rcdnced. This fl'ontal sl~ifting of the ,\'ago-spino-oceipitall'egion 
of the brain is accompanied by a ft'ontal displacement of the spino
oecipital nnc1eus anel roots, but tbe vagnsroots (see fig. 2) al'e not 
sa much displaced as their nucleus anel l'emain behind, pel'haps 
011 account of their lying on the ear capsuia. 

In consequence the spino-oceipita1 and vagus roots have consider
ably approached and the vagllsroots appeal' cl'owded togethel' on [he 
level of the caudal exh'ernity of the nucleus, instead of ueillg divided 

'fairly regularly over t11e level of the who Ie nucleus as is the case 
in Petl'omyzon, 

That the wl101e vago-spino-occipital l'egion of the bulb has shifted 
fl'ontally anel Hot only [he spino-occipitall'egion, appeal's from the fact 
that the spino-occipital column does not overlap the \'agal column 
in Myxine mOl'e than in Petromyzon. 

As all'eady said, this process is accompanied, if not parlly caused, 
by a l'eduction" of the acoustic l'egion of the brailI. That the acollstico
latera.! system in Myxinoiels is not vel'y much (~eveloped l'esuHs a180 
frolll the researches of Anms anel WOR'l'lHNG'l'ON 2) (see f'ul,ther be10w). 
We sha11 now proceed to the description of the nllclear topogl'aphy 
of the bull> and disC9SS at the same time the paper published by 

1) Compal'e: Quarterly Jo urn al of MicroscopicaI Science Vol. 49, 1906 p. 171 
and 175. I , 

2) AYERS anll W OR1'HINGTON: 'fhe finer anatomy of the brain of Bdcllosloma 
dornbcyi I. The acustico-Ialeral system. American Journalof Anatomy vol. VUl, 1908, 
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Hour 1) on this subject m j 902, w 11lch is certalllly tbe best de
sel'iption as yet gÏ\-en of the motor nuclei 111 Myxine glnt1l10sa. 

HOLl\1 points out that tile motor column of the spinal cOl'd (comp. 
our FIg. 10) ean be tmced frontally in tbe bulb. 

Latel'ally from it hes the postenor extremity of what SANDEHS has 
called the lateral or latero-ventl'al cell gl'OUp (comp. om. Fig. 9). 

HOJ;M divides this latE'l'o-centl'al column of the bulb, w hicb we 

sha11 caU the viscero-motor column, mto two dlvisions, a fi'ontal and 

a caudal one. 
He again divides the Îl'ontal division into two, the caudal one 

in to three su bdivIsions. 
We can only follow him in so fm' as we also di vide the viscero

motOl' colnrrm into two fl1\ i81011S (see FIg. 2 anel Fig. 3) of which 
boweveI' only the f'rontal one iE> again dlviqed into two snbdivIsions. 
The caudal viscero-motor divlsion, in 0111' opinion, is contmuous (see 
Fig. 2 and 3 nucI. X mot.) aud does not exhibit subdivisIOns 

A part f'rom this column Hou\1 mentIOm a g1'oup of cells located \ 
next the ventricle in the rostral pat t of the oblongata fl'om which 
he thwks tbat a part (lf the mo!o1' tl'lgeminl1s ol'iginates. Another 
pal t of the motor trigeminus shol1ld origmate from a nucleus in the 
lateral part of the oblongata on the level of the acusticus ganglion. 

The nuclei of the tri~emlI1us Ons ,vould be located a! tt fairly 
gl'eêü elistance from each other, Ol1e lyil1g neM the ventrlcle, tbe other 
neat' the perifery of the bulb. (Comp. his Fig. 20 on Plate 21: 
Nclm.NV anel NclIm NV). 

We do no agree with this descnption, nor with his statements 
concerning the motor faciahs. 

Also the faciahs - according to HOLlli'S opinlOn - shoulel luwe two 
nnclei (1. c. p. 389) anel from Ins elescription it cleaI"ly appears that 
he consldel's our fl'Ontal motor V nuclens as a VII nucleus, fol' the 
aÀOlles of this nucleus - as shown in his dmwll1gs - (Fig. 21 
Plate 21) constitute the most fl'ontal root of the bulb. 

No doubt ,the two VII roote descl'lbed by Hou! (VIla and VUb) 
are V roots, since only this nerve leaves tbe bulb w1th two motor 
roots 2), whel'eas tlle motor VU root IS single alld very small. Ou!' 
opinion IS confirmeel by his elescl'lption of the cOl'l'esponding nuclei. 

The fil'st VII nucleus elescl'lbed by this anthor lies in the' flOntal 
part of the bnlb near the perÜ'et'y, anel consists of large eells. Bis 

1) J. F. I}OLM. The finer Anatomy ot' the nervous system of Myxine gIutinosa. 
Morpholog. Jahrbuch Bnd. 23, 1902. / 

2) TlllS sepmution of the motor V m lwo roots is only viSlble near the en
trance. Soon aftel' it they umte. 

\1 

1\ 
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s~('oncl V l1lIeleus aeeoldilJg LO bis description is JocfLteJ in the candal 
eloJlg,ttion of the Ih'st, is not complete1y sepal'Ö,led from it and 
cOII$ists of smalIc!' eeUs, Wllldl description is pCl'I'ertly in accol'dance 
with tbe two V nuclei (see Fig, 3) of which the second, con
sisting of' smaller cells and not complêtely separated from the fl'ontal 
llucleus, gives a1so l'ise to the VII root, (Oomp. also Fig, 4-7). 

Like HOL:\I we were fhsl inclined to consider the second (cauclal) 
nucleus onIJ 'as a VII nucleus, but a more sCl'utinous examination 
of the V fibl'es showed that in this nucleus ali:>o the second motor V 
root found its origin. 

Smnmarizing we state that the motor V nuclei mentioned by 
HOJJl\I are no motor V nuclei, and that of the two VII nuclei 
mentioned by this authol' the frontal one is a pure V nucleus, 
whilst the eandal mor.e parvoeellular one eontains root cells of 
tbe V and VII, I 

This union of motot' V cells and VU cells is in pel fect harmony 
with the condition fOllnd in Petl'omyzon (comp. Flg 1), whel'e tile 
motoL' VU rells also form the caudal cOlltinllation of the V nucleus 
anel are a little smalle!'. 

Since we only wish to deal with the motor nuclei in th is de
scription, we shall pass thc aCllstico-tateral sysrem, which for the 
Amel'lCan Myxinoid Bclellostoma, elombeyi has been so minute]y 
elescl'ibed by A Y.l!JHS anel W ORTHlNGTON 1) anel proceecl to the motor 
X nucleus of Myxine. 

It is obviol1s that, without an exarnination of the perifèl'al nervous 
system and its mnsc1es, the qnestion of the presence Ol' absence of 
a motor glossophal'yngel1s cannot be seltled. 

We eao on1y state that qUl' researches show a reelnction of the 
numbcI' of root fibers of' the motor X group, which in Myxine onIy 
consisis of 3 of 4 l'ootlcts, whereas in Petl'omyzon it conta,ins 
together with the glossophat'yngeus at least 5 l'ootlets. 

This combined vvith the filCt Lhat the postel'iol' viscel'Omotol' coln mn 
lIaS sufI'el'ed a reeluC'tion in its frontal part is in lmrmony with tlle 
opillion defendecl by JOllNS'l'ON 2) thM the glossophal'yngeus and pel'lmps 
even t11c fh'st motol' X root sensu Ml'ictiol'i are either very much 
recluced Ol' absent. A cornparison of Fig, 1a and 2(l shows that this 
reclucüon is only probable for the fl'ontal pole of the column, 

1) AYDRS nnd WORTHINGTON : They finer nnatomy of the brain of Bdellostoma 
dombeyi I. The acusLico·lateral system: Amel'ican Journa.l of Anatomy Vol. Vlll, 
1\)08. 

2) JOllNS'fON: Note on lhe presencc Ol' absence of the glossophat'yngeal nerve 
in Myxinoids. Anatomical ReeDt'd Vol. Il, 1908, 
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~/a. oce. 

Fig. la. 

Showing tbe reduction in the frontal part of the v,lgal column. 

sinee the overla,pping of the eau dal part of the vagal column and 
spino-occipital column, as well as the topograpby of the posterioL' 
extremity of the vaga! column to the spino-occipital roots, are the 
same in both Petromyzon 'and lVIyxine, 

The reduetion of the roots and of the fl'ontal part of the vagal 
column in Myxine is also in harmony with S'l'OCKARD'S obsel'vation 
that in Myxinoids, at least in its American form Bdellostorna, the 
bl'anchiaI sacks behind the hyomandiuulc1l' [l,['ch are atl'opbiecl.' 1) 

The va,gal column begins faidy near the posteriol' extL'emity of 
thc mixed V-VII nucleus, ly!ng in u, somcwhat more dOl'sal por-ition 
(Comp. Fig. 3, 7 and 8). A few scattel'ea cells lie between them, thlIS 
constituting' a sort of brokE>n link. 

The size of the vnguscellc; is considel'ably smaller thall that of 
thc fl'ontal V nucleus, mOl'e like the cells of the mixed V -VU 
nucleus, spccially the f:1maller candal ceJls of the Jatter. 

In its frontal pal·t the vagns llucleus is r~tthel' small anc! the cells 
do not a,tlain rheit· hll'gest size bere. The nuclclls af:> weIl as the 
cclls attain their maximum development ilÎ the middle part. "'vVe 
have not been able ho we ver, to state a dh is ion of the nucleus in 
three parts as HOLM did. 

1) STOOKARD: The development of the Mouth ::md G\lls in Bdellostoma. .8louli. 
American Journalof Anatomy Vol. V 1900, specially p. 511 alld fig. 33-36. 
Comparc also fol' fUithel' lmowledgc of these animals : 

AYEHS. Bdellostoma dombeyi. Woodshole lectUl'es fol' 18!13. 
W ORTlIINGTON. Conll'iblltioll 10 Oll!' knowledge of lhe My}.illOids. Amel'ican 

l"\atul'alist Vol. 3~, 1905. 
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On the other hand we agree vvith HOLl\l that the small ventl'O-
latel'al root that leaves the bulb in the posterior part of the vagal 
l'egion and is considered by SANDERS to be a \'agall'oot, is cel'tainly 
a spino-occipital one (Of. HOLl\f p. 395), as much on arcount of its 
position as on account of its centra! eonnection. 

Thai the spino-oC'cipital column extengs for a short distance in 
the vagal region is a general feature in vel'tebrates and has beell 
shown before to occur albo in Myxine by EDINGl!1R 1) (1. c. p. 28) .. 

We a1so agre~ with HOLM that the dOl'sal sensory root entering on 
this level is a sensory spino-occipital or spin al root and not a sensory 
Vagusl'oot, as resluts fl'om the facts 1. that the size of its fibres 
cOlTespollds with those of the sensory spin al rooJfibres, 2. tqat the 
line of entrance and the ascending cllaracter of the fibres dUl'ing 
thcil' intramed nllal'y course are the same as in the .Ispinal sensory 
roots and 3. because they are joined by the latter during titis 
conrse. 

Finally we wisb to eall attention to the tact th at not only the 
topography of the nuclei, but also the general morphology of this 
brain shuws the compression which the brain has suffered. 

Similal' to the other ventrir1es of the brain the 4th ventricle is 
l'edllCed to \ a minimum. This is complicated by the peculiarity that 
the caudal end of the midbrtun (a cerebellum does not oerUl' in this 
animal) protmdes a co~siderable distance betweèn the dorsoI'ateral 
walls of the oblongata. and is so' elosely adjacent to it that only the 
pial membrane ean follow it. Behind the caudal extremity of the 
midbl'ain the dOl'solateral walls of the oblongata uni te. 

On,e cannot speak h~re of a real ealamus scriptorius caused by a 
widemng of the ventririe itself. The lateral deviarion of the walls ~ 
takes place only nndel' the influence of the midbrain, but the 4 th 

ventricle itself remains a small split undel'neath it. The dotted a~Tow 
in tigure 2 indicates the plaee of this pseudo-calamus. SJnce in th is 
animal, with atl'ophic eyes, there is no qnestion of an enlargement 
of the miclbrain being the cause of this telescoping', the only reason' 
of it ean be found lin the compl'ession of the wh~le brain in its 
longitudinal nxis, which is also exhibited by the approach of the 
vago-occipital part of the oblongata to the tl'Ï[!'rmino-ffli'inl part. 

This longitudinal compression probably 1i '1':- :1;- dli,,!' reason in 
the pressure exercisecl on the fl'o n tal pat't of the brain by' the 
olfactory pit and dOl'sal lip, the influence of which on the form 

! 1) EDINGER: Das Gehirn von Myxine gluti~osa. Abhandlungen der Preussischen 
, Akademie der Wiss. 1906. 

-, 
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P. RÖTHIG (BerUn) and C. U. ARISNS KAPPERS (Amsterdam). Purther 
contributIons to our knowledge of the braln of Myxlne glutlnosa. 

~'i g. 6. 
Myxine glutinosa. Magn. 20 : l. 

F'ronlal Seclion Illrougb Ihe mot. V- VII ·nucleus. 

Fig. 7. 
Myxine glulinosa. Magn. 20: I. 

Frontal Seclion through the mol. VU nucl., 
caudally rrom Fig. 6. 

Oorsal Sp oo·ooçipit31 rootfibm 

Nucl , X mol, 

Oorsal Spino-oo::ipltal lootfibres 

fil!:. 8. 
Myxine glutinosa . Magn. 20 : J 

F rontal Section Ihl'Ough lhe mot. X nud. 

Nucl,sp,f)ec. 

Fig 9. 
Frontal Section through the Nuc!. X mot . 

Magn. 20: 1 (caudally from ]i'ig, 81. 

Fig. 10, 
Myxine glutinosa. Magn 20 : 1. 

Frontal S(.>etion thl'Ough the spino 
occip. column. 

Proceeding~ Royal Acad. Amsterdam . Vol. XVII 
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of the brain in Oyclostomes is already mentioneel by SC01"l' 1) in 
Petl'omyzon" 

As stateel above, the telescoping is the more obvious in the 
oblongata on account ot the reduction in the acustico-lateral syb~em 
of the bulb. 

Evel'ything indeed shows that in Myxine we have to do wiLh 
considerabie secondary modifications. 

Also the topography of the motor puclei is by no means a primi
tive one. 

The primitive location of the V, VII, and X nuclei in Oyclostomes 
is near the ventricuIal' ependyma where the matl'ix of the nel've 
cells is, and whel'e they are. stIll found 111 Petromyzon. In lVIpjne, 
however, the V-VII nucleus has a ventl'o-latel'al perifel'al position 
and tbe X nucleus a lateral perit'el'al position, a conelition that can 
only be caused by secondary influences originating III the fl1nctlOnal 
reflectory relations of th is ani mal. 

The influence which has caused this secondary position is certainly 
the considerabIe 'development of the descending sensory V, which 
has a dominating lllfluenc.e Oll the strl1ctnres of the oblongata, an 
inflllence which is tile more prevailing since the other sensory anel 
reflectory paths are either atrophied or poorly developed in this 
ani mal. We know that in animals with a well-de\'eloped dOl'sal 
viscel'o-sensor,v nucleus the motor vagal column generally has a 
dOl'sal position, adjacent to its sensory grey (Selachians), which is 
still the case even 111 Petromyzon, 

On account of these facts we, cannot agrec with HOLl\! in his 
st~ttement that lVIyxine has a more primitive C'haracter than Petro
myzon. 

Snmmal'izing 0111' l'esults we concIlIde. 
In Myxme the eye-IUllscle nuclei are absent. 
The motor V nucleus is incompletely clivicled into t\".'O parls corre

spollcling to the cenlIal division of the motor 1'001 inl0 tvvo pal'fs. 
In the continuation of the caudal V nucleus also tlle motor VII 

eens are founel, as is also the case in Petl'omyzon. These nnclei have 
a ventrolateral position very near the conC'omitating gl'ey substance 
of the sensory root. A central V nucleus (HOI,l\I) has not been found. 

The posterior viscero-motol' C'ollllnn, and also the spino-occipital 
motor coln mn lias shiftecl coneidel'ably frontally. By tbe ad,jacency 
of the eal'caps\lle th is shifting coulcl onIy be partly followed, by 
the motor X roots, which m'e cl'owded together on the eal'capsula. 

1) SOOTT The embryology of Pelromyzon. Journalof Morphology Vol. 1, 1887 

,I ., 
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The spino-occipitn.I 1'ools luwe, howevel', followed the shifting of their 
l111clens and h'ave came very nem' {he vagus roots, I 

Tile postel'iol' viscel'O-motol' coillmn is considembl,y shol'tened at 
its fl'ontal extremity, which most pl'obably l'eslllis from tlle 
absence Ol' e>..treme l'ednctiol1 of' the motor IX, and pel'haps even 
of the fl'ontal motor X l'oot, (.JOII~STON) in connection with the apsence 
OL' l'ednctioll of the {wo postbyomundibular bl'anchial sacks (STOCKARD). 

Physics. - "Furtltel' experiments 1IJitlt liquid Iteliwn. J J!te imitatiun 
of an Al\IPÈUE molecular cUJ'l'ent 0]' of a peJ'manent mag!2et by 
rneans of a sUZJra-concluctol'." Oommunicution N°.l04b from thc 
Physicu] Lubol'U,tory at Leiden. By Prof. H. KAl\[l!]RJ,JNGH ONNJilS. 

(Communicateel in the meeting of April 24, 1914). 

§ 1. Intl'ocluctiqn. If a Clll'rent is generated in a closed supmcon
ductor, from which no other wOl'k is l'equÎl'ed than what is necessal'y 
to ovel'come the possible l'emnining micl'o-residual resistance- of the 
conductor, ii follows, from the smal! \'aille that tlle micl'o-l'esiduul 
l'esistanee cun have ut the most, that the cmrent wil! continue 
for a considerabie time aftel' the electl'omotive force that set it in 
motioH has ceased LO work. The time of relaxation t' in whieb 
the CUlTent clccreases to e-1 th of its vallle is given by the mtio 
L 
- of the seIf-indnction L anel the l'esistance l' of the circuit, Whcn 
I' 

l' appl'oaches zero, thlS period muy rise to vel'y high vnlues. Whel'eati 
the tune of l'elaxation itl extl'emely smal! in ordinal'y cases (tor the 
cai I witlt which we are about to deal fol' instunee, of the orde!' of 
a hnndl'edthotlsandth of u second) when the l'esistallce in the 'Sllpra
condllcting conditioll becomes say 1,000,000 Ol' even 1,000,000,000 
times srnaJIel' it may increuse 80 oltlch, that rhe disappeal'ance Of. 

the CUl'l'ent call be ob:;erved; it may even take pluce extl'emely slowl.)'. 
Fl'om the moment tha,t I had tonnd in rneL'cul'y a supra-conductor 

at tbe lowel' tempel'utLll'es 'which cun be obtained wi1h liql1id helium, 
I was desa'ous to c1elllonstrate the pel'sistence of a CU1'l'tmt in a con
cluetol' of thl8 kind, and mnong&t other things to take ad\'anta,ge of 
iL in the furlhel' iuvestiga,tion of the micl'oresid1ual resistance of the 
supra-conductor 1). But it was onJy afte!' the previoLls study of val'Ïotls 
__ I. 

1) For the sake' of brevily we me the ,yord resistance here in the sense of 
qnoticnt of potential elifTerence anel CUl'rent strength. In 1 supra-conductors (see 
Comm. No. 133) we cau at present only speak of CUlTent aud potential diJfel'ence ; 
whethel' thc relation betwecll these two can he expressed by mC,tDS of the concep
tion of speci!ic resistance, has still to he il1vestigated. (Comp. nole 1 § 3). 
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probtems, which wei'e also of value for the knowledge of the cOti .. 
ditions which bad to be considered, that I arrived at t1le Rünple 
experiment whicb I am now able to describe, and which confil'ms 
what I have adduced in a convincing way. ' 

For . this experiment a conductor was available whose constants, 
in so far as they were needed in designing the experiment, were 
known: I refer 10 the coil of lead wire PbXIl which has several 
times been mentioned in pl'e\'Ïolls papers. A thousand turns of lead 
"\vÏl'e of' l/iO sq. mm. in beclion are wOlllld on a s'mall bl'a8s tube 
of 8 mm. in diameter in a layer 1.1 cm. thick and 1.1 em. long. 
At, the ordinary tem perature the coil has a l'esistanee of 734 S2 and 
as the inductanee is 1 () milli-hemies, the l'elaxatioll Lime ma)' be put 
at about 1: 70000 of a seeond. Tbe micl'o-resid ual l'esistance at 1°.8 K. 
had been fOlmd to be more than 2 X 1010 times smaller tban the 
l'esistauce at the ol'dinary tempel'atul'e; the relaxation tjme thel'efore 
must be at least of the order of a day. Tbe limit to which the current 
may be l'aised befol'e ol'dinal'y l'esistance is suddenl)' genera/ed, had 
aJso been detel'minecl; at 1°.8 K. tbis limit was (J.8 amp.; ii is clear 
tlJat a lowet· CUlTen! than that is sufi'icient to make the coil into a 
powerful lhtie magnet. FlJ1ally lhe thl'eshold value of the wagnetie 
field, below which no resistance is pl'odl1ced in the eoil was known : 
at 1°.8 K. it had been fOllnd to be ttbout 1000 ganss. It was aseer
tained (cf. § 3), that it was IInneeessary to use a field of that strenglh 
to be able to make the experiment by means of generating a CUlTent 
by illduetioJl iJl the conduclol·. Tbe condllelol' aftel' Iw.vmg been tesled 
as to its supet'COncllleliyity hacl 10 be closecl in it:3eIf in a Sllpel'Con
dllctive way. This was b(ferled bj fllSillg the enus of the lead wire 

, togelher: in pl'eviolls expel'iments it had been founcl, thaL this treal
ment did not lead to the pl'Odllctioll of ol'dll1ary resistanee. In view 
of all lhe clala I could be assl1\'ecl, thaI all the conclitions necessal'j' 
for the success of the expel'iment were fnltilled. 

I 

§ 2. Arrangement of t/te ercpe1'iment. The eoil was fitted np in 
the same cl'j'ostat w hich had 5erved fol' the pl'eviolls eÀ perÎluenls 

_ with the plane of the windings vertkal in sueh a mannel', th at it 
cOllid be raised anel lowered, as weil as tlll'l1ed ronnel a vel'tical 
axis. Fig: 1 shows the arl'angemellt eliagrammatically. 

As the coil w~s ,elosed the Cllrl'ent in it was generated by 11111uction. 
A hu'ge 'Vj<nss-electromttguet, at hallel 101' the expel'imenls of Oom111. 
NU. 140d cOllld be llloved on castel's lowal'ds t,he erj'oslat to n POSiliOIl 
in whieIJ lhe crj'ostat willt tlte eoil wab ill rhe inted'el'l'um. 

In order tt) oblain au unambigllOus l'esnlt il is au visabie Lo ue 
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àble to test the magnetic condition of tlle roil while 110 other mitgnetir 
oo.iects are in the neighbourhood; it is also necessal'y to prevent the 
induction currents which are generated when the field is produced 
and .w hen it clisappeal's from partly or _complelely' nentl'llJising each 
other (cf. § 4). 

Tt can therefore be easily seen that the follow
ing prorednre is advisnble: the field is put on, 
while tlle coil is ill the cryostnt at the centre of 
I,he in terferl'Ulll, everyt hing being prepared fol' 
siphoning the liquid helilllIl into the Cl'J ostat. 
The ClH'l'ent generated at the production of the 
field is then immediately dissipafed by the ol'dinal'y 
resislance of the coil befOL'e tlle helium is poul'ed 
ovcr. Care is taken to keep the field below Lhe 
threshold-value of the production of ordinary 
resistance, wbich holds for the temperaLme aL 
which the experiment is going to be made. The 
coil is tbcn coolen by letting in liquid helinm, 
ihe field I'en;aining nllchanged. In thi~ manncl' a 
sllpra-('onducting coil is obtained, closed in itself 
without a current placed in the magnetic field. 
If the field is now put of!' and the aPPi1l'atns 
which have ])l'odl.lced it are removed, a Cl1l'l'ent 
will remain in the ('oU which is smaller than Ol' 

Fig. 1. in the limit eqnal to tbe threshold-value COl're-
spûnclillg to the temperainre of the eoil. The pl'esenre of ihis ClllTent 
can be established by its magnetie act ion ouiside the Cl'yostat. 

In order to obtaill astrong CUl'l'ent it is advisable to cool the 
eoil as far down as possible, as thereby the tlll'eshold-vall1e of'the field 
to be u&ed iol' thc iJldllctiop and the threshold-value of the CUlTent 
are both made as high as po&sible. For t hat reason 1 he tirst experimen 1 

\~as made at a tempel'atul'e of 1°.8 K, the lowest temperatnre which \ 
ean be l'eached comparati vely easily and mn,intained for a 10llg time. 

§ .3. Galcztlation of t/w (',vpel'irnent. Assuming th at tbe field 
diminishes pl'oportÏonally to the time t from Ho to 0 and çalling .11 

dM 
the magnetic potentialof the coil in the field H, - will be constant 

dt 
Jmillg the Vel'iod of the disappet\rauce of thc field and the equation 1) 

di dM 
L-+1'i=-

dt dt 

1) Here is supposed that l' is iJldependenlof i below the llu'eshold value i.D of i. 
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whh-'~ = Ö at the beginning gives 

_ 1 elM (1 -.;- t ) 
~_-- -e.v , 

l' dt 

t' 
and 1'01' smal] value::; of - and t, as long as 111 bas llOt l'euehed 

L 
2',e1'O, witll sl1ffif'ient appl'ox.imation 

1 dll1 
i=--t 

L dt ' 

so that, if M l'eaches 0 wlllle t is still smalI, 

. Mo . z=--
L 

wil! be the Hnal ntllle of the CUlTent. 
In our' experiment the constants wel'e Ho = 400, jl{o = 1,26X10", 

L = 10', so that i conlc\ l'ise to 0,126 O. G. S. or 1.26 1
) Amps. 

The clllTent can, Ihel'e1'ore l'cnch (he thl'esholcl-valne 0.8 Amp. evell 
wirh a field of rathel' more than lw,lf Lhe stl'ellgth assLllllec\ in Ihe 
calrulation (et'. o])e of the e~pe]'iments in § 4). Fl'om Ihe moment 

l' 
at whieh Illis val ne is 1'eached ol'dinmy I'esistance appears allel -

L 
wil! be no longer smalI; tbe fm:.tber increase of i above the thl'ebbolcl 
valne in follovvs a differellt law fL'om below in. 

For an accurate ra1culatioll of Ihc pl'ocess nbove iD, it wOlilcl 
be necessnl'y 10 take into account the complica.teel Inw of inerense 
of the I'esislnnce with Ilfe cU~'l'ellt beyonel iD. For OUl' pUl'pose it 
is 8uffidently [tecm'ale to tlSSllme, lhat ",hen iD is c1.ceecled by a 
smal! a,mollnt, the l'esistance becomcs sucldenl,)' 1,1 of the oL'der of 
magnit ude a,bove the va,nishing point. 

dM . 
In tlw.t case, -z- l'emall1illg the same as befol'e, thc CUl'l'ent will 

ct 
L dM 

be aule to l'ise by a sm~ll amount i - in = - -, which wiU 800n 
1,1 dt 

dM 
be I'eached, wiII Lhen becollle constitnt and, on Jlf anel - becomillg 

dt 
zero, disappear again in a ShOI·t time, In view of the value of M 
anel 1,1 we may, if M does not change vel'y l'apidly, disl'egal'cl i-in. 
unless we inlend ~U1 explanation of all Ihe details of the experiment. 

We theL'ef'oL'e cOllie to Lhe coneinsion, tbat, M 0 being sufficiently -

1) The more nccm'ale data givel1 herc diD'cl' somcwhal rl'0111 lhose in lhe Dutch 
text. 
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large, the éuri'ent (Fig. 2) on M diminishlng to Ó wlll reacl} thé 
thl'eshold-mlnc, belonging to the tempel'ature of the experiment, and 

m~ ----------------

m. 

t m -- --,--- -- ------------
~ : 

Fig 2. 

a.fter tlle induction being coml=leted will continue, while only aftel' 
a long time t' accol"cling to the J'elation 

in \ accol'dance 

_':"t' 
i' = ine L 

L 
with tbe lal'ge ,alue of tbe time of relaxation-

l' 

an appreciable dil11inution of i will be obsel'ved. 
Tbe case, t.hat the initial value of .Ll[ is above the t.hreshold-value 

of the l)I'od uction of l'esistl1.l1ce 111 D, is l'ep"esented in .Fig. 3, w hich 
aner tbe fOt'egolllg needs no special elucidation. The result is ap
parently again elepel{elent on Ihe thl'eshold-value of the CUI'rent (see 
also one of the experiments in § 4). 

As appears frOIll tlle valnes given above au initial field much 
smallet' t.han .MD was sufficlelJt in OUl' experiment. 

Aeeording 10 tlle above calculation it was to be expecteel, that 
Ihe examination of the magnetie action of the coil could' be per
formed wlth a slmple cornpass-needle broughi neal' the cryostat. 

§ 4. Details (~f the observations. The result proved the correctness 
of the disrussion contained in the pl'eViOllS seetions, The field was 
takelI at 400 gauss, In 10 secollds it was l'edllCecl to 200 gauss 
allel illlmediately aftel'wards the electl'omagnet was rolled away in 
5 seeonds. Tbe rompass-needle whieh was then placed beside the 
er.) OSLu,t to the East of it on ft level with the ('oil and at a distanee 
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from it of 8 cms pointed almost at right angles 1) to the meridian. 
When the action on lhe magnet was compensated by means of a 
secon.d coil placecl Oll the othel' siue (West) of it of about the same 
climemlÏons as the experimelltal coll and of 800 tUl'J1S, it was found 
that the coif was carl'ying a currellt of about 0.5 to 0.6 amp. 2). 
This was further confirmecl by turnillg the coil and by mO\'Ïng the 
compas5-neeclle to yarious positions about the cryostat '). Dm·ing an 
hoUt" the CUlTent was observecl not to decrease perceptibly (as fal' 
as could be judged by lhe deviation of the needIe with an ,tccuracy 
of 100

/
0
). During the last half hom the eoil was no longer at 

1°.8 K. but at 4°.25 K. tIle lempenllure oi helium boiling uncler Jlormal 
atmospheric pressure. Undoubledl.r eyen at this temperatUl'e the 
observatioll might have been continued ffiuC'h longer without mucli 
diminution of the C'UlTent. A coil coolecl in hq uiel helium and provided 
with cmTent at Leiden, might, if kept immersecl in liquid helium, 
be conveyed to a considérable distance ancl there be usecl to demon
strate the permanent magnetic acllOn of a supra-conductor carryülg a 
current. I should ha\ e IJked 10 show lhe phenomenon in this meeting 
(Kon. Acad. Amsterdam), in the same way as I ·brollght liquicl 
hydrogen here in 1906, but the appliances al lIly cLisposal do not 
yet allow the trnnsportation of liquicl helium. 

'Vhereas the experiment, 50 far as clescl'ibecl, shows, that a cm·rent 
w hen startecl in a supra-conducling \;vire continues to flow, the 
process is immecliately Rtopped as soon as ordinary resistance is 
generated in the circuit. When the coil is hftecl ont of the helium, 
the curl'cnt is instantaneom;ly destroyed. The temperature of thc 
coil is thel'eby' vel'y quickly raisecl above the vanishing point of 
lead (6° K) and 1he VCl'y long l'elaxatioll-1ime is replacecl by a very 
short one. Reimmersion of the coil, if not too soon aftel' the lifting 
out, cloes not again produce magnetic aetiolI. 

lf the experiment is made with the winclings of the coil parallel 
to the field, no effect 1) is to be expected. This expectation was in so 
far confirmecl as only a slight effect was observed: tbis effect eau 

1) The field of the earth being chstorted by machinery the aclion of the latter 
was compensated by magnets and there resulled a y;eaker field (no te adcled in 
the lranslation.) 

2) [Calculated fiom the moment, comp. N°. 140cl § 8, ('nel. Aeleleel in the tmus
laLionl. The coil has a magnelic moment of about 180 U.G.S. and behaves as if the 
lead possessed remanent magnetisation of some 200 C.G.S. units. 

S) On l'epeating the experiment at 4°.25 IC nearly 0.5 amp. was obtained j a 
later experiment with lal'gel inilial field at 2°.3 K. gave 0.7 .1mp. (sec fUilher down). 

I) Nem·er cOllsideration poinls to a smal! el1ect Comp. NU. 140c (Nole adelecl in 
the lrallslatiOll). 

2 
Proceedings Royal Acad. Amsterdam. Vol. XVII. 
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be sufïiciently e:x.plained oy aSRuming that the attempt to ptace the 
windings exactly parallel to the field had not succeeded. 1) 

If thc llutial value of the field is higher than the thl'eshold-value, 
]!lj) the resnlt is the same. Tllis case is repl'esented in fig. 3. In 
one experiment the initia] field was 5000 gauss and the obsel'ved 
magnetlc moment corresponded to a rurrent i = 0.7 amp. 

If the field thl'ough tbe supracondncting coi} is tirst put on and -
subsequently put oif again by bónging the excited electromagnet 
to its positlOn a,t the cryostat alld then l'emoving it, according to 
the above reasoning (disregal'ding the exceedingly slow dim in ution 
wlth the tune) no resultant Clll'rent ought to remain, if no account 
hat! to be taken of the threshold-value of the current. Indeed for 

_!:... t' lrl jJi -
the second period the relation i-i, e r _ 1-;; , holds, if L is 

ntJ) ---- - - -------- ---- ------- tIJe ClllTent obtained in tbe 
lh'st period during the gene
ration of ]11 , This case wil! 
be realized, if care is taken, 
that the threshold-value of 

-Lil 

I 
I 
I 
I 
I , , 
I I 

------~----------I I 
I 

i.:t-
r---'-'-- the current is not exceeded. 

~----~--~~----r---~~---

Ir is l'epresented in fig. 4 
by the lines which give the 
field J1 ó and the CUl'l'ent 
ió as functions of the time. 
If during the incl'ease of 
M the threshold-current is 
l'eached, the CUlTent wiJ] not 
grow appr6ciaIJly on further 

Fig. 4. rise of M; fi'om the momen t, 
that the incrertse of 111 stops, tbc cnrl'ent aSSl1mes the threshold-value 
alld strtJ's there, llntil i1l begins to decl'ease: it then begins to fn1l 
and becomes zero, befol'é! the field has disappertred; on the fUl'thel' 
diminution of the field, the CUl'rent assumes tbe opposite sign and 
the resultant CUl"l'enr wilI be chat which has been fOl'l11ed nt the 
moment that 111. = 0, if it l'emaills below the thl'eshold-vall1e, Ol' the 
thl'eshold-cUl'l'ent itself, if that is reached befol'e JJJ has disappeal'ed. 
In t he lattel' case -the CUlTent wiII exceed the threshold-value by 

1) This expctiment had been made sOllle {ays berore lhe mn.in experiment, although 
lt lwl nol bc~n lhe inlcnlion 10 mal.c it with lhat position of lhe coil. 80 fal' it 
lias not been l'cpealed. At lhe moment of makillg lhis firsL commullication il ]wd 
not been repcatcd. [lt lws been l'epeated since; again a rest was foune!. (Note 
ad(~ed 111 lhe lranslalian. Camp. COlllm. NI). 140c)]. 

• 
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a very sma1l anlOunt frorn the moment, that the threshold-value is 
l'eached, nntil .lv.! = O. In fig. 4 this rase is repl'esented by the lines 
which give the l'elation between the field 111a and the current ia. 

An mstance of the case represented by a IS given by an experi
ment, in which the field bl'ought to the CI'j'OStat was 400 gauss. A 
strong resultant current was obsel'ved as in the case, when the coil 
was fil'st fl'ee of CUl'l'ent in the field of 400, was then made supl'a
eonductive and was finally chal'ged with cnl'l'ent by the l'emoval of 
the field. An instance approximately corl'e::,pondillg to case b was 
obtained, when the F.ame experiment as a was rarrÏeel out with a field of 
190 gauss. E"en in this case the compensation was not quite complete 
and a little more favonrable, when the tield was made to approach 
slowly, than with a rapid approach. 

With a rising field account has to be taken also of the compli
ration arising out of the infll1ence of the field of the CUl'l'ent itself on 
tlle thl'cshold-valnes of the field anel CUl'rent. In fact this was not tlle 
only feature in the experiments whicb could not he fully explaineel 
yet: natul'a!ly as they were perfol'med fol' the fil'st time, the al'range
ments were stIll imperfect 1). Taken together ho\vevel' they may be 
said to confirm the main experiment which shows that it is posslble 
in a conductor withont electromótive fOl'ce or leads from outside 2) 
to maintain a ClIl'l'ellt pel'manently anel thus approximateIy to imitatc 
a permanent magnet or better a moleculal' cnrrent as imagineel b) 
AMPhRE. 

The electrons ouce set in motion in the conductor continne their 
course pl'a('tically Ilnelistnl'bed, the electl'okinetic enel'g-y, l'epl'esenteel 
by MAXWELl. by the rnechanism of the rotating rnasses coupled to 
the current, l'etains lts vaIue, the rotating fly-w heeIs go on witb 
theil' velocities unchanged, as long as no othel' than supraconductol's 
come into play: the application of a small ol'dinary resistance 
ho we Vel' stops the mechanism illstantaneously. AItllOugh the experi
ment mainly confil'rned ruy deductions as to what had to be expected, 

1) One of the first questions still to be answered is, what part a posslble magnetisation 
of lead or brass may have played m the phenomena: sa far na proof lIas been 
given, that tbis may be neglected. However, even now fr om the experiment, in 
which the windings were parallel to the lines of fOl ce, we may draw the conclusion, 
in view of the small amount of the aetlOD in th at case, that the magnetisation 
of the material of tbe coil ean OJlly play a vel'y suhordmate part compared to the 
elecb'omagnetism of the currellt, to which I have above ascribed the deviation of 
the compass·needle, 

2) It may be mentioned here, thal it will he possible, by a change of tempel a
tUI e of a small part of lhe COIH.!uclor, to inscrl a resistance m the circuit which 
C.1O he very delicately regulated without touchillg it. 

2* 
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a neep impression is made by the very striking realisat.ion which 
it gives of the mechanism imagined by MAXWll~LIJ completed by the 
cOllception of electrons. 

It is obvious that the subject will lead to fl1rther discussions 1) 
alld plans, but in this paper I may be allowed to confine myself to 
the simple description of the experiment carried out. 

Physics. - " Tlw chernical constant rlnel tlw applicatz'on of the 
quanturn-the01'y by the methocZ of the natw'al vibrations to the 
equation of state of an icleal monatomic ga.'!." Ey Dr. W. 
H. KEESOl\l. Supplement N°. 36b to the Oommunications fl'om 
the Physica~ Labol'atol'Y at Leiden. (Commnnicited by Prof., 
H. KAl\mRLINGH ONNES). 

(Gommunicatecl in the meeting of March 28, 1914). 

§ 1. In Suppl. N°. 33 (Dec. 1913) the E'xpressron fol' the entl'opy, 
8, of a gas was discussed, as it füllows }i'om thc application of the 
quantum-theol'Y to the moleculal' translatory motion by the method 
of the natural vibrationR. Molecllbl' rotations and intl'amolecnlal' 
motions were noi takC:m into account 1here. As Wt),S observed, the 
chemical constant is connecied with the additive constant which 
oeeurs in the development of S for high temperatul'es. The object 
of tbis paper is to show that the value of the chemical constant, 
which in that manner is clcclnced from the expression fol' the entropy 
(an ~xpl'ession which bacl ::dreac1y been given by TWl'RODE), is in 
satisfactol'Y agl'eement with vallles of th is constant which cOl'l'espond 
to the expel'imental data cOllcel'l1iug ,·apoul' pl'essl1l'cs of monatomic 
gnses. 

§ 2. We shall confille onrsel yes in tbis paper to the consideration 
of monatomic gases. If fol' t he enol'gy distl'ibution one of tbe tem
peratuee flll1Ctiolls is assmned which OCCUl' in 1he qllantnm-theory, 
one may suppose that lho moleculal' l'otatory motion, pal'ticulnrly 
rOl' the molecules of a mOllatomic gas, is in Ihel'mal eqllilibrium 
say wilh the tl'nnslatol'Y motion. lf in pmticulal' that tempm'ature 
fUl1ction (given by PIJANCK) is assumod which implies a zero point 
enel'gy, tho moleClllat, l'otations in a monatomic gas also, at t.he 
lemperatlll'es at ",bich (hoy hnve boon investigated, l'epl'esent a con
sidentble nmonnt of enel'g'y in pl'opol'lion 1.0 Ihe moleculal' trans-

1) Gompare also l\IAxWELL, Electricity and Magnelism 11, Gh. VI. 



- 27 -

21 

latory motions. Th,e chal'aclel'istic tempel'awres (@o, cf. SuppJ. N°. 32a), 
which according to that hypothesis govern the rotatory energy, al'e, 
h0'l\-'eve1', owing to tlJe small moment of ine1'tia of the rnonatomic 
molecules, so high, that at the temperatures mentioned the enel'gy 
of 1'otation of the molecules does not yet cleviate appreciably from 
the cOl'l'esponding zero point energy. Tlle same al{plies to the motions 
within the atum. Tlle contriblltions to the entropy due to theRe 
1'otatiolls of and motions within the atom may fhen be counted as 
zero. We limit ou1'selves to the temperature range within which th is 
is the case 1). 

We sha11 further assume that we are dealing with an ideal 
monatomic gas, so that tel'Il16 due to the inflnence of tIJe re al 
volume Ol' of the mutual attmetion of the molecules lleed not to be 
cOl!sidered. 

The entl'opy of sneh a, gas is then,. on (he basis of the hypotheses 
of Suppl. N°. 30a, dete1'mined by the expl'ession:; given in Suppl. 
N°. 33 § 2a. 

~ 3. In the {h'st plaee, as was all'eady oiJsel'\'erl in Sn ppl. N°. 33 
§ 2al:1, the iutl'oduetiol1 of the zero point enel'gy mal{('s no change 
in the "aIne which is founcl' 1'01' the chemical constant. Hence a 
compal'iSOll of (he vaille caJcuJated 1'01' Ihis constant, e.g. with the 
vaine whieh was fonnd by SACKUR to agl'ee with experimental dala, 
cannot furnish a test between PLANCK'S tOl'lllllla with Ol' wiLhout 
zero point enel'gy 2). 

§ J. lf the development of S fol' high temperatures: equation (14) 
Suppl. N°. 33, is written in the forLll 

then 

S = c" + Nlc In v + 3/2 Nlc In T + I 
+ ierLlls of smaller order of magnitude I ' (1) 

(2) 

1) According. to measurcments by Pn::a of lhe specific heat 0(' argon, lhis tcm-
, pel'3.ture l'ange cxlcnds fol' this gas to at least 2300° C. As Prof. EINSl'~IN poinled 

out in a diseussiol1, the invesligatioll at high temperatures of the specific heat of 
a monatomic gas with high atomie wei~ht, such as mereul'y, would be of great 
interest. 

2) Prof. SOMMERl~ELD asks me to say, that he wis hes the sentence: "Nebenbei 
sei bemerkt etc. on p, 139 of: Vortl'äge übel' die kinetische Theorie der Materie 
_und der Elektrizität," Leipzig und Berlin 1913, to be omitted. 
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Fl'om eqnation (13) of Sllppl. N°. 33 with eql1ation (18a) of Sllppl. 
N°. 30a it jollows that 

. (3) 

From these formulae follows for the entropy constant, 

C = Nk \ 4 ln 4% ~ ( SM)% I. . . 
, 5 I + 9 Nh 3 5Nk ( . . (4) 

With the vallles N = 6.85.1023 (aceording to PERRIN), 1.; = 1.21.10-16 , 

7t 
k = 4.86.10-11

, whieh were accepted in Suppl. N°. 30a, equation 

(4) with Nk = R passes into 

Cs=R ~ ~ ln1VI-7.43 ~ ,e5a) 

If we take MILLIKAN'S 1) vallles N = 6.06.1023
, k = 1.37 .10-16 , 

h - = -1.83 . 10-11
, we find 

Ic 

. • . (5b) 

For the chemical constant CNE, which is derived from C, by 
means of the relation 2) 

we find 

and 

l'espectively. 

Cs - 2.5R + R ln Nk 
CNli] = RIn 10 

CNE = : log jJ/ + 3.60 I 
C". = ! log ,11 + 3.67 \ 

in c.g.~. units 

(6a) 

(6b) 

These values diffel' ft'om those which SACKUR has compared wUh 
the vapOl1l' p,l'essl1l'es of mercury and n,l'gon and wbieh he fonnd 
faidy weil cOllOl'med, only by 0.35 and 0.28 respecti\'ely. This 
agreement may be cë.l.l1ed very satisfactol'Y considel'ing the uncel'taimy 
whirh yet exists with regm'd to sevel'ul of the ql1antities used in 
that compal'ison on the one 'llttnd, and the aplJl'oximate character of 
some of the hypotheses Oll vdlich the dednction of the expressjon 
('Ol' the entropy was fonnded on the otller hand. 

1) R. A. MILLIKAN, Physik. ZS. 14 (1913), p. 796. 

2) Cf. O. SACKUR, Ann. d. Phys. (4) 40 (1913), p. 79. 
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§ 5. The relation (4) also follows from equalion (J 9a) of thc 
papel' by SOl\fl\l"ffiIU'ELD (p. 134), quoled in note 2 p. 21, if Cl occlllTing 

there is put equal to 10, as has been supposed in the relations (3) 
9 

and (4) given above, and~if in SO~IMERFELD'S expr~ssion Tl is replaced 
by ~ hl). The latter ehange is conneded with the fad, tha.t in 
deriving the expl'essions gh;eJl here the 8uppusition was made th at 
in considering the mo]ecular translatory motion in an ideal monatornic 
gas we have to deal with enel'gy elements of a magnitude ! lLV, as 
we tried to make probable in Suppl. N°, 30a § 2. 

The fact that in § 4: a satisfartol'Y agreement with experimental 
data was obtained, may, if the \"alidity of the other hypotheses is 
[lilmitted as sufficiently approximate, be regal'ded as a confirmation 
of the above supposition concerning the magnitude of the energy 
elements. 

Astronomy. - "On SEEUGER'S hypothesis about tlte ((nomalies in 
the motion of the inner planets." By J. WOJ,TJF,R Jr. (Oom. 
munieated by Prof. W. DE SITTER). 

(Communicated in the meeting of April 24, 1914). 

Ta explain the eliffel'ences between obsel'vation anel calculation in 
the seculal' pertm:bations of the elements of the four inner plan ets, 
SEELIGER 2) wOl'ked out the hypothesis that these are eaused by masses 
of matter, whieh by reflection of sunlight offer the aspect of the 
zodiacal light. He imagines these masses to have the form of a flat 
disc sUl'l'ounding the sun and extending near]y in the direction of 
the orbital phtnes of the phtnets and reaching outside the Ol'bit of 
the eaI'thi the density of the matter within the disc has its greatest 
valllc in the proximity of the sun, thO,llgh it is very small even there. 
For the calculation uf the attl'aetion of tlle mass of matter speeial 
hypotheses on its constitution are introduced; we imagine a number 
of vel'y flattened ellipsoids of l'eVollltion witb t11e sun at the eenÜ'e, 
the inclinations of the equatorial p]anes to the ol'bital planes of thc 
plan ets being smal!. It is evident th at by the supel'position of a llumbel' 
of sneh ellipsoids we get a flat disc within which the ,çlensity val'ies 

1) This confirms at the same time the fact, thaI the introduction of the zero 
point energy does not produce a change in the value of the entropy constant. 

2) Das Zodiakallicht und die cmpiL"ischen Glieder in der Bewegung der innern 
Planeten. Sitzungsberichte del' Bayerischen Akademie, XXXVI 1906. 
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aftel' a cel'tain lalv fl'om the l'ellll'e Ol1twal·els. Sm~LIGEIt al'l'iveel at 
fhe concillsion th at two ellipsoiels sl1fiice, one of which is wholly 
coniallled within tlle Ol'bit of Mel'cllry, the ofher reaching ol1tside 
the orbit of the eal'th. There appears to exist a cel'tain liberty in 
choosing the values of tile ellipticities anel the quantities detel'mining 
the position of the seconel eIlipsoiel. As quantities to be eletermined 
so as to account fol' the clifferences which a,l'e to be explaineel 
SEELIGER intl'odnces the densities of both ellipsoids, the iTlclination 
and the longitude of the ascencling node of the equatorial plane of the -
first ellipeoicl with reference to the ecliptic, and a quantity not con
nected with the attraction of the masses of matter, but relatiug to 
the cleviation of the system of coordinates usecl in astl'onomy fi'om 
a so calleel "inertiaJ system". 

hlElt year Prof. DE SI'l'TEH clrew my attention to the necessity 
of testing SEELIGER'S hypo thesis by calcnlating the influence of tbe 
masses aclmitteel by SE~T,IGEH on ihe motion of the maan anel the 
pel'turbation of the obliquity of the ecliptic, which SEELTGER c1icl not 
considel' 1). I performecl the calculations anel al'l'ived at the conclusion 
thai the pertlll'balion of tbe ecliptic changes the sign of NEWCOllIB'S 2) 

l'esid ual anel makes ils absolute value a little larger; fnrther that 
thc pertnrbations of the molion of tbe moon a.re insensible. I may 
be a.llowecl to thank Prof. Dl!l SIT'l'l!~R fol' the introelnction into this 
subject and the interest showll in its further development. - One coulcl 
take the fOl'luulae l'equircd fol' the last mentionecl purpose fl'Olll 
SEI!lLlGl!lH'S publicat.ion; I diel not do so, bnt elevelopecl them anew. 
I give them here on a.ccount of small diffel'ences in derh'ation. Fil'st 
I slHtll give this c1erivaiion anel tlîe results; aftel' that I shall do / 
the Ell1me fol' the motion of the moon. 

1. Pe1'tw'bations of the ecliptic. 

I.Jei .1;, y, z be cool'dinates in a system the Ol'lgm of which is at 
the centl'e of the ellipsoid, while the a.xis of l'otation is ihe axis of 
z, 7,;2 the constant of a.ttmction, q the elensity of the ellipsoid, a, rt 

and c iLs axes, then the potentia.l V at the point ,v, y, z is given 
by the expl'ession: 

1) See DEl BITTER, thc sCClllal' varialions of the clel11enls of the fom' inner 
plnl1ets, Observatory, July H113. 

~) Aslronomical Constanls p. 110. 
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for a point outside the ellipsold }, is the positive root of the eq nation 
i/!2 -l- y' Z2 

1- -.--- - -2 1 = 0; fol' a point inside À is zero. a-+l c +'" 
Putting V = k2Jtqa~cQ and a:: 2 + y2 + Z2 = 1,2 we have: 

P81,tuJ'bations caused b~' t!ze first ellipsoid. 

I develop in powers of z' =;, ; being a small qnantity ; for that 
purpose we need (neglecting terms of the third order): 

(
a 2.2) (a2_c')2 
a;2 0= r4(T2_a2+ C')'/2 • 

I put l' = al (1 + g) and' develop the part of .!~ independent ot 
.; besides the coefficients of the different powers of ; in powel's of g. 

lntroducing the' quantities : 

we get: 

a 2 
I 

-="1 p2 

.2 = C - ct 2 C - 2 a 2 C ;: + (2 -- pa 2 C ) ~ + (- ~ - ~ y) ~ -1-
I I 2 I 2~ I 2 3 3 

- P P 

+ (~+ ~y + ~y2)~1 + ç a'-c
2 

\ _ CgaI
2p 3+2g+(-3-3y)s'+ 

2 3 2 P al 'p3 l 
+ (4 + 5"1 + 5"12)g3 + (_ 5 _ 27 r _ 15 ''/ _ 35 y3) g41 + 

- 4 2 4 I 
1 n (a 2_c2

)2 

+ -2 ;- 4 6 
alP 

Let v be the t1'l1e anomaly of the planet, tI' the angular distance 
between the ascending node of the equatorial plane of the ellipsoid 
on the orbital plane of the planet and tlte pel'ihelion of the orbit, 
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J the inclination of the equatol'ial plane to the ol'bital plane, then 
we have: 

z = - al (1 + g) sin (v + l/') sin J 

; = al' (1 + 6)2 sin2 (v I tp) siJt 2 J. 

For the calculation of the secular portion of the pel'tlll'bative 
fl1nction we th us need the seculat' portions of sP, sP sin' (v + l/') anel 
Si7î4 (v + ti') for different values I of p. I get (denoting the semüar 
portion by the letter S): 

e' 8' 3 3 Ss = - S g' = - S g3 = - 8
4 S g4 = - e4 

2 2 8 ;, 8 

S sin' (v + l/') = !.. - (~82 + ~ é) cos 2 tp 
2 8 16 

1 (3 ) 1 . S ~ sin' (v + tp) = 4" 8
2 1 - '2 cos 2 tp + 16 é cos 2 l/' 

1: 1 (,1 ) 1 S ~2 sin' (v + l/') = - 8
2 1 - - cos 2 l/' - - é cos 2 l/' / 

4 2 16 

sga sin' (v + tp) = e4 (~- ~ cos 2 tp) 
16 4 

S g4 sin2 (v + 1f') = é (1
3
6 - ~ cos 2 l/' ) 

3 
S sin4 (v + l/') = 8" . 

Substituting in the expression for .Q we find: 

S 9 = C - a 2 C +:: (1 - ~ a 2 C p) + ~ (_ ~ _!.. y' + 3 y2)+ 
.. 1 1 2 P 2 1 2 P 16 8 !6 

a'_c2
, [ 1 ~ 3 3 3 + -- sin' J -- C a 'ps + e' - - - 'V - - C a Sp 3 + p3 2 8 1 4 4· 4 3 1 

( 
7 3 5 ) I \ 9 45 + cos.:! l/' -"8 + "8 'Y + 4" Ca a1'p3 I + 8 4 

/- 64 y + 32 y2 -

__ y3 + cos2t1' _+_y ___ y2 +_y3 + Rin1J 105 (1 13 25 35) (J 3 (a
2
_c')2 

64 16 32 16 32 16 p5 < • 

I..Jet i, tij anà g, be the inclination, the longitude of the perihelion 
and the longitnde of the ascending node of tl?e ol'bital plane of the 
planet, Jo and c]' the inclination and the longitude of the node of 
the eqllatorial plane of the ellipsoid aU with l'eference to a tlxeel 
fumlamental plane, e.g. the ecliptic of a certain epoch ; then we have: 

sin J cos (tfJ -- w + g,) = - cos Jo sin i -\- sin Jo cos i cos (g, - CP) 

sin J sin (tfJ - tij + g,) = sin (g, - CP) sin Jo' 
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. àJ àJ àlf' àtf, 
From these expl'essions we can detel'mme à.Q' ai ' ac9,' ai the 

quantities requil'ed for the computation of the derivatives of .2 with 
l'egard to these elements. In view of the calculation of the pel'tlll'bation 
of the obliquity ai the ecliptic I do not uSt' the elements i and n, 
but the elements 'P and q thus defined : 

p = tau i sin db q = tan i cos db 
I get: 

oJ . . I - = cos i I eos' ~sin(t/',-ro) + sin'~sin(t/' - ro + 2.Q)\ ap I 2 2 

-=-~id-~~-w-~-~~-w+2ó~ aJ 'l i -)' i - n {. 
aq . 2 2 

. J atfJ . J i . 0 T'1 2 i ( -) ., i ( - 2 0 ) t sm -=-szn tan-coszcOSdb+cOSJCOSZ cos -cos t/'-w +szn -cos t/'-w+ è& ap 2 2 2 

sinJ at/' =sinJ tan .!:..cosisin.Q + cosJeosi\ cos2~sin(tf,-w)-8in'~sin(t/'-w+2.Q) I. aq 2 I 2 2 \ 

The differential equations for pand q are 1): 

dp 1 av 
dt = na ~Vl-e2cos3i aq 

1 

dq L av 
dt = - na 'V l-e2cos1i ap' 

1 

To vel'ify these formulae I have llsed them for the comj:lUtation 
of some of the pel'tllrbations of i and.Q, which are given by 
Sl!:ELIG1!:R 2). 

To compute the perturbation of the obliqllity of the ecliptic I take: 

sin' J 
V = - k2:r:qa'c -- (a2 _c2

) Csa/. 
2 

Accol'ding to SEEUGER'S data a = 0.2400, c = 0.0239, J 6°57'.0; 
I get Ca = 0.426; taking as unit of mass the mass of the SUil, as 
unit of time the mean solar day I get lo.g q = 0.7119 - 5 and I 
find: 

1) TISSBRAND, Traité de Mécanique Céleste I p. 171. 

2) For Mercury I get: ~! = + 0".573; sin i ~?' = - 0".049; SEELIGER gives: 

di . . dÇ), + 0".574 and - 0".049. ~or Venus I get: dt = ;t- 0".163; szn z dt = t 0",091 ; 

SEELIGER: + 0".159 and + 0".088; thc small diITerence is owing to the value I 
get fol' Os = 2.286, while from SEELIGER'S data follows Os = 2.217, 

I 
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, 

28 

oV oJ oJ a = - k~:Jrqa2e (a2_e2
) Cs sin J cos Ja = - [0.5986-8] a 

whel'e the nUlllber within brackets is a logarithlll. 
Further: 

oJ oJ op -= - sin tP; oq = - cos (p-; l/J = 40°1'.8 ; 

thel'efore 
oJ aJ op =- [0.8083 -1]; aq = - [0.8841-1]; 

therefore 
oR oR 
ap =+'[0.4069-8]; aq = + [0.4827-:-8J; 

from which follows, taking as uuit of time the century: 

dp = + 0".065; dq = _ 0".054. 
dt dt 

Pe1'tztrbations causecl by the seconcl ellipsoicl. 

Here the calculation is mlleh Silllplel'. Introdllcing: 

E _ (Cf) du E _ (Cf) du \ E _ /''' du 

1-J(a2 +u)Ve'+n '-J(a2 +u)'Vc2 +u 3-J(u,2+n)2(e'+ufh 
000 

we firid: 

S~-E -a 'E -~a 'E eZ-(a'-e~)a 2E sm2J\~+~e2_~e2eos')'h! 
... - 1 1 2 2 1 2 • 1 3 I 2 4 4 "''t' ~ • 

As a vel'ifiration I have here also cOlllputed the pertllrbations of 
the inclination and longitude of the node for some of the other 
planets 1). 

To compllte the pertl1l'bation of the obliquity of the ecliptic I take: 

sin2 J 
V = - k2:rqa'e (a'-eZ) E 3a1' --. 

2 , 

According to SEELIGER'S data a = 1.2235 and c -= 0.2399; I g~t 

di . . dQ • . 
1) Fot' Mel'cul'y I find: T = - 0".060; Stn ~ - = - 0".013; SEELIGER glves: 

ut dt 

( 'd' dD, 
-0".057 and -0".016. For Venus I find: i =+0".007; sin i &=+0".153; 

SEELIGER: + 0".009 and + 0".144; the results difl'er somewhat; however, cal· 

culating according to SEELIGER'S formulae, fol' Yenus I find: sin i~~ = + 0".154. 



- 35 -

Es = 2.44.5;. log q = 0.8582-9 ; 
àV àJ a = - [0.3401-7] a j iP = 74°22/ (1900.0), J= 7°15/; 

therefore 
àJ àJ 
- = - [0.9836-1]; ~ = - [0.4305-1J; 
àp uq 

therefol'e 
àV àV 
àp = + [0.3~37-7] j àq = + [0.7706-8] j 

from whicb, taking as unit of time the century, I get: 

dp = + 0".125 j dq = _ 0".4.47 
dt dt 

Therefore the pertUl'bation caused by both ellipsoids togethe)' is: 

d?1 dq '-
2.. = + 0".190; - = - 0".501. 
dt dt 

Let e be the obliquity of the ecliptic for the time t, eo the same 
fOl' the time to, i and fJ, inclination and longitude of tlle noèle of 
the ecliptic fol' t with refel'ence to tbe ecliptic fot' to' then: 

cos e = cos i cos eo - sin i sin Eo cos db, 

from whicb, differenliating, we get: 

dl' di cl 
- sin e - = - sin i cos Eo - - sin eo - (sin i cos db) 

dt dt dt 

thel'efol'e for t = to : 
de dq 

dt dt 
de 

The !Jel'Lul'bation of the obliqnity of the eclil)tic thns is - = - 0".50J. • dt 

The dlfference between obsel'vation and theoL'y given by :NEwCOlllB 

is '- 0".22 ± 0.18 (probabie error); Ibis thuR becomes + 0".28. The 
addition to the planetary precession a is gi\'en by: 

da 1 elp 
-=--= + 0".478. 
dt sin e dt 

11. Pel'tul'bations of tlw motion of tlte maan. 

We sha11 now pL'oceed to the fOl'mtÜae fOl' the compuLation of 
Lho pertUl'bation of the molion of the moon. As the pel'tl1l'bative 
force in the motion of the moon we have to take the diffel'ence 
between tho n,ttt'actions of the ellipsoid on the moon and 011 the 
eat,th. Suppose a syslem of coonlinates, the sun at tbe Ol'igin, the 
axis of z perpendiculal' to the eliptic; let x, y, z be the cool'dinates 
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of the earth in this system, x + g, y + 'YJ, z +; those of the moOn, 
then the prqjections of the pertllrbative force on the three axes 
are given by the expl'essions: 

(a V) av (a V) dV (dV) dV 
ai/} x+s - dm' ay y+q - dy , ~ a; z+~ - a;-; 

The ratio of the distances sun-earth anel eal'th-moon being vel'y 
large, I elevelop in powel's of g, 'I),;, neglecting second anel higher 
powers. Then the expressions tor the pertllrbative forces al'e: 
à~ V ê)2 V ê)2 V è)2 V è)2 V è)2 V ê)2 V ê)2 V a2 V 
-6+-1] t--; -;+-1]+-; -S+-1]+-; 
à,'lJ2 d,uày àmaz' àa;dy ày' àya:-' ê),'lJd,:; dyàz a~2 

and one can introduce as the pedurbative function the function 

[ 
iP V a2 V a2 V a2 V a2 V è)2 V] 

R= ~ g2_:l- + '112 -:::\- +;2 ~+ 2g'YJ~a +2s;~ +211h--a " _ Ui/}2 uy2 UZ: U,'IJ y U,'lJUZ uy Z 
\ 

Here for x, y, z are to be sllbstituted theil' expressions in elliptic 
elements anel then the seclllar poHion of R is to be taken. Since 
rhe ppwers and prodncts of ~,'I),;, contain only the element" ofihe 
orbit of the mOOIl, the coefticients on the contml'y only the elements 
of the orbit of the earth we can take the sechlar portion of each 
sepazately and muJtip1r these togethel'. 
" Besides the system just mentioned suppose anothel' system tV', y', z', 

tbe sun also being at the origin, bnt the axis of z' pel'pendicular to 
tbe eqnatol'Îal plane of the ellipsoid. Then we have 

z' = a; sin lP sin Jo - y cos (fJ sin Jo + z cos Jo, 

therefol"e 

az' az' dz' 
-a =3inlPsinJo; '-d =-coslPsinJo;-=cosJo• 

,'IJ y àz 

Pertu1,bations caused by the }i1'st ellipsoid 

V 
Fl'om the expression given for .Q = ---- we deduce, neglflC't

p",qa2 c 
mg the terms baving sin2 J as a factor: 

d2.Q 4.v y 

a,'lJay (a2+J.)2(c2 +J.Y/2 
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Substituting the elements of the Oi bit of tlle e::trth fol' a:, y, zand 
neglecting the second ::tnd higher power of the excentl'icity I get: 

a2.Q C 2 a2,Q a'.Q 
--=-2 2+--=-;--=0; a.v2 a1

2p ay2 a.vay 
a2 .Q 2(a2-c2

) 

-- sin cp sm Jo - 2 (1Z2-C2) Ca sin cp sin Jo axaz a
1

2pa 

a2 <.> 2'a2
_(

2
) 

~ = - cos cp sin Jo + 2(a2 _c2) Cacos cp siu Jo aya: a
1

2p3 

as,Q C 2( 2 2) C az~ = - 2 2 - a -c ./a: 

Let ~ be the radius vector, v the tl'ue anomaly, w the 10llgitude 
of the perigee, cfb the longitude of the node, i the inclination of the 
Ol'bit of the moon, then we have: 

g=~ [cos (v+w- cfb)cos 06-sin (v+w-,rb) sin db cos i] 

'11 =~ [cos (v + w-cfb) sin cfb + sin(v+w-Jb) cos cfb cos iJ 
; = ~ sin (v+w-cfb)sini. 

I wl'Ïte these expressions thus: 

S = ~ (A cos v + B sin v) 

'1 = ~ (C cos v + D sin v) 

~=~(Ecosv + Fsinv), 

A, B, C, D, E, F being expl'essions not cont::tining the tl'ue anomaly, 
FOl' the form::ttion of the l'equired products we need the seClll::tr 

portion of ~2 cos2 v ::tnd ~2 sin} v; I get: 

S~2cos2v=a'12(~ + 2e2
) S!!2sin2v=~a'/(1-e2) 

a'l being the semi-major ::txis of the lunal' orbit. 
·Thus we get expl'essions as : 

~2 e2 
-72 =.A2 (1+2e2

) + B2 (1- 2-)' 
al 
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32 

i . i 
Neglertîng terms like e2 sin 2 2 , e2 szn4 2 we get: 

-=---sin2 i(l-cos2n) + e2 
- + -cos 2ói 6

2 

1 1 (3 5 ) 
a'l2 2 4 4 4 

61) 1. O' • 2 + 5 2 • 2-
- =-SUt- ~ nn db - e SUl (0 ~ 
a'l2 4 4 

6;' 1... n + 2 • i 15 . (2 - (') 3 . Cl I --,---; = - 9nn~ sm ~b e SUl 9 -2 s~n (0- \t --2 s~n .0 
al ~ ~ 

-=----~Z71 ~(1+ws2-~)+e" ---cos2(O 
1)2 1 1.. . r. (3 5 _) 
a\ 2 2 4 4 4 

'I); 1 i ~ 5 3 t -'J=-sinicos.~6 +e2 sin- --cos(2w-D.,)+-cos 0, 
al 2 2 2 - 2 

;2 1. 2 . 
-=-SUl ~. 

dl' 2 

Snbstituting in B these expressions we get: 

Jc2 :rr;a
2

c' 2:.. a1
:

2 

[-2(\aI2+~+ 3e2 (2:.. -C.aI2
) +4si1l2 ~ (-.2.-C3cae-C2)aI2) 

B 2 al" P 'P 2 P 

+ 2(et2 _c2
) sin J sin i coç (O,- lP) (a J 2C3-1~) J. 

The only pel'turbl1tions to be considered are those of tile longilucle 
of the pel'lgee l1nd of the node, 

The difi'el'ential eq lll1tions req l1irecl l1l'e: 

·ho 1 aR .. dij, 1 aR 
e-=---- SU1~-=----. 

dt nal '2 ae \. clt nal '· ai 
One el1sily pcrceives that the last terlIl in the expl'ession fol' B 

gi\'es 110 sensible pertUl'batlOl1 on account of tbe fl1ctor a2-c', the 
6 

valne of which is about -, l1l1d of the tact that [J, has l1 pel'iud 
10u 

of 181
/. yeal's so that the coefficient we get by intcgrl1tion IS l1bout, 

thirty time::. as sm all a'3 would have been the case if [6 had beell 
absent. In the Sl1me way 1 onut the tel'111 Ca(a 2-c')a2

1 in the coeffi-

cient of sin2 .!... l1nd thus we have the following expl'ession for R: 
2 

---=- _1_ 3é --C
2
a

1
2 

- -sin2- . RIa '2 [ (1 ') 4 iJ 
P:Jrqa~c 2 a1~ P p 2 

1 
I get C2 = 0.678; - = 1.030 from which tüllows taking as unit 

p 
of time the century: 
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dO; 
-= + 2".28 
dt 

Pertw'bations causerl by the second ellipsoid. 

I find: 

from which 1'ol1o\"\'s' 
RIlt '2 

1 [ 2E 2 3E 2 2 E (. 2) 2 • • • --=- - - :.J a - !J a e - a--c a 1!1n- ~ 
k" 2 2 2 2 1 2 1 3 1 -:;,;qa c al 

AlthOl{gh the term a2_c2 is 
the periodic term. 

+ 2(a2 _c2
) a 1

2 E3sin J sin i cos (~~- (P)]. 

not smalI, yet it is allowed to ol1lit 

1 get Ez = O.6tl4, E3 = 2.445'- from which follows takmg as unit 
of time the century: ' 

d
~=-0".16 
dt 

dQ = _ 0"28 
dt 

Thus bath ellipsaids together give: 

dO; 
~= + 2".12 
dt 

bath inseJlsible amounts. 

d ' ..2!:. ~ + 2" 5(1 • 
dt I 

Astrol1omY'. - I'Rem,al'ks on J.llj·. VVOLTJER'S paper concernzng 
S~ELlGER'S hypothesis." By Prof. W. DJ!, SlTTER. 

" . 
lGommunÏcated In the meeting of April 24, 1914). 

SEELlGER'S explanation of Kl<mûollm's anomalles m tlJe secular 
motions of the four inner planets consists of three parIs, VIZ' 

a. The attl'acLion of an ellipROld entll'ely within lhe Ol'bit of Met'cm,)' 
The light l'pflected by ihis elIJpsoid is, on acrollnt of the neighbom
hood of lhe sun, invisible to us. 

b. The attractioll of all ellipsoid WhlCh incloses the earlh's Ol·bit. 
The light reflerted lJy th is ellipsaid appeal's to us as tlle zodIacal lIght. 

c. A rotation of the empll'lcal system of co-ordinates wlth l'eference 
. 3 

PlOceedlllgs Royal Acad. Amsterdam. Vol. XVII. 



- 40 -

, 
to the "lnel'tialsystem". This I'otation is equivalent with a cOl'rection 
to the constant of pl'eression. The value of this constant which is 
implied in NEWCOl\1B'S anomalies is tlw,t \lEed in bis first fl1ndamental 
catalogne (Astr. Papers Vol I). In "The Obsel'vatory" for Jllly 1913 
I have Rho,vn tilat tbis constant requires a correction of + 1".24 
(per centnry). Oonsequently, of S['lI~LTGEH'S rotation }' 011 Iy the part 
1'1 = }' -1".24 can be considered as a real rotation. 

The position of the eqnatarial plane of the ellipE>oid (l was deler
mined by Smn.rGlm from fhe equations of condition : he found it not 
mucl! different fl"om the snn's equator. For the ellipsoid b tlJe sun's 
eqllator was adopted as the equatorial plane. 

It is important to consider tlte part which is contl'ibuted byeach 
of the three hypotheses towardR the explanation _of the n,nomalies. 
By the way in w bieb SRELIGEH has pllblished his results this is very 
easy. It then appem:s th at the ellipsoid a is prf.\ctically only neeessary 
for the explanation of the anomaly in the mation of the perihelion 
of Mel'cnry, and has vcry httle influence on the other elements. 
Similarly the ellipsoid b affects al most exclusively the node of Venus. 
The rotation l' of course has thc same effert on all pel'ihelia and 
nodes. In the foIlowilTg Table are given NEwcollm's allO malies together 
with lhe residuals whieh are 1eft nneÀplall1ed by SEELIGEH'S hypotilesis. 
In addition to SI,mLIGEH'S residuals I also give residuals which a.re 
del'iveel: A. bj' rejecting the rotation 7'1

1
), anel C. by omitting the 

second ellipsoid. The constants ünphed in the three sets of residuals 
are thus 

SEEUGER q! = 2.18 X 16-11 

A 2.42 
C 2.03 

qz = 0.31 X 10-14 

0.93 
o 

1\ = + 41/.61 
o 

+0.85, 

where ql and qz are the clensities of tlle two ellipsoids expreE>sed 
in the sun's density as unit. 

di 
SImUGEH did not computc the value of - fol' the caI·th. The 1'esiat 

dual given in the table 'is del'ived from the pre{'eding paper by 
Mr. W OI,TJER. 

Prom tlle table it appeal's that the residua.ls Care quite as satis
factory as those of SEELIGER. Oonsequently the ellipsoid b is not a 

1) The residu als A have alt eady been given iJl the above quoted paper in "Thc 
ObselVftlory". The density '12 is there euolleously given as 0.37 instcad of 0.93 
(the eOI"reetlon to SCELIGCR'S vaille having been taken as 0.2 times this valuc, 
instead of 20). 1 have u!:.ed [he figur es as published by SEELIGffiR. The small 
devialions found by Mr. WOLTJER are of no importance. 
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hecessal'y part of the explanation. Of the residnals A on the othel' 
hand thel'e are, amongst the 10 quantities which were cont,idered 

I 
Mercury I Venus I Earth I Mars 

I 

de 
- NEWCOMB -0".88 ±0".50 +0".21 ±0".31 +0".02 ±0".10 +0".29 ±0".27 
dt 

dm I 
NEWCOMB +8 .48 ±O .43 -0.05 ±O .25 +0 .10 ±O .13 +0 75 ±O .35 

SEELIGER -0.01 -0.10 +0 .03 +0 .16 
e-

dt A 0.00 -0.05 +0 .18 +0.52 

C --0 .02 -0.12 -0.04 o .00 

r~co~ +0.61 ±O .52 +0 .60 ±O .17 ., . +0.03 ±O .22 

. .d Sl SEELIGER -0.04 +0.02 -0.20 
Slnl-

dt A +0.55 fO .01 -0.11 

C -0.31 +0.05 -0.24 

NEWCOMB +0 .38 ±O .80 +0.38±0 33 -0 .22 ±O .27 -0 .01 ±O .20 

di SEELIGER -0 .14 -10 .21 (+0 .28) +0.01 
-
dt A -0 .12 +0.17 +1 .18 +0.05 

Ic -0 .15 +0.23 -0 .17 -0.01 

by SREUGER, 3 residuals exceeding theÎl' mean enol': ThiE, in itself 
would not be snfficient to condemn the hypothesis, bnt the residnal 
1'01' the seru lal' variatIon of the inclination of the erlJptic (+ 1".18) 
is entil'ely inadmissible. VVe conclude thel'efore that the rotation 1'1 

is a vital part of the explanation. 
The gl'eat influence of the ellipsoid b on the ecliptic is, of COUl'se, 

due to the lal'ge inclination of its equator. If thib equator was e.g. 
supposed to coinclde with the lIlvariabie plane of the sola1' system, 
imtead of with the snn's equator, this intluence would be much 
smaller. It is impossible to declde a priori whether it wil I be fonnd 
possible so to adjust thE' posltion of tlle equator and the density of 
t his ellipsOld that it 11as the desired effect on the node of Velllls 
":ithont appreciably affecting the ea1'th's Ol'bit. 

The motion of' the node of the eat,th's OI'bit is the planetal'Y pre
cession Calhng th is )" we have, fOl' t = to 

3" 
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· dp 1:::.) •• sm I: =-, 
dt 

where p is the quantity so called by Mr. WOLTJER. We thus find 
for the thl'ee hypotheses 

SEELIGER 

A 

C 

I:::.À_~+ 0".47 

+1.13 
+0.15 

NEWCOl\m did not include a deviation between observation and 
theol'S for this quantiry. At the time of the publication of the 
"Astronomical Oonstants" (1895) Jt was of course entirely correct 
to considel' a determination of the planetal'Y pl'ecession fl'om obsel'
vations as impossible. Since that time however v~ry accurate in vest
igatio1l5 of the precession have been execnted by Nlmco:\Il3 himself 
(Astr. Papers, Vol. VIII) and by Boss (Asti'. Jomnal, Vol. XVI, 
::Nrs. 612 and 614). Now the precession in right-ascension depends 
on the planetal''y pl'ecession, bnl that in declination does not. We 
have' 

'In = l cos I: -) 

n = lsin I: 

being the lunisolar precession. 
NInfCOMB detel'mined l fJ'om the right-ascensions and the declina

Hons separate1y, and found a large ditference in the l'esults. If th is 
were intel'pl'eted ah a cOl'rection to the planetar'y precession, we 
should find 

6À= + 0".47, 

, Boss determilled mand 12 separately, the latter both from right. 
ascensions and from declinations. From his ['esults I tind (applying 
the correction of the equinox 6e =::= + 0' .30, adopted by both Boss and 
NEiYCOl\IB) : 

1:::.), = + 0".85 ± 011 .22 

The mean error does not contain the uncertainty of the correctiol1 
~e. lts true "alue pl'obably is about = + 0'1...25. The mean error 
of tlle vaille of 1:::.). derlvecl fl'om NEWCOl\IB'S wod\. is difficult to 
estimate; we may assume it to be eq uaL to that of Boss. Tlle 111eal1 
of the two detel'ffill1ations would then be 

1:::.). = + \J",66 ± 0".18 1
), 

I) Also L. STIWVE (A N. Vol. 159, page 383) finds a dil1erencc in the same 
sense. Neglectmg the systematIc cOllection >, 1 fiud from his results 

1:::.' = + 0".~)3 ± 0".80 . 
The 111. e. again IS toa small as Il does not conlain the effect of lhe uncellainty 

of the correcliou J, , 

\ 
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37 

Now it is cerLamly very l'emadmble thM this cOl'l'ection is of the 
same sign and the same order of ml1gnituele as the planeti1l'y preces
sion df'riv('c1 ti'om the attraction of Sluu.IGlm's elhrsoids, lt must however 
be kept in mind that it is very weil possible to explain the discre
paney between the determinations of the constant of precession fr~m 
l'ight-ascensions and from declmations (Ol' from 112 and from n) by 
the hypothesis of systematic proper motions of the stars. Thus HOUGH 
anel HAL)! (M. N. V01. LXX page 586) have froll1 the hypothesis of 
uneqllal distribulIon of the slars over the two stl'eams derived a 
systematic difference which is equivalent (fol' NmVCOl\IB) 1) to a eOl'rection 

6.). = + 0" 56. 

As the effect of the attraction of SEELI8ER'S elhpsoids on the motion 
of the~ moon MI'. W OT.TJER finds a seenlar motioll of bath tile perigee 
and the node. Bath of these are due chlefly to the inner ellipsoid 
and are thus not mueh altel'ed If SEELrG1<m'S hypo thesis is l'eplaced 
by erthet' of the hypotheses A Ot' C. YVe find 

11 
C 

dm 
-= + 2".11 
dt ' 

+ 2.04 
+ 2 10 

dJ1 =_2".50 
dt 

- 3.30 
-2.06 

All these quantities are weIl withm tlle hmits of uneertall1ty of 
the obsel'ved values. 

Chemistry. - "The opplicCttion of the theo1'Y of rtllotrop!! to elect1'o-
1Twtive equilibria." H, By Dr. A S;111TS and Dr. A. H. W. ATEN. 
(A prelimtnary communication). (Oommunicated by Prof. J. D. 
VAN DER WAAI.S). 

I 

(Commullicated in the meeting of April 24, 1914). 

1. In the first communication 2) under tlle auove title it has been 
demonstrated that the theory of allotropy appliecl to the eleetroll1otive 
equilibrium between metal and eleetrolyte, tenehes that a metal that 
exllibits the phenOmen0'l1 of allotropy anel lS thet'efore bnilt up of 
diffel'ent kinds of molecules immersed in tl,l1 eledl:olyte, WIl! emit 
different kind of ions. 

The different kinds of lons assumed by tlle theo!')' of allotropy. 
need not be pel' se different in size, as was l'emarked befol'e. They 

1) For STRUVE'S stars the correcLIon \Voule! be + 0".77. For Boss the COl're· 
sponding computation lias of course not been executed by HOUGH antl HAL~r. 

2) These Proc. Dec. 27, 1913, XVI. p. 699. 
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ma.)' be equal in Slze, but different in strllcLnre. Thel'e can, however, 
be fLnot,het· dIfference besicles, \'iz. in electrical ehal'ge. In tile preced
ll1g COml1llmÏt'.1tlOn the 11l0leellie kinds J.ll and J.112 were assumed, 
anel fol' simplicity's sake tbe circumstance tltat part of these molecules 
are electrically chal'ged a1so in the met,1l, was not mentioned" Tbis 
cil'cumstance need not be taken into acrount, becallse the electrical 
charge of the -alom J.11 in one ion J.1/2 ) was put equal to that in 
the other ion (L1l"·). Tf it had th en been onr intention to inclicate 
the total eqllllibl'imn in the, metal, we might have drawn up tbe 
following schel1le: 

2 J.11'·· + 6 g ~ 1112 ' + 6 g (1) 
(2) H H (3) (I) 

~J11 :;! 1112 (4) 

from which follows that the system "yould then be psencloqnaternary. 
For an explanation of the electromoti ve distlll'bances of the equi

librium mentionecl in tbe preceding communication, a consideration 
of the equilibrium (1) or '(i) sufficeel. Then equation (4) was chosen 
anel 2M anel Af2 wel'e thet'efol'e called the pseudo components, 
thOllgh of course we might as weU have taken 2.L1f"· + 60 and 
M 2 : + 6e. 

Now it is clear that when in the metal ions of equal structure 
OCClU', but of' different value, the scheme of' equilibrium can be as 
follows, 

J11'· + 2 0~J.l{" +,3 0 

(2)~" J.11 /J' (3) 

(1) 
(U) 

Tbe system 1& tllen pseudo temary, but in most of' the cases it 
will ue suf'fictent to cOllsidel' the /}seudo binal'y syr,tem, indicated by 
equation (1), and assume J.11" + ~ 0 and .lil{ .. + 3 0 as pseudo 
components. A sim~lar equilibrium wl1l have to be a,ssnmed, when 
tbe meta1 can go in solution with different valency undet, different 
('ircumstances. This case is pl'obably of frequent occurl'enre. 

Of COUl'se the metal ph ase is already éomplex, when metal ions 
occur by tbe side of unchal'ged molecules, but tilis complexity does 
not suffice to explain the peculial' eledl'omotive bebavioUl' of' the 
metals, wilel'eas schemes land 11 are competent to do 80. 

In connection with the foregoing considerations it could be shown 
that the nnary electromotiye eqnilibrium finds its proper place in 
the D., ,I] figlll'e of a pseudo system, which can clearly appeal' uIlder 
certaill circllmstances, when we namely succeed in bringing the 
mel<\1 out or the stalte of intcl'nal equilibrium. TllIlS it was e.g, shown 
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thai when a lnetal is bl'Ollght to solulion by an el3ctl'olytic way, so 
when it is made into an anode, \ the internal eqllllibrinm will be 
elisturbed, and the metal will become supel'ficiaJly enobled, at least 
when the velocity of solution is gl'eater than the \'elocity with which 
the internal equilibrium sets in. In this case therefore thc dlssolving 
metal will have to become positive with respect 10 an auxiliary 
electroue of the same metal -which IS supel'ficially in illtel'llal equi
ltbrium. If l'evel'sely the metal is made to deposit electrol)' tiC'ally, 
the l'evel'se Wlll take place, anel the &epal'ating metal vvill be less 
noble anel therefol'e negative with respect to the allxiliary ele.Çü'ode. 

The anodic distUl'bance of eqllihbrinm being attended with a dimi
nution of the more aciive kll1às of molecules, this pl'ocess will bl'ing 
about a diminution of thE' chemical activity. This is therefore the 
reason that th is anodic state of distnruance is a more or less passive 
state of the metal. 

At the cathode the dü,turbance lies exactly in the other direction, 
anel a more active state will be bro-ught about. 

The degree in whirh a llletal is thrown out of its state of equi
librium iu case of electrolytic solurion or deposition, will depend 
on the CUt'rent density at constant temperatlll'e, anel it was thel'efore 
of importance to study the discllssed phenomenon at different CUl'rent 
densitie::l. • 

What may be expected is this that the internal equilibrium will 
generally be able to maintain itself for very smalt cunent densities. 
Then the tension with respect to the aLlxIlial'J' electrode will be 
Zel'() , both when the metal is anode and cathode. With greatel' 
cnl'rent elensities the metal wil! get snperficially more and more 
l'emoveel from the state of internal equilibrium on il1crease of the 
cUl'l'en"t density, and the tension with respect to the auxiliary elec
tl'odes will greatly incl'ease. 

As the metal sUl'face gets flll'ther removecl fl'om the state of 
intel'nal equilibrium, sa becomes more metastable, the velo city of 
'l'eaction which tries to destl'oy the metastabllity, 'Ïncl'eases however 
in eonsequence of the change of concentl'ation in the horno&eneous 
phase; anel we may therefol'e expert that the potential difference 
between, metal anel auxilial'y electrode will val'y with the CUl'rent 
density in the way indicateel in Fig. 1 .. 

When the velocity with whit',h the inte1'na1 equilibrium sets in, 
is small, the part ab will lie at exceeelingly small Cllrl'ent densities, 
and if the measurements are not exeeedingly delicate, we sllall get 
the impression that this piece is entil'ely wanting. 

H is cleal' that [he tem,ion which' is relH'esented here ~lS function 
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of Ihe CllL'l'enL dellsity mea1l5 lile LellS101l wiih rcspect to tbe allxilial'y 
clectl'odes. 'fIJi" tellsioll, whieh is nlso called po]al'i5ati(\!1 tenSlOl1, is 

Fig. 1. 

positlve when the metal is anode, and negative, when it is used 
as cathode. 

FUl'thel' tl~s [Jossibility was still to be fOl'eseen that when the 
metal assumes internal eqnilibrium very s]ow1y a distinct change ot 
the potential difference would have to be demonstrated even aftel' 
the Cllrrent had been Ïllterrnpted_ 

Now it shonld be noted hel'e -that when a base rnetal has become 
noble dllring its use as anode, and the diffel'ence of potential between 
the metal and e1ectro1yte !tas rlsen to tlH' tension of liberation of 
the oxygell, at the tl.llode two processes will begin to proceed side 
by side; besides the going in solntion of the metal we get also the 
discharge of the OW-ions and the possible fOl'mation of oxide skins, 
the influence of whieh should be examined. 

We get something of the same kind at the cathode. When viz. 
the difference of tem,ion metal-electrolyte at Ü;e ca.thode has become _ 
gl'e:1tel' than the tension of liberation of the hydrogen, besides dis
charge of metal ions, also dischal'ge of H' -ions will take p1ace thel'e . 

.1l ethocl of Investigation. 

Tbe lfl,eaéUl'ement of the polarisation tensions took place in the 
following way (see Fig. 2). 'fwo eJectl'odes of the metal tbat is to 
be in\'estigated, in the shape of \~il'e Ol' rods, 'were placed in a solution 
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of n, salt of the metnl, genenl11y the nitl'l1te. l.he two eladl'odes 
were (:oILlIected by a val'iable resistance and nn Ampèremeter ,vith 
a number of accumulators, so that the strength of the polm'izing 
Clll'l'ent is easily changed and measul'ed. To, meaSUl'e the teneion of 
polarisation at one of the electrodes a beakshaped bent glass tnbe 
was bl'onght into the solution, whose capillal'y point was plaeed as 
close as possible against the poladzed electl'orle. In tbis glass tube 
a third (auxiliary) electrode of the same metal was brought. This 
auxilial'y electrode, whiel! is cLlrt'entless, exhibits the nOl'mal potential 
differenee with respect to the solution. As the1'e is no loss of tensioll 
in the liquid of tbe anxilial'y electrode, and its point is rio sc against 
the polarized electrode, the potential differenee between the auxiliary 

electrode and the polarized 
electrode gives directly the 
deviation which the potential 
difference of the polarized 
electrode presents from the 
norm al potential difference, 
so the pola1'isation tension. 
The measurement of this 
potenLial clifference took place 
by reading the deviation 
which was obtained by con-

7 necting the auxiliary electrode 
and tbe polal'ized electrode 
by means of a resistance of 

Fig, 2. some meg. ohmR with a gal-

vanometer. Tbe yalue of the scalnl' clivisions in Volts was determinecl 
by connecting the galvanometer with [~ normal eleL1Le~1t, 

Silvel', Coppel', Lead. 

2, The im'estigation of different' meials, unclel'taken iu this dil'ee
tiOlf, luts shown us that as was 'ta be expected, they l'epresent the 

most different types. 
There are metals ""bieh in contn.el wilt! au eleetl'olytc, assnme 

intel'nal equilibrium very quickly, there are those th at do sa verJ 
slowly, and thel'e are those that lie between tllese extl'emes. 

Beginning with the IneLaIs which qllickly aSSllll1e intel'llal eqnili
brium, we mny fiL'&t menl1011 the metals : silve)', coppel' and lead, 

The result of the im'estigation of these metals is found in the 

following tables. 
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Aftel' the Cllrl;ent had been intel'l'llpied, no potential dtfference with 
the allxJlial'y electrode was to be perceived. 

In the fil'st column the Clll'l'ent density is fOlllld expl'essed in milli
ampères per cm~. In the seeond column the potential eliffel'ence with 
the al1xiliary electrode is indicated in Volts, the metal sel'ving as 
nnode (anodic polarisatioh tension) ; anel Dl I the third column the 
same is giyen for the case that the me (al serveel aF cathod~ (carhoelic 
polarisa,tion tension). 

TABLE I. 
Silver electrode immersed in 1/2 N. Ag N03-solution. 

i m.A 
V-anode V-cathode Û=cm 2 

25 + 0.03 0.006 

50 + 0.03 0.012 

100 + 0.04 0.014 

200 + 0.05 0.015 

300 + 0.05 0.016 

400 + 0.06 0.018 

750 + 0.09 0.020 

It is seen t'l'om this table thM the sllvel' is not materially noblel' 
dlll'Ïng Ihe soll1tlOn, and not matcl'iaJly bn.sel' dllring the deposition 
than the auxiliary electrode, which is entil'ely in intel'nal equilibrium. 
The polal'isation is therefore exeeedingly slight here, from which we 
m~l.y deduce that the me(al silvel' very qnicldy assumes intel'nal 
equilibrinm. Undel' these cil'cumstances it is of course out of (he 

. TABLE 2. 

Copper electrode in 112 N . Cu tN03)2-solution. -
Oi -- c

m
m·A2 I V-anode V-cathode 

----------+----------
14 + 0.016 - 0.016 

29 + 0.026 - 0.026 

57 + 0.032 - 0.035 

114 + 0.048 - 0.063 

171 + 0.048 - 0.082 

230 + 0.050 - 0.088 
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qnestIon ihat a potentiaJ di1I'el'ence could stIll be demonsira/ed aftel' 
the Cl1l'l'ent had been broken, wbJch acrol'dmgly was by no means 
the case. 

For copper thc following values were found. (See table 2 p. 42). 
This is, iherefore, the same reslllt as was obtained fOl" siJver, and 

lead behaves in an analogous waj', as appeal's ft'om (he foJlowing tabje. 

TABLE 3. 

Lead electrode in 1/2 N . Pb (N03)2-solution. 

i m.A 
V-anode V·cathode O=cm2 

36 + 0.010 - 0.006 

140 + 0.033 - 0.010 

280 + 0.046 - 0.013 

570 + 0.082 - 0.017 
, 

1000 + 0.126 - 0.020 

Aftel' the eurrent had been intel'rupted no potential diiï'erence with 
the auxilial'y electrode conld be demónstrated. 

Nickel. 

3. A splendid exmpple for un internaJ equilibrium setting in ver1 
slowly is furnished l>y nicl.:el, as appears from the following resllJt. 

TABLE 4. 
Nickel electrode immersed in 1/2 N . Ni (N03)rsolution. 

0 V·anode V-cathode 

27 - + 1.61 - 0.95 

45 - + 1.64 -1 

90 - + 1.68 -- 1.25 

180 + + 1.77 - 1.40 

360- + 1.83 - 1.66 

540 + 1.88 - 1.77 

Nlckel shows thel'efore ttn enOt'mOllS anodic and cathodie polal'isn
tion, w hieh we must ascribe to ihe ver)' slow setting in of ilte 
ill/ornal eqllilllu'illw, the more 80, as we fOlmd that even alter tlte 

J 
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cwnnt had been in tel'l'up ted n gl'eat potcntial eliffel'ence with the anxili
al'y electrode coulcl still be demonstmted viz. an anodic polaristüion 
ten sion of 0,95 Volt. and a cathodie polarisation ten~ion of 0,5 Volt. 
These tensions decreased with diminishing velocity to 0, as a proof 
that the metal aSSllmes intel'nal equilibrium by the aid of the 
electrolyte. A5 on account of the os~illations of the mil'rór of tbc 
gî1hanometer the said tensions could not Le obsel'ved quickly, enollgh 
af ter the CUl"l'ent had been intel'l'upteu, the abO\'e values give the tensions 
some seconds aftel' ,the interruption of the CUl'l'ent. lmmedia,tely aftel' 
the interruption they will have been + 1,88 V l'esp. - 1,77 V. Hence 
nick el, used as anode, becomes sllpel'ficially a metal noblel' than 
platinum as we know lt. 

Cadmium. 

4:. Cacl1niwn is a melal lying between sih"er, copper, anel lead 
on one side anel nickel on the other sic1e with regard to the velocity 
with which its internal equilibrium sets in. 

For this metal we founel what 1'o11ows: 

T ABLE 5. 

Cadmium electrode in 1/2 N. Cd (N03h-solution. 

i 
o 

21 

72 

144 

286 

428 

V-anode I V-cathode 

I 

+ 0.093 - 0.127 

+ 0.186 - 0.186 

+ 0.290 - 0.220 

+ 0.380 -- 0.220 

+ 0.507 - O.22G 

Besidcs that the polans:ttion is smaller bere than fol' nickel, it is 
notewol'thy th at while 1'01' nickel the n,nodlC anel cathodic polarisa
tion tension differ littIe, this difference becomes pretty con5idel'able 
fol' cadmium, at least fol' lal'ge Clll'l'ent densities. This pecllIiarity , 
may be explained in a simple way by means of the .6,x-figme given 
in the preceding commllnication. (See Fig. 3. 1

) 

Sllppose that with unal'y electl'omotive equilibrium at the given 
tempel'ature tht" electl'olyte Land the metal phase /3 coexist, then the 

.1) Here the potential ddl'erence ~f the metal,with respect la the electrolyte has 

been given. 
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trJetal ph,tse in case of anodic poludsatiol1 will move from S to b, 
d~ 

aud over this range - is great. 
do; 

a 

I .. 
fl-

Fig,3. 

In èase of eathodie polul'isation the rneti11 plutSë 1110ves fi'om S 
upwards along the line SC, but bere \'I'e see now th at the quantity 

d~ wIll continually deel'ease alld ean beeome vel'y small in consequenee 
drc 

of the erel' inC'l'easing Clll'\'atme of the line Sc, which ean be even 
a great deal more pronotmced lhan has been drawn here. 

n now follows from the obsel'vtl,tions ihat the metal cadmium 
assumes intel'nal equilibrinm pl'elt)' l'apidly, and in harmon)' with 
this is Ihc fact that aftel' tbe Clll'1'C1lt had been broken the polal'isa
tion had S0011 eniil'eJy vanished. 

lt was besides lloticed in this investigation that the metal which 

- - -- --------_!....-_----
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served á'3 änocle, WM gradually rovered with a skin of basiC' salt. 
It was, howevel', easy to demonstrate that this skin cOllld not have 
callsed thc obsel'ved phenomena tbrollgh inel'ease of tlle l'esistance, 
fol' the phenomena l'emained the flame also when this skin, which 
could be very easily l'emoved, WelS taken away dllring the electro
lysis. MOl'eovet· it appeared that when this rnetal with skin was 
made to cathoclc, IIle cathodic polal'isntion was the Rame as in the 
ahsence of this skilI. The l' o l'IlHtti on of the skm is thet'efol'e a secon
dary phenomenon, as was a]so expected (see under 1). 

Bismuth. 

/ 

5. Bisl11uth IS a metal Ih[tt very clearly 5eems to be catalytically 
inflnenceu, as appeal's fl'om the following tabIe. 

TABLE 6. 

Bismuth in 112 N Bi (NOJh-solution. 

0- V-anode V-cathode 

35 + 0.02 0.02 

60 + 0.04 0.03 

133 + 0.05 0.03 

260 + 1.14 0.03 

The anodic polarisation presents this pal'ticlllal'ity that though it 
is exceedingly small up to a ClllTent density of 133 mi)Ii Ampères 
pel' cm~, as for silvel', it becomes prettj' considerable 1'01' a Clll'l'ent 
density of 260 milli Ampères. Now ü is worthy of note that th~ 
anodic polarisation was at first also smaIl for a cun'ent density of 
260, but it inC'reased slowly, so that jt amounted to + 1.14 volts 
aftel' a few rninutes. Fot' smaller CUl'rent del1'lities, however, no rise 
of the polal'isatjon tension took place in course of time. The explanation 
of the obsel'yed phenomenon is probably as folio \Vs. The Bismuth, 
whieh gets pORitively charged in the used sollltion, aSSutlleS internal 
eql1ilibl'inm verJ' ql1ickly at first. At the greatest dénsity of cUlTent, 
howcver, this internal equilibrium is no longer able to maintain itself, 
nnd then genemtion of oxygen seems to take place, which oxygel1' 
evidently exet'cises a negative, catalytic influence, wbich renuel's the 
metal still nobIer. 'rhis phenomenon being attended with the formation 
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of a white skin (probably of hasie salt) we have again examined 
wh at influence th is skin exerci'3es all the phenomenon. For this pur
pose the ellrrent was suddenly l'eversed, aftel' a th\ek layel' of the 
basic salt had formed, in which however, only a catbodic polarisation 
of 0,18 Volt was observed as a proof that tbis skin, i.ndeed, inC'l'eased 
the resistttllce somewhat, as was expected, but that this cOltld have 
been only of slight inflnence on tbe amOllllt of the anodic polarisation 
ten sion 1). What the negati\'e catalytic inflnence here eonsis\::' in, 
callnot be saiJ with cel'tainty, but as has been stated, it seems 
probabIe to ns that the oxygen, disBoh'ed in tlle metal to an exceed
ingly slight degl'ee, l'etards the settuig in of the internal equilibrium. 

Iron. 

6. It' we now proeeed to the metal il'on we meet again with 
phenomena, anel very pl'onoullced on~s too, whieh in Out' opinion 
point to catalytic mfluenees. 

We fonnd the following result: 

TABLE 7. 

Iron electrode immersed. in 1/2 N.FeSOçsolution. 

0 V-anode 

50 0.026 

100 0.038 

130 0.044 

160 0.064 

190 0.075 

250 0.113 

300 0.164 

400 2.25 

600 2.47 

800 2.53 

- \ \ 1 

fl'om which it appeal'S that in thiti tt'ansition of a C'lll'J'ent elensity 
1'1'0111 300 to 400 the iron has snddenl,)' beeome vel'Y nobIe. This 

1) 1"01' 1I can I hardly be assumed 11el e thaI the skin offers a difTerent resistance to 
~urrents of different direclion. 
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phenomenon, whi('h ltas heen already of ten observed, and is called 
the becol1ling passive of iron, has not been accounted for in a 
satisfactory way. 

In the light of these new considerations the explanation, as was 
all'eady observed, is not difficult. 1) The iron, which shows tlJis 
sudden increase -of tbe anodic polal'isJ,tlOn,~ iEl entirely free from so
called annealing colours and perfectly l'eflecting, so that an oxide 
skin is out of the question. 

If we, however, assume that the roetal diflsolves a little oxygen, 
and this oxyg-en .retal'ds in a high degree tile setting in of the 
mternal equilibrium, the sndden considerabIe enobling of the metal 
is explained in a simple \Vay. 

Up io now it nas been lost sight of too much JhaJ the pheno
menon of passiv!iy, at'isen by an electl'olytic way, and that called 
into existellce by a pl1l'ely chemical way, must be explained fi'om 
one and tbe same pOltlt of view. By a pll1"ely chemical wa,y iron 
is made passnre hy beillg simply imlllersed in strong nitric acid fol' 
a few 1110:11en/8. If then the iron is put in a solution of copper 
slllphate, the copper does not deposit. By a slight shake, the appli
catioll of a magnetie field etc. th is passive state can, hOWE'Vel', 
at once be destroyed, and tbe iron is co\'ered with a coat of 
coppel'. 

If we consideL' the passive iron to be iron that is superficially 
very fat' from tbe state of internal equilibrium, in which super-

\ ficially the easily reacting molecules are practically entirely wanting, 
and assume that this state can be maintained for some time on 
account of the negative catalytic action of oxygen under certain 
cil'cumstances, w hicb state, howevel', Ou tside the ceU, can be destl'oJ'ed 
by vibratiulIsl a maglletic field etc., the phen0111e110n of passivitJt 

of ü'on becOllles 1ess tmil1telligible. 2
) 

Relnrning ,to tbe experiment, we wil! show in the first ph tee 
\vhat was fOllnd wben smallet' Cl1lTent densities were worked with 
aftel' the iron had become "passive" at highel' eurrent density. 

This /able exlubits thel'efol'e the gl'eat difference between the passive 
and the active iron. As appeMs ft'om the la,st table but one, the 
acLive iron yields a cltffereuce of tensioIl with the auxiliary electrode 
of 0,026 Volts fol' a denslty of cl1l'l'ent,of 50, the passive iron yields 
a differente of tension of 2,18 Volts for the same CUl'rent dellsity. 

1) SJiIITS, These Ploe Junuul'y 25, 1913. XVI. p. 191. 

2) We have })l'obably la do here with metal iOl1s of different valeney. (We shall 
retUlll to this later on) 

I 
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TABLE 8. 

Iron electrode, immersed in 1/2 NFeS04-solutîon. 

0 V-anode V-cathode 

800 2.53 o 50 

600 2.47 0.47 

400 2.40 0.44 

200 2.30 o 42 

100 2.24 0.37 

50 2.18 0.27 

It is now remarlmble th at, as - has also, been found b,)' others, 
contact with byth'ogen can annillliate the passivity. '''hen we reversed 
the CUl'l'ent and made fhe passive anode the catlJode fol' a moment, 
and thel1 revel'secl fhe current again at a density of 400 m.A., the 
difi'el'ence of tension with the atuilial'Y electrode amounted at first 
onl,)' to 0,12 Volt, but th is tension rose at fh'st ral hel' slowly to 
0,6 Volt anel then rapidlJ to 2,27 Volts. 

lt tbel'efor8 [l,ppears from this experiment that hydrogen is a 
positive catalyst fol' the setting in of the intel'nal equilibrium of 
iron, which alsû accounts for .. the tact that the cathodic polal'isation, 
as appeal's fl'Ol11 the last tuNe, is extremely small in compal'ison 
with tlle anQdic polarisatioll. The ditfel'ence behveen anodic anel 
eathoelir . polat'isation is therefore so great here, becanse fOL' the 
anodic polal'Îsation a negath'e catalJst, anel tor the cathoelic POlfil'isa
bon a positive catalyst ('ome into plitJ. 

That fol' nickel the anodic anel the cathodic polal'isation are about 
I 

the same proves tl!at the ,oxygen and the hyelrogen do not act 
noticeably catalytically on this metal. 

lt should' tinally still be pointed out tbat when at the moment 
that the passive iron had reached an anodic ten sion of polarisation 
of 2.27 Volts, the CUl'L'ent was braken, still a tension of polarisation 
,was observed of 1,07 Volts, w hich tension, hOWe\'el', pretty quicldy 
feil to O. 80 it n,ppecu'ed jusl a& fol' nickel tbat the iron without 
passhge of the curreJlt 800n assumes intel'llal equilibrnun by the aid 
of the electL'olyte, and becomes nctive. We bee ft'om ,tllis that ihe 
negative rutalytic aClion is maintainecl by the Clll'l'ent; when the 
Clll'l'ent is broken the active iron aboye the liquid will, however, 

4 
Proceedings Royal Acad. Amsterdam. Vol __ X VU. 
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promote the setting in of the internal equilibrium in the at fh'st 
passive part, and this wIIl be the explanation of the fact that the 
iron becomes acti \ e aftel' the current has been broken. 

Also aftel' the Llse of the iron electl'odes as cathode the CUl'l'ent 
was broken, and as was to be expected, the rnuch smaller cathodic 
pOlal'lsation tension of ± 0,15 appeal'erl 10 run "el'y l'apidJ)' back to O. 

I 

Ahtminium. 

7. As fal' as its elecll'ornotive bebavioUl' IS concel'ned, aluminium 
is ulldoubtedJ)' one of the most interestll1g metaJs. For anodic pola
l'i5ation the runenl density decl'eased reguJal'!y, and tbe tellSion 
increasf'd, as is shown 1I1 the following tab Ie. 

TABLE 9. 

Aluminium electrode in 1/2 NA!2 (S04)3-so!ution. 

i 
V-anode --0 

0.8 + 2.56 

0,53 + 3.48 

0,46 + 3.84 

0,36 + 4.12 

Accordingly we nnd anodic poJarisation tensions of about 4 Volts 
fol' ihis metal ah'ead)' at ver)' small rUI'rent densities, wbich points 
to the fact that hel'e a byel' of grea!t l'eSistLtIlce lllnst have been formed. 

Up to now it has been tried to eÀpJain tbis stl'ong anodic polal'i
sation fol' aluminium by the fonnation of ltn insnlating skin of A1 2ü 2 • 

With greater densities of CUl'l'ent the anode is l'eally covered with 
an oxide skin, and it is therefore natural to assllme the formation 
of this skin also fol' smalle)' densities of eurl'ent, and attribute the 
observed phenomenon to ihis skin of AIJO~ with great reslstance, 
Thel'e are howevel' objections to adopting this explanation, fOl' in 
our experimenls 110 trace of annealing colOLlrs was to be obset'ved, 
and the metal remained beautifullj reflecting. 

To aseertain whet het' in out' expel'iments a skII1 of great l'esiSlance 
had formed l'ouud the anorle, we made the following experiment. I 

The boltom of the vesseJ with the AI2(S04)3 solution was covel'ed 
whll a layet' of mel'cmy, and the aluminium electrode was anodi-
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cally polarized. Wh en this electrode was now covered with a skin 
of great resil:>tance, an immersion of one êxtremity of the aluminium 
electrode in the mercury shollld not exel't an)' influence on the 
dlffel'ence of tensIOn between the aluminium anode mid the auxilial'y 
electrode. If, however, this ~kill does not exist, the aluminium elec
trode will get into contact with the mercury during the jllSt described 
IlHtnipulation, and the said difference of ten sion wiJl be moditied. 

The result was that when dw'ing the anodic polarisation the 
aluminium anode was immersed in the mercury, ,md the cUl'rènt 
was then bl'oken, the differen('e of tension with thc auxiliary elec
trode was absolutely unchanged, w hi('h proved therefore that the 
aluminium electrode did not get in rontact with the mercury, bnt 
was sUl'rounded with a ('oat of electrolyte. This appeared to be no 
specIfic property' of the anode, for the same thing was obseryed aftel' 
catbodic polarisation. An nnpolarized Al-wil'e, immelsed from the 
electrolyte in thc mel'cnry layer, immediately assllmed the potential 
of the mercuI'Y, fl'om w hicb therefore foJlows that the gas layer on 
the allllIlininm I'etains the electrolyte with great force. 

In this way the qnestion of the skin could therefore not be solved. 
What ib remarkable is this that the skin formed during anoclic 
polal'isation, immeclia,tely seems to c1isappeal' again by catbodic 
polarisatioll. The assllmption of a film of AI,03 is attended with 
great diffi('ulties, in the first place th is oxide cannot be recluced_ 
under these cil'cmllstances by H in status nas('ens, and in the second 
place it appeal's, that nothing is 10 be perceived of this skin, at 
least with thE' naked ey~, as no annealing colours are to be obsel'ved, 
and the metal remains clearly reflecting. It seems therE'fol'e not too 
hazardolls to us to ronclllde in vil'lue of this that the slün cannot 
be an oxide layer, and the only thing left to us is to assume, fiS 

we did for iron, th at the oxygen dissolves in' the aluminium dUl'ing 
anodic polarisation, and that this solution possesses a great electric 
resistanre fol' aluminium. In thi~ way we come to the assmnption 
of a layer with _ great resistance, of which it is, however, to be 
understoorl, that it entirely disapppars on catllOdic polarisation to 
make room for a 50lution ot' hydrogen and aluminium. A(,col'dingly 
this layer IS metallir, and can amalgamate in course of time when 
in contact with merclll'y, tlu'ough which the rebistance disappears. 
The, l'esult at which we arl'lVe is therefol'e thi~ th at the anodically 
measured ten sion is so extl'aordinarily great fol' aluminium, much 

. gl'eater than the liberation tension of Oi can be here, because the 
dissol veel oxygen not \)IJ ly l'etal'ds 1 he setting in of' t he intel'nal 
~ql}ilibl'Îum, but H.lSO n layel' of gl'eat clectric l'esistance is formed. 

4.'1< 
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At greatel" ('tm'ent densities A120 a ('an separate from this solutiol 
of oxygen in aluminium, 'bui then the elertr'ode is no longer reflect 
ing, and it cannot be made reflecting again by cathodic polarisation 
This layel' of AI 20 S can also possess a great resistanee, but thl 
L)l'imm'y feature of the phenomenon is in all cases the formation of l 
&olution of oxygen in aluminium, which possesses a great resistance 

If we now proeeed to the de&cl'iption of the experiments wiU 
amalgamated alnminium, we will begin with stating that wben ÏI 

tlle just desel'Îbed experiment the aluminium electrode was raise( 
out of the mercllry, aftel' al11algamation had set in, and the lowel 
opening of the auxiliary electrode was pl[lced against the extl'emitJ 
of the aluminium wire, this part of the aluminium_had undergon( 
a gl'eat change, and had become negatively electrical with respec 
to the auxiliary electrode, The tension difference amounted to -O.~ 
Volt, and still incl'eased slowly. At tbe placE' where ihe aluminiurr 
had been in contact with the mercury, It had\ therefore becomE 
much baser, and had visibly become -sol11ewhat amalgal11ated. 

That amalgamated aluminium is basel' than the non-amalgamated 
metal, was known, but the exact vnlue of this difl'el'ence in tensi01 
was Dot met with in the litem,tl1l'e. To determine this difference Î11 

tension, an aluminium' electrode was àmalgamated by {immersion in 
a solution of HgOI 2 , aftel' which this electrode was cornpal'ed witb 
the auxiliary electrode. We found that the amalgamated AI obtained 
in this way was still basel' than the jnst l11entioned. Al, for the 
ten sion of tbis electrode with respect to tbe auxiliary electrode 
amounted now to -1.27 Voltg. 

That the amalgamation for aluminium has a very particll]at' effect 
follows moreover from this that amalgamated aluminium possesses 
a much gl'eater chetnical l'eactive powel' than the ordinary alumi· 
nium. Amalgamated aluminiulll immersed in water gives a' very 
considel'able generation of hydrogen, aud lt oxidizes so mpidly when 
exposed to the all' that the metal is immediately covel'ed with a 
layer of oxide, the liberated heat raising ihe temperature of the metal 
very noticeably. 

In consideration of all this it seems more than probable to liS 

that the action of mercury is here positi vely catalytic, and th at mer
eur,}' iherefore, when_ dissolnng in aluminium, bl'ings (he ruetal in 
intel'nal equilibrium, whieh condition cOl'l'espond'5 to a greatel' con
centration of the simplcl', so more l'eartive kinds of molecules. 

The anodlc polarisation of the amalgamated state is alrnost as 
slight as fol' silyel', as aproot' tllat the. internal equilibrium flets in 
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mlH'h more quickly here than for pure Al, but noL yet so lapidly 
as fOL' Ag. 

Amalgamated Aluminium. 

ilo I V·anode I V-cathode 

2 +0.03 

5 +0.01 -0.05 

11 +0.15 -0.20 

33 +0.18 --0.33 

47 +0.34 

That the amalgamated aluminium goes into solution mnch more 
l'apidly than the non-ama]gamated aluminium also appears from 
what follows. If a new aluminium electrode is put in the just men
tioned met'cm'y layer, which covers the bottom of the vessel with 
the AI~(S04)3-so111tion, this electrode assumes the mercllry potential. 
The tension difference with the al1xiliary electrode is thell namely 
+ 0,6 Volt, which tenr:lion differénce is aIso found when a plati
nU,m electrode is used instead of an aluminium electl'ode. If the same 
experiment is, howevel', made with an amalgamated AI-electrode, 
the tension dlfference with the allxilIar.v electrode IS - 0,78 Volt. 
It follows fl'om this that if the Ol'dinary aluminium partially immer
sed in mel'cury, failed entil'ely to maintain its potential difference 
with respect to the electt'Olyte in consequence of too slow soln/ioll, 
the amalgamated aluminium does not quite succeed in tlns eithel', 
but it almobt succeeds, t'or instead of - 1,27 Volts its tension with 
respect to the aUÀ.iliary electrode bas namely becom~ - 0,78 Volt. 

lt is perbaps !not sllperfluous to elucidate this phenomenon in a 
few words. With immersion of the aluminiUI~ electrode in tile mer
cury a short cil'cuited element alllmininm-electrolyte-merCl1ry is obtai
ned, in which the aluminium is the negative pole, and therefol'e 
sends ions into solution. If now the setting in of {he internal eqUlli
brium took place with great l'apidity, the aluminium wOllld be able 
to maintain its unary potential difference, and in this, case fhe ten
sion of this electrode with respect to the auxilial'Y electrode would 
have remained - 1.27 Volts, Now we find 1-0,78 Volt, proving 
th at the state of intërnal equilibrium was distm'bed to a cel'tain 
extent aftel' all, and the metal has become a little less base by 
dissolving. If, as was descl'ibed, the saIlle experiment is made with 
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ordinary aluminium, which IS thel'cfol'e an enobled state of aluminium, 
we get what fellows. 

The ol'dinary aluminium iS at fh'st tbe negathre pole with respect 
to the mercl1ry. It becomes, however, noble by the dissolving, and 
it is soon as noble as mel'cmy. Nobier' than mercul'y it can, howe
war, not become then, since in this case, the current wOl1ld be 
revel'sed, which would change the state of the aluminium again in 
tha base direction, This is the reason that ordinary non-amalgamated 
aluminium immerseJ in mereury, assnrnes the potentialof the mer
cury. This experiment can however not be continued fol' any length 
of time, berau&e the alumllliurn in contact with mel'cury slowly 
amalgamates, as we have seen, in consequence of whirh finallyalso 
the part whicl~ is not in contact witb the electrolyte, wiU become 
active, so that the same things will be observed as in rase of well
amalgamated alnminium. 

111 a following communicil.1,ion the investiga,tio~ of lhe otbel' metals 
wlll be treated, aftel' whlch a critica I summary will be given of tbe 
theories which I have been pt'oposed oy others np to now as an ex
planation of some of the facts discussed here, 

SUMMARY. 

In the foregoing pages the theory of allotropy was applied to tIle 
eleetl'omotive behavioUl' of tlle metals Ag. Cu, Pb, Ni,Cd, Bi, Fe, Al. 

We have come to the conviction that the newly obtained point 
of view, as we hope to prove further, enables ns to survey the 
widely divergent cases, aod gives a deepel' insight into the signifi
canee of the observed phenomena, 

An01'g, C/wm. Lab. of the Univel'sity. 
Amste1'cllnn, April 23, 1914. 

Chemistry. "Tlte Allotl'opy of Crtd1}~iwn." H, By Prof. 
El~NST COHEN and W. D. llEI.DERIIIAN. 

(Communicated in tbe meeting of April 24, 1914). 

, 
1. In om' fit'sf. paper on tbis subject l

) we conrluded fl~m measure-
meuis with iJle pyknometel' and tile dilatometer tbat cadmium has 
a tmnsüion temperatme at 64°.9 and that this metal as we have 
lmown lt untIl now, ib a metastable system in conseqnence of tbe 
very strong,ly mal'ked retardation which accompanies the reversible 

1) Tnese PrQc 16, 485 (1913) .. 
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change of these allotropic modifications both below allel above their 
transition points. As we pointed out in our papers on the allotropy 
of copper and zinco the possibility that there might be present at 
the same time more than two allotropie forms had to be taken 
into account. 

If th is were the case, a variatlOn in the previons thel'mal bistory 
might have an influence on tbe transition temperatnre. 

The samples which had given 64°.9 as their transition point 
(Vide ~ 11 of onr fil'st paper) only differed bJ tbe fact, that the 
second one had been in the dilatometer at 1000 in contact with 
pamffin oiI for 36 hOlll'S aftel' having given 6,*°.9. At the end of 
this time the measurements were made, which are given in Table n. 
On cQntinuing obI' investigations we got fhe impl'ession that this 
diffel'ence in the thermal history of the eamples might not have been 
large enollgh to detel'lnille whether a third modification can be 
formed. As a result of the following considel'ations we carl'ied out 
some new experiments. 

2. If in OUI' sample f(~ (th'st paper) there had been present 
originally more than two rnodifications, it might be possible that 
the greatAr part of the rnodification(s) which is (are) stabie at higher 

\ 

ternpel'atUl'es had been changed into the ('-form, as the sample 
had been heated at 101° C, fol' 24 honI's in' contact with a solution 
of cadmium slliphate. In this case the heating at 1000, which 
followed the first experiment with the dilatometer, might have had 
no' perceptible influence on th~ transition point wl1Îch is in accordance 
with the results given in tables I and Il. 

3. W. e now val'ied the previous thel'mal history of f(~ vel'y 
mal'kedly. For th is purpose tpe metal was t&.kell out of tile diJato
metel' and chi1led by throwing it into water. Aftel' thi§ it was put \ 
into a new dilatometel' wit/wut p1'eviously tl'eatmg it witlt a solution 
of cadmium, stdphate at 101 0 , The dtlatometer wns then kept at 
70°,0; the temperature remai~1ed constant within 0.003 degl'ees. The 
menisrus feU in 33

/ 4 hours 143 mm. while we observeà fOl'merly 
(fil'st pape!') a strongly marked incl'ease of volume at the same 
tem pel'c:tture. 

4. In order to con trol this result, we carried out the following 
experiment: 

A fresh quantity of the metal ("KAHLBAUM" - Berlin) weighing 
about 300 gl'ams (KB) was melted and chilled. Wethen turned it 
into thin shavings on a lathe and put it into a dilatometer ; the bulb 
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was filled up with pal'affill oil n.uc\ a qnantity of small glass-beads .. 
(Vide our fliRt pttper ~ 10). At na tempera/ul'e between 50 and 100° 
(vide § 4 of om fil'3t papcl) die! any change ocrul'. We then added 
100 glams of the same material IC whirh had been in contact with 
a solution of cadmium suJphate (at 50°) dul'Ïng 12 hours. We now 
obsel'ved that the meniscus of the dilatometer 

feIl 167 mmo in 5~ hon1's at 50°.0 

" 213 " ,,7 i " ,,70°.0. 

This result is III perfect acco1'dance with the observations of § 3. 
I 

5. The following experiments prove in a more quantitative way 
that the previous therm al history of the metal has ~n influence on 
the fransition temperatnre. . 

A fresh qnantity of the metal (1(4) was divided into two pal'ts 
lC[(4)1 and CK4 )1ll of 500 grams each. 

(J{4)1 was reduced into tllrnings on a lathe and immediately put 
into a dilatometer. At 69°.9 we obsel'ved a deCl'ease of volume 
~456 mm.) in 251

/ 4 honrs. 
(l{4)11 was convel'ted mto turnings in the same way and kept 

for 5 days and nights at 1000 in a solution of cadmium sulphate. 
Afler having it put into a dllatometer (bore of capillál'y tube 1 mm.) 

we made tbe following readings (TabIe I). 

TABLE I. 

Temperature. 
Duration of the I 
observations in Increase of the 

hours. I. level in mmo 

° 1 49.6 '6 - 100 

60.4 1 
- 125 "i 

62.5 2 14 '3 

63.1 1 + 15 '3 

63.7 1 + 83 3' 

69.6 1 + 225 Th 

The tI',Ulsition point is 62°.8. 

Increase of the 
level 

in mmo per hour 

- 6DO 

- 250 

21 

+ 45 

+ 249 

+ 2700 

6. The metal was now kept at loon in contact with a solution 
of cadmium sulphate fol' 7 days and nights. Aftel' this it was put 
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again into a dilatornetel' wlllch was hcated fOL' 24 homs al 145°, 
tl1en for 24 hours at 270° (that is only 50 degl'ees below tIle melting 
point of the metal). \ 

We only suC'ceeded in "bringing it iuto motion" by heating it fol' 
48 hours at 500 in a solution of cadmium sulphate. 

Wethen got the following results (Tabie II): 

Temperature. 

° 60.0 

63.0 

63.5 \ 

64.0 

69.0 

TABLE II. 

Duration of the 
observations in 

hours. 

112 

1/3 

11/6 

11/6 

1/6 

Increase of the 
level in mmo 

- 105 

11 

8 

+ 22 

+ 58 

The transition point has been changed to 63°.4. 

Increase of the 
level 

in mmo per hour 

- 210 

33 

6 

+ 18 

+ 348 

7. In this ",'ay we caI'l'ied out a great many experiments with 
samples of different previous thet'mal history 1). The extreme limits 
which were found fol' this (apparent) transition temperatllre wel'e 
69°.3 and 61 0 .3. 

8. As it is al most impossible to fix the real transition point 
of the pure modifications in this way, we triecl to prepal'e a shal'ply 
defined modification of cadmium avoiding high temperatnres. For 
this purpose we electl'olyzed an ammoniacal solution of cadmium 
sulphate bet ween an electrode of platinum and one of pure cadmium. 
(-10 Volt, 20-25 Ampère; surface of the electrodes 26 C',m2

.). 

We kept the tempel'atlll'e of the solution below 40°, cooling the 
vessel with ice. The solution was kept homogeneous by 'a glass-stil'l'er 
(WI'r1'), wl}ich was kept iu motion by a small motor. The cadmium 
which was formed at the electrode was washed with dilnte sulplnll'ic 
acid, then with water, alcohol, and ether. Aftel' this it was dried at 40°. 

170 gl'ams of "his matel'ial were put into a dilatometer. As it is 
ver,}' finel,}' divided, great care mtlst be taken in order to remove the 
air from the dtlatorneter. Wc> used a GAEDE-pump tbr the purpose. 

1) The details will be given in full in QUt· paper m the Zeitschrift f. physik. Chem. 
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The pal'aJfin oil was bOIled on this pump with finely divided cad
mium. If th ere had. been formed dUling the electl'olysis only one 
moditication of cadmi.um, we might expect that no transfOl'mation 
would occnl' in tIJe dilatometer, In consequence of the absence of 
gel'ms of a second form. From om earlier experiments (first paper 
~ 4) we know that even if aserond modification were present the 
retal'dation may be very strongly marked. 

We l'ounq m Oul first experiment that neither at 50°, nor at 
800

, nor at fOO° did any change occur. 
Aftel' ha"lpg removed tbe paraffin 011 we wasl;led the metal wlth 

ether and bronght it mto contact wIth a solutlOn of cadmium sul
phate (12 hOUl'8 at 1000, 48 hours at :)00). Aftel' this the dilato
meter gave the followin~ results (TabIe lIl). 

TABLE nr. 

Temperature Duration of obser· Increase of level Increa'se of level in 
vations in hours in mmo mmo per hours 

0 
71.0 3/4 - 351 - 468 

94.8 1/4 + 132 + 528 

70.5 53/4 - 267 46 

70.5 11 + 47 + 4 

60 0 24 - 138 -, 6 

70.0 11/2 + 70 + 46 

65.0 p/z 53 38 

Tlte1'e i~ a change in the dii'ection of motion of tlte meniscus at a 
constant tempemtw'e (70'.5). The tmnsition point IS now between 
65 and 70°. 

This change pl'oves therefol'e that 110\Y (VIZ. aftel' the treatment 
at 1000 and 500 'wIth a solutlOn of cadminm blllphatf') thel'e are 
simultaneously present more tl1an two modIfications. 

9. Fmally it may be pomted out here that the pyknometer cfnnot 
be Llseel to determine with exactness the density of the moeliticfltions 
of cadmium formeel by electrolysls, as tlus material always includes 
constituents of the solution which has been electrolyzed The water 
may be driven out by melting tbe metal, tbe salt will then flow 
on to the snrfac'9 of tbe metal and ma)" be washed away, but for 
exact determinatlOlls this material cannot be used. 

Utrecht, April 1914. VAN 'T HOFF.~abomto7'y. 
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Chemistry. - "The allotl'vp.'l uf Zinc." II. By Pt·of'. ER~'3T COI-IEN 

and W. D. HELDEHilIAN. 

(Commumcated in the meeting of April 24, 1914). 

1. In our fiTst paper on the allotropy of zinc 1) we called attention 
to the "utomized" metals which may be prepared by tbe new metho~ 
of;.vI. U. SCHOOP of Zurich. 

We then pointed out tbat this method forms an ideal way of 
prodncing chilled metal. As a l'esult of our in vestigations on the 
metastability of the metals as a conscqnence of allotlopy we may 
expect that "atomized" zinc will con tam two or more allotropic 
forms at the same time. 

From a techniral standpoint we thought It interesting to prove 
this more directly: if the "atomlzed" metal t·tall)' contams two or 
more moditications at the same time, it will disintegmte in the long 
run when stabihsation occurs. 

2. Mr. SCHOOP supplied us with one kilo of zinc, which had been 
"atomized" in the way described in our first pa,per on the subject. 
As the material is very finely divided one would expect that an 
eventual change would proceed in sncb a way that it could be 
measured easily. On the otner band much care must be taken to 
l'emove air ti'om the very finely dlvjded materlal aftel' having brought 
it into the dilatolIj.eter. 

3. About 750 gramE> of the metal and a smaH quantlty of glass
beads which had been heated beforehand~) were pilt into a dilato
meter. The material had not been in cvntfwt with an electl'olyte. The 
capi11ary (bore 1 mm.) was bent horizontally and put in connection 
with a GAEDE pump. In ordet' to remove the air as completely as 
possible the dilatornetel' l'emained in conne~tion with the pnmp 
fot· 1-11

/ 2 houI's. Aftel' this the paraffin oil was filled m; it had 
been c.1refully botled on the pnmp at 200° m contact wlth some 
"atomized" zinco In tlus way the instrument was made pel'fectly 
free of ail' a,s many expet'iments pl'O\-ed. 

4. In a pJ'eliijlinary e~perimellt we found that a contra.ctwn 
of the metal OCCl1l'S n.t 25°.0. We then CUl'l'led out a fl'esh one, the 
"atomized" met al having been kept at 15° in a dry sta.te for tltree 

1) These Proc. 16, 565 (1913). 
2) These Proc., 16, 485 (§ 10) [1913]. 
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months. Wc used a special thermostat, which wil} be before long 
descl'Ibed. The temperatnre was detel'mined by means of a BI!:CKII1ANN 

thermometer. lt remained constant within some thousanrlths of a 
degree. 

The results l:we shown in Table 1. 
T ABLE 1. 

Temperature 25°.00. 

Time in hours 

o 
1/3 

22/3 

4% 

112/3 

Level of the 
meniscus (mm.) 

526 

425 

252 

219 

181 

A strongly marked contraction at constant temperature occurs. 

5. As the ,metal contains a certain amount of zinc oxiqe in 
consequence of its fine state of di vision , rhe question rnight arise. 
whelhel' the contraction observed may be attributed to some chemical 
reaction between the oxide and the paraffin oil. 

In order to investigate this point more closely we fiUed a dilato
meter (100 cr.) with zinc oxide and tbe same paraffin oil we had 
used in the experiment described abo\'e. Aftel' baving f'vacuated it 
at the GAEDI!: pump we put it into a thel'mostat at 25°.00. The 
meniscus c1id not show any chapge in 24 ltours. The contractio~ 
observed In Qur first experiment has consequently to be attributed 
to a change III the rnetal. We intend continuing our investigttfions 
on the eliffel'eqt modifications of zinc pl'esent in.the "atomized" metal. 

Utrec!d, April 1914. VAN 'T HOFI!'-Labomt01'Y. 

Chemistry. - "Tlw rdlotropy of Coppel·". Il. By Prof ERNST COREN 

anel 'V. D. HEWERl\fAN. 

1. We have also continued our investigations Oll the aUotropy 
of copper in the dirertion indicated in our seconà paper on the 
allotropy of cadmium. 

The dilatometer had ghown (§ 4 of our first paper) that there is 
a transition pain t at 710 .4. We used the sume method described in 
our second communication on cadmium in order to determine if 
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this point changês by a change in the previous therm al histol'y of 
the metaL 

2. The sample the transition point of which had been fixed at 
71 °.7 (§ 6 of OUl' first paper) had not been treated with an electl'olyte. 
It was removed fl'om the dJlatometer, washed wtth ether and kept 
in cOll/act for some days with a solution of copper snlphate. Tllls 
materlal (Cun ) then gave the following results : 

TABLE I. 

Duration of Rise of level Rise of level 
Temperature. measurements in in mmo in mmo 

hours per hour 

° 61.7 1/6 -78 - 468 

74.6 1/6 +225 +1350 

69.6 1/4 - 38 - 152 

72.1 1/6 + 67 + 402 

70.3 - 38 - 38 

71.6 2/3 + 84 + 126 

70.8 1/2 + 131/2 + 27 

70.6 P/6 -10 81/2 

70.7 51/6 + 36 + 7 

The tl'ansitioll point has thus been altered from 71°.7 to 70°.65. 
I 

3. As fal' as the rrieasnrements we caI'l'ied out with samples of 
very different pl'evious therm al histol'y are concerned, we only 
mention here that we found as upper limit of the transition tem
peratlll'e 71°.7, as 10wel' one 69'.2. 1

) 

4. We merely give here 50me details concel'ning a sample (Cum) 
whieh had been made by mixing a rertain welght of CUlI (Transi
tion point 700:>.65) with an eqnal qnantity of the original matel'ial 
(Knpfer-ICÄR1,BAuM, Elektrolyt, gel'aspelt), whieh as we. were told 
when plll'rhasing it, had heen melted aftel' electrolysis. Cnm had 
.been at 50° fol' 10 days and nights in contact with paraffin oU. 
The results are given in table Il. 

1) The description of oU!' experimcnts will be g~ven in ruil in our paper m the 
lZeitschr. f. physik. Chem. 
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Temperature. 

0 

68.0 

75.0 

72.0 

70.0 

69 5 

69.5 

62 

TABLE Il. 

Duration of Rise of level 
measurements in mmo 

21/3 - 15 

11/2 +46 

5/6 +,14 

5114 + lf) 

58 +243 

31 - 36 

Rise of level 
in mmo 

per hour 

+ 17 

+ 2 

+ 4 

At constant tempel'ature (69°.5) t}18 direction of motioll of the 
meniscus lias (·hanged. 'fhis change plOves that also in (his case 

, titel e are more than t wo Illodifications present at tIJe same time. 

5. How extraOl'dinal'ily marked the l'etardations are whieh may 
oceu!', is shown by the behaviour of a sample Gun (camp. ~ 7 of 
OUl' first paper); it was not possible to "bring it into motlOlI" even 
aftel' treating it with a solution of ropper sulphate, Rowever, lt 

ought to be pointed out that lhel'e was na finely d1\'ided powdel' 
present, whieh was the case wlll~ the other samples we investigated. 

Ut1'ec1d, Apl'il 1914. VAN 'T HOl!'l!'~Laóo1'ato1'Y' 

Botany. - "Ene1'gy transjo1'11U"ttions dUl'ing t!tc ,qe1'11lÏnation OJ 
wlw(lt-,qmins". By LUOU1 C. DOYlm. (Uommunieated by Prof. 

F. A. F. G. WENT). 

(Communicated in the meeting of April 24, 1914). 

The reserve matel'ials of seeds repl'esent a large quantity of che
mical enel'gy. In germination these substances are split into com
pounds w!th u, mUc!l smaller nnmbel' of atoms and partly by lhe 
process of' I'espil'ation eompletety oxydized to rarbon dioxide. In 
conseq nence of these exotherruic processes a considerabIe quantity of 
enel'gy is set 1'1'ee, which ran be used 1'01' the various vital
procel:lses. 

IJl order to outain a cOl/ception of these tl'ansformations of enel'gy 
dUl'lug gel'llllllatlon, J bave made some observations on germinating 
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wheat-grains, on which I now wish to make a short prelimin~ry 
communication, 

The germination of 1he wheat-grains nnder obsel'va60n always 
took place at about 20:J 0, In the dark, there could thE:>I'efol'e be no 
enel'gy taken ~lp fl'om without by assimdation of carbon dioÀicle; 
all the -ene}'gy needecl fol' tbe pl'ocesses of gel mmation had thel'efOl e 
to be provided by 111E'anS of the reserve matel'ials, 

At the commencement of germinatlOn nnbibition chiefly takes 
place, in Ihi" way heat is all'eady libemted, therefore energy; theIl 
there follow v~ry soon a series of exotherl1lic pl'ocesses, in wheat
gl'ains more espocially dccompositioll of btat'ch to sugnrs alld com
plete oxydation of this material of l'eSpiratlOn to cal'bon dIOxide, 
The enel'g,V set fl'ee in this manner is now applied to Val'lOUS ends ' 
l st • for all klllds of synthetic pl'ocesses by means of which plastic 
materials are formed fot' the growing plant, 2nd , for the pl'oduction 
of osmotie pressure, 31<1, fol' the ovel'coming of intemal [tud extern al 
reslstances, and 4 c1I , energ)' is gi" en oif in the fOllll of he.1t-l'acliation, 

)'he methods used to oblain an inslght 1I1tO these Val'iOllS enel'gy
relations were lhe I.wo following : 

l S!, Determinatwn of the heat of l!ombustion before germination, 
alld aftel' the gel'minahon had been progl'essing fol' some time, 

2m1 , Determination of the quantity of heat proeluced dUl'ing ger
mination. 

As regarels the first point, it must be pointe( out th at the intel'l1al 
chemical energy during a certain length of germimttion must decl'ease; 
a measure of th is 10ss can be fOllllel by c1etenuining the c1ifference 
in the heat of combustlOn, The energy whieh wIll no longer be 
shown by this heat of cOmbtlstlOll, is that whieh is ntihzeel osmoti
cally, fol' ovel'coming l'esistances anel which is lost by the givlllg out 
of heat, The enel'gy, howevel', winch i's used up dllring germinution 
for synthetic processes is again fixed as chemical energ)' anel is 
in deed represented by the heat of combustion. 

The 10ss of enet'gy, that is found by c1etermll1ations of the heat of 
combustion, does not give thm'efol'e the tota[ amount of enel'gJ, 
which has played a part dut'ing gel'l1lination, for a considerable part 
of this enél'gy has again been wtthdrawn fl'om obsel'\'ation by the 
syntlletic processes. 

The BERTHEwT-bomb was used for elelel'l~lining the heat of com~ 
bustion, In it a weighed qualltity of wheat-gl'ains, get'lllinated oi, 
ungel'minated and pl'cviollSly dl,teel 1'01' a long time ut 100°, were 
bUl'!.ll; by the t'ise ot' tempel'n.tul'e of tlte water in w hich the bom\: 
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was placed, in é01l1bimttioll witb tbe water-value of tlle re~peC'dve 
parts, the a1l1ount of energy which was set fi'ee by c01l1bustion, 
cOl;ld be calculated. 

Tbis hl'lat of combustion was always calculated for tlle weight of 1 
gram of nngerminated wbeat (initial-weight) ; this was done in the case 
of both gel'minated and ungerminated wheat. In this way comparable 
val nes were obtained; the diffel'ence in heat' of combustioIl aftel' a 
definite period of germinatioll gave tbel'efore the loss of enel'gy 
above l'efel'l'ed to. 

Heat of combustion of wheat calculated per gram of the initial-weight, 
expressed in gram-calories. 

The germination taak /Average L05S of energy place at Je 20° C. 1 values 

Ungerminated 13748- 3774-3778-3794-3797 1)1 ,3778 

Af ter 1 day's germin: ( 
..... Ist day 

4 ~ 

. , ... 2nd day 

" 2 ," 3756-3793 3774 

~ 3740 
34 ..... 3rd day 

" 
3 3740 

~ 3653-3681-3682 -3707-3707 
54 ..... 4th day 

4 3686 

~ 92 .... 5th day 
5 3594 3594 

~ 96 ..... 6th day 
6 3498 3498 

7 3318 3318 
~ 180 ..... 7th day 

It is deal' ±i'om these valnes, whieh were fonnd for the heat of 
combustion, tktt the -loss of enmg-y during gel'minatlOn steadily 
incrensed. The loss of enel'gy in the lil'st two days was slight; 
probably ilubibltlOn had cbiefly taken place at this stage, whilst the 
chel1lic::tl tmnsformations had tben only sl1bsidial'.) importance. 

It can be furl hel' deduced fl'om tlle 11gures that between the 21 d 

and 31d day espeC'ial1y the 10ss of energy greatl.)' increased, and aftel' 
that C'ontinued to rise. 

lf Ihe!:ie vaiues fol' the loss of energy aftel' Jilfel'ent lengths of 
gerl11ination are slll11marized gmphiC'ally, a curve is obtained, which 
beg ins almost horizontally, and rises more and more steeply. 

The 10ss uf energy pel' hoUl' per kilogram of initlal-weight can be 
l'onghly cn,lculatetl from the toss of pnerg)' during the different days. 
. The 10ss of energy pel' gmm of initial-weight was aftel' two days 
4 calories. 

1) The figures are arranged in ascending values, allel not chronologicaIly. 
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Durlng the 1st and 2nd days the loss of' energy pel' hout' pel' kilogram of 

, , '1000 
Ihe initial-weight was thel'efore ronghly ~ X4 = 83 cal. 

The same fol' the 31d day 
1000 
- X 34 = 1417 

24 " 

" " " " 
4th 

" " X 54 - 2250 
" 

" " " " 
5th 

" " X 92 - 3833 
" 

" " " " 
6th 

" " X 96 - 4000 
" 

" " " " 
7th 

" " 
X 180 = 7500 

" 
TI118 amount of lost' chemical enel gy cOl'1'esponds Iherefol'e ill all 

pl'obability to that which is ap[Jlwd loosmotie purposes, lo the over-
comillg of l'esistances and 10 the evolutlO11 of heat. 

In a second series of observations I aiso attempted to delermine 
direetly the al1lount of heat that is given ofr. The principle, tb at 
underlay these deteL'lninations, was briefty as follows: air, satUl'ated 
with watel'-\'apoul', which had been brought to a constant knowll 
tel11jJeratul'e, was passed over gel'minating wheat-grams at a constallt 
velocity , these acted as a continuous SOUl'ce of heat; the air which 
passed over it therefore rose in temperature. 

If the difference of tempel'ûture between the ail' stl'eal1lillg in anel 
out were measllred, when t1le latter passed at a l<nown rate, then 
in the ideal case when absolutei)' no other heat conduction look 
place, the amOLlnt of heat set free coulcl be calculatecl from tlle 
knowJl heat-capaeity of tlle ai!'. l\'IOl'eOVel' fOl' th is the space in which 
the seedlÏlJgt1 were placed wonld have to be completely satnn.ted with 
watel'-vapour; if this were not so, evaporation would take phtce on 
gel'mination, in which way heat would ~e wiLhdrawn from the 
observation. 

The apparatus with which I conducted these expel'Ïments consisted 
of a copper vessel plaeed in a "mtel'bath of constant temperature, 
Through this'coppel' vessel, in which a large ll11mberofgel'minating 
wheat-graind were placed, a clIri'ent of all' was dil'ected at t he rate 
of :i litl'es per hour; tbe air had had for a large part of its coul'se an 
opportnnity to take up the constant tempet'atUl'e of the water. A set 
of thel'mar needleb sel'ved to meaSlIl'e the difference between the tem
peratures of the air entering alld leaving; the CUl'l'ent resnlting 
from Uiis dtffet'ence in temperatlll'e was led through a Vel'y sensitive 
mirl'or-galvanometer, whilst a spot of light was thl'own by the minor 
on a scale and so made it possible to Cümpal'e accl1l'utely the deflections, 

The appal'atus was fOl' (he most pm't composed of matel'Ïals whi(!h 
5 

Pl·oce.edings Royal Acad, Amstel'dam, Vol. XVll, 
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conduct heat very easily, thns making the ideal case ctescribed abovè 
very far from being' realised. 

If a SOUl"ce of heat were intl'odueed into the vessel while a regu~ 
lated stream of ai!" was passed through, only a part of the heat 
libel'ated rould be used to raise the ail'-temperature; the remaindel' 
would pass into the slll'rounding water by rOJlduction. 

lt was la be expected that, when a definite source of heat was 
present, a maximum diffel'ence of Il>mperature between the in- and 
out-streallling air would al'ise aftel' some time; witIJ the given l'ale 
of passage of the air tlJis diffel'ence of temperatl1l'e caused by this 
source of heat, could not become gl'eater. A calculalion as to how 
gl'eat this maximum dlfference of tempel'ature would be for different -
amounts of heat, would be ver)' comphcaied, if not entirely impos
sible. Fot' this reason the simplest way was 1,0 calibrate the apparatus 
by inteodu<'Ïng a som'ce of heat of k110wn l1lagnitnde. For this 
pUl'pose a manganin-wire was placed inside the apparatus ovel' as 
wide an extent as possible, in the place where lateI' the geL'minating 
wheat-gl'ains wel'e to be put. This wire fOl'med a metallic contact 
with two cOpp!:'l' rods whieh pl'ojected above tlle lid of the appal'a
tus. .An electric CUl'l'ent could be passed thl'ough the manganin-wil'e 
by counecting these rods wilh the two poles of an arc1llllulalol'. 
The resistance of tl;e mangallin-wire was accmately determined, whilst 
a miJIiampèremetel', plarecl in the circuit, sel'ved to ll,!eaSUl'e j he 
strength of the ClllTent. By iaking the rUl'l'ent frolll 1, 2, and 3 
accumulators alternately, SOL1rces of heat of different magnitude could 
be intl'odnced into the appamtus. 

When in tbis wa)' a SOUl'ce of heat of known magnitude,occupied 
the appamtlls, ail' was passed t!trough and at regular intel'vals the 
(double) ~eflection of 'I!te spot of light on the scale was read till 
tltis nltimately remained constant and therefore had l'eached a 
maximum. These obsel'Yations were condl1cted at temperatUl'es of 
20°, 30°, anel 40° of the sUl'l'ounding water, and 'also therefol'e of 
tbe en tel'ing ,til'. '- ' 

These calibmtion-experiments showed-: l st that' the maximum 
defleetion of the spot 'of Jight, or in othe!' words the diffCl'ence of 
temper.ltlll'e uetween the il1- and ollt-goinp; air was roughly in 
propol'Lion to the sonrec of heat which was plared- in the apparn,tus, 
2"d that this propol'lionality was maintained at a snrroundillg 
tempel'atUl'e of 20°, 30°, anel 40°, 31(1 thai the absolute magnitude 
of the deflection wils independent of Ihis temperatnre, 4 th , that a 
deviation of 1 centimctl'e e01'l'osponcled to ft de1)elopment of about 
11.5 calories pel' lww', 
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As the appal'atlls was now ealibrated it was possibJe eonversely, 
by reading tbe defleetion of the spot of light" to ealculate the 
magnitude of any source of heat, whieh was in the apparatus. Fol' 
sueh an unlmown souree of heat gerl1linating wheat-gl'ains were 
used. (The numbel' of these w&.s always 500). 

In tbe course of the expel'iments bowevel' It became plam that 
in tbis case the defleetion of the light SpOI could not be looked 
upon as showillg exclllsively tlle heat-evollltion which took place in 
gel'mination, For when 500 gerlliÏnated wheat-gl'ains, \'"hieh bad 
previollsly l)een )illeel by heating ,to '1000

, wel'e plaeeel in the 
appal'atus, then it was "'-seen that Ihe spot of light ine\'itably 
pasRed the zero; in Val'iOUb expcl'iments of this killd a deflection of 
about 8 centim3tles was alwavs fonncl. 

~ J 

In order to aseerlain whether the àead seedlings did not aftel' 
all give off some heat possibly as a resnlt of a continueel enzyme
action, the apparatns was 1illed by way of control with qLlantities 
of tilterpaper previonsly soaked in wal el" In this case theJ'e cOllld 
\je no qnestion of heat-evolution by Ihe Iiltel'paper, Also ,vitl~ this 
arrangement of the e}..pel'Îments (he spot of light inval'iably passed 
the zero, l'eaching finally a maximum d~flection corre5ponding to 
that obtained when dead seedlings \vl?l'c plared in the apparatus, 
The extcllt of Ihis deflection was independent of the temperatnrc of 
the SLlI'l'Ollnding' water (fixeel at 25° anel 35°), in oiller WOl'ds, with 
this arrangement of Ihe experiment there l1L'ose alvvays a constant 
c1iffel'ence of temperature bet ween Ihe in- and out-going cUl'l'ept of ai", 

Since in these cases no direct evolution of heat by means of the 
snbstances used was possible, another eause for the rise of temperalure 
in the experiment deseribed had to ba fonnd. The most probable 
thing was that condensation of water-vapour must have taken place 
in some wa)" and that the heat thus set free caused an increase of 
telllpemtlll'e in (he out-going air and in consequence of this bi' the 
upper thermal needle, In the calibl'ation-expel'iments the spot of 
light had l'emained at zero when there was no beat-soul'ce in the 
appal'atns; the difference in conditions then aod dUl'ing the experimenls 
just described was, that the space within was in the lattel' case for 
a gl'eat part fiUed with a completely imbibed mass. 

The maity effol'ts made 10 eliminate this irregulal'ity were practically 
without reBults; I was thel'ef'ol'e compelled, in experimenting with 
living seedlings, to adopt a correction, the amount of which was 
expel'imeotally fixed w hile theol'etically it hael to be left parti)' 
unexplained. 

Sinec it was thel'efol'e found that by filling the appamtlls with 
5>1-
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very molst substances a diffel'ence in temperatute between the twö 
needles al'ose when the current of air passed throllgh, it had to 
be assumèd that this would be also the case when living seedlings 
were present. The deflection found in that case would have to be 
attl'ibuted partly to this physieal cause, partIy to generation of heat 
whieh actually took place in germination. It wás tilel'efol'e necessary 
to snbtract from tile deflection found in this arrangement the amount 
of defleetion found in the experiments with dead seedlings, the 
reruainder then being Ihe meaSl1re of the heat generaled in germination. 
This lattel' was observed at different temperatnres and in diffel'ent 
stages of germination. In consequence of the complications mentioned 
higher \lp tile SOUl'ces of E'1'1'01' were relativel)' very nllmerous and 
this was espeeially noticeable in the few pal'allel-detl'rminations 
whieh were cal'l'ied out, SI) thM in the valnes summal'Îzed in tile 
table below an approximation to the amOllnts of heat given oif 
lUuSt be expected l'alher than an exact meaSlll'e thereof. These 
inflllences are pl'oportionately very large in the lowel' values. 

/ I 

Number of calories given off per hour ca1culated per kilogram 

of the initial weight. _ ... 
ci. I On the 2nd I On the 3rd I On the 4th On the 5th 

~ I day of I \ day of 'I day of day of 
E- germlOation Igerm111atton germmation germmatlOn 

On the 6th On the 7th 
day of day of 

germmatlOn germmation 

20° I I 710 1 2143 1 2790 1 2869 

25° 363 540 2938 2977 4341 

3455 
I 

30° 4999 I 6790 

6313 
I 

752 1326 1515 

5689 6841 

lt appeared thel'efore from Ihe values found thal lhe generation 
of heat. on tlle 2nd and 31C( days was still small in comparisotl to 
tlHtt iu later stages of gel'mination. The generalion of heai shows 
a gl'eat aml sudrlen increase bet ween the 3,d and 4'h day and it 
IS pl'obable Ibat it continned to incrE'ase slowly dUl'ing Ihe following 
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days, but the l'elatively small ddl'erences fl'om the 4th to the 7 h day 
justify the calculatioll of an average fol' this pel'Îod of gel'rnination. 

Number of ca!ories given off per hour ca\culated per kilogram 
of the initia! weight. 

Temp·13~ á~~ 15111 day 16111 day 17111 day 1 Average 

200 
I 2143 1 2790 1 1 2869 I 2601 

250 [ 2938 2977 [ 4341 3428 

I 
3455 

I 
300 4999 6790 I- 6034 

6313 
I -

7326 7575 1450 

400 5689 6847 6268 

Tbe generation of heat, therefore, was much influenred b,Y the 
sUl'rounding tempel'atul'e; by a l'ise of 100

, the quantity of heat 
evolved, incl'eased to more than double. The generation of heat was 
dirnimshed at 400

, a proof of tbe hal'mful influcnce of this temperatnre. 
Finally a romparison can be made between the Jlumber of calOl'ies 

pro kilogram of initial weight give~ oir [1,13 heat and the loss of 
. energy deduced from the heat of cOl1lbustion. This compa,rison rould 
onIy be made fol' a temperature of 200 beraase at this temperatul'e 
germination had always taken place, so that the heat of combustion 
referred to proreEoses at th is temperature only. 

Loss of energy per hour per kilogram of the initial weight. 

At 20) 

I 
On the 2nd day 

" 

11 . 
" 

3rd 

4th 

5th 

6th 

7th 

/I 

" 
11 

" 
11 

By heat given off I Calculated from the 
heat of combustion 

83 Cal. 

710 Ca. 1417 

2143 2250 11 

2790 11 3833 
" 

4000 
" 

2869 
" 

7500 
" 
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The total amonnt of chemic<d energy which' was set f1'ee in 
gel mina.tlOn wa.s therefol'e al wa.ys largel' than tlle qlla.ntity of energy 
gl\'en oIT a.s beat to the sUL'l'oundlllgs. A part of the fl'ee energy 
which became avmlable in the pl'oce'3s of gel'mination was therefol'e 
eVldently used fol' other purpofles (osmosls etc.) than for heat-evolu-
tlOn only. ~ 

This was however donbtfnl only on the second day, the evol1ltion 
of heat on that day was not determined; the loss of enel'gy, cal
culated from 1.he heat of combustion, wa.s however so small in this 
]Jel'iod that it IS very pos'3ible that the evolution of heat at that 
moment, was larger. lf af'terwal'd it should a.ppear that this is really 
the case, it wOllld be vel'J intelligible. FOl' in the beginning of
germinaLlOn imblbItJon will principally take place so that in this 
case evolntion of heat is not at all necessal'lly connected with chemica} 
tl'ansfol'mations. 

The l'esults of this investigation ma)' thel'efore be summarized 
as follows. 

The loss of enel'gy calcnlated fl'om the hent of combustion as 
well as the evollltion of heat incl'ease with the duratioll of gel'mination. 

Both 8.1'e small at the begmuing of gel'minatlOIl a.nd greatly increa.se, 
chiefly Oll thc 3ld day. 

The e\'olution of heat is greatly depelldent on the surrounding 
tcm]Jerature. 

The optimum of hea.t-evolution ió ronghly 35°. 
The totalloss of enel'gy dUl'ing gel'mination at 20° exceeds the 

loss of energy by evolution of lleat M the same temperatUl'e. 

Utrecht, 1914. Botanical Laborat01'Y' 

Chemistry. -- "Equilibria m ternal'y systems XV". By Prol'. F. 

A. H. SCHHEINEMAKERS. 

(Communicated in thg meelmg of April 24, 1914). 

In om pl'eViOllS cOllsiderations on sa.tlll'ationcul'ves undel' their o\\'n 
vapOIlI'pl'eS&ure [wd on boihngpointclU'ves we luwe consldel'ed the 
geneml case tIJat each on the three components IS volatde anel 
OCClll'S consequently in the vapoUl'. Now we _sha.ll assume that the 
vapolll' contmns only Olle Ol' two of the compon,enfs. Although we 
muy easily deduce all appearanres occUl'l'ing in this càse fl'om fhe 
gcncml case, we &IJall yet examine some points more in detail. 
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The vapour contains only one component. 
W·e assume that of the cOlllponeJlis A, B, anel C the first two 

are extremely little volatile, so that pmctically we can say that the 
nLpOUl' consiBts on]y of C. TIJlS sball e.g. be the case when A and 
Bare two salts anel C a solvent, as water, alcohol, benzene, etc. 

Theol'etically the 'vapoUl' consists always ot' A + 13 + C; the 
qnantity of A anel 13, howevel', is geneL'aIly eÀceeelingly smalI, 
compal'erl with the ql1anLity of C, so that the vapoul' consists prae
tically completely of C. 

When, howevel', we consicter complexe., in the immediate vicinity 
of the side AB, CÏl'cumstances change. A complex Ol' a liquid 
situateel on th is siele has viz. always a vapourpressul'e, although 
this is sometimes inmeaf3urably small; consequentl.r there is also 
always a vapoUl', consisting onlr of A + B without C. When we 
take a complex in the immediate vicinity of the siele AB, the 
quantity of C in the vapour is, therefol'e, Jet also exceedingly smaII 
in compal'ison with the quantity of A + B. 

Considel'ing equilibria, nqt bituateel iu the vicinity of the side 
A B, we may, thel'efore, aSSllme that the vapoUl' consists only of C; 
when, IIOWeVel', these equilibria tll'e situateel in· the immedmte 
vicillity of the siele AB, we must also take into consideration 
the yolatility of A anel 13 anel we must consider the vapour as 
ternary. , 

Consielerjng onIy the OCClllTence of Iiqllld and gas, as we have 
fOl'medy seen, thl'ee regions may occu!', viz. fhe gasl'egion, the 
liquid-l'cgion and the l'egion L-G. This last reg ion is sepal'ated from 
the liqllid-region by the hguid-Clll'Ve and from tbe vapour-region 
by the vapOnl'Clll'Ve. 

As long as tbe Iiquid-cUl've is not situated in the immediare 
vicinity of AB, this last curve, as a delinite vapour of the vapoUl'
curve is iu equilibrIUm ,vith earh liql1id of the Iiqnid-cul've, wiIl 
be sitmtted in the immediate virinity of the anglepoint C. Thel'efore, 
t.he gas-region is exceedingly smal! H,nd is rednced, just as the gas
curve, practica.I)y to the point C. Consequently wc distingllish within 
the tl'Htngle prnctically only two l'egions, which are sepamted by tlte 
Iiquid-Clll'Ve, viz. the liquid-region and the reg ion L-G; tlle fil'st 
reaches tö the side AB, the last to the anglepoint C. The conjugatlOn
lincs liguid-gas eome togethel', thel'efol'e, practically all in the point C. 

When, howevel', the liquid-cul've comes in the immediate vicinity 
of the side AB, so that then'" are hquids wl1ich contain only exceed
ing)y little C, th en in tbe cOJ'l'esponding vapollrs tbe quantity of 
A anel J] will be large with respect to C. The vapour-curve will 

I ' 
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th en aJso be sitnatcd fUl'tltcl' fl'Oltl thc anglepoint C and closer to 
the sicle AB, so that also the vapour l'egion is large. At a suf:tjcient 
deel ease of pl'eSSll\'(~ Ol' increa"e of temperatl1l'e, the vapour-l'egion 

, I 

bhal1 even ('over the whole components-triangle. Consequently it IS 

absolutely necessary tbat we must distinguisb tiJe thl'ee regions, of 
WlllCh the movement, OCC1.ll'l'ence, and c\isappearallre were already 
fOl'mer]y tl'eated. 

Wben the eqmlibt'Ïllm P + L + G OCCUl'S, we may now deduce 
this in the same way as it was done former!y 1'01' a ternal'y vapoU!'. 

a) The sohel substance is a ternary compound Ol' a binary com
pound, which contains the volatile component C. 

Fol' fixing the ideas we sha1l assnme tllat in the tl'ül,ngle LBC 
of fig. 1 which is partIy drawn, tbe point C repl'esents water, Pan 
H,queolls doublesaH, P' and pil binary hydrates. In accol'dance with 
om pl'evious general deductions we now find the following. 

TIlc satnrationcul'ves unde!' Iheir own vapoul'-pressure arc circum
OL' eil..phased at iemperatl1l'es below Ts CTs = minimum meltingpoint 
of tbe solid snbstance lInder consideration). The corresponding vapollr
('11l'ves être l'educed to the point C. Wben these silbstances melt with 

A 

H" 
Fig. 1. 

incl'ease of volume, the points H, H' and H" are situated with 
respect to P, P' a.nd ji''' as in fig. 1 j when they roeit with decl'ease 
of' \'oluOle, thee,e points are sitllated on the otller side. 
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In fig. 1 different saturationclll"ves are completely or partly d"awn , 
the pl'es':lnre increases along them in the directiou of the arrows. 
Fnrther it is ttppttrent that along the saturationcUl've of F the pressure 
iE> maximum or minimum in its points of intersection with the line 
CF; the point of maximumpressllre is situated closest to C. On 
the cur've bed i h g of fig. 1, which is onIy partIy cl t'aWll , cis, 
tllerefol'e, a point of maximum-, ft a poü1t of minimumpl'essure. 

The pressure along a E>aturationcur\'e of tbe binary hych'ate F' 
(or F") is highest in the one and lowest in the othel' end, withont 
being however in these terminating points maximnm or/minimum. 
On the curve ab g J of fig. 1 which IS only partIy drawn, the 
pressnre in a is the higbest and in f the lowest. 

This is also in accordance with the rule, formerly dednced, that 
the pressul'e is maximum or minimum, when the phases F, L, and G 
are situated on a straight lin'3, but that this is no more the case 
when this line coinc'ides with a side of the tl'iangle. 

As the vapom has always the compositlOn C here tbe pomt of 
maximum- and that of minimumpressl1l'e of the E:atmationcUl've of li' 

_ are, therefore, ahyays situated on the line CF; the satnt'ationcurves 
of F' and F" can, however, not haye a point of maximum- Ol' 
minimum-pl'essure. 

As we may obtain all solutions of the line C h (C Band CA) 
by ttdding water to F (F' and F") or rel1l0ving water from F (F' 
and F"), we shall calI the so1ution8 of C ft (CB anel CA) pure 
solutions of F (F' and F"). Further we caU the soIutions of C H 
(C Hl and C H") l'ich in water and those of H h (H' B ancl H'tA) 
solutions pOOl' in water. Consequently in fig. 1 a, c and erepresent_ 
pure SolutlOnE> l'ich in water and J, fL and Ic pme solutions pOOl' in 
watel'. We ma)' express now tbc above in the foUowing way: 

Of a,11 solutions satmated at constant '1' with a binal'y or ternary 
hydmie, the purA solution rich in water has the gl'eèuest and the 
p.me soIntion pOOl' in water tlte Iowest vapourpressure Thel'efore, 
tbe pressure increases along tlte satma.ttoncnrve from the pl1l'e solntion 
pOOl' in water tOWi1l'db the pure solutlOn l'lch in wa,tel'. VVhen the 
soltd snbstance is a tem alT bydrate, the higltest pressme is at the 
same time a maximum- and the 10west pressure a1so a minimum 
pressure. \ 

We see that this is in accordance with the direction of the arrows 
in fig. 1. 

b) The solid sllbstance is the component A Or B or a binm'Y com
ponnd of A nnd B; therefol'e, it does not contnin the volatiIe com
ponent C, 
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In lig. 2 some saLumLiollcul'ves uIlder (heil' own vapol1l'pl'essure 
of A (a Ic, bI, C In, 0 n) and of B (ft i, {j I, f m, pn) are complete!y Ol' 
partly dl'awn. When in one of the l>inary systems, e.g. in CB, therGl 
exisls a point of maximumtemperatul'e Hl, then also tbel'e OCCl1l' 
satl11'ationcurves as the dotled cUl've q 1'. As long as we considcl' 
solutions, noL situated ill the vicinity of A B,~the va,pom region is 
l'epl'esented by point C. When we ronsider, howe\'el', also SOllltiOIlS 
in the yicinily of AB, the vapoul' l'egion expands over the triangle. 

B Conseqnently, when we de
duce the saturationcul'ves 
uneler their own vapour-pres
SUl'e, assllming that tlle 
mpour is l'epresented by C, 
we may do this only fol' 
soln tions, not situaled in the 
vicinity of AB. For points 
of the curves iJl the vicinity 
of AB we take the case, , 

~-~-'--'---J,~.I.---+--~A tl'eated already in communi-
ca,tion XIII thai rhe vapoul' 
is ternary. The same applies, 

the vicmity of B, also to the curves in the 
l!'ig. 2. 

as Hl is sitnated in 
vicinity of Hl. 

If follows from the cledllclion of the satnrationcul'ves thaL the 
pressure, e.g. along a Ic, continnes 10 derrease from a; only in the 
\'Idnity of ,~, a point of minimumpressllre may perhaps be sitllated. 
As Lhe pressure 111 b anel consequently also in the minimum possibly 
occl1l'l'Ïng is exceeelingly smalJ anel practically zero, we eHn say: 
along üle saturationcurve of a compollent the pl'essure increases 
from the solution free from water (l.,) towal'ds the pure solution (a). 
The pressure of the solntion free from water is practicalI} zero. 

I.Jet IlS now take a binal''y compound of A and B (for instan.ce 
ml anhydl'ic double-salt); it may be lmagined in fig. 2 to be rep re
sented by a point F on AB. When we leave out of account satura
tioncUl'ves in the vieinity of F, we ma)" say thar the saturation-

'curves undel' theil' own vaponrpl'essme have two tel'lninatingpoints, 
both sitllated on AB. As the pressure is ag'ain ver}' small in both 
the tel'minatingpoinLs, it folJows: along t!te saturationeurve of an 
anhyelric double-salt, the pressl1l'e increases fl'om each of the solutions 
free from water towarels the pure solution. 

c) Tile solid subsLance con(ains the volatile component C onIy. 
TltiE. is for instanee the case when an aqlleolls ~:lOIution of tw:o 
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saH& is in equiliurium Witll ice; the &atllration- Ol' icecnrve nncler 
its own vapourpl'essl1l'e lIas then, as ('lU've e cl in fig. 2, one ter
minatingpoint on CA and one on C B. We fincl fnrther: along al1 
icecul've nnder its own vapoul'pressure the pl'essure is the same in 
aU points anel it is equal to the pl'essul'e of sublimatiol1 of the i('e. 

We may deduce the pl'eViOllS l'esults also in the following wa.y. 
As the vapoUl' consists only 01' C, we eql1ate, in order to finel the 
conclition& of equilibrium fol' the syatem F + L + G in (1) (11) 
a:) = 0 aud Yl = O. 'Ve th en find: 

àZ àZ r; r; az àZ 
Z-m-a -;-Y-a =Zl anel Zl+a-a + ij -a =; . (1) 

tV y .U Y 

Fol' the satnI'ationcul've of P nncler its own vapol1l'pl'essure we 
fi nd : 

(tC r + Y s) cl x + (te s + Y t) cl Y = - C cl P . 

(lI1' + (is) cl x + (as + (i t) cl Y = - (A + C)cl p 

(2) 

(3) 
which l'elations follow also immediately ft'om 8 (II) ancl 9 (II). In 
Ol'der that the pressure in a point of this curve should be maximum 
Ot' minimum, cl P must be = O. This eall be the ('ase only, when 

ay = iJ:u (4) 

This means that the liquid is sitl1ated in the point of intel'section 
of the CUl've with the line CP, consequently, that the hquiel is a pure 
soluiion of F. COllsequently we find: along a satl1l';tionClll'VC undel' 
its own vapoul'pl'essure of tt tel'Jlal'y substance, the presstll'e IS 

maximum Ol' minimum in the pure solutions. 
In order to examine fo!' whiel! of the two pure solutions the 

pl'essure is maximurn and fo!' whieh lt is minimum, we add to tIle 
first part of (2) still the expressions : 

J 

~(1' +"}a1' +V aaS)dX 2 +(S+.v aa1' +ya
aS )d'lJdY+~(t+:vàas + Y~)d!/ + .. 

2 ,'IJ <'IJ Y Y 2 Y ày 

anel to the first term of (3): 

~ (re aa'r + J aaS) d.'IJ~ + (lt aa1
' +- ~ai)S) cl,vcly + ~ (a aas + {J aat) dl/ + ... 

2 x x !J!J 2 Y Y 

Now we subtl'act (2) fL'om (3), aJlel' that (2) is tnllltiplierl b)' tC and 
(3) by .lJ, Sllbstitllting ful'thel' their \ nlues fol' A und C, we find: 

1 
- a (1'cl.v~ + ':.sd.vdy +- tdi) = [(m-a) V] + a V-.vvJdP. . (5) 2 , 

Representiug the clutuge of Y01UUlC, whell one quantity of vapol1l' 
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al'ises at the reaction between the phases F, Land G, by b. VI 
(5) passes into: 

1 . 
2" a (1'd,v 2 + 2sd,edy + tdy2) = (.v-a) b. VI X dP. . . (6) 

TJet us C'onsider now in fig. 1 the pure soJllJions of F, thel'efol'e 
tbE' solntions of the line Ok Fot' points between G and F x -a<O, 
for tlle othel' points tIJ - Ct > 0. Considel'ing only the solntiOl;s of 
the line Gh, we ean eonsider the system F + L + G as binary. 
Imagining a P, T-diagl'am of this system, I1 is the point of maximum
temperature. From this it is apparent that b.. VI is negative between 
I1 and F, positive in the other points of the line Gh. Fl'om this it 
follows: 

(,v-a) b.. VI is negative in points between G and H, thel'efol'e for 
the solutions of F l'ich in wateÎ'. 

(,v-a) b. VI is positive in the other points of this line, the1'efore, 
fol' the solutians of F pOOl' in water. 

The same applies also when the point H is situated on the ather 
side of F. 

Let US take now a pure solution rieh in water of F, fol' instanee 
solntion c of the fig. 1; as the fil'st term of (6) is positive and 
(,v-a) b. VI is negative, it follows: elP is negative. This means that 
the pressure i& a maximum in c. 

When we take a pure soll1tion pOOl' in water of P, fol' instanr-e 
solution h of figure 1, (,v--a)b.. VI is positive, thel'efore, the pressurE' 
i& a minimnm in h. 

In neeOl'dance with the previol1s considerations, we finel, thel'e
fore, t hat the pl'esslll'e along' tlle satnrationcnl'\'e of a ternm'y eom
pannel is a mimmum fol' tlle pure salntion pOOl' in waler 'bnc! a 
maximum for the pure soll1tion l'ich in water. 

When the solid sllbstance is a binal'y compound, as F' in fig, 1 
Ol' 3, we must equate ti = 0. (Of cOlU'se ,:/=0 for the compound 
FH). (2) anel (3) pass now into: 

(XT + ys) cl,'l) + (xs + yt) cly = - C dP 
tlsd,v + fJtdy = - (A + G) dP , 

Fl'OIll this we find: 

{jx (rt - S2) cl,v = [(xs + yt) (A + C) - j3C)] dP 

(7) 

(8) 

. . (9) 

FJ'om this it is apparent that dP can never be zero Ol' in other 
words: on the satnrl1tioncul've of a binal'y hydl'ate nevel' a point of 
maximum- Ol' of minimumpl'cssure can OCCLU', 

In the tel'minatingpoint of tb saturationcul've on BG x = 0; as 

~~~~~~----------------------------------------~ 
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Lirn r = RT, ~hile tand s remain finite, it follows, when wè 
.'/) 

replace also A and/ C by their vallles : 

~ . Rl' . d.v = Hy - tJ) VI + P V - yv 1 elP. (10) 

Representing by f:, VI the cbange of volume, when one quantity 
of vapoul' adses at the l'eaetion ~bet ween the L111'ee phases (liT/, L 
and G), (10) passes into: 

(JR], . d.e = (y - (3) b. VI' dP . . (11) 

For solutions between C and P' is V - {j < 0, between P' and 
B is ?I - {j> O. lmagi ning a -P, T-diagl'am of the binal'Y system 
F' + L + G, H' is the point of maximum tempemture; 6. VI is 
ronsequenLly negath'e bet ween B' and Jj", positive 111 [he othe1' 
pomts of CB. Prom this it follows: Cv - {j) 6. VI is negalive in pomls 
between C and 1-/', theL'efol'e, foL' the solntions rich in water; (V-(j) 
f:, VI is positive in p0ll11s belween H' and 13, the1'efo1'e fol' the 
soltltions of F' pOOl' in water. 

l!'l'om (11) it now follows: dP is negati\'e tOl' liqnids on CH', 
positive fol' liquids on li' B. In accoL'dance with 0111' tormer l'esults 
consequently we find: along the satnrationcurve of a binary hydmte 
the pressure incl'eases fro\1l [he pure solution pOOl' in water towards 
the pure solution l'ich in \n1tel', 

W hen F is one of the componcnts, wbieh at'e not vobtile, e.g. 
B in fig, 2, then cc = ° and ,~= 1. Prom (11) then follows: 

/ 

Rl' . el.v = Cv - 1) b.,VI • elP. (12) 

We now imagine a P,T-diagrnm of' the bina1'Y system B+L+G; 
this ma)' have eithol' a point of rnaximumtemperatl11'e H' in the 
vicinity of the point B Ol' not. 'Vhen a similar point does not exist, 
6. VI is always positive; when a similar point does exist, b. VI IS 

positive uetween C anel H', negatLve bet ween H' and B, As we 
leave, lwwever, here out of account points, situateel in the vicinity 
of B, f:, VI is positive. As y - 1 is aiwaYb negative, it follows 
fl'om (12) th at elP is negati\'c. In a.ccordance with om former l'eslllts 
we find thel'efol'e: along Ihe s.tllll'ationcul've of a component the 
pL'essure decreases ti'om the pure solution towards the solution feee 
from water. 

When Jj' is the ~ol~tile component,' as fol' instanee in the equili
bl'ium ice + L + G, then cc = 0 and fI = O. The seeond of the con
ditions of equilibrium tJ) passes 1I0W into: Z =~. This means (hat 
Ilot a whole series of' pL'essUl'es belongs 10 a given (empel'l11I1l'c, bul 
only one definile pl'essUl'c, viz, [he l)I'essure of sublimation of the 
ice, Thel'efol'e we find again: along I an icecul've l1ndel' its OW11 
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Vapol1l' pI'esslll'e the pressnre is the same in all polnts and equal to 

the pressure of sublimation of the iee. 

Now we shall consicler the boilillgpointcurves; in genera} the 
same applies to them as to the saturationcnrves under their own 
vapourpressme, which we have considered above. 

Now we assume Ihat Ihe cnrves in fig. 1 repl''l~~nt boilingpoint
curves; thc point B no longer repl'esenls a point of maxil1lum 
temperatlll'e, bul a point of maximum lJl'essll1'e; ('onseqnently il is 
alwa.rs &iLllated belweoll C find F. This point of rnaxümlmpressure 
J-J is always sitllaled ('losel' 10 C Lhan 'I~c point of maximum tem
pel'aLure H.; the same applies 10 the points H' alld Hl in tlte figs, 
2 and 3. WIshing to indicate by al'l'OWS Ibe dil'ection in~ which the 
tempel'atlll'e inCl'easos, we mllst give tlJe opposite direclion to the 
al'l'OWS in I be figs. 1 -;~. 

We saw befol'e that on the side CB of fig. 2 a point. of maxi· 
1l1umLemp'emltll'e li' may either orcll1' fH' not; on th is side, howevel', 
ah"ays a point of maximumpressnro is sitnated. The same applies 
to tlle &ide UA. We now filld Ihe tollowing. 

a) of aH solutiolls satlll'ated \lnde!' ('onstn,11t P with a bin alT Ol' 

tel'l1al'y hydmte, the pure solntion rich in water has the lowest -

and the pUl'e solntioll pOOl' in walel' Ihe highest boilingpoint, Thel'e
fore, thc boilingpoint illCl'eaSe6 along lhe boiIillgpointrUl've from the 
plll'e solution l'ich in water lowards the pllL'e solnlion pOOl' in water, 
'Vlwn t be ~oJid snbs/ance is a iel'nal'y hydrnte, the highest bolling
point is at the same time a maximnm- anc! the lowest at tlle Sttt1le 
time a minimnmboilingpoint. 

b) along' tbe boilingpointcurve of a component or of an anhydric 
double-sttlt iJle b~ilingpoint incl'eases from the pure solulio11. When 
tbe solid snl,stance is an allhydl'Ïc double-salt, the boilingpoint of 
the plll'e solution is at the same time a minimum. 

c), along the curve of the solulions satul'aterl with iee unde!" a 
conslant lJl'essure Ihe boilingpoint is the same in all tlJe points anel 
il is equal 10 thc sllblimatLOnpoint of tlle iee. 

The icel~ul've undel' its own vaponl'pressure of the tempel'atul'e 
,1' and the boilingp.pÏJltclll'Ve of the ice undel' the pl'essurB P coincide, 
thel'efol'e, w hen P is the pl'essUl'e of sublimation of tbe ice at Ihe 
tempel'atul'e 1', 

The following' is amongst othel's apparent fI'om what pl'ecedes, 
We take a pure solulion of asolid 311bstance (component, bÜlaryor 
tel'llttl')' eompound), Thl'ougll this solutioJl pass a saturaiioncul've 
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llnder its own liàpoUl'pressl\re anel a boilingpointclll'Ve. Generally Wt! 

now have: wh en the vapour preflsure at a constant T decreases (or 
increases) from the pure solution, 1he boilingpoint llnder a constant 
P will increase (or decrease). 
,This, however, is no more thc case fol' solutions between the 

point of maximumpresslll'e a.nel the póint of ma,ximum1empel'atlll'e. 
The point of mtuimnmpl'eRSme is siluatecl viz. closer to the point 
C than the point of maximumteillpel:alul'e. vVhell we ·take a solntioll 
between these points, it. is a solnt.ioll l'ich in water wilh respect to 
the satul'ationcul've \lnder its own vaponrpreSSlll'e, a Sollllion pOOl' 
in watel', howevel', willlrespect 10 Llle boiliIlgpointcurve. OOllsequently 
as weU the pressul'c along the satnmlioncllrve as the tempen\.ll1l'e 
along lhe boilingpointC'ul've wiU decl'ease from tbis solulion. 

vVe nHty expl'css Ihe I'ol'egoing also in fhe t'ollowing way: Ihe 
VapOlll'preSSnre (at constant T) and the uoilingpoint (nnclel' constant 
P) change froni a pnl'e solulion genel'ally in opposile clil'ectiol1s. 
Wben, however, Ihe pme sol11tion is sitllaled bet ween the point of 
maXimllll1jJl'essUI'e ancl 1he point of nHlXimllll1tempel'atl1l'e, ,then as 
weil tbe vapompl'cssure as Ihe boilingpoinl decI'ease from jhis solution. 

FOl'll1erly we have all'eady C'onsiderecl the satllmtioncllrve unc!el' 
ils o\Vn vapollqJl'eSSllre of two solid snustanceb (viz. the equilibrium 
]i' + F' + L + G); lIOW we shall c!isrnss some points more in detail. 
It should be kept in 111ind in this case that all clednclions apply 
nlso no\\' to pUlI1ts, wlüch are not siLuated in 1he viC'inity of AB. 
The c1eductions discussed already fOl'merly apply to points in the 
vicinity of this line. 

I..Jet _ns take the boluLion m of fig. 2 salt.ll'aLed with A + B, th e1'e
fore, Ihe equilibrium A + 13 + LI/l + G. As the pl'essme lincl'eases 
fl'om 1)1 towal'ds c anel lownl'ds /, we lllay sny: 1he solntion satmaled 
with two componenls lms a smaller vapompressure than tbe pme 
solutioll of each of the components separately, 
. When we cOl1sielel' the solutioJl iJ of fig. 2 sntmated with iee +A 

nnc! when we imugine curve np lo be extended up to CA, it appeal's: 
the solnlion satnrateel wilh ice + A has a gl'eatel' vapoul'pressme 
than the solution satmated with A + 13 ancl a sma,ller vapompress1ll'e 
Iban the metastable plll'e solntion of A. 

In the previous rommunication we have alrcael.)T cliscnssed lbe 
curves Z~t, zv, a,nd zw; zu l'epl'esenls the sDlutions ot lhe équilibt'ium 
A + B + L + G, Z1V those of the equihbl'iulll ice + 11 + L + G 
a.ncl zo tbese of tiJe equilibrium ice1f )3\+ ~ + (J, w anel IJ arc 
binar,)' , z is rite lel'llnry cl'yohydric point unclel'liis own vapolll'pl'essure. 
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Let uS n(}\\7 ebntemplate the solution m ot' fig. 3 satl1rated wlth 
th€.' hydrates ]i' + PI; it is apparent fl'om the figure thai solution nt 

has a smallel' vapourpl'eSSllre than l Ol' n. Wh~n we take however 

Fig. 3. 

tbe solution IJ, satnl'ated with these hydl'ates, th is bas a larget' 
vapoul'pressUI'e than the solntiolls 17 anel c. 

Curve pq l'epl'csents the soll1tiolls of tllc eqniltl)J'inm P+F' +L+G; 
point 11 is tlle point of maxÜnl1mtelllpel'atu~'e of this curve. In 
aceol'dallce with oU!' pl'eviotls c1efinitiol1'3 vve callthe liquids of branch 
pH deh in wa,tel' anct tbose of ~l'alleh Hq pOOl' in water. We then 
may cxpl'ess ,vbat pl'ereclcs in ihiR way: 

tbe solution saturaied witb two eomponents Ol' witb their hydrates ' 
haR in lhe region l'ich in water always a smaller vap0U11Il'essme, 
in I he l'egion pOOl' in water al w ays a greater vapoul'preSSlll'e than 
the plll'e soluLion of each of the substances separate!y. 

Let us now lake a liqnid saturaled with a don bie salt and one 
of its limit-substances. [In tig: 1 thc' series of solutions satul'ated 
with ]i' of eune bed is limited in b by the oeeUl'rence of ]i" anc! 
in cl hy the orCUl'l'ence of F", Therefol'e we shall call ]i" and ]i''' 

the limit-sl1bstancep of the double-salt F]. ClU've po l'epl'esents t.he 
solutions of the equilibrinm F + )i" + L + G, curve o,IJ tbo'3e of 
th€.' equilibrium P' + F + L + (J and curve vi L1lOse of the equili
brium F'" + P + L + G. 111 and kJ' are points of maximum
tempemtul'e of these Cl\l·ves. In aeeol'dance with pl'CViOllS definitions 
we eaIl solulions of oM and oM' 'l'ich in walel' and those of J.11g 
a.nu J.lI'i pOOl' in water. 
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The following is apparent fl'om the direction of the arrows in 

fig, 1. 

a. In the reg ion of the IIqllidH rich in watel', When a cloublesalt 
is solllble in water without decomposltion, the solution satlll'ated 
with this double-salt and with one of its limit-substa11ces has a 
& III aller vapourpreSbl1l'e tlla11 the pure &Olu(lOn of the doublesalt anc! 
also tluw that of the limü-snbstance. 

W'hen a double-salt is uec01l1 posec! uy water, the soln tion satlll'ated 
with this double-salt anc! onc of its limit-sllbstances has a smaller 
vapoUl' pressure (ban the pure SOllltioll of the limi(-subslance. The 
solution saturated wJth double-salt and witl! the lunit-substance, which 
is not separated, has a smallel' vapour-presslll'e tluw the &olution, 
saturated with double-salt aml with the limit-substance, which is 
separated. 

b. In the l'egion of the liquids pOOl' in water the opposite tnkes 
place. 

As a, special casE' a liquid can be satl1l'ated with two sllbstances 
of snch a compQsition, that one of these may be formed from the orhel' 

C ~_:.:-..---~A (W) 

by ad(l!tlOll of watel'. Th<.>J' are 
repres8nled then by two points F 
and F', which at'e situH,ted with C 
on a straight l111e. In fig. 4 Ihts line 
C1ï'Ji" doés 1I0t coillcide with one 
side of t.he tl'w,ngle. In illlS figme 

I 

a e cf is a sa(ul'ationcul've lUl der 
its own Vtlpoul1)l'essu/'e of F, cUI've 
be cl / one of F'; the a.t'l'OWS 
mdicate the dil'ecLion, in which 
the ptessure incl'eases. Both the 

Fig 4. curves can be cil'cum- Ol' exphased 
alld they either interseet or they do not. ln tig. 4 they intel'sect 
iJl \ e alld j: so thaL the equrlibl'Ïa P + F' + Le + G anel 
]i' + F' + LJ + G OCCUl'. Now we can prove that the \'apoUl' 
pt'essure of lhose lwo equilibria is the same, thel'efore Pe = PJ' 
When we remove viz. the liquid frol1l both tbe equilibria, we retain 
F + P' + G. As bet\'i'een these tlllee phasel:i tbe reacliou li~F' +G 
is possible, we cau considel' P + P' + () n.s n. binal'y system. We 
then have two components in thl'ee phases, so th at the equilibrium 
is mono variant. At each tE'mperatnre P + P' -+ G has, Lherefol'e, 
onl)' one clefinite VapOUl'pl'~SSUl'e, from whieh imllledin.tely f01l0ws: 

Pe=Pf· 
ö 

Pl'oceedings Royal Acad. Amsterdam. Vol. XVlI. 
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Curve ,qehJk in fig. 4 indicates tbe solution of thè equiiibrlu111 
F + Jl' + L + G; when in a P, T-diagram we draw the curve 
Jl + Jl' + G (consequently the curve of inversion F~ F' + G) and 
curve F + F' + L + 0, then tiley coincide. 

In fig. 5 the line GPJl' coincides with tbe side BG of tbe triangle; 
we assume viz. that the component Band its h,Ydrate F occur as 
solid snbbtanccs; fmtbe1' we luwe also assumed th at the component 
A occurs as solid substance. Tbe curves ba, Jg and il,; are :;aturation
curves unde)' tbeil' own vapourpl'essure of A, ih aud el of B, ab 
and de of the hydrate Jl; the a1'1'ows indicate again the direction 
in which the pressure increases. 

It is apparent from the figure that vz represents tbe solntions of 
the equilibriulll A + F + L + G, zw those of A + B-+ L + G 

Band zu those of B + F+L+ G. 
Oonseqnently in z the invariant eqllili

UI" briulll A + B + ]i' + L + G occurs. 
Omve zu terminates on side BG in 
the quadruplepoint 1t with the phases 
B + Jl + L + G of tile binary system 
GB. When we l'emû\'e the liquid Le 
from the equilibrium B+F+Le+G 
occUl'l'ing at the tem perature '1~ and 

CttV'-T"I--...&C;--(IIL-...&,,~~ A UIl der the pressl1l'e Pe, we retain tJle 111ono-
wl (/ variant bina1'y equilibrium B+F+G. 

Fig 5. When we draw in a P, T-diagram then 
curve B+F+G ltherefOl'e the curve of invel'sion IJ-;:'B+G) alld 
curve B + Jl + L + G, these two curves coincide. We can say, 
thel'efo)'e: , 

the \'apollrpl'essure of a solution, saturated with a component and 
Witll its hydrate, is equal to tile pl'essUl'e of in\'e1'sion of the hydrate 
(the pressure of the l'eaction F ~ 13 + G). 

Frorn the direction of the al'l'OW on cl e it follows that the pl'essure 
in e is smaller than in d. We can suy, thel'efo1'e: 

the solntion saturated with a component and with one of its 
hydl'ates has alowel' pl'eSSUl'e than the plll'C solution of the hydl'ate. 

The same cOllsiclerations apply 11so when t wo hydrates of a same 
component oceut'. 

We m11,y summal'ise the pl'eViOllS results in the foJlowing way, 
Throllgh each soll1tio11 saturated with two solid sllbst11,l1CeS go two 
Salll1'atiollCUl'VeS; whell we limit oUl'selves to the stabIe .p'al'ts of 
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these Cllrves, we may say that two satllrationcllrves proceed fl'Ortl 
sueh a solution. Then we may say: 

1. The two solid snbslanees îtl'e bÏtuated in opposition wil11 respect 
to the line LG. 

a. The solution saturated with these substanees is rich in water. 
The preSblll'e increases from -Ihis solution alolIg the two satura

tioncurves. 
b. The solution saturated with these substances is pOOl' in water. 

The pl'essure decreases fl'om this soll! (ion aiong the two satul'ation
eurvés. 

2. 'J'he two solid substanees are situated in conjunction with 
respect to the line LG. 

a. Tile solution satumted will! Ihese substances is riclt in \vater. 
The pressure decreases from this solution along tlle satmation

curve of that solid substallce vI'hich is situaied closest to the 
line LG; the pl'essnre increases alon~ the other satumtioncUl've. 

b. The 'solution satl1l'ated with these substances is pOOl' in water. 
The same as sub 2a .; we must take howevel' the changes of 

pressul'e in opposite dil'eetion. ' 
3. The two solid sllbstanees are sitnated on a straight line with 

the vapour. . 
The pl'essure increases fl'oJll the solution saturated with these su b.' 

stances along the '5aturahoncnrve of the substance with the lal'gest 
arno\mt of water, lt decreases along the satnrationclll've of the sub
stance with the smallest amonnt of water. 

We find examples of 1a in the equilibria: 

P+F"+J.b+G (fig. 1), F+F"+Ld+G (fig. 1), A+B+Lm+G 
(figs. 1 and 2), F' +P"+Lm+G (tig. 3), A+B+Ló+G (fig. 5) aud 
F+A+Lf+G (fig. 5). 

We find examples uf 1b in the equilibria: F+P'+Lq+G (tig. 
1), F+P"+L!+G (fig. 2) and F'+F"+Lb+G (fig. 3). 

An example of 2a is found in the equilibrium F+F' +L,+G (lIg. 1). 
We find examples of 3 in the eqnilibritt: P+J1' +Le+G (fig. 4), 

J1+J1' +L,+G (fig, 4) and B+J1+Le+ G (fig. 5). 

We rn~~y deduce the above-mentioned rules also in the following 
way. We shall viz" while the temperature l'emains constant, change 
the volume of the system ]i' + p' + L + G, so that 'a reaction 
takes place bet ween the phases and there l'emains at last a thl'ee
phase-equilibl'illffi. As th is l'eaction is detcl'mined by thE' position of 
the four points "dth respect to one allothel', we ma)' immediately 
dislinguish the above-mentioned cases j, 2, and 3. When we caU 

6* 
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the challge of volume, when Ol1e quantity of vapour IS formed. at thé 
reaction, !.:::. VI' then !.:::. TTI is al ways positi \'e, except w hen the 
liquid is represented by a point of the fourphase-curve between the 
point of maximumtempe1'ature and the intel"sectingpoint of this curve 
with the line FF'" When we now apply the rule: "the equilibria, 
which al'ise at ine1'ease (decl'ease) of volume, are stabie undeL' lower 
(higher) pressure", we may easily refind the above-mentioned rules. 

When we take as an eXttmple fig. 3 in w11ich the case sub i 
occurs, Ihe equilibrium ,F' + F" + L + G is represellted by curve 
pq, which intersects Ihe line F' F" in S; H is the point of maximum
temperatnre of this curve. Uonsequently !.:::. V' is posilive on pH and 
S9, negati ve on ES; the solutions of pH are rich in water, tho:3e -
of Bq pOOl' in' water. When we take a liquid ricll in water, the 
reaction is: 

L -::.. F' + F" + G. !.:::. VI>O. 
F' + L + G 
F" + L + G F + F' + G. 
F' +F" +L 

.As the 1 reaction peoeeeds from left to right with incl'ease of \'olume 
(6. VI> 0), the equilibrium io the right of Ihe verLÎeal line OCCUl'S 
on decrease of pressllre and the equilibria to the left of the ,"ertical 
lme occur on inerease of pl'esslll'e. Thel'efore, from each point of 
branch pQ the equilibria 11" + L + G and P" + L + H pl'oceed 
towards higher presslll'es; conseqnently we filld the ru Ie ia. 

When we take a liquid pOOl' in water, Ihis is sitnated on ES Ol' 
on Sq. When it is siluated on HS, the above-mentlOned l'eaction 
npplies also, but 6. VI < 0. Therefore; from eacb point of branch 
ES the equilibria 1/' + L + G and F" + L + G proceed towal'ds 
Jowel' preSRUL'eS; this is in accordance with mIe 1 b. 

When we take a solution of l)L'anch Sq, the reaction is: 

F' + F" ~L + G. !.:::. VI>O. 
F'+F"+L I F' +L+G, 
F' + F" + G F" + L + G 

As the reaction pl'oceeds from left to l'ight with increase ,of volume 
tbe equilibria to the right of the line occu!' witIdnrl'ease of volume. 

In Geeol'dallce with rule i b we find, therefol'e, that the equilibria 
lJ" + L + G and F" + L + G proceed from each point of the 
branch Sq towards 10WCl' pl'CSbUL'es. 

Now we ha\'e dedllced the rules ia an~ lIJ nssuming t.hat pointH 
is situatec1 on branch pS; we may act in a similar way when point 
H is sitnated on branch qs. In a similar wa)' we can also deduce 
the 1'1lIes 2 anel 3 . 
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Oonsidering, instead of the saturationClll'\'eS the boiling point 
curves, the same applies to these in general. I We must then l'eplace 
on the fOtll'phase-curve the point of maximumtemperature by the 
point of maximum pressllre. In fig. 3 besides the pohlt of maximllm
tempeL'ature H, also the point of ~aximum·pressllre Q is drawn. 
We imagine further that the saturationcurvefl are replaced in, the 
diagrams by boilingpointcurves. '\V ~ then refiLLd the l'llies 1, 2, anel 
3, with this difference, however, th at increase of pressure must be 
replaced by decrease of the boiIingpoint and decl'ease of pressure by 
increase of the boilingpoint. 

From each point of' the fom-phase curve proeeed two saturation
curves and two boilingpointelll'Ves. When this solution is to be 
considered as rich in watel' or ltS pOOl' in water with respect to the 
satnrationcllrves, it is also the same with respect to the boiling
pointcUL'ves. Only the solulions between the point of maximllm
pressllre and the point of' maximumtemperutUl'e make au exception ; 
these are 1'ich in watel' wh,m we consider the saturationcl1rves, 
pOOL' in water when we consider the boilingpointcUL'ves. Now we 
find: fl'om a soll1tion satnrated wilh two solid substances the vapour
pl'essure (along one of' tbe satllrationClll'\'es) aJ1d the boilingpoint 
(along the correspondiug boilingpointcurve) change generally in 
opposite dil'ection. When, howevel', this solnlioll is sitnated between 
the point of maximnmpressure and the point of' ma:x.imumtemperatul'è, 

\ 
mpol1l'pressure and boilingpoint change in the same direction. 

(To be continued). 

Physics. - "On the th61';nodY17a1nic potentilll as (( kinetic quantity" , 
(Fh'st part), By Dr. H. HULSHOl!'. (Uommunicated by Prof. 
J. D. VAN DER WAAJ.S). 

lCommunicated in the meeting of April 24, H.l14). 

In a communication pnblished in These Proc. Il p. 389 of Jall. 
27 1900.1

) it has been set fOl'th uy me that in the capillal'y Inyel' 
the Illolecnlar pressul'e must have a different value in different 
dil'ection§ as a direct consequenee of the uttl'action of the pal'ticIes, 
w hereas the thermic pl'essure (the sum of the l1101ecuIal' and tbe 

1) I expressly call aUention to this date, becausp some time af ter, this subject 
was treated in the same way by a ,vriter who had iut'ormed me of his owu 
accord that he was gOillg to publish au al'ticle on this subject in the Zeitschrift 
für phys, Chemie, and lh,\1 he should of course, rite my papet· there, but who 
has failed to do so, 
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Întel'l1al pressure) lUust be tbe same in all direclions. Rence a 
condltLO!1 OCCUl'S lil the capillal''y Jayel' in whicll tllc extel'nal pressme 
in the dil'ectlOn of this la) el' ZJ2 has a quite different value from the 
pl'eiisure normal to this layer PI i.e. the presst/re in the homogeneous 
vapour and liquid phases, In the surface a tens10n appeal'ed to exist: 

jcPI-P2)dh. 

The moleculal' pressure could be easily defined so that the snrface 
tenslOn was In agreement with the capillary energy determined by 
Prof. VAN DER WAALS by a tbermodynamic way: 

JQ(f -Tl1J + pJv-(.t111)dh, 

1 
in which Q=- and v is the volmue for a molecular quantity of 

v 

..11 grams and 

()2 d2Q ()4 d4Q 
E=C -ao - - - - --. 

, 2 d1L 2 4/ dl~4 

The two integrals, WhlC1l must be extended over the fuU heigbt 
of the transitIon layer, are equal, and this is also the rase wlth two 
correspondmg elements so that: 

Q(f-Tl 1J + p1v-,u111) = PI-P, 

from which immediately follows 

E-T1'l1 + P2V = ~(]Itf. 

As P2' the pressure in the direction of the caplllal'y layer, has 
tbe same value 111 the homogeneous vapour and Iiquid phases as 
ZJ ll it holds fol' tbe quanti ty 

E- ']'11J + P2 'U 

that it ha'J a constant value both in tlte lt077lO,qeneO'l68 vapo'l61' and 
liquid p/wse and in the capillnl'y layel'. This pl'Operty leads us at 
once to expect thal it will play an lmpol'tànt part especially for 
ldnetic ronsideratlOns, and that it will express thai the number of 
partitIes that two al'bitrary pht'l.ses will exchange m the same time, 
will be equally great. It wiJl, In fact appeal' that this quantity 
makes the capJllal'y layel' acressible fol' the eonsidel'ations developed 
by Prof. VAN DER WAALS in his paper on the kinetlc significanee of 
the thermodynamical potential. Assllming that l'eally in the dil'eetion 
of the capillal'y Iayel' the presSllre PA is different ft'om tbe pressure 
Pl> and besides entirely different in diffel'elll layer's, the neglect of 
this ell'cnmstance will make it imposslble to derive the thermodynamic 
COl1Cl1tlOllS of equilibrium fol' the capillat'y layel' fl.'om kinetie con-
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sidemtions. Apartiele, namely, that begins a new palh at some 
pI ace, is subjeeted to the infJnenee of the pressme P2 pl'evailmg 
thel'e, and in the layer, where it terminates this path, it is sllbjected 
to tlle in general entirely dIfferent preBsnre P2 of this layer. 

VAN DER WAALS' first equation runs: 

. (1') 

The expression PV 2 - .!!: - (pv l _.!!:) is for a monatomic fluid the 
V

2 
Vl 

heat of evaponttion for the moleculal' weight, 82 + Pt'2 - (81 + pVl ). 

VVe sllall now have 10 apply a moctificatlOn to tlllS equation, when 
the layers be{ween which the mtercbange of padieles takes place, 
arE' taken in the ('api!lary layer. IIere we shall have, as it wel'e, 
an evaporation fl'om a space under the pressure P2 towal'ds a space 
nnder the pressure P'2' and a condensation in opposed direction. 
Hence our first equation become&: 

1 ~T. 2 + C2 d
2
Q 1 ~~, 2 + I I , C2 d

2
Q' 

.m.LvUll P2v-af! - - - = lm.L\U ll P oV -af! - --
2 dh2 

• 2 dl~2 
(1) 

The eqmttion which expl'esses that 1'01' a stationary state a gl'OUp 

of partieles from one layer wiU be replaeed by a gl'OUp of partieles 
from the other layer becomes jl1st as VAN Dl!m WAALS puts: 

1 
--e 
v-b 

ttn2 

~2 1 
1tlldu1l =-- e 

v'-b 

Now fL'om (1) follows: 

U
, 2 
11 

a , I 

16 11 du n • 

and OUl' seeond relation beeomes therefol'e : 

hen ce : 

v'-b 
log b 

v-

or 

1 
--e 
v-b 

~1/tNIt1l2-!mlVU'7l2 

~mNa2 

1 
=--e 

v'--b 
(2) 

d' d" , 
-a!?-~ dS -MBTlog(v-b) +p,v= -ar/~~ d;~: -MBT log(v'-b)+P'2V' =Mr (3) 

, 
Ol' 



- 94 -

88 

8 - TI,] + p~v = E' - '!l'l' + P2'V' = M[.t. (3') 

The vahdity of the l'elations (2) and (3) may be 'established by 
means of BOL'l'ZMANN'S equation modified by VAN DER WAAI.S 

1 1 M .fXd{/),+YdY~ZdZ) 
----e- MRT 
v-b - v'-b 

in which 11:fcXdX + Ycly + Zdz) represents the work done on the 

molecular quantity on tra.nsition from a layer with density 

1 
Jayel' with density -, 

v' 

1 
to a 

v 

When in a point of the rapilIal'y layer at h thc energy witl! 
omission of the constant amoun t8 to 

C2 d
2
(! °4 d4

Q -ao------
~, 2 dl!2 41 dh 4 

the molecular pressure in this point in the direction of the layer 
c. d2Q C4 d4Q 

can be represented by - (JE = af!' + "2(! dl!2 + 4/ Q'dh4 ' As 

in which 1J represents the pl'essure belonging to the homogeneous 
phase of thc density (I, we have 

0. d2Q 
P -P2 = 2(!cW 

lf we snbstitllte p. fl'om this relation in (3), the latter passes into : 
, d2 

- ar! - C2 dh~ - MRT log (v - b) + pv = (.tM. 

Tbis equation, which we have derived by the aid of kinetic con
sideratiolls, is Lbe condition of equilibl'ium, at \;Vhich Prof. VAN DER 

WAALS al'rives in his "Thermodynamical theol'y of capillarity". 
Followmg.in Prof. VAN DER WAAI.S'S steps, Dl'. A. VAN ELDIK ha,s 

given a tllerrnodynamic theory of the capillat'ity for a mixture of two 
snbstances. By applying that the total free energy must be a minimum 

fol' <"Lil variations of Q and ,1], whieh sntisfy J(J,'IJ dit = constant and 

JQ (1 - x) dh = constant, he found fol' the variation with respect to Q 



- 95 -

89 

In this f (Q::V) is the f'ree energy of a homogeneous phase with 
-the ai anel Q existing in h, and hence 

a 
- MRT log (v-bx) - ~ + MRT 1(1-:v) log (1--11) + IV log .vl. 

v 

af 
Q-a =pv. 

Q 

and fol' J.11 2 gl'ams of the second component: 

d~Q(I--,v) d 2QII) 
E2=C2-al2(J(1-,v)-a22Q,v-tol2 Z -to,,--. 

d ~2 dit 2 

We get therefol'e fol' onr equations (1) fol' the {hst romponent ' 

ljl'2 dl Q(I-il!) d2q,'IJ 
~mINuI 2 +-(1 ) - aIlQ(I-,v)-auQa:~ ~Cl1---.. --~C12-,-= 

11 Q -[IJ dh- dn J 

and fol' the other component: 

2 23 2 1 d 2Q(I-:c) 
~ m 2 Nu2 +- -aa!? (I-,v) -a22 {,J.v-"I (Ju ..--:~-..---..:.. 

n (ja: dlt 2 

In this 1f represents the partialpressul'e sa tlta,t in the hOll1ogeneous \ 
phase 1:r is tbe partial pressure fol' the fh'st component, anti 2:t' tbe 
pal'tiaJ rl'esslll'e fol' the second component. lJl: + 2:t = p. In' the 
dil'ection of the cnpillal'j' laj'el' these pndütl presslll'es are l'epl'esellted 

by 1:t2 [lnd 2:t'2' sa that ljl'2 + 2:1'2 = P2' 
- 1:t'2 I:t'2 V 

The expresf.ion -- or --, thel'efore, repl'esents the wOl'kdone 
Q(I-,v) I-a; 

on a quantity LvII of grams of the first component when it leaves tbe 
phase. The phase ueing composed of NI (1-,v) +Jlll ,'!: gl'ams in a volnme 

v 
v, J111 gl'ams of the fh'st comIJonent will occupy a volume --. 

I-x 

, I 
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The eqUu.llOllS (2) which expl'ess thu.t fol' eacil of the components 
a glOup of pal'tlcle5 fl'om one phase is l'eplaced by a gl'OUp of 
pu.l'ticles fl'om anotl1er pbase, berome fol' the fil'st eomponent: 

imlN~tl ~ 
11 

l.m Nu' ~ 
2 I In 

-----I-.'l) - -;--N,---;: I-tv' 
--- UI dUI e lm2 a l - = -- lt'l dlt 1 e 
v-bx n, n v'-bx' n n 

km l Na]2 . (2) 
1 

and for the second component: 

im2 Nu2
2 

n 
l.m Nu' ~ 
2 2 2n 

lIJ 1 l\T 2 tV' 
U d" e 'lmZ.LVa2 =---"'2 d~,1o e 

-- 2 '"z cv ". ?I-b,c n n. v-bt' n n 
!m2Na2

Z 
• 

Taking inlo considel'<l,tion that Uin dUl" = ~t't" du'ln and U~n (llt211 = 
= tt'JIl dtt'211 , u.nd that ~ mI Na j

2 = t 7/1,2 Na/ = illRT, we maJ write 
fol' (2 1) and (2 2); -

( 
v'-Ux' 1- ''/:) 

log '--, 
v-b;r I-,v 

!-m
1
Nu

I 
J - +;m I Nu'l 2 

- 11 - 11 

MRT 
and 

l -:I, <V 11 11 

( 
v, b, n,) imZNU2 2 - imzN16'z 2 

og ?I-b;). ;; = MRT 

fl'om wi1lch thell follow& fol' the first component in connectlOn wlth 
(1 1) and (1 2) 

(v-ba.) 1n2 d2Q(I-,'/:) 
-MRTlog--+---a o(I-,v)-a QtlJ-1-C ----

I-x Q(I-,'/:) Ih 12 2 11 dh2 

d2 , b ' QtlJ 1'l v - x' In Z " , , 
- t- c --= - .MR og-- + -a 0 (I-ilJ)-a (JX -

2 12 d7 2 l' '(1') 11 ~ 12, I~ -tIJ Q -tIJ 

d2Q'(I-,v') d2 C/:IJ' 1 v 
-l Cll dhz !Cu dh2 =1i1-11h+t3l'2I_,v=P-I.lJ11 

antI fol' the second component: 

" v-br; 23l'2 d2Q(I-IV) \ 
- J.l1R1 log --+ - - auQ (I-tIJ) - Ct Z2 Q{IJ - ~ ca -d1o- -/ 

IV QX ~ 

dZQtlJ v'-b:t' 23l"2 I' , 

- ~C22-iI2 =-MRTlog--, - + -,-, -a12Q (I-ilJ) - a2zQ{IJ' - \ 
U~ {IJ Q{IJ 

d2Q'(I-m') dJQ',v' " V , 
- ~ C1Z --- -- ~ C22 -- = 82 - 11/2 + 2n 2 - = P- 2 .lJ12 • 

dh Z dh 2 tI.' 

The expl'essions: 
v V 

81 - 1'1/] + t:7l 2 - = P-t1l11 and 82 - T112 + 23l'Z - = P-2 .lJ12 1 ,v ,v 

!tave a constant value t!tl'ouglwut t!te vessel. Fot' evel'y component 
they. give us t!te t!tel'7nodynamic lJotential in its kinetical signiJication. 
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When we now write the val ne of (l MI (1-- ./:) + [J J11f..r, we tind 
fot' it, at the helght of ft Wltll clensity i! and coneentmtion c1J 

-lIiRl' log (v-b .. ) + lIfRl'I(l - .v)log(l-JJ) + ,v log tIJ I + P2V - a:L~-

_ .1 a (l_,v)d _2_Q(_I __ ,v_) 
Z 11 dh' 

for 
l:il'Z - 2:IY2 -+-=p,v, 
Q Q 

The pl'eSSlll'e pz can be expelled from this relation when we 
eonsidel' th at Z), + )'rT, (moleeular pressUl'e m the clil'ectlOn of the 
capillary 1aye1') = p + a"Cfl, in which iJ l'epl'esents the pl'eSSUl'e 
belonging ia an homogeneous phase of the same denslty anel eon
centration. In general )Y1, = --.:-. Q lEx - Ct (i-a') - C,xj holds, In 

wlllch Ea, = El (1-,v) + E2X, henee the energy for the qnantIty of the 
mixture .MI (l-x) + .1VJzx. Now: 

d'Q(l-,v) 
E.L = Cl (l-,v) + C,tIJ - axQ - ~ au (1 -,v) --'--

dlL' 
d2Qw d2Q(1--,v) d2Q.v 

- ~ au (l-m) dh' - 1 012 ,v dh2 - ~ °2,m dl~2 ' 

hence: 
d2Q(1-a:) dJQ,v d2Q(1-,v) d2Q,v 

.P -P2 = ~ all (l-,v) dh' + 4 012 (l-,v) dh' + ~ °12 m dl~' +~022'V dh? 
I 

lf this vaille of ])2 is introduced, the founel l'elation passes into 

-MRT log (v -ba,) + JJ1Rl'!(I-,v) log (I-,I)) + .-dog mi + pv - a:LQ-

-Î; (I_m)d2Q(1-,V) -0 (L_m)d2Q.lJ -CJ m d
2
Q(I-l/J) d'Q.v 

11 dl~2 12 dl~' 12 dl~2 °22
m dh2 = 

= [Ll.ilI1 (l-m) + [L211i2'V. 

This l'elation, which we have derived by means of kmetic consider
ations only, IS the {h'st of tIle two conditions tOl' tlle equihbl'lllm 
cletel'minell by VAN ELDlK by a thermodyna.mic way, 

Fol' the two homogelleous phases, w hieh a.re i.n equilibrium with 
each othel', (he following form holds: 

-111 B1'l09( tl-bJ ) + .2J!lRl'(I-,v)log(I-{I)) + a;logml + pv-a.tQ=/-tl A( (I-,v) + fJ,~M~{IJ 
Ol' 

lJ.' +- pv = [L1 1111 (I-,v) + /-t~.M2{/]' 
As the lünetic theol'y teaches that (he pl'eSSlU'e in the two pbases 

must be constant, H follows immediately from this tb at : 
lJ.' - ~tl Hl (I-,v) - [L2ilf~{IJ 

=-Pl' v 
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Chemistry. - "On the behavioul' of gels towa1'cls liquicls anc! the 

vapours tlte1'eof." Il. By Dr. L. K. WOL]'ll' and Dr. E. B. 

BÜCHNER. (Oommunicated by Prof. A. F. HOLI.ElUAN).· 

(Communicated in the meeting of ApriU~4, 1914). 

In continuing the experiment/:! mentioned in our first eorrimnni
cation about this subject 1), we hit npon two obsel'vations whieh 
have given us the leey to the solution of the problem. Firstly it 
was fonnc1 that, when leading saturated water vaponr over gelatine 
which at the same temperatnre had swollen in water, the weight 
of the gelatine does not change; seeondly it appeareel that the 
amount of decrease with the exeel'iments made in the previously 
clescribed way - Ül elesicc<:1stors according to VAN BElIfMELEN -
elepeneled upon the size of the elesiccator, and besides tha( iJl this 
way of experimenting pure water also lost in weight. Tbese things 
founel, we came to the following conception of VONI SCHROEDER'S 
phenomenon : 

1. the state attained in water vaponr is no equilibrium; even 
though the qnantity of water absorbed does not visibly increase for 
elays and elays, one must suppose an extremely slow absol'ption still 
to be taking plaee, at least if the experiment is maele in the exact 
way whieh will be presently elescl'ibeel. Howevel', it m:Ly be sevel'al 
yeal's, before the true eqnilibrium is reacheel, which in liquid water 
appears within some elays. So the so called vapomequilibrinrn is 
only a "false equilibrium". 

2. the curve \'vhich indicates the eonnection bet ween the watf'l' 
content anel the vapoUl;tension, runs almost horizontally as soon as 
the point which represents the vapollr equilibrium, is passed; the 
tension being tal{en as ordinate, the roncentra.tion as abEcissa. 

3. Tbe obsel'\'ation formerly ad van eed by VON SCHROImER, BANCROFT, 
aDd also by us I against the hypothesis melltioned nnder 1, viz. tlw,t 
the watercontent ot' gelatine swollen in the liquiû. decl'easeel ttgain 
in vapol1l', (from ,,,hieh was eoncllldecl that the "equilibrillm" was 
aUained fl'om two sicles), is foundeel on an nnsatisfactol'Y way of 
experimenting. This conception seems to give a satisfaetory explana-

. tion of the whole of tbe pbenomena; we eau support it by a gl'eat 
numbel' of eXjJeL'iments. 

We shall now fil'st of all tt-eat tbe proof of the third thesis. As 

1) T!lese Proc. 15, 1078 (1912/13). 
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We doubted about tbe exartness of fhe method with deslccators, Wê 

made experiments in anothee wa.)'. We let a piece of gelatine swell 
llnder water until the equilibrium was attained, put it into a U
tube with geound stoprocks, hung thi& tube in a thermostat, anel 
sucked a stream of air saturated with watel'vapoUl' through it. In 
ordeL' to fully satnl'ate the air with wateL'\'apOUl', we let it pass 
in exll'emely tlne bnbbles thl'ough follL' tubes of water which were 
also hanging in lhe thermostat. \Ve made sme of thc vapol1l' really 

• being s~tllL'ated by plaring a U-tube fWeel witll waler before the 
U-tube with gelatine, anel by also weighing lhe former befol'e allel 
aftel' the air had been leu thl'ongh. 

Time 

24 hours 

" 26 

18 

72 

TABLE 1. 

Weight of U-tube Weight of U-tube + water + gelatine 

30.130 30.779 

30.127 30.781 Temp. 19°.0 

30.126 30.779 (in thermostat) 

30.123 30.778 

30.117 30.780 

It wil! be seen, that the gelatine, cOlltl'al',)' to our former eÀperi
men Is, showed 110 decl'ease of weight: 11 was in equiltbl'iull1 and it 
l'emained so, alld there was not the slightest abnormahty. Now 
which method, the old Ol' tbe new Olie, is I1IOt'O reliable? The 
allswel' cannot be clllbious, rOl' we sllcreeded in it~proving the old 
rnethod to such au extent that it gi\'es the same l'esulls as the 
new one. 

Forl1lerly we useel to place little dishes of gelatine in a SOBEIBT.RR

clesiccatol', at tlle bottorn of whiclt was some water, and which 
stooeI in a room of it faid,)' constant temperature. In order to exclude 
the possibility that the water ij'om the gelatine, Llucler the inflnence 
of gravity, shoulel distiIIlo the witter at the boitolIJ, we bave now; 
il1siead of pouring the witter 1nLo the clesiccittol', placed a e1ish of 
water at fhe same level as that wit!l gelatine. Anel, thinking of 
FOOTE'g expel'imenls menlioned in our fh'dt comll1unication, we also 
weighed this dish, expecting, of comse, thaL [he wntel' lost by thc 
gelatine, should be fOlllld bitck here. HO\'Vevet' it itppeal'ed that 
bot h gelatine anel water equally e1ecl'easeel in weigh t; (it is to be . 
noticed that the desicratol' was not evacuated). 
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94 
TAB LE Ir. 

- -
Time I Weight of dish decrease Weight of dish decrease 

I 
+ water + gelatine 

47.458 48.391 - temp. 22° 
(room). 

24 hours 47.238 .220 48.209 .182 

24 
" 

47.031 .207 48.009 .200 

24 
" 

46.868 .163 47.863 .146 

48 
" I 

46.567 .301 47.525 .338 I , 

2nd experiment (th ree dishes of water). 
~-

time weight n° 11 decrease Iweight n021 decrease Iweight n03ldecre~sel 

81.129 
I 

45.888 I temp. 22° 64.399 
(room). 

24 hours 8::1.868 .261 64.041 .358 45.591 .297 

24 
" 

80.601 .267 63.709 .332 45.291 .300 

We see fl'om this t ha,t, in taking the experiment in this wa.}', a 
dish of water decreases in weight 200 10 300 mG. in 24 homs, and 
that consequently the expel'Ïments thus made with gelatine, do not 
prove allything whatever. 

It is not quite easy to Ray where this water goes to. It migh t be 
thought that it serves to saturate tile whole space of the desiccator 
with vapou!'; bnt for this a much smaller quantity sllftices, 1 L. 
satl1l'uted watervapour of 22° only weighing 19 mG. Nor arc 
eh ffel'en ces of tempel'atllre probable, because the chu,nges we have 
found ah""ays go in one direction, and because we cannot think 
why the water in the middle of tIle desiccatol' should always be 
warmer tban the walls thereor: Besides the temperature in the room 
was mthe!' high 1), only val'ying within 0,5°, and so the dishes, 
aftel' being weighed, would sooner enter colder Ihan Wal·mer. 
It was also controlLed if a 10ss of weigbt occurred dU1'ÎIIg the 
weighing and the pl'eparations for it; by working quickly however, '
this loss could easily be kept linde!' 1 mG. The onl,)' explanations 
left al'e, eithel' tbe watervapour diffllses to the outside, passing 
throllgh the layel' of grease which is between the desiccatol' and 
the lid, or water is adsOl'beel at the gl'eat glass surface of the de
siccalol'. The InHeI' explanation will he most probable, as in smaller 

. 1) Excepl in lwo serie!> of table lil, wh ere the differences al'e equally great 
all the same. 
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l' A B L E lIl. 
Smal1 desÎccator of FRESENIUS; temp. rOom 22°. --

Time weight dish 1 decrease weight dish 2 decrease + water + water 
. 

I 
21.409 33.798 -

48 hours 33.745 .053 21.382 0.027 Volume of the 

48 
" 

33.722 .023 21.360 . 022 desiccator: 700 e.c . 

dish 3 dish 4 
+ gelatine + water 

31.584 27 566 

24hours 31.573 .Oll 21.545 .021 

24 w 31.561 .012 21.527 .018 

24 
" 

31.549 .012 27.510 - .011 

120 
" 

31.505 .044 21.411 
1 

.039 

water water ' I 

" 
31.621 27.834 

1 
24hours 31.605 .016 27.819 .015 

temp. room 14° 
24 

" 
31.585 .020 27.800 .019 

\ 48 11 31.565 .020 27.777 .023 

gelatine 

27.764 27.117 I t,mp. room 16° 5 72hours 27.141 .023 27.759 .018 

48 
" 

27.124 .011 27.739 .020 

Be!!-jar in pail; temp. room 22°. 

weight of weight of 
Time weighing·bottie decrease TIme weighmg-bottle decrease 

+ gelatine + water 

36.116 40.407 

90hours 36.052 .064 5hours 40.411 (+.004) 

30 - 36.026 .026 48 " 40.250 .161 

18 36.009 .011 24 40.122 .128 
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desiccatol'S - model tfRl':SENIUS - we found mnch smaller decreàses, 
and as we abo found a loss of weight when making the experiment 
diffel'enLly. A glass b eU-j ar, in which was hanging a weighing-bottle 
Witll gelatlIle swollen iu water, was partly placed in a pail of water, 
so that the gelatine l'emained some cm. above the water, surface. 
'fhere can here be no quefition of diffusioll to the outsit1e. Yer lhe 
adsol'ptioJl hypothesis is not wlthont its dd'ficlllties; fol' in taking the 
above mentlOJled experimellts the desiccatoL' Ol' the bel~jal' \Vere first 
weil l'insed out and 1110Istened with watel', so that Olle should think 
tiJe glass sUl'face to he entil'ely covel'ed wifh a layer 01' water. 
Perhaps the t\'"o last mentioned eanses of clecrease of weight are 
coopel'atiJlg 

Whatevel' may be the canse of clecL'eac:;e, we can distinctly see by this 
talJle thé\t both water and swollen gelatine clecl'ease. So if we wished 
to really confirm YON SCHHoEDIm's observation, we fhst ought to have 
:U1 arrangement with which water only does not diminish in weight. 

A series of experimel1ts, lmdel'laken in cOl1sequence of FOOTE'S 
communication which bas been mentioned before several times, will ' 
illustrate how hard it iR 10 make exact obsen ations by the statical 
met hoeI. In a glass tube were two small tubes filled with watel' 
~above one another, which had been weighed befol'e. The tube was 
closed with a l'llbberstoppel' or it was sealed in the Dame, and then 
placed in a ther'mosta.t; aftel' two days tIle tnbe was opened, and 
the liUle tri bes wm'e qllicldy put in weighing bottIes, and were 
weighed. 

48 hours 

48 " 

48 t, 

48 
" 

TAB L E IV. 

weight lower 1
1 decrease 

tube 
weight upper 1 decrease j 

tube I 

22.098 

22.090 

22.081 

22.060 

22.051 

10.108 

10,098 

.008 

.009 

.009 

.010 

24.000 

23.992 

23.980 

2nd experiment. 

I 23.923 

I 
23.918 

3rd experiment. 

I 36.289 

I 
36.244 

.008 

.012 

temp, 18°.0 

rubberstopper 

.005 id, id, 

.045 sealed 
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So we again f'ol1nd a deC'rease of weight in all cases, be it less 
than with the experiments made before. As the amounts ace so much 
smaller here, anothel' cirC'll 111slanC'e, except the one of adsol'ption at 
the glass walls, mllst be taken in/o cOl1sidel'alion, which, as we have 
found with the appamtns pl'esentlJ to be descl'1 bed, can account fol' 
differences to an amount of some mG.l) The tub~s were opened 
outside the thel'mostat; the outer walls' tl1en cooled down a few 
degrees, while the inner tubes remained a little warmer. In those 
few moments a smal! quantity of water could distill to tbe wal! of 
tbe gl'eat tube, and this may be tbe rause of the loss of weight. 

Now in ol'der to exclllde adso1'[1tJon we l!ave passed on to ano/her 
al'rangement. We had a cylindtical box maJe of brass (measures· 
dIameter 7.5 cm., height 7.5 em., volume 320 e.c.), \vbicb was 
closed by au exactly fitting hrass lid that could be still more stl'ongly 
fixed on by screws. Both the box and /he lid were silvered I1t the 
inside. The appnratus was entirely pIllnged into a thermostat, leept 
constant witbin O°.!. In this appal"fltus too we began wIIIJ weigbing
botties, which only coniained wat el' ; we again bad to state a 108S 

of weight. With these expel'iments t11e vessel was taken out of the 
thermostat, and "vas qnickly unserewed aftel' which the weighing
bottleb were taken ont and ,veighed wltb their stoppers c1oRed. 
When a closed weighing-bottle with watel' \Vab placed in the \'e8sel, 
the weight I'emained constant; wben taking It out, 80me slight 
moist11l'e was to be seen against the stopper. A refl'igeration evidently 
took place here, by a coldet' stl'eam of au' entering when the lid 
was taken off. In order to avoid this as much as possible, we placed 
the apparatns rathel' high in tbe thermostat; when it had to be 
opened we made the Wtlter rnn om of the thermostat thl'ongh a 
siphon, so fal' that (he hd appeared jnst above the wate1'8l1l'face. 
1\leanwhile the screws were unscrewed so that the lid coulel be 
taken off as 800n as it was above the waterlevel ; in this way the 
whole kept, the sallle temperatl11'e mltil the very last moment. The 
then obtai,neel l'esults were 8atisfactOI'Y (cp. table V), and we the1'e
fore repeated Ollr expel'imellts with gelatll1e-watel', agal'-water, anel 
C'ellOldin-alcohol in tItis way. 

F1'om these experiments we lec11'l1 that gelatine, aga?" anicelloiclin 
8wollen in a liquid, do not wull!J''fjo a 1088 of we~qAt when placecl 
in satumted vapow', if tiJe expedment is made rigorollslJ. Tbe I'esults 
with the celloidin-alcohol system are not so good ab wUh tlte otiJel's, 
lt is true, but the decl'ease which l'eached an amount of 100-200 

1) Thc gl ealer dlU'cl en ce in lhe uppel' lube ol' lhe Brei ~xpellmenl is eVldenLly 
due to lhe healing during the sealing process. 

7 
Pl'oceedings Royal Acad. Amstel·dam. Vol. XVll 
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TAB LEV. 
Temperature 19°.0; weighings every 24 hours. 

-
lst series 

water 
vessel opened 

outside the 
thermostat 

2nd series 
water 

vessel opened 
in the thermostat 

3rd series 

gelatine 

4th series 

agar 

N0. 1 

5th series I 12.202 

celloïdin- 12.200 
alcohol 

12.248 

6th series 12.255 

cellaïdin 12.249 

12.249 

I ~ 

weight of weighing-
battle 1 + water 

26.045 

26.033 

26.025 
, 

26.012 

25.772 

25.768 

weighing- bottle + gelatine 

20.136 

20.135 

20.135 

20.135 

20.133 

decrease 

.012 

.OOR 

.013 

.004 

.001 

o 

o 
.002 

T~mperature 21°.4. -

24.575 I 

24.580 

24.582 

24.581 

(+ .005) 

- (i .002) 

.001 

Temperature 21°.4. 

NO: 2 I NO. 3 
I 

12.122 
1 

12.389 

--
weight of weighing-
battle 2+ water decrease 

~ 25.096 

25.088 .008 

25.081 .007 

25.069 .012 

27.837 

- 27.834 - .003 

The gelatine had been 
swelIing for a fortnight in 
water at a temperature of 
19°.0, and had been dried , 
with filter paper before the 
experiment. 

(after 3 X 24 hours). 

The agar had been swel
ling for 8 days under water 
at the same temperature, and 
had been dried as said above. 

I NO. 4 
I 

111.3~ 
after 

.002 12.108 .014 I 12.379 ,010 11.304 .006 42 hours 

12.095 .013 12.370 .009 IJ. 301 .003174 

Temperature 0°. 

12. 115
1 

12.397 

(+ .007) 12.113 .002 12.399 (+.002) after 61 hours 

.006 12.109 .004 12.396 .003 
" 30 

0 12.109 0 12.395 .001 
" 

24 
" 
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InG. with the oid meihod, has been reduceu to some mG. onl.)'; 
I we must hel'ewith remember that thc vapOUI' tension of alcohol is 

considembly greater than that of water. Therefore the 6 th series of 
experiments was undel'taken at 0°; a('cOl'ding to our expectations the 
rèsulfs were beitel' than at 21.4°. 

The experiments communicated here have taken away eVeJ'y actual 
ground of existence from the opinion expl'essed fh'st by VON SCRRoEDlm, 
\'Ïz. that here was a conflict with the second law of thermodynamirs; 
the second law, as one might think, remains untouched. Of COUl'se 
the phenomenon of several substances swelling more in Iiquids than 
in vaponrs, remains; but we think thi~ can be snffieiently explained 
by assuming that the absorption in vapoUl" OCCUl& extremely slowly 
in the end. We have also in vcstigated if not totally swo11en gelatine 
and celloidin". placed in vapour, would absOl'o more water in our 
new apparatus, and would rome to the real equilibrium. This 
appeared not to he the case; e.g', with gelatine of the foIlo\\"1.l)g 
compositions: 1 gelatine to 26 parts of ",mter (in weight); 1: 24,2 ; 
1 : 18,8; 1 : 15,8; 1 : 6,5, (the i'false vapourequilibrium" is about 
1: 0.7) no change of weight was found for five days 1), So it goes 
without saying that the absorption takes place exceedingly slowly, 

This is most pl'Obably eonllected with the fact" that the vapoUl' 
ten sion of gelatine (and numerons other substances) is already very 
near to tha,t of p'me water when tbey have onl)' absorbed a mther 
smaJl quantit.r of wate1'2); consequently all the fUl'ther water absorp
tion of any importance is onl)' of slight influence upon the vapour 
teil sion. Or in other terms, the el i fferell ce of the vapourtension of 
pure water D.nd of gel:ltine in "vapoUl'eql1ilibrium" is very s1l1alI, 
anel consequentl.)' the absorption "elocity will also be very small. 
That it is yet vel',)' gl'eat in liqnid water, llIay be easili explained 
from the density which is 50000 times greater. 

Vi e just wish to state that the eletf'rminations l~eant here have 
all ueen obtaineel by the statical methocI, the eleficiency of which 
we have proved; n true opinion ean on IJ' be possible if tbe e~pel'iments 
are taken along thc dynamical wa.J 3), anel if the real equilibrium 
has been proved by placing' t he jellies aItel'natély in vapour of 
highel' allel 10wer tension, The values given for the composition of 
the substances swollen in tlJe vapolll' of pure waler ar'e nevel' tl'ue 

\ 

I) These expe1!ments wel'e also made in lhe dynamical met1tod wilh U·lubes: 
vielding lhe same l'eslllt, 

2) KATZ, lhese PI'OC, 13, 958 (1910/11), 

, J) Ol' in the appat\llus deSCl'ibeu. ahove. 
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equilibria; Onê ought to state the value which is attained in iîquid 
water 1). 

The explanation of the phenomenon becomes somewhat diffel'ent, 
if we do not let the gelatine (celloidin) swell in pure water (alcohol) 
but in solutions. In case of the dissolved substance being volatile 
(example: celloidin-alcohol-watel'), the cil'cumstänces are exactly the 
same as above mentioned; but, if the sllbstance is e.g. a salt, the 
thing changes. VON SCHHOEDER has made some expel'imènts about 
this question, and he ascel'tains th at l/tOOOoo-norm. 8ulpllate sol ution 
all'eady lowers the vaponrten~ion of gelatine 80 much, that thel'e is 
not even a decrease in vapoul', but an increase. Aftel' the results 
described above, VON SCHROIWER'S argument loses all weight, and 
his result is sure to be due to chance. 

It is a fact we have repeatedly obser\red, that gelatine (celloidin) 
which had swollcn .in the VapOlll' of a salt soll1tion (NaCI in watel', 
resp HgCI 2 in alcohol) absorbs mllch more still, ",hen bl'onghL illto 
the liquid; 1 Gr. celloidin, eg. gains 1,77 Gl'. in weight in asoIntion 
of 4 0

/ 0 sublimate in alcohol of 96 0
/ 0 , whereas only 0.89 Gl', is 

absorbed in the Yapour or alcohol, and conseql1entIy still less in 
the vapour of a solution in alcohol. The diffel'ence betweel1 the 
swelling in a pure Iiquid and in a solutioll fincls its canse in a 
substance, whell in (he vapour of a solntion, never beiug able to absorb 
anything but the solvent, as long as tlle dissolved substance is nol volatile; 
when placed in the liquid ilself, it also absOl'bs the dissolved snbstance. 

This is a wellknown fact about gelatine; we ha.ve ascertained 
by the expel'iments with celloidin mentioned above, that this substance 
too had not only abs?rbed alcohol, but [llso sublimate. So in tltese 
cases it is elear for other reasons, tbat a substance swollen in vapo11l', 
when brought into the liquid pflase, must still absol'b more, and 
that the state attained in vapoul' is not a Ü'ue equilibrium 2), In 
vapoUl' e,g. celloidin passes inro celloidin + alcohol, until the Yapour
tension of this phase has become equal to that of the liqnid phase: 
alcohol + HgCl 2 , Now if one brings the celloidin plmse under the 
liquid, the HgCl 2 diffnses into the celloidin; äuninisllos so to say 
the vapoUl'tension of the alcohol which is contained f herein, and 
consequently a further alJsorption of alcohol must take place, lf we 

( 1) Strictly speaking one must not speak of pure water, but of a saturaled Sollllion 
of gelatine, aga.r etc. in water; of course, the clilference really is exceeumgly minute. 

2) Cf. TOLMAN'S views, .T. Amer. Chem. Soc, 35, 307 (1913). We have 
assumecl with TOLMAN that every !:>ubslance evaporales somewhat, no malter how 
Jittle; if one objecls to Ihis, anc must speak of au equihbrium whiclllics dill'erenUy 
in consequence of passive l'esislauces (GIBBS), 



- 107 -

101 

rcpl'esent (his by a figll1'e, we obtain in the vaponr a &tfitt' Cl; and . 
aftel' this the state b is reachecl in the liquid along an exactly 
horizontaI line, for tbe vapol1l\tension l'emains abs~lllte1y the same; 
onl)" the composition of the celloidin changes. Cl lies of course at 
a 10wel' pressure tl!an ft ' in tlle t1gure, wbich iltands for pure 
alcohol; "in the latter a' b' is ol1ly approximateIy horizontal. 

! ! cç _-----1 t' 

.x. x 

It is evident tlw,t in this ca&e the greater absorption in the liquid 
must be connecte[! with the solubility of the balt in the gelatine Ol' 

celloidin. Accol'ding to the colloid absorbing more salt, the diffel'ence 
between the vapour alld the liqnid eql1ilibrium will be all the greater. 
We believe a closer study of tbis subject may pl'obably beal' fruit 
witlt n. view to the knowledge of the behavioUl' ofjellies in different 
solutions. We intend to &tal't experi ments about this with celloidin, 
whie}], as to stability, has gl'eat advantages over gelatine with which 
suchtike experiments have been made up to (he present 1). vVe do 
not consider skinpowdel' an ideal substance for this pur pose either 2). 

As a summar)' we 1 hink, we can say tbat tlle pretended conflict 
with tile second law of thermodynamics has been put an end to, 
and thai VON SOHROlm~lR)s phenomenon in the principal ca&e is due 
to a slo~ IJ' coming equilibrium j 011e may expeet it iu all cases 
whel'e the vapourtension all'eauy' approaches the tension of the pure 
liquid very neal'ly, a long time befol'e the equilibrium has been 
attailled. If the liquid absorbed is a solution of a nonvolatile sub
stance, anothel' explanation must be given. 

Path. Anat. ancl lno1'g. CAem. Lab. 

University of Amste1'dmn. 

1) HOFMEISTER, among others. 

2) HERZOG and ADLER, KoU. Zeitschr. 2, Supplem. heft 2, (1908). 
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Nathematics. -- t, Tlte rzu ir/ruple involution 0/ t!te cotrwgential 
points of a cubic pencil." By Pl'Ofe&SOI' JAN DE VUlES. 

(Communicatcd in thc meeting of April 24, 1914), 

1. We c0nsider a penci\ of cubics ('(13), with_ the lline base-points 
Bk' On thc clH'\'e rp3, passing thrOll!!h an al'bitrat'Y point p, 1ie three 
points P,P/,P", which have tlle tangential ZJoint I) in common with 
P; in th is way tlle points of the plane may be al'l'anged in qua
dl'upJes of an hwolution (PI) of cotan,qentirrl [Joints. We shall suppose, 
tlmt the pencil is genel'al, consequently contains twelve curves with 
a node Dh. On sneh a CUl've rr3 all tlle gt'onps of the (PI) consist 
of two cotangential points and the point D, which. must be counted 
twiee. Apparcntly the 12 points D ~t'e the QnJy coincide7ices of the 
in\'olutlOQ; as the connector of tbe neighbOlll'ing points of Dis quite 
indetinite, the coineidences have ]10 definite support. The points Dh 
al'e at the same time ia be considel'ed as s inpu la?' points; to each 
of them an involntion of pairs P,P is associated, Iying on the Clll've 
(fh" , which has Dh as node. 

2. The nine base-points B,c at'e also sin,qula7'; to each point' Bk 
a tl'ipJe Îl1\'olnlion of points P', pr/, pil is associated, lying on a 
CUl'Ve t17c, of which we are going to deterrnine the order. 

To each cnrve 1J;3 we associa,te the line b, whieh touches it in B; 
in conseq nence of which a projecli vit,y at'Ïses bet ween the pencil of 
l'a.ys (b) and tbe cnbic peneil (p3). The curve T~ pl'oduced is the 
loens of the tangential points of B (trln,qential curve of B). 

Tlte lil1e b, wltich touches a (P~ in 13, cnts it~mol'eo\'er in the 
tangential point of B; th is is appal'ently the only point that b has 
in common witl1 i~ apart fl'om B.' 80 T

4 has a tl'iple ]Joint in B; 
thcl'e al'e tl1ree Jines b, which have in B three points in comrnon with 
t)lC cOl'l'esponcling curve (p3; i. e. B is lJoint of injlection of tlwee 
curves ry3. 

Let ns now ('onsider the taugelltÏal CUl'ves T\ and T\, belonging 
t~ BI and Bl' 1301h pass tlll'ollgh the l'emaillillg se\'en base-points, 
conseqllentl,r have tl,pal'L ft'om the points B, l11t'ee points in common ; 
S0 there al'C thl'ec cm'veR (I}, on which BI and 132 'luwe ,the same 
tangential point" Henee it ensues t,hat the singulal' CI1l'\'e (J1 belonging 
to BI> has trip1e points in etlch of tbe l'emainillg eight points B; 
it does Hot pass tln'ough BI because (PI) has coincidences in DIJ 

1) Tlle tangential point of P is the intersectiol'l of rp3 wilh th!;! straight Iin~ 

tpuchin~ il in P, 
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onlJ. With au ~l'bitrary Cf- 3, 111 lIas moreover in common the three 
}Joints which form a qua.ell'Uple witIt B, ; conseqllently 27 points in 
all. So the triplets of (P4) belollginp; to Bl lie on a curve of ol'de)' 
nine, which pàsses t!i)'ee times through each of the remaining base-points. 

We found that Bl anel 132 belang to thl'ee quaelruples; the three 
pail's, which those quadrllples conta.in besides, belang ia ihe singlllal' 
~llrves {l19 anel {3~ u. They have moreover. in th~ seven remaining , 

pointR Bk, 63 points in common; the remaining 12 common points 
are fOllnel in the singular points Dil. 

3. 'l'be locus of' the points of inflection ' [ of (rp3) has tJ'iple points 
iJl Ble, has thel'efol'e wlth an al'bitral'y rp3, 9 X 3 + 9 = 36 points 
in common; it is consequently a Cllrve of order twelt'e, tl~. 011 a 
curve rJ3 lie only 3 points of inflectioll ;' we concluele from this, that 
tl~ has nodes in the twel ve points Dh; in each of those points t 12 

anel ó3 have the same tangents. 
The points Pi, P', Pil', which have 1 as tangential point, lie in a 

straight' line, the /w1'monic pvta1' line h of 1. So (12 is the locus of 
the points, which in CJl4) are associated to linear triplets. 

The C1ll'\'es [31 q and t l~ have iu the singlilar pOilltS Band D 
8 X 32 + 12 X 2 = 96 points in common; on ~l u lie thel'efol'e 12 
points I, so that BI belongs 10 12 linear triplets. Fl'om this it ensues 
by the way, th at the involution (P3) lying on (1t 9 has a curve of , 
involution (p) of clai$s twelve; fol' the line p = pi pil will only pass 
thl'ough BI if p/ll is a point of inflection, ,while P lies in BI' As 
BI is point of intlection of th ree (p3, (pa) has thl'ee lineal" triplets, 

consequently (ZJ)u t!tree triple tuhgents. 
The locus J. of the linear triplets hnf3, as was shown, 9 dodecltple 

points B; as rpa bears nine pointR of infle(~tion, therefol'e 9 linear 
tl'lplets, it, has with ;, 9 >( 12 + 9 X 3 = 135 points in common. 

Consequently the liJwar triplets lie on ct cu,/'ve i. H
, 

4. We Rhall now consider the cnrve (}, into which a stmight 
line 'I' is transformecl. if a point P of )' is replaced by the points 
P", which fOl'!l1 a quadruple with 1~; 1'01' the sake of brevity we 
shall speák of the tl'a.llsfOI·matioJl (P, Pi). If we pay aiten (ion to the 
intel'sections of l' with {17/ UlIU witl! 6,,3, we iU'l'ive at the conclusion 
that Q has nonuple. points in Bk and t1'iple points in Dit, It has 

. therefol'e with a (p3 in Bk 81 points in common; flll'ther these 

curves cut moreover in the thl'ee triplets which cOl'respond with the 

illtersections of 1 3 and )'" Conseql1ently fI is a ClU've of orde/' thi1,ty, 
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On an al'bitl'al')' straight liné \ie thel'eforejijteen pairs of cotflngentin[ 
pvints'. 

By the h'ansfol'mation (P, Pi), the curve ).1&, which contains tlle 
linear h'iplets, is rransformed into a figure of ol'der 1350. It consists 
of twice J. itselt', three times t 12, rwel ve times the curves ,~9 and 
seven times the singular curves ó 3

• Fol' 2 X -45 + 3 X 12 + 9 X 
j 2 X 9 = 1098; the points D pl'oduce therefore a figul'e of order 
252. Fl'om tbis it ensues' that kl. has septltple points in the 12 singnlal' 
points D. ' 

The pairs P, PI, which are collineal' with a point E, lie on a 
Clll'\'e 1'3\ on which E is a tl';ple point; the taugents in E go to 
the points of the triplet of the (PI), detel'mined by E. The line Ell,. 
ents {h9 in 9 points P, which form with B'e pairs of the (P4) ; henee 
(;33 has nonuple poiats in Blc. 

The locus of' the paÜ's Pil, FIII, belonging to the pairs P, P' of 
(;33, we shall indicate by i'~f' As E is collinear with 12 pairs of the 
involution (P3) lying on i~l'" BI is a doclecuple point of (;,~, 

On au arbitrary cy 3 the rotangential points form thl'ee im'olutions 
of pail's and the SUppOl'ts of the pairs of each of those iu\'olutions 
envelop a curve of elass three (curve of CAYLEY). Oontlequently E 
is collinear with 9 pail's P, P' of':'(l, and thiE. curve contains 9 pairs 
of 1'." As the two curves in Bk have moreover 9 X 12 points in 
COllllnon, consequently 126 poillts in all, 1'," is n CU7've of order 42. 

Tlle curves (;33 and 1~19 bave in tbe points Blc (k =1== 1) 8 X 9 X 3 
points in COlllmon; rnoreovel' they meet in 9 points of EBI aud in 
the 12 pairs P, P' mentioned above. The l'emaining - 48 common 
points must lie in Dil; so 8

33 bas quadrup[e points in the 12 singulal' 
points D. 

The curves 8./ 2 and [J/ have in Bic (k =1= 1) 8 X 12 X 3 inter
sections ; further they meet in the 9 pairs P', Pil', belonging to the 
9 points P' lying on EBI: nnd in the 12 points Pil, belonging to 
the 12 pairs P, P' of [Jl"' which are colliJleat' with E. So they must 
have 60 intersections iu D,,; 1'.*42 has eonsequently quintuple points 
in the 12 singular points D. 

The curves 8,/2 anq tB have in Bk 9 X 12 X 3, in DIt 12 X 5 X 2 
intersections, together 44:4; the l'el}1f1inÎllg 60 lie in points of infleetion, 
of w bich the harmonie polal' lines pfiSS throllgh E, In snch a point 
of infleetion 1, 1'*42 vvill have a triple point, for tl1e corresponding 
polar line ft contains a linear tL'iplet, so three pairs of i'a3, so that 
[ appeat's thl'ee times as point of i',Jf' Oonsequently E beal's 20 _ 
straight lines ft: the lza"l1wl1ic ]Jota/' lines ol (p3 envelop a G~tl've of 
class twent!!. 
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Mathematics. - "A cubic invoiution 0/ the sec01ul class." By 
Prof. JAN DE V Rm&. 

(Communicated in the meeting of April 24, 1914). 

1. By the class of a cnbic involution in the plane we shall 
understanel the l1Ulnber of paii's of points on an al'bitl'ar'y straight 
line 1). In a paper pl'esented in thc meeting of Febl'ual'y 28th , 1914 2) 
I considereel the enbie involntions of the first c[ass, and pl'oved that 
they mn'y be' l'edtwed to /i,v principally diffel'ing 80rts. 

The triangles b., which hnye the triplets of an ill\101urion of the 
first class as vertices, belong at the sal1le time to a cnbic imolution 
of lines; the sieles of end I b. form one of its gl'OUps. 

The cnbic involntions of the second clrrss possesfl the characteristic 
qnality of eletermining an invollltion of pairs i. e. an involutive 
bil'ntional cOl'l'espondence of points. For, let X, X', XII be a gl'OU p 
of all involution (.LP) of the second class; on the line X' XII lies 
nnolher pair Y', YII; tb~ point Y, completing this pair into a triplet, 
is appal'ently involutively as&ociated to X. In Ihe following sections 
1 shall consielel' a definite '(X~) of the second class and inquil'e into 
tlle associated involutive cOl'l'espolldence (X Y). 

2. V'fe -start from a penei[ of ('ol1ics (p2 with the base-points 
A, BI' 132 , Bs allel a pencil of cllbics (/,3 witll tlle base-points BI' B2' 
Ba, Gh (h = 1 to 6). The CUl'ves 'r- 2 allel (1,3, whieh pass thl'ough an 
al'bitral'y point .X, interseet tllureover in two points XI, X", whieh 
,~~ assoeiate to X. As the involutions Pand Il, whirh are determined 
on a straight line by the pencils (C/ 2) and ('fr), hnve two pairs XI, 
X" and YI, Y" in common, a, cubie ÏlwolutlOn (X 3

) of tbe .~econd 
Cla.~8 al'ises here. 

Tho ten base-points are siaf/u/rr/' points, 1'01' they belang' each to 
(XlI grollps ; on the othel' hand is a singulal' point certainly a base

point of one of tbe pencils. 
\ 

The pairs of points whieb witb the singulal' pomt A detel'mine 
tl'iangles of involution b., lie appm:ently on the curve u·l of the 
peneil ((pS), passing thl'ough A. As they are pl'OU nced by the poneil 
«r 2

), they form a central involntion, i. e. the straight lmes tV = XI X" 
pass tllrough a point l ' of a3 (op110site ]Joint of the quadrllple 

ABIB2B s)· 

Analogously the pairs X', XII, which arc as&ociated to eh, lie on 

1) This con'esponus to lhe denominution introduced by CAPORALI rOl' lllvolutive 
birational transformations. (Rend. Acc. Napoli, 1879. p. 212). 

2) "Cubic involutions in the plane". These Proceedings vol. XVI, p. 974, 
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the conic }'// passing through C", whith I conie belongs to (rfi2); the 
stmight lines "c intersect in a point M", the centl'e of the ]2, 

In 'order to find the loens of the pairs, cOl'l'esponding to B1' we 
assoriate to eacl! rl the (p2, which touches it in Bl' The pencIls 
Leing projective on [his account pl'oduee a CUJ've of order jive, {31 5, 

which has a triple pomt in BI' nodes in B2' Ba and passes throngh 
A and Cl,. lf the straight line .1: = X' X 11 is associated to the straight 
line, which touches the corl'espondillg curves g} and (P 2 in Bl> a 
correspondence (1, 1) arises bet ween the "cw've of involution" enveloped 
hy a: and the pencil of rays B 1 ; Ü'om this it' ensues th at (x) must 

\ be a rational curve. A.s no othel' lines "c can pass through B 1 but 
the tangents at fJl 5 in the triple point Bl> (x) is a J'ational curve of 
t!te t!titel class, !las cOllsequently a bitangent; on it lie t~o pairs of 
(X3). To the tangents of (X)3 belong thc lines AB2 and ABa. 

There aJ'e t!tree sin,qulm' straight iines bk = ABk ; each of them 
beaL's a P of pairs X', X". The cOl'l'esponding points X lie on the 

line bmI! = Bm Bil' 

3. The czt/'ve of coincidences (locus of the points X - X') has 
triple points in Bk and passes through A and C". With the singular , ) 

Cl1l'Ye y\ it has JO intel'sections in A and Blc; as it iouches it in 
Cl and at Lbe same time rOJllains ille coincidences of Uw involuÜon 
(.~\", XII) lying on y\, it is a curve of o I'de1 , seven 1), which wW be 
indicn,ted by (P. It passes ihrougb the 12 nodes of (rp3) and the 3 
points (bk b/IIJ '- . 

As (f7 has six points in common with rp\ apart from Bk anel 0" 
t.he illvolut.ion Ja of tbe D. inscl'ibed in cp3 possesses si.?] coincidences. 
In tbe salne wa,)' it appeal's that the involutions P lying on ((3 and 
fhO possess jou/' coincielences each. 

The snpports of the eoillcidellces ellvelop a curve (cl) of class 
e~lJht; fOl' thl'Ollgh A pass in the th'st place the lines blc, eaeh bearing 
two coincidences, anel which consequently are bitangents of (ti) and 
fUl'ihel' tbe ta.ngent in A ai (13, which will touch (cl) in A, 

4. To the points X of a straight line 1 éOl'l'€spond the pairs of 
points X' and X" of a (~l1l've )., which has in common with I the 
iwo pn,irs of tbe (-"\3) lying on 1, bcsides the poinls of inlel'Section 
of 1 and 67 ; llence J. is a curve o(o/'(/e1' eleven. By paying altention 
to the intel'sections of I with the singnlal' curves a 3

, fJlc 5
, anel Yh~, 

we see that ;.11 passes thl'ee times thl'ough A, jive tim,es thl'ough B,c 
anel two times through Cl/" 
-"ï)This corresponds to this weil knOWll proposition: the locus of the points where 
a curve cp1/! of a pencil is touched by a curve CP! of a secolld pencil is a CUl ve 
of or del' 2(m-rn)-3. 
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On J.ll , X' and X" fOl"lvl n [Htil' of nn il1\'olntion; of tIle stl'algllt 
lines 'V = X' .x" 5ix pass tbl'ough A, TIll'ee of them are inclicated 
by the intel'sections X of land a 3 

; \ here X' lies ever}" time in A. 
The remaining thl'ee are the lines bk j fol' eacll of them contains n 
pnil' X', X" corresponding to the point X -= (lbl/ lIl )' 

The curve (x) 0 enveloped by .e is mtionnl, becallse we can associnte 
.'V to X; it has thet'efol'e ten bitllngents. As snch n bitangent bears 
two pairs X', X" anel Y', Y" it follows that the involution (X, Y) 
coutains ten pairs on l, anel consequent]}' is of the tenth class. 

5. Let a ~tmight [ine l be revolvecl ronnel a point E j the p~il's 

..'"'\', X" anel Y', Y" lying on it describe 1hen n curve é, which 
passes twice through B anc! is tOllcheel there by the stmig!tt lines 
EE' anc! EE". On EA lie two points X' nud Y', each fOl'lning with 
E a pair of the (X3); SO A is a nOlle of f6. Fot' the same reason 
1;6 !tas nndes in Bkj it also contains the points Clt. In conseqnence 
of the existence of 5 nodes, 1;6 is of class 20, so that E [i es on 16 of 
its tangents. Of these 8 contain each a coinciclence of tbe (.LP); the 
remaining 8 are repl'esenteel by jour bitan.c;ents, being straight lines 
8, on whicb both paii's belollginF; to (X 3

) have coincieleel. From this 
it eJlSlies tlutt tho lines s envelop a cUt've (8)4 of the fourth class. 
Apparently the straight Iines s, passÏt!g through A, are tangmlts to 
a3

• In the Sttme wa)' the fout· tangGIlts out of B'e to {h5 are the 
straight [ines s, whiclt may be dl'ê:twn through 13". 

Apart from the singulal' points 1;6 anc! d 7 have 16 poillts in 
comrnon; to them belollg' the 8 coincic!onces of ,vhiclt the supports 
cl pass thl'Ongh E. The remaining 8 must be points X', coincidillg 
with the corresponcling point X without d's pa,ssing thl'ough E; i.e. 
they belong to the locus Ei<' of th~ points X, whieh complete the pait·s 
Iying on 1;8 into gl'OUp3 of (X3). 

As E lies on thl'ee of the straight lines ,u = X'X" belonging to 
13,., JA is a triple lJoint of E~; ~:l.JIalogousl'y A and Ch me silllpie 
points of tlmt cnrve, so that the Iatter has 2 + 3 X 2 X 3 + 6 = 26 
intersections with 1;8 in the singulal' points. Besicles the 8 points of 
ó 7 inrlicateel above they have mOl'eo\'er the points E', Eli in comtnOJlj 
sa we conc1ucle th at 1:'1 must be a curve of the si,eth oJ'der. To tlte 
intet'section8 X of 1;6:1' anti I con'espond line8 [U, which pa85 thl'émgh 
Ei 1'1'om -tbis it ensues again that ,'I: envelops a ClU'\'e of the sixth 
ehtss, when X clescl'Îbes the stmigIJt line I. 

6. If E is laic! in Gil 1;6 is replacec! by the t1gUl'e composeel of 
the singnla.t' conic 11 2 anel a cune )'1\ which has a node in Cl> 
allel passes tl~rongh the points A, B,~, Ch. The two curves have apart 

J 
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fJ'om A and Bk two more points E', E" in common; (be lines 
1 

Cl E', Cl Eli touch Yl in Cl and are apparent]y the on]y possible 
lines s passing through Cl; hence Cl is a node on tbe curve (8)4' 

The curve li,~ 6 belonging to Cl is l'epresented by the figure com~ 
posed of y/ and a curve *Yl \ which has nodes in Bk. This ~lay 
be found independently of wbat is mentioned al)ove. The trans
fOl'mation rep]acing a point X by the corresponding points X', X", 
tl'ansfol'ms a straight lille 1 ülto a curve yll, consequent]y the curve 
y14 ilJto a figul'e of order 44. It consists of )'t 4 itself (for this curve 
beal's COl pairs .X, X'), twice "1

2
, the curves [(3, {ho 17/ and twice (he 

loens of X"; the latter is thel'efore of order fom. 
Tt' E is bl'ongh t in to the een tl'e 1111 of the P ]ying all Y /, li 6 passes 

into yl2 and a curve ~t/ with node 1111 , Of the Jatter _6 tangents 
pass through 1111 , whel'eas this point lies on 2 tangents of YI 2; fl'om 
th is it ensues ane'w th at the lines cl envelop a curve of the eighth 
cZass. As YI 2 apart fl'om A and Bk has with ~tl 4 fom points in 
comman, which must farm two pairs of the 1 2

, and 80 fdetermine 
two lines s, NI -toa is a node of the curve (8)4' 
, If E lies in .A, /;6 consists appal'ently of a 3

, and the thl'ee lines 
bk; whel'eas 1:,*6 is the figme composed of an [(3 and the three linea 
b1lm , Fol' E in '1' (;6 is l'eplacecl by the figllre formeel by a3 and a 
curve T

3
, <1,lso passing thl'ol1gh '1' and ha.ving with a3 besides t he 

foU!' points A, Bk two more pairs co]linear with '1'; consequently 
T is also a noele of (S)4' 

Fol' BIc e6 consists of (17/) and the lille Bkll; E)/ of {jk5 and BmBn. _. 

7. Pt1.ssing on to the considel'ation of tlle in voluti ve cOl'l'esponclenee 
(X, Y) we cause X to describe the st~'aight line I, and we try to 
find the locus of the COl'l'E'spolleling pOillts Y. On each line X' X" 
lies a second pair Y', Y'I; the cnrvei< (J- ~ and (!- a, which intersect 
in the points Y', Y" we shall assocÏ!1te to each other. In order to 
determine the characteristic nnmlJers of thif; correspondence, we 
considel' the involutions j3, wbicb are formed on a curve (p2 or cp3 
by grcups of (X .l). 

The si des of tlle l::.. de&cL'lbeel 111 a ({2 envelop a conic; among 
the 12 tangents, which (his curve has in common with the curve 
of in\'olution {X) ft belonging to j,l1 must be reckoned the two linea 
)C, X", fol' which X is one of the intel'sections of I and cp". The 
remaining 10 contain each a pt1.Îl· Y', Y"; consequently each p2 is 
in the said cOl'respondence associated to 10 curves (t}. 

The involution J3 on a g-s possesses a curve of involution of the 
third class; 1'01' Bl bears in tlle fh'st pbce the lil1e bl> ,~hich cont~ina 

I 
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, tben Ihe lines joining BI to the two points, detet'

mined by the rp2, which touches cp3 in BI' The intersections of l 
:1l1d V,3 procllre thr8e cotnll1on talIgents of (,1:)3 :1lld (,1,')0; there are 
consequently 15 straight lines, whiclt bear a pair Y', Y", so th at 
the said correspondence associates 15 curves (p2 io (p3. 

By means of this correspondence tbe points of H, straight line l' 

are arrangcn into a cOl'l'espomlence (30, 30). For io the rp2 pas&ing 
ihrough a point R of ]' cOl'l'espond the 30 inlersections RI of I' with 
the 10 curves rp3 assoeiated 10 '1,2; on tbe oiher IHLnd the (pa passing 
through RI procmes 30 points R, by me:1l1S of the corl'ésponding 
15 <p2. The intersections of the cOl'l'espondil1g curves forll1 therefol'e 
a figme of order 60; it consists, bowever, of two paris: tbe locus 
of tbe paÏt's YI, Y", wili('h lie on the tangents of tile (,v)a' and the 
locus of the poiuts y, 

The former mayalso be proellleed uy the peneli ((f!2) and tIle 
system of rays (,v)o' To each (p2, 111 virtne of the consielel'ation men
tioned above, a nl1muer of ten stn1.ight lines is associated, which are 
each coupled to olie (P 2 OJlIy; hence a (10, 12) aI'ises now on }', so 
thai thc pairs of points YI, }Til are lying on a figl1l'e ot' order 22, 

For tbe points Y we find therefol'e a figl1l'e of order 38; it is 
cornpospd ot' the tbree' lines bllm anel ,a curve of order 3.~. For to 
the intersection X of I anel B 1 B2 cOl'l'esponels a pair XI, X" on AB2 ; 

but this line bears 001 pairs yl;)T" and the cOl'l'esponeling points Y 
of BI B

2 
are all associated to X, Apart fl'om these th ree lines the 

line I is tl'ansforll1eel by llleans of tbe bimt ional cOJ'I'espondenee 
(X, Y) into a el1l've of ordel' 35, }> au. It cuts 1 in 10 pairs X, Y (~ 4) 
and in 15 coinridences _Y = y, Tbel'e is conseqnentl)" a cw've of 
coincidel1ces of order jifteen. The figl11'e of order 22 founel abo\'e 
consists of the three lines' bl. alld a curve ;.10, fol' to the conic (ba, b12 ) 

corresponds the tangent ba of (.u)o' 

8. We shall HOW eleter1l1ine the fundamental cw'ves whieh m'e 
associated to the funelamcntal poin,.ttl A, JA, Ch' The ('unes of invo
llltion (x) a belonging to {l15 and 6.· (§ 2) have 9 talIgents in common, 
there are consequently 9 lines, fol' ""hieh X lies in BI anel Yin B2' 
Tberefore the flludalliental curve of BI lias nonnple points in B 2 and 
BB' No óthel' point Y of the line B 2 Ba can cOl'l'esponel to a point. 
X '#lying in BI; the said cnrve is tberefol'e of ordef 18, It has a 
nonupie point in 13 too anel passes three tIlUes thl'Ollgh each of t11e 
poillts A and Ch; fol' thl'lJllgh 'T or iliJ, passes one line, bettl'ing H, 

pair XI, X" of I~l ij anel a pair ]71, Y " of (IJ Ol' /,J,'!; thl'ongh ",hiclt 

then BI = X cOl'l'esponds to a poi~1L Y lying in A Ol' n" 
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The fnndamental curve of A is nppnrently identical with the 
('111've I: r ~ (~ 5) belonging to t he poin t T; we shal! indicate it by aH. 

Ab (la !las /'wo pairs in rommon with Ta (§ (-i) iI is a node of (tG. 

Thnt U
O passes throngll the points Ch and has triple points in BI. 

ensues from tlle consideration of the lines Tflfh and of the tangents 
out of T to the (,v) 3 belonging to BIc' 

Tt appears analogonsly that the fun damen tal C1ll've of Cl bas 
triple points in Bk and a node in Cl; it passes tbrough A and the 
remall1ing points Ch and is of 01,de1' sitl.,. This cnrve is at the same 
time the Eu. 

0 belonging to MI' 
We c~n nuw prove once more that the birational correspondence 

is of orde/' 35. To the interseetion X of two lines 1, corresponds 
the point Y, which the two curVes J" apart from the fundamental 
points, have in common. As appeal's from what was mentioned 
above J, passes 18 times through Bk and 6 times through A and 
Ch ; fl'om 1 + 3 X 182 + 7 X 6 2 = 1225 = i{5 2 it appears now that 
J. is a C1ll've of order 35. 

Physics. - "On the 1nrllt1W)' in wldeh tlw suseeptibility of p((,)'a
nUlfJ1letie substances depends on the ·density." By Dr. W. H. 
KEmSOl\I Supplement W,36e to the Comnlllnications fl'om the 
Physical Labol'l1to1'Y at Leiden. Communicated by Prof. H. 
KA~mRLlN<:rlI ONNES. 

(Communicated in the meeling of April 24, 1914). 

§ 1. JntJ'oduètion. In Supp!. N°. 32a (Oct. '13) ~n expression was 
developed for t,he moleculal' 10UttOl',)' energy in a systelll of freel,)' 
rotatmg molecules as a function of the lemperature. This expression 
was inteoduècd into tbc theories of LANGIWIN and Wmss, on the sup
position lhat, when the equipal'tition laws are deviated fl'om, the 
statistIcs of the molecules under the aetion of an extel'Îor directing 
field, in this case a magnetic field, IS detprrnined by the mIlle UI of 
the rotatory energy iJl the same way as 1'01' e<)uipartition it is by 
kl'. It then appem:ed tbat dIfferent experilllcntal reslllts eau be 1'e
pl'esented vel',)' satisfactorily in tbat way I). 

1) The expressions developed in the above·mcntioned paper appeal' 10 be also 
suitable to glve ft quantilalive representation (as far as obsCl'vations are availahle) 
of the deClease of the tempel'alure of the CURIE·poinl by the addition of a dia· 
magnelic melal to a fel'l'omagnelic one, with which il forms mixed cl'ystals, on 
the supposilion that the diamagnelic melal exel'ls no olher influellce than that the 
l\1t1tllal aclion of the fel'l'omagnetic molecu1C's is lessened in consequence of the 

1 
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In th~ commnnication mcntioned nboye the systern of moleclllcs 

IllCt ease ot their d,stance, as t'egards lhe moleculal' field in pal'ltCulal' accol'tling 
lo the supposttion menlioned fUl thet on in tllis nole. In fig 1 the poinls ++ rep re-

if 

l .:~ 

+ 
I 

'1 .DO 
+ 

)JJ . + 

IJJ 

11J 

(liL -11 

J 02 1,0 

Fig. 1 

sent the temperature T" of lhe OURIIJ·point of alloys of nickcl anel copper as a 
function of Ihe mass·composition x of nickel accoreling lo W. GUERTLCn. anel G. 
TAlIJl\fANN, ZS anO! g. Chem 52 (1907), p. 25 [I be qllanlily 1: mll'oc111Cecl here is 
not to be confu'led ",iUt lh:ll of eqllation (4) I. Tbc rilt ve rept e~enls lhe results of 
lbe calculation. In lhis r stal'leel from equation (IG) of Suppl. N0. 32a, applie(l to 
the nickd molecules: 

_ Mn ?1{!{t 2 

Uw = --3 - Ca) 

The density of lhe different alloys of nickel anel copper was assumed to be equal, 
so that the elensity of lhe nicl.el in the aHoy may be put equal 10 0 = 0 x (lhe 

, " 1 

index 1 inelicales that the quanlily conqel'l1rel cOl'responds lo x = 1, lhat is in OUl' 

case to nickel'. FUL thet' LIlO roefftcient of lhe molecnlat· field, Nm, is nssumec1 not 
to depend on the composition. Tbis assumplion mvolves, til at the molecztlar fielel, 
the magnet'sation pet' unit of mass being kept conslnnt, is p1'opo1'tional to tl/IJ fitst 
pOWIJ1' of tlw density of the fer1'omagnetic component j l!tis l'elationship differs 
from the l'esult obtainerl by WEISS, C n. 157 (1913), p. 1405, with alloys of the 
two ferl'omagnetic metals nickel allli cobnlt from UlO I11nnner in whieh the con
slant of the molecnlat· field, del'ived Oll lhe nssumpLion of equipnrlition, depend" 
on lhe composition. 

Fnrther (jo has been pnt (cf § 5 of lhis paper pt'opol'lional to X2/3 : 
(ju = (jO,l ,l]J/3 • (b) 

Tbe equation which c1etermil1es the value of Tc which cnl'l'esponds lo n given 
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was a!ways IJ snpposed to be conbined in the same volume, and 
in tbc comparison with experimental data no account was taken of 
tbe influence w hiel! tbc I'e!atively sllutll changes of densit)' connected 
with the temperatl1re changes exel't on the parameter (Jo, which 
OCCIJl'S in the formulae of that eommllnication, and which [ wil! 
calI the clzamcteristic ze1'o-tem pel'atw'e. 

Sin ce then Ihe measnremellts bv PgRIm:u allel KA "\mllLlNGH ONNES 2) 
concerning the sllsceptibllity of liqnid mixlUl'es of oxygen anel nitro
gen have flll'11isheel VCl'y impol·tant 'data, whieh, whel~ considererl 
from the point of view taken in the paper quoted above, allow a 
conclusion as to the manner in w!lleh Ihe' chal'acleristic zel'o-tempn
ratnre () 0 t1epends on the rom posltion of those mixtures. If it is_ 
further assul1led with PEHHmR anel IÜ.J.\IlmU:l\GlI ONNES, that to a 
first appl'oximatioll tlle presence of tbe nitrogen moleN{les in these 
mixtures doe~' not exert a' direct inflllence on the statistica! distl'i
bution of the orientatlOl1S, uOr 011 the ll1agnetic mOlnent of the oxygen 
molecules, so that it is onl)' Ihe changes in clensity of the oxygen, 
which determine the changes in the sllsccptibility, then those mea
snrements fUl'l1ish at the SaIue time data. fol' a discussion of tllc 
guestion ho,y (Jo depellds on the density. 

We will in the fil'st place tl'eat tbe qllestion whethel' the l'esnlts 
of the me.aslll'ements by PJi,RHlER and KAm:RLINGII ONNES mentiOIled 
abo\'e can be represented with the ai cl of Lhe relat ions of Su ppl. 

valne of x, 111ay then be put into the form: 

UI C = UI cl 11//S 

1/10 UI !),l 
(0) 

LJ U"'l For nickel (T'l = G33, 00,1 = 2100, cf. SuppJ. N0. 32ct § 4) --= 1,30. FroHl 
?bI 0,1 

lt, c '1'" 
- lhe value of- can be delÏved, f.nel then with 0 0 from (b) the value of Tt:. 
?t10 0 0 

corresponcling to x can be found. 
A continuatian of tbe mvestigatlon of the magnelisation of alloys such as tbose 

menlioned above, pal'liculal'l~' foL' comp~siLions, for which the CURIE-point lies 
below 0° C., would !Je of great lllterest, on the one hand for putting the appli
calion of tbe quantum·theolj to a test (accoreling to this with such a110ys the 
different cases inàicated in ll'ig. 3 of Suppl. NI. 32b might be realised), on the 
olher hand for increasillg our knowledge of the molecular fif'ld [In the mean 
time L have l'eceived an article by P. WEISS, Ann. de physique (9) 1 (Feb!-. 1914) 
p. 134, in which is mentlOned, that, with a view to the invesligation of t!Je 
l110lecular Held, a series of measurements concerning alloys of nickel and coppel' 
has alt'eady been underlaken. (Ac\ded in correcting the proof of the Dutch edllion)J. 

I) \\'ith the exception of the note added in Leiden Comm.: note 2, p. 6. 

2) ALE. PmmIER aud H. KAM8RLTNGH ON.'i'ES. Comm. No. 139d lll'ebr. '14). 
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N°. 32n: 1). Tt is shown in § 2 tha,t the a,nswel' IS lil the afnl'malive, 
in § 3 the' same· appeal's to be the case tor the measurements con
cerning the susceptibility of liquid oxygell over H, wide]' range of 
temperatures. § 4 contains tbe coneInsion whieh fol1ows frol11 § § 2 
and 3. Finally in the following § § are trer.ted the conseqllences 
concel'ning the dependence of &0 on the density, which follow from 
the results of thoRe measurements 2). 

§ 2. Tlte susceptibility of the liquicl mixtw'es of otcygen and nitrogen 
and the application of the quantum-the01'y tv pl7J'amagnetism. As a 
preliminary to the que~tiOl) wheth~r the 'results of Ihe meaSUl'ements 
by PERRIER and KAi\mRLlNGH ONNES can be l'epl'esented with the aId 
of the relations of Sllppl. N°. 32a, in so far as these are applicable 
to pal'amaglletie' substances, the specific susceptibility of tbe oxygen 
in tbe mixtlll'es (Ta,ble I, Oomm. N°. 139dl was compared with the 
specific susceptibility for pure oxygen in the gaseous state at the 
same ternperature, which would follow fl'om the measurements by 
WEISS aIJd PlCOAIW if OURIE-LANGEVIN'S law l'emained valid down to 
that temperatllre (cf. table I, Comm. N°. 1 :39d). This value we will 
caIl the equipartition value Xeq 

011 the assllmption melltioned in § 1, that the presence of the" 
nitrogen molecules does not canse a change in the magnetic moment 
of the oxygen molecules, the (pal'amagnetic) specific snsceptibility of 
the oxygen in the mixture is determined by OOSTERHUIS'S relation : 

n(J,2 

'/, O2 111 lllixture = 31t
1 

(1) 

In this relation n represents the number of oxygen molecules 
in 1 gL'am of oxygen, Il is the magnetic moment of an oxygerî 
molecule, Ui the mean rotatory energy (about two axes .L to the 
magnetic one) of a molecule of oxygen in the mixt me at the tem
perature and density considered. According to LANGEVIN 

(2) 

Di vision gives 

1) For a detailed discussion of those me,lsurements on the basis of the assump
tion of a negative lllolecular fielLl, as weil as a consideration of the other cir
cumstallces which may have all influence, we l'efer to the paper by PERRIER alld 
KAMERLINGH ONNES quoled above. 

2) 'l'he principal results of lhis paper wet'e al ready inserLed in the lranslalioll 
of Comm. No. 139d; P. 915 noLe 2 

8 
Proceedings Royal Acad Amsterdam. Vol. XVII 
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- kT 
. . " ~ . . . (S) 

1f for UI wê assume the tempel'atul'e function, developed in Suppl. 
N°. 32a, and detel'mined by 

. . . . . (4) 

where 

3 
UlO =Skf)o , . . (5) 

lt 1 7' 
at each vaille of ,1: the l1111tually ('ol'responding values of - and -

lc 'L' f) ° 
T 

can be calculated. The value of - cOl'l'esponding to the value of 
(Jo 

1tl ikT given byequation (3) can then be found by gl'aphical inter
polation, aftel' whieh f) ° il11l11ediately follo\Vs. 

From tlle data of Table I Comm. N°. 139d by PER HIER and 
KAl\IERLINGH ONNES the following values of f)o were in that way 
obtained : 

TABLE I. I 

I 
I 

Values of 00 I 
I 

t=-202.23 t=-208.841 Mean 6(=1~f)0) {! It = - 195.65 

I 
I 0.7458 165 161 I 159 162 I 21.6 

II 0.4010 97.5 
QJ 

99.5 97.1 98.0 13.1 
.... I 
::::l III 0.2304 53.9 55.1 [61.0] 54.5 7.3 x 
~ IV 0.1380 25.0 21.3 23.6 23.3 3.1 

V 0.0801 7.55 10.6 9.1 1.2 

Fl'orn tlle fact, that tlle individnal valllès of f)o val'y il'l'egnlal'ly 
abolli tlle 111ean values, the C'onclusioll may be dl'aWll Ihat the obser-



- 121 -

'-

115 

vàtions ean be l'epl'e8ented with sufficient accumcy by the equatlol1s 
(1) and (4). Thls is confirmed by Table lT which gh'es the values of 
X calcnlated with the aid of (he mean valnes of (Jo given in 111ble 1. 
Table II also contains the deviatiol1s 0 C between observed and 
calculated values. 

TABLE Il. 

-
CaJculated specific susceptibilities of oxygen. 

Comparison ·with observed values. 

\ 

Q \ t = -195.651 (J - c \\ t~ - 292.23\ o-c \\ t= - 208.84\ O-C 

I 0.7458 1 296.2 - 1.7 313.9 +0.61 334.5 
I 

+2.0 

Cl) 
II 004010 336.2 - 0.2 361.2 -1.6 I 390.1 +0.5 

.... 
;::: 

III 0.2304 363.6 + 0.5 393.8 -0.8 429.2 [- 5.7] x 
:ê IV 0.1380 384.6 - 1.0 418.8 + 1.6 460.1 - 0.3 I 

V 0.0801 393.1 + 1.3 473.2 -1.2 
I 

Table II confil'ms the conclusioll that the obsel'vatiol1E> conceming 
the specific busceptibility of oxygen in the liqnid mü .. tul'es of nitrogen 
and oxygen can be represented within the degl'ee of accuracy of 
those observl1tions by substituting the expression ft, T 111 LANGEVIN'S 

~theol'y by an E'xpl'ession fol' the molecular rotatol'y enel'gy which is 
derived fl'om the quantum-theory with the assumption of 11 zero
poiJlt enel'gy 1). 

These obsel'vl1tions do not thel'efol'e fnrnish 11 decision between the 
l1SSUlllption jnst rnentioned and that, in which the expression kT in 
LANGEVIN'S theory is left unchanged, but the assumption of a negative 
molecular field is added, which was found by PERRum and KAl\IEJU,INGH 
ONNES (Comm. N°. 139d) to be in sufficient agreement with the 
observations. In the mean time it' must be rnentioned that on the 
nssurnption investigated ,in this paper the inclina.tion of the X-I, T
lines fol' the mixtmes with smal! density of the oxyg'en approaches 
10 the equipal'tition value fOl" oxygen, whieh foJlows fI.'om the measme-

1) Dl' OOSTERHUIS teUs me, that culeulations made In the way illdicated abo\e, 
but in whieh fol' Ur the expressiou is tal,en ",hieh was assumecl by him in Suppl. 
NI) 31, lead to the same leS uit ar. nole 2 iJ. \) 15, Comm. N0. 139d 

8* 
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inent by WETSS anel PICOARD, whel'eas, as was founel by PERRImt 
anel KAl\1l!1RLINGH ONNES, on the assllmption of a negative m.oleclliar 
field with ul1changed moleculal' rotatory energy a cOl'respondellce of 
the inclinahons can only be obtained by the aid of a new hypo
thesis (unless the differellce in inclination should be ascl'ibed to a 
systematic difference of experimental ol'igin). -

§ 3. Tlte susceptibility of ligztid o,vY/Jen and the application of 
the quantwn-theory fo paramagnètism,. The susceptibility of liquid 
oxygen being measured over a cOllsidel'ably larger temperatl1l'e rang'e 
(fl'om 65.°25 K. to 90.°1 K.: KAlIIERLtNGH ONlü'S and PEHRIEH, Comm. 
N°. 116; from 70,°2 K. to 90°.1 K.: KAMERLJNGH ONNES and OOSTERHUIS, 
Comm. N°. 132e), than was possibJe 1'01' tbe mixtures tl'eated in § 2, 
it is important to investigate whether the data \dlieh are available 
about liquid oxygen can be representeel also with the aiel of the 
relatiol1s (1) and (4), In table 111 tile corresponding data have been 
put togethel'. 

As PERRIl!]R and KAlImHINGH O~NES observe, acC'ount has to be 
taken of the change in clensity of liql1ld oxygen. Fol' the l'ednction 
of (Jo to the same clensity llse was made of the resnlt which will 
be èlel'ived in § 5 from the observations concerning' the above mix
tures consiclel'ed in connectiol1 with' those concel'ning oxygen, viz. 
that at these large densities IJ ° is p'roportional 'to (/I.!.' 

TABLE IIIa. , 

Specific susceptibiIity of Iiquid oxygen 

(KAMERLINGH ONNES and PERRIER). 

I 
Xca1c: 106 

T X.106 f)op Q f)O,p=1,23i . Q 2/3 O-C 
wIth f) ° == 232 . (-) 
I 1.235 

64.25 284.9 232.5 1.267 229 282.6 +2.3 

70.86 271.4 232.7 1.235 233 271. 7 - 0.3 

77.44 259.6 231.3 1.204 235 261.3 -1.7 

90.1 241.1 220.2 1.143 232 240.9 +0.2 

mean 232. 

The agreement between obsel'vation and calculation may be COTI
sidel'ed slJfficient. This cOl1clusion is supported by the obsel'vations 
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of KAMERllNGH ONNES and OOSTERHUIS : 

TABLE IIIb. 

Specific susceptibility of Iiquid oxygen 

(KAMERLINGH ONNES and OOSTERHUIS); 

T X .106 ( Q )2/3 XcaJc: 106 O--C 80 p =232 --
I 1.235 

1 1 
70.2 270.7 232.65 272 8 - 2.1 

79.1 258.1 227.4 258.8 - 0.7 

I 
90.1 241.1 

I 
220.2 241.0 + 0.1 

§ 4. Conclusion. Tbe data tl'eated in § § 2 and 3 lead 10 the 
following eonclusion: 

The susceptibility of oxygen in Jiquid mixtures of oxygen and 
nih'ogen as weIl a'3 that of liquid oxygen ean be l'epl'esented ,vithin 
the degree of accuracy of the observations with the aid of the 
applieation of the quantnm-lheory tQ paramagnetism as expressed 
by equations (1) and (4). 

The agreement between obsel'vation and caleuJation (particularJy 
if the susceptibility of liquid oxygen is also considered ovet' the 
whole l'êl,nge of temperatUl'es) is somewhat better witb the application 
of the quantum-theory than with the introduction of a negati\-e mole
cular field rr.lone: ineleed PERRum and KAlILERLINGH ONNES find it 
necessary for tlle mixtures of oxygen anel nitrogen also to change 
the value of the 'OURIE-Constant. Oalculations maele 1'01' liqlliel oxygen 
support this conclusiOIl. NevertheJess it is quite possible that 1'01' liquid 
oxygen a180 if a changed Ot'RIE-Constant is assumed just as goocl an 
agreement may be obtained by the introelnction of a negative 
molecular fielel. 

§ 5. De}Je7îdence of the c7trr.1'acte1'istic zero-temperat1.6I'e on the 
density. Table IV shows more pal'ticularly the 111a11ne1' in which (Jo 

depends on the density Q of the oxygen. 
From the last column the conclusion may be dra Wil that 1'01' tbe 

6. log (j ij 
higher densities f:::.' approaches to ~/B' Fot' those densities we 

log Q 
may therefore write as a limiting Jaw: 

(jo = ar/Is, . (6) 
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I 
TABLE IV. 

~ (jo 
l::,. lo.g (jo 

l::,.lo,~ 

-
0.0801 9.1 

1. 73 
0.1381 23.3 

1.66 
0.2304 54.5 

1.06 
0.4010 98.0 , 0.82 
0.7458 162 

0.71 
1.235 232 

I 
whel'e a is a constant (fol' a q.efinite sllbstance)' T/ds dependence 
vf 0 0 on t!te deflsity quite a.qJ'ees witlL t!tat, whieh in Su ppl. N°. 30a 
was dCl'ived f01' t!te molecldai' tJ'ClnslrttOi'y motions fl'om the hypo
theses a,ssumed thel'e, cf eql1ation (186) of that ll,"\'pel'. 

This result can be intel'preted as indicating, ihat the pl'opol'tionality 
factor in thè l'elaiion 

G -- u/iJ, 
(ef. Snppl. N°. 32a ~ 2), in whiel! c repl'esents tbe velocity of the 
"l'otat.ional waves" considel'ed in t tie paper mentioned, is indepenclent 
not only of the tem pera(lll'e but also of the cl ensity , as accol'ding 
to Sllppl. N°. 30rt equation (7) is the ease fol' the cOl'l'csponding 
"tl'anslational waves". 

In Fig. 2 the points indicated by small ('il'cles repl'esent the values 
of (jo derived fl'om the obser\'atiolls as a function of fl/ The curve 

ti - - - - giyes' rtf/Ia, whel'e Cl is 
0.(" ) / 
J 

15 I 

I iJ 

0 

o 
o 

=a ""[6 

,/ 
V 

/rV 

)f 
I 

(~J 
0,8 

Fig. 2. 

/ 
ehosen so as to obtain agree
ment. for the higher vaIues of 
(J. This agreement is in fact 
very good fol' ~ > 1, as results 
fl'om the fact tbM the two 
curves do not interseet here at 
a definite value of (i, but coin
cide over a certain range of 
densities. 

For values of ~ smalle!' than 
1,~. 1 a deviation begins to show 

itself; this deviation at first 
10wer vaIues of Q. incl'eases re~lllarly in pl'oceeding' to 
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Tt is natural to ascribe this agreement at higher, aud this deviation 
at lower dellsities to the following 1). At larger densities the rotations 
of the oxygen molecules are continualIy disturbed by rollisions, or 
at least interactions with the othel' oxygen moleeules, so that the 
periods of revolution of the oxygen molecules cannot play a part 
iH the determination of the ti>p,quellcies in the system which govel'n 
the clistribution of enel'gy. 

For those densities the ft'equencies are detel'minecl by the analysis 
according to JEANS of the molecular rotatory motions in the system 
into natural .:vibrations; the l'elations given in Sllppl. N°, 32a § 2 are 
then va,lid as appl>oximations. 

At small densities, howevel', at which every molecule perfOl'lllS 
in the mean [l certain numbel' of re\'olntions before its rotation is 
clistul'becl by the collision (interaction) with auothel' molerllle, it is 
the numbers of revolurions of the inclividnal molecules in the unit 
of time which govel'n the distdbution of enel'gy. These fl'elinenciès 
are then detel'minecl at the limit by EINSTEIN'S relation 2). 

I 

1t" = ! I (2.1Tllr 

and are independent of tI~e density. 
13eiween these two extremes a transition range lies. 
lf (fa!' '1' = 85) tbe nnmbel' of collisi'ons, which all oxygen molecule 

unclel'goes in j sec. at Q = 1 (thl'\ Illoleeular diameter ij = 3.10-8 

derived from the viscosity), is compal'ed with the numbeL' of revolntions 
per sec. (distance of the oxygen atollls being assnmeu = 0.7.10-8, 

clerivecl fl'om the moment of illertia cfl.lculated accol'ding to HOLlIl 3) 
from D. = 1, which vallIe was assumed according to Fig. 2 foL' 
oxygen in the gaseons state), one finds tllat in the mean tbe oxygen 
molecule makes 0.4 l'evolniion bet ween t\VO successive collisions. It 
is, howeve1', not nccessary to assnme that the nnmbel' of times that 
tbe rotatory lllotion is distl1l'bed in a second, coincides with the 
nnmber of times that tbis is the case with the translatol'Y motion. 
Some room is tlms left fol' an average numbel' ofrevolutions between 
two succestiive disturbances of the rotatory lllotion otl1e1' tban tbe 
numbel' jus!: mentiol1ecl. But if we assume that the order of magnitude 
will not be essentially different, the result of the calculation mentioned 
above is_ such as to be quite consistent with the theol'y developed 
above tbat at Q = 1 a tl'ansitional region begins in wbich the 

1) Cf. the Bote quoted p. 112 Bole 1. 

2) Rapports conseil Solvay 1911, p. 433. 

8) E. HOLM. Ann. d. Phys, (4) ,12 tH113', p. 1319. 'rite e used by HOLM 

corresponds to 6. in this paper, 
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frequendes of the individnal moleenles begin to 13Iay a paL't fol' the 
enel'gy distribution. 

This theo]'y involves that fol' smaller densities UI' is na longer 
detel'mined by the relations of SuppJ. N°. 32a, equatinns (4) and 
(5) of tb is paper. Notwitbstanding that, in consequence of tbe relative 
insensibility of the way in which U l, depends~on T for tbe special 
assnmptioll about t11e distribution of tbe fl'equencies (cf. Suppl. N°. 31 
§ 7 by OOSTERHUIS), a good agreement mfl.y 'still be obtained by 
those rehüions wit11 the obsel'vations considered in this paper, but 
then the vailles of (Jo, which give sneh an agreement, do not ha'-e 
the meaning ütid down by the theory in Su ppl. N°. 32a. 

l\iean while the part for the smaller densities (Q < 0:15) of the
Oo ,!?-clU've of Fig. 2 may ,be given a simpte meaning by sl1pposing 

15 
the Clll've fol' this region to represent - 6, if 6 is determined 

2 
by tbe fact that tlle Hr, T-cLU've on the side of' the high tempel'atnl'es 
approaches asymptotieally ta 

UI = Ic (T + 6). 

As according to the relations of Suppl. N°. 32a § 2 (cf. Suppl. 
15 

N°. 32b § 5) 00 = 2" b., the eurve has a1so this meaning fol' 

Q > 1. For a neal'er interpretation of the intel'mediate l'egion the 
theol'y wilt have to be fmthel' de,'eloped. 

On, the side of the smal! densities the cune in Fig. 2 has been 
extmpolated (indicnsted by dots) to ns pat't that tcrminates parallel 
'ta the (:-axis, in agreement with the theory given above, that at 
small densities the frequencies of l'otation al'e no longer dependent 
on the density. 

In this l'egion of densities tlle rotatol'Y enel'gy is detel'mined as in 
the sil11plified scheme of EINSTEIN anel STgRN OL' of OOSTERHUIS, in 
whieh to all the molecules the same veloeity of I'otation was asrl'ibed, 
or better in the moee elaborate theory of HOlM 1), in which the 

1) E. HOLM, Ann. d. Phys. (4) 42 (1913), p, 1311. This theory, in which in the 
system of rotating molecules aH frequencies occur, ::tnd 1'01' the distr:bution of the 
molecules accol'ding to the frequencies, in a way analogolls ta that which PLANCK 

in his recent theory followed for linent' o::lciltators, the pl:we in which the conditioll 
of a molecule rotaling about one axis is lepl'esenled by the values of its azimuth 
an4 moment of momentum, is &,ided into l'eg\ons of constant probability limiled 

kv, " f by enel'gy curves tt = n 2"' IS consistent w/th the resu:ts 0 BJERRUDr anel E. 

v. HAHR concerning the discontiuuous charactet' of absorption spectra in the 
illfra·reJ of gases of 1l0t too high dellsities, if il is assumed that the absOl'ptioll 

\ 



- 127 -

1/ 

121 

distribution of the velocities of l'otation over the molecules is taken 
into account. 

Resuming we may eoneInde, tbat the observations by PERRU\H and 
KAl\IERLINGH ONNES coneel'ning the snseeptibility of liquitl mixtlll'es 

- of oxygen and nitl'ogen, although they do not furnish all experimentum 
Cl'ucis between thc theoey of tbe negative molecular field and the 
applicatioll 01' the quantum-tbeory on paramagnetism, nevertheless 
fit without any 'constraint 1) into the whole scheme whieh can be 
built up on the basis of this applieation. 

~ 6. The results of the former ~ concel'uing the dependence of 
() 0 on the demdty lead to the following infel'ence l'egal'ding (he 
influence of the rotatory 111otion on the external pl'eSSlll'e. For those 
clensities at whieh UI' is dete1'min€'d by the equations (4) and (5), 
and at whieh f}o -- (lla, the energy ~t1 and a1so the entropy Sl 1'01' 

the rotatory motion are represellted by the same fllnctions (only 
with anothe1' value of 0

0
) as the corresponding quantities 1'01' the 

translatory motion in an ideal gas. 
In that case tlle rotatory 1llotion gives a eontribution to the external 

pre'lsure similar to that of the translatol'y motion. The ratio of th is 
contrilmtion, 1'01' one degree of freedom, to that whieh in an ideal 
gas is due to the translatol'y motion, approaches to 1 at incl'easing 
temperatllre 2). 

At smaIl densities, howevel', viz. in the region in w hieh f) 0 does 
not depend on Q, the l'otatory motion doos not give a contl'ibulion 
to the extel'nal pl'essme. This agrees with \vhat has always been 

of radiation energy supplied fl'om outside only OCCUI s whell the representative point 
has arrived at one ot the limiting curves mentioned ábovc (for instance in conse
quence of the probability of emission 011 reachillg ct II111itillg curve, cf. PLAKCK. 

Theorie der Wärmestl'alung, 2te Aufl., ~ 151, being changed by the presence of 
lhe radio tion from outsicle) The ouservaliolls by E. v. BAHR, Verh d. D. physik. 
Ges. 1913, p. 1150, concel'l1ing hydrochloric acid seem 10 be more f30 vym;c1ble to 
this view than to a distribution, in which, in the pl::me melllioned above, only the 

( + 1) hv .1' 1 . h' h' 1 . energy curves n '2 "2 are covereu Will pomls, W IC IS tIeaSSumptlOn 

alluded lo in the note quolecl p. 112, note 1. 

1) The -views advanceu in this § about the cOllllng inlo the foregrond of Lhe 
frequencies of rotation of lhe individual molecules are ll1 fact, as wiU appeal' again 
In § ti, a necessary complement for smal! densilies lo the theory of Suppl. N°. 32a. 

2) I fiuc! lhat A. WOHL, ZS. phYi:iik. Chem. 87 (1\)14.). p. 9, by quite diITerent 
considerations was also led to the suggestlOn thut at large densities the lllolecular 
rotalory lllolion may give a cOliLribution to lbe external pressure. (Note adcled in 
lhe lr allslation) . 
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dCt'ivcd fol' an ideal gas, e, g. from BOLTZi\iANN'S entt-opy principle, 
cf. Suppl. N°. 24a § 4, or f'rom the virial theorem. Oonversely it 
necessariJy foJlows from this, that in Fig'. 2 the &0' Q-curve at the 
small densities must change its clireetion to one para.llel to the Q-axis, 
as is elear]y indicated by tbe point !? = 0.08. 

In conclllsion we will return for a monlent to the assllmption 
rigidly adhered to in tbis paper, viz. that tbe pt'eRence of the nitl'ogen 
molecules does not exert any inflllence on the clistl'iblltion of the 
rotatory energy of tbe oxygen molecules. The folJowiug mechanism 
1yould be in accordance with tllÏ's supposition: the oxygen molecules 
behave at a (~ollision (at least -witlt the nitrogen mo]er,ules) as rigicl 
smooth spheeBs, they carry a (magnetic) doublet (or haye accol'cling 
to SuppL W. 32b § 7 a magnetic moment in conseqllence of a 
l'otation about an axis of small moment of inertia witl! zero-point 
enel'gy in the tempel'ature region consiclel'ed); the nitrogen Ïnolecules 
have a strllctlll'e sueh that they do not .exert a cli1'ective force on 
the oxygen molecules. The ouject of this suggestion is, howeve1', no 
othel' than to shO\v that the assnmption mentioned above is not an 
impossible one. 

Chemistry. - "7.'/w AllolrOjJ.1! of Cadmium. lIl". By Pl'of. ERNs'r 

CormN anel \rv. D. IbLDEHl\fAN, 

7.'lw elect1'oJJwtive beltaviow' of Ca dmiu 11/.. 

1. The dilatomell'ic measnrements made with cadmillm wlJich bad 
been clepositecl cleetl'Olylically, bad shown 1) that tlIis mnterial is a 
modi/kation wllich is not stabIe at room temperatul'e. This ('Ol'l'e
sponcls witb the t'esldt found by ERNST OormN anel E. GOLDSCHi\IID'r 2) 
in theil' iuvestigations on the electl'olysis of solutions of tin salts. 
When snch a sollltion is e!ecil'ol.rsed below 18° 0, there is not 
formed !J1'ey tin as migbt be expecteel, but tbe modificatioll which 
is metastab]e at this temperatlU'e is deposited. 

In the fol/owing pages wc give an abbl'eviatecl account on Ihe 
investigations we have cal'l'ieel out in ordel' to icleJlti(y the product 
which is formeel cll1l'ing lhe electl'olysis of solutions of cadmium salts. 

2. Some yem's ago HULWfT~) described "a low voltage standal'cl 
cell", repl'esented by the following scheme: 

1) These Proc. p. 54. 
2) Zeitschr. f. physik. Chemie 50, 225 (1905). 
3) Trans, Americ. Electrochem. Society 7, 353 (1905). 
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I 
Solution of cadmium sulplutte I Cd-amalgam 

Cd of twbitl'al'y concentration 12.50
/ 0 of Cel by weigh t 

The electromotive force of this! combination is 0.0505 Volt at. 
25°.0. The l'epl'oducibili.ty js a,bout 0.5 millivolt. T11e cadmium elec-

-tl'ode of tliis cell has to be electt'olytically deposited, as Th. vVo 
RICHARDS and LmVls 1) have pl'oved, that only this kind of electrocles 
give a uefinite poLential. ERNS'I' COHI!]N a,nd SINNIGI!] 2), who useel the~e 
cells in theil' piezocbelllical investigations also fouud that they are 
l'eprod uceable. 

3. Some poin ts in t he eonstl'llction of slleh cells w hich play an 
important 1'ole in tlJe experiments, to be described beIow, may be 
given here. (Fig. lA). 

+ 

Fig. 1. 

The glass part is a tbin walleel tube about 8-10 mmo iu dia
meter, closed at one end anel pl'ovided with a pJatinnm "vire; two 
Ol' thl'ee centimeters above the closecl end is a platillU1l1 spira!, with 

, its end fnsecl thl'Ollgl! tbe side of the tube (the wires are thoroughly 
cleaneel with aqua L'egia before filling the ceU). 

In filling, the spiml is pl'essed to one side anel S0111e 0.5 cc. of 
"t 2.5 pel'cent cadmil1111 amalgaru is bl'onght into the lower part and 
melted (cal'efnIJy avoid bl'inging the amaJgam in contact with the 

1) Zeitscht,. f. physik. Chemie 28, 1 (1890'). 
2) Zeitschr. f. physik. Chemie 67, 1 (1909) .. 



- 130 -

124 

pla.tinlllll spiral). The spiml is th en pl'essed down into a hOl'izonial 
position. The tube is now filled up with a so]ntion of cadmium 
sulphate of al'bitl'al'y concentration (the E. .NI. F. of tlle ceIl is in
dependent of the strength of the solution). 

In order to produce the cadmium electrode a current ,of 1 Ol' 2 
milliamp. (1 Ol' 2 milligrams Cel per hom) is~passeel from the arnal
gam to the platinum spi.ral. At least 18 milligrams must be depo
sited. The eeIl may then be sealed off. 

4. We &pecially eall attèntion to the foJlowing passage in HUJJETT'S 

paper: "The eleetl'omotive force of these cells is high wlten the 
cadmium is freshIy depositeel, and the Iength of time l'equü'ed to 
l'eaeh the normal value seems to depenel on the thicl~ness of the 
dcposit. Air fJ.'ee eelIs anel those saturateel with Cd(OH)~l"behave like 
tlJe others i.md I haye as yet no expJanation of tlle high E. M. F. 
of newly ronstl'uctecl coUs." Om taNe I shows this clecl'ease of 
pntential of newly constl'lletecl ceUs. Ir amounts to about 1 millivolt. 

.... 
Cl) 

(ij ;:::: 
ct! <) i:::: 

'ö ;>, 0 - .-Cl) .... 

.... ..... ct! 
Cl) .;:1 a 
.0 '0 .... 

a Cl) 0 

=' a "'" 
z .§ 

After I 

day 

TABLE I. 

Temperature 25°.0. 

E. M. F. in Volts. 

Af ter 2 Af ter 3 Af ter 4 

days days days 

--

Af ter 5 

days 

a. 0.051561 0.05105 0.05084 0.05078 0.05070 I 0.05065 
~ 

b. 0.05143 f 0.05099 0.05082 0.05076 0.05068 0.05067 

c. 0.05154 0.05103 0.05084 0.05076 0.05070 0.05067 

d. 0.05151 0.05099 1 0.05082 0.05076 0.05070 0.05067 

e. I 0.05162 0.05113 0.05090 0.05084 0.05074 0.05070 

Af ter 7 Af ter 8 

days days 

0.05052 0.05052 

0.05054 0.05056 

0.05056 0.05058 

0.05056 0.05056 

0.05058 0.05058 

5. These eletel'minations and those to be descl'lued beJow vvel'e carried 
out by the POGGENDOHE'l!' cOl1lpensation method. The resistances used 
had been cllecked by the Phy&Hmlisch-Technische Reichsanstalt at 
Oharlottenbul'g-Berlin. The same waD the cilse wiLh tlle thermometers 
aseel. OUI' LWO standill'delemems (WFS'l'ON) were put into a thermostat 
wInch WilS kept ilt 25°.0. We useel as il zero instrument a DESPRBZ

D' ARsoNvAL galvanometer. Il was mounteel on a vibration free sus-
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pension (JULIUS). The readiugs were made hy meMs ot' à telescopè 
and scale; 0.02 millivolt could easily be measured. 

6. As it was very important for us to get l'id of this variation 
of E. M. F. we tried to find its cause. '"IV e thonght it might be fOlll1d 

in the electromotive beha\'Ïolll' orthe cadmium amalgams, which has 
been stndieu particularly by H. O. BIJL 1). ,/ 

Fjg. 2 contains his l'esuJts as far as they play a ro1e in our in
vestigations. The curves repl'esent the E. 1\1. F. (orclillates) of ceUs 
which are constructed accordmg ta Ihe following scheme: 
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, 

V/ V/ / 
1/ V/ V 

/ /, V 
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!O!;P 

I V/ V 
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~I/ 
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I 

J 

'OIQ 

loPp 

!UP 
10 2.0 .10 '10 50 60 ro 

Od-mnalgam 
x-at. Proc. 

At. % of cadmium. 
Fig. 2. 

80111ti0J1 of cadmium sul
pha1e (765.4 gr. Od 80 4 

s /a H20 pel' LitL'e) 

----
:. V 

J---JI" 
V 

~ 
J---

dO $(J 

Hg~ 80 4 - Hg 

TlJe absci&sae rejwesent\ aJom per ceLHS of cadlllium. 

1) Zeitschr. f. physik. Chemie 41, 641 (1902). 
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- From the drawing it can ue seen that the E.M.F. or these ceils 
at 25 0 .0 is independellt of the concentration of the 31nalgam wben 
its conrentl'ation lieR between 9.0 and 24.4 at.percents (i. e. 5.9 and 
15.4 pel'cent by welght). As soon as the concelltl'ation decl'eases uelow 
5.9°/0 by weight (when we pas& fl'0l11 the heterogeneous amalgams 
to the homogeneous, (c.f. BIJL'S paper Fig. 3r the E.M.F. varies with 
the tl,mOlUlt of cadmium present in the amalgam, the potential against 
pure cadmium incJ'easing with dec1'ease in the percentage of cadmium. 

7. In the light of these facts the high E.M.F. of fl'eshly constrncted 
ceUs becomes intelligible. 

During electl'olysi& the cadmium which is deposited on the spiral 
is withdrawn fl'om the uppel' layer of the 1~.5°/0 (Ol" stronger) amal
gam, which was originally a two pha&e system. 1t is thus possible 
fol' this layer to becol1le a monophase system and if this is the case 
the E.;'\LF. will incl'ease when electrolysia is continued. Af ter the 
fOl'll1ation of the reIl its E.~1.F. \ViII then be too high. In the long 
run cadmiulll wil! diffuse to the uppel' layel': tliis becomes again a 
t\Vophase. system alld the E.l\1.F. will decrease <tBd finally becomes 
constant. 

8. In order to check this suppOSItlOn we cat'ried out the following 
experiment: We put. two platinum spi mIs into the H-shaped tube B 
(Fig. 1). Into the right-side tnbe we put some 1 010 (by weight) cad
mium amalgam (99 parts by weight of mercllI'Y, 1 part of cadmium). 
This mnalgmll is a fluid monophase system at ol'dinal'y temperatlll'e. 
·VVe filled tbe tubes with a dilute solution of cadmium sulphate (half 
satm'ated at 150 C.). Aftel' this the reU was formed in the way 
descl'ibed abo' e. (1 milliampère). 

Aftel' 11<wing deposited 20 or 2.5 milligrams of cadmium on tbe 
left-hand spil'al, t11e capillal'y tube on the rig'ht was bl'ought inio 
eOllnection witll a watel'pulllp in ordel' to. remove tile alllalgam. A 
l1l1lnber of smaU pieces of the 12.5°/0 amalgatl1 wel'e.1hen substituted 
fol' this. 

These cells give at onre all E.M.F. of 0.0503 VoH when they are 
put in ro a thel'mostat at 250 .0 C. It is evident that om' assumption 
made above (§ 7) is correct. 

}l. All the cells we investigated have been pl'oducecl in the way 
described ; it is 1l0W possiblc to measure thoü' E.l\II.F. rit once wilh~ 
Ollt wailillg fOl' 8 to 1"'= days befol'e theil' becoming constant. 

10. Om' dilatomctl'ic measUl'ements with cadlllium whirh had been 
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electl'olytically deposited gave the l'eSl11t that this matedal on1.)' undell~ 
goes transformation at temperatm'es bf'lo'iv 100°, if it has been in 
contact at 50° (100°) with a solution of cadmium slliphate. 

The probable and 0 bvious concl nsion is that by electl'olysis we 
get exclusively 'i'-cadmium, the 1110eli1ication which is stabie at high 
temperatures. If this were -tlle case, the y-cadmium would be trans
formed into [:l-cadmium at 100°, into a-cadmium at 50° in contact 
with the solution of the sulphate. 

If now the y-modification is really generated by electrolysis, 
(analogoLls to what happens with solutions of tin salts) the HULl~TT 
cells which have been measul'ed Illltil now would contain this 
material as the negati"e electrode. 

If this modification happened to be transformed into the moditi
cation which is stabie at ordinar.)' temperatures and pl'eSSUreA (1 atm.), 
this would manifest itbelf by a cleaease in the E.lVl.F. 

On the Olle hand we are working in this case undel' extraordi
naril)' fayourable cil'clllllstances fol' stabilisation (change into the 
a-moditication) as the lllaterial fm'meel elecrrolytically itl in a yery 
fine state of divitlion and sllI'l'ounded by an electrolyte, while the 
quantity which has 10 undel'go transforlllation is so very small 
(20 Ol' 30 milligl'alllS), that the transformation, if it occnrs, will be 
finished in a short spacE' of time. 

On tbe other hane!, and this is to be bomo in mine! in reseat'ches 
of this kine!, the possibility exists that t11e transfOrl11atioll which has 
to take place spo71taneously, ma,)' be suspencled, if the meta,l depo
bited b,)' electl'olysis fOl'llls onl,)' one single modification, as (he genns 
needed for transformation tue thon absent. 

11. That tbe stabilisation generally does not occur is shown by 
om' dilatometric observations as weil as by many other facts i. e. by 
the expel'Îments of W. JAEGER/) EHNS'r COTIEN/) BI.ILa) and HULET'l'/) 

who nll fOlll1d the s~ll1e E.M.F. (50 millh'oJt at 25° 0.) fol' eells 
which were' eonstructed accol'cling to the scheme: 

Od Solution of 
e~ectl'olytically cadmium 

depositee! snlphate 

How obstinately the transformntioJl 

I) Wied. Ann. 65, 106 (1898). 
2) Zeitschr. f. physik. Chemie 34, 612 (1900). 
S) Zeitschr. f. physik. Chemie 41, 641 (1902). 

mar 

i) Trans. Amer. Eleclrochem. Soc. 7, 333 (1905). 

Ud-alIlalgam 
12,5 per cent 
by weight. 

be delayee! might nleo 
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be inferred tt'om HULETT'S 1) words: "many of these eells aJ'e still 
in good order aftel' fi\'e yem·s." 

Tlns wonld be in perfect accordance with our o\",n experlences: 
Cr,ARK-cells which con tam ZnSO 4 • 6 H20 as sohd depolariseJ' presel'
ved their E.l\I.F. fol' five years notwühstanding their having been 
standmg at room temperature, I. e. 25 degl'ees below the tmnsttion 
pomt of ZIlS0 4 • 6 H 20. As III the case of HOLI,E'l"S ceUs they had 
been sealed up aftel' formatlOn. 

12. On account of these observations it migbt be expected that 
even under circumstances favourable to a tmnsformation (stabilisa,tion) 
of tbe negative electrode onl}~ a certain nnmber of HUI,E'I"l' cens 
would show tbe transformation. 

On Decembel' l1 th 1913 we pl'epared three H.O. (N°. 1, 2 and5) 
in the way descl'ibed above (§ 3) at l'oom tempemtme (30 mgr. Cd on 
the spirals). We tben substituted a 125 percent cadmiumamalgam 
for lhe J percent. The E M.F was now 0.0;)03 Volt. Aftel' stnndillg 
fol' two months at room temperatnre the ceJls \Vere measlll'ed agaill 
011 February 26th 1914. Tbe E M.F. oJ:' 1, 2 Imd 5 had decreased to 
00475 Volt at 25°.0 U. and tbis value remained unchanged. As 
mlght luwe been expected the E.l\1.F. had decl'erl'3ed by stabilisn.tion 
of the cadmium. 

13. We prepnl'ed two new cells (nos. B alld 7) 111 the same WaY 
as 1, 2, anel 5. lmmedmtely aftel' the pl'epal'ation theil' E.M F. were 
0.04847 and 004795 Volt respcctive]y Same ditys later these values 
became constant: 0.04788 and 0.04778 Volt. Stabilisation had begun 
al ready dl1ring electrolysis. 

14. In order to determine wheth€'l' H-cadmIUm is formed dl1l'ing 
electrolysis if, lhis modification is present on the spirals before electl'o
lysis begins, we sllUnted the cells 6 and 7 in a CUl'l'ent of 1 milli
ampère. In this way we deposited upon the a-cadmium whicb was 
present, a fi'esh quantity of 30 mgr. 

Aftel' fOl'mation we put a fi'esh (12.5 percent) amalgam into the 
eeU, while a fresh solution of cadmium sulphate waf:. also intl'oduced. 

8nbsequent to this treatment the E.M.F. at 25°.0 C. v,'as again 
0.05026 Volt which pl'oves (hat y-cadmllun had been f'ormed on lhe 
old layer of a-cadmium. 

15. On fontinuÏ11g OUI' expel'Îlnents we found that on one occasion 

1) Tl ans. Amel. Elecll'ochem Soc. 15, 435 (1909). 
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eells of 0.047 Volt E.M.F, on another, eells of 0.050 Volt E.MF. 
we re obtained. 

As our dilatometl'ic meaSUl'ements had shown that stabilisation 
OCéU1'S with great velocity at 500

, we pl'epared cells (0 and 0) at 
47°.9. The dilute amalgam was thon taken out and an 8.5 percent 
(by wëight) amalgam was put in, while 11 f'l'esh solution of cadmium 
sulphate was I1sed. We substitnted an 8.5 pel' cent amalgam for a 12.5 
percent as our intention was to measure these ceUs also at 0° 0.; 
At thit:i temperature the 12.5 percent amalgam is a Iuonophase system 
and such a system must not be used. 

In this way we found at 25°.0 O. 

OeIl 0: 0.04745 Volt. 

OeIl 0: 0.05022 ., 

The cadmium in cell 0 had thus been stabilised at 47°.9. 

1.6. In order t6 eheck the results found up to this point we also 
determined the E. M. F. of onr stable and metastable cells at 0° O. 
If the diifel'ences in E. M. F. at 25°.0 bet ween the different. cells 
were really to be ascribed to the pl'esence of a-cadmium (cell 0) and 
y-cagmium (ceIl 0) the difference which was at 25°.0 O. 2.8 millivolt 
ought to increase at 0° O. as we are at that tempeI'ature at a gl'eatel' 
distance from the metastable tl'ansitioll point a-cadmium ~ y-cadmium. 

The measurements at 0° C. gave the following l'esults: 

ceIl 0: 0.05225 Volt. 

cell 0: 0.05626 " 

While the diffel'ence was 2.8 millivolt. at 25°.0 O. it has increased 
as might be expected tOl 4.0 millivolt at, 0° O. 

17. SE> v eral phenomena which are described by HUIJETT, but which 
are obscure until now may find an explanation in the light of om' 
expel'iments. HULETT sayE>:" A numuel' of cells were made with addition 
of Cd (OH)2 thinking this might make a more uniform cadmium 
deposit; a]80 the air was com pletely l'emoved from thl'ee befol'e 
sealing, and in others the aÏl' was l'emoved and tlJe ceU satllrated 
with nitrogen and with hydrogen. All of these gave very variable 
results, buf in each case only 10 milligrams of cadmium had been 
deposited on the Rpil'aJ, ~nd 1 have lately leal'lled this iR too little 
cadmium, since some ceUs pl'epal'ed as above descl'ibed, exC'epting thai 
only 10 rug., of cadminm was deposited on

l 

each spimi, showed the 
same irl'egulariLies and tendency to constantly decreasing electromoti ve 
force. These cells were,l'ecently all dlSchal'ged and tben revel'sing 

9 
Proceedings Royal Acad. Amsterdam. Vol. XVII. 
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the Cllrl'ent about 26 mg. of cadmium was d~posited on each platinum 
spimI, ,and' Ihey seem to be all C'oming logethel' nicely anel to the 
vnlue indieated by the old cells". 

18. OUl' observations agree perfectly with those of HVLE'l'T but 
'we have 10 add the f()llowing l'eslrictions: ~A numbel' of our ceUs 
in which onl." 10 mgl's. of cadmillll1 wel'e deposited indicateel imme
(liately aftel' fOl'mation nn E. M. F, of 0.0502 VoJt at 25°.0 which 
decreased during 2 days. Tben it beC'nme constant: 0.047 Volt. 
Tmnsfol'mation into a-cadmium had consequently occUl'red; the fnet 
that only a small qnnntity of cnelmium is present causes the E. 1\1. F. 
t 0 18nc11 "er)' 80011 its definite lowest value. Tbe phenomenon obsel'
veel by HULlwr is therefol'e the quiC'k sta.bilisation of y-cadmium~--

19. Prof. HULI~TT has been kind enough to commuuicate to us 
the following facts: "Twelve C'eIls which had been sealed aftel' 
'fol'mation l'emaineCl nnchanged fl'om lVJal'ch 18th 1905 to lVJay 7th 19J4, 
i. e. dlll'ing 9 years. Their E.M. F. bas been during all this time 
0,0505 Volt. The quantity of cadminm on the spirals val'ies betweerr 
3.1 l:1nd 13.7 mgl's. of cadmium". 

20. The decrease of E. lVJ. F. which had been obsel'ved with ceUs 
\vhich contain only 10 mgl's. of cadmium is consequently not to be 
ascl'ibed to tbe minute quantity of, metall) deposited Qn the spirals; 
tllis quantity is mnch Iess in the C'ells which have been constant 
dming 9 years. The l'eason of tbe decrease in E. 1\'1. F. of: those cells 
is the transfol'mation of y-cadmillm into a-Cl:1dminm. 

21. In order to chec'l>:: this conèll1sion we prepared a I1llmber of 
ceUs (at room temperatl1l~e) wbieh only contained 5 mgrs. of cadmium 
on the spirals. Some of these l'emained metastable (0.050 Volt) while 
othe1's were transformed into the stable form (0.047 Volt) alter some days. 

22. Although the discussion of a munber of questions must be 
delayed until a subsequent paper, we will mention bere the behaYiour 
of cadmium which has not been formeel by elect1'olysis. 

In 0111' second paper we stnted tlmt a piece of cadmium chosen 
'a,t random which had been producecl from the molten metal contains 
thl'ee modificalion'l: a, fl and y-caclmium .• If suclt is the case, it might 

1) OBERBECK found [Wied. Ann. 31, 337 l188711 that a layer of metal A of 
2 X lO-h mmo sllffices to give to a mctal on which it has been deposited the 
potentialof A. As the sUl'face of the &pirals in the H. C. was 0.28 cm 2 the layel' 
of cadmium cleposited is much thicker. 
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be expected that the potentialof snch a matel'ial against cadmium 
which has been formed -by eleckolysis should be zero. In order to 
test this conclusion we caI'ried out the following experiment : We 
prèpared a cel'tain quantity of electrolytic cadmium (Prep. A) (Comp. 
our seconel paper ~ 8) anel determined (at 40°) the potential diffe
rence between this material in a solution of cadmium sulphate which 
was half-saturated at 15° C. and: 

1. Cadmium, which we received from KAHLBAU:M (molten) in a 
fillely divided state (Prep. B). 

2. Oadmium which we had used in out' dilatometric rueasurements; 
in this material the presence of ,-cadmium was pl'esumed. (Prep. C). 

F Making use of the sm~1l apparatus shown 

Fig.3. 

P in .Fig. 3 we fiTst determined the potential 
difference between two samples of the same 
material, sl1bsequently that between samples 
of different prepal'ations. In this way we found: 

E E. M. K. of A against A = 0.000037 Volt. 

"B " B = 0.000018 Volt. 

"C " C = 0.00000 Volt. 
E. M. K. "A ., B = 0.000037 Volt. 

" A " 
C = 0.000037 Volt. 

Fl'om these measmements we see that "1-

cadmium is really pl'ebent in our preparations, 
as the dilatometel' had óbown. 

Utl'echt, May 1914. VAN 'T HOFF-Labomtol'Y. 

(July 3, 1914). 
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Mathematics. - "A triple invol'lttion of the third class." By 
Professor JAN DE VRIES. 

(Communicated in tbe meeting of May 30, 1914). 

1. I consicler the pl'ojeetive nets of conies repl'esented by 
).a;2 + )/ax'2 + )./I~X"2 = 0 and ),bX2 + ),'OX'2 +.),' bX"2 = 0 (1) 

The points of interseetion of' eorresponcling conies form a qmtdl'uple 
involntion 1). . • 

On the straight )jne yz, whieh we may represent by Xk = ~Yk + 
+ OZk, tlle two, nets cletermine the pairs of points, indicateü by 

:2). (~2ay2+2Ql1agaz+a2az2) = 0 anel :2). (Q2bi+2Ql1bybz+a2bz2) = O. 
3 3 

These equations procluce the same pair of' points, as soon as the 
relations 

:2 ).ay2 = 't :2 ).by 
2

, 

3 3 
:2 layaz = 1:' :2 Àbyb::" 

3 I 3 
:2'.al = 1:':2 Àbz2

• 

3 :l 

are satisfieel. 
Ey eIimination of' )., 1.', À" we find from th is system the relatión 

I ai-t:by\ a.lja:;-Tbybz, az
2

- Tbl] = 0 . (2) 

1) This involution is an intel'section of the Iinear congruence of elliptic twisted 
quartics, which I have cQnsidered in my communication in vol. XIV, p. 1127 of 
these Proceedings. 
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from which it appel1rs that YZ contains three páil's of the invoilltion ; 
the latter is consequently of the t/tirel alass, 

2, We shaJl now suppose that the two nets have a common base 
- point A; Ibey pJ'odllce then a triple involution of the th'i}'d ClflS.']. We 

choose fhe base point A fol' vei-tex 0 3 of a tt-iangle ofco-ol'dinates, 
Thl'ough 03 pass cel conics of' the first net, whieh are touched 

theL'e by tbe cOl'l'esponding conies, For we have the con~itions 

SJ.a13 = 'l'::S J.b 13 aIJd ::SÀan = 'l'::S b~3' 
! 

3 3 3 3 

, (3) 

Now we find from (1) 

I 
a,c'2 ax"2 I ). = b

X
'2 b.c"2 etc. 

If we snbstitute these 'formulae 1., i.', ).." in (3), an equation of the 
eighth ordel' will m'lse, The locus of the pairs X', X" -of' the triple 
invoilltion (X 3

) associated to Oa' =·A is therefol'e a curve of the 
e~qhth order" which we shall indicate by aS; A is a singulal' point 
of order eigltt, 

By (3) two projective systems with i.ndex two m'e sepal'ated from 
the two nets, which systerns pl'oduce tlie CUl've aS, Their illtel'SeC
tions with the arbitral'y stl'aight line 1', are the eoincidences of' the 
(4,4), which the two systems detel'mine on 1'. If l' is laid thl'ough 
A, the free points of intersection are COI\ll~cteri by a (2,2); one of 
the 4 coincidelJces of thi., cOl'l'espondence lies in A, beeause two 
homologous conics touch eaeh other and l' in A. Rence it appeal's 
th at the singula1' czwve aa bas a quintuple puint in A. This COl'l'e
sponds to the faet that (X 3) must be of the third class; the three 
pairs on a straight line l' laid through A are formed by A with the 
thl'ee points in which l' is moreovel' cut by aS. The line ,'1:= X' X" 
envelops a curve of the fiftll class; fol' of the system (x) only the 
lines w~ich touch aS in A pass through A. 

3. A is not the only sing111al' point of (.xa). The homologolIs 
cOllics intel'secting in a point Y are delel'mined by 

:E),a/ = 0 anel :Elbi = 0 • 
3 3 

If these eql1a.tions are depel~dent, Y becomeg a singulHl' point. 
10* 
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Through Y pass tben two pl'ojective pencils of conics, which deter
mine a quartic repl'esented by 

lal a.i bx' 1=0, (4) 

or also by 

I b/ bx2 ax~ 1=0. (4*) 

The singular points are determined by the l'elations 

11 ay: 
ay'2 ay"~ 11_ 

(5) b '2 b"~ - 0 . 
hy y y 

Now the curves alj2 b/'2 = ay"2 bi and a/ bt = ay'2 b/ have apart 
fl'om tbe point 0 3 (whieb is node on both) 12 points in common. 
To them belong the three points, which a/ = 0 and bi _ 0 have 
in common apart fl'om 0 8 ; they do not lie, however, on the curve 
ay'2 by"2 = ay"2 b/. There are thel'efol'e, besides the singular point A, 
nine more singuZa1' points B,...k; the pait's of points, Vi' hieh form with 
Bk groups of the illvolution (X 2

) he on a curve 11,,\ so that Bk is 
asingulal' '{Jomt of o1'der fOtt1'. 

The sillgnlar curve fJk 4 is prodllced by two projective pencils with 
commOIl base points A anel BTc, it has tbel'efol'e nodes in these two 
points. From (4) and (5) it appeal'i:l that this curve also passes thlOllgh 
the l'emailllng sillgulal' points. The straIght Iines a:, wluch cOlltain 
the pairs X',X" Jymg on {1,,\ envelop aconic. 

As fJTc 4 passes thl'Ollgh A tWlCe, tbeJ'e are in (X 3
) two gl'OUpS in ' 

which the pair A,BTc OCCl1l'S; so Bk belongs twice to aS. This singlllal' 
curve has therefol'e besides its quintupZe point A, nine more nocles 
BTc, is conseqllently of genus two anel of cbss 18. 

On each ot' the 8 tangents of aS, passmg thl'ough A, two pairs 
of the (X2) coincide; from this it ensues th at tbe straight lmes s 
on whieh two pairs have coincided, envelop a curve of class eigltt, 
which we inelicate by (S)8' 

4. We can now detel'mine the order tIJ of the locus À of the 
pairs of points X', X", which form groups of the (X 3

) with the 
points X of a straight lille Z. As aS conta,ms eight pomts of l, )., 
passes eight times thl'Ollgh A; analogously it has qlladrllple points 
in BTc. The :IJ points of interseetlOn of ;.. wIth an other straight line 
l* are vertices of triangles of invollltion, of whicb a secOlld vertex 
lies on l, so th at the thirc1 vertex mnst be a common point of À 

arid ;''''. As these CllJ'ves, besides in two vertices of the triangle 
determined by the point lli and the .1J points mentioned, ean only 
intersect moreovel' in the singular points, we have tor the deter-
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mination of ai, the relation (I)~ == x + 2 + 8~ + 9 X 42

; hencè .1):::::=13. 
The transformntion (X, .LY'), which replaceb each point by the two 

points, whieh (X3) associates to it, tl'ansforms therefore a straight 
line into a CU1've of 01'der .ft/teen with an ,octuple point anc! nine 
quacl1'uple points. 

As 1 contains thl'ee paus X,X', which supply six intersections 
with ),15, the curve of coincidences d' is of order nine. A ppärently 
d 9 has a quintuple point in A and nodes in B7c. 

With a 8
, d9 bas 5 X 6 + 9 X 4 = 66 intel'sections in A and Bki 

the remaming siv are coincidences of the involutlOn of pairs lying 
on ((8. Analogously we find that I2 has four coincidences on {Jk 1. 

The supports cl of the coincidences envelop a curve of the lenth 
class (cl) \0 , whieh has a quintuple point in A. 

5. The locus of the pairs X', X", which are collinear with a 
point E, is a curve E

8
, passing twice thl'ougb E where it is touched 

by the lines to the points E' and Eli, which form a triangle of 
invoJution with E. Tt is clear that E8 will pass three times tlJI'ough 
A and twice through each point B; it is consequently of class 30. 

To the 26 tangents of ES, passing thl'Ollgh E, belong 10 lines cl; 
the l'emaming Olles are J'eprcsented by 8 bitangents, which are 
straight lines s. 

If E is brought in .A, then E8 passes into a8
• For a point ~k E8 

consists of 1'J7c4 and a curve fk4
, whiclJ passes thl'ongh A and thc 

pomls llt and h:1'l a node in Bk, The two cnrves have 14 inter
sectiom, in the singnlal' points; the remainmg two at'e pomls E' and 
B", belongmg 10 E = Bk, The 6 tangents passing thl'ongh Bk 
at FTc are supports of coincidences, the curve (d)w has Bk for 
node. 

The curve 8 8 bas with d 9 51 intersections in A ancl Bk; of the 
l'em:1Ïning conUUOl1 points 10 he ill thc coillcidenres mentioned above, 
of which tbe supporls cl pass thl'ough E. Gonseqnently there lic on 
E8 11 coincidenres X = X', of which the Fupports do not pass 
thl'ough E, whel'cas ~Y' and .x" are collinear with E. These 11 
points belong to the curve E"" wllirh cOlltains Ihe points .Lr, fOI: 
which the line IV = X' X" passes through E. The cur, es E8 and E. 

also have the points E' and Eli in common, forming a triangle of 
1l1volution \Vith E. As E is collineal' with 5 pairs of the }2 Iying 
on a 8 and with 2 pairs of the 1 2 lying on Bh "'I passes five times 
through A and twice through Bk. Conseqnently E8 and El/<- have in 
all 3 X 5 + 9 X 2 + 13 = 64 points in ('ommon; the locus of' X 
is therefore a curve E ~ 8 • 
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As lt is eol1ineur with 5 pail's 1) X), X» of aB, and with twö 
pairs of {lk2

, 8'lf8 has a quintuple point in A and nodes in Bk. 
If E is brought in A, 8,~ B coineides with aB

• 

For BI 8/fB consists of tlle curve 131 4 and a curve l1<.!j14, which 
passes three times thl'ough A and once thl'ough the 8 points Bk. 

The intersections X of h S with the straight Jine I determine 8 
lines x = X' X" passing throngh E; we coneInde from this that x 
envelops a cW've ui the e~qhth class (l)s, wh en X describes the straight 
line l. Int eonfirmatioll of this result we observe that with the 8 
intersections X of land 'as cort'espond the 8 straight lineR passing 
through A (X") 10 the associated points X'. 

As (l)s must be mtional, consequently possesses 21 bitangents, ~ 

I contains 21 pait's X, Y, fOl' whieb the corresponding points X',X"; 
Y', Y" are collineal'. ~ 

6. An arbitrary straight line contains three pairs (X', X"), (Y', 1'"), 
(Z', Z") of X 3 ; the cOl'l'esponding points X, J~ Z appal'ently form 
a grollp of a new triple involution 2), which we shall indicate by 
(X YZ) i it appears to be of class 21,' 

Apparently (XY Z) has singular points in A and B", Let, ,v be 
the order of the curve ('(, whieh contains the pairs r, Z, belonging 
to X = A; let fm'ther y be the order of the correspollding curve 
eh belonging to Bk, 

Let the straight line I be desel'ibed by a point Z, the associated 
pait, XY will then descl'ibe fi curve l, the order of whieh we shall 
indicate by ,z, If fittention is paid to the points of intersection of l 
with a and f3/.., it will be seen that l must have an .v-fold point in 

. A, fi y-fold point in BI., 
In order 10 determine the l1l~mbers .'C, y, z, we mfiy obtain thl'ee 

equfitions. 
We considel' in the fit'st place the intersections of the cnrves ). 

find (l, whieh al'e determined by the &tl'aight lines I find m, To them 
belong the two points which form fi tdplet with 11l~, fLll'ther z poinls 
Z, tbr whicl, X lies on Zand Y on 1n; the rernfiining inlersections 
!ie in the singulm' points. 80 we ha\'e Ihe l'elation 

Z2 = 2 + Z + lC
2 + 9y2 • (6) 

Let the rlll've aB be described by Z, then the figUl'e of order 8z, 
I 

1) The curves u8 and ES have 3 X 5 + 9 X 2 X f] = 51 inlcrsections in the 
singuTal' points; they have 3 more points in common on EA; the remaining 10 
intel'sections form 5 points X',X" collineal' with E. ~'rom lhis appeal's anew that 
the CUl've of invl)lution u 3 is of class 5. 

2) This property is charactcIistic of the triple involutions of the thi?'d class. 



- 145 -

wMch is' described by thê pair Xl Y, wW be the Mmbinàtlon ot\ 
twice aS, five times aX and twice fhY. 

Rence 

8z=16+5.'C+18y .•..••. (7) 

If Z describes the curve *{Jl~' the corresponding figure of order 4z 
consists of the curve fJ1

4
, of thl'ce times aX , and of the 8 curves 

fh.Y (k =t= 1). Rence: 

4z = 4 + ~3.'V + 8y. . . . .• . (8) 

Out of (6), (7), (8) we find by eIimination of x and y, 
Z2 -77z + 882 = 0; 

so z is equal to 63 Ol' 14. The second value, howe\'e1', must be 
rejected; for we have p1'oved above, that (XY Z) is of the elass 21, 
so that 1 has 42 points in common with Á at the least. So we find 
the val nes 

z = 63, I!) = 40, Y = ] 6. 

For the involution (XYZ), A is a sin.qulm' point of order 40, 
Bk a singular point of order 16. 

As 1 and J. besides the 21 pairs already mentioned can only have 
coincidences in common, the curve of coincidences (XYZ) is of 
ol'dm' 21, d2l

, 

A pparently a40 has in A a 20-fold point, fJk16 in Bk an eight-fold 
point; in these points d21 has the tangents in common with a40 and (J'c16

• 

If X is placed in A and Y in Bk, .'v = X' .LY' envelops a curve 
of the 5th class, y = Y' Y" a conie; 80 thel'e are 10 straight lines 
x = y. Frorn this if ensues th at the singular curve a40 hag ten-foId 
points in Bk. In a similar way we find that the curve {!l.;18 lu~s 

quadl'llple points in BI; it passes ten times through A, eight times 
thl'ough Bk' 

Mathematics. - "On the functions of RER~nrrE." (Third part). 

By Prof. W. KAPTl~YN. 

(Communicaled in lhe meeting of May 30, 1914). 

12. Aftel' having wl'Hten the preceding pages, we met with two 
impOl·tant, newly pllblished p::tpers, 011 the same subject. The fil'st br 
Mr. H. GAL13RlN: "SUl' 1111 développement d'une foncHon a variabIe 
réelle en série de polynÓmes" (Bnll. de la Soc. math. de Fl'ance 
T. XLI p. 24), the second by Prof. K. RUNgE ' Uebel' eine besondel'e 
Art von Integmlgleichungen" (Math. Ann. Bd. 75 p. 130). 
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tn this section we wiIl gi~~e fheit' principal l'esults thöugh' f10t 
aHog'ethet' aftel' their methods, and make some additional remal'ks. 

13. MI'. GAT,BRUi\' considers the question of the expansion of a 
function bet ween the limits (t and b, in a series 

j(.v) = Aollo (m) + AIHI (.'IJ) + . -. 
whol'e 

a 

He finds that this expansion is possible when J(;/;) satisfies the 
condltions of DIRICHU;T bet ween the Jimits a and ó. This agl'ees -
with om l'esnlt in Art. 7, the on Iy cliffel'ence being that out' limits 

• I 

were - (JJ and + 00. T~his diffel'~nce however is not essential, for 
consid€'ring a function wl\Ïch has the value zero fol' all values 
(( > x> IJ Art. 7 gives imrnediately the expansion of MI'. GAT.BRUN. 

Bis proof re8.t'3 on two interesting relations which may be easily 
deduced from the formulae in lhe firl::lt part of this paper. 

'the first rclation 

~ ~) (,v) ~J (a) ___ 1_ Hll+1 (.71) EI" (a) - lIn (.'IJ) 1111+1 (a) 
..:;, . (29) 
o 2Ppl 2n+lnl m - a 

may be establish~d in this way. 
A ccol'ding to (5) we have ~ 

2.vHn (.'IJ) = RI+l (.71) + 2nIln_ 1 (.'IJ) 
(n > 0) 

2alIn (a) = Hn+l (a) + 2nIIn - 1 (a) 

Multiplying these equations by Ru (a) and H11(,t) we find by sub
tracting 

2 (.'1: - a) lIn (.'IJ) IIn (a) = Hn+1 (m) II/! (Cl) - IJII (.'IJ) 1111 - 1 (a) 

- 2n [Rn (m) IL/~l (a) - 'Jln-1 (.IJ) JIn (a)l 

Hence, putting tor 12 sut'cessively 0,1,2, .. n, we get 

1 2(.'IJ-a)Ho(,v)Ho(a) = Hl(.v)Ho(a)-Ho(,v)HI(a) 

" " . . " . , " . " . " " . " " . 
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141 
Multiplying these l'elatiolls with the different factors written on 

the Ie ft, the addition 'pf these products immediately gives the formula 
in question. 

The second relation 

x 

~ = ex' e-X dtlJ. ex; 1111(.1;)11 n-](.'I1) "f 2 

1 2n • n! 
(30) 

o 

may be obtained by inh'oducing (9) into the first member. 
Thus we get 

~ IL,(tv)Hn_1(.v)_ 
~ 2n .n! -

~ 2 1 ex> u
2 (00 , e-X 00 - - 'I1Jr nJr 

= - - 2.' --fe 4 Uil COS .vu - -)dU}-V2VII-1 sin (tlJV - -) dv 
3r 1 212 .11/ 2 2 

o 0 " 

where 

~ l: nnV'1 cos (tlJU _ nJr) sin ( lVV _ nJr) = 
v 1 211 .n! 2 2 

cos tlJll sin .vv 00 u2kv21c sin .vu. cos lVV 00 u2k+lv2k+l 
:2 :2----

t' 1 22k.(2/r)! 'I! 122k+I(2k+l)! 

uv UI) uv uv 

= ('os a:u vsin .vv (e 2 ~ ~ _ 1) _ sin tlJ: co.! .vv (e 2 -2 e 2 )

Sllbstitl1ting this value, it is evident, according to the formulae of 
Art. 6, that all the tel'ms of this sum vanish except only the terIll 
cOl'l'esponding la -1. 

Hence 

and oecause 
CIJ u~ J' e- 4" cos iVlt du = V 3r e--r2 

o . , 
00 v~ 

:2 =--eT e ~dv. 
a; ll,,(.v)Hn-l(a,) 1 'ij -'4sin.vv 

1 2n • n! V~ v 
o 

(a) 

lf now we multiply the equation (a) by d.1J and integl'ate between 
o and x, we have 
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--------- --

tb 11 2 ~ 

f -"4sin iVU v-J f e -u- du :=.:= :r e-x2 a.v ! 

o 0 

thus flnally 

14. Prof. 'RUNGE gives the solution of the integral equation 
00 

jeu) J K(x) p (u + m) dm. 0 0 0 0 0 (31) 

where J (u) and J( (,'IJ) are given functÏons and p (x) is reqnil'ed, by 
means of HERMITE'S functions. 

He assumes 

K (x) = e-x2 [aoHo('v) + aIHI('v) + a,H2('v) + ... ] 
cp (.'11) = e-X2 [boBo(r) + bJll('v) + b2 Fl,(x) + "0] 

which gives 
co 

jeu) = :2 am bn f e-x2 H;n (.'11) e-(!I+X)2 Hn (u + a;) d.v 
-co 

or, aftel' some reductions 

V:r cc -i Bm+{:2) 
J(u) == --= :2 (- 1)111 am bn e • 

V2 0 (mm+n 
If now, the given fllflction J (u) is expanded in this form 

V:r -il HI(~) H2 (:2) ] 
j (u) = . /n" e (Jo + (JI + (J, + .. 0 

v2 V2 (V2f 

we have from (31) 

(Jo = aobo , (JI = aOb l - albo I (J2 = aob, - alb l + a2bol 0 0 0 

,and it is evident that from these relations the coefficients b may be 
determined. If J (U) and p (x) were the given fllllctions, the same / 
relations wOllld be sufiicient to detel'mine the 'fllnction J( (x). 
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-, r 

whel'e C;1 are the binomial coefftcients. This l'elation may be obtaîned 
in the following way._ 

According to Art. 8 II we have 

lt2 't 3 

e-21tz-1t2 = 1 - !t Hl (t) + "1./ H 2 (z) - 31 H s (z) + ... , . (p) 

[tnd, expanding by TAYWR'S theorem 

F (.11 + k, y + k) 
whel'e 

F (x, y) = r-r.2-1J2 

e-(x+k)2_(y+l..)2.eT.~1J2 =eX~IJ2 [e-.'l:L1J2 + k f ryl ;/e-.x2 ) +rx2 (~(ry2) t 

+ k2 
\ ('_y2 ~ (e-X2) + 2~ (b-X2 ) ~ (e-Y2 ) + e-~; ~ (e-

y2 ) ( +.] 
21 1 d,v 2 d,v dy d.'V 2 ~ 

whieh mar be written 
k2 

e-2kx-21cy-2k2=1_k[llj(.1 )+lil(Y)] + 2/H2(.'V)+2HI(,11)Hl(y)+H2(y)]+ ... (q) 

.v+y !t 
Putting ]10W Z = V2 in (p) and k = V"2 in (q) we get 

e--(x+J)W-;-h2 = 1 _ !t EII (1:::) + ~:J]2 C'V:~1f) - ... 
_ lt 

6-(J+y)W:l-"2 = 1 - V2 [Hl (.v) + Hl (y)] + 

!t2 

+ [[12 (.7:) + 2HI (.11) III (y) + IJ2 (y)] + ... 
(V2)22' 

Jtll 
ComparlJlg the C'oeffirients of - 111 lhe becond members we obtain 

n/ 
the reqnil'ed J'elation (31). 

Proceeding 10 the l'eductlOfi of' the mtegral 
co 

Jlf }-:t2 Hili (,v) e _(1I+t)2 Hu (u+.'V) d.'V 

-(X) 

we put, acC'ol'ding 10 (2) 

then 

- (X) 

Now, illtegl'ating by pal'ts we have generally 
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1.jJ 

J à,mjt J dmU V- dtIJ=(-lyll V--d.v+ 
d.v11l d,v11l 

[
dm-lV dUdrn- 2 V dm-lij J + U--------+ ... +(-lyn-l--V 

d:V111 dm d.v1l!-2 r d.vm- l 

thus, assuming 
u = e-(u+xJ2 Hn IU+,v), V = ~-.22 

and introducing the limits - 00 and 00 

-00 

-00 

00 

= (-1)11l}-X2- CIl+X)2ILn+1I (u+.v) d.v 

-00 

Ol', adopting 
s-v .v=--
V2 

-00 

Applying now the relation l32), it is evident that the integral 
reduces to the first term, thus 

JItI = (-l)m e-1-2 ~n+1I (v) 
V"2 (V"2)m+n 

or finally 

- ,,2 Il (~) 
(-1)111 - 2" 1II+n V2 

l,{=-- e • 
-V"2 (l/2)m+lI 

16. We wdl now compare the pl'eceding so]ution of the integral
equation (31) wlth the formal solutlOn glven by Prof. K. SCHWARZSCHILD 

Astr. Ndchr. Bd. 185 N°. 4422). 
Putting 

the equahon 

takes the form 

t = e-u, s = e-X 

00 JA (t. s) F(s) ds = R (t) 

o 
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00 

JA (e-(u+x» F (e-X) e-x da: = B (e-u) 

-00 

or, aSf:öuming 
e-X F (e-X) = K(a:) 
A (e-(ll+X) = ep (u+m) 

B{ru) =f(u) 
00 J K(m) ep (u + m) d.'!: = fen). 

-00 

Now SCIlWARZSCHIW multlplies this equation by e-z}'l du and mte
gl'ates between the hm!ts - 00 and + 00, thus 

and puts 

ril ex; r1l 

JfCU) e-zJu dtt = J K(x) d.'!:j~ (u+.'!:) e-ûz. du 

-00 -00 -00 

00 00 J K (11;) elÀx d.e Jep (v) e-z)~ dv 

-0') -CJ) 

00 00 

f(u) fF() elÀu dit thus F (i) = ~ (f(u) e-z)u d~6 
2JT)J 

-00 -00 

00 

J( (.v) .fL (i) e1Àx d.v 11 
1 J~ L (i) = - K (m) e-zJx d.v 

2Jt' 

thel'efore 

or 

-00 -(JJ 

00 00 

ep (v) f tP (l) ez)v dv ' " tP (i) = ~Jcp (v) e-l~V dv 
2.1l' 

-00 

F(À) = 2:rL (- À) tP (À) 

L À _~F(-~ 
C ) - 2:r tJi(-I.) 

-00 

Multiplymf:!; again by eÛx dl and integl'ating between - 00 nnd 
+ 00 this relation, lle obtains 

00 

1 JF(-l) K (.u) = - el~ dl. 
2:r tP (-;1.) 
-00 

1f now we cornpare this result with the preceding, we have 
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1 j~ F().) = - fen) e- lJU dIl 
2Jt' 

_00 

The general term in the serIes of the secOIld membet' being 
00 ~ 00 

Pil = je-2 Hn (:2) e- ÛU du = V2f -V2 H;/ (v) e-1JtV2dv 
-00 

- 00 

it is obvious that fot' n = 2k the irnagina.ry part and fOl' J2 = 2'{ + 1 
the real part of- this integral vanishes. Thus for n = 2k 

00 

P2k = V2 Je-V2 B 2k (v) C08 (À v V2") dI) , 
-00 

where according tg Art. 8 Ir 
).2 

-- 00 12p 
C08 (À V V 2 ) = e 2 ~ (-- l)p -"-- H 2 P (v) 

o 2J1(2p)! 
thus 

2k+1 A2 

P2k=(-1)k2 2 Vne 2 ).2k. 

In the same war, we get 
;2 

and therefOI'e 

1 
= - e 2 [~( _ l)k C2k i.2k - i ~ (-l)k C2k+1 i.2k+1] • 

2 

In the same manner we find 

1 
fj') p.) = 2V:zo e 4 [~ (-l)k b2k ).2k - ~ ~ (-1)1. b2k+l ).2k+1] 

and finally 
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If now the conditions 

Co = (tobo Cl = aob l - al bo c, = aab, - al bI + a,bo '" 

at'e sa tistied , ]( (x) m llst be redll(~ible to 

e-x2 [aaIlo (.v) + aJII (.1') + a,H, (.v) + ... l 
It is easy to show, that th is is the case; 1'01' if the conditions aL'e 

satisfied we have 
2{ -1)1cc21c).21c+i2( _1)kC2k+l/.21c+l 2 4' 3 

2( -1 )kb2kÀ2~+i2'( -1 )kb
2
k+lÁ.2k+l = aa-a,Î. +a4 /· ... -z(a l l-a 8À + ... ) 

thus 
00 )2 

K(x) = 2; 3'lf e-'4 [2'-1)1ca2kj.2Li2(-1)1ca2k+Jj.2k+l](coslx+isin/.x)d)' 
-IX> 

or, introducing (9) 

17. Fl'om the relation (32) another important result may be 
deduced. For multiplying by e-Y' dy and integrating between - 00 

and 00, this l'elation gives 

Qr, putting 
-00 

. 
al -t.Y = a~ 

f~X-"V2)2 Hn(a)d~ = V 3J+ Hn(.v), 
(V2)n 1 

-IX> 

Therefore, assuming 



- 154 -

148 " 

1 
qJn(a:) = _1 ____ e 2 Hn('L) 

n 

22 Vn! )Y:r 
we obtain 

-00 

thus, in the same way as in Art. 9 

1 -~(:l-2-~<X1: V2 +«2 ) 

Àn = (V2)n+l, K(,v,a) = V; e 2 3 • 

Here the value of the function K Cx . a) is tinite fOf Ivand a ± 00. 
In the same mannet· as in Ad. 9, therefoJ'e 

K(.v,a) = ~ q'n(.v)rptl)a) 
o lil 

or 

e-(x'-2x<xV2+<x') = 2 Hn(.v) H,l(a) 
1 3n+1 

2 2 nl 

which may be verjfied hy (9). 

18. Now, according to the theory of the integral eqllatIOlls the 
determinant D(l) of the kel'nel K(l',a) must vanish for the values 

). = (V"2 )11+1 (n = 0, 1, 2 ... ). 
To examine this, we wl'ite D().) in the form which is given by 

PLEl\IEI,J 1) 

whel'e 
CI:J co O'J t 

al = f K(.'I!,.r)da:, a, 1 Kl(,-U .. v)d.v, °8 J Ks(a: ,v)d,v, ... 
-00 -00 - 00 

00 

K;l(a:,a) J K(,1J.,y) Kn-l(y,a) d'!J (n =1,2.3 .. ) 

- 00 

and 
Ke(,v.a) = K(,v.a) 

From K (tvy), which muy be wl'Ittell 
J( (.vy) = Ae-hx'+2kxy-ly' 

1) Monálshefte f. Malh. und Phys. 1904 p 121. 
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the fnnctions J(n( 7JY) which have the same form 

Kn(,ey) = Ane- 1tna: 2+ 2kn.vy-l"y2, 

may be easily dedllced, fol' 

"" 
K;1(,v.a) = AAn-1f- (l+~n-Ü y2+2(ka:+lcn_1a)y-(kv2+ln_I(!2)2 dij 

and 

-00 

Hence 
-h/j'v~+ 2kn,va-lna2 

An e 

A A II-1 I ~ e-(h 
V 

V~ 

1~+1~-1 

which gives 
A An-1 _ 

.11'1= V~, 
Vh+hn-l 

Now, we know 

-00 

g2-fh V
-.,- :n: =e --. 

V7 

1 3 - 3 
A= V3ï' A::::: 2 , k=V2,l=2' 

thus 

1 
A~=-

V15~ 

2V2 9 
k~=--, l~=-

7 14 

11 4 l _17 
Ab = 30 j kB::::: 15' ~ - 30 

n+1 
1 \),n+1+ 1 2 2 

All::::: !tn ::::: ----::::: lil h·,1=----. 
V(2n+1_1)~ , 2(2'+1_1) , 21/+1 - 1 

This gnres 

11 
Proce~dmgs Royal Acad. Amsterdam. Vol. XVIL 

-= 
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1 
d.v = n+l -. 

2 2 -1 

Oonstructing now, accol'dll1g to WEIERSTRASS, an integral function 
j(l), wlth the asslgned zeros 

we obtain 

or, assummg 

Thus 

I. = V2, I. = (V2)\ I. = (V2)3 ... 

fP·) = eG(l) n (1 _ I. ) 
f(O) n=O (V2)n+l 

1 
1(0) = 1, G Cl) = 0, - = l' 

V2 
00 

f(l) = II (l-Àrn+l). 
n=O 

f'(l) r r2 ra 
--=--+--+--+ ... 

f(l.) l-:-rl. 1_1 2
), I-r3l 

and expanding the fractions of the second member 

f '(l) CIJ CIJ 00 3 - - = :E1]! + l:E r
2p + ).2:E rIJ + ... 

f(l) I 1 1 

Oom paring tlus wlth 
D'().) 

- -- = al + a2 l + a3 ).2 + ... 
D(l) 

we see that fCl) = D (A), fol' 1(0) = D (0) = 1 and 
00 (+1\ rn+l 1 a+ -:Er l1 JP_ - __ 

n 1 - -1 - l-r'l+l - n+1' 
1'- -

2 2 

Mathematics. - "Tlte the01'Y of BRAVAlS (on errurs in space) 
lor polydirnensional space, with applirations to cOI'1'llation." 
(OontinuatlOn). By Prof. M J. VAN U VEN. (Oommulllcated by 
Peof. J. O. KAPTEYN.) 1) 

(CommullIcated m the meeting of April 24, 1914). 

In the theory of correiation the mean values of th€' produets xJx," 

al e 10 be considered; denotmg these by 'Y/Jb we have 

1) 'fhe hst ot authOl s who have lrealed I'pon the samE' subject, m:.y be supple. 
mellled wJth eH. lVi. SCHOLS 'fheone des elrelll'S dans Ie plan el l'espace. Annales 
de l'Ecole Polyle<.lJmCfue de Delft, t 1I (1886) p. 123. 
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To integrate in the first place over all the variables (1' except 
xJ and XTc comes to the ~ame thing as to drop the (1-2 linear 

a 

relations Xl = II al! v, (l =1= j, 1c). Thus we start, as it were, only from 
1 

the two eq uations 

tlJJ = aJ}Vl + aJ2V2 + ... + aJa-va-, 

t:Cle = alelVl + ale2V2 + ... + a7cavr:. 

and find therefore 

+t> +00 
VE'f)" - (bJ:;'.v/+2bJle't:CJiCk + bkk"'Vk

2
) 

'Y/Jk = -- t:CJt:Ck e d,'VJd,'VL, 
7t 

xJ=-aJ Xk=-aJ 

where 

E' = _1_ = 1 bJ:;', bJ k
'\ 

:2D'2 bJk', bkle' 

D' representmg a determmant of the matl'lX 

Besides 

hence 

, I aJl' aJ2,'" aJr: I 
M = alel, ak2,'" ak~ 

D:;' = akl, 

Dle' = aJl, 

bJk'= 

blele' = 

" 

ak2, ••• ak~, 

aJ2, ••• aJu, 

- E':2aJ,akz, 

E':2aJ,2. 
By perf'orming the mtegratlOn we obtam for 'tIJk 

and slmllarly 

-ct;) -00 

Now the correlation-coefiicIent 1'.Jk of xJ and Xk IS defined by the 
expression 
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i~2 
'"' 

11Jk 
?':;Ic= • 

V 1JJ11Jkk 

This correlation-coefticient can therefore also be written in tbe 
following form 

or 

VBJJ' Bkk' 

Introducing the coefficiellts U' I , we find 

::E EJ2 aJl aki 
~k= • 

V2 EJ2 aJ 12 • 213/ akl~ 

We now wil! imagme fhe vaL'iable UI to be connected with some 
cause Ql' To express our meamng more clearly: we suppose the 
quantity xJ to be built up of some variables 'ltl, V1Z. as the sum 
of these val'iables, in sucl! a way, that in this sum the term UI is 
lackmg if ,1].1 1S not snbject to tbe influence of the cause Q[. 

So III the relati011 

we have 

, 
.'IJ.1 = a.1l Ul + a.1 2 U2 + ... + aJlul+ ••• + a.1" Ur; 

a 

a.1l= 1, when QI does act up on Xj, 

a.11= 0, when Ql does not act upon X.1 • 

Thus in 2 El~ a.1l' only those terms Eli 2, EI~ 2, ••• Er,2 occur which 
l=l .1 

cOl'1'espond to the variables Uil' ur2 ' ••• U/i' due to the canses 

Qrl' Qr2' •.• (,Jr", actuaJly influencillg ,v,j; on the othel' hand those 
.J 

terms are lacking, which owe thei1' existence to the Canses not con-
tributing to ay. 

~ 

In the sum ~ El ~ aJI aJ~1 on1y those terms El ~ OeCU1', for wbich both 
1=1 

Ct.1I= 1 and Ctk/= 1, that is to say! the terms, which del'ive from 
the causes Q" acting both upon ,'IJ(j al1d Xk. 

8 

The expression 1Jjk = ::E El2ajlCtlci therefore may be called the 
'=1 

square of tbe mean value of tbose elements of iC) and Wk, which are 
due to Lhe eommon causes. 

Il1tl'oducing fol' JV1lJJ '1!.Tt Ihe name: "mean 81'1'01' COl11mon to .lJ and 
lIJk", we may define the cOl'l'elation-coefficlent of the quantities .T

J 
and 
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XIc in the following ma.nner, proposed by Pl'of. J. C. KAPTEYN 1). 
Tlte cor1'elation-coejficient rJk oj tlJJ and Xle is that pa1't oj the 

square of t!te mean error common to tlJJ anct tlJle which is clue to the 
common causes. 

Supposing every quantity Ut to have the same mean error, OL' 

El = E2 = ... = EG , 

we find for rJle 
:E 0JIOlel 

TJk= . 
V:E0J I2.:E Ole/ 9 

Now :E OJI ~ apparently eqnals the Ilnmber N; of the canses acting 
np on XJ' :E 07.1 2 the munber N7c of the canses influencing 'rk and 
:E aJI alel the numbel' NJk of the canses contrJbuting both to teJ and Xle. 

Thus, in the case 01' equal mean errors, we have 

Nle .. le- J 'J'- , 
VNJNk 

in other words. for El = E9 = ... = €~ the corl'elation-coefficient 
equals the quotient of the lIumber of common canses, divided by 
the geometdcal mean of the munbers of the causes, which act upon 
~J and Xle resp. , 

If both xJ and Xk are subjected to an eqnal number (1"'0 = .iV,c = N) 
of causes, NJle of which act both upon tlJJ and tIJI., then 

N;le 
TJle = N' 

in other words: the correlation-coefficient is that part of the causes 
of xJ (resp. iele) which also contl'ibutes to .'r1c (resp. tVJ ). 

The expressions fol' the correlation-coefficients admit of a very slmple 
geometl'ical illllstration. 

Oa.lling sphel'ical simple.'IJ Sp a (Q-dimensiona.l) (I-gon lylDg on a 
(J-dimensional hypersphel'e (extension of tbe sphel'ical triangle in 
3-dimensional space) we may state that a spherical slmplex Sp has 

l' p PPd (I ((1-1) d P P Q ver lces l' 2"'" P an 2 e ges PJk = J le. 

Opposite to the vertex PI we find, in the (Q-1)-dimensionallmear 
space :rrl , the (cUl'vetl) (1-2)-dimensional face of Sp, WlllCh contains 
the remairling Q-1 vertices PJ (j =1= i). 

Further we denote by XJk the angle between the linear spaces 
3'fJ and X7c [consequently also between the (Q-2)-dimensional faces 

1) J. a. KAPTEYN. Definition of the cOl'relation-coefficient; Monthly NotJces of 
R. A. S., vol. 72 (1912), p. 518. 
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(Pl , P2,' .. P;-l, P;+l' . Pp) anti (Pl , P2, ••. Pk-l, Pk+l, ... Pp)]. 

BllIlding the pOSltl ve-defimte detel'IIllflant 

1 • cos P12 , cos P13 , cos P1p 

(JOS P12 , I , cos P23 , cos P2p \ 

1 , ' . 

(JOS Pip , cos P2p , cos P3p ,'" 1 

and l'ept'esenting oy G;k the minor of cos p;k, we have by the theol'y 
of the spherical simplexes 

Substituting 

bJJ = qJ2 , bJk = qJ qk cos PJ"-

the quadl'atic form H m the expression fol' the proba.bIltty W trans
forms to 

11 = ::E b;J {IJ; 2 + 2 ::E bJk ,7JJ ,7Jk = ::E (qJ tvJ)2 + 2 ::E cos PJk (qJ IIJJ) (qk {IJk). 

ThlS form is po::.itive-definitive, when 

r>o, 
or, in othel' words: when t!te arcs PJk are the edges of a Q-dimensional 
splzerical simplex. 

Furthel'more 

and 

whenee 

p 
E=nql~ . r 

1 

B;k GJk 
'I';k = --====- = - cos I1;k' 

V BJJ Bkk V GJj Ckk 

So, putting B in the form 

H = ::E (qJ IVJ )2 + 2 :i cos P;k (% IV;) (qk I1Jk), 

the ares PJk must be the edges of a Q-dlmensIOnal simplex and 
moreover : t!te c01'relation-coelficients are, but lOl' tlze sign, equal to 
the eosines of the "opposite angles" l1;k' 

In the case of "errors in aplane" only a eil'cle-biangle P1Ps is 
to be considel'ed. Then the arc P1P2 = Pa equals the angle Du 
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inrluded by the opposÏte spaces (stralght ] 111 e8, radll of the rh-ele) 
:TrI = OPs and .11'2 = OPp 0 bemg the centre of the circle. 

So, in the case of two variables Xl and X 2 with the quadratir furm 

H = bulll l ' + 2 bu 0\ al, + b'2 lIJ2' 

we have to put 

bu = ql2 

whence 
E = ql' q22 sin' Pa' 

The correlation-coefficient 1'12 now takes the value 

ba 
1'12 = - cos IIu = -coSP12 = ---=-=-

Vb n bn 

Consldering the errors in 3-dlmensional space, the spherical simplex 
is a spherical triangle PJJ2P3 • 

The quadratic form H, aftel' bemg transformed, reads 

ll=ql 2X1 '+ q,2.'IJ, 2+qs' X3 '+2q2QS''lJ 2IV S COSP23+2q JQ1IVs,'lJ 1 COSP18+2qIQ2''lJ1,'IJ, cospu' 

The opposite angle fin of the edge (or slde) P28 now merel)' IS 

the angle Plof the triangle, Denoting, for the present, the edges 
(or sides) by PI' p" ps, so that 

PI =Pn , p, =Pl8 , PB =Pa' 
we have 

and 

r = 1 - cos' Pu - coss Pl8 - cos' P12 + 2 cos Pn aos Pu cos Pl2 

= 1 - coss PI - cos' Ps - cos! Pa + 2 cos PI cos P, cos Ps' 

Putting further 

PI + P, + Ps = 2 s , PI + Ps + Ps = 2 S, 

we may reduce r to 

r= 4 sin s • sin (S-PI) . stn (s-p,) . sin (s-Pa) 

etc., 

= l- 4 cos S . cos (S-PI ) , cos (S-P,) . COB (S-Ps)]' 
sin PI sin P, sin Ps • . 

The relation 

here involves 
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Now 

q/ 1.3
2 sin2 Pl 
2E 

• J _ - 4 cos S. cos (S-P1) . cos (S-P2 ) • cos (S-P3 ) 

szn P 1 - • 2 P . 2 P , 
sm 2 sm B-

hence 
sin2 PI 1 

7)11= S P X-2 • 2[-4coI>S.cos(S-P1)·cOS(S-P2)·cos( - 8) ql 

Putting 

wo obla,lJl 

whellce 

- 4 cos S . cos (S -Pj) . cos (S-P2 ) • cos (S-Pa) = Q, 

sin P 1 
ql= 

V2 Q1J1l 
FLll ther we finel, aftel' l'eductlOn, 

Q = 1 - cos 2 P 1 - cos2 P 2 - cos 2 Ps - 2 cos P 1 cos P2 cos Pa, 

consequentI,)" 

Fmally 

we find 

(i= 1, 2, 3) 

1 
E 
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Mathematics. - "Comuination of obseJ'vations with ancl without 
conditions and determination of the weights of the unILno1.,on 
quantities, derived'from mechanical p1'inciples. By Prof. :IV!. J. 
VAN UVEN. (Comml1nicated by Prof. JAN DE VRIES). 

(Communicated in the meeting of May 30, 1914). 

The theol'y of the combination of observations by the method OI 

least squares has alrearly been the object of numerolls geometrical _ 
and mechanical Illustrations. In the geometrical repl'esentations the 
leading part is usually played by vectOl'b (L. vaN SCHRUTKA 1), C. 
RODRIGUEZ 2) ); the mechanical ones are taken partly fradl the theary 
of the "pedal barycentre" (Y. Vn,LARcEAU ~), M. D'OCA("~ 4)), partIy 
from the theory of elasticity (S. FINSTERWALDER 5) R. D'El\lILIO 6), 

S. WELLISCH, PANTOFUCEK 7), F. J. W. WHIPPLE 8), M.lMi'"ESTERGAARD 9), 
G. ALBENGA 10)). . 

In the following paper we will try to develap a mechanical 
analogy of the solution of the equations fllrnished by observation, 
supposing that no conditions are added, as weIl as fol' the case 
that besides the app1'oximate eql1ations of condition (caIled by us: . / 

1) L. VON SCHRUTKA. Eine vectoranalyti~che Intel'pretàtion der FOl'meln der Aus
gleichungsrechnung nach der Methode der kleinsten Quadrate. Archiv der Math. u. 
Physik, 3. Reihe Bd. 2t (1913), p. 293. 

2) C. RODRIGUEZ. La compensacion de los Errores des de el punto de vista geo
metrico Mexico, Soc. Clentif. "Antonio Alzate", vol. 33 (1913-1914), p. 57. 

sr Y. VILLARCEAU. Transfol'mations de l'astronomie nautique. Comptes Rendus, 
1876 I, 531. 

4) M. D'OCAGNE. SUl' la détermination géométrique dn point Ie plus probable donI}é 
par un système de droites non convergent es. Comptes Rendus, 1892 I, p. 1415. Journ~1 
de l'Ecole Polytechn Cah. 63 (1893), p. 1. 

5) S. FINSTERWALDER Bemel'kungen zur Analogie zwischen Aufgaben der Aus
gleichungsrechnung und solchen der Statik . Sttzungsbet·. der K. B. Akad. d. Wissensch. 
zu München, Bd. 33 (1903), p. 683. 

0) R. D'EmLIO. IllllstrazlOni geometriche e meccaniche del principio dei minimi 
quadrati. Alti d. R. Instituto Veneto di scienze, leltre ed arti, T. 62 (1902-1903), 
p. 363. 

7) S. W ELLISCH. Fehlerausgleichnng nach der Theorie des Gleichgewichts elasti
scher Systeme. PANTOFLICEK. 1!'ehlerausgleichung nach dem 'Prinzipe det, kleinsten 
DeforÎnationsarbeit. Oesterr. W ochenschrJft f. d. off. Baudienst, 1908, p. 42ft 

8) F. J. W. WHIPPLE. Prof. Bry.m's mean l'.lte ofjncrease. A mechanical illustration. 
The mathematical Gazelle, vol. 3 (1905), p. 173, 

U) M. WESTERGAARD. Statisk FeJludjaevning. Nyt Tldsskl'ift for Matemattk, B, T. 21 
(1910), pp. 1 and 25. 

10) G. ALBENGA. Compensazione grafica con la figul'a di errore (Punti determinati 
per intersezione). Atti d. R. Accad. d. Sc. di 'formo, T. 47 (1912), p. 377. 
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"eqnations of observation") also }'~qo}'ous equations of condition -
are given. 

Moreover, in either of these cases also the weights of the unknown ~ 

quantities will be derived from mechanical considerations. 
The method here developed is founded on the staties of a point 

acted upon by e/astie forces and is in pr.Lnciple closely related to 
the procedure of the last-llJerrtioned mathematicians. 

To obtain general resuIts, we will operate with an arbitrary 
number (N) of unknown quantities Ol' variables, w hich are consi
dered as coordinates in N-dimensional space. In order to render the 
results more palpable, we shall, at the end, recapitulate them for 
the case of two variables. . 

I. To determine the N nnknown quantities 
IV, y, z, . ... (N) 

the n (approximate) equations of condition Ol' equations of observation 

(i=l, ... n), 

are given, with (he weights gi resp. 
In the sums, frequently occurring in the sequel, we will denote 

by :2 a summation over the coordinates <'v, y, $, • •• Ol' over the 
corresponding quantities (for in st. their coefficients ai ,bi ,ei, ... ) and 
by L ] ti. summation over the n equations of observation, thus over 
i fróm 1 to n. 

Putting accordingly 

ai 2 + bi 2 + Ci ~ + ... = .2 ai 2 

and introducing 

ai bi Ci mi 

ai= V:2ai 2 ,fii V:2ai2' "Ii V2a
l

2 , ••• [.tz'= V.2a1 2 ' 

we may write the equations of observation in the following form 

Ol' 

Vi = ai IV + {Ji Y + "Ii z + ... + [.ti = 0 (i = 1, ... n) 

Vi = .2 ai lV + tLi = 0 (i = 1, ... nl. 
These equations have I'esp. the weights 

Pi=gi.2 ai 2, 

The equations Jii = 0 repl'esent (N -1 )-dimensional linear spaces; 
their normals have the dil'ection cosines (ai, (Ji ,'''Ii, ' .. ) resp. 

In consequence of the errors of observation, the approximate 
equations Vz = 0 are incompatible; in other words: the n linear 
spaces Vi = 0 do not meet in the same point. By substituting the 
eoordinates x, y, $, • •• of an arb~t1'al'y point P in the expressions 
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Vi, the latter ohtain the valués VI, representillg the distanc~s of the 
point P to the spaces Vi= O. 

The distance from Vi = 0 to P is to be considel'ed as a vecto~' 

bi lyith tensor Vi and direction cosines ai, {Ji, Yi, ... 

We now imagine a force ~i acting upon P (in N-dimensional 
space) in the direction of thc normal tJ l (from P to Vi = 0) and the 
magnitude of wh~ch is proportional to the distance Vi and a factor 
p, characteristic of the space Vl' (The space Vi= 0, fol' instance, 
mayc be considel'ed as the position of equilibrium of a space Vi =Vi 

passing through P byelastic flexion.) 
80 the space Vi acts ulJon P with the force 

~i-= - pi~i· 
All the spaces VI (i = 1, ... n) combined consequently exert on P 

a resllltant force, amounting to 

'iS = mz] = - [Pitz]. 

This l'esultant force depends 011 the position of the point P. 
Hence we have in .1V-dimensional space a vector-field ~. determined 
by the above equation. 

Now the qllestion to be answered, is: at which point P are these 
forces 'iSi in equilibrium? For. this point P we have 

~~O 

01' 

[pi w] = 0. 

The "components" of this vector-equation in the directions of th? 
axes are 

~ 

[pi Vi ai] = 0, [PiVi{Ji] = 0, lPiViYi] = 0, ... 

Sllbstituting fol' Vt the expression Vi=.2'aix+fLi, we obtain 

[pia/] a; + [pi al fJi] Y + [Piaiyd z + .,. + [piai{.tï] = 0, 

[pd1iaï] {IJ + LPifJi~] Y + [PifJiYil z + . " + LPi{JifLi] = 0, 

[PiYiai] {IJ + [piYi{Ji] Y + [Piri~] z + .:. + [piYifLd = 0, 

or by 

ai bi Ci mi 2 

ai= V.2'a
I
2 ' (Ji = V2ai 2 ' YI = V2a

t
2 "" fLi = V2a

l
l .PI =gz 2ai , 

[giai2] aJ + l.giatb,] Y + [giaiC.] Z + '" + [giaj1ni] = 0, 

[9ibzad:t + r.lJibI2]y + [gibtcd z + ... + [gibi?nd :-0, 
[gl Ct at \.1) + [gicl bi ] Y + Egt Cl 2] ;; + ... + Eg, c, mi] = 0 , 

In this way the "nonnal equations" are found, 
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The force ~t = - lJz ti has the potential 

UI = ! pi Vz 2 = t pz V; 2 ; 

for 
aUi aVt 

(Ft)x = - -a == - PI Vt -a = - PtViai 
• 'V x 

The whole potential therefore amollnts to

U = [Ui] = 1 [Pi Vi 2] . 

etc . 

As the eqllation VI = 2 aiX + [.ti = 0 has the weight pi. the 
meau error of weight 1 \s determined by 

hence 
2U .,2 __ _ 

C - N' n-

At the point P satisfying the normal equations the potential and 
consequently also 8 2 is a minimum. The "weight" of the distance t't was 
PI' This weight may be determined a posteriori, if we kllOW the 
influence of the space Vi alone acting upon any point. We then 
have but to divide tlle amount ~ of the force j~i by VZ. 

II. In order to find the weights of the unknown quantities, we 
now remove the ol'igin by translation to Ihe point P, which satisfies 
the nOl'm~1 equations. 

Calling I the minimum potential Ua' denoting the new coordinates 
by 3]'1 y', Z', " .. and introdllcing 

Vi/=aiX/ + fJty/ + 11Z/ + ... = ::Sat X', 

we obtain 
[pi Vt /

2
] = 2 (U - U.) = 2 U'. 

80 U' is the difference of potential existing bet ween a point 
(x', '!J/, z/, ... ) and the minimum point P. 

The equation [PI ~ /2J = 2 U' represents a quadmtic (N -1)
dimensiûn~ spare .9, closed (ellipsoidal) and luwing P as centl'e. 
This space is an equipotential space and at the same time the locus 
of the poiI\ts of equal E. We sball call these spaces .2 brieflJ' hyper
ellipsoids. The hyperellipsoids .2 are homothetic round P as centre 
of similitude. 

Introdticing the principal axes as axes of the coordinates X, Y, Z, ... , 
we obtain for .2 an equation of the form 

AX' + BP + CZ2 + ... =2U'. 
The components of ~ in the directions of the principal axes are 

found to be 

:"'i;( _\_" ____ _ 
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au' au' aUI 

Fx= - ax =-AX, FY=-_ay =-BY, Fz=- az =-cz, ek 

We may thel'efore attl'ibute these components to attractive forces 
of the spaces X = 0, Y = 0, Z = 0, .. , (principal diametral spaces), 
which are perpendicu lar to these spaces and proportional to the 
"principal weights" A, B, C, ... 

For a point on the principal axis of X holds 

Fx= -AX , Fy=O , Fz=O, etc. 

Oonsequently the pl'incipal weight A may be determined by dividing 
tlle force at a point of the principal axis of X by the distance X 
of that point to the prinripal diametral space X = 0. 'To' determine 
the weight of another direction I, only those points are required, at 
which the direction of the force coincides with the direction I, i. e. 
the points the normals of whieh to the hyperellipsoids ,s:! have tha 
direction I. When dividing the amount of the force existing at snch 
a point Q by the distance of the tangent space of Q to the centI'e 
P, the quotient found is equal to the weight of the given direction. 

So, in order to determine ,the weight qx of the direction of the 
ol'iginal x'-axis (or of the x-axis), we only have to turn back to the 
coordinate system x', y', z',. ,., relatively to which the equipoteI;lti!,l 
spaces have the equation 

[pi Vi'2] = 2 U'. 
For a point Q (x', y', z',.,.) at which the normal to the equipotential 

space, passing througl! {J, is parallel to the aJ'-axis (or to the .-v-!txis), 
we have 

Fx'= - gxx' , Fy'=O , Fz'= 0, etc. 
or 

aU! , 
oaJ' = gxaJ 

àU' 
ày' =0 

au' -
àz' = 0, etc. 

hence 
lPi ai Vi '] == UxaJl , [pi/9, 'Vi'J == 0 , LPi i'i Vi '] == 0, etc. 

01' 

lpiai~l aJ' + [piaifliJ y' + [piaii'i] Z' + . I .:- Yx,v', 
[p, j3, ad x' + [PI j31 2] y' + lp, j3i)'d z' + ... == 0, 

rp,)'lad al' + [Pi)'ij3d y' + [p,)',21 z' + ... = 0, 
• ~ • • ,. ,. , i • • • • i ,. ,. • • • • 

01' 

., 1 y' zl 
[Piar]- + rpiai{td -, + tPiai)'ï] -, + ... - 1 == 0, 

9x .9"JV 9xx 

1 y' z' 
[pi j3i ai] - + [p,jJ, 21-, + [PI{Ji)'i] -, + ... + 0 = 0, 

9x 91.x · 9xt/J 
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or 

1 ' 
80 - IS apparently fonnd as the first unknown quanhty In the 

gx 
"modlfied" nOl'mal equahons, modified m thlS wuy, that the constant 
terms are l'eplaced by - 1,0,0, .. , resp. 

,Oonsidel"mg 0 (c.q. Uz) as an (N + l)th coordmare perpendicular 
to the N-dlmenslonal space (x, y, z, ... ), the equatwn 

PtVI
2 =2UI 

represents aquadratic space of N danenslOns, bUllt up of 00 (N-i)
dlmenslOnal lInear generator-spaces, all parallel to (Vz == 0, U = 0), 
the intersectIons of which wlth the planes perpendICular to (Vz = 0, 
U = 0) are congruent parabolae. The parameter of these congruent 

b 
. 1 

para olae IS -
PI 

The quadratic &pace PI V; 2 = 2 UI will brieflj be callecl a pambolic 

I · d . . 7 - 1 cy ~n I'lC space 'Wztlt pararnet81' -. 
'PI 

The equation 

l'epresents aquadratic space 'IJ! of N dlmenslOns, the centre of whieh 
is at U = 00, and the mtersechons of WhlCh with the N-dlmensional 
spaces ij == ;on~t. are hypereIlIpsoids 9... Thus 1J! IS the extenslOn 
of the elhptir paraboloid. 

The pomt T of 1Jf with minimum U (Uo)' and hence closest fo 
D = 0, WhlCh IS called the surnmit of 1Jr, is projected on U = ° 
in the point P, 5atisfying the normal equations. 

By dlSplacIng the Sj stem of coordlnate axes (.v, y, z, ... , U) Cby 
translation) from 0 to T, Ijl' obtams the equation 

[Pt V;'2] = 2 U' = 2 (U -Do)' 

By constl'uctmg the enveloplllg cylmdl'lC space, tlle vertex of which 
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cOlncides with the set of points of the space x = 0 at inflnity, thus 
the tangent eylindrlc space, the generator-spares of WhlCh are parallel 
to the x-axis, we find for this cylindric sp~ce the equation 

9XO;'2 = 2 U'. 

1 
lts parameter is -, or the reciprocal value of the weight of the 

9x 
direction x. 

nI. We now suppose, th at the variables x, y, z, ... must at the 
same time satisfy the following v 1'i,q01'OUS equations of condition 

tP;(a;,y,z, ... )=O (j=l, ... v) 

Then the point P is ('onstrained to the common (N-v)-dimensional 
space tP of illterseetion of the l' (N-1)-dlmensional spaees CP;. 

N ow the point P, su bjected to the el astie fOl'ces ~" is in equi
lIbrium, when the resultant ~ = [~, ] IS perpendieular to tP. 

Let the normal at P to tP; have the direetion cObin,es 
alP; atP; alP; 

a' '.J 
a; ~/_ Ti I_~Z 

(
atP)2 ' /; - (aflJ)2 ! "/; - (atP)2 ' etc. V2 _J V2 -; V2 -; al!) aa; aa; 

The normals at P to tue spaces f/}; form a linea1' v-dimensional 
space. In this space ~ must he, which means' ~ ('an be 1'esoh ed 
in the directions of these nOl'mals, the nnit-veeto1's of whieh wIll be 
denoted by 11);. 

80 we have 
~ = tg; \l);]' 

whel'e [ ]1 signifieil the summation over j from 1 to v. 
The components of this vector-equation are 

[p,vla,] + [q; a;']' =0, [PIV,j3,] + [qJ j3/]'=O,[P,VI"/I]_+ [q; ,,/;'J'= 0, etc. 
or 

, 

[PI al 2] il: + [PI al j31] Y + [PI al "/1] z + ... + [PI altLl] + [q; a;']' = 0, 

[PI j31 ad I!) + [Pd~, 2] Y + [PI 11, Iz] z -t .. , + [p,l1ltLd + [q; 11;']' = 0, 

[PI"/, al] il: + [P,ï,~,] Y + [PI "/1 I] Z +' ... + [PI"/ltLl] + [q; 1;']' = 0, 

Putting 
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These N equations serve, together with the v ronditions lPj = 0, to 
detel'mine the N variables ,x, y, z, .. , and the v auxiliary quantities q/ 

Now the so[ution of the pl'oblem is not l'epl'esented by the centre 
of the hypereJlipsoids .2, but lIy the point, in whieh the intel'seetion 
spaee lP (spare of conditions) is touc1wd by an individual of the set -
of tlle hyperellipsoids .52. 

The analytical tr'eatment of the probiem is simplified by taldng 
the cOOl'dinates so Elmall, that in the exp1'essions l/J.i hornogelleous 
linear forms suffiee. The geometrical meaning of this- is thai a new 
origin 0' (,vu, ]/u, zo, ... ) is chosen in the spaee of conditions lP neal' ~

the probabie position of t.he required· point. So the spaees l/Jj are 
replaced by theil' tangent spaees Bj, and the space of conditions by 
its tangent spaee R of lV-v dimensions, intersection of the tangent 
spaces Rj~ 

Denoting the eoordin'ates obtained by translation to .0' by S, 11, ;, .. , _ 
80 that x = Xo + S, .. , and putting 

auvo + ~i Y 0 + Yz Zo + ... fli =;;i , ai lIJ 0 + bi Yo + Oi Zo + ... + mi = :;;;'j, 
we find . 

2 U = [pi(ai'v + ~iY + 'ti Z .. + fli)2] == [Pi(ai5 + ~ill + 'ti; + .. + ;;i)2] 
or, putting 

ai; + ~ill + yi; + ... ~= Vi, 
2U= [pi Vi 2]. 

The equations lPj (x, Y, .tI •• ) = 0 may now be wl'itten: 

" (àtP.1 àtPJ- à.tPj ) 
tPj (aJ o' 1}0' ZOI •• ) + all! g + ày "I + ä;" ; + . .. + .. =: 0 

Öl1, sil1ce A' is àssumed in tPj = 0, and higher powers of' S, 'lil ;, •• I 
( 

are to bÉ! neglected; 

01' 

alPj 1! alP; àlPj ~ -a-!> + -::.- "l + ~ ; + . · . - 0 (j = 1, ... v) 
.7] uy uz 

WJ = al g + {j/ 11 + 'ti ; + ... == ~ a./ g = o. (j = 1, •.• v). 
80 the normal equations appeal' in the following fOJ'm 

[gi ai 2
] S + [giaibi]'l + [maioi]; + .. + [giai:;;;i] + [q,i al]' = 0, 

[gibiad S + [gi bi.
2

] 11 + Lw bi oï] ; + .. + [gjbi-;i] + [q,i (1/l' = 0, 
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. . . . . . . . . . . . . . . . . . . .. 

IV. To detel'mine the weights of the cÎirections iV, y, Z, .•. , wc 
again begin) by shifting the origin (by tl'anslation) ti'om A' 10 tbe 
point P, satisfying the nOl'mal equatioJls and H~ = O. 

Oalling Do the polential in P, U - Uo = U' the difference of 
potential relatively to P, S', 'ti', ;', . .. the coordinates with res]Ject 
to P, and putting finally , 

.1:' + 'r~. , + .)"' + - 1. , ,11:' +- ';),1 , + . ,I)"' + - W,I al ~ 1"11] "Iz ~ •• - v! , (.IJ f::,' P,l ti YJ ~ ... -, J 

we find 

c:. U' --:- [pi ~J2] - 2 Jqj WiJ'. 
This eqnation l'epresents the ~et of equipotential spaces '!!. U' = 0 

, furnishes the hyperellipsoid .20 touching ifJ (Ol' R) in P. 
Now those points must be found, at whieh lhe force can only be 

resolved into an (inactive) component perpendiculal' to H, anel a 
component parallel to the o;-axis. 

Ol' 

Fot' snch a point we have 

aU' 
Fr' - - - - (1;'(1/]' _ g;t, 

Ij: - à,::,' -. !:', 

oU' 
Fr,' = - oTJ' = b (J/J' + 0, 

au' 
F~, = - äf = [1) "1/]' + 0, 

[pi Vi' ai] -- [qja/]' = -- h'a/]' + g~S', 
[pi Vi'(3 i] - [qj{J/]' = - [1'j(3/J', 

[pi Vi' "Ii] - [qjY./J = - bY/]', 

or putting 
1'j - qj = Sj, 

[pi ai Vi'] + LSja/l'=fl;§', rpi{Ji Vi'l+[s.j,~/l'=O, [pi"ll Vi']+LSjy/]'=O,etc. 
whence -

[Pi ai 2.1 §' + [Piad]z] 11' + [piClz"li];' + ... + [sja/I' =g~§', 

[Pil~i«i] S' + [pi Pi 2] 1)' + [Pi {Ji"ll] ;' + . , . + [Sj{J/]' = 0, 

rpi"l ai] §' + [plYi(3i] 1i + r PiYi 2
];' + .,. + [Sjy/j' = 0, 

or 

12 
Pl'occeuings Rflyal Acad. Alllslel'dnm. Vol. XVll. 
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. . . , 
the conditions 

1 ~' ;' 
al - + /3/ w -+ r/ -, -I-- ... = 0 (j = 1 ... v). 

g~ gç~ gçS 

also being satisfied. 
Fl'om the above N + v cquations with the N unknown quantities 

1 '/1' ~' ,. Sj 1 -
-. w' ---z, , . .. and the v unlmowll qllantmes - , =- rail be solved. 
g~ gç~ Yb gç§' 9~ -

The method of solutioll of HAN~EN is found again by introducing 

'~a'~' s' ~~-k' . 2-k.l· 
~, - !, ~,- 'J' 

g~S g~~ 

S' 1 ~' 
-=-=A , -=B 
g~§' g~ gç;' 

;' 
-"0= C, ... , 
g~~ 

whence 

or 

ki :E ai S' "C' 

-=-"-, =,.:;;,aiA 
gi g~S 

(i = 1, ... n) 

Then the modified normal eql1ations fUl'nish 
[giai2] A + [giaibi] B + [giaici] C + ... + [k/a/I' = 1, 
[[libiai] A + 19,bi 2

] B + [gibiCi] C + .. , + [lc/11/T = 0, 
[giCiGi] A + [gici b,] B + [giei 2 j C + .. ' + Ek/rl]' = 0, 

[giai(:Eai·A)] + Ek/al]' = 1, [g, b, (:Eai A)] + [k/(l/J' = 0, 
[gici(2aiA)] + [k/r/J' = 0, et~. 

or 

[kia;] + [k/a;']' = 1, [kibi] + Llc/~y'T = 0, [kiCi] + [ky'r/1' = 0; etc., 
and the (l;igorous) eq nations of condition run -

:E ay' A = 0 (j = 1, ... v). 
From the set of cquations 

k· 
:EaiA=~ (i=l, ... n) 

fJi 
:Ea/A=O Ci=l,.,.v) 
[kiad+[k/ a/J'=l , [ICi bi ]+flc/~/]'=O , [ki Ci ]+[k/r/]'=O • etc. (N in llumber) 
the LV variables A, IJ, C, ... , the n unlmown quantities ki and the 
1- auxilial'.r ql1antilies l,j ean JIOW be solved. 
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, The welght of .:v is thus defined by 

1 
.ga; =,q~ = A . 

It mayalso be found by tbe followiug calculation 

[
k ~J ;i = [2: ki ai A] = 2: A [ICi al] = A [ki aiJ + B [kt b i] + C [lei Ci] -+ ... 

= A - A [k;'a;']' - B [k/lj;']'.- C [k;'r/]' - ... 
1 = A - [k;'2:a;'A]' = A =-. 
g~ 

so that gx is also determined by 
1 

Uz = l~;,]· 
By considel'Ïng the quantity U as (N + 1yh cool'dinate perpendi

culal' to the lV-dimensional space (J', y, z, ... ), the equation 

[pi Vi'2] - 2 [q) W/T = 2 ij I 

l~epresents the quadratic space 'I.p'. The origin of the coordinates 
gl,"1I,;', .. U' now lies at the point S, the pl'ojection of which on 
U' = - Uo (U = 0) is the requil'ed point. Now this point S is not 
the summit of 'I.p'. 

The linear space of conditiolIs 'R of lV - v Jimensiolls is now 
joined to the point U' = 00 by an (N-l' + 1)-dimensional space Ru 
w hich passes thl'ough S and in tersects the q Iladratic space 'I.'[i in a 
quadratic space '/.ffr luwing the same charactel' as 'I.p', in that it 
also has its centJ'e in U' = 00, but is of fewel' dimensiol1s, vir.. 
N + (lV-v+1) - (.N+1) = N -:- v. The ql1adratic space '/.ffr has 
its summit in S. , 

We now have to delermine the points Q in o/u at which the 
((v+1)-dimensional) spaces of normals are pamllel to the .x-axis. lil 
sneh :t point Q 'I.p' r is also enveloped by a parabolic cy lindric space, 
the generator-spaces of which are parallel to the .x-axis, and which 
thel'efore has an· equation of the form 

. 1 
lts parameter IS - • 

gx 
, 1 

gx §'2 = 2 U'. 

ln -othet· words: - is the parameter of the parabolic cy lindl'ic 
gx 

space, which has its. generator-spaces parallel to the .x-axis and 
envelops the qlladratic space 'I.P'r • 

. V. We conclllde this pri.pel' with a SllOl't summal')' of 1,he l'ésults 
fol' the case of two vaL'Ïables :IJ t1.ml y. 

12* 



- 174 -

168 

The equations of obsel'vation are l'epresented by the straight lineS 

VI = al ,'I) + {J, y + (LI= ° (weight pd (i = 1, ... n). 

The pOInt P (,7:, Y) IS sllbjected to the force 

lS = mi J = - [PI t'z J 
in which Uz represents, ILl amount and direchon, tbe distance of the 
hne V; = 0 to the pOlllt P. 

The point P lemains at rest, lf lts coordinates sahs(y the equatiolls 

[Pt a/ J .v + [PI al {J1]Y + [Pz a, (lzJ = 0, 

[pz BI al] .v + [PI{JZ 2]y + [PI PI ftz] = O. 
Denoting here the potential U by z, we obtain 

[Pt(cttx + {JIY + (LZ)2J = 2,z. 
This equation l'eprescnts an elhplIc paraboloid 'P, being the sum

surface of the parabolic cy lmders 
pz «('(z.v + {Jl Y + (tl )2 = 2ZI! 

which have the plan z = 0 as sllmmit-tangent-plane along the gene
rator al-X + {3zY + ftl= 0, ,z = 0, anel which are obtained by trans
lating the parabola 

2 
Vl

2 
=-ZI, 

pz 
lying In the nOl'mal plane of V, =. az:v + B! Y + ftl = 0, perpendlcularly 

1 
to VI = O. The parameter of tlllS parabola IS -. 

PI 
The &ummlt T of tbe ell1ptic pal'fiboloid l(f ([PI V; 2J = 2z) is pro-

jected on z = 0 mlo the pomt P, satisfymg the normal eqllations. 
By con~trllctmg the tangent cylInder, the vertex of which lies 

upon Ihe ,c-aXIS at ll1fimty, we obtam a parabolH' cy hnder, the 
perpendiculur transverse sertion of winch has a parameter equal to 
the reClprocal valne of the welght gx of the varlable 3'. 

There being onl)' two vallables, ollly one ll'Igorous) equatlOn of 
condltion ifJ (x, y) = 0 may be adclec\; ifJ (.c, y) = 0 represents the 
curve to which the point P IS constmined. 

We now have to determJl1e that pa,rtwlliar eJlipse of the homothetic 
set [1)z v;, 2J = const., which touches tbe rurve cp The point of 
contart is the pomt P reqllll'ed. 

In ifJ, nea!' the plObable position of P, the new ol'igin 0' is 
taken. We have thns ollly to operate with lInoar functions of the 
coordmates 80 we really leplace (j", by it" tangent R at P. 

rbe elhplI(l pal'abolOld l{f IS cut by the vel tiral of P Hl the 
pOlllt S The vel'ttcd.1 plane Rl> wluch ll1tersects z = 0 ulong R, 
)lwlres tIre paIaboloiJ llf along the pa,Iaboln, lffp ba\'lug Sas 5ummlt. I' 

We now con:,tl'uet [he cylIlldel' havmg lts vertex at the point 
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at infinity of the ,'l]-aXIS and baving the parabola 11f
1 as dll'eetrix 

(1 e. envelopmg the parabola 1PJ The parameter (of the perpen
dicular tranSVel'se sectlOn) of tlus cy Imeler IS the reeiprocal yalue 
of the weight gx of the val'iable tI.'. 

The eqmpotenlial IUles In Z = ° ale the homotheüc eIhpses 
[PI Vz 2J = comt. Sueh all elhpse is the locus of the pomts of eql1al e. 

When the (rigorOllS) equa.tlOn of conchtton IS: !IJ = const.. the 
pa.rabola 'PI is parallel to the plane x = ° Tbe tangent cylinder is 
then infimtely narrow; lts pal ameter IS 0, the w81ght of a.: IS infinite. 

Chemistry. - "Equilzbl'ia i1l ternal'y systems. XVI By Prof. F. 
A. H SCHREINDMAU;RS. 

{Communicated in the meeling of May 30, 1914), 

Now we shall eOllSlder the case that the vapom eontains two 
components 

We assnme tbat of the eomponents A, B, and C only the com
ponent B is exeeedingly Iittle volatlIe, sa that practieally we may 
say that the vapour conslsls onIy of A and C. TlllS is fol' mstance 
tbe case when B is a salt, WhlCh is not volatIle, and when A anel 
C are solvents, as water, alcohol, ete 

Theoretlcally the vapolll' CO:q.SlStS only of A + B + C, herein the 
quantity of B is however exceedmgly small in compal'lson wlth tbe 
quantity of A and C. so that the vapour eonsIsts practIcally totally 
of A and C. 

When, ho wever, we consieler eomplexes m the immedlate vicinity 
of the point B, the relations beeome otherwise. The sohd or hql1id 
snbstanee has VIZ. always a vapour-pl'essure, álthough tbis is some
times immeasurably E>mall, therefore, a, vaponr eXlsts however, 
wbich consists only of B, witqOlÜ A and C. When we now take a 
liqnid or a complex in the lmmedlate vleinity of pomt B, the 
quantity of B in the vapour IS then stIll also large and is not to be 
neglected in comparison with that of A and C. 

Oonsequently, when we consider eql1lhbria, not sitnated 111 the 
vicinity of point B, then we may assume that the vaponr eonsists 
onlJ of A and C, when these eql1llIbrla être sltuated, however, in 
the immediate vieimty of point B, we must also take into consider
ation the volatillty of Band we must consHIer tbe vapour all tel'nal'y, 

Whell we consldel' only the OCCUI'l'enCe of liquid anel gas, then, 
as we have formerly seen, three l'egions may occur, VIZ, the gas
l'eglOn, the liquiel-reglOn and the reg ion L-G. ThiR last l'egion is 
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sE'pal'atec\ by the liqni<1-C'ul'\ 0 ft om the liquid-region and by the 
\'~1pOllt·(,l1l'VC fl'om tlle vapolll'-reg,ion. As long as the liql1idcllrve is 
llOt sitmttecl in tIlo vicinity of point 13, the cOl'l'esponding vapom
Ctll'l'e will be siLuated in tho immediaie vicinitJT of the eide AC. 
COll&eql1ently the vaponr-region is exceedingly smaH and is rednced 
jllst as the vapourcurve, practically to a part of - Ol' to the whole 
side AC. Therefol'e we shal! cal! this vap0Ul'curve the straight 
vapoudine of the regian L - G in the following. Oonsequently we 
dlstingllisll' within t11e tl'Ïangle practically only two regions, which 
m'e sopal'ated by tho liqnidcUl've, \'Îz. the liqnidregion and the region 
L-G; the first reaclies to the point 13, the latter to the side AC. 
The conjllgation-lines liquid-gas end, thel'efol'e, all pl'actically on the_ 
side AC, -

When the liquidcl1l've comes, however, in the immediate vicinity 
of point 13, so that thcre are liqnids, which contain only ex<:eedingly 
litLle A and C, then the quantity of 13 in the corl'esponding vapours 
wil! 110 more be negligible with respect to A and C. The vapour
Cl1l've wiJl tIJen also be sit~1[tted furtber ft'om the side AC, so that 
also tlle vapom-region becomes larger. At sllfficient decrease of 
pl'eS::illl'e Ol' incl'ease of temperature the vapoUl'-region wil! cover 
even thc ontil'e component-triangle. In tbat rase we must, t11e1'efo1'e, 
cCl'tainly disting,uish between the three l'egions, of which the movement, 
occmrenre and disappearance have been treated already previously. 

In order to deduce tile equilibrinm F + L + G, we may act now 
in the same way as we dicl before for a ternal'y vapou1'. We dis
tingnisb the following cases. 

1. The solid substance is a ternary compound. 

2. The solid substance is a binary compound of two volatile 

components. 

3. The solid fll1bstance is a binary compound of one volatile and 
one non-volatile component. 

4. The solid substance is one of tbe components. 

1. We consider firstly the case sub 1, viz. that the solid substance 
is a tel'llal'y C'ompollud; tbis is fol' instance the case with the 
compound Fe201 0 ' 2HOI. 12H20. 

Now we imagine for instance in fig. 7, 11, 12, or 13 (I) the 
component-triangle ABC to - be dl'awn in sueh a way that the point 
]i' is sitnaied wühin this triangle. OUl've .!Vlm can tIJen again 
repl'esent the saturationcurve under Hs own vapompressure of FI 
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the cOlTesponding vapoUl'curve J.1[1 111 1 is then, howevel', no more a 
curve situated within the tl'iangle ABC, but it becomes a straight 
line, which is sitnated on one of the sides of the triangle. 'V-e shall 
rall this line the straight vapourline of the compound F. When A 
and Care .the two volatile compollents, then this straight VapOlll'line 
is sitllated on the side A C. As lIot a single liquid óf curve J1fm can 
be in equilibrium with a vapour, whieh consists of pure A or of 
pure C, the points A and C can never be sitllated on the straight 
vapoudine. lh'om this follows: the slraight \'apourline of the tel'llary 
compound F covers only partly the side AC and in such a way 
that it covers neither A nor B. 

2. The solid substance is a billal'y compound) of two volatile 
components. We take a binary compound F of Band C (fig', 1) 
so that Band C now represent the two volatile components and A 
the non-volatile component. 

In order to deduce the saturationcurve nnder its own vapour
pressul'e we may act again in the same way as we did befol'e 
for the general case, For this we tllke a definire tempel'ature Tand 
a pressme P in sllch a way that no vapolll' can be formed and the 
il:lotherm consists only of the satUl'<l.tlOncurre of F. This is l'epresented 
in fig. 1 by pq. . 

At decrease of P the regioll L-G occurs; snch a region is 
l'epl'esented in fig. 1 by Cdeel with the liquid-cllrve de and the 
straight vapourline' Cel' The lIquid e is in equilibrium with the 
vapour el1 the liquid cl with the "apour C and with each liquid of 
cur\ e ed a definite vaponr of tbe straight vaponrline Cel is 'in 
equilibrium. 

We may distinguish three cases with respect to the OCCllrl'enCe 
of this region L-G. 

a. In the equili.brium L-G of the lJinary system BG a point of 
maximum,pl'essure occurs. The heterogeneous region L-G [tl'ises in 
a point of the side BC. 

b. In the equilibrium L-G of the binary system BC a point of 
minimnm-pressure occurs; one hetel'ogeneolls reg ion arises in Band
one in C, which come tog~th81:- at decl'ease of P in a point of BG. 

c. In the equilibt'Ïum L-G of the binary system BG neithel' a 
point of maximum- nor a point of minimnmpressllre occnrs; the 
hetm'ogeneous l'egion arises in B or in C. 

Here we consid~l' only Ihe last case and we assume in th is rase 
that C is more volatile than B; aftel' this the reader can easily 
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dedllce the two other cases. At 
decrease of P the heterogeneolls 
region arises, t hel'efore, in tbe angll
lap point C (fig. 1) and it expands, 
while curve pq changes of course 
its farm and pObition, over the 
tl'iangle. Onder a definite pressllre 
the tel'minatingpoint e of the liquid
curve coincides with the tel'mina-
tilJgpoint p of tbe satllratiollcllrve, 
under a definite other pressllre e 
coincides with q. 

When e coincides with q, we 
A may imagine in fig. 1 that the 

C --~-'-!------~ liquidcurve is represented by qq'2 
or by gq' I; in the latter case it 
intersects the curve qp, in the first 

case it is situated olltside Ihis Cul"' e. 'Vhen e coinrides with p, we 
ma)' imagine that tbe liquiclcurve is l'epresented either by lJf(fig. 1) 
Ol' by a curve, not dl'awn in the fignre, which intersects pg. Now 
we sllalI examine which of these cases may OCCUl'. 

Fig. 1. 

To the equilibrium between a, ternary liquid ie, y, l-x-y, and 
a binary vapoul' YI' 1-YI the conditiollS ~re tl'Ue: 

az az az a~ 
z-,v -a - (Y-Yl) -a = Z\ and -a =-a . . . . (1) 

m Y Y Yl 

Let us firstly consicler the region L-G in the immediate dcinity 
of the point C. As x, y, and Yl are then infinitely smalI, we put: 

Z= U+RTxlo.rJ,v+RTylogy anel ZI= U1+RTYllogYI 

The two C'onditions (1) pass tben into: 

au au aUI 
U-m - - Y - - UI + YI - - RT (m + Y -YI) = 0 (2) a,v ay aYl 

au .' aUI , 

~ + RT log Y = -a + Rl log YI . . (3) 
uy YI ' 

U mier a presslll'e Pr the l'egion L-G in fig. 1 consibts only of 
thc point C, anel, tbet'efore, x = 0, Y = ° and YI = 0; then the 
unal'y equilibrium: liquid C + vaponr C occurs. This is fixcd by 

Z = ZI or U = UI> whel'ein x = 0, Y = ° and YI = 0. 
Let in fig. 1 the l'egion Cdee l make Hs appeal;ance under a pres

Slll'~ Pc + dP i the points el> e, anel d are then situated in the imme-
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vicinitj of C, now we eqnate_,c - g,!/ = 1) anel YI = Ih. From 
ollows: 

1/1 = K1/ . . . ., ... (4) 

'ein J( is a constant fixed by (3). When we assum.e, as 
~. 1, tlHtt C is more volatlle thall B, l!lC point. el is situaied 
een C alld (1 anel J( is, thercfol'e, smallel' than 1. 
~w ';Ye equate tn (I) P = Pc + elP, ;v = t, V = 'I] and VI = "1, ; 

the point C U = UI is satisfied, it follows, that: 

- RT[ç + 1/ - 'Ih] +JV- VI] dP= 0 

the immediate vicinity of the angulal' point C (fig. 1) Cl1l've ed is, 
fore, a straight small li'ne. We find from (5) fOL' the length of 
~arts Cd and Ce: 

v-·v v-V 
Cd = - _I - dP and Ce = - 1 dP.... (6) 

RT RT (l-K) 

Vl - r > 0 anel l-J(> 0, it follows from (6) that Cd and Ce 
~0siti\'e, wJlen elP is negative. At deerease of pressul'e curve cd 
therefore, within the triangle. Fl'om (6) follows : Cd: Ce = (1--K): 
as J( = 'Ih : '11 = Gel: Ce, we find: Cd = eel' 
order to examine the lifJuielcurves going through the points 

I 

1 q (fig. 1) in the vicinity of these points, we put in (1): 

Z = U + Rl' te log .IJ . (7) 

1en find: 

au au" _ au az, 
U -.1J - - (y - Yl) - -Rl .v-Z1 = 0 and -=-. . (8) ate ay ay ~I 

the liquidclll'Ve of the region ' L-G we find fl'om this: 

[.V1' + (Y-Yl) 8 + RT] d.v + [.V8 + (Y-Yl) t] dy = O. (9) 

the dil'ection of th is liqnidcurve in its end on the side BG 
fore x = 0) we find:, 

dy 

d.:c 

(Y-Yl) 8 -I- Rl' 

(y-yJ t 
(10) 

len we call ffJ the angle, wh,eh this tangent forms with the 
~C (taken in the direction from B tuwaJ'ds C), we have, when 
nagine the componenttl'iangle l'ertangular in C: 

. . . (11) 
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For the satlll'ationcurve under a constant pressure of F, conseql1ently 
fol' curve pq, we find: 

uZ uZ 
Z-llJ - + (~-y) - -- ç = 0 . . • . . (12) 

ua: uy 

or aftel' &Uhstitlltion of tbe value of Z from 17): 

[lIJ1' + (y-~) S + RT] d,v + [,v~ + (y -tl) t] dy = 0 . . (13) 

When we call lP the angle which farms the tangent in p Ol' q 
with tbC' side BG (taken in the direction from B towards G) 
we tind: 1 

(y-~) t 
tg lJ' = ----
. (y-~) S + RT 

. (14) 

Let us now ronsider these two tangents in the point p of fig'. 1. 
In t11i8 point y-.1 < 0 and Y--Yl > O. 

The denominators of (11) and (14) have, therefOl'e, eitlle1' opposite 
sign or they are bath positlve, sa that we may distinguish th ree 
cases. In each of these cases we find cp < lJ' i the liquidcurve of tbe 
region L-G and the saturationcurve of F under a constant pressure 
are, thel'efore, situated in ,.-fhe vlcwity of point p with respect to 
one Rnother in the same way as the curves pi and pq in fig 1. 

Curve pi can also na mOl'e intersect curve pq in its further 
course i we may see this also in the following way. 
- At decl'ease of P the two curves must touch one another under 
a definite pl'essure Ph somewhere in a point h within the component
tl'iangle i therefol'e imagining the liquidcnl've of this pressure PI! 
to be repl'esented by ed (fig. 1), we must imagine ed to be drawn 

/ d 
in snch a way that it touches pq in h. For this point h J!.... from (9) 

da: 
dy 

must be equal to - from (13) i then holds: 
d,1J 

a:r + (y-yJ s + RT ,vr + (y-, 1) s + Rl' 

lUS -I-- (V -vJ t a:s + (V-tl) t 

or 

. . (15) 

Vl=(1 ......... (16) 

As Yl indicates the va,poul' conjugated with ltquid lt, (16) means: 
the hquid-curvt' of tbe l'egion L-G and the satnrationcurve nnder 
a constant pressure of' F touch one' another in a point ft, when the 
Yapour belonging to this liquid ft is repl'esented by ïhe point F. 

As all vapours belonging to curve ed (fig, 1) are represented by 
I 

, " 
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Cel, anel com.equently no vapolll' cxists of the composition F, the 
CUi'ves ed anel pq, thel'efol'e, cannot tOllch one another, 

Let us now consielel' the tangents to the liquiel-cul'Ye anel to the 
satllrationcnl've unele1' a constant pl'essure in the point q (fig, 1); 
as the Yapoll!', belonging to this 1iqmc1, may be l'epl'esE'nted eilhe1' 
by a point ql situate? between q and F Ol' by a puint q2 between 
F anel C, we must distinguish two cases. 

When the vapour IS lepresented by ql> then we have y- ,B >0 
anu V - V! > 0, As V - (1 > V - VI> the dcnominatol't> of (11) 
and (14) ha' e eithe1' the qame sign or the denominator of (11) IS 

Ï)(lsltive, wlllIe that of (14) IS negativc. In ench of these thl'ee cases 
we find cp < l/J; the hquid-Clll'Ve of the region L-G anel tbe 
satul'ationcurve under a constant pressure of F are, the1'el'o1'e, situated 
in lhe vicinity of point q with.l'espect to one anotber as the curves 
qp and qq'I' 

When the vapour C01'l'csponding with liquiu q i3 l'epresented by 
q2' then V - fJ < 0 and V - VI > 0, in ab'3ol11te valne (V- d) 8 is 
ahvays smaller than (V VI) 8. The denoml11atols of (11) and (14) 
have, the1'efoJ'e, either the same slgn or the uenomillat01' of (L1) IS 

negative, while tbat of (14) is posltl\'e. In each of these tlllee case'3 
we find (p> tr'; the liquid-curve' of the region L-G and the 
saturationcl1l've under a constant pl'eSSLll'e of F are, therefo1'e, sltuated 
in the vicinity of point q wjth respect to one another as tbe curves 
qp and qQ'2' 

'Vith the aid of the pl'eceding eonsH.!elatlOns we mJ.y easily deell1ce 
now the satür.ttioncnrves undel' their own vapoul'-pressure of F; 
fol' this wc shall at>sume tbat the solid sLlbstance melts with increase 

\ 

of volume. We distingUlsh th ree cases, 

1. The tempemtnl'e is 10wer thnn thc l~oint of maximum-subli
matioll 7j( of the binary substance F. 

In a similaL' way as we have deduced the geneml case fig. 11 (I) 
we now find with the aid of fig. 1 1'01' the saturationcurve nnder 
its own ,'apompressure a diagram as is dmwn in fig, 2; in this 
fignre a part only of the componenttriangle is dl'awn. Curve 
II Cl C In b n is the satm'ationcurve nncler its own vaponrpreSSUl'e, 
hl (tI Cl FI bi n\ is the cOl"l'esponding straight vapoul'line.,. ln this 
figure are indicnted the equilIbria: F + Lh '+ GII1 , F + La + GUl' 
F+Lc+ Gel> F+ Lil! + GE, P+ Lb+ GÓ1 and P+ Lil +G/l I ; Lh 
and Ln are btnary liqlllds, As we luwe asslllued that the temperatule ' 
is 10wel' than the point of maximulll-sllbJirnation T,c of the solid 
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substnnce F, the ,apour n l must be sitnated 
between F and n. Oonsequently we have 
here the case that the vapour, corl'esponding 
in fig. 1 with the liquid q, is l'epresented 
by q]; the 1iquid-cu~'ve of the region L-G 
going thl'Ollgh the point q can, thel'efol'e, 

~ be l'epl'esented by qql' (tig. 1). It follows 
fl'om this pQsition of qql' that on fnrther 
elecrease of pl'eSSUl'e the liquidcur\'e of the 
region L-G must touch curve pq in a 
point m (fig. :1); in fig. 2 this point óf 
rontact is also l'epl'esented by m. Previously 
we have seen that the vapollr corresponding 
with snch a point of contact has the com
posi.tion F; in fig. 2 m anel F are joined 
fol' ,this l'eason by a conjllgation-line. 

Fig. 2 It follows from this eledllction that the 
pressure IS a Il1lmmnm in the point m of fig. 2 a,nel inrreases ft'om 
1n in Ihe dil'ection of the al'l'OWS, conseqnently towal'ds n anel lt. 
Fm·ther it is evident that the vapoUl'pl'eSbUre in ft is highel' than in n. 

2. The lempemtme IS highel' than the point of maximum subh
mation Tl( and 10wer than tlle minimum-meltingpoint TF of the 
substance F. 

In a similal' way as we have derluced the general case fig. 7 (I), 
wo now find with the ai.d of fig. 1 a diagram as fig. 3. Ourve 
lt a C b n is the satul'ationcurve under its 
own vapour-pt'esSlll'e, "'1 al Cl bi 12] is the 
conespolleling straight vapoul'-line. As 
we have assumed that the tempel'atul'e 
is higher than TK but 10we1' than TF, 
F must, as in fig. 3, be situateel bet ween 
n and nl' Thel'efol'e, here we have the 
case that the VapOlll', corresponding in 

I fig.:l with the liquid q, is l'epresented 
by q2; the liclUid-Clll'Ye of the region 
L-G going through the point q may, 
thel'efore, be l'epl'esented by Qq'2 (tig.:1). 
lt follows fl'Om this position of Qq'2 that 
on furthel' decl'ease of pressllre Ihe liquid
curve of the l'egion L--G no more 
intersects curve pC]. Fig. 3. 
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Fl'om thif:j deduction it follows that tbe pl'eSSUl'e lncl'enses along 
curve lm in the dil'ection of the al'l'OWS, thel'efol'e, from n towards 
hand that on tbis curve lm neither a point of maximum- nor a 
point of minimumpressul'e OCCUl'S. 

3. The tempéllatUl'e is higher than the minimum-meltingpoint 1'F 
anrl 10wer than the point of maxunull1-temperatlll'e TH of the binary 
equilibrium F + L + G. 

In a similar way as we have 
deduced the general case fig. 12 (I) 
we now find fOl' the saturationclll've 
nnder its own vapour-pressure an 
exphased curve, in tig. 4 a similal' 
curve is represented by the curve 
ltn mdicated by 5; the pressure 111-

creases in the direction of the arI'OW, 
consequently from n towards h. 

In tig. 4 the satul'ationcurves 
ll11del' theÎl' own, vapour-pressul'e of 
F are drawn for several tempera
tm'es (T1-T6). When we take Tl 
and T2 lower than 'l.K., then a 
point of minimum-pressure must 
occnr on the curves, indlCated by 
1 and 2. When we take T4 between 
TK and T F and 1'6 between 'l.lt 
and TIl, then the saturationcul'ves Fig. 4. 
under their own vapourpressllre have a posrtion as the curves /m 
mdicated by 4 and 5, on winch no point of minimumpreS8Ul'e 
oecurs. At TH the saturatIOnrllrve dl'3appears in a point Hand 
the cOl'l'esponding straight vapourhne in a pomt Hl (not dmwn 
in the tigure). 

On the saturationeurv~ of the tempe~'atul'es 1'1 and 1'2 we tind 
a point of minimum-pressme nl, this pomt has dlSappeal'ed on the 
saturationcurve of the tempel'ature 1'4; belween these two temperatm'es 
we consequently find a tempel'atlll'e 1'3' at whirh the point In coin
cid es wIth tlle tel'minatll1g point n of tbe satUl'atlonCUL'\ e undel' !tb 

own vapOUl'pressl1l'e . .As the vapollL' bclongll1g to a point of minimum
pressure ltae:; always the compositIOn F, this case OC('Ul'S when the 
IftîUld n call he 111 eqUlhbl'iutn with a HtpOlll' P. As then tbe binary 
eqUlhbnum ]i' + L + vapoUl' P eall O('CUl' tlus temperature Ta 
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éonsequently 
sub&tance F. 

I 

is the rnaximnmternpemture of sllblimation Tl{ ot' thé 

Now we will dedll('e in another way the satumtioncul'ves uncler 
thell' own vapour pl'essnre of F. The ('onditions of equilibrium are: 

az ) az (J aZ l ./ az aZl Z -,v- - CIJ-I?) -=; Zl- !Jl-/i)-a =-; - -- . (17) 
a,v àp _ Yl ày - aYl 

These cOllditions follow also fl'om the equations 1 (H) vrhen we 
eqllate l1e1'ein a = 0 and ,'IJl = 0 and when we C'onsider 2 1 as inde
pendent of tCI' We put 

Z = U + RTlIJ log lIJ 

The t11l'<:le t'onditions (17) pass then into: 

àU J au )" 
U-{IJ - - (Y-J I) - - l,J {IJ -; = 0 

à.1J ay 

Fl'om thi8 follows· 

aZl 
Zl-(YI -,'1)-a -;= 0 

Yl 
au aZ

I ---=0 
ay aYI 

. . . . . 

[.vr + (y-/?) s -I- RT] dm +- [ms + (Y-) tl dy = 
= [V-{/] av _ (Y_I") àV - v] dP a,1) ay 

I [V r:I aVl ] (YI-li)tldYl= I--(YI-,") àYl -v dP 

(18) 

, (19) 

. , (20) 

. (21) 

(22) 

(23) 

sd,v + tdy-t
l 

dYI = (a V! _ aV)dP 
cly! cly 

. . (24) 

With the I1ld of (23) we may al80 write 1'01' (24): 

(Yl- -) sd.v + (YI-'I~) t cly = VI - (YI-,'i) - - v dP [ ~ av ] 
dy 

(25) 

so that for the relation between dx, dy, d!h' and dP we shall considel' 
the equations (22), 23), and (25) .. 

In ordel' to examine if a point of rnaximum- or of minimum
preS&llL'C is possibJe on the 8atUl'ationcul've under its own vapollr
preSSlll'e, we take (23). From this follows elP = 0 when 

YI = (J . . • • • . . • . (26) 

In order 10 examine if the pre&Slll'e f'or this point is a maximum 
or a millimum, we develop (20) furthel' into a series; 'when we 
eqllate herein Yl = ('i, we find: 
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As VI-v and tI are both positive, it is apparent that the pressUl'e 
is a minimum. In accordance with our previous considerations (see 
fig. 2) we finu therefore: on the saturationcUt'"e under its own. 
vapourpJ'essure .of the solid substance F the pressure is a minimum 
in a point rn, when the va.pOUl' cOl'l'esponding with this liquid has 
the composi.tion F. 

In order to examine the cha.nge of pressure along the saturation
curve in the vicinity of ita extreme ends hand n (fig. 2, 3, and 4) 
we equate x = 0; from (22) and (25) we then obtain: 

av 
Uy--(1) s + RT] d.v + (y -(J) t dy -= [V-(y-(1) a;; -v] dP (28) 

(J ) av 
(YI-,J) sda; + (yl-fj) t dy = [VI-(YI-(I) a;; -v] dP. . (29) 

From thi.s follows: 

(YI-f/) RTda; = [(YI-(1) V + ({J-y) VI + (Y-YI) v] dP . (30) 

When b. VI is tbe ('bange of volume, which OCCUl'S when between 
the three phases of the binary equilibrium F + L + G a l'eaction 
occurs, in wbich one qUa.I~tity of vapoUl' arises, then we may write 
for (30): 

dP_- _ {J-Yl RT 
. 6.V . dm. . . .. (31) 

{J-y I 

Now b. VI is always positivo in the binary system F + L + G, 
ex cept between the minimum-melting pomt Tp and the point of 
maximumtemperature 'l'H, where b. VI is negative. In fig. 4 b. VI 
is consequently uegative tor liquids between F and H, positive for 
all other liquids on the side BC. 
I~-y is positive, when the liquid is situated between F and C, 

negative when the liquid is sitllated between F and B (ligs. 2-4). 
/1-YI is p'ositive, when the vapour is situated betweell F and C, 

negath'e when the vo.pour is sitllated between F and B (figs 2-4). 
In the points h of figs. 2-4 is b. V1>0, ,:'-y>Oand (1-Yl>0; 

from (31) follows thel'efore elP < O. From each of the points lt 
the pre~sure must, therefore, decrea.se along the so.turtl.tioncUlTes, we 
see th at this is in o.ccordance with t.he direction of the o.rrows in 
the vicinity of the points h (figs. 2 -4). 

In the point n of fig. 2 is b. VI> 0, (1-y < ° o.nd /1-YI < 0; 
fl'om (31) follows, therefore elP < 0. Consequently we find that 
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the pI eSSlll'e in fig. 2 mllst decl'ease from 17, along tbe sn.turatlon'
CUl"ve, which is in accordance IVith fJg. 2. 

In the point n of figul'e 3 is .6.V1 >0, /1-y<Oand/J-Yl>'0; 
from (31) follows, therefore dP> 0. Consequenily the pl'essure 
mllst inCl'ease from the point n in fig. 3 along the saturationcurve. 
which is in accorclanco with fig. 3. 

In tlle point n of curve 5 in fig. 4 is .6. V1 < 0, !i'-y> ° and 
fJ- Yl > 0; from (3J) follows, therefol'e dP> 0. Uonsequently 
the pl'essme must incl"ease from n along ('L1l've 5, which is in 
a('C'ordance with the direction of the arrolVs. 

We may summarise the above-mentioned results also in th,e 
foJlowing way: when to the bmary equilibrium F+L+G (in which 
F is a compound of two volatile components) at a constant tempera
bll'e we add a 8ubstance, whieh is not volatile, -then the pressure 
incl'eases whel1 the binary eqUlllbrillll1 iE> bet ween the point of 
maximllm-sublimation TI( and the point of maximum temperature 
TH; in all olher cases the presslll'e decreases. 

In the consideration of the genel'al case, that the vapour contains 
the three eomponents (XI and XII) we have deduced that the 
satumtioncurves under Iheir own vapourpl'essure can disappeai' iil 
two ways at increase of pressnre. 

1. The saturationcli{'ve of the temperatm'e TH disappears in the 
point H on the sidE' BG [fig. 5 (XI)]. 

2. The satUl'alionClll've of the tempemtUl'e 111 touches the side BG 
in Ihe point H p,nd is fnrther sitnated within the tl'iangle ; at further 
incl'ease of T it forms a closed curve sitllated within the triangle, 
''I'hich disappeat·s at TR in a point within the tl'iangle [tig. 6 (XI)]. 

In the case now under consideratioll, that Ihe vapour C'ollsists only 
of Band G, only tlle case 1 OCCIll'S; this has already been discussed 
above and is I'epreseuted in fig. 4. It ~'ollows already immediately 
fl'om lhe following that the case 2 cannot occnr. On a closed 
saturntioneurve under its own vapOUl'pmSSllre a point of maximum~ 
and a. point of minimllmpressure OCCllL'S. On the curves now nnder 
considemtion onl.1', as we saw hefore, a point of minimumpressnre 
can occur, so that closed Sallll'atIOnC'lll'ves are im posE>ible. 

We may deduce I IJ is also i 11 1 he following wt"ty and we may 
prove at the same time t bese curves, just as in the general case, to 
be parabolas in the vicinity of H. 

When wc C'onsider the binary equilibdum Ji' + liquid H + 
vapoUl', Ihcn t/.: = 0; we equate Y = YOl y, = Yl'O and the pl'essure 
= Pjj. To tllis equilibrium applies: 
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, 
, au 
u - (Yo-(1) ay -;= 0 

turther we have: 

au 
dy 

181 

(YI'o-/1) V + «(~-Yo) VI + [YO-YI'O] v = 0 
whieh eondition we mayalso write: 

. (33) 

V-v Vl-v V - 'V 
--- I =(..L •••• (34) 

yo-{1 YI'o-f1 YI'O-YO 
Fot' a ternary eqqilibrium F + L + G, the liquid of whieh is 

situated in thc vieinity of point H, the pressure is equal to 
PlI+ J'C, x = g, Y = Yo + 1) and YI = !f1'O + lil· 

The three equations (17) pass, then, wheu we use the eonditions 
l22) into: 

(
aV 'av 

RTg+[v- V]J'C+l1·~2 +ttf]2+l ap - ap)J'C2 +.sg'11+' .+(y-fJ)L=O (35) 

[v- VI] :re + t tI '111 2 + t (~~ - aa; ) J'C2 + ... + (YI-fJ) LI = 0 (36) 

L= BI ..•.•..•. (37) 

Herein is: 

av as at a2 v ( 
L = s5 + t '11 + a:re + ~ aal g2 + ~ a '112 + i a ap:rt2 + 

V V Y (38) 
as a2 v a2 V 

+ -a ~ '11 + ~ g :re + -a 11 :re + ... 
Y ua:l1Y y2 I 

a VI at l a2 VI a2 VI 
LI = tI '1h + a:re + t a '111!1 + t a ap J'C2 + ~ ')11 J'C + .•. . (39) 

VI VI .1h YI , 
In (35) and (36) !lo and yl.O are l'eplaeed by y tthd Yl; we shall 

do the same in tlle following equations. When we multiply (35) 
by YI -~ and (36) by y-{:J, then it follows with the aid of (37) i,hat : 

(YI-~) RT ~ + ~ (YI-~) l' ~2 +, t (YI-ti) t't12-t (y-m tI ')1/ 

[ 
dV aVI av J 

+ t (~-YI) dP t (Y-~) ap + (YI-Y) ap J'C 2 +(YI-[3).sg'11=O.(40) 

From (36), (37), and (·iO) it follows that this ean be satisfied by: 
lh of the order :rr, '). of the order :re and ~ of the order J'C2, 

From (35), (36) and (37) then follows: 

(4l) 

13 
/ . Proceedings Royal Acad. Amsterdam. Vol. XVII. 

, I 
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Substituting these valnes ill (40) wc find: 

2 (Yl-{:J) Rl' g = a n~ . (42) 
,"" 

wherein a has the same value as in (21) (XII). 
Frolll this it follows with the aid of the first relation (41) that: 

2 (y l-fJ) RT g = ( a V)2 '1)2 • 

f-t--ay 
. . . . (43) 

In the same way as in (XII) we find that we may write fol' this : 

d2l 
whel'ein - is fixed by (24) (XII0., From Ihis it follows that the 

dp2 

curve going in fig. 4 thl'ough the point H is parabolically cUl'ved 
in this point and touches t11e side BG in this point. 

d2l 
As in this point y--fJ < 0, Yl- y < 0, 1/1 - fJ < ° and dp2 > 0, 

~ is always llegative. From this it folJows that this parabola has 
only the point H in common with the triangle and il; fUl'thel' 
sHuated completely oulside the tl'iangle. Consequently onIy thè point 
H represents a liquid; Hs other points have no rneaning. 

-
(To be continued). 

Chemistry. - "The system Ammonia-water". By Prof. A. Sl\HTS 

and S. POSTMA. (Comrnunicated by Prof. J. D. v. D. WAALS). 

(Communicated in the meeting of May 30, 1914). 

Aftel' the preliminary communicalioll 1) on this subject the inves
tigation of the system NH a-H 20 has been continued in different 
directions, and it lias rlOw been completed. 

The contiuued research was directed in the first place to the 
accumte detel'rnination of (he meltingpoint lines, corl'esponding 
wüh (he pl'eSSllre of oue atmosphel'e. These detel'rninations, which 
we re llOW cal'l'ied ont by rneans of a gauged L'esisü"l1('e thel'mo-

1) These Proc. XII, p. 186. 



- 189 -

183 

meter 1), as is in nse in this la.boratory 2), gave the following resnlt. 
(lVIethod of procedure: supercooling a little and then seeding). 

Initial Final point Concentration point of of solidifi-mixture solidifica- cation tion 

100 mol. OIo NH3 - 77.6° 

94.7 ç - 80.9 
\ 

90 4 - - 83.7 

86.5 - 87.2 

- 92.4 
81.55 

- 92.6 - 92.5° 

78 45 - 88.7 - 92.5 

73.5 - 82.2 - 92.6 

71.1 - 80.3 

69.9 - 797 

66.7 - 78.8 

65.8 778.9 

64.6 -79.2 

62.0 - 81.0 

61.3 - 81.7 - 86.0 

60.7 - 82.3 - 86.0 
) 

60.3 - 82.9 - 86.0 

59.0 - 85.2 - 85.8 

57.0 - 84.1 - 85.8 

53.0 - 80.2 

50.2 - 79.1 

50.1 - 79.0 

49.3 - 79.0 

43.9 - 83.0 

42.2 - 86.0 

1) Gauging points wel'C': melting ice 0°, melting mel'cl1l'y - 38.85°. Boiling 
002 + alcohol - 78.34.0 -I- 020 (B-76). Boiling point of oxygen -182.8° + 0.36 
(B -76). 

2) Cf. DI: LEEUW. Z r: phys Chem. 77, ~03 (1911). 

13 
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Concen· I~ittaI IFinal point 
tration pomt of f rdïi 

SOlidifica.\O S~ 1 1 1-
mixture tion cabon 

40 6 - 88.2 

39.8 - 90.7 

39.1 - 91.7 

35.75 - 97.1 , 

34.5 - 100.3 

34.0 - 96.7 

32.6 - 89.2 

29.7 - 74.2 

28.7 - 68.8 

27.6 - 63.7 

26.55 - 59.4 

23.0 - 43.5 

20.2 - 34.9 

17.9 - 28.6 

4.46 4.8 

0.0 0.0 

This result is expressed in Fig. 1. 
From this T-X fig. follows: 

for the point of soJidification ofthe compound 2 NHs.H20-78°.9 

"" "" " "" " NH~.H20-79°.0 
Further file eutectie point of NHs + 2 NHs,R20 + I.J appears to liE 

at 81.4 % NRs and - 92.5°, 

" " 

" " 

" 

" 

" of 2 NHs.H 20+NHa.H20+L appears te 
he at 58.5 % NRs and - 86.0°, 

" of NHa.H20 + H20 + L appeal's to li€ 
at 34.7 NH s and -100.3°. 

Great difficlllties were experieneed in the ease of the mixture~ 
wHI! les", than 50% NHa, in consequence of the great viscosity oj 
these mIXtures at low temperature. 

Shortly aftel' our jUElt mentioned pl'eliminal'y communication a 
tl'ea.tiRe on the same F,llbject by RUPEHT 1) appeal'ed in JOUl'U. Am, 
Chem. Soc. 31 866 (Aug. 1909). 

I) Further commUDIcatlOD Journ. Am Chem. Soc. 32. 748 (1910). 
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Fig. 1. 

As point of solidificati'Jn RUPERT determines the point at which 
the rrystals brought into the liquid no longel' grow or disappear. 
He rneasures the temperature accurate down to 0°_5 with a verified 
toluol-thermometel'_ Below -- 100° he uses a thermo-element, tested 
by comparison with the toluol thermometer and with the boilillg 
point of, liquid air. He himself considers the detel'minations with 
this thermo-element insnfticient, which tallies with our results, as by 
extrapolation about -125° may be derived from RUPl!lRT'S inve.stigation 
fbI' the temperature of tlJe eutectic point NBa-H20 + H20 + L, 
whereas this point lies certa,inly 24° higher according to Fig_ 1. 

Leaving the region of concentmtion 30-40°/0 out of account, the 
agreement between RUPERT'S l'esllits and ours is faid)' satisfactorr. 
If we COlllpal'e the principal points, we get what follows: 

- - -----------
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Observer NHa 12NHa H_ 0 I NHu.HzO 

RUPE~T. - 78.°0 - 79 °0 - 79.°3 
. 

SM lTS, POsTMA - 77. c6 - 78 °8 - 79.°0 

Observer EutectIcum ! Concentration I Temperàture 

RUPE~T., 
I 
81.2moiOfoNHa - 94.°0 

S. P. 81 5 - 92.5° 

RUPE~T. 57.9 
" " 

- 87.0 

S. P. 
" 

58.5 IJ _ - 85.9° 

not determllled by RUPERT 

" 34.7mOI.OfoNHa/ - 100.3° 

Tt is at once apparent from the determl11ation of the melting-point 
diagram that tl1e tvvo chemical compounds, Olle vvith 2 mol. of 
NHa to 1 mol. of HzO, aud the other wiih 1 mol. of NHg to 1 mol. 
of HzO are all'eady consic1el'ably dissociated m liquicl state at the 
tenJperature of solidificatioll. 

Boiling-point lines. 

Aftel' centainty had been obtajned in tbe way descl'lbed here 
about the existence of two solid compounds Qehveen NH 3 aud H2 0, 
il was of impol'tance to examine whether the existenee of these 
componnds m the lIqmd state ,,{ould also follow from tbe bOlling
pomt liues ob&el'ved at dIfferent pressllres. These detel'minations, 
wJHch were carned out wIth all appaeatus as was used by 
Dr. DE LEEUW 1), Ylelded the resulL that there was no jnclication to 
be pel'ceived t bat could ponlt 10 the exisfence of compollnds in tbe 
ligUlcl. Bence it follo\l'ed from tllls thai at the observed boilmg 
tempel'ature the chssociation was ah'eadj' too stl'Ong, and that the 
in vest/gallon Jjas th6l'efol'e to be con tin ued at still lowel' preSSlll'es. 

As the clyllaullc ll1ethocl IS ntlendecl wiLh all kmcls of difficulties 
at low pJ'essl1I'e, Il was desll'able to apply th!:.' statistic and not the 
clynall1Ïc method in the continnahon of this jnvestlgation, anel detel'
mme the VilpOUl' preSSLll'e line of cldferent mixtures of deftnite 
concentration, fi'om which the bOlling-pomt lines anel the p-a:-lines 

1) Z.f. phys. Ghem. 77, 284. (1911). 
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might then be elerived. This Illvestigation, in whirh also the mixtures 
which had previously been investigated clynamically weee vel'ified, 
yieldeel the following result. 

Thc following mixtures were examined. 
( 

88,0 mol. °10 NRs 54,7 mol. °l NR' o s 
84,1 

" " " 
51,5 

" " " 77,8 
" " " 

39,7 
" " " 74,6 

" " " 
35,9 

" " " 69,5 
" " " 

32,7 
" " " 66,3 

" " " 
25,6 

" " " 62,7 
" " " 

the reslllts of whieh are expressed in fIg. 2. 

p , 
Ift .""!! 

IJDa.UtJ 

11" rIf ~flJ I11 7. -
~" 

I/h jj ll! Iff 
/ // (/ / / J 

.. I VI/ jl/ I IL ~ 

VI 'IJ I1 I 1/ l 1« 

I cn "/1 VI 1/ I / 
,.c / VI; I ! 1/1/ I I 

1/ ~ 1// 1//11 I 1/ 1/ 
/ VII VI 1/ I 1/ 1/ / J / 

.11;1 ril I/IV / / 1/ V 

I~ Jlf/ ( /; 1/ V 1/ 1/ / 
I., / 1/; V / v / / / 

l.jj 'tÇ ~ v / V / / / /v 
" 

~ ~ ~ V ./ / V V ,/ 
~ 

~ -;/ v 
~ ;::.---v /" 

~ ~ v--::::: ~ v 
T~ ,;;;:::::. 

:::;:;.- I--:::::: c::::::: ::-- -:---
T I 

I 

I 
I 

IJ 

1/ 

.-î ' 
v 

, 7.5 70 b5 ba .s5 .s0 /5 ~O ..'35 30 .25 .20 15 10 .5 0 .5 .10 .15 lO 

Fig. 2. 

These vapoUl' preRSl1l'e lines enable us to read the cOl'l'esponding 
boiling temperatul'e fot' a detinite pressure (see table I), hence to 
indicate the boiling-point lines, anel tbat with an accl1l'acy elown to 
tentlls of degrees, anel it is a1::,o possible to indirate the vapour 
tension of different mixtures fol' a definite temperatm'e (see table IJ), 
hence to fInel the (p:/J)l'-lines wiLh an accuracy of ± 0,5 m.m. Rg·. 

Fig. 3 contains the boihng-point curves, fl'om which it appears 
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c ' T A B,L E I. 
"- T-X- or böiling-point Ïines for differen1.pressures. 

0 0 
- 61.4 ":""33.4 100 -76.6 , -:- 67.2 - 53.35 - 46.3 

88.0 ' . ,.:.. 74.6 - 65.3 . - 59.15 ' - 51.1 - 43.8 - 30.4 

84.1 - 74.1 - 64.35 - 58.3 ":':"50.1 - 42.8 ' , - 29.3, 

77..8 -: '72.0' - 62.5 ~ 56.3 -:- 47.9 - 40 .. 5 - .26.8 
c, 

74.6 ' - 70.85 _..:. 61.1 - 54.9 - 46.6 - 39.1 - 25.4 

69.5 - 68.6 - 58.7 - 52.4 - 43.8 - 36.3 - 22.3 

66.3 - 66.4 - 56.4 ...:... 50.2 - 41.7 .- 34.0 - 19.9 

62.7 .,.;. 63.6 - 53.6 ~ 47.25 - 38.6 -: 30.9 8.1 

54.7 -' 55.95 ' - 45.95 -;- 39.3 - 30.5 - 22.6 3.9 

51.5 - 52.5 - 42.1 ~ 35.6 -'- 26.6 .. - 18.6 

39.7 ' - 38.0 - 26.7 , . - 19.65 - 10.2 1.6 

35.9 - 32.7 . - 21.3 :- 14·9 4.4 -+ 4.4 

32.7 - 28.35 :-. 16.6 . 9.25 + 0.65 , + 9.4 

25.6 -17.25 5.3 + 2:4 + 12.75 

TABLE II. 
p-X.lines for differ:ent temperatures .. 

, , " , 

IJ=~70~ I i= -650 1 ( -550 I t= -~5° I't . -350 I t=-30° 1[=-250. 

mol. % N~31 P in ~m.H~·1 'P I P 
I 

p I P 
I 

p ,.1 P 

100 8.25 11.75 ,22.6 ' 40.95' 69.95 ; 

8~·.0 7.2 '10.2 19.6. 35.5 . 60.6 77.4 
. 

, 84.1 6.7 9.6 18.5 33.4 57.3 73;6 

77.8 5.8 8.4 16.2 29.5 ,50:5 65.0 

74~6' 5.3 7.7 14.9 27:4 47:2 61.0 77.4 

69.5 4.55 6.5 12.7 23.3 40.7 .52.5 66.8 

66.3- 3.8 5:5 11.0 20;5 36.0 46.9 59.7 

62.7 3.1 4.55 9;2 17.25 30.55 39.9 

,54.7 1.7 '2.5 5.4 10.6 19.4 25.7 33.55 

51.5 ± 1.3 1.95 4.2. 8:3 15.5, 20.7 . 27.15 

39.7, 0.85 1.4 3.05 6.1 8.3 11.0 

35.9 ± 1 .1 2. is 4.35 5.9 7.95 

32.7 0.4 0.8 1.6 3.J5 4.5 6.,15 

. 25.6 - 0.9 1.65 2.3 3.1 -
".: .. ' 

: .... :. 

. \ ~" \ . : .. \", " , 
' .. 
.\ .. ' 
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that even that cOl'l'esponding io a pressure of 50 m.m. Hg. does not 
reveal anything about the exis(ence of compounds in the liquid 
phase; qlere is nothing LO be deteclecl here of a consiricrion at the 
place of thé compounds, as was found by Dr. AT.I!1N 1) in his investiga-

fO rNHc. 

6D 

JO 

70 60 ,Jo lJo 

X 
Fig. 4 . 

, 

/lD 

100 

90 

50 

70 

60 

JO 

JO 

fO 

ZO 10 I~O 

tion of (he system sulphur-chloriue, and by Dl'. DE Lnuw 2) in (he 
system aldehyde-alcohol. 

Still more interesting is the consideration of the liquid lines of 
the (p,v)T·sections, which are repl'esenteel in fig. 4 for ihe tempera-
ttl~'es - 25° - 30° - 35° - 4.~0 - 55° - 65° anel - 70° 3) , , , , ), . 

1) Z. f. phys. Chem. 54, 55, (1906). 
2) loc. cit. 
Sj The vupour phases of the mixtnres need not be investigater'l, as it appeared 

frol~ a preliminary investigation thal they praclically consisted only of NRs at 
the examined temperatures, as was indeed to be expected a priori. 

------- --
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"\lVe see tlJat al all the ternj)enltUl'eS IDclllioneçl hete ,these JjqlllO 
Hnes exh,lpit the type of negative liquid Enes 1), as \vas lJlet with 
by KOI1NSTAlIIl\I alld VÁN DALb'SEN 2) fol' the system ether-chloroform, 
and by GERLACH 3) fol' water and glycerin, while as BAlmurs ROOZI!.BOO:U 

l'emal'ked, sneh a Jin~ mayalso be derived from the investigation 
eaI'l'ied out by SOHRBINRMAKERS 4) for the system acetone-phenol. 

Nor do Hquid lines of the (p,v)T-sections give the least indication 
of thc existence of compounds in, the liquid phase, and It is most 
remal'kable that this 'even applies to the Jiquid lines eorresponding 
to a temperatUl'e uf - 70:>, so only 9° above lhe temperature at 
which the compollnds separate out of the liquid; an indubitable 
pro of therefore that the componnds found Ulldergo a c1issociation in 
the Jiqüid, mueh greater than would have been expeetec1. 

To complete the investigation the most important lines df the PT
projection of the spacial figure were also c1etermined, the resun of 
whi<.'h is expressec1 in fig. 5, in w hich the three-phase lines of the 

Fig. 5. 

two compounds m:e. vel'y apparent. The dlfference in triple point 
press1ll'e of the two eomponnc1s amounts to ± 17 m.m. Hg. 

FlI1ally also the plaitpoint C11l've was ptll'tially dClel'minec1; as was 
to be expected this CUl've does not presen t any particularity ei ther. 

AnoJ'!J. C/tem. LabomtoJ'Y of t/ze UniveJ'5ity. 

Amsterdam, May, 1914. 

1) BAKHUIS ROOZEBOOM. Die Heler. GlelChgcw. ][ 40 (1904). 
2) Verslagen d. Kon. Akad. v. Wel. Hlüt, 156. 
3) Z. f. anaI. Chem. 24, 106 (1885). 
J) Z. f. pbys. Chem. 39, 500 \1\)02). 

I J 
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Mathema~ics. -, "On HERMITE'S anc! AB.I!:L'S polynomia." By 
N. G. W. H. BEEGER. (Communicated by Prof. W. KAPTEYN). 

(Communicated in the meeting of May 30, 1914). 

Prof. KAPTEYN has deduced the following expansion 1): 
fa.-8x)2 ~ 

1 /- 1-82 = i OnHn(:c)Hn(a)_. 
V(I-0 2

) 0 2n • nl 

In which Hn (x) represent the polynomia of HERl\llTE. 

expansion a = 0, then we fiod: 
62x' 

1 e 1_82 =.s, OnHn(:c)HlI(o) 
V(I-0 2

) 0 211 • 11 ! 

(1) 

Let in this 

. . (2) 

N ow it holds good for the polynomia of HERl\fiTE that: 

H2n+1 (0) = 0 H2n (0) = (-I)n (:~)! V~ . . (3) 

On account of which the above relation passes into: 
82,];' 

1 -1-62 (IJ H2n(:C) 
---:----:-:c- e = ~ (-I)n __ (}2n' • 
V(I-(}2) 0 22n .nl 

For the polynomia CPn (x) of ABEL we know the expansion: 

(4) 

1 -1-8 (IJ (5) --(} e = ~ cpn (:c') On . . • • • • 
1- 0 

lf we replace in (4) (}2 by (} we find: 
8:1.2 

__ ]_ e- 1- O = i (-I)n H2n(:C) (}n 
V(I-0) 0 22n • n! 

1 
lf we multiply the first member of th is relaiion by ---- and 

V(I-0) 
ti) (2n)! 

the secOIld member by ~ ---- f}n, the fil'st member becomes equal 
o 22/1 • (nI)' 

to the th'st member of U». By equalizing the coefficient of f}n in the 
two second members, we find the following l'elation bet ween the 
polynomia of ABEL and those of HERMITE: 

rnn (iV') = ~ ~ (_I)n-k (2k)! R 2n- 2k(:C) . . . (6) 
'I' 22/1 k=O (kl)2(n - k)1 

If we multiply both members ai (6) by 
H2n_~(:C) e-,];2 d:c 

1) These Proceedings. Vol. XVI, p. 1198 (22). 
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and integrate between - 00 and + 00, then we find by application 
of. the well-lmown integl'als: 

+00 f Hm (.v) Hn (m) e-x2 dm = 0 

+00 f Bm' (m) e-x2 dm = 2m. mI V 31': 

-00 

-00 
Prof. KAPTEYN deduees the following representation by means of 

an integral fol' HERl11TE'S polynomia 1): 

Hn (.v) = ~~j.- u: Uil cos (.vu _ n
2
31')dU. 

o 

If we substitute this expression in (6): 
aJ u2 

ex2 f-- 11 (2k)! lPn(m 2 ) e 4 2 (_l)n-k ____ u2n- 2k cos (mu-(n-k).1t') du 
22n V J't 1=0 (k!)2(n-k)! 

o 
or, if we work out the eosine 

00 u~ 

lPn(mZ) = -- e 4 cos .vudu 2 u2~n-k) 
eX2 J -- n (2k)! f 

22nV 3l' k-O (k!l(n-k)! 

Now is 

consequently 

o 

8 

(2k) I =:::: fe-yy'2kdY 

o 

r1J 

11 (2k)! n~ u 2(n-k) f 2 . u2(n-k) = :E - ___ ~-Yy2ldy = 
o (kW(n-k)! 0 WY(n-k)/ 

o 

= 1t21l.f:Yd
Y 
~ __ 1 __ (?i)2k _ u2n 

r;:YdY ~ ~ (n ) (?L)2k 
_ 0 (k!)2(n-k)! u n! J" 0 kl k 7t 

o 0 

For ABEL'S polynomia we have: 

( !J2) _ 11 1 (n) (Y )21.: lPl! -- _2 - -
u 2 k=O k! k 1t 

1) 1. c. p. 1194 (9). 

(8) 

(9) 
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" 
so that we can write for (9) 

u2nf"'e-'l'(pn (- r) du 
n! u' 

o 
Sub::,tituted in (8) we get the double iniegl'al 

if we introduce y = ut. 
By substItution of u = 2y it passes into 

'4&" foo foo 
f/J/I(m') = -V e-Y',y21/+1 cos 2.1Jydy e-2yt f/Jn(-t')dt . n' :n: _ 

(10) 

o 0 

:Now we make use of the relatlOl1 ,) also deduced bJ Prof. KAPTEYN 

00 00 

f tn f f/Jn(t) 
e- t (1 +t)n+1 dt = e-

t 
1 + t dt . . " (11) 

o 0 

In (10) we substitute x = Vt and then multIply both membel's by 

1 
-- e-tdt 
l+t 

and mtegrate between 0 and co, then we get bJ making use of (11). 

f~t __ t_n _ dt =_4_f oo ij'y21l+1 dy r~-2'ijlt (Pn(-n 2 ) dt{"'COS2YVt elt. 
(1+t)n+l n! V:n: J' l+t 

o 0 0 0 

Accol'dmg to a well-known mtegral 111 the tbeory of the integl'al
logarithm, is 2) 

00 00 

f LOS 2yVt f tV COS 2y,'/J 
--- dt == 2 ---- d{/]::::: - e-211 li 1 (e2y)-e'lY li (e-2y) 

l+t 1 +tv' 
o 0 

consequent1) 

By snmmattoll 1'1'0111 n = 0 Lo 1t = 00 

1) I c. XV, P 1250 (14). 

00 

. J-2Yllpn(~tt2) d1t 

o 
we find' 

2) See for iuslance "Theorie des Illlegrallogarllhmus Dr. NIELSEN: page 24, 

. (12) 
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}:-t dt = _ -~-}~~21e-21/lZI(e21/)+e21fli(e-21/)ldY f:-2Yltdlt 2 y2n+i lfn(-U2 ) 

Vn 'J 0 n' 
o u 

Now is l
): 

co lJ]1n 

;2 -rPm(a) = e:tJo(2Vaa:) 
o m! 

in which Jo represents the function of BESS1!.JJ of order zero. From 
this lt ensues conseqnently th at 

so 

Ol' 

00 00 

1 = - :nJy~e-2Yltl (e2y) + e2Yli(e-2Y)ldy}-2YUJo (2iuy)du. 

ij 0 

.As is lmown, 
00 u211y2n 

Jo (2iuy) = :2 -( ')2 
u=o n. 

Introduc1l1g thib we bave 

4 JOO 1 = - V n [e-2Y lil (e21f) -t 
o 

00 (2n)' 
e2y li (e- 21/)] dy .;2 ---

11=0 (n!Y2 21l+1 

1 4 fel) ---- = - --= [e-2Y lil (e2y) + e~Y li (e-2y)] dy (13) 
00 (2n '\) 1 V ~ .2 -- 0 

n=O n 2211+1 

.According to au lfltegral used before, is 
00 el) 00 

el) 

~[e-2Yli (e2lj)+e2Yh(e-2Y)]dy=-2 ftcostdt r dy JI I J' J4y2+tl 
-hm cos t a'l'ctg-dt • . f 2y 
y=rt:;. t 

o 0 0 o 
Formula (13) mayalso be wl'itten as follows: 

1 4. fel) 2y 
----- :::= -- Üm cos t a?'(. tg - dt 
2 (2n)_1 _ V; Y=el) 0 t 

11=0 • n 22n+1 

(14) 

By multiplying form111a (11) by 

to n = 00 we find: 

t'l1'l 
and by summation 1'1'0111 n = 0 

n! 

1) These Pl'oceedmgs XV, p 1246 (9). 
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.., 00 00 

-dt2- - = -dt2-lfn(t)= --Jo(2v;t)-J e-l rI:i IV'I ( t )"' 11 J e-l 00 at l fe- t+x 
l+t 0 n/ l+t l+t 0 n/ l+t 

o 0 0 

or 

(15) 

In order to deduce some more relations from formula (11) we set 
to work as follows. In Dr. NrJI.AND'S dlsserlatioIl 1) the f'ollowing 
relalion is deduced fol' ABEJ,'S polynomia: 

or 

or 

71-1 
(P,/ (m) = - :2 Cfk (m) . 

k=O 

By summation of i'ormula (11) from n = 0 to n -1 : 

00 00 

f 
11-1 til (e-t n-l 

e- t :2 + dt = -:2 PI! (t) dt 
o (1 + t)ll 1 v 1 + t 0 

o 0 

f oo I t
n ! Joo e-

t 
e-t --- 1 dt == -- CPn' (t) dt 

(t+l)n l+t· 
o 0 

JrI:i t'l f;-t 
- 1 + e-t--dt= -r.pn'(t)dt 

(t+ l)n 1-H 
o .' 0 

We integl'ate the second member parliaIly: 
. I 

tb 00 ~ 

-- (P,.' (t) dt = CPn (t) - + e-t CPIl (t) dt = f e-t I e-t I J (l+t)+1 
l+t l+t (l+W 
000 

(16) 

J(J;)e-t foo e-t 

= - 1 + 1+ CP'I (t) dt + -( - (.p'1 (t) dt. 
t I+W 

o 0 

FOl'mula (16) passes into: 

f :-t--..!..- dt fooe- t rp" (t)dt+ t e-
t 

• (Pn (t) dt 
(l+l)n l+t J(1 tW 

u 0 ,I 

or by application of (11): 

1) Over ëen bijzondere soort van geheele functiën, Utrecht. 1896 p. 19. 
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< ) 

je-t (1 :t)n dt - i-t 
(1 -t t;;,+l dt + 11: t;2 (Pn (t) dt. 

000 

Tbe first integral of the second member we conv'ey to UlO lirsl 
member, and we find,: , _, , 

. (17) 

Tf we -apply the same process to (his, and again to the re'311lt, 
etc., we find at last aftel' m-fold applianee : 

00 t);) 

} 
tll+1IL ,{ e-t 

e-
t 
r1 + t)1l+1 dt = ,m! J (1 + t)'"+1 (Pil (t) dt . (18) 

o 0 

We can render tb is formnla Ellill more general by summation 
from n = 0 to n =. 00 aftel' di vision by ("":"1)1/1 m!; we get: 

'" 00 

Je-2t (1-+ t;;11+1 dt = J~:~ (Pn (t) dt. . (19) 

o 0 

We apply tbe process explained above to this again and by 
summation again afler divisioll by (-1)m mi etc, we fin'llly find: 

00 00 

Je -kt tll+~ dt = mI fe-I (Pil (t) dt, 
tI +t)'+l Je (t+lc)m+l 

, (20) 

o 0 

in wllich J.; and 111 rp,present positive integet'S, 
Of course a fOl'll111la analogolls to (J 2î may be cledllced fl'om this 

(21) 

- _4_f;"'Y2Y211+11 e-2yklil(e2yl')+e2y7cl~(e- 2~,k] dy ferLJ_ 211) cpn (_t'l) dt. 
n!V31 ':J' 

o 0 

By summation, formula (13) is, howevel', fOlll1c1 again. 
The formulae (4) and (5) ma)' a1so be used in order to expl'ess 

the J..lOlynomia H2n in cp's. FOl' tbi::; pll1'pose we multiply tlJe two 
members of (5) by 

1 1 1 1 1.3 1 1.3.5 
V(1-8)= 1- - 8- -. _82 __ ._83 - ___ 04 - '" 

2 21 2' 31 23 4! 24 

By eqllalizing thE' cocf'{jcient of O'l in [he second member of tbe 
14 

Proceedings Royal Acad. Amsterdam. Vol. X VII. 
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êquatlon, thns obtained, to the coefftcient of 0'1 in the second member 
of (4) we find: 

I 1 11 1 1.3.5 ... (2k-3) ! 
H2.,(.V)=(-1)'22I1n.' (Pl1(iU2)_-rpll_1('V~)- 4-. " (Pn_k(,V2

) (23) 
2 k=2 Ic! 2 c 

By mea.ns of ihis expression an integl'a.l may be dedllred. 
Por if we rnultiply both rnembers by 

e-xrpm (.1') dm 

aftel' repla.cing ,'lJ
2 by tIJ and if we then integrate between 0 and 00, 

we filld, using the following well-known fOl'Il1nlae 1) : 
Cr> 

}-xrpm (x) (Pil (x) dx = 0 m =1= n 

o 
co J fr'xrpm 2 (m) dx = 1 

00 0 

e-7 (Pm (,v) H 2/1 (Vm) d.v = ( __ 1)+12'211. n! . --------:-------'-J 1 1.3.5 . . (2n-2m-3) 

(n- m)1 211-111 

o 
or aftel' sorne redllction: 

aJ 

}
fr:J.2pm (,v2)H2n(m),vd,v=( -1 )11+1211+111-1 n/ 1.3.5 .. (2n-2m-B) (23) 

(n-m)! 
o 

In the same way we find 
aJ 

}-x2 (Pn (x~) 11211 (,v) ,vd.v = (_1)'1.2 211 - 1 n' 
o 

. (24) 

and 
00 J e-xIPIl_1(,v2)H21l(X),vd,v=(-1)1l-1.2211-2.nl . (25) 

o 
1f we write forrnula (22) in this form: 

H 2u (,v) = (-1)'/2211. n! ~ (fl/(,V2) -l(PII-l(m') __ 1_ i r(k-!) <Pll_ k('V~) I 
_ t 2V~k=2 Ic! \ 

we lmow that 2) 

1) DI NIJLAND'S Dlssf'rtalion page 11. 
2) These Proceedings XV. p. 1247. 
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l'his we subbtitute' 
<» 

H 211 (DJ) = (-1)", 2211 (11Iq':II(,'I]l)-~nl{('1I_1(1V2) - 2~:rr ex2 }-"Jo(2,'I]Va)da, 

o 
'1 n! 

. :3 r(/c-~ )an -I . 
k=2 k!(n-lc)1 -

We ftlrther lnti'oduce: 

f
oo k-~ 

r(k-'H = e-tt 2 dt 

o 
and 

VVe find then: 

or af ter some redurtlOn 

22n 
(-1)"-1 ~ H2n (.:u) + nl epn (,'1]2) === I 

C7J C1J 3 ( (20) 

= 2~~fe-" Jo (2,'1] I/a) daf- 't-
2

1 (a+t)'l-a" ( dt , . 
o 0 

Fa!' ,'IJ = 0, the following identities m'ise fl'OlU the formulae (6) 
and (22): 

al1d 

or 

n (2k/(2n-2lc)! 
221, = :3 ----

k=O kP(n-k)!2 

, (n)' 
nl2 • 71 k 

or -- 2211 = :3 --
(2n) 1 k=o (~~) 

(2n)1 = 2211 • n! \2. _ i ~ 1.35 .. (2k-3) I 
nl I 2 k=2 kJ 2k \ 

(27) 

_1 ____ ~ _ ~ 2. 1.3.5 ... (2k-J) . 
..:;., . , . (28) 

n/' 2
2n 

2 k=2 kl 2k 

(2n)! 

14* 
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Chemistry. - "Tlte metastabi1ity 0/ tlte metrds in eonsequence' 0] 
allotl'opy and its signijicance f01' Chemistl'Y, Ph~'sics, and -
Technics"" Ir. By Pl'of. ERNST COREN. 

Tlw specific Aeat of the metals 1. 

1. In my fil'st paper 1) on this suuject J :éalled attention to the 
fact that Ihe physical constants of the metals hitl1erto known, are 
to be considered as entirely fortllÏtous valnes which depeud on the 
previous thel'l11al histol'j' of tÎle matel'ial used. 

In .that papel' I wl'ole wi/.h regm'd to the speeitic heat of the 
l11etals: ,Considel'ing, fol' instance, l1le impOI·t!tnt part whieb the 
specific heats of the metals have played in chemistr)' and physiés 
during the last few years, it is evident that a revision of these 
constants is wanted. 

2. Reviewing the eal'liel' Iiteratnl'e dealing wit11 this constant, I 
found that it contains al ready a l1ul11bel' of data which prove unequi
vocally that - the specific heat of the metals does indeed depend on 
their previOtlS thel'mal histol'y. 

-LE VF.RRI1R published in the year 1892 a paper 2) "SUl' la 
chaleul' spécifiq ne des llIétaL1X", in \V bicb he desCl'ibes his l11easure
ments wUb coppel', zinc, lead, aluminium, and sih·e1'. The calorimetrie 
cletel'll1inations were cal'1'Ïeel out between 0° anel 1000° by the method 
of mixtures. The tempel'HtUl'e of the metal at the moment at which 
it was bl'oug'ht into the ealorillleter was determined by means of 
11 Ll~ CHATELIER pyrometer. 

3. IJE VERRIER stated that the mean specific heat remains as a 
rule constant till 200-39°°, aftel' which it changes abrnptJy, as 
PIONCHON 3) also found in the case of it'OIl, nickel and cobalt. 

The va1'iation of the totnl _heat (i. e. Jhe quantity of heat required 
to raise the' temperature of 1 gl'. of the sLlbstance fl'om 0° to tO C.) 
with t11e temperature is consequently 10 be repl~sented by a curve 
with breaks and not by a continuous one. 

In the neighbourhood' of Ihese bl'eaks the conelition of the metals 
is not only a function of tlle temperatl1l'e, but also of their previou~ 
thermal history. 

1) These Proc. 16, 632 (1913). 
2) C. R. 114, 907 (1892). 
3) C. R. 102, 67G, 1454 (1886); 103, 1122 (1886). In ruu: Ann, de Chim. 

el de Phys. (6) 11, 33 (1887'. 
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As a conseqnence of the I'elut'dations in tlle slrllctural change 
(changements d'état) of the metal, a different value of the total heat 
is fOllnd on rooling from that on heating. 

If a cel'tain piece of metal is cooled Ol' heated repeatedly, djifer
ent values for the total heat are fonnd. If we start from a Jowel' 
temperatlll'e and return to it aJter having overpassed the break 
in the ('LH've of total heat, a closed and not a single curve is obtained. 

4. This l'esuIt ~s in complete hal'mony with the dilatometl'ic and 
electromotive force meaSUl'ements cal'l'ied Oll t by rrlyself in collabor
ation with' messrs. HELDI~IU\IAN alld MOESVELD, on copper, cadmium, 
zinc and bismllth, meaSlll'ements which led to the conclusion men
tioned above. 

5. - LE VERRIER'S paper contains some intel'esting data which we 
shall now consider in connection with om' dilatometl'ic and electro
motive force mearlUl'ements. 

The curve l'epresenting the val'üttion of the total heat of copper 
as a fllnction of the temperatlll'e, consists of fom parts. At 3.10° an 
absol'ption of 2 Cal. OCCUI'S; at 550° an absorption of 2 Cal.; while 
at 750°, 3.5 Cal. are absorbed: 

ThllS, whiJe our dilatometric measmements proyed that thel'e exist 
more than two modificatioJls of coppel', tbe same fact was noted a 
long time before by LE VElum:n, usillg a different method. 

The measnrements of LE VEHlUEH which are summariz~d in table I, 
have, however, been quite ovel'looked hithel'to. 

It may be pointed out here that the transition temperahu'es which 
can be deduced from LE V l!:RRIER'S cletel'minations ·wiII gene]'êtlly be 
too high. This is a consequence of rhe l'etal'dation of the moleculal' 
changes, which were also obsel'ved by him. Fresh expel'impnts with 
the pure modifications of the different metals wiJl thl'oW light upon 
this point. 

6. Fl'om the determinations of LR VERHIlm thel'e follows also, that 
th ere exists ct transitioll point for lead which has so f~l,l' been unlmown. 
Experiments in this directil)n are in pl'ogl'ess in .my labol·atory. 

7. The salIle may be said with l'egal'd to sil ver. 

8. Aluminium shows, accol'ding to LJ<] VEHRlElt, an absorption of 
10 Cal. at 535°. It may 'be pointed Ollt tImt DIT'l'EJlifBEHGER (PhJs. 
Techn. Reichsanstalt at CharlottenblU'g-Herlin) proved ten yenrs 

/ 
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TABLEI 

Temperature. Mean spec. heat. Total heat. 

0-230° 
220-250 
250-300 

0-110° 

Pb. 

0.038 
Almost uil. 

0.0465 

Zn. 

0.096 

0.038 X t 
Almost constant. 

8 15 + 0.0465 (t-250) 

0.096 X t 
100-140 very variabie abso:-ption of 0.8 Cal. in 

the nelghbourhood of 110° 

110-300 0.105 

300-400 0.122 

AI. 

0-300° 0.22 

300-530 0.30 
Te crystallization of the silicium 

occurs at + 500° and the break 
530-560 hes with AT which contains Si in 

the neighbourhood of this tempe-
rature 

540-600 0.46 

Ag. 

0-2600 0.0565 
260-660 0.075 

660-900 0.066 

Cu. 

0-360? 0.104 
320-380 0.104 
360-580 0.125 
560-600 0.125 
580-780 0.09 
740-800 0.09 

780-1000 0.118 

11.36 + 0.105 (t -110) 

! 
31.4 + 0.122 (t-300) 

increases rapidly above 400° and 
amounts to 46 Cal. 'in the neigh
bourllood of 410° immediately 
before melting. 

0.22t 

65 + 0.30 (t-300) 

Absorpbon of 10 Cal. in the 
neighbourhood of 535° 

139 + 0.46 (t-530) 
110 Cal. at ± 6000 ; increases 
rapidly and exceeds 200 before 
melting (620°). 

0.0565 t 

14.1 + 0.075 (t-260) 

44.1 + 0.066 (t-660) 
62 Cal. at ± 930, imme-
diately below the melt-
ing point. 

0.104t 

Absorption of 2 Cal. at ± 350° 
37.2 + 0.125 (t-360) 

Absorption of 2 Cal. at ± 5800 

31 + 0.09 (t-580) 

Absorption of 3.5 Cal. at ± 780° 
92 + 0.118 (t-8oo) 
117 Cal. at ±~1020o. 
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aftel' LE VERRIlm that this metal is capable of existing in more than 
one allotropic. moeldication and he founel a transition tempel'ature 
between 500 and 600°. I hope shortly to report on this point, in 
connexion also with a qnestion which is important fl'om a technical 
siandpoint i.e. the disintegmtion of aluminium objects at room tem
perature, a disease which is the canse of a good many complaints in 
in dus trial circles as weil as in daiIy life. 

9. That others hael never observeel the phenomena describeel by 
L1<; V EHRIER may be explained by the fact that they had not heated thei1' 
pl'eparations 1'epeat~dly to high tempel'atlll'es, as he did. We ha\'e 
also observeel d uring OUL' dilatometric researches that such a transition 
point can be oVel'passeel sevel'al hundt'eds of deg1'ees without any effeet. 
If on the contra1')' the metal is repeatedly cooled and heated the 
transition is "set going". As tlle mean& of ovel'coming these retard
ahOBS are now known we are able to avoicl tbem. A systematic 
research in this direction is now possible anel I hope to report 
shortlyon it. 

Utrecht, ' J une 1914. VAN 'T HûJ!'F-Labol'atory. 

Physics. - "illeasw'ements of isotIterlIls of ltycl1'ogen at 20° C. and 

15°.5 C." By Prof. PH. KOHNSTAl\Il\I and Dr. K. W. WALS'l'HA: 

VAN DER WAALS fnnd l'eseat'ches ~o. 7. (Commnnicateel by 

Prof. J. D, VAN DElt WAAJ,S) , 

(Communicated in the meeting of April 24, 1914). 

~ 1. Clwice of the sztbstance ancl tlw temperatu1'1!. 

With the apparatus described in N°. 5 anel 6 of this series we 
have 'made meaSUl'ements of hyd1'ogen isothel'ms at 20? C. and 
15°,5 C. This choice was led by the following considerations, As 
we already set.forth in the beginning of Communication N°, 5, one 
of the motives of our resem'ch was the c1esÎl'e to be able to make 
an accurate compal'ison with the l'esults obtained by Al\IAGAT. Our 
fil'st intention was to detel'mine a,new Al\IAGAT'S air isothel'ms; then 
we were, ho wever, checked by pecllliat, eli fficul ties. Every time, 
namely, when a measllring tube was filleel with ait' in the way 
desm'ibed in the previous Oommunication, anel was then left fol' 
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some hOUl'S at high pressul'e, (auJve 1500 atm.), it appeared to be 
unfit fol' accurate meaSlll'ements aftel' Ihat time. When the appal'atus 
was opened, the mel'cUl',}' tl,ppecll'ed to be quite contamll1ated, the
gla~s tube and the platiuum contacts being a180 covered by a black 
substance. 

Though in view of AlIIAGA'l"S expel'Ïments it could hardly be 
.sl1pposed that this snbstn.nce was mercurj oxide, formed bJ the 
action of tbe oxygen on the mercn!'y, experiments of val'Ïolls kinds 
made it impossible 10 assnme another canse. rr:he snpposition that::tt 
higb pl'essure amalgam1'l.tion of the platinum took place, proved 
el'roneous, for in tbe black snbstance no trace of another metal than 
merenry could bé demonst,·ated. AIso the Immidity of the air pro\'ed 
to be enti1'ely without inflnence. When it finally appeal'ed that neithe1' 
fillmg with hyd1'ogen nor with nitrogen yielded any tra<.'e, we 
could not but conclnde that we had 1'eally to do here with the 
same pbenomenon that KUNNEN and ROBSON 1) anel KEESOllI 2) hael 
obscrved w hen using closeel air-manometers, namely that oxygen and 
mercnry act on each other at presslll'es of about 100 atm. KEESOllI, 
ho wever, describes a slowaction, whir.h only aftel' the lapse of 
months manifests itself clearly; whel'eas we could demonstrate the 
fOl'mation of mcrcury oxide with certaiQty already aftel' a few homs 
on account of' the so ml1ch higher pressllres. 

How it is that neither in his determination of air-isotherms nor 
in that of oxygen AlIIAGAT was tl'oubled by this action, we cannot 
explain. Aftel' we hael once Itscertained it, the use of oxygen anel 
oxygen mixtures was of course exclllded 'Ve thel'efol'e resol ved to 
begin with measurements of' hydt'ogen, which is most easily obtained 
in very pme state. The ehoire of the tempel'atnre of our measure
menls was direded by the desire to obtain a direct compal'ison with 
AlIIAGA'l"S mea5Ul'ements on Olle side, anel a supplement to SCHALKWIJK'S 
very accurate meaSlll'ements at low pressures on the otber side. 

~ 2. Filling 0/ tlte apparatus with pure hyeb·ogen. 
Most of om detel'min1.1tions have been made with hydl'ogen fl'om 

the factory "Èlectro" at Amsterd1.1"1, which selIs' cylindel's of' com
pl'essed electrolytically pl'epal'ed hyrlrogen. For the flll·thee pUl'ifi
cation and the tilling of the apparatus with purified gas the arran
gement was used of whicb fig. 12 glves a schematic repl'esentation. 
It fits on to the most leflhanel part of fig. 6 at l. 

1) Phil. Mag. Jan. 1902, p. 150. 
2) Diss. p. 50-53. Thesis lIl. 



- 211 -

205 

A 'horizont111 glu.ss t'lbe {(, IMsses on the lefthu.nd side into .t\ 

verticaJ tn oe c via an emel'geney reservoü' ó. The tn be c can be 
fastened to the Gaedepump by means of a glass spring and a gronnd 

e 

p 

s 
Cc 

fig. 12. 

joint piece. In thé middle of t11e tnbe {(, is a three-way-cock A, 
whieh gives access to a vel'tieal tnbe cl. A tube e is fused on to 
cl, the fOl'mel' being provided wit!! a eathode u.nd an anode, whieh 
are connected witlL the seeondal'y wil'e of a Rnillukorif bobbin . The 
primal')' wire is simply connecteel wilh the electl'ic light behind an 
iricl1nelescent lamp. The pnl'pof\e of tllis tIlbe' \ViII be men1ioned 
pl'esently. A!-tadlecl to cl IS a bml1ch tnbe j: bent downwal'd, whieh 
may be considered as one of tbe limbs of a siphon barometer. The 
olllel' leg g of tbe ba,l'omete1' is fm,telled to tlte righthalld part of 
the tube (t. In this there is anothel' three·way-cock 13 with a bra,neh 
tnbe lt, To snek tbe merclll'y eu.sily into the barometer tubes, resp. 
to ex pel it fl'om them, a vertieal tube \Vith cocl\: C is adjusted into 
the transition fl'om f to g. On the tubes f anel .q, which are filled 
hu.lfway witlf mercmy, millimeter divisions bave been etcheel to a 
height of 1 m. To make the ll1el'Clll'Y minors vieible u.t a great 
distance care hu.s been taken thu.t u. lamp cu.n be sliel up and down 
behind these tnbes, t"l. strip of gl'onlld glasf:l bel ween the lamp u.nd 
the tubes interceptirlg the heu.t and mu.king the lig'ht more diffuse. 
To the l'ight of the place where the tube g opens into a, the Intter 
is bent downwnl'd, and passes into n wider tube k. This tube is 
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pl'ovided with four branrh tubes, which can H,n be shut offby rocks 
secured by mel'Cl1l·y., Fo!' the filling with a. single gas the prcsenc~ 
of two of these branch tnbes is suffirient, namely land m, resp. _ 
with the COCk8 D and E. Tnbe l leads, as appears from the fig., 
to the mixing vessel, in whirh the normal volnme at 1 atmosphere -
can be determined. The tnbe m leads to the gas reservoir via the 
puritication appal'atuE.. 1his gas reservoir ~is in casu a cylinder of 
hydrogen as said above. The l'llbber tube, which is connected with 
the presslll'e regulator, iE. fastened on tbe ot hel' side with sollltion to 
ft hOl'izontal glass tube 1'. This tube l' lias a \'yrtieal side tube s, 
± '1 m. long and ending at the bottom into a vessel with merenry. 
Fm·ther l' is conneeted by means of a rubber tube to a tube of infusible 
glass q, wh:ch is filled with platinum asbestos. The Iatter tubé is 
conneeted again by means of a rubber tube to an ordinary drying tube 
p, with pbosphol'pelltoxide, and the latter tube is agaill in connection by 
means of rubber with tile above mentioned tube m. All the closures 
of rubber to glass are secmed with solntion. 

In order to fill the measnring tube with pure hydrogen, tbe coeks 
E, D, and ]? are opened aftel' the all'eady melltioned opel'ations 
(Comm. N°. 6, p. 828). The positioll of three-way-rork A is sl1e11 
that both sides of a m'e in eommunieation with d. The thl'ee-way
eock B shuts off the tube g at the top. Pösition 1. 

The air jet Ol' oil-pump is made to serve in the beginning, the 
Gaede-pnmp completing the evaeuation. When the air is sufficiently 
ral'efied, the eoek iS is closed, and the empty tubes m, IJ, q, and l' 

are filled w~th hydrogen ti'om the cylinder. The mereul'y, which in 
the tube s has risen to ba.rometer height in the meantime, will 
deseend ; the merClll'y difference iJl the tubes f and 9 still indîcating 
the barometl'ic height. 1

) Then the hardglass tube q is heated, till 
the platinum asbestos begins to glow. The rock E is slowly opened. 
And while the gas is flowing into the empty space 7.; and fllrthel', 
the hydrogen tube is again opened, so that the pressure in t.he tubes 
m, p, q, and }' a.lways remains ± 1 atm. This is desirabIe because 
in case of too great l'fil'efa.rtion the glowing hal'dglass tube q indents, 
and soon gives way. The gas that flows thl'ougll 111 to the different 
tubes, i~ almost pUl'e, for the oxygen, fol' so fal' as it is present in 
tbe electt'olytic-factol'Y lIydt'ogen, is quite combined witb hydrogen 
to water thl'ongh the catalytic action of glowing platinum asbestos, 

1) On account of an cvcntually toa high pressure lhe tubes m, p, q, and r 
might burst now, ir the open tube 8 with mercury safety valvtl had not heen 

added. 
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and the water formed is entil'ely retained in the phosphol'uS pentoxide 
tn be p. When. the mel'èlll'y ill J and g is again at the s,tme le\'eL 
it may be assumed that e\ erything is filleel with hydrogen of one 
atmosphere. Now the eock 1 is again closeel; Ic and the othel' tu hes 
are again evaeuated. An idea about the purity of file gftS whieh 
was founel in thc tnbcg aftel' the first filling, is now given by the 
discharges in the eathode ray tube e. As long as tL'aces of oxygen 
still eontaminate the hyelrogen (i.e. witl! air - anel the presencc 
of the lattel' appears at the same time - the only possible con
tamination) the tube will be filled with red light. Whl?n pl1l'e hydl'ogen 
h,ts filled the tnbes, the light will exhi~it the well-known rice-eo)olll'. 
An opinion may then be formeel at the same time about the degl'ee 
of l'arefaetion aHained, anel also about the cl08Ul'e of different cocks 
anel conplings. 

The tubee:; are then agajn fil!eel with purifleel hyell'Ogen, and aftel' 
another evacllation and filling the pnrity of the gas in all the tubes 
may be safely assumecl to be sufficiellt. Then the cock D is eloseel, 
the mercury bulb (see Comm. ,N°. 6 p. 828) is miseel, ancl the pure 
hydrogen is in the first "pressnre stage" ,see p. 823). Now fol' a control 
the eoek E was always elosed once more, ancl the part of the tubes 
le, a, ,Ij, d, J, anel e was exhàusted, to aseertain the purity of the 
gas with ",hieh we are going to work by means of the colom of 
the dischal'ge light. . 

If, what neeel not yet be clone, (p. 830) it is desired fil'st to' 
detel'mine the' nOl'lllal volume of tIle gas at ± 1 atm., before it is 
brought into the fit'st "pressure stage", F must be closeel befol'e tbe 
last fiUing. The difference in height between the mereury levels in 
1 and t, alld also the tempel'ature of the thel'ITIostat musl be deter
mined. The barometrie height can be l'eacl with the siphon baro
meter J, g. 1) But now the tube 1 must be in commnnication with 
the outer air. This ma,}' be eifectecl by tUl'l1ing the rocks .A anel B 
90° in positive l'esp. neg'ative direetion (position lIJ. 'l'hen lhe tube 1 
gets into eommuniratioll with tlte ontel' air via k and lt. This l'emains 
the case with g. Bnt to prevent the- tubes d anel J to gel commu
nication with the outel' air also the eock A must be turned, but in 
opposite direction. The determincttion of the nOl'll1al volume in V has, 
hówéver, as saicl before, only sense when we wish 10 eonvey a 
quantity of gas quantitatively to the llleasul'Îng tube, whjch has not 
yet been done. 

To aseel'Lain whether sufllcienll'y pure hydrogen was obtained in 

1) By means of a cathetometet' and the &calar divisions etched on. the tubes. 
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we made also a series of expel'iments with distilled hydl'ogen 
Leyden laboratory. The quantity of admixtul'es had been 

at· _1_ at the most by Prof. KAlIfIiiRUNGH ONN~~S. We -
5000 

gladly avail oUl'selves of this Oppol'tunity to express om' indebtedness 
to Prof. KAlImRLINGH ONNES for his kindness. In tIte filling with this' 
gas the purification appal'atus could safely ~be omitted; the cylinder 
was thel'efore immediately connected with the tube 111. The refHllts 
of the meaSUl'ements with this ag reed within the limits of the errors 
of observation with the l'esults obtained with the gas pllrified by 
us in the way described above. 

§ 3, Tlte meaSU1'ements. 

How thl'ough the different "pl'essul'c stages" the gas is conveyed 
lo the rneasllring tube, has al ready been described above. Alsu how 
tbe temperatul'e is then kept constant. This îs seen by the deviation 
of the galvanometer, inserted into the 'VHEATSTONE bridge. To get 
a first idea the pressure at which the galvanometer needIe deviates 
is read on the manometer, and a corresponding numbel' of weights 
is placed on the rotating pressure gauge, aftel' it has been brought 
in cornrnunication with the tubes. 'If the nnmber of l'otating weights 
is too great, some are takelI oft' ti1l the galvanometer needIe has 
l'etlll'ned to its original zer'o position, At last a tin al condition is 
l'earhed, in which the putting on of 50 gl'arns on lhe rotating weights 
makes the needie deviate, while the needie returns to Hs position 
of equilibrium when tbis weight is removed. 

The accuracJ with whic1, the pl'essl1l'es al'e tbus measul'ed on the 
small and the lal'ge pl'essme balance generally amounts to this 25 
gl:ams up to 900 atmospheres. When the measnrement is made with 
the small presstll'e balance, which goes up to 250 kg. per cm 3

• the 
galvanometer needIe mar be made to deviate and return bJ putting 
on or taking' away 10 grams, and even when the eontacts are very 
clean with less. As, however, 25 gr. implies all'eady an accuracy 
of 1 to 10,000, wlllch is not reached on account of other SOUl'ces 
of error, there is no sense in gOiIlg so far in the determination of 
1he pressul'e, We only melltion the fact as a proof of the very great 
accuracy of the pressure balance 1'01' relative pressure meaSUl'ements. 

When one pl'eSSUl'e measurement has thus been made, the pressure 
is incl'eased. The galvanometer needie, which now would continue 
to deviate, must again be brought back 10 zero, because now another 
resistance of the volume wire is measured, 
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Thus tOl' every platinnm contact in the measuring tube the pl'esstll'e 
at the cOl'responding' "olurne is determined. Then the pl'essUI'e is 
diminished, 50 that two series of observations of the same re su lts 
must ~be obtained, but one passed through at increasing, the other 
at decreaeing pressure. The pressure differences at two cOl'l'esponding 
obsel'vations of two such series rarely amounted to more than 50 
grams. It must of course be rontinually verified w het her the tem
peratlll'e differences insid~, and ontside the measul'ing tube lJave 
disappeared. This has taken place when the resistance of the tem
pel'ature wire (cf. Comen. 6 p. 833) has be('ome constant. 

In the measUl'ement of the highest pl'essures, so when the lal'ge 
"head" of the pl'essurè balance is used, i.e. between 1200-2400 
atrnosphel'es, the accuracy of the pl'essure measul'ement becomes less, 
especially on account of the inc'reasing viscosity of the minel'al oil 
used as transmission liquid. Yet the erl'or will certainly remuin 
below 1/2000' 

§ 4. Dete1'1ninations between 2 and 200 alms, 
As was already rnentioned iJl Oomm. 6 (p. 830) unforeseen diffi

culties prevented us from dete~'mining the 1101'mal volume of the 
quantity u~ed in the appal'atns itself. FOl' the determmation of the 
isotherm of 20':) O. we could make nse fol' the calrultttion of tlle 
normal volume of SCHALKWIJI\.'S measurements, as will beéome cleal' 
fl'om the discussion Qf~onr resnlts. Sucb data wel'e~vanting fol' 15°.5 O. 
And in order to be able to ral'!'y ont all tile same an accurate 
compal'ison witb AMAG-AT'S measul'ements, we have executed measure
menls at lowel' pl'essures at that vel'Y temperature. Tn this way a 
contro! was obtained whether the equation for !ow pl'eSSUl'es derived 
fl'om th'e measul'ements UJay be extrapolated. 

We shall return to these points when our results are discussed, 
I1nd tit'st give a descl'iption here of these measurements too. As we 
again wished 10 use a large qllantity of gas, the iron vessel D uscd 
in the large appal'atus was used as a pressme cylinder. We th en 
could til! the piczometer with a quantit) of gas of tbe order of 
magnitude of 1 liter' at. 1 atmosphere. 

The _piezomete'l' ol'lginally cOllsists of t\VO pieces. The upper part 
was aR tlle upper reservoir of om ordinary measuring tubes. At the top 
at a (fig. 13) there are 4 etched lines to be used aftel' the cleaning 
of the tube. Lower down there is a widening b; lUider Ihis a sealed 
in platinum wire c, and at last an efched scalal' division d, This 
tube was connected with a capillal'y, and bent l'ound. A platinum 
wire . is sealed into the bent part. Here a CUL'l'ellt can enter, and 
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leave througb thc mercUl'y at the wirc seaJed in higher. When Wé 

pl'o\'iclc tIle sicle-tube with a scale, ancl fill everything with mercury, 
ancl p1ace It in' a watel'bath, a ver)" acrurate gauging is again 
posslble as clescl'ibecl in Comm. 5 p. 766. We fh'st gauge the dis
iances of the etched lines, tben tbe volume f~om these lines to the 
sealed in wire, anel then from there to tI!.e etrheel scalar divi&ion, 
anel this elivIslOn itself. 

e 

e 

Fig 13. Fig. 14. 

The large l'esel'voir, whicb is to ue sealed to this top piece is 
calibrated aftel' this sealing, by tilling with mercury the volume 
fl'om the scnlnt' divlsion on the top piece to the scalar division at 
the bottom on the bottom piece. 

,yv e now know sufficiently accurately the volume from the etched 
lines to the sealed in wire, nnd from here to the scalar division 
nncler the Inl'ge rese1'''011'. Tbe tube is 110W fused to at the upmost 
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Hne, nnd at the bottom n bent tube is added. The bl'ass flanged tube 
E of the pressure cylinder had been )Jreviously cemented at e, and 
nfter a few drops of mel'cury ha\ e been beought into the large 
reservoir, tbe tuue is cvacuated and Hlled in a horizontal po'3ition. 
When the tube has been fill~d with pure hydrogen, it is put erect, 
and the dl'OPS of mereur)' simt off the gas from the outer air. Then 
the whole thing is placed in a waterbath of 15°,5, while the dIffer
enee in height of the mel'cury in the tubes j and g is read. As 
the volume up to the scalar divison, and the dh'ision itself too, has 
been gauged, we now know the volume of a defilllte quantity of 
hydrogen at about 1 atm. and the desü'ed temperature. In order to 
determine the pressure - accurately, the pressUl'e of the outer air 
must of course also be determined, fol' which purpose the siphon 
barometer is again used (p. 205). 

We can further dispense with the side tube, fol' it only served 
to protect the mereury at the bottom of the tubes against the water. 
It is knocked off at g, nnd aftel' the still remaining tube has been 
entirely filled with mercUI'y, the whole al'l'angement is put in the 
pressure cy linder filled with mereuJ'y. The pressure cylinder is 
closed, and eonneeted with the' hydrostatic press, whieh connection 
is also in communication with the presslll'e balanee. By means of a 
rubber stopper a glass cylmder provided with a side tube at the 

. bottom and at the top is put round the projecting part, so that 
water of 15°,5 from n thermostat keeps the gas at the desh'ed 
temperature. The cunent was elosed on the iron pressUl'e cylinder; 
then it passed through the mercnry, nnd when the l'eqnired height 
had been reached it passed further through the platinum wil'e. By 
menns of the pressure balance the pl'eSSUl'e at whirh the platinum 
wit'e is reached, hence the pressul'e at which the gas volume is 
diminished to the upper part, could be very accuratel}' determined, 

§ 5. C01'rections. 

Some corrections should ue applied to the experimental results 
obtained in the above descl'ibed way. Fil'st of all in the ~~auging. 
the volume is obtained in gr. of mel'cm'y of a definite tempernture. 
To reduce these values to the accurate volume in cm3

• two reduct
ions must be applied. A l'eduction should take place to cm', by 
dividing the value in gr. of mercUJ'y by the specific grfivity of 
merctll'y at the tempemtures of the gfinging·. The specific gravity of 
mercUl'J accOl'dlllg to thc Tfiblcs 'of LANDOIJT anel BÓRNSTEIN was 
used fol' this reduction. Furthel' the compresslbility of the gifiSS of 
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tlle rueasUl'ing" tube should be taken into account. The gal1ging takes 
place at 1 atm.; during the meaSUl'ement ihe tube is snbjected to 
a pressure on all sides, in consequence of which the volume decreases.~ 
As the corl'ection in q uestiol1 is only a small one, we have though t
that for om' th'st calculations it would suffice if we took the com
pressibility of onr g'lasc:; equal (0 the valne determined by AMAGAT. 
'Ve have therefore pnt the facto]' of compressibility at 22 X 10-7 

nnd assnmed t\lis Ql1untity to be constant between 1 and 2500 ntms. 
Also ·to thc values of Ihe pressl1l'e re ad directly some corrections 

5hould be apphecl. The weiglJts in l'g. l'ead on the pressure balanee 
SbOllld fil'st be l'edllCed 10 kg. per cm3

• by tltking thc value of the 
effeC'tive area into account. In anticipation of tlle comparison of the 
smnll ~pl'essure,1.J bnlance, witl! 'nn open mnnometer of suffieient capa
city cliseussed in Comm. N°. 5 p. 759, we have assumed that the -
effective area of the emaIl bafn,nce, the piston of which is as 
nccurately as possible ground in at 1 rm2

., l'enlly amounts to 1 cm2
• 

Sin ce we Wl'ote Out' fit'st communiration we have been greatly 
strengthened in the cOI1"iction that we cnl1not make gr~at errors in 
tbis way, by the resuH of GII:ORG KUtJIN'S research 1). According to 
hic:; investigatiolls 2) the error in consequence of tlie neglect of the 
rlifference bet ween piStOll and cy lmdel' sections for SCHÀFFER and 
BUDTI1NBERG'S balance amounts ~o at most 0.1 °/00, al1d the de\'Ïation of 
[he indicated and the dil'ectly meas\lred value of the difference of 
the two piston sections is 0.4°/00 in the case examined by him. 

Now . the large pressnre bahl.l1ce could be compll.l'ed with the smnll 
pl'eRsure balance 11.1' measuring the same point of the isotherm in 
thc lleighlJolU'hood of 250 atms. tb'st with the one, and then with 
tlJe other. So the measUl'ing tube with the galvanometer in connection 
with it etc. serve~ simply as a manoscupe, to judge when in the 
use of the two balances the presslU'e is exactly aqua!. It then appearerl 
from some obs~l'vations cal'l'ied out in this way that when the seetion 
of the small balance is put at = 1 (~m2., the section of the smaIl 
!lead of the lal'ge balancc mus! also be put at 1 em 2

• within thc 
limits of the el'ron: of obsel'vation. As at these pl'esslll'es the errors 
of obsel'vntioll are vel'y smal! as we saw ahov,e, and will certainly 
remain below 0,2°/00' this result is a new ('onfit'mation of the gl'ent 
nccumcy of the SCHXI!'I!'ER and BUDENBI~HG pl'E'ssme balances, and it 
gi\'es tberefore a new suppórt to the validity of the made supposition. 

In Ihe same wny n comparison was made between the smaIl mid 

1) Untersuchung und Kritik von Hochdl'uckmessel'l1. Berlill 1909. 
2) Loc. cit. p . .:1-7. 
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the large head of the large pressll1'e ba]ance in the neighbourhood 
of 1200 alms. In&tead of the theoretical Ilumerieal ratio 4:, three 
meac;nrements gave resp. tlle \'allles 4,012, ±,OJ 5, 4,016, average 
4,OJ4. The "\veights whclI tho large heael is used, must the1'e1'o1'e be 
mIlItipiier! by this value. 

The thus obtailled vaIlle fo)' Ihe p1'essUl'e in the head mnst now 
still be conec·ted fol' j he excoss of pi essnre of one atmosphere, and 
fol' the hydrosUttlC pl'essul'e eltffel'once belween the head of the 
pressure balance and tIJe measuring tLl be on account of the mercll1'y 
alld oil columns. 'rhe5e Iiqnid columns weI'e I'onghl,r measllred, in 
ivhicb 1 ('m. of mel'CLll'y more Ol' lo&s neeel not be considel'ed: nol' 
need the 'oscillations of the barometer be taken into il.CCount . 

.B'mally the thus obtained pl'essl1l'e had to be )'ednced to atmospheres 
of 1,0336 kg. per em 3

• 

111 table T. 
The colnmn unde!' L',! inciicatcs the weigheel volume in gl'. of mel'cury. 

" " "Pk'l the number of kg. on the pl'essul'e balance. 
" " "lh tbe pressnre, corrected fol' hydrostatie preSSlll'C 

" " 
" " 

" " 
II " 
)l " 

vg Pkg 

67.1491 195.850· 

55.0632 245.400 

45.4959 306.575 

31.3710 390.200 

31.0962 494.550 

27.4110 587.000 

22.7296 769.500 

19.3102 992.625 

" 
" 

dlfferenèe in kg. per cm 2
• 

p the cOl'l'ected pl'esslI1'e in atmosphel'es. 
rJ the ratio of ·the volume at 1 alm. anel at (he 

measul'ed pl'essure in conseqllence of the COtn-

pl'essibility of the g·lass. 
" [:1v" the product of [:1 and v". 

" v the cOl'l'ected volume in cm 3
• 

" lJV the product of pand v. 

TABLE I. 
5/6 November 1912. 

t=20'J. 

I 
Pc P .:J 1'J"g 't' PI' 

194.150 188.419 0.99959 67.1216 4.95473 933.57 

2<14.300 236.358 0.99948 55.0346 4.06250 960.26 

306.175 296.222 0.99935 45.4663 3.35620 994.18 

389.800 377.128 0.99917 31.3400 2.75633 1039.49 

494150 478.086 0.99895 31.0636 2.29302 1096.26 

586.600 567.531 099875 27.3756 2.02087 1146.91 

769.100 744.098 0.99836 22.6923 1.67508 1246.42 

992.225 959.970 099789 192695 1.42242 1365.48 

15 
Proceedings Royal Acad. Amsterdam. Vol. XVII. 
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TABLEI. (Continued) . 

November 21, 1912. 

t=20°. 

-
t' Pkg Pc P g [~ L [jVg V Pl' 

90.3261 130.200 129.100 124.903 0.99973 90.3019 6.66580 83258 

87.5019 134.100 133.600 129.257 0.99912 87.4114 6.45134 834.66 

85.4211 138.250 137.150 132.692 0.99911 85.4029 6.30420 836.52 

43.1526 292.925 292.525 283.016 0.99938 43.7255 3.22169 913.49 

34.5011 391.600 391.200 318.483 0.99911 34.4725 2.54466 96311 

25.0070 599.600 599.200 579.121 0.99872 24.9150 1.84358 1068.16 

December Il1!2' 1912. 

t= 2Go. 

60.4928 222.500 221.400 214.203 0.99953 60.4644 4.46331 956.05 

58.0961 233.000 231.900 _ 224.361 0.99951 58.0616 4.28639 961.70 

55.9451 243.350 242.250 234315 0.99948 55.9160 4.12156 961.40 

53.7822 254.700 253600 245.356 0.99946 53.1532 3.96191 973.55 

485533 286.400 286.000 276.103 099939 48.5231 358188 991.07 

45.9361 306.000 305.600 295.666 0.99935 45.9062 3.38861 1001.91 

42.9934 331.450 331.050 320.288 0.99929 42.9629 3.17140 1015.72 

39.4220 368.150 368.350 356.316 0.99922 39.3913 2.90175 1036.25 

35.8492 415.575 415.115 401.679 0.99912 35.8111 264396 1061.99 

22.0889 814.000 813.600 181.152 0.99827 22.0507 1.62112 1281.24 

February 10, 1913. 

t= 20°. 

65.1937 225.050 223.950 216.610 0.99952 65.1621 4.85431 1051.80 

34.9813 485.200 484.800 469040 0.99ffili 349453 2.51956 1209.92 

27.9149 660.000 659.600 638.158 0.99860 27.9351 2.06214 1315:91 

213'24 995000 994.600 952268 0.99788 21.3410 1.57518 1516.32 
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T A. B LEI. (Continued). 

February 11/12' 1913. 
t=200. 

l'g Pkg Pc P ,1 {Jt'g 'tl P t' 

657937 220.200 219.100 I 211.929 099953 65.7628 4.85443 1029.03 

34.9813 472950 472.550 457.188 0.99899 34.9460 2.57962 1179.37 
1 

27.9749 641.825 641.425 620.574 099863 27.9366 2.06220 1279.75 

21.3924 964.100 963.700 932.372 099795 21.3486 1.57589 1469.32 

14 4836 487.750 1960.3 18966 0.99583 14.4232 1.06468 2019.27 

February 13, 1913. 
t=20. 

65.7937 196.850 195.750 189.391 099958 65.7661 4.85467 919.42 

34.9813 416.300 415.900 402382 0.99911 34.9502 257993 1038.14 

27.9749 558.800 558400 540.251 0.99881 27.9416 2.06257 1114.30 

14.4836 400.250 1609.1 1556.8 0.99658 14.4341 1.0E548 1658.74 

April 22/24, 1913. 
t= 20:>. 

36.1414 351.450 351.050 339.643 
I 

0.99925 10.7858 2.6659 905.45 

32.4244 402.700 402300 389221 0.99914 13.7748 23914 930.79 

21.1098 720.400 720.000 696.590 0.99847 17.2937 1.5559 1083.89 

173297 980.000 979.600 947.755 0.99792 21.0715 1.2765 1209.81 

138172 361.000 1451.5 1404.3 0.99692 32.3965 1.0168 1427.89 

10.8401 587.750 2361.7 2284.9 0.99497 ·36.1143 0.7962 1819.24 

April,221z4' 1913. 
t= 15°.5. 

36.1414 345.900 345.500 334272 0.99926 10.7864 26659 891.16 

32.4244 395.950 395.550 382.691 0.99916 12.0677 2.3914 915.20 

21.1098 708.200 707.800 684.791 0.99849 13.7753 1.5559 1065.47 

173297 964.100 963.700 932.374 0.99795 17.2942 1.2766 119026 

13.8172 355.750 1430.4 1383.9 0.99695 21.0779 1.0168 1407.15 

121097 457.000 1836.9 1777.2 0.99609 32.3972 0.8904 1582.42 
" 

10.8401 580.250 2331.6 2255.8 0.99504 36.1150 0.7962 1796.07 

15* 
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TABLE I. (Continued). 

June 4, 1913. 

t= 20'. 

1'g Pkg I Pc P (j I~ (jl'g I 
V PL' 

64.3346 141.800 140.700 136.13 0.99970 64.315 4.1416 646.28 

59.8154 153.415 152.315 147.42 0.99968 59.796 4.4140 ) 650.71 
-

27.7963 370.500 370.100 358.07 0.99921 27.774 2.0502 734.12 

21.2326 524.750 524.350 507.30 0.99888 21.209 1.5656 794.23 

16.2658 766.100 765.700 740.81 0.99837 16.239 1.1987 888.01 

12.IOl3 1236.000 1235.600 1195.4 0.99737 12.079 0.89097 1065.07 

In conclnsion we give the two observl1tions fit 15°.5 fol' the deter
minl1tion of the compl'essibility bet ween 100 I1tmospheres l1ud I1t1110S
pheric pl'essure. The flest coillmn gives the l'ressure in atm., the 
second the volume in cm 3

• the third the product pt'. 

TABLE Il. 

November 1913. 

t= 15°.5. 

1.0384 484.6 503.19 

97.91 5.4474 533.35 

December 1913. 

t= 15°.5. 

1.0004 536.07 5:36:28 

104.82 5.4474 570.99 

Physicltl Lab'. "ol tlte [}' . nWe1's~ty. 
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Physics. _ .. "Tlte Itydrogen isotltel'ms of 20° C. anel 0115c.5 C. bdween 
1 anc! 2200 atms." By Dl'. K. W. WALSTRA. VAN DER WAALS' 

furtd researches N°. 8. (COITllllUnicated by Prof. J. D. VAN 

DER WAALS). 

(Communicated in the meeting of May 30, 1914). 

T = 20°. 

§ 1. Agreem,ent of the observations belo'W 1000 atms. with 
SCHAJ,KWIJK'S isotltemzs. 

For each of the set'ies of obsel'va,tions given in the preceding 
. Communication we have detel'minecL all empirie equation of the form: 

PV = a + b D + C D2 + d D4. 
As only sel'Îes of observations below 1000 atms. can be repl'esented 

by th is equation with 4 vidal coefficients, only these series come 
into cOllsideration fol' the present. The obtained obsel'VtLtion material 
above 1000 atms. will have to be considel'ably extended to enable 
us to calculate the following vi rial C'oefticients with the same 
certainty. 

If of the above equation we wish to determine a, b, c, and d, 
we get a number of eqnatidns .equal to the number of obser
vations, and consequently then with 4 unknown quantities. To 
solve these equations accol'ding to the method of least squares 
is not feasible, as then the normal eqllations become practically identical, 
w'hich may al ready be seen beforehand. We have been able to apply 
Prof. E. v. D. SANDE R>\KHUIJZjl}N'S rnethod suecessfully, which was also 

T=200. 5/6 Noyember 1912. T=200. 21 November 1912. 

P I PV(O) I PV(C) I (O)-(~) P .1 PV(O) I PV (C) I (O)-(C) 

959.97 1365.48 1365.48 0.00 579.72 1068.76
1
1068.76

1 
0.00 

144.10 1246.42 1246.43 -0.01 378.48 963.11 963.11 0.00 

567.53 1146.91 1146.81 +0.10 283.02 913.49 913.49 0.00 

478.09 1096.26 1096.42 -0.16 132.69 836.52 936.49 +0.03 

377.13 1039.49 1039.49 0.00 129.26 834.66 834.66 0.00 

296.22 994 18 993.95 -t 0.23 124.90 832.58 832.55 tO.03 

236.36 960.26 960.42 -0.16 PV= 770.50+371.45D + 
188.42 933.57 933.56 +0.01 

+ 272.26 D2+ 192.62 D4. 

PV=829.71 +445.08D + 
+353.40 D2 + 197.28D4. 



- 224 -

218 

T=20~ 1I/J2 Decembel 1912. T=20o. 10 February 1913. 

P I PV(O) I PV(q I (O)·(C) P I PV(O) I PV(C) I (OHO) 

787.15 1281.24 1281.25 -0.01 962.27 1516.32 1516.32 0.00 

401.68 1061. 99 106l 00 -001 638.l6 1315.97 1315.97 0.00 

256.38 1036 25 1036.21 o 04 469.04 1209.92 1209.92 0.00 

320.29 101;>.72 1015.76 -0.04 216.67 1051.80 1051.80 0.00 

295.67 1001.91 1001.81 +0.10 PV= 92303 + 508.75D+ 

276 70 991.07 991.12 -0.05 
+ 552.10D2 +296.55D4. 

245 36 973.55 973.51 +0.04 

234.38 967.40 967 35 +0.05 

224.36 961.70 961.75 -0.05 

214.20 956.05 956.11 -0.06 

PV=842.61 +409.64D + 
+ 423.18 D2 + 191.36 D4. 

used at Leyden fol' the calculation of AlIIAGAT'S values at the tIme. 
(See COtnUl. 71). In how fat· we have sueceeded in determining 
the empIrie equations may appeal' fl'om the following tables. We 
have placecl there slcle by slde P, PV(O) - observed pl'essure and 
pl'essure X volume -, and PV(C) - ca1cnlated with the known 
volume trom the empiric eql1ahon, (0) - (C) the difference between 
t he product PTT followlIlg from the observation and that following 
from the fOl:mula. 

T=20o. !l'12 February 1913. T= 20°. 22124 April 1913. . 
P I PV(O) I PV(O) I (0)-(0) P I PV(O) I PV(C) I (0)-(0) 

932.37 1469.32 1469 32 0.00 947.76 1209.81 1209.81 0.00 

620.57 1279.75 1279.75 0.00 698.53 1086.84 1086.84 0.00 

457.19 1179.37 1179.37 0.00 389.22 930.78 930.78 0.00 

211.93 1029.03 1209 03 0.00 339.64 905.45 905.45 0.00 
I 

PV= 904.53 t-499.85D + PV= 732.67+358.69D+ 
+ 494.67 D2 + 298.61 D4. + 257.51 D2 + 101.20 D4. 
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T= 20c• 4 June 1913. 

P PV(O) PV(O) (0)-(0) 

740.81 888.01 888.01 + 0.00 

507.30 ·794.23 794.22 + 0.01 

358.07 734.12 734.12 + 0.00 

147.42 650 71 650.68 + 0.03 
\ 

136.13 646.28 646.30 - 0.02 

PV = 596.07 + 207 .24 D + 
+ 147.31 D2 + 34.13 DJ. 

To find ont whethel' these series of observatlOns are in hétl'mony 
with eaeh other, they ean be brought III correspondenee directi.}'. 
We did so before, and found onl)' á slight deviation between them. 
Besides it is also possible to try and make all the series of obser
"ations agree with SCHAJ.KWIJK'S Isotherm, and then compal'e them 
also inter se. But then there must fh'st be a rea&on to '3uppose that 
it was possible to malm these observations agree with SCHALKWIJK'S, 

and this had soon appeared. When in Del'ember 1912 only th ree 
series of observations had been fonnd, we calcnlated ft'om that 
which rontained the greatest numbel' of observations (Dec. 11/ 12 :1912) 
an empirie equatioll from tour of the observations, viz. at 787.15, 
401,68, 320,29, 276,70 atms. 

The other observations of this series appeared to be In good 
agl'eement with the found equation: 

PV = 841.70 + 415.09 D + 414.10 D2 + 198.16 D4. 
Also the two series of obset'vations of Nov. 1912 appeared to be 

in harmony with this. Then a compal'lson with SCHALKWIJK'S obser
vations was altempted by redllction of the above equation to one 
with the same virlal eoefficient: a as SCHALKWIJK, viz. ct, = 1.07258. 
This reduced equation then becomes: 

p V = 1.07258 + 0.086740 D + 0.008569 D2 + 0.0126659 D4, 
SCHAJ,KWIJK giving: 

PV = 1.0725~ + 0.Oa6671 D + 0.00993 D2. 
This equation holds from 8 to 60 atms., OUl'S ft'om 200 to 800 

atms., but we are now going to try tn extl'apolale wlth respect to 
the region of the lowel' pressmes in order to compare these extra-
polations wJth SCHAI,KWIJK'S. _ 

The differences are most apparent when the product P V is detel'-
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millecl {'rom tho Iwo oqlktlllJns rOl' diiI'crent vaJues 1'01' D, anel thc 
pl'ut! llets are joined in (he follo\Vlll~ In.hles. PV(S) is then ca]('ülaled 
from SCHAT,KWIJJ('S equalioll wllh :3 virial coefficients; PV (P) from -

our pl"ovisional equat~on. 

D I PV(S) I PV(P) I (P) (5) D-\ PV(S) I PV(P) I (P)·(S) 

1.0133 1.0133 0.0000 100 1.1492 1.1486 -0.0006 

10 1.0194 1.0194 0.0000 200 1.2451 1.2421 -0.0030 

20 1 0863 1.0864 +0.0001 300 1.3621 1.3513 - 0.0048 

30 1.0935 1.0936 +0.0001 400 1.4983 1.4963 -0.OQ20 

40 1.1009 1. 1009 0.0000 500 1.6544 1.6654 +0.0110 

50 1.1085 1.1084 -0.0001 600 1.8303 1.8718 +0.0415 

60 1.1162 1.1161 -0.0001 700 2.0261 2.1241 +0.0980 

70 1.1242 1.1240 -0.0002 800 2.2418 2.4330 +0. 1912 , 

80 1.1324 1.1320 -0.0004 900 2.4173 2.S102 +0.3329 
I 

90 1.1406 1.1402 -0.0004 

The deviations found in Ihis way ft'om what follows from SCHAIJKWIJK'S 
equation with tlle extrapolations ft'om our provisional eqnation 
appeared to be stll'prisingly small. OnIy at a density :l 00 or P= ± 115 

. atmosphel'e pl'essure the diffel'ence is gl'ea,ter than 1 per 2000, but this 
is far outside the region of SCHAJ,Kwr.Jh.'s obsel'vations. At D = 200 
or P = ± 250 atms. the diffet'ence becomes 1 per 400. Later on it 
diminishes again, and takes opposite sign, hut D = 500 or P = ± 800 
{ttms. lies again outside the l'egion of om series of observations. 

In connection with tbe mutllal cOl'l'esponder.ce of the series of 
.observations, tho possibility of an agl'eement with SCHALKWIJK has 
appeal'ed from this . 

. ' In order tó be able to compal'e the 7 series of observations inter 
se, and jlldge at the same time about the agreement with SCHALKWIJK, 
we have reduced the 7 empit'ic, equations in slleh a way that they 
give PV = 1.3573 fOl' D = 300. This is then in agreement with 
the above tabIe. Then the equatiolls become: 

I . PV = 1.06625 + 0.0313496 D +O.Od 15009 D2 + 0.01~69144 D4, 
n PV= 1.06917 +°.0371540 D + 0.0072691 D2+ 0.01299111 D". 
III PV -= 1.01315 + 0.0&66523 D + 0.0687561 D2 + 0.01264295 D4. 
IV PV= 1.06920 +0.0368353D + °'°085981 D2 -I- 0.01262047 DJ. 
V PV = 1.06893 + 0 036QS06 D + 0.0081640 D2 + 0.01268826 D '. 
VI PV= 1.05753+0.0374726D + 0.0617437 D2 + 0,°1263400 D4. 
VII PV= 1.0134} +.9'~361205D+0.068~024p2+0,OI264632D1. 

5/6 Nov. 1912. 
21 Nov. 1912. 

lilt!! Dec. 1912. 
10 Febr. 1913. 

11/12 Febr 1913. 
22/24 April 1913. 

4 June J913. 

,. 
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At 407.19 atmt>. (300 X l.b573) thc sedes of observaliolls have 
rlOW been l'ednced in agt'eemellt with each ol hol', 

Fl:om these equations we calcnlate first the prodLlct P V for the 
densities 100, 200, 300, 400, and 500 for so fal' as the cOl'l'esponding 
p,'essures lie in the region of obser\'ation of the series. and henro 
agl'eement ma}' be expected. We then find: 

D 1 100 I 200 1 300 1 400 1 500 

I - 1.1491 1.2429 1.3573 1,4961 -

Il 1.1491 1.2428 1.3573 1.4963 1.6654 

III - 1.2426 1.3573 1.4959 1.6641 

IV - 1,2423 '1.3573 1.4963 1.6650 

V - 1.2419 1.3573 1.4967 1.6653 

VI - -- 1.3573 1.4966 1.6644 

VII - 1.2430 /1.3573 - -

Mean 1.1491 11.24271.1.357311.49631 1.6648 

Besides with the mutual agreement, we are stl'llck here with the 
agl'eement of the mean valnes P JT with those detennined P1'0 visionall)T. 

We repl'ûduce thereforc this pad of tbc table and place the meun 
values P VU}!) by the side. 

D I PV(S) I PV(P) 1 PV(M) 

I 
100 1,1492 1,1486 !,1491 

200 1.2457 1.2427 1.2427 

300 1.3621 1.3573 1,3573 

400 1.4983 1.4953 1.4953 

500 1.6544 1. 6654 11 6648 

It remained to draw up an equatioll wluch satisfies thc last table 
of the mean "alnes with (1=1.07258 in arcol'dallce witb S('lTALh.WIJK'S 

isotherm. This final eqnation drawl1 np fol' convenience with five 
vil'ial coetïicien"ls, becoll1es: 

'(11'). PV = L0721l8 + 0.036763D + O.Oo88215DJ + 
+ 0.01~6695'*DI - 0.OlBlblD6. 

I 
I -
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This equu.tion not only represents all (lUl' observations as weil as 
possible; but the agreement with SOHALKWIJK'S results appeal's 10 be 
even better than for the pl'ovisional calculation, which is seen from " 
the following tabie. ' / 

D I PV(S) I PV(F) I (F)-(S) D I PV(S) I PV(F) I (F)-(S) 

I 
1.0733 1.0733 0.0000 60 1.1162 1.1163 +0.0001 

10 1.0794 1.0794 0.0000 70 1.1242 1.1242 0.0000 

20 1.0863 1.0864 +0.0001 80 1.1324 1.1324 0.0000 

30 1.0935 1.0936 +0.0001 90 1.1406 t·1406 0.000 

40 1.1009 1.1010 +0.0001 100 1.1492 1.1491 - 0.0001 

50 1.1085 1.1086 +0.0001 

The tin al equation may thel'efore be considered to l'epresent the 
whole l'egion of the isotherm below 1000 atms. The agreement with 
SCHALKWIJK is perfect up to D = 100, which corresponds with a 
presslll'e of 115 atms. Revel'sely It appeal's thel'efol'e that we mar 
extmpolate up to ± 120 atms. fl'om the equatlOn at which SCHALK WIJK 
al'ri\ ed fl'om his ohsel'vations f,'om 8 to 60 atms., viz_. 

PV = 1.07258 + 0.Oa6671D + 0.06993 D\ 

At D = 200 or P = 250 atms. the error which wonld 
then be made, becomes already 3 per 1000. For greatel' densities 
up to D = 500 the number of virial coefficients 3 is too smal!. It 
must then be 4 at least. It will not do slmply to add a 4th coeftl
cient to SCHAJ,KWIJK'S equation, w hieh appeal's from the deviations, 
which (see tabIe) u.re now positive, now negative. 

§ 2. Compal'ison of the obsel'vations at J 5".5 witlt Al\fAGAT'S. 
We have one series of obsel'l;'ations with 4 data below 1000 atms. 

and three above lt at OUl' disposal. (See p. 215). 
An equation has been calculated from the 4 data below 1000 as 

a con trol of the obsel'vations at ± 100 atms. (See pl'eceding com
munication). To compal'e OUl' data with those of Al\IAGAT at 15°.4 
we have calculated an empir'ie equation with 6 virial coefticients 
ti'om 6 observations. In the seventh observation at 383 atms. we 
have then acontrol. 
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P I PV (0) f PV(G) I (O)-(C) 

2255.8 1796~01 1196.01 0.00 

1777.2 1582.42 1582.42 0.00 
-

1383.9 1407.15 1407.15 0.00 

932.31 1190.26 1190.26 o.eo 
684.19 1065.47 1065.47 0.00 

383 29 916.64 916 66 -0.02 

334.27 891.16 891.16 o.eo 

PV = 637.96!) + 892.46D -735.72D~ + 1215.49D4-
- 787.959D8 + 204,470DB. 

With the value of PVat 700 atms. this eqnation is then reduced to' 
PV = 0.92967 + 0.Q218953D - 0.06 22767 D2 + 0.01J79888D4-

- 0.01010996D6 + 0.02360639D8. 
The easiest way for the calculation is now to rompare the pressures 

fol' the same vohunes as AlllAGAT. We then find: 

v I P(Am.) I P(C) I (C)·(Am) 

0.OO~234 100 700 0 

0.002046 800 800.5 0.5 

0.001895 900 904.1 4.1 

0.001178 1000 1005.3 5.3 

0.001685 1100 1101.8 1.8 

0.001604 1200 1200.7 0.1 

0.001533 1300 1301.6 1.6 

0.001472 1400 1401.0 1.0 

0.001418 1500 1500.9 0 9 .. 
0.001310 l6GO 1601.1 1.1 

0.001326 1700 1704.2 4.2 

0.001288 1800 1804.2 4.2 

0.0012545 1900 1902.6 2.6 

o 0012225 2000 2008.0 8.0 

0.001194 2100 2113.6 13.6 

0.0011685 2200 2220.2 20.2 
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These deviations and especially the pl'ogressive ones abov€' 2000 
atmb. cannot be explained from the tempeJ'ature difference of 0°_.1, 
among other5 on account of their il'l'egulal'ity. This would give a_ 
pressure difference of no more than' 0.6 at.m. at 2000 atms. For the 
rest the deviations are too large and too sY5tematical to be con
sidered as accidental errors of observation. The mosr obvious explana
tion, a systematic error in the absolnte pressure measurement made 
by AI\IAGAT or by U5, cannot be accepted either, as it would yield 
a deviation pt'oportional fot' large aud for small pressures. Pl'obably 
the same canses come into pIay, which also prevented agreement 
between Al\lAGAT and SUHALKWIJK'S observatioHs. 

Am~ter~um. ~}"ysical LaboratoJ'!J of' tlte U1liu('J'l:iil,lJ 

Hydrostatics. - "Tlw dl//erent ways of floating of an IW7nogeneolts 
Gube." By Prof. D. J. KOHTEW1~G. 

(Communicated in the meeting of May 30, 1914). 

This pÎ'oblel1l, whose treatment, however simpie it may seem, 
offers considel'able dtfficulties, was lately brought to a complete 
solution by Dl'. P. BHANDSEN. 

Ir we IllIlit out'sel veb to the case5 III w hich the specifie weigh t of 
the cube è"tmOllnts 10 less than half of that of the liqllid (which is 
allowed, because tbe other cases may be derived from it by intel'
challging the floating ûnd' immel'sed parts) stabie floating appears to 
be possible 111 foUt' differen t possitions . 

. In the ,fiJ'st position fout' of the ~dges are vel'tical. 1t may be 
acquil'ed fOl' spe~ific weights, expl'essed i1l that of the liquid, 8maller 

1 1 - . 1 
than ---V 3 = 0,211. .. Fo1' those smaller than - = 0,166, .. 

2 6 - 6 
it is the only one possible. 

In the sIJconcl position two of the faces are vertical, but the edges 
belonging to them are sloping. 'rite blll'face section is conseqllently 
a l'ectangle. Tltis "mannel' of floatillg is possible between the specific 
weights 0,211 .... and 0,25. 

In the t!tirel lJosition tlle space-diagonal of the cllbe is vel'tical 
and the snrfil.ce sertion a hexagon. It ib po"sible between tlle limits 
1 5 

- and - of the speeific weight. Fol' the Jimits themselves the cube 
6 6 

is Jlfted ot' immersed jusl 80 fal' th at the slll'fnce ::.ection, pel'pendi-
culat' to the space-diagollal, has pa'3sed into a tl'iangle. Those lirniting 
positions themselves are all'eacly llnstable; consequently the stability 

iiililIiiiiiO~~-----------
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of this position disappeal's exactly thel'e whe/'e fol' sperjfic weights 
1 < (3 a hexagonaJ section becomes impossible 0/1 account of AnoRI-

MEDES' Law, I 

This third mannel' of floating was, probably fol' the first time, 
referred to in the "l\1atltenïatical Gazet te" of Dec, 1908, Vol. 4, 
p. 338, Math. note N°. 285, in wlJich note, bowever, the second 
one and tbe ease llOW following was not l'efel'l'ed tn at all. 

In Ihe lOIl1'tft [Josition one of the planes passing thl'ough two 
opposite parallel edges assumes tbe vel,tical dü'ection. In this posi
tion one or these edges is pa.rtially immel'sed, the othel' one qllIte 
outside the liquid. In eom::equence of this the sm/ace section is a 
pentagon fol' whirh the illtersection of thE' liqnid sUl'face with the 
plane just mentioned is all axis of symmeh'y. 

Sueh "pentagonal" floating can only exi"t, ho wever, between 
nal'row limits of density, viz. between Ihe densitics 0,226 . " and 
0,24 ... 

It should be obser"ed that only the first nnd the serond position 
gl'adually pass into each other j fnrther that a completely unsymme
trieal way of floating, in which neithèr one of the faces, nor one 
of the diagonal plan es, not' a spare-diagonal assumes the verti('al 
position, cannot al'ise. 

One of the greatest difficulties connected with the probJem consisted 
in the f'ormal exelusion of sllch cases. 

It furthel' appeal's that between definite limits of density, several 
positions, amollnting at most to t!1l'ee, are possibJe t'or the same 
cnbe, viz., 

Below 0,166... the fi l' s t position is the only possible. 

Prom O,j 66 ... to 0,211 . , , the fi r stand the th i l' d. 

Fl'om 0,211... to 0,226 . .. Lhe sec 0 n d and the th i l' d. 

v~l'om 0,226.,. to 0,24 , .. (the Jimits of pentagonal tJoàtÎng) 

the seeond, the thil'd~ atld the fotlrth. 

Fl'om 0,24 ... to 0,25 the second aud the thil·d. 

Between 0,25 and 0,5,ollly the thil'd, 

Stl'Ïctly spealdng one case in which one of the diagonal plnnes 
coineides with the liquid-level and the specifie weight thel'efol'e 
mnOllnts fo exactl,r 0,5 ought to have been added to those rnentioned 
above. Dr. BRANDSEN hns indepd pl'Oved th at stability exists in tbis 
case. Yet at the s/ighlest altel'alion of the specifie weight the adjacent 
po'sitions of equilibrium berome 11l1stable, e.i. those which arise by 
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Hfting the cube a little Ol' by immer&ing it in snch a way that the 
diagonal plane mentioned remains parallel with the liquid-Ievel.-

A paper by Dl'. BRANDsmN in which the results desctibed abov~ 
are set forth aud proved is going to appeal' in the "Nieuw Archief 
voor Wiskunde". 

'" 
Petrography. - "On some 7'ocks of t!te [sland of Trtlirtbu (8ula_ 

. Jslands.)" Bj' Prof. Dl'. A. WWHl\fANN. 

(Communicated in the meeting of May 30, 1914). 

Aftel' G. E. RUMPl'lIUS had described. towards the end of the 17th 
century, some jurassic fossils, originating from the east coast of ~ 
Taliabu 1) it was not before the year 1899 that new geological inves
tigations were made again in the island mentioned abore. It was 
R. D. M. VERBEEK who collected some rocks in some places of the 
north coast on tlle 4th and 5th of August and aftervvards described 
them 2). In November of the same year G. BOEm! followed his 
example, and chose as point of departul'e of llls investigations the 
findingplace mentioned by G. RUl\IPHIUS, and afterwards continued 
his work over part of tlle sOllth coast 3) In December 1902, in 
Jannary and especially dUl'ing the months of October and November 
1904 an extensive pal·t of Ihe sontherl1 pal't of Taliabu was sUJ'veyed 
liJ' J. W. VAN NOUHUYS 4). The lal'ge collection gathel'ed by him 
was described by G. BOF.Hl\[ 5), in so fal' as l'egards the fosfliIs. In 
the following lines the communicatioll of an investIgation of the 
rocks ma.)' find aplace. 

1) D'Amboinsche Rariteitkamer. Amstprdam 1705, p.p. 253-255. 
2) Voorloopig l erslag over eene geologische reis door hel Oostelijk gedeelte 

van d.en Indisch(lll Archipel in ]899. BatavÎa 1900, p.p. 9,10,46, 47.-Molukken
Verslag. Jaarboek van het Mijnwezen van Ned. Indië. 37. 1908. Wetensch. ged. 
Batavia 1908,'p.p. 20-21, 107-108, 221-223. 

3) Aus den Molukken. Zeitschl'. d. D. geol. Ges. 54. 1902. p. 76. - Geologische 
Mitteilungen aus dem Indo·Australischen Archipel. N. Jahrb. f. Min. B(lil. Bd. 27 
1906, p.p. 385-395. - Beiträge ZUl' Geologie von Niederländisch·fndien Pal aeon
tographlCa. Suppl. IV. Stuttgart. 1904, p.p. 6, 13-14. 

1) Maatschappij ter bevordel'Ïng van het Natuurkundig Onderzoek der Neder· 
landsrhe Koloniën Bulletin No. 48. 1905. - Bijdmge tot de kennis van hel eiland. 
Tnliaboe der Soela·groep (Moluksche Zee) Tijdschr K. Neder!. Aarul'ijksk. GE'nootsch. 
(21 27. Leiden 1910, p.p. 945--976, 1173-1196. 

5) Beitt'üge ZUl' Geologie von Niederl1indisch·lndien. Palaeontographica. Suppl. IV 
1912, p.p. 123-177. 
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1'aliabn is a longitlldinal island ex.tending in the dil'ection fl'om 
East-West between 124°8' and 124,041' E. and 1°50'-2° S. Whilst 
the length amounts to 117 km,; the width is no more than 371

/ 2 

km, A monntain range of an a"erage heigbt of 1000 to 1200 m. 
extends oye1' ite enti1'e - length. The formaüons of the northern part, 
hitherto little known, are restl'icted to old slate-rocks, quartzites, 
gl'anite-porphyry a11'f emal limestone, whilst on the sOl1the1'l1 pal't 
rnoreover extensive strata are found containing numerOllS fossils 
from the Juragsic system tllose of the Berriasien inelnded 1). Among 
the eruptive rocks OCClll'S especially much granite. Younger forma
tions play -here likewise an infel'iol' part, beeause the cOl'ullimeBtone 
is found only in the eastern half of the south-coast and no fal'thel' 
than cape Kona [Mu.ntal'ara 1 2). 

Gmnite. VAN NOUHUYS already called the attention to the faet 
that the granites of Taliabll have much similarity with the gl'anites 
described by VERllEEK of the Banggai Islands, v\'!lich are situated 
westward from the Sula Islands. They Ut'e characterized by the 
OCClll'rence of dark red orthoclase, gl'eenish dull white plagioclase, 
white q ua,'tz and black biotite f.). Rocks in which the ol'thoclase is 
of a lightel' colour at'e however not wanting in Taliabu. They 11I'e' 

contrary to most granites of the lndian Al'rhipelago, which as a 
rule are rich in plagiorlase, to be regarded as normal biotite-gt'anites, 
in which a more subordinate place is assigned to oligoclase. It 
appeared that mikrokliue was ahvays absent. Thc red col OUt' of the 
ol'thoclase is caused by a finely distl'ibnted reddish bl'own substànee, 
which disappears however as soon as the feldspar is altered into 
kaoline. Biotite is indeed alwaJs pl'esent, but sometimeii vel'JT scarcely 
repl'esented. It also OCCUl'S that bJ' alteration it has been <.'hanged 
into chlorite, and then, at (he same time, rutiIe-needles appeal', 
Bl'own ü'on ore (Iimonite), in the shape of il'regnlar flakes and accu-

1) J. AHLBURG asserts (Versuch einer geologischen Dal'stellung der lnsel Celebes. 
Geolog. und paleontolog Abhandl. hel'ausgeg. von J, F. POMPCCKI und F. VON HUENE. 
N, F. 12, Jena 1913, page IlO), th at among others also Lias IS found in Taliabu. Most 
likely he mis takes - he is not so very particular - this island for MisoL Further, 

( he says, with regard to the demal'cation strata of the JUl'assic and lhe Cl'elaceous 
system, that they "allerdings nich nelleren UntetSuchllngen uel' Trias angehören". 
There can neither be qllestion of lhi!>, as is clearly proved by G, BOEHM'S essay 
(Palaeontographica, Sllppl. LV. 1904, pp. 1-46). Most likely AHLBURG !Jas in Ihis 
respect mislaken Taliabll fOl' Buru. (Vide: Cenlralbhttt f. Mineralogie 1\:109, 
p, 561; 1910, p. 161). 

2) ACcol'ding lo a commllnicalion of Mr. VAN NOCHUYS the cOl'allimestone reaches 
only a heighl of ± 10 m. 

S) Molukken-Verslag, p. 218. 
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mulations a]ong the fissUl'es is rathel' widel)' spread as a product 
of altel'ation. Apatite and titnnite occur only sporadic..'l.lly. 

VAN NOUHUYS has ah'e~c1J' acqnainted us 'wHh the finding-places of 
the gl'anites. 1) In the western part of the island we must mentiOl] 
the tel'ritol'y of LekiLobi in the th'st p]ace. The hill weslwal'd from 
the entl'ance to the lagoon, the hills of tbe island Kona in the lagoon 
and likewise Tandjnng Merah - the red cape - at the eaRt side 
are all composed of this rock. The serond gl'anile-terl'itol'y was 
found on the up pel' course of the Wai [I~t, where it borders UpO)~ 
stl'ongly folded phy lIite. 

The third l'egion is sitnated northwal'd from the 'Wai Taha 11l1d 
extends in the N.E. tIl 1 beyond thc left bank of the Wai K?-buta. 
A fom'th area OCCIII'S on file llpper course of the Wai Naja, whel'e 
it borders the strata of the .Jurassic sj'stem. South -of this river rises 
mOl'eover a gl'atlite-hill on the coaE>t in the neighbourhood of cape 
Pasturi. The el'ratics that were found, besides in the rive1'8 mentioned 
above, also in others namel)' W' ai Miha, Wai Kilo, Wai lIa, Langsa, 
Wai Tabana and Wai Kasia point to tbe tart that gl'anite is widely 
spread over the interiol'. H. BÜCKING fina,lIy mentionR a biotite-g'l'H,nite 
containing hOl'nblende fi'om the Wai Husu 2). 

The contactmetamorphical fOl'mations, which have been caused 
by the eruption of the g1'anites, deserve attention howevel' in the , 
fiest place, eE>pecially because bot.h old slates and jurassic sediments 
have been concerned in it. 

On' the nortbside of the lagoon Lekitobi an andalusite-rnica-1'ock 
is found as a rock. In tbe pink compact 1'0C~ macroscopically only 
nnmerous silver-white laminae of muscovite can be detected whieh, also 
according to the microscopic examination, form also the chief con
stituent. Besides the aggregates of these co10urles8 laminae thel'e are 
also those of irregu1ar grains of qual'tz. 

The elongated prisms of andalusite are all'eady to be rëcognized 
by theil' relief, they are nearly COloul'less in the thin sections and 
show 110 perceptible pleochroisrrl. Rathel' numel'OUS are the fluid .. 
inclusions w hieh the)' contail1. As an accessol'y constituent tourmaline
is present in the form of little strongly pleochroitical prisms (0 = yellow 
to gl'eenish-brown, E almost colourless). Ore is il'regularly scaUel'ed in 
toe farm of black g'l'ains, and occurs moreover as a fine dust 

1) Bijdrage tot de kennis van hel e11and rfaliaboe, p. 949, 951, 963, 967, 971, 

972, 1174, 1178, 1180, 1184, 1185, 1190, 1191, 1193-1195. 
2) G, BOEHM. Geologische Mittheiluugen aus dem Ind. Australischen Archipel. 

Neues Jahrbuch für Min. Bei!. Bu. 27. 1906 p. 93. 
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betIYte" !he mU!lOOvi l~laminl\e. A$" product of alleralion flnally 
brown·lron~ro (Iimonite) i8 fonod. 

Á"dalwite-mico-Kf.Ut. This ha,\!, distinclly v.bistose, reddilh-grey 
roek, irl .. hieh tbe naked ere discerlUl onl, lil ver,. muswvite-l&minae, 
, .. u rOlln4 &8 .. boulder only in Ihe Wa; Miha. In .he tbin se<:1ÎOIII 
Ihe roek, of ",hieh quart.: (onn$ lhe pnneipal conSlih~nl, SI>O",1 a 
CTy&talJobà.stie I!ruuture. N nmerou8 al'f! likewi!le colouTI. Illmin/le of 

museov ile, 'md besidea th()8f! of a greeni, h mica. Alldalusi le i, found 
in 111 6 ferm of colOllrle8l! prisrn s ,tringed togelhe,· and in 81'>1;11&, 
whitst p,j" n. of tnurm.lin. 010::" "",1)" .wo, O<lC!U '. ROllIe 10.m. dnrk

brownish red, ver, li rongt,. refrsetory gnU"' nnd knce .. haped Iwin$. 
"'~·lJbIIrlzi~i'l. A bolilder ' mln Ihe Wai Ka bU1 a, " hard, 

gre,. . nd verr fine...grained , dislillctl.f ItrMifted roek. Under Ihe 
mieroeoope we percei,'o Ibat qllW1z, wbieh is "8nllll, accolOpanied 
by mU lle(..-ite, is ti,,, ebief conSl ituent, whil~t in strata of " darket· 
co10ur, bit .-estricted 10 these, bioWe il li kewise freel,. spread. 
Moreover andalu,ile Qttu,", in the form or .. regatel5 or prisml , wi tl, 
numerons Ot'e-graillS "lid furtber oeeuionally garoe!, "Ilie. l;t/lU; le 
AAd 10u rD"llline. 

)'(icn."1U111"In"tt oecu,", II.mong Ihe boulderll of Ih" Hetino, a left 
tribulllr)" .~ ver or the Wai Milia. In d,i, fone-g,"8,ined , r«Idish·groy 
rock ""meroos muscovil,,· lalOinae CM boe discerned bj· Ih" naked 
"'-". Ai appear9 r""n Ril". J tho qunrt .. individ ual. do not exhi!;>it, 
" I'Olllllel"llrUcl ur" under the mic/"OIICOpe. bul rhe, ""gage into one 
. "otlo". Ji~e teelb. Furtber il muM boe re Dllrked lba l finei)" dislri buled 

Fig. l. 
16 
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ironhydl'oxide has penetrated between the aggregates of ml1scovlte. 
Thongh tile rock does JJot confa,in andall/site, it is yet Iikely, that 
it beJongs to Lhe contactmetamol'phic formations. 

Spotted clay slates snch as VER BEEK discovel'ed 1) in the isle o( 
Labobo (Banggai IsIes) were not fOl1nd among the rocks of Taliabu. 

A g'roup of rocks that have l1kewise been t1'ansfol'med by contact 
witb granite, but belong to the Jurassic system, are of a quite different 
nature. VAK NOUHUYS indicated already on his map a hornfelsmass 
in the regioll of the souree of the Wai Najo, whilst for the rest he ~ 
detected normal Jlll'assic sedimellts pal,tIy covered with allllvial 

• seuiments from the source of the rive1' to its uppe1' course. As 
appears from a subsequent investigation these hornfelslilre 'mftsses 
oelong to the caJcsilicate-rocks.~) VAN NOUHUYS collected specimens 
of these in the Wai N~jo and its l'ight h'ibutarJ~ the Bnja, and 
likew ise in the Wai Tabana and the Langsa. They are all dense, 
"ery hard splintery and llsllally of a greenish-grey l'olour which, 
in some spots, changes into whitish and occasionally into dark 
grey. Some of th ase rocks as those of the Langsa eonsist of' parallel 
strata sharply separated ii'om one another, perceptible to the naked 
eye, and of a whitish- and blacldsh-grey coloul'. 

The epidote is amineral, which, according to the microscopie 
examination, IS nevel' wan ting , it is alillost always represented by 
the optically-positive' klinozoisite, which is nsually eolonrless but 
occasionally provided with a light-yellow tint. The alwa,ys irregnlarly , 
shaped grains can easily be recognized by thei1' strongly refractory 
power and thei!' otber optical properties. Some parls of the lirne
silicrtte!tol'nffl~ originating from the Wai N~jo consist chiefly of 
aggregates of th is mineral, among wbieh IS f'ound a eolourless 
gt'oundillass t hat cannot be neat'er defined and of ten contains infini
teslmal parts of dust. In other parts this groundillass farms the chief 
constituent of the rock, in wbieb. klinozoisite occurs then only in 
the form of isolated gmins. 

Besides the J.!lany and verr littie grains of ldinozoisite in the 
lime-silicate hornfels found in the river Langsa, pl'isms of tourma.line 
and needIes of rutile (?) were oecmüonally met with, According to 
the microscopie examination the diffel'ence beLween tlle light and 
the dark strata is only caused by the fact that the IaUer are l'ich 
in infinÏ!e'Jimal pal'ts of dust. 

1) Molukken Verslag, p. 2H), 
2) Bijdrage tot de kennis van het eiland 'l'aliaboe, p. 1190, 1193, 1194, 

map Nn. XX. 
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The eomposition of a eale-silicate-hornfels from the Wai Najo Is, 
accol'ding to the analysis of Prof. Dr. !VI. DITTlUCH of Heidelberg, 
as follows: 

SiO' . 
TiO' . 
Al203. 
Fe' 0 3 

• 

01,203 • 

FeO . 
-MnO. 
CaO. 
j};IC;O . 
]{20 . 
Na 2 0. 
P'O· . 
C02 

'-

H 2 0 (lInder 110°) 
BlO (over 110° to 

( 

59,60 
0,46 
7,90 
0,64 

traee 
6,02 
0,28 

15,20 
5,35 
0,57 
1,!:J8 
0,22 
0,69 
0,17 
1,32 

100,40 

The specific weight is 3.213. From tlle analysis it appears th at 
the result of the chemical composition in consequence of the contact
metamol'phosis of the J llrassic mads is the disappearance of CO\ 
which, as in othel' similar rocks, is found onIy in a very slight 
qualltity. The water was likewise fol' .the gl'eater part evacnated. 
A modification of the composition with regard to the other eon
stituents ('annot be observed. The reslilts of the analyses of the calc
silieate rocks vary greatly, whieh is not' astonishing on account of 
the great variety of the sediments that gave occasion to their 
formation. 

The fact th at the youngest strata of the Jurassic system in Taliabu 
were interspersed with gl'ani~e and metamol'phosed, is of greal i 111-

portarlCe ; its eruption can cOnsequently not ha"e taken plaee earlier 
than during the Cretaceous system. 

The oceurrenee of granite of mesozoie age was hit11e1'LO only 
stated or made probable in the Malay peninsuIa by J. B. 
SCRIVENOR 1~, in. Sumatra by AUG. TOBLER 2) and R. D. 1\1. VEHBEEK J

), 

1) The Rocks of Pulau Ubin and Pulau Nanas lSingapOJ·e). Quart. Jourll. Geolog. 
Soc. 66. London 1910. p. 429. - The Geologie History of the Malay Peninsuia. 
Quart Journ. Geolog. Soc. 69, London 1913, p. 351, 

2) VOOl'loopige rr.ededceling o\'cr de geologie van de residentie Djambi. Jaarboek 
van het Mijnwezen in Ned, Indië 39. 1910. Rltnvia H112, p. 18 -19. 

3) Koloniaal.Aal·drijkskllndige Tentoonstelling. Amsterdam 1913. Catalogus, p. 76. 
16'!! 
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di,' (;I',I!I:)(' \1111 .\liI lil 1.:1\;1. :'lIl1lilll'a, 
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'"I,.i:ëPII".U; .. ,·h·.\1I nl1·1 Z\\,U' lil d,,!! :1)(\''':1(·11 F(il:(~iI .11.'11·;".·.,; ... ·;;,'·', I\ar-

"I"'~ii"""!"'!l \ .1\\) .... "':11'1." 
.\11' .. \ 11..11\ i:(i pl'lld":1I 1·!\I'·i;..1I illl; lil 1II"~11 i',llI 111\' 11;11111'.- (1(' his 

i 1I i"'I'llIlI !l1":. 

(;,./, ;,.-.".,.',',: .. :/. Ilil!.'.'I·;/) Illi- 1'",'1, ilil- ,,"1.\ ["'·,'11 t'"llllJ: i1-I·I·I·"tic 

1·.II'i;. 11;1111,,;:, i ',I I:. D. ". \1:/11.:; (lil 1I1(~ "O)l'lil ("';i-!. !I(';l1' ('npe 

1);1::1;11' . h., \1. \\111 !:',I :11 1:1'.' \\",~i I",dil: 1;,'-/'1·:;\·.'\1 :',\ 11. !'.ïc-:'I'(j6) 

nlld 10,' .I. W. '. " \111 Ijl 'a- i~1 iil" \\"ai Ilil. ;i :1'i~'III;;I',1 11(' dl(' "-ai 

.\li:I;I, lil.· ~T;I!\:: '-I'"I'!':I:' :'.' lil I:le : .. u·'1' i:!ldill:':'-p;ill'C' ,'I.lll1ili:I": a 
.' i'ÎII\\':-i, ;'1';".\ 11 .. ili'· i·l .... ,..11.i::III· :.!I'oIl!ldlll""'-, i:1 IllIi,'lI IIIIIIII'I'I)\]S 

~~I'iI:lI": 11'11; ·;:ill·.'\;il·';I'\'II.- Ol;' 'JI.ill·l/. ,,1'(' ill(·;"-c·". lij',' ii~.dl!-.\ ··Iip\\ ish 

1'1'.' .-lilÏ- lil' c':';I1",'\;:,-\' -.lIlId:!!,;''': 1'.1 i 11.- i11'("ll'dlll:1 i'J 111(' 1;1\\ of 

,'ol'. :11'. ji- ;'1'1'(';1"": 1':'01:11 1:,(' 111 il'l·ol .. ,'lIj,il' 1·\illllillill;\IIt. Ti 1\'.\ :;,re 

111·'1"1' ,,' .. 1' .i;;,·d lip \', il:1 !lll'':.\ ,:i".l'i['I.I,',: : I"f'i\ 11 11'1'11 /'11'. T:;(, IlIlICh 

1(·.-.- 11 !i 1111'1',,11': 1\1 II!.I·': illrl:\ idl!ili.- 111' 1,lil:.!:,,(·lil-(· 11i1\I' I'illl:-(": a 

-,ill.:;li· ":i,'r;"i"11 ;1": 11:'.' "I·I:I",·iil.-I·. Till' C'I',\ -in:.: lol' 'j1li:I·II. are 

1':;;::·;II'Io"I·:/.'·i, [',\' ill:111 ·I·/,!I.- 1:I,iol-:liI'lll-i('II-. :-:.,1111'1;'111'-.1:1'.' illll'lI..:ion 

I'I 111" !.!I"'·IIIII!lIi1'- i- I.\~I·\"::\'.'''. :11,1 !!;"-'-.' i~II';/I":liI'(·.- i.I .. · 1I11(:l'ly 

1\"III:il~. 1);11'1; ('1111-:111,":1- \\"1'1' /lld.\ ',·.\\·i'jllillllil::.1 r,llill'l. illid il':-io, 

i!l ii'1 1'111:1"'1.
" 

';'·(·OII:,oI-·r! 1·.I:idi:!IIII. lh\~ 1'1' ... \ i')I1.- (l",'III'I'I:II('i' of< 

[Iil/lii" H"I\ 1". (.1' i- ::lIll1i.-lili\i,:I:C·. n..: 1:1(' .-ilil!,C'- (.1' lil,' !;UII:llill" me 

1"11:11" """k ::i :111: rlll'I!I;I.,~ il!!l) 1\ :li,'11 lil"~ il;I\I~ ,·hilllg·(',1. T:le 

feldspars whieh form a part of the groundmass as weIl as the 
pOl'phyric cl')~stals have eaused a transf01'mation into museo\'ite, 

QUaI'tz-P01'pltyl',lj was' eollecled by G, BOEHlIf in the Wai H usn 
nnd examined by H. BÜCKING. 111 VAN NOURUYS's collect,iol! are 
two specimens from the bonlde"l's'of the vVai Najo, One is charactel'ized 

J) Obel'CL' JUl'(t in West·Sumall'a, CenLralbl, f, Min. '191:1, p. 757. - Süd-China 
und NOL'tl-Sumatl'3.. Mitteilungcn des Fenl, v. Richthofen-T~ges 1913. Berlin H114, 
p. 37. 

2) The italics are mine, 
3) Versucll eineL' geologischcn Darstellullg, der Insel Celebes, (Geolog. und 

palaeonLologische Abh.dlg. von J. F, POMPE.CKr" und Fl·. Van HUENE, ~, F. '12, 
Jena 1913, p. 28), 

4) Molukken·Vel·slag, p. 223, 
G) G. BOEll~I. Neud aus ,dcm Inrlo-Australis'chen Archipel, p, 391. 
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by a light bl'own grollndmass, bearing gl'eat resemblallce to the 
coloUl' of chocolate, whilst that o'f the other' specimen is yellowish 
brown. lVIicl'oscopically the groundmass "is like that of the porphyry 
from, the Wai HllSll miCl'ogl:anitic. The porphYl'lr. cl'ystals of ql1al'tz 
are bll1ish and aHain a diameter of 2-4 mmo The flesh-colol1red 
Ol·thoclase crystals atta~n a length of about 1 cm. Micl'oscopically 
they are covel'ed with a fine brown pigment and partIy altel'ed into 
an aggregate of little muscovite-scales. The gl'oundmass is micro
granitic and consists of a fine aggl'egate of ql1al'tz and ol'thoclasc. 

Syenite-porphY1'Y' Only one specimen of this rock ol'iginating fi'om 
the Wai N ajo is present. Wlth the nakeu eye only a l'ew dark 
constitllents r,an be deteeted in the grey to bl'ownish dense ground-mass 
showing a somewhat dolet tint, wit.11 the help of the magni(ying glass 
likewise little rectangulal' sections of whitish grey feldspar ean be 
diseoyel'èd. Fl'om the microscopie examination it appeaL's that they 
eonsi'st for the gl'eater part of ol'thoclase, partly howevel' also of 
plagioclase (oligoclase). ').'he .dark cOllstituents are in the thst place 
l'epl'esented by green hOl'nblend~. The pI~ochl'oism is (1 = yellowish 
green, ~ = dark gl'ee!,!," c = bluish gt'een; c> b> {\; c: C = 12°. 
Besides this biotite oCCllrred frequently, which was howevel' completely 
transfol.'meu into chlol'ite, wlliIst' grains of' O1'e anel epidote were 

, . 
formed. Apatite is fOllnd in the sl\ape of littIe thick pl'isms. The 
groundmass IS. entirely cl'ystalline and is eomposed 'of aggregates of 
partieles of feldspal', a~o~g which a few little, angular grains of 
ql1artz occUt', 

From the :3careity of porphYl'ic rocks in Taliabll may be deduced 
that origin~lly they occlll'red only in the form of' dikes. 

Diabase. 'This kind of rock is likewise onIy l'epl'esented by one 
specimen from the bonIders of the Wai Kabuta. lt is duU, greenish
gL'öy and eontains a few maeroscopically observable dllll-white 
crystals of feldspar., In_ thin seetions the chal'acteristic ophitic stl'uctUL'e 
js to be observed, narrow and bl'Oáder lath-shaped crystals of' plagio
clase, between whieh the xenomorphic allgites appear, which havG 
undergone howevel' partly an altet'ation in/to epidote. Grains of bJaek 
ore are freely dispersed. On the fissUl'es of the rock greenish-yellow 
epidotes h~,'e ,deposited themselves, whieb are accompanied by ql1artz. 

';l'he o'Idest. sediments found in Taliaba are represented - in sa 
faL' as it is lmown - by 'p/lyllites,' which have sl1bmitted to a very 
strong folding, as was alt'Nldy remal'ked by VAN NOUHUYS at the plaee 
mentioued. An exte!,!sive l'egion is watered by the Wai lVIiba, i.e, 
fr'om it~ SOUl'ce till it leiwes the chaRm between the Bápen Kudi and 
Bono' Kedotó, Whel'ellpOn it re>appears again at Nali, In some spots 

~ \ " 
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dIe ,"()Ck eonIcIins slmr,. tI'1<1 Icn3C3 of ql1~rl~ and OCt"MionnllJ' tnuch 
1,)'ritC" )' A eeeo",l regio" IbM h~s nOL beell lhol'Ollghly e~lllorcd is 
rOOll1<1, 1lC('o"li"g Lu lloc map, at Ih~ "I'[>er w"rse Of \VfI,' I\abuh •. , 

licilidoe 'ho tinding-phl.ces meulioned' ll00ve, VAN No~"ufl menlioll8 
tho live.- Langsa., bilt he 'l'lmMk ~ <lmplllllieaJ ly thlll lbo pl'yllilcs 
<)CC". 'hert ollly in boulde .... bul nowhcl'll ') in ,be (orm of roek •. 0110 
of tbo apce;meM is com[XllN!d of al\emating tbin, dMk-«lloured. 
,,11110$1 blllCk strata, lUId ligbtcr browni$h~1 strata mol'$ neh in 
lJ"IU'IJ.. Froll! !IlO microsropic euminntion ir appe.nrs tb'l biotile 
rorUis Iho ~hier oolmiluenl, occasiOflally acrou'JK'nied by mMJ' graiM 
of Ort nnd H)o blaek pal"ticlee of dusl nnd only (ow pri~me of tou r · 
nmlino IIl1d gmin! of lil!\!lite. Tbe liglller slrala rotlS;S! ~hieHy of 
tin IIggI"egato of qnnrtz grllias nmong ",Ioich al'e nu met";}"! I iUle bio1ite
lamill:le. Tlos rock is mo~,'el' pelletmted in $eve,,,] direclion8 by 
smal! ,'ei,,! of qUlu1z, in ",hielt yellowi.h.greer, ,vormshaped agg~
gate! or liltte plooehroitiool IDttl iuae or eb lorile (I,eJmintb). 

Anolher p~yUile i$ of a blacki.h.grey colcnr, denIIe and radlcr 
hard, 111 ro,-t"enetl of Ihe deeomposilion of lhe rock . nch JlRrll 
M are richer in qurut< nppear IH Ibe 8urface as knOl!, lJi~tOIIeOpie· 

nlly Ihe liule biolite.lamellnt are irrep;ularly epreaJ OHr thequlll'tz,mase, 
:md sometinte! dosel,. COlllPI'e8Sed j" IlCclllll lllalions_ Some1imel" light 

.~.' 2. 

I) Sijdr.(t 101 de kwni. _an het ell.,ld T.l.iabIJ, PI'~, 961, UH- L176, 
1187_1188-

' J Palt 11k 
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sericitical mica oeClll'S, anel r furthel' prisms of tOUl'maline alld ilmenite. 
The phyUites of the Wai Miha are llsua,lly softer than t110se of 

the Langsa, and the microscopie examination pl'oves them to be 
different. BeCltllSe thin dark, blackish-grey strata altel'nate with light 
'ones t1w,t are rieh in qual'tz, the folding can velT distinetly be 
observed (fig. 2). The former are composed of closely compressed 
aggl'egates of light-green serieite, a,s a eonsequence of the folding 
the laminae we re likewise bent. liittle flakes of brown ü'on-orc (limonite) 
are ábundantly spread. The lighter stntia ehiefly consist of aggl'egates 

'of qual'tz, containing ver)' few fluid inclusions. Fl1rther light greenish. 
mica-ln,mellae are disC\erned, fJoating as it were in the qual'LZmaéiS 
tlmt is as clear as w·atel'. In other phyllites, besirles gl'ains of ore, 
many particles of' carbon are spread and furth'er prisms of toul'rnaline 
anr! needies of ruWe. . 

At -the toot of Sangeang, sitnated on the uppel'-coul'se of the Wai 
Miha, occurs a black' phyllite containing nllmcrous hexaedl'ons of 
pyrite having a diametèr of 2 mm., it has .great 'resemblance with 
the rock collected by R.' D. M. VERBEl!1K on the nOl'th coäst in the 
neighbourhood of' Oape Damar 1). Under the micJ'oscope the eJE' 
elistinguishes light strata C'ontaining mach q ual'tz, altemating with ' 
quite dal'k 'ones, whieh are filled -with C'arbonaceous matier in s'uch a 
wa)' that even the thin sections l'emain in· some plaees Ol)aque. It 
appeal's that the grains of qnarlz contain few and sruall tlnid-inclu
sions. The l'oqk mOl'eover contains light-greenish laininae of sel'icite, 
need/es of rutile and - along the fisslU'es - partiéles of limonite .. 

If the qnartz pt'èdomin'ates a phylliieq'lw.l'tzite is I·ol'med. 
A 'simiIa,r rock is 'likewise fOlllld as a roek near the Wai Miha 

and consists chiefly of whitish-gl'ey quarlz of a greasy \ appearance, 
interwoven with st'rata of ph)' lIite. At last there -i~ still a boulder
l/1tyllite in itself 1I0rmàl· anel containing smaIl bonlrlet's of white 
'qlUtl'tzite 'and of sWceOlis limE'stone, 'l'he rock forms ~ counterpart 

- of the bouldei'-clay slate desCl'ibed ,by E. KALKWOSKY 2). -
~ Near the l1ppel' course of the Wai lVliha was' fonnrl, besieles the 
rocks desél'ibed ~tbove, a waterworn specimen of clay slate whieli. 
is strongly fólded and arparently belongs to the same system of 
strata as phyllile. lVIicroscopically it beha\'es as a common roofing
slate, eontains as the lattel' I1nmerous needles of rutile, a few pl'isms 
of toul'maline, and black widely distl'Ïbuted C'al'bonaceous matter. 

. 1) Molukken.Verslag, p. 223. 

2) Ûber Geröllthonschiefel' glacialen Ursprungs im Kulm des' l~rankenwaldes 
Zeitschr. d. D, geolog, Ges, 45. 1893, p. 69-86 . 

.,ft,., . ,', 1/ 
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VAN NOUIlUYS mOI'CO\'Cl' !'ollectcd in the bed of the Wai Miha a 
JJ!tyllitfJ.bl'eccitl consisting of nllmerOllS angulal', sometimes a little 
rOllncled fmgmcnts of phylllte having a diameter of at the utmost 
3 cm. They are nsually strongly altered, and have consequently 
given occasion to the formation of chlol'itic mineraIs. As appears from 
the microscopie examination the white quartz-cement is composed 
of Rome grains of quartz as clear as water, the angles of which 
eng'age into one another like teeth. 

In the neighbolll'hoocl of Cape Pa~~tll'i bOlllders were found of a 
hard, grey, distinctly stl'ated qUa1,tzité, containing moreover a great 
l1lunber of small hexaedl'ons of pyrite. Under the microscope the 
eye Idiscovers, beside the grains of quartz which are as clear as_ 
water, green lamellae of chlol'ite, little titanite and a few black 
grains of ore. -

For the present moment it is still impossible to determine the 
age of the strata of phyllite. It is certain that the folding they have 
been submitted to, has taken place before the deposit of the Jurassic 
sediments which show nothing of this nature. Petrographically sorne 
fl'agments are completely identical to some Cantbl'ian rocks in the 
Al'dennes, especially those belonging to the etage devillo-revinien. 
Much 11ea1'e1' to hand is a compa1'ison with similar rocks of the 
continent of Australia. 'Vhilst there the Camhrian sediments are 
chiefly represented by limestones, those of the Praecambrium contain 
not only similar rocks as those of Taliabu, but it appears that they 
are likewise slrongly folded all over the continent. 

In the strata of the Jurassic sJstem found in Taliabn, a few rocks 
are fOUlIci which, also f1'om a petrographical point of view, draw 
special attention. VAN NOUHUYS reported al ready that S. E. from the 
month of the Wai Najo cliffs al'e found consisting of "iron-hard 
"clark rock having on the fracture entirely the appeul'ance of con
"glutinated gi.in-powder. This rock contains ueIemnites, which are 
"ho wever as a ruIe badly conserved, and are of ten cemented with 
"the inclosing rock. Moreover the rock behaves entirely like gmnite, 
"as it is split into steep perpendicular prisms divided into blocks 
"by cl'oss-fissul'es. This rock Iikewise changes into another of a 
"lighter col ou!', in w hich on the weathering-planes reddish quartz
"gl'ains are found." 1) 

Tbe rock th at is meant hel'e, is achloritic iron-oölite (chamosite) 
dull, of a deep blackish-green colour, and containing nnmerous 
small gl'afns, ,'Vhich have indeed great resembIance with gun-pOWdel'. 

1) Bijdrage tot de kennis van het eiland Tahaboe, p. 1195. 



- 243 -

237 

As the colour makes 11S all'eauy suspect, in the thin sections under 
the micl'oscope it is to be observed, that the l'ork is chiefly composed 
of fine dirty-green chloritic particles, which have been altel'ed in 
the same way as those of the Chamoson-valley 1). They contain u. 
fine black dustlike matter, further pretty large grains of ore and 
moreover ti few angular splinters of qUal'tz. Some cavities are fiUed 
with crystals of calcite, 

As to the oölite-formations they distingllish themselves only from 
the other mass of rock by their structnre, In the thin sections thoy 
are always of an elliptical Ol' circular shape (diameter O.08-0.6mm.) 
alld consiat of very thin green successive coats. The llllclens uSllally 
consists of a st.'anger body, as a rllle of quartz, the grain of whirh 
occasionally becornes comparatively large (fig. 3). Though its shape 
may I be ever so irl'egular the coats of the chamosite are alway& 

Fig. 3. 

arranged in such ,u. way that the uhevennesses disappeu.r, and tIte 
l'esult is in the end a l'egular oölitic body. There are however 
likewise fragments of quartz in which every trace of a chu.mosite
edge is wanting. Exceptionally the fragment of Lhe skeleton of a 
spon ge serves as nucleus of an oölite. In consequence of an altel'a
tion the oölites change into a yellow- to l'ed-bl'own mass. 

Formations of chamosite were also ,met with in othel' Jurassic 
sediments of the Najo-l'egion. As VAN NOUHUYS has already remm'ked 
the chamosite-rock changes into anothe1' rock of a lighter colour "in 
which on the weàthering-planes l'eddish quartz-gl'ains are fonnd", 
Thé rock meant here, is a mthel' course swzelstone, the qllal'tz-grains 
of which have a diametet' of 2 mmo The cement is of a gl'eyish
gl'een coloUl' and etfervesce::; strongly by. treatment with hydl'ochloric 
acid,· In thin sections one consequently pel'ceives much calcite, pal'tly 
in the shape of grains, in which tlle rhomboedl'ical cleavage is very 

// obvious,~ for the greatel' part however in tlHtt of a fine scalish mass 
fOl'ming the l'eal cement. The green chamosite is spread as in the 
above rnentioned ror1\:s, bnt oólites are only met with fiS a great 

1) C. SCH~lIDT, Debet' die Minel'alien der Eisenoolithe an del' Windgalle im Canton 
Uri. Zeitschr. f. Krystallographie, XI. 1886, p, 598. - Geologisch·petrogl'aphische 
Miltheilungen. Neues Jahrb, f. Miner, BeiL Bd, 4, 1886, p. R95, 
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exception. Pads of the skeletons of sponges have a,lso been changed < 

into chamosite in these rocks. 
Another sandstone of the same finding-place is more compact 

and contains ll1ucll 1ess calcite. .Ylicroscopically it appeal's to consist 
of angnlar and l'ounded quartz-gl'ains, the intel'vening spaces of wbich 
are tilled with fragments of sponges, the skeleton pa.rts of which 
bave been altel'ed into chamosite. Oölitic formations al'e scarce. 

In connection with the rocks descl'ibed above attention must 
be paid to a limestone that was founel in the Wl.lÏ Najo in bank
sl1l.1 peel flakes. The greenish grey, fine-grained rock leaves at t he 
solution in hydl'och10ric acid a green sandy residue which appears 
10 con sist of quartz and chamosite, the latter at the same tim-e a~ 

pelrifaction-material of numerOllS skeletons of sponges. In the thin 
sections of the rock the grains of calcite show l'homboecG:ical c1eavage 
and form partly also poJysynthetic twins. They 1ikewise enclose 
particles of chamosite. Oölitic formations are not rare, but in this 
case on1y the outer zone eonsists of chamosite, whilst the inner 
part is still calcite, in which the rhomboedric cleavage-planes of 
the neighboLU'ing gnüns of calcite have found their immediate COI1-
til1uation, so that they form with these one individllal. The skeletons 
of the sponges have been metamorphosed. into pure green chamosite, 
whilst the int0rvening spaces are tilleel with limpid ca]cite. Besides 
Ibe constituenis mentiolled numel'OUS qllariz-grains are present. From 
the above it appeal's that the limestone contains the same constitllents 
as the sandstones thn,r contain chHomosite, Hond that there exists only 
a qUt1.ntitati ve difference. 

As l'egal'ds the fOl'mation ol' oölites, thel'e can be no doubt th at 
tbey Ifave eome into existence in the still soft mass of rock during 
Ol' aftel' the sedimentation. In In,}' opinion thr.y have originally C011-

sisted of cal'bonate of lime. That chamosite is no original minel'ul 
is al ready pl'o,-ecl by the metamorphosed parts of the skeletons of' 
sponges~ It rernains still unexpla,inecl whieb chemical processes have 
operated to bring this lhetamol'phosis about. E. R. ZALlNSKI has given 
an excellent SnnmUll'y of ale different theol'ies regal'cling the formation 

\ 
of thuringite and chamosire 1), but it appeal's tbat none can be regarded 
as yalid. 

FinaUy a few annotations about cl'ystaUized minerals of. Taliabu 
may follow: 

PY1'ite OCCUl'S - as bas tlll'eady been mentioned - in the shap~ 

1) Untersllchungen über Thllringit und Chamosil aus Thiiringen und Umgebung. 
Neues Jahl'b, f. Miner. Beil. Bd. 19. 1904, p. 79-82. 
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of cnbic cl'ystals in phyllites nnd ql1al'tzites of the Wai l\:Iilln l'egion, 
whence aIso pseudornol'phoses of Iimonite ol'iginnte. 

Qztm'tz was found in limpid a,nd dull-white cl'ystnls, attaining a 
leng th of 9 cm" fOllnd nea,r Pela" situated bet ween the Wa,i Miha 
and the Wai Ra,. '1'he shapes are the uSllal combinations of ("J) R, 
Rand -R. 

Ca lcite. Elegant skalenhedl'ons R3 wel'e found in a concretion, 
ol'iginating frolll the l'iver Kempa, a, tl'ibutal'y of the river Wai 
lVliha, and Iikewise in a cnvity of a geode witI! Jlf(lCroce/)IUllite~. 

Small l'hombohedl'ons are present in fhe cavity of the charnosite-rock 
in fhe neighbolll'hood of the lllonth of the Wni Najo. 

Rlwelochrosit.e OCClll'S in the shape of small l'homboltedl'ons on tbe 
walls of the air-chambers of a llfacfocephalites from the Betino. 

\ 

Siderite was detected in a boulder of quartzite, ol'iginating ti'om 
the upper-coUl'se of fhe Wai lVliha, in fhe shape of yellowish l'hom
bohedrons. Brown rhombohedrons togethel' with cnIcite wel'e fOllllcl 
in the chambel'R of an Ammonite froUl tbe Wai Galo. 

Barite. All the chambers of Jlfacmceplzalites keeuwenis G. BOEHi\I 
are sometimes filled" with Iimpid barite in such a way that the 
whole mass forms one individu al. 

Chemistry. - "Studies in the Pield of SiUcate-Uwmistry." n. 
On the Lithiumalwniniwnsilicates whose composition c07'1'8sponds 
to that of tlle Jlfinel'als Eucryptite anel Spodll1nene. By Prof. 

F. M. JA}}C1ER and Dr. ANT. SIII1EK. (Communicated by Prof. 
P. VAN ROllIBURGH). 

(Coll1mulJicated in the meeling of May 30, 191-!). 

§ 1. In connection with the study of the tel'na.l'y system, whose 
compouents at'e: lithiwno,vide, alwnina and silicfl, it was necessal'y 
fol' us, to obtain the cum poullds, whose com position cOl'l'esponds 
with til at of the minel'als eucryptite and IJpodumene, in a ped'ectly 
pure state, and to ÏJwestignte theit' chn,l'ficteristic propert1es. The 
thit'd temar)' compound, corl'esponding in its compositioll \V~Lh the 
rnineml petalite, will be taken in account only a,ftel'waI'ds, a,s for some 
reasons it is better to deal-with it, when the expcrimental studyof 
the ternal'y mixtures themsel yes shnlllu1Ve proceeded some-w lint flll'thel'. 

The eztcJ'yptite: LiAlSi04 belongs 'to the se-ries of silicates, whose 
other membel's are: nepheline, kaliopltilite, etc. In nature tlJe said 
compound OCCUl'S in the form of rniC!roscopical, hexagona,l crj'stnls, e. g'. 
in the albite of BRANCHJWILLE (Oonn,); albite and eucryptite both take 
their' origill here from spodllmene, decomposed by solving agents, 

, 
i 
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The spodamene LiAlSi2 0 6 1S a monorlinic lithiumpyl'oxene. The 
minel'fil is found in several places, in the form of coloul'less Ol' feebl)' 
tinged, glassy cl'Jstals of prismatic hfibitllS, or iu the form of opfique, 
cryptocl'ystalline aggl'egations. The tmnspa,rent or coloured val'Ïeties. 
which are strongly dichroitic, are used ~ts a belmred precious stone; 
they are called: tl'iphane, 1cunzite, ltiddenite, etc. Theil' properties are 
mentioned further on. 

§ 2. As was al ready pointed out, in a previous paper 1) on 
lithiumsilicates, the synthesis of the pure componnds offel'ed seVe1'0 
difficulties, caused by the volatilibility of the lithiumoxide at higher 
tempel'atul'es. The composition of the mixture is th us altered during~ 
the synthesis, and the quantities of all thl'ee components nïust thel'e
fore aftel'wards be corrected, fifter being fiecurately determfned by long 
and tl'oublesome finalysis. A relatively smnll 108s of the lithiumoxide, 
is of considembIe influence on the meltingpoint and other properties 
of the investigated compound, because of the \'ery smaIl molecular 
weight of the oxide. The analysis offel'ed many difficulties: for 
notwithstanding all care and all arrangements 1), it often happens, 
that some AI20a is found in the siliea, and some Si02 ia al u mina, 
so thn.t af'terwaJ'ds a controlling determination of these ad mixtures 
must be made, whieh takes a lot of time. Tlle smal! fimount 
of Li2 ° is fUl'thermol'e hardly determinable under the colossal excess 
of lVa2 0 in the liquid; therefol'e, being determined as the d'ifference 
of 100°/0 with the sum of the percentages for SiO: and A12 0 p all 
mistakes and inaccuracies of th,ose determinations are summed up in 
the number for Lt2 0, so that the corl'ection of the preparation after
wards, of ten dependiug on ver,}' slig'ht diffel'ences in the fimount of 
Li2 0, is a hazardous and not very amllsing task. 80 it takes much 
time to obtain pl'oducts, whieh wil! not differ fippl'ecifibly in their 
constants and properties from tllOse 10 be expected fol' the true pure 
compounds, the criterillm being gh-en by the perfect identity of the 
products, prepared in se\'eral ways. 

§ 3: Synthesis and Pl'opel,ties of the P8eudo-Eucl'yptite. 
The matet'ials fol' this and other ~yntheses were the same, 

who se purity was before tested and described ; the alumina used 
was also pl'ovided by BAKI!:R and ADAJlfSON. It was necessary to hefit it fol' 
a long time in a plfitinnm dish on the blaze, and often to stil' the 
powdel' with a, platinum-wire, to allow the watervapollL' and the nitl'olls 
gases, which the pl'epfil'fition evolved, to escape completely. The 

1) F. M. JAEGER and H. S. KLOOS'l'I;R, these Pl'occedings p. 900, Febr. (1914.). 



- 247 -

~41 

heating wa"! checked when the weight of the dish remained constant 
af}er repeatect heatings. Analysis thcn showeJ, that an almost pnre 
A12 0 3 (100 0

/ 0) was_ present; even no appreciable tmce of ieon could 
be demonstrated with the usnal reagents. 

To point out the change of composition, taking place on heating 
mixtures of known composition during the melting of the mass, the 
numbers here following ean serve very wel!: a mixture of 6,23 gram 
Li~C03' A,61 gram A12 0 a and 10,16 gram 8i02 , -was melted in 
a closed platinum cl'ucible in the IhETCHER-fllrnace at 1500° O. 
Aftel' ('rystallisation, the mass was finely ground and sieved, melted 
again, and th is process l'epeated thrf'e times. Instead of the expected 
composition I, the composition 11 was found by analysis to be: 

I IJ 
8iO~ 47,7 0

/ 0 48,6°/0 
A12 0, 40,4 0

/ 0 40,9% 
Li

2
0 11,9% 10,5% 

As tbere was lhus 1,5 % Li2 0 too little, 0,055 gram A12 0g 

and 0,718 gram dry Li2 COa we re added to 18,92 gram of the 
resulting product, and this mixtnre was then heated four times in 
platinum cruribles, by means of small resistance-furnaces, at. 9000 or 
10000 0., the mass being finely. gl'olmrl and sieyed aftel' every 
melting. Then the preparation was again heated once at 14500 O. 
in a resistance-furnace. Analysis gave: 

Ohsé1'ved' Calculatecl : 
8i02 47,9 °10 47,7 0 /0 
A12 0 a 40,1°/0 40,4% 
Li

2
0 12,0% 11,9 0

/ 0 

The deviation fl'Om the exact composition is so slight, that this 
pl'eparation could saf'ely be llsed for the study of tbe properties of 
the compound. 

§ 4. The meltingpoint of tbis preparation was detel'mined several 
times by means of a calibl'ated thermoelement (N°. lIJ) The mean 
value of all readings was 14200 .à'I.V. ± 2 M.V.; as the cOl'rection 
of th is element witll respect to Ihe standal'delement, which was \ 
standal'dized by means of SOS:\1AN'S element U, was - 12 M.V.; 

// the meltingpoint of lhe snbstance, in terms of the Wasltingtolll1itl·o
gengasthermometerscale, ('an be thed at 1388° O. 

Thc heat-effect on melt.ing is onl,)' smull; as a reslllt. of that, on 
cooling down thc mollen mass, one finds a retal'dation of its crystal
lisation up to about 12840 M. V.; then cl'ystallisation takes pluce 
while the temperature increases only to 1306° C.· The point of' 
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solidification tbel'efore is found 80° Ol' 90° below the true tempè
rature of equilibrium: solid ~ liquid, although the velocity of Cl'ys
tallisation can by no means be ca lIed very small. From this fact 
also (he discrepancles in the data of different authol's are to be explained: 
1330° O. (DITTLER and BAIJLÓ), 1307° O. (GINSBERG), etc. In this case 
also, the usual method of cooling appears to gi ve no l'eliable results. 

A remarkable fact is lhe relati\'ely appreciagle increase of the 
volume of the molten mass on crystallisation; it is immediately 
observable by the defol'mation of the platinum-cl'ucible. (fig. 1). That 

a b. 

really this phenomenon is callsed 
in this case by a volume-change like 
that of water into ice at the freezing-
point, and that it need nQt be explai
ned in the manne!' mentioned in tne 

Fig-1. case of the spodumene, can be demon-
Incrcase of the volume of molten strated by the detel'mination of the 

Eucryptite on crystallisatlOn. speciiic gravities of the crysta1lized 
mass, and of th at of the beautiful, co)oUl,les., "glass", obtained by 
suddenly ehilling the liquid. The expansion sèems to be' about 3% 
of the original volume. 

§ 5. The crystal1ized substance, obtained by slowly cooling the 
liq uid, is opaq ue aud gl'eyish white. Micl'oscopical in vestigation 
showed it to be a cl'yptocryRtalline aggregation of irregularly shaped, 
gram-Idee Cl'ystals, Hl hich ale so smalI, th at even with an 800-time& 
enlargement, they ean ha,l'dly be seen; they possess a verJ weak 
bil'efl'ingence. Greatel' pleces seem to be built up between crossed 
nicoIs uy mnull1erable Iighting points; snel! aggl'egations always show 
a.n undulatory extinction. In no case cl''ystals with determinable 
borders were found, As a "mean" refractive-index the vaIue: 
nD = 1,531 ± 0,002 was obtained, 

The specific gravity at 13°,6 O. was pycnometrieal1y found to b.e: 
d40 = 2,365, and at 25°,1 0 : d40 = 2,362 ; we used orthochlorotoluene 
(1,0825 at 2~)0,1 0.) as immersion-liquid, 

As foJlows clendy t'rom those vH,lues for the refraetion of light 
and fOL' the specific gra v rty, (he natm'al euc1'yptite must be anothel' 
modification of the compound LiA1Si04 j theretol'e we will distinguish 
lhe artificial sdicate by the name: pseudo-eucryptite. 1). 

1) G1NSBERG (Zeits. f. anorg. Chem, 73, 291 (1911)) describes his preparation in 
lhe following mannel' : completely lsotropous, uniaxial negative in convergent polo.. 
l'lsed light, wilh a birefl ingence smallel' than that of nepheline. WEYBERG assel ts 
to have obtaine,[ an "euct'yptite" of rhombic symmetry, by the reaction of LigSO.j, 
on kaoline in soluhon. Cf. also the experiments of THUGUTT, Zeits, f, anorg. dhemie 
2. 116. (1892). 
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~ 6. The glass, obtained by snddenly chilling the molt en mass 
in mercnr}' or coid water, is 1'0IoUl'less, perfectIy c1ea,!' arid exceed
ingly hard. It can be lemoved fl'om the platmum-cl'ucibles in an 
easiel' way thau the crystalilzed maE>S, which fac't IS connected vnth 
the volume-change in crystallizing. 

The reü'active index of fhe glass appeal'ed 10 be. nD = 1,541. 
We have pl'epal'ed several gJasses of val'ying chemical composition, 
all in the vicinity of the composllIOn of Ihe pur€' compound, with 
the pUl'pose to meaSUl'e acclll'ately the l'efractive indIces antI the 
dispersioll, in order io get information about ihe mfinence of the 
chemical compositÎon on the optical behavioul' of these glasses. They 
were ground 111 a flat cyIindncal form, and in all diredions rare
fully polished; then they were investigated by means of an ABBE

crystalrefractometel' 111 light of dtfferent wave-lengt hs. 
Fot' pure pseudo-eucryptite-glass of the composition LiAlSi04 , 

we found: 

Wavelengtlt in A.U. Angle of Total- Refractive 6.: 
I'~flection : Index: 

Li: 6708 62°11' 1,5450 
0,0040 

Ntt: 5893 61 °54' 1,5410 
0,0056 

Tl: 5350 6lC'31' 1,5354 

In the following are sUlTIlllal'ized the measurements with the glasses: 

II. Compos: 47,5% Si U2 ; 40,0% AIJ U3 ; 12,5% Li2 0 
lIJ. Compos: 42,5% Si O2 ; 38,()0/0 .1112 0 3 , 18,9% Li/I. 
IV. Compos. 48,4% Si O2 , 39,3% .11l~ 0 3 ; 12,3% L1·2 O. 

11. 
TtJTavelen,qtlt in .11n,qle of Refractive 6.: 

1\.. u.: Total?'eflection : Inde.'/): 
Li 6708 62°26' 1,5484 

0,0047 
Na 5893 62°5 1

// 1,54'37 
0,0044 

Tl 5350 61°47' 1,5393 

JiJ. 
Wavelenqtlt in Angle of Refl'active 6.. 
- . 

À. u: Totall'eflection: Inde.?: : 
Li 6708 (:;3°36' 1,5647 

0,0048 
.Na 5893 63°15' 1,5599 

0,0039 
Tl 5350 62°58' 1,5560 

r 
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IV. 
TifTavelength in Angle of Refractive 6: 

A. D.: Totalrejlection: index: 
Li 6708 61°50' 1,5400 

0,0046 
Na 5893 61°31' 1,5354 

0,0053 
Tl 5350 61°9' 1,5301 

It is difficult to deduce a sirnple relation of. chemical composition 
and optical properties from these data. Genel'ally speaking, an 
increase of the amount of Li2 0 seerns to cause an increase 
of the refractive power (except in IV), while a 'larger amount 
of Si02 appeal's just to diminish the refractive index,Jhe exceptional 
case 1 V could be explained by the sl1perposition of these two causes. 
This dependence of the quantities of the oxides present, appears to 
bear some connection with the relatively higher refractive power of 
tlle lithiumoxide, and the smaller Olle of the silica 1). 

The pseudoeuel'yptite-glabs is, with respect to the opaque, crystal
Ezeu compound, a typical metostable phase: al ready on heating the 
glass during a vel'y short time in a l3uNsEN-gasbul'llel', the pieces of 
glass become pl'imarily ye1l0\" ish, then they beeome opaque, 
and finally they appeal' undel' the microscope w holly changed into 

I 

the menhoned crypt9crystallme aggregation of birefl'ingent grains. 
If heated only for ten minutes at 9000 0., they are completely 
rhanged, and the same occurs, on heating the finely powdered glass 
during some time with molten LiGlor LiF in a platinum crucible. 

The specific gravity of the pure pseudo-eucl'yptite-glass was deter
mined by means of the method of swimming, in a mixture of 

. bl'ornofol'ID and benze1le, at 13° 0.; it was found to be : d4o:::::: 2,429. 
Thn8 both the refractive index and the density of the glass are 
somewhat higher than for the crystallized compound. 

§ 7. Finally we have compared the at,tificial product with a 
natural eucryptite of BRANOHEVILLE (conn.). 'rhe mineral, of which 
a thin section was prepal'ed, looked as an aggregation of Cl'ypto
crystallme, homogeneously e}(tinguishing fields: however, although 
they had supel'ficially some analogy with the artificial product, they 
must be consideJ'ed as composed of much larger crystals, sbowing 
apparently tlle kind of structure, somewhat similal' to the so-called 
"schrift"-granite. Locally it is intermixed with a much more strongly 

1) F. M. JAEGER and H. S. VAN KLOOSTER, these Proceedings, loco cit, (1914). 
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birerri n ~l1t mine'1\I; aHbollgh the eucl'Yptile is here generaled f,'Om 
spodurnc. wid, deposition of I\lbile, the propeaies of H,e indusións 
did not Ag'-et'. wilh Ihooe or the Iwo 11\8lnamOO mineraIs. The 
specifie gl1\v ily was pycnometrirally de'el'minOO 10 be d., = 2,667 
al 2$° C,; rl,e anu lnhle data sho w Ihe corl1f1O'!'irion 1101 to be lho 
proper one, thc SiO,·amount being: 0,6 ' f. 100 high (l.lId Ihal of tloe 

~'ig, 2, Fig. 3, 

LW, about 1 '{, lel.'S thn tbe theorelical value. T he fig_ 2 ,.nd 3 
repl-esent IWO mic,'Oscopica. j p,-eparnlions of the rhin se.:tion belwecll 
~rossed nicols; in tloe fig. 3 Ihe pl-eparalion is lurnOO over 300 wilh 
'"CSpocl to Ihat in fig. 2; - Ih is fa.ct poin1ing to a h'igonal Iwi"fol'. 
mation . Alw Ihe "er)' peenliar SIl'U('lUl-e of tI'a eryalals is showu 
in fig. 3. 

Thc ,-efl'1'dil'e index was microscori~ally detcrmined OH ; n1) = 1,545 
± 0,002. A daftnite rnelli"gpoint could llol IJ,: fi"ed by the lIsIl"I, 
dy"'"nical mctbod; at abou! 11200 C. the mineral gl'aduall.l' changes 
into a ,' iseous mass, wl,ic!', on cooling, OOcOIll<)S ngllJs$. Thc rcfm.;
li,'c index of Ihis glass appeIl.l-ed 1000: "D=1,506 ± 0,001; il is 
Ihus el'idently lowe,' Iban Ihat fOl' rhe glass of pseuda-euclyplllt', 
On being heared il ia de,'itrified only slighlly; Ihere seems to 00 ,.0 

doub!, 11131 thc natol'al minernl "nd ils gla$$ ar.., oillel' Ihau UlO 
corresponding phtl.S<lS of Ihc al"li fi eial product_ As also ",",vOl' .1Il)" 

indication of an occnrring invel'Sion could 00 found, il is higl,l)" 
probo.ble Ihl euc l'yptire and pseud!Hlllcl'yplito are in 1"<1lalioll of 
mpno\i'Opic modificalions IQ ClICll Olher. 

~ 8, Synlf.ui3 ,md propertiel ol fI-SpiX(!<m~. 
Thc compound, wItosc compositioll is: LiAfSi,O, was I"-ellllred 

17 
Proceedingt RO)'01 Aead. Am$terda",. Vol, XV II. 
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by us in foU\' different ways, jnst io get information on the flual 

identity of snch preparations: 
a. By mclling togethel ralculateel quantities of Li2 C03 , Al2 0 8 anel 

SiO" repeating tbis Illanipulatiön a feH' times, aftel' thol'oughly 
grmding and sieving the crystallized masses. Analysis and correction 
were made as usnal. -

b. By starting from pure Li2 SiOa, Al,O, and Si02 • 

C. From LiAlSi04 and Si02 .-

d. From LiAl02 , the lithiumaluminate, nnd SiO,. 
The foU!' preparations, thus obtained, wel'e used onl)' for the 

deflnitive measurements aftel' it had been pl'oved by repeated ana
lysis alld correction, that theil' composition diel correspond, within 
the limits of error, with that of the formula. All these _experiments 
wel'e made in electrically heated furnaces with oxidizing atmosphel'e; 
the preparation of these sllbstances took a long time, because of 
the volatibility of th,e Li2 0, and the faet, that only small devia
tions in the rontent of Li2 0 showed Ibemselves of appreciable 
influence on the meltingpoint anti properties of the compound. 

§ 9. The purest preparation we got, was obtained -from synthe
Itcal eucl'yptite by admixture of Si02 • AnalYE>is gave the following data: 

1. Il. Caleulated : 
SiO, 6J,39 °10 64,43 °10 64,6 °10 

27,56 °10 27,66 °/6 27,4 % 

8,05 °10 7,91 % 8,0 % 

The mass was kept during a longer time at a high temperature, 
to allow it 10 crystallize totall.r. Then the meltingpoint was 'deter
l11111ed in the uE>ual way, by means of thermoelement IJl; we found: 

14353 M. V. 
143J1 .M. V. 

lVIean: 143-17 Af. V. (without correction), 

if the l\tle of heating WttS ttbont 65lVl.V. pro minute. As tbe correction 
fOl' fhe thel'lYloelement was - j 2 .1.\1. V. at thJS tempertttl1J"e, the 
l11eltingtempel'ature is 1400° C, in tel'ms of the nitrogentherl11ometel·. 

As a check tbe meltillgpoillt was now agàin determllled by tbe 
statical method: very small quantities, wmpped jn platinum folium 
were heated during a considerabie time (from balf an houl' to olie fuU 
hou!") at n certain and accurately constant lemperaLure, and then, 
anC!· sllddenly ehilling 1) in caid mel'cury, investigated by means of 

1) F. M. JACGcn, Eme AnleiLung ZUl" Ausfuhrung exakter pl1yslko·chemischel' 
Mes'lungen bei hbhel'en Tempel aLUl en. Gl'oningen, 1913, Seile '73, 74. . 
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,,, 
die mierooeo[>C. We found that afler healing at 14340 ~r. V. (element 111) 
I],e who:e preplll'ation I>'RS agllin CI")'SIl\llille. "ltloongh il b<\d Ihe 
OUlw(\,"(! "l'pearanC<l of n ~l assy, hnlf-Op!l(Jue 1n!\SS; btll 011 heaûllg 

al 14360 lil . V., a ll had been ch~nged inlo a '"eaJ "gllUlS" . Tbe 
m~ltingtemreral1l1-e I.hel"efore mUSI be lixed al 1-1350 M. V. As Ihe 
correction fOl" the used quenching-syslem (vid. the deterrninations of 
tba meltingpoinl of natural slJOOumene of IJI<!(I"9.:v<car) was shown 
10 be pl'\\Clically e(Jllnt 10 7.(!I"O, ,v ... CIIII cone!ude ('1)m 1',i8, lhal the 
meltingpoint thna determined is in ruil agreement witl. ' tht found 
by Ille dynamical melhod, and NlII be pul lil 1401"C.(G Th.). The 
crystallited product appeared io be idenlical wiln the/i-modiflcaüon, 
later 10 be dese,iOOd, Ihe l-ef,'Uctive inde:x was a.bout, 11 = 1,52J; 
the speci6c gra,-ity at 25° C: Jo, = 2,411. 

2. [n a similar lvay the preparation, obtained from [ithiulllah,minate 
Ilnd Si 0, was investigRted; nnalysis ga"e Ihe folluwing dah .. : 

" Calculated: 
Si O. 64,80'/, 64,07'/, 64,6'/, 
A U, 27,83 '/, 2B,09'/, 27,4 '/. 

Li,O 7,37'/, 7'84' / , . 8,0'/, 

This lll~paration therefore evidently cao al50 be N)llsidel~ as 11 "er.!' 
good one; it contains ca. 0,4·{, Li,O 100 jittle, and t.a. 0,5'/, AI,O, 
100 much. 

!'is. 4. 

Acl iOci .. l ~.pOdomeoe, Obl . inod f...,,,, LiAIO, 
.od $,0.; me[tw and . lowly coolf<l. 

0< 1\100JoJ. 

'" 
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The meltingpoint, detel'mined aftel' the dynamical method (element 
111), was fOUlld: 

14463 l\'I. V. 
14481 M. V. 

Mean 14472 1\1. V. ± 10 M. V. (without cOl'rection); 
aftel' corrertion, the meltingpoint can be fixed at 14100 ± 10 U. (G.Th.). 

Aftel' 'the statical method, the meItihgpoin t was determined at 
14450 M. V., corl'esJJonding to 14100 O. The smaJl excess of Al2 0 g 

has evidently caused an incl'case of the meltingtemperature, of about 
go O. The cl'ystallized prod uct again was shown to be I~-spodumene 
(12 = 1,519~; a photogmph of it, taken betwecn crosscd nicols is 
repl'oduced Ül fig. 4. 

3. An analogolls result was, in both ways, obtained with a pre
pal'atioll, pl'epared from Li2Si03 , A12 0 3 ' and SiU •. Analysis of this 
product gave the following data: 

I II 
64,7 °10 
28,4 °10 
6,9 °10 

64,48 °10 
28,5 °10 

7,1 °10 

Oalculated : 

64,6 °10 
27,4 °10 

8,0 °10 
rrhe content of SiO. is here the rigbt one, but the A12 0 3 is 1°/0 

too high. Tbe meltingpoint deterlOinations gave as a mean value: 
144,1'16 :i\'LV. (uncorr) aftel' the dynamical method, anel about: 14450 
1\1. V. aftel' the statical method. The meltingpoint is therefol'e: 
14090 O. (G.Th.). 

4. Most dc"iating fl'om the composition: Li Al Si2 0 6 , was a pre
paration, obtained fl'om the meltll1g togethel' of LiJ,X)g, SiO. allel 
Al.Og • Analysis gave the following numuers: 

I n Q~leulated : 
64,44 °10 64,88 °10 6-:1:,6 °10 
27,090/0 27,17 °10 27,4 °10 
8,470/0 7,95 °10 8,0 0 /0 

Evidently lt rontail1s c about 0,21 Oio Li20 too mucb. 
Aftel' the fil~st method the meltingpoint wns founel at 14552 M.V. 

(ul1col'l'.), and aftel' the statical methoel: 14550 M. V. The true meJting-
point can thus be putr' at: 14170 O. (G.Th.). . 

~ 10. Although in most cases perfectly colourless pl'oducts wel'e 
obtained, which evidently were ielentical to anti independent 01' the 
pt"tl'tÎculal' mannel' of prepal'ing them, allel which all l'epl'esenteel tlle 
J3-moellfication, - we suC'ceedeel howevcr in severa1 cases in obtaining 
beautifully crystallizeel pl'eparations, whieh locally or a180 totally were 
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tinged with a nice, reddish lilac hue; they were in most cases 
obtained by longer hea,ting, somewhat óelOlIJ the meltinglemperatul'e. 

The meltingpointdetel'mination with snch all intensively colo\ll'ed 
product, pl'eptll'ed from LiAlO~ and Si0

2 
and showing by analysis 

the following composition: 
I. IJ. Calculated : 

Si O
2 

64,92 % 64,77 % 64:,6% 
Al2 0

S 
28,10 % 27,94 % 27,4 % 

Li2 0 6,98 oio 7.29 % 8,0 "/0 
anel thns eddently containillg abollt 0,63 "/0 100 IlJueh al II llliu u, gave 
tbc following rcsult:; (statil'al melllod): 

Aftel' heating at 14660 M. V.: all glass. 
" " ,,146-10 1\1. V.: aH glass. 
" " 14600 M. V.: all gla,ss. 
" " ,,14500 iV1. V.: all cry s tallized. 
" " ,,14:560 M. V.: all crystallized. 

Thc meltingpoint is thus sitl1ated at 145tiO M.V., cOl'l"esponding 
with 1420° (J. (G.Th.). 

Such lilac coloured prepamtions present in most cases mthel' 
largel' individuals of the ;S'-modification, ,!hich possess a tabular shape 
with appreciably strongel' birefringence than tbe comlllon Cl"ypto
crystalline lllasses, althongb the mean refractive index is the same. 
While cOlllmonly th is birefringence varies between 0,001 and 0,003, 
it amounts in these preparations to about 0,007; the pl'incipal refl'ac
ti, e indices are about: 1,520 and 1,527. In convel'gent polarized 
light, at the border of the field an intel'fel'ence-image is pal'tially 
visible, giving the impression of that of an uniaxial cl'Jstal. However 
on moving the table of the microscope, one can easily observe the 
c~l'vatul'e anel even the llypel'bolic form of the dark beams; ulldoubtedly 
an optically bia,cial cl'ystal with a very smaH axin,) angle, is present 
here; while tile position of the fh'st bisoctrix anel the character 
of the dispersion, point to 1llonoclinic symmetl'y, with astrong 
tendency to tetragol1al forms. This last pecultwity can be deduced, 
- besides from the apparent uniaxity - frolll the fact, th at l'ectangular 
plat es are not rare, which possess an ex!inction ,-mder l'ight angles 
Ol' parallel to a diagonal, and a syslem of cleavage-dil'ection& uJldel' 
45° with the optical sections. Tile specific gl'avity, like the refmctive 

,indices, does not diffel' appl'eciably frolll that of Lhe cOlIlmon ,a-fol'm, 
anel was determined a,t 25° C.: d!,1 = 2,401 ± O,OOR, measlll'ed with 
sevel'al pl'eparations, We obtained these sàme appal'ently uniaxial 
plates, also fl'om natural tlpodumenes by lllelting and slowly crystal
lizing; thel'e is no doubt whaterel' about the fact, that these tabulal' 
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cl'ystals are identical wilh thc common p-form, whieh l'epresents 
the stabIe fOt'lll a,t thc meltingpoint; tbe plates must be a peculial' 
kind of cl'ystals of this p-modIfication. 

However we have till now not succeeded in giving a final explan
ation of the rernarkable reddish-lilac cololU' of many of these pre
pal'ations. It is q uite sure, that it does not depend in any way on 
the admixtllre of cel·tain metallic impurities, sol'\~ed fl'om the ct'ucible
waIls, 011 the contrary it appeal's to be connected with the macro
cl'ystalline structllre of the preparations. The nearet' the chemical 
composition came to the theoretical one, and the slower the crystal
IIsMion of the mass takes place, by heating during a long time at 
a temperature just below the meltingpoint, the mOl'e the appearance 
of the violet tinge seems to be probable. 

The same colout' appears, if spodumene-powdel' or the pulverized 
"gIass" of it, are urollght into liquids of about the same refractive 
index (e. g. into orthochlol'otoillene, with n = 1,522); in that case 
tbe wellknown phenomenon of the "monochromes" (CHRISTLANSEN) 
wIlI appeal'. lt is not impossible, that in our case the eolour is 
pl'oduced in an analogolls way by the presence of the tabular, very 
thin cl'ystals amidst Spodlllilene-glass, which possesses about the 
same l'efractive lIldex (1,519) as the crystal-tables (1,520 till 1,527), 
or l'evel'sely; these tab les would be therefore quite invisible in the 
slll'l'ounding medium. It could be undel'stood in this way also, why 
in the uncoloured mass in some cases 10caIly smaller or larger 
pink sphel'olithes are produced, making the impl'ession, as the molten 
ma&s we re 10caIly inoculated with germs of the violet sllbstance. 

By means of the uItra-microscope we were able to show, that the 
pl'eparation was not "optically empty", as a great nllmber of diffel'
entIy coloured lightspots, which do not moye however, could oe 
observed; they al'e manifesting a strl1cture of some pal'ticular kind, 
without it being possible to ascertain of what kind the imbedded 
particles are. 

§ 11. As it follows from these investigations, in connection with the 
meltingpoint detel'minations of natm'al a-spodumeri'e later to be described, 
tltat tlte cltemically pure compound LiAlSi2 0 6 !taS a meltingpoint 
considembly lower than tlte natw'al spodumene-mineJ'al'l, - we made 
a sel'Ïes of investigations to find out, what admixtul'es of the natural 
spodllmenes might canse the mentioned increase of the meltingpoint. 
Therefol'e to an artificial product, whose composition was: 

Si O2 64,7 Oio 

AlsOa 27,1 0/0 
Lil 0 8,2_0 I ° 
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we adtled successively in concentrations of 1 mol. percentage, the 
following chemically pure preparations: 

1. Jadeite: NaAlSi2 0 0 , synthetical. 
2. Leucite: KAlSi2 0 6 , syntheticaJ, anhydl'ous. 
3. Lithiumo.:cide: Li2 O. 
4. Alulnina: A12 Os' 
5. Silica: SiO! (qnartz). 
And in roncentrations of 2 mol. per('.: 
6. Pseudowollastonite: CaSi03 , synthetical. 
7. Sillimannite: Al2SiOG, synthetical. 

Obse1'vecl anel 1'ecluced 
Jfeltingpoints: 

14415 lVI.V. = 1382° 
14506 lVI.V. = 1414° 
14304 M.V. = j 397° 
14585 lVI.V. = 1420° 
14530 M.V. = 1416° 

14357 i\'LV. = 1402° 
14593 lVI.V. = 1421° 

Keeping in mind, that the pure substance melts at 1417° C. 
(G. Th.), we can deduce fl'om thebe expel'iments, that: 

a. An excess of Li2 0 lowe!'s the meltmgpomt of the compound 
LiA1Si2 0 o, while tlle influence of an excess of Si02 is somewhat 
uncel'tain, but seems to produce a sligltt inc7'ease. 

b. That a lowe1'ing of the meltingpoint is also prodnced by an 
excess of synthetical jadeite, leucite anel pseudowollastonite, which can 
be considered as the prillcipal aclmixtures of the natural kunzites 
and spodumenes. . 

c. That on {he contrary, an incl'ease of the meItingpoint is pl'oclured 
by an excess of alwnina and of alwnosilicates, like e. g. pllre 
sillimannite. 

In how fal' these f'acts, which ot' course wiJl be stndied more in 
detail, when the ternal'y syetem: Li2 0-A12 0 3 -Si02 isinvestigated 
completely, ran be used for the explanation of the phenomena, 
observed in the case of the natmal spodumenes, wIll be shown in the 
next paper. 

Groningen, lVlay 1914. Laborat01'y of Inol'ganic Cltemistry 
of the UniV81'sity. 

Chemistry. - "Studies in the Field of Silicate-Chernzstl'y. 1!1. On 
t!te Litftiownalwninittmsilicates, whose cOJnposition c01'1'esponds 
to tluzt 0/ the Jlfinel'als Eucl'yptite anel Spodwnene". By 

_Prof. DJ'. F. M. JAEGEH and Dl'. ANT. Sll\mK. (Continued). 
(Communicated by Prof. P. VAN ROl\IBURGH.\ 

(Communicated in the meeting of May 30, 1914). 

~ 12. For the purpose of comparison of the properties of the 
described artificial product with the mineral itselt~ we have inves
tigated a nllmber of natural spodumene-species in an analogolls way. 
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/ We obtained a l111mUCl' of very pure kunzites, and some good 

spodltlilenes: _ '. 1. An almost colollrless, somewhat liJac tinged, slt'oJlgly dichl'oïtic 
kunzite ft'om Binr'on in Califomia.-

2. A completei)' transparent, gIn.ssy, pale 1'ose tinged kunzite from 
Srlltatany-valley on Jladagascal'. ~ 

3. A beautiflll, tl'anspat'ent pale gt'eenish yellow lwnzite from 
.11finas G(jl'oiJs in Bmsil. 

J. A trn.nspal'ent, emel'ald-gl'een ltiddenite fl'om Ale.J:andel' COl6ftty in 
lV01'tlt CIlJ'olina, U.S.A., and a pale yellow hiddellite of the same place. 

5. A Cl'yptocl'j'stalline, opaque piece of spodwJlene from S01nPrij, 

iu Finland. 
6. An aggregatiotl of opaque, long prisms of spodwnene fl'om 

1l[aine, U. S. A. 
All meltingpoints of the finely gronDd material were determiJled 

in eX<l.ctly the same way and with the same rare, as formerly 
descl'ibed. The specitic gravities were detel'mined by means of a 
pycnometel', _ with ol'tho-ehlol'otoluene as an immel'sion-llqllid; the 
specifir. gravity of this was: cliO = :1 ,0841 at 25°,:1 C. 

Most of the optical data were obtain~d by micl'oscopical investi
gation; the vallles of the refractive indices are detel'mined at 16° 
or 17° O. 

J. Kunzite of Rincon, California. 
Big, very feebie lilac coloul's, very lustl'oUS and perfectly trans

parent cl'ystals, evidently with a clöavage parallel to the vel'tical prism. 
An ullalysis of Davis, made with the same matel'ial, gave the 
following J'esults: 

Si O2 

/1 2 0 3 

Li2 0 

64,05 % 

27,30 % 

6,88 % 

Calculatecl: 
64,6 % 

27,4 % 

8,0 % 

lmpurities: 
CaO : 0,8 °10 .l11nÓ : 0,11 °10 

\ 

Na 2 0: 0,3 % NiO: 0,06°/
0 

nnO : 0,44°/0 ](20: 0,06 °/8 

Total: 0.78 %
, 

Tbe crystals show a sh'ong fluol'eseenre unde)' the influence of 
RÖN'fGEN-rays. 

Tbe rneltingpoint determinations ga.ve, witl1 thermoe1ement IV, the 
following reslllts: a.s a mean value of a gr'eatet' number of obser
vations, we found : 14683 M. V. ± 41\'1. V.; as the correction of the 
therrnoc1ement at this temperatnre was - 8 M.V., the melting-point 
is thus: 1J28° O. (G. Th.). It is \'ery shal'ply localised on the 
heating-curves. 



- 259 -

253 

The specific gt'uvity at 25,1° 0. was: d4o= 3.204 ± 0,003 fol' Ihe 
natural, not yet meIted compound; aftel' so!idification of tbe moltelI 
mass, one obtains, aftel' slowly coolillg, a colourless, fille]j cl'ystal
lized mass, whose denóity diffel's considerably from the ol'iginal mineral; 
it is: d40 = 2,385 at 25°,1 C. 

The l'efl'active indices of tlle molten anel solidifieel subl'tanr,e are 
considel'ably different from those of the original minel'ül. While fol' 
the unmelted substance" we fOlll1d respeclively: 17,1 = 1,653 ± 0,003, 
n2 = 1,669 ± O,OO~; anc! na = 1,672 ± 0.003 1), fol' the soliclIflccl 
mass we fonnd al1 extreme!y feebIe bil'éft'illgence of about 0,001, 
and a mean refl'<lcti"e index of: nn = 1,518. The cl'j'stalpieces sbO\vec/ 
an in'eg'ular extinction, e\ïdently by very ('omplicated intel'growtb 
of severaI indh id uals. 

On rapidly cooling, all isotropous .qlas$ was ol>tained, with a 
refractive index of rtD = j ,517 ± 0,001, being- about the same as 
for the cl'ystallized maós. The specific gl'avity was at 25°,2 C. : 
d40 = 2,388 + 0,003. vVhen heated during a longel' time at 1300° C., 
it becomes crystalline; even at lowel' temperatul'es the glass gels 
soon opaque and 'jUre pOl'celain by devitrification; but glass anel 
crystalline product obtained fl'om it, evidenily do not cliffer ill (heil' 
proper ties to any appreciabIe amonnt. 

c Il. Kunzite of t/~e Saltatany-valley on Jl1adagascal'. Big, c!eal' anel 
complete!y tl'ansparent cl'ystals; they are elicbl'oitic anel tinged witb 
a pa!e rose h ue. , Locally the en vil'oning rock-matel'ial is again 
discel'nible, as a 1'Iisty colomed, fillely divicled substance. Tbe crysta!s 
wel'e carefnlly cleaneel from it; then they were ground and sie\'ed, 
aftel' which the investigation proceeeled in tlle usual manner. 

As a mean value fOl' a greatel' numuer of detel'minarions, we 
founel tbe meItingpoint at: 14683 + 5 1\1. V.; <l,S the COl'l'ectioll of 
the tbermoelement was - 8 M. V. at th is temperature, we can adopt 
the value 14675 ~1.V. of the E.lVI.F. of" the thel'moelement at tIJe 
meltingpoint, corresponding with: j 4280 C. (G. Th.); in this case 
the meltingpoint is also vel'y sbal'p. 

Evidently this kunzite differs only sligbt!y ft'om (he pl'eceding 
mineral of Rincon. With l'espect to its chemical composition, we 
h<,:ve óOille Cdata, given by LACROIX J), who illvestigated colourleós. 

1) In a liquid of nu = 1,670, composed of melhylene-iodide and monobrol1lo
naphtaline, the crystalpowdet' showed a very beautiful l'eddish-violet colom', just as 
some of CHRlSl'IANSEN'S "monochromes". The same phenomenoll was obset'ved for 
the glass and the (3-modification of artificial spodumene. 

2) A, LACROIX, Minéralogie de la France et ses Colonies, IV, 775, (1910), 
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gl'eenish-yellow and }'ose kunzites (tdphane) from Mahal'itm on 
,A[od((gascaJ'; the lilac and l'Ose kllnzites of Ampasiltiatm are im
bcdcled in a kind of kaoline-eal'tb, genera,ted fl'om the spodumene _ 
by decaying-processes: The green kunzites possess the gl'eatest values 
of theit' I'efractive indices, howevel' 'onIy little diffel'ing fl'om the 
othel' ones, while tlle 1'ose tinged cl'ystals have a smallet', the coloUl'
less ones yet smaller values fol' those constánts. -

We found by means of the immel'siön-m.ethod n1 = 1,658 and 
11,2 = 1,673, which values do not differ appreciably frolll the lllean 
vallles : n l = 1,6588, n 2 = 1,6645 and na = 1,6750. 1

) Fo!' tbe ana
lysis of the red and greenish crystaJs, the following data are given 
in literatul'e; the)' are reproduced -here for comparison with the 
composition of the Califomian lumzite: 

rose cristal s: green cristais: 

Si02 : 63,850J0 CaO : 0,52% MnO : tra ce Si02 : 62,21% CaO: 0,50% MnO -: trace 
A1203 : 29,870f0 Na20 0,98'/0 Fe203: 0, 150io 1 Alz0 3 : 29,790(0 NazO: 1,030J0 FeZ0 3: 2,480,'0 
Li20 : 3,760f0 MgO : 0,13"/0 KzO :0,13% Li~O : 4,02 1/0 MgO : trace K20 :0,210f0 

Residue: 0,370/0 , Residue: 0,250[0. 

From these data results, that the quantity of Si02 in tbe rose 
crystals is about tbe same as for tbe pale rose knnzite of Rincon ; 
but the content of Al2 0 3 is mucb greater in the minel'al of Alada
gascar, and thus the Li2 0 appreciably less than in the Amel'ican 
kunzite. The sum of those thl'ee constitl1ents does not diffel" very 
much in all these cases: 97,5 010 fol' the kunzite of J1{fldagasca1', 
9~,2 °10 fol' that fl'om Rincon. 'rhe specific gl:aVity of the 1'ose species 
is about 3,177; - a \'alue, onIy slightly different ft'om the vaille, 
detcl'mined b)' n8: d40 = 3,30 I + 0,005, 'at 25°,1' C. 

The refracti\'e indices of the melted, feebIJ birefl'Ïngent product, 
were found to be n1 = 1,518 and n2 = J ,520; the bil'efringence is 
not greater than 0,002. I 

At 25°,1 O. the specitic gravily of the melted aqd solidified sub-
stance was determined: d/ = 2,373, wh,en the pl'epa{ation was heated 
during several hOl1l's at a constant. tempcmture, just below the 
meltingpoint; under the microscope the obtained product then showed 
the typical aspect of the aggregates of seaIes, which at'e always found 
with the P-spodl1mene; they have a weak birefl'Ïugenee, and an 
il'l'eg II lar, of ten nndlllatory extinction. When a-spoçlnmene was not 
melted befol'e, but only kept at a constant tempe:r;ature below the 
meltingpoint, the substance appeal'ed to be w11011y ,transformed into 
the same p-modification, with a specifie gt'avity of: d40 = 2,376 at 

1) DUPARC, WUNDER el SABOT, Mém, de la Soc. physique de' Genève, 36, 402, 
(1910). 

,-
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25°,1 O. In both cases the mean l'efl'active index for sodiumIight 
was: nD = 1,518 + 0,001. From the molLen mass therefol'e no other 
phase is deposited than the mentioned ~-modification. 

The fig. 5, 6, ancl 7 may give an irnpression of the malmel', in 
which the transformation of the a-, into the ;1-modification gradually 
occurs. In fig. 5 the original kunzite of Jl1adapascar is photographcd 
between crossed nic01s, when heated only dllring 2 houI's at 975 0 0., 
::tnd showing 110 trace yet of the ,G-form; in fig. 7 the same heatillg, 
but prolonged to 15 houl's, has led to complete transformation of the 

.Cl'ystals into tbe j1-form. The fig. 6 represents tbe cl'ystals, aftel' 8 
homs heating at 975° C.; they show a pal·tial transformatiOl;, and 
the gradually occllrring diffel'entiation of the originally homogeneolls 
cl'ystals ioto an aggregation of the felty needies of the j1-modification. 

lIl. G1'eenish-yellow Kunzite of .Minas Gemifs, Bmsil. 
This kllnzite appears also in the foem of large, Yery transparent 

cJ'ystals, having a pale greenish or yellowish llUe. This colou!' is 
cUllsed by a content of FeO, which in melti11g the mineral, is con
vel:ted into: Fe2 0 3 ; thus the solidified mass being always tinged 
with a reddish-bl'own colour. The analysis of tbis mineral 1) gave 
tbe following data:' 

Si O
2 

: 63,3-64,3 % CaO : 0,2--0,7 % 

Al2 0 8
: 27,7-27,9% Na 2 0: 0,6-1,0 % 

Li2 0 a : 6,7- 7,4% FeO : 0,7-1,2 % 

This lnmzite therefore is alsû relatively close in composition to 
th at of Rincon, apPl'OaclJülg in - its content of Li2 0 closer to the 
theoretical vaille; the sum of the principal constituents is 97,7 %' 

The meltingpoint of this mineral was determined five times; tlle 
results wet'e, with thermoelement IV: 

14643 IV!. V. 
14646 1\11. V. 
14650 M.V. 
14639 M.V. 
14646 M.V. 

Mean value: 14645 M. V. j 

aftel' correction : 14637 M.V. (G. Th.) 
The meltingpoint, l'educed on the nitl'Ogengasthel'mometel', lies 

thus at 142:,,° 0., i. e. abOllt 30 O. 10wel' than fOl' the kunzite of Rincon. 
The specitic gt'avity of the substance before melting, was deter

mined at 25°,1 O. to be: d40 = 3,262; the data, gi ven in litel'atllre 
for the specific gl'avity of natm'al cl'ystals, val'y between 3,16 and 

1) a. HIN'rZE, Handbuch der Mineralogie. 
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,,. 
3,174. TIle refrl\Cth"c iml ice!I of.lhe Ol'j!:;nRI 611IJ1ltan~ were: Ol, = 1,661 
"nd n, = l ,6G(), wirh "l'pu,..,,, tIJ " tWlIlcwhnl weI\kcl" blrer,"lngenee 
M ror the already deacl'ibed kun~ilell. 

Ku"zite of llud~r. h •• ltd for (,,'0 hou .. 
al 960' C .• nd nol yet pet""P1ib1y I, . ... /onnet!. 

IX Nicoll). 

Fig. 7. 
Kuntile of M~r, complete!, IrlllSforl1ltd into 
Lh. ~.rOlIll, .Ikt being het.led al Q7&" C. O<Nicol,). 

, 

J 

• 
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Aftel' being melled howevel', tlle l'eclelishbl'own, Cl'Jstallille p!'odud 
had a speeific gl'avity at 25°,J 0.: d40 = 2,463, whilc tho l'efracti\'e 
inelices of the feebly bil'efl'ingent grains were fOl1J1d to be about 
1,522 anel 1,527. There is no elol1bt whatevel' about [he fact, that 
the i:>olielifieel product is again cl, modifieation absolutely different fl'om 
the original kunzite; moreover it is evielently identical wifh the 
al ready men tioned ,B-spodumene. 

IV. Bidclenite ji'om Akl.'andel' Count.ll, North Carolina, U.S.A. 
Long, neeelle~shapeel, pale green crystals, anel emel'ald-green crystal

feagments, wllIeh ~tre tl'anspal'ent anel dichl'oitic. The speeifie gl'avit,Y 
of this mineml at 25°,1 U. was foulld to be: d .. o = 3,295 ± 0,002 ; 
the refl'iLcti\'e indices weee: 11 1 = 1,664 and n2 = 1,674, The data 
for the &pecitie dcnsily, given in literature, ml''y between 3,152 allel 
3,189. Of 11 hicldeniLe ii'om Ale.randel' City, wiLh ,speeitje weight 
of: d .. o = 3,177, the analysis- gave the following l'csnlts: 

Si O2 : 63,9? °10 
A12 0 2 : 26,58 °10 
Li2 0: 6,82% 

FeO : 1,1 °10 
lVa

2
0: 1,54 % 

Ç'a 0 : 110 trare, 

The SUll1 of the pl'incipal constitnents is here 97,35 °10; the hne 
of the cI'j'stals is causecl by the ad mixture of FeG, whieh is oxydized 
in melting to Fe2 ()a, giving a bl'ownish-black Ol' chocolate-bl'own 
colour fo the solidifiod l1lass. Anothel' hidclenito of the same locality, 
but of 11 paleI' colour, hael: 64,35°/0 Si02 , 28,10% Al~ O~, anel 7,05°/0 
Li2 0, - conscqllentlj' togotlJOI" 99,5 "/0 ; mOl'eo\ Cl': 0,25 11

/ 0 PeO 
H,nd only nbont 0,3 °10 Na 2 0. The difl'erences of the meltingpoinls 
of these two kinds of hiddenite, were I1bout 1° C. Ol' less. In n. 
scL'Ïes of obsel'vations, made with thol'moe1ement IV, the melting
point was fonncl at 14:565 M. V. ± 101\1. V.; aftel' cOl'l'ection, Ibis 
eOl're&poncls to J 4L8" + 1 ° O. ,G.Tb.). On roolillg down thc 1110;lel1 
111a'3S, th'st nn lInelel'coolillg is obsel veel to ['.bout 1255° 0., if the 
IClnperatul'e-fall was about 4° pl'O minute; then Ibe tempemtlll'c 
1'ose to 1262° O. el ul'ing the solicllfication of the mass, being 150":> C. 
10wel' thar!. the rea1 eqniJibl'iuIl1-temperatul'e. 

Another time we found an nnclel'cooling to 1208° C., thell 
solidifieation fit 1214° 0., -- this being 204° O. 10wel' tllall the true 
mcltingpoint! Althollgh this point of &olidifiration is 10wel' than that 
fol' Ihe pure kllnzite&, it ran luwe no cssentil11 signiticn.t.ion w[w,tevel', 
being wholl,)' ucpendent 'on Uw speed of cooling I1ncl oUler n.ccidenlal 
r,il'cumstances, 
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V. Spodumm~ pi $omerIJ, Fin/mld. 
A white, 0PalJ1le ci"yplOCrj"slallin8 ",nd verJ hurd mllSli. It wos 

finel.,- gl'{JIUld, "nd irwesligMed in "manneT, quite analogOll$ 10 that for, 
merly descl"ibed . Tile speeilk gra~itr at 25°,1 C. \vi\ll: 11,.= 2,997 ± 
O.O~; the refrA.Cli,'c indices \Vere "ho"t: n, = -I ,658 9nd n, = 1,669. 
With the the,'moelement. tV the mehingpoint "'M fOllnd &t 14649 
~I.V, ± 5 ~I.V,; bcing, after ro",'ection, 142:;° C. on Ihe gll.Stbermo
meter, ~canse of Ihe inhomogeneiW of 111e matcl-illl, the melling(lOint 
is hc,"C nOl SO slulI'ply loeali1.ed on Ihe heati"g~urves, as in Ihe 
cases of Ihe k"u"ites; on eoolillg Ihe mollen m8.l:<S, $Olidilication 
occul'8 in thc lIeighbolll'hood of 1298' C. 

Tbc s "bstan~ solidified Md heated fo,- some houfS belolV ils 
meltingpoint, had a speeific g'll.vitr at 25",1 U. of: d •• = 2,398; ,be 
refra.::IÎ,-e indices ,,'e,"e 1100"1: 1 ,510 I!.lld 1,518 for sodiumligbt, 
_ jusl a lilile smaller lblln eommonly with the fi-spodllmene. The 
snb.ll !ln~e nlw!lJs shows very compliC!lted aggreg!ltiolls of feebly 
extillgnishillg $Cllles wilh IIndlll!ltol'y e.>:tinc,iOIl. 

If the originlll suootallee is 1I0t melted, b"t only healed during a 
Io:mger lime below ilS meltingpoinl, lhe cr.l'stllis are ronv~rted into 
tlle agg''egu.tion$ of Ihe p.spodumene; the spe.;ific gnwity at 25°,1 C. 
W:L'l now: d •• =2,412 aud the l"efracli"e indices abolll: 1,519. 

v r Spodumtlll! from Maine, U.SA .; perh!lps from JVindha"" 
Tbis mineral consists of long, opaque, p,'ismal;c crJat .. I!, looking 

I'ig, 13, 
Dm., . ·Spodurotoe Gf S\l1ll~r<I, rmtllld, (X r..1eoJa). 
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like poreelain, with pl1ldQminanl dellovnge. f ile ral"efnlly seler ted 
matcri" l was finclJ p"h"6",-ed, and investigatc<l lIS dcsc,ibed hefore. 
TII6 sreeifoc gl'Mity Kt 25°. 1 C. was, d,. = 3,154 ± 0,002; Ihe 
refrac Live indices WCI'C iloont, 11, = 1,6$6 &nd ", = 1,672. A mit· ro~ 

photograph of ir bel ween crosse<! "icols ;s reprooJnced in Ihe fig. 13. 
The mehillll;poin t was dcle l'min~ $everal limea willt Ihe therm,,_ 

clement [If; Ille f"lInwing resuIts were obtaille<! : 141\69 ± 13 ru . \'. , 
being after cOI'rec lion: 1427" ± 1'" C. on !hel gasthcnn nrneter. Also 
1" this case tbc mellingpoint is not qLlite so slim'!, a.s will, Ihe kun
ziles, juS! because of the che mi cal inhomogeneit)" of Ihe materia!. 

Tbc obtained product had a speei Be grav;l}" : d •• = 2,336 al 2,,' ,4 C.; 
the weakly bi,-efringenT, irt-egnhuly extin!(nishing 5<.'ale-., had refractive 
indices of " bQut; 1,517 and J ,520 ; the birefri "!J:ence is not greater 
than : 0,003. 

In fig. !:I a mieropbolograph t.etween c,"Os.se<l nicols ie gi"~,11 of 
the dense <l-spodll mene of Mai'ie; in fig, 9 the Sllme preparation, 
mollen a.nd sol idifieil into the rf·fo,·m is reprodueed in thesame way. 
The slrong analOS)' witl! Ilie image of fig. 4, representing !In arti· 
fieia! p·sJKXIu mene, made from UA/O, aud [iO" is obvious. 

AnOlher pl'eparation was not melled, but only kepI al a constant 
lemperatul"l of abQu! 1200" U. fo,' some hour1l. Tbe original ,,· form 
Ilp pe:>.,·ed 10 be total!y cOll\' erloo into IHpodume"e; Ihe volume of 
the ID!188 had inCI'<!asOO then in sueb 1\ degree, that the platinum. 

fig. S. 
Deo,e ~·Spod"m"'e of Maine, betWftn ,.oW!<! 

. . Niool •. 

Fig. n_ 
p-Spod"",ene obtaioe(l by ,peiling lUId eryttalli .. tion 

or the ~.mOOifk.lioo (X Nieol.). 
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crueible was w~\(ed during the pl'OCt'SS. Thc substance show".] the 
~ypieiOl gmonlln slrnelnre of Ihe cryslal eonverled in lo ~spod "n1ene 

with 'mdlllato l'J extinct ion and !I mean refl'aCtive inde" of: 1,518. ' 
The st>OCi6e w<light al 25Q,7 C. W!18 determined 10 'I)e: d •• = 2,309, 
rIOd IQ ba 2,317 fit 25Q ,1 C. 

+ 13. In all these experiments it was otWll"\'OO by us, th ut the 
pllltinurnCl"uc!IJIe.;, in ",hith Ihe silicate was melted nnd solidilied, 
showed a slrong de(ormation, which inereased (wery time that. the 
experimem was L'epealOO. As fig. JO shows ver,. clMrly, Ibis nbserved 
defonuation is of sud, a kind, tha! ;1 ahvays appMr!l as a dilllln./Wn, 
NI if (he si licl\le. like wl\te r, solidifies nodet, a ,'oInme-e~pIUlsion. 

The "9.lne8 obtained for the srecific "olumes. of the crysl3ls 
IIIId of the gltut, seem hOWCY<l" to rniloke th is expllllllll ion ralher 
itlJpr<>bable. We hlllle tri~ by II *"ies of sys~mlltir. experimMIS 10 
!iud ou!, whm 'WlUy this inerease of the volume se ta in, by mel\.Suring 
Iho diamele,' of the crncibles, lifter their eon\ents hn.d been subjected 
to differen t manipulalions. In this ,va)', we found, {hllt by r~,· the 
IlI\"gest defo"ma{ ion of Ihe eruci bles look pl~, lIt the IrllnaformlltioH 
of (1_, inlo ,i-spodulliene, whieh is aeeo mpanie<! by II volume-inerease 
of !loom W', •. W han thesubatllnce ia Ihen melte<! onca more, and again 
oolidifled, Ihe deformation already present wiU be inereased b)' Ihe ' 
the"mal e~l'-~naion of Ihe mass, lI"d becausc Ihe li"tlid $ubst8Jtce is 

f ig. 10. 
Dtfonn~tion of the pl.tinurn erue'bl .. afler melting ."d ooIid ifkalion 

of tbi nalural Spodum.n •• 
O. Original form ol lbe pl.liDum·orue'bl ... 
I. Pale yellow spodumene of Min"" G.!mla, BraMl. 
2. Kulllile of Sah«tallJl·..uuy, M<ldaqasw-. 
$. DeDse Spodumeue of Som.m:l, Fillll/aml. 
,. Kun.i te ol RinCCtl, Callr,,","" 
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eno'I'rIlOl1sly viscol1s, enclosed air-bnbbles are ~!JardJy squeézed out, 
but will l'athel' expand in the máss itself, while the sl1l'face of the 
liqnid can c.hange its height on[y witll extl'eme sIowness. In l'epeating 
snccessively the meJting and solidifying of lhe substance a number of 
times, [he deformation-effect will be gmdllally increased to such an extent 
that, as fig. 10, N°. 2' shóws clear[y, at last tbe crncible bUl'sts. Tbe 
gradual lowel'ing of the ,liquid surface in snccessive expel'iments 
can be seen In those crucibles; in snch a manner it often happens, 
that with a stro'ng detol'mation of the platinnm vessels, when tIley 
finally look like inflated balloons, the jnnction of the thermoelement 
emerges at last out of the surface' of, the liquid mass, so th at the heat
effects on the heating-curves get gradually worse' and will finally 
disappear totallr: 

. ~ 14. To con trol the found meltingpoints, we have made a series 
of experiments to detel'mine it once more (with the lnmzite of 
Madagascal') by means, of the quenching-method, whirh is to be de
scribed af~el'wards in connection with Olll' experiments for fixing the 
tempel'ature of beginn'ing transformation: The quenching-system w~s 
first calibl'ated by means of meltingpoint-detel'minations, made by 
this statical method with li thiurmhetasi Ii.cate (1201°) and diopside 
l139lo

); the cOl'l'ectlons to be applied to the measul'ed temperatllres 
appeared however to be practically Ze1'O, 

We found in sllccessive experiments: 

Kunziie,heated during hal{an baur atl4tlOO M.V.and quenched in'mercul'Y: ~ll crystallized 
" n'" n ; 14720 M.V. n' - . : All glass . 

. " n n' n "14700 M.V, n : ~ll glass. 
n n n "14750 M.V. n : All glass. 
n n n- ~ 14680M;V,"" : Glas!{ anel 

n·14660M.V. n 

,n 14690 M.V .. , 
, n 

" . 

crystals, 
: Allcrystallized 
: All gIass. 

Thus, the meltingpoint was found to. be 1428° O. (G. ~Th.), quite 
in ,accordance with the direct meltingpointdetel'minatidns aftel' the 

, dynamical method.· In these expel'iments we once obtained a product 
aftel' longer heating 01114600 M, V., - ,jnst somewhat below the meltillg
point, -- consisting of somewhat lal'ge~' individuals, They appeal'ed to 
bè lal'ge, hamogeneously extingllishing plates', whose bil'efl'ingence 
was about 0,007, aml with refmctive indices of 1,513 and 1,519, 
lilee those of the ~-spodllmene, obtained from al'tificial spodumene aftol' 
melt.illg and coolillg. In convergent polarized light the same inter
fel'ence-imr\ge as in tlle farmer case, was obsel'ved; thel'e can tht~S 

I 18 
. Proceedings Royal Acad. Amstel'dam, V ol. ~ vn. 
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hardly be any doubt, that the spodmnene-modification, which is 
deposited fl'om the liquid maas, is quite the same as thai, which is 
discel'lled by us as {J-spodumene. Thel'e are no reasons to adopt the 
exietence of a third modification, which on cooIing should be con
vel'ted into the ~-form, as occasionally has been done. 

-
§ 15. Befol'e describing our experimenls with tbis compound with 

respect 10 the, study of the transformations into the solid state, the 
deiermined valnes are once more recapitulated in the following tab Ie. 

Fl'om thil:l table (next page) we can see, tluzt in geneml the meltin,q
temperat~t]'es !Jf the natural lcunzites are considm'ably Idglle?' tlwn tlwse 
fOl' the synthetical ]Jroducts, and fUl'ther we can, generally spealdng, 
deduce, that t/te meltingpoint of the kunzites are decl'easing at the same 
time with the incl'ease ofspecijic ,qmvity. (The specific gravities of the two 
first mentioned kunzites differ too little to give any certain argument 
fol' tbis view). Of the two kinds of dense spodlllnenes however, the 
111inera1 of higher specific density 8eems to have the higher melting
point a180, _ although in this case the meltingpoints are too close 
tÇ.gether, lmd are mOl'eovel'- not sufficiently sharp, to give any cel'tain 
argnmelit fol' an eventual rational relation between (he two mentioned 
constants. 

§ 16. Now we will proeeed to the question, in what relation 
the different modifications of tlle compound LiAl8i2 0 a stand with 
respect to each other. 'fhat thel'e are several of these modifications, 
ean all'eady be deduced from the 111e1'e fact, t/tat the p1'ochwt oJ 
solidification of tlle natural spodwnenes ig quite d~fl'e1'ent frorn t!te 
original sub stances . 

Our im'estigations moreover have taught us, that there are really 
only two modifications, which can be discerned as (1- and P-spodllmene. 
Of these two forms the ,B-modificntion is ul1doubtedly the one to be 
considel'ed as t11e more stnble form at temperatures in the immediate 
vicinity of the me) tingpoint. The questioll, howevel', then risps iIrl
mediately: in what relation are (,(- and ,B-spodumene to each other? 
Are they enantiotropic forms, ltke e.g. wollastonite and pseudo-wollasto
nito? Or arc tbc,}' nwnotropic modifications, as e.g. they are obscl'ved 
in some forms of the pentamorphic magnesiummetasilÏ<'ate? 

Aftel' numerous expel'iments in this direction, we have come to 
the opinion that both forms of spodllmene must be considered as 
monotropie Olles with respect to each othel', and a-spodumene, i.e. all 
kunzites, Itidclenites, spodwnenes of natU1'e, must be rnetastable pItases 
of tlte compound witlt respect to the p-/orm at all telnperaÜ.l1'eS below 
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-
SYNOPSIS OF THE MELTINGPOINTS AND SPECIFIC GRAVITIES OF NATURAL SPODUMENES. 

, 

Specific gravity Observed E.M.F. of Corrected E.M.F. : Meltingpoints 
Mineral, and Place of Origin : d4o: 

the thermoelement: (Gasthermometer- in ° C. on 
(intern. M.V.) Elements) gasthermometer 

Kunzite from Rincon, California. 
I 

(Colourless orpale, lilac, transparent) 3.204 ± 0.003 14683 14675 1428° 

Kunzlte from Sahatany-valley Mada-
gascar (pale rose, transparent) 3.201 ± 0.005 14683 "14675 1428:> 

Kunzite from Minas Geráes, Brasil 
pa1e greenish-yellow, transparent) 3.262 ± 0.002 14645 14637 1425° 

, 
Hiddenite from Alexander County, 
N. Carolina (emeraldgref'n, pale green, 
transparent) 3.295 ± 0.002 14565 14557 1418=> 

Dense Spodumene from Somerö, 
Finland (white, opaque, crypto-

2.997 ± 0.050 ' crystalline) 14662 ± 13 14654 ± 13 1426::>±1° 

Dense Spodumene from Maine. 
(Colourless, opaque, macrocrystal-
1ine aggregation) 3.154 ± 0.002 14669 ± 13 14661 ± 13 14270 ± 1° 

------ - - ------------ - ----- --------------

I 

I 

I 

I 

, 

~ 
~ 
~ 
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1400 C. Therefore it is neithel' possible to indicate an "inversion- ~ 
temperature", below whkh the a-form, and above which the ,8-form 
wonld represent the more stabIe phase: at all temperatUl'es below -
its meItingpoini, the .B-spodurnene is the only stable fOl'm of the 
compound LiAlSY206' Under ,,,,bat conditions the a-fol'm was always 
generated in nature, while it was till nQw nevel' obtained in the 
laboratol'Y from "dry" molten mixtures, may preliminarily be put 
aside. 

The l'eason however, that the a-modification, once produred, bas 
remained so, notwithstanding its metastability with respect fo the 
,8-form, is to be ascribed to the enomwus slowness, with which the 
transfol'mation a ~.B takes - place. 

~ 17. To give all idea of this phenomenoll, we wiJl describe here 
a series of experiments, made with the pnl'pose to answer the_ 
qnestion, at whrrt lowest temZJel'atu7'e the tl'ansformation a ~,8-
form again will OCCIU' with a veloeity just obsel'vable? PJ'eliminal'y 1) 
experim'ents had taught us that a Jong and little prominent heat-effect 
was observec1 between 900 and 1000° 0., if a farger quantity of 
finely p'owdel'ed a-SpOdllll1ene was gradllally lteated; and the micl'os
coplcal 'iuvestigation also tanght liS soon, that within the mentionec1 
ternperature-intel'val, a transformatJOu is going on with observable 
veJocity~ We therefore made the following series of experiments by 
means 'of the ah'eady mentioned statical method Fot' it is evident, 
that juSt with l'ear.tions proceeding so enormously slowly, this method 
eau be used with great success, because it pel'nllts us ~ to keep tlle 
studied substances at a constant tempeJ'atw'e dUl'in,q an arbitmrily 
long time; 111 this way one can be sure that the react~on is thus 
compietely finished, wl1lle the shdden chilling of the preparation in 
coid mel'cury will fix the momentaneous state of it in a most 
effective way. 

The following data were obtained by observations with the thermo
element IV; beeause the thermoelement was not placec1 in the mass, 
but beside lt, the whole furllace-system needed to be especially 
calibrated for this series of experiments. 

Tbe calibration of the l1sed quenching-system was executed by 
means of meJtingpoint-detel'minations aftel' the statical method, with 
substances, whose melLingpoints in terms of the gasthel'morneter were 

I) Vide also : G. TA"MANN, Krystallisieren und Schmel/en, p,114. Spodumene (d=3,l':'\ 
W.1S tI ansfollued gl\lclually inlo a JUuch less dense subslance (d=2,94), by heating 
on a BUllsenbUl nel' cllll mg len hout s. Tlle new product was aLtacked JlIuch more 
lapl<1ly by HF tban the OI'lgUJ.:l.l Eubstance. 

==================~----- -
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already accurately known before. Only in this way is it possible, 
10 find out, what tempel'ature -really cOl'l'esponds to that, indicated 
by the thel'ffioelement placed in the furnace. For th is pllrpose we 
llave made. llse af the meltingpaints of two campallnds: Li2Si03 and 
LiBo02 ; the Li2SiOs melts at a tempel'atme of 11956 lVI. V. on 
aur standard-elements, the second at a temperalul'e, cal'l'espanding 
ta an KM.F. of 7822 lVLV. 1). In this way we absel'ved: 

LizSi03• 

I 11 

LiB02• 

I 
Heating during a long 

! tIme at a temperature, . State of the chilled 
Heating during a long 

State of the chilled time at a temperature, 
at which the E.M.F. of system: at WhICh the E.M.F. of system: 
element IV was: element IV was: 

-
12060 M. V. All glass. 7800 M. V. All glass. 

12020 
" 

All glass. 7760 
" 

All crystals. 

11980 
" 

All glass. 7780 
" 

Many crystals; a 

Much glass, a few crystals 
Httle glass. 

11940 
" 7770 

" 
All crystals. 

11930 
" 

All crystals 
7790 

" 
All glass. 

11950 
" 

- All glass. 

Thus, when the furnace-element indicates 11940 The meltingpoint of the liED, is thU5 reached, 
M.V, the meltingpoint of Lz-Si03 is reachedithe if the furnace-element wdIcates ~7780 M.V.; there-
correctIoll ofthe mdicated temperatures at 1201°C. fore the correction at 845' C. IS: +42 M.V. 
to reduce them the nitrogenthermometer, is th ere· 
fore + 16M.V. 

Fl'am both these data far 845 0 C. and fal' 1201 0 C., the cal'rection 
for evel'y intel'mediate temperatlll'e is faund by intntpolation; fal' a 
ternpel'atul'e of e. g. 965 0 C., it is + 28 lVI. V.; etc. It is with this 
number, that the just mentianed tempel'ature (in M. V.) needs ta be 
augmellted, to be reduced to the nitrogengasthermometer-scale. 

Having in this mannel' detel'mined the tempel'atul'e,(,ol'rections fol' 
the whole qnenching-system \Vilhin the range of tempel'ature from 
8450 tQ 1201 0 C., we have chosen as an object far these experiments 

1) Wlth the thermoelemelll IV three series of experiments were made, with 
heating-l'ates of 30, 40 and 60 M.V. per half minute. L,'or Ihe litlJium-metaborate 
we found lh us successively as mean values: 7786, 7778 nnd 7781 M.V., - which 
gives as probahle value: 77:;2 ± 4 M.V. The correclion of element LV was + 40 
M.V. at this lemperature i the trne meltingpoint thus being at 7822 M.V. = 845 C. 
(G. Th.). 
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the lcunzite 0/ Mndil.YrlSCLlI', alld we tried to find in the descl'jbed 
way the 10west temperature, at wbich a just discerniLJle tl'ansfonn
ation of Ct -... Jj-fol'm yet occmrecl. The reader may be pilt in mind, 
tbat the experiments 1-14 wel'C made with a tbermoelement. 
pl'ovided with a very thin pl'otecting tube; in the experiment 14-20, 
t11is pl'otecting tube was omitted, which appeal'ed howevel' to make 
no appl'eciable diffel'ence. 

Indication of ther- '" bIJ· -
Q) :::~~ moelement IV at, t). ... -+J 
aJPo ;:l,c rn 

No. the constant tem- l:~ 'ó,c~ Result of the Chilling: 
perature of healing 8(-< 8'~ bIJ 

(± 15 M. V.) ~ ,c~ 

::> 1= ~.-

I 6510 M. V. 7230 I 2 hours Only u-modif.; no transformation. 

2 6800 11 750 2 11 idem 

3 7380 11 805 2 
" 

idem 

4 8450 11 901 2 
" 

idem 

5 9570 11 1000 2 
" 

All p-spodumene. 

6 9500 11 994 2 
" 

idem 

7 9070 11 957 2 
" 

No transformation; Cl-modification. 

8 9220 11 910 2 11 idem 

9 9360 
" 

982 3 11 Partially transform.; Cl_, and t9-form. 

10 9110 11 966 8 
" 

Probably the same. 

11 9280 11 975 8 
" 

Partially ,B-spodumene. 

12 9280 11 975 15 11 All p-spodumene. 
-

13 9260 11 973 4 
" 

Probab1y partially p-form. 

14 9260 11 973 8 11 All ,B-spodumene. 

15 9260 11 973 8 11 All ,e-spodumene. 

16 '0 9225 970 8 For the greater part: ,a-form. J:ltl 11 " Ua; 

17 J:lS 9160 11 965 4 
" 

All ,,-spodumene. OQJ 
'"--

18 
PoQJ 

9200 968 4 Evidently partially p-form. ~o 

" " ;:lE 

19 :S@ ._.t:: 9170 
" ~ .... 

965.5 4 11 Some ,a-modification, many crystals 
of ,,-spodumene. 

20 9150 IJ 964 4 
" 

I No p-form; the transformation has 
not yet begun. 

I --

'In / this case therefore an evident transformation bas already taken 
place at 9170 lVi. V. (ul1corl'.), or at 9198 M. V. = 9680 c. (~ .. T4.). 
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Similar expel'iments with the kunzite of Rincon tallght us, that tbis 
lempel'ature is sitllated somewhat higher, at auollt 9950 C.; in all 
these cases howevel', only very long continued healing can lead 10 a 
complete transformation of the CC-, inlo the R-form. It is therefol'e 
quite eddent, that at ordinal'y temperatures, and even at 4000 Ol' 
5000 C., the tmnsfol'mation-velocity of (C-, inlo ~-fol'm must be 
pl'aptically equaJ to zero; thu6 th& (C- and j1-spodumenes can be in 
immediate contact with' each other, durmg an undetel'mined long 
time, without tl'ansfol'mation taldng place. 
~ The transition of a-, into ~-form is a,ecompanied by an enOl'mous 
incl'ease of specific vo]ume: it is augmented fl'om 0.31 to 0.41, 
being about 33°/0 of the original ,'allle. 1t often occlll'l'ed that the 
heated and transfol'med powdel' had l'isen ovel' the borders of the 
platinurn cl'Ucibles. In tbe descl'ibed quenching-expel'iments, the trans
formation could often be stated all'eady, when the used platinum foJium 
had not yet been opened: it seemed to be inflated by the incl'ease 
of volume of the enclosed pl'epal'alion. lUicl'oscopically it is observed 
th at the larger crystals of the a-form, in this tramfol'mation primarily 
get innumerable cmcks and fissnres; afterwal'ds they change into 
opaque, no longet' normally extinguishing aggl'egations of fine, felty, 
Ol' even broader needJes, whose extinction is almost nOl'mally ol'ientated 
on their Jonger direction ; they can be recognizecI by thei1' weak 
bil'efi'ingence, as weIl as by their low mean l'eti'active incIex: 1,519. 
The microphotographs fig. 7 and 9 may give some impl'ession of 
the aspect of the two modifications between cl'ossed nicols. 

§ 18, It may be expected, that the mentioned tmnsformation
velocity will possibly be atfected by some catalyse1's or by some 
fluxes in such a way, that it wil! show a discel'llibJe vaille all'eady 
at considerably Jowel' tempel'atul'es. 

lndeed we succeeded in pl'oving, th at on heatillg spodumene-glass 
with molten sodiumtungstate 1) at tempel'atnres between 8500 and 
9200 C., aftel' 32 houI'S a pal'tial crystalliza,tion has begllll, which 
howevel' was complete only aftel' 65 homs of heating. The crystal
mass had a l'eü'active index of 1,523, and appea1'ed to be no otlter 
tlting tlzan j3-spodumene; the determined specitic weight was at 250 C.: 
d40= 2,579. 

1) The great dlJfel'ence bel\veen the specific gravities of the silicate and the 
molten t~ngstate, makes it necessary to use a platil1l1l1l stirl'er, to bl'Îug the silicale 
fl'om the SUl' face into the molten mass agaiu <tud agaiu This slil'rel' was moved 
by means of a suitable electromotol'-lll'Îven mechanism, 
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We then made slmilar eApel'iments with p-spodumene (of lVIAINE) • 

in a miÀ[ul'e of 20 % 11100a and 80% sodillmmolybdate at tempe
nt[ure3 below 6500 C.; on heating dllring 122 hOLU'S on temperatllres 
between 5950 and 6050 C., we obtained birefringent aggregates of 
feit)' neeclles of the .8-modification, with often l'ectangular borders. 
The refractive index was 1,527, and while the aggl'egates ofneedles 
did not extinguish in any position between crossed 11icols, the reetan
gnlal' needIes often showed a nOl'mally orientated extinetion. As in 
the former case, the product had also a pale lilac hue, 

Then we made the same experiment witb a-spodumene (of Rincon); 
it was heated during 88 hoUl's in the same mixtures at 5950 to 
6050 C. The small pieces of the a-form had got opaque and were 
con verted at their borders Ol' totally into the P-modification; the 
ret'l'active index was 1,519. 

More experiments were made, w hich all tallgh t us, th at from 
mol ten magmas, cooled t1l1der manifold val'ied cirenmstances, nevel' 
\Vns al1otlle1' thing pl'oduced, than either spodumene-"glass", Ol' 
P -spodumene; however we did not suceeed in getting t~e a-form 
from dry magmas even a, single time. As devitrification of spodumene
glass appeal's also nevel' to give another phase than P-spodumene, 
- we are of opiniOll, that it may be cOJlsidel'ed ~s sufficiently 
proved, that the ,B-modification is the only stabie modification bel ow 
the melting poin t. The spod umenes of nature therefore certainl,ll 
call1wt be produeed fi'om dry magmas; they represent metastable 
fOl'ms of the compound, which are very probably generated from 
circulating solutions, th at is hy so-called "hydrothel'mal" synthesis; 
the natural forms of the compound only appeal' to be presel'ved 
uy the enol'mously l'etal'ding factors, whieh pl'ohibited the tl'ansfor
mation into the more stabIe E-form. Experiments al'e going on, witl~ 
n pUl'pose to pl'odllce tlle a-moditication of' the silicate by su eh 
üydl'othermal synthesis. The l'esults of these experiments wil! be 
diseussed in a following paper, 

§ 19, Finally we can here give some data, cOllcerning the litlli
wnalll1ninate: LiAl02 • This compound was prepared by heating in 
platinllm cl'uribles the weighed, Hnely grotwd and weIl mixed com
ponents, ~ lithiumcarbonate being taken instead of Lis 0, - in 
our resistance fumaces once at 9000 C" th en at :1200° C. Aftel' the 
l'esultillg mass had been plllverized, the heating was repeated and 
thebe manipulations l'epeated four times, Analysis of the beautifully 
crystallized, homogeueous mass gave the followiog numbers; 
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11/,0., 
Li,a 

OtwTved : 

76,S'I. 
23,2 ' /, 

26. 

76,9'1. 
23,0 '/, 

Cab,lated : 

77,3 ' , . 
22,7 'I. 

100,0 

Allhough a. ama.1l exteal of Li.O was still pl'eSenl, the s lIbsianee 
C(luld Oe t'(Insidel'ed lIIl pra.clicl\lly pure LiAIO" - the Ill ore 80, 
113 (In healing, a. certain &IOount of Li, IJ alwlloyS volaliliZllll grul,a.ll]. 
A preparation, hea.ted only IhOt ll1 a.t 1600" C, colJtained, M Ma
lysis ~howed us, nnly 19,34 'I. Li,O IInd 80,6:1 'I. Al,O,; 110 (uriller 
ehange hMi occurred IhlUl Iha' the trystala of the origillal prep&' 
ralion Iwd !JOl ""sch larg". di"'.tnliooII, ",kiie pT"UmTlmg vuir gtM
ral /wopertiu. AI 1625" C, the 5ublolan!:e atlow8 DO tc&ee of mehing, 
bUi decomposes pal1iaUy, bJ' the "olalibility of the Li,O. Tile pi&
,inum is strongly &u&eked. LI~O. being forma!, and tbustheaJumi. 
na~ cannol he beated a' higher lemperalUreI, wÎ.hout eh..,ging lts 
comp05ilion. The mellingpoin\ CM Ib lla he hardly delermined ; lbe 
subl!lance mus\ have been f.hanged " long time before alread.v imo 
Af,O .. witb perbalI! a alight &(\, nidure of !Ome litbiumoxide. Even 
in a "hollow thermoelement", we we...., 110t nble 10 melt the 8ubstance, 
nolwithslanding it heing healed 01]1·10 162~Q c. 

Microsoopically the 1I1u",inat~ ahows large, round·ooRed. heu.gonal 
or octOj\ona.1 ]llales (lig. 12), with 8. relalÎvely high birerrit'gcnee 

til· I!.. 
.D,sWI of Ul.o\itmt4lwMIMU. (X NjOlIi). 
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and high interfel'cnce-colours' between cl'ossed nicols. The refrac
tive indices were determined to be: n1 = j ,604 ± 0,001; n2 = 
J ,615 ± 0,001 for sodiumlight; the blrefdngence was about: 0,012. -
No axial image could be observed. The specific gravity of the crys
tals at 25~,1 C. was: d40 = 2,554. 

In a following paper we hope to be able to give an account of 
the formation and the occurrence of the a-modiqcation of the spo
dumene in natme, and to review the l'esults so far obtained, also 
with respect to their geological significance. 

Lab07'atory f07' Jnol:qanic Cltemistl'y 

Gronin,qen, .May 19:14. 
of t!te University. 

Physiology. - "On t/te sw'vival of isolated malllrJlalian O7'gans 

witlt automatic fanction." By Dl'. E. LAQUEUR. (Comml1nicated 
by Prof. H. J. HAl\IBURGER). 

(Communicaled in the meeting of April 24, 1914). 

When studying the movements of extil'pated -pieces of gut, I was 
stnlck by the following fact: a piece of gut w hieh had contraeted 
for 9 houI's in a Tyrode-soilltion at 37°, to w hieh oxygen had been 
added, and which had been left to itself at I'oom-temperature, began 
to move again the next morning, aftel' being heated and aftel' a 
renewed addition of oxygen. However frequently sueh experiments 
with pieces of gut - in the way suggested by MAGNUS - have 
been carried out by variops investigatol's, yet the possibility of 
keeping the gut alive tor so long a p6l'iod seems to bR nnknown. 

Further researches show, ho\'\"e\'e1', th at tbe automatic movementR 
of such Wieces of gut are of mueh longer dU1'ation than oue day 

\ , 
and one night. The longest pel'iod, as yet observed bJ'i me, runs to 
more than 3 weeks. As many as 21 days aftel' thel death,of tbe 
individual tile 1l10vements of tile piece of gut eould be obsel'verl. 
This time pl'obably exceeds everything hithel'Lo obs,él'ved 'in this 
respect o,n mammalian ol'gans wol'ldng au tomaticall.r. 

We may compal'e with th is, fot' instan('e, how long aftel' thé death 
of the individnal the heart can be made to contract. The heart is 
indeed the onl)' automatic o1'gan, as fal' as I know, on whieh 
expel'iments have been_ ~carl'led . out in thi:t_.dil'ection. KULIABKO, fol' 
instanee. dü;covel'ed that" "when' tlle -heaî{ of a l'abbit, aftel' being 
kept for 4.4 homs aftel' death in an ice-chest, was pel'fused with 
LOCKE'S SOllltioll" c9ntractions again manifested t~elllselves. The heart 
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sometimes beat for seyeral hours at à stretch; certall1 parts of the 
heart are even said to beat on the 31 cl, the 5th , and tbe 7th day 
aftel' death. It is a well-known faet that, when at tlle obdnction 
air can penett'ate into the cavity of the chest, this may give l'lse to 
spontaneolls contl'actions of the right atl'illm - the ultimum morien.'! 
Halleri Ol' rathel' Galeni. VULPJAN states that he has obsened -these 
contractions in the dog fol' 93 1

/ J hOUl'S aftel' death. ROUSSEAU main
tains that he has seen these movements in an executed woman, 
29 homs aftel' death. 

The human heal't has also been made to contract independently 
.aJter death. These attempts have nevel' sllcceeded wIth adults when 
the individuals had been dead for more than 11 homs. (H. E. HEHING), 

This could be done with the heart of a child 20 homs aftel' deatll 
and in the case of a monkey a,s many as 53 hams aftel' death, 
(KUUABKO, HEItING). I) 

. Recently OARREL and INGEBRIGT5EN have stated th at same tissues 
ean be kept alive for a long time aftel' the death of the individu al ; 
tlle tissues could even become differel1tiated nnder these cirCllm5tanees. 
These experiments, however, have been taken partlr with very 
small pieces of hal'dly differel1tiated tissues: thls applies fol' instanee 
to the mllsc1e-ceUs of the embryonic chirken heart, contracting 104 
days aftel' the death of the al1imal. (OARREL). And partly they l'elate 
to parts of ol'gans tbone and skin) where it is not so .easy to 
determine whethel' the cells are li \'Ïng still. Ta aseertain tltis the 
"surviving" tissues must be transplanted on anotlle1' animal. Ir must 
be taken into account, howevel', th at these tissues may have 
permanently lost their independence. Only. with the assistance of the 
normal tissues of the animal on which they were transplanted, they 
had regained Me. 

With regard to the following experimellts on the movements of 
isolated inteRtines, I the ll1\'cstigations of lVlAGNUS have sbown that 
automatic movements are only met with, wh en besides the muscle
cell the nel'VOUS sJTstem of Anel'bflc/z's plexl1s has J'etailled its activity. 
The phenomenon is, thel'efol'e, of a eomplex nature. 

Intestines ean be kept alive langer than uSlial (+ 12 hams) only 
when Jhe periods of activity are altel'nnted with long periods of rest. 
This can easily be done, as we know, by lowering the temperature. 
At body-temperature the isolated gut wOl'ks itself, sit \'enia verbo, 
to death, within from 10 to 14 hOlll's . 

• 1) See the Summal'Ïes by O. LANGENDORF in El'gebnisse del' Physiologie 1903 
and 1905. 
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Fol' varions reasons the intestines of smaller animais, mouse, cavia, 
rabbit, were chiefly experimented upon. The method followed h~l'e 

keejJs the intestines longm' ali ve in pl'opol'tion as I they are thinner, -
In realiLy this method is ê1 very primitive one. In the intestinal wall' 
there is no longel' any circulation and the metabolibm i$ therefol'e 
t'estl'Îcted to the diifusion thl'ough the wllole thickness of the wal!. 
Hilherto I have not succeeded in keeping the gut alive in tyrocle
svlution, a medium particl1larly fitted fot' intestine-experiments, for 
a longer period than 5 days. Pieces of intestine which no longel' 
moved in the solution in which they had been placed immediately 
aftel' the extirpation, began to move again when the solution was 
reft'eshed, This cau easily be explained, 

The experiments caI'ried out by collaborators of lVIAGNUS, WEINLAND 
and NEUEIRCH have tau~ht th at when the intestine is placed in a liquid 
medium, substances are formed whieh stimlliate the intestine. That an 
acculDulation of these stimulating~ slIbstances, besides the uSllal decom
position prodllcts, and more espeeially beside~ the bacterial decom
position products, l1navoidable in intestine-exveriments,should impair 
the activity of the intestine in the long run ean easily be understood. 

If the tempel'atllre of the pieces is kept particularly low (±:. gO), 

then the intestine keeps alive much longe)' than if the temperature 
l'emains but litUe under the limit at which activity still manifests 
it&elf, Pieees of cavia gut in tyrode-solntion at 15° were already 
dead on the gld or 4111 day. 

If tbe tempel'ature of the tyrode-l'ollltion was ± go, the gut died 
only on the 5th day. 

To keep the gut alive fol' a longer period a medium is required 
l'esembling ml)l'e than tyrode-solution the normal body-fluids. For 
this purpose I took Itorse-serum 1), tlle semm of the small animals 
experimented upon not being obtainable in sufik'ient quantities. 

Since oxygen must bubble tlJrough the flllid in which the gut 
has been placed, a gl'eat quantity of froth is tormed if serum is 
taken in~tead of tYl'ode-solution. This ean be a\'oided, however, by 
pouring a th in layer of ollve-oil on the serum. It IDight be assumed 
as probable that Sel'llID would prove a better medium than a salt
sollltion on the stl'P-ngth of the ffidny experiences obrttined with the 
Survivlllg heart. (WHJ'l'E, HOWELL, Glnl~~N, WALDI<~N, witb hearts of 
warmblooded animaIs, GU'l'HltIl!) and PIK!!: with heat'ts of mammaIs. 1) 

1) HOl's('·sCl'um can he oblamed by lhe method, described hy HAMBURGER and 
of ten applied in his lahoratory, I take th is opportunity of again thanking my 
colleagues DE HAAN and OUWELEEN rOl' the rel;\diness witb which lhey always 
provided me with horse serQII\. 
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lt is true, cases have been mentioned whel'e a frog's heat·t, which 
beat no Jongel' in sheep Sel'lllIl and conkl no longer he stimulated 
mechanicnlly, was mnde to rontl'art again by RINGER'S soll1tion 
(WAWFN). Yet the posslbility is n()t exclnded that in these cases the 
strange set'um has graclnally had a poisonolls effect. Thel'efol'e I 
shall also leave it an 'Open qnestion if the time c1nring whieh the 
gut keeps alive would not be longer still if, instead of horse-serl1m, 
serum of the same animal, if possible of the same incliviclual, were 
used. 

The experiments of INGl<'BIUGTSI<JN with tissue-cultures in auto-, 
homo- and hetero-geneous '3era have demonstrated the relative 
superiol'Ïty of autogeneolls serum to serum of other individllals of 
the same kind, anel of these two &era to hetel'ogeneous ones. INGltJ

BRIGTSEN has not nsed horse-serum; this seems to be a particlllarly 
indiffet'ent medium . .Numerous experiments have shown that this 
serum is a much bettel' medium for the gut than tyrode-solution. 
The gut of a ea\ ia, for instanee, kept in tyrode-solution, was dead 
aftel' 5 days; when kept in hOl'se-sel'um anothel' piece of the same 
g ut still moved aftel' 21 days. 

The experiments were canied out in the following manner. 

The animaJ, a cavia fOl' instance, is killed by decapitation. 
± 20 e.m. bellind the slomach a piece of the sm all intestine, long ± 40 e.m. 

is cut out and divided JU Tyrode-solulion into 8 pleces long 4-6 c.m, calied 
a-ho 4 of these (a, b, e, f,) were placed in Tyrode-solution, 40thers (c, d, g, h) 
in horse-serum. 

Oxygen is led through the 8 glasses The pieces a, e, c, g, are connected with 
a writing apparatus to a cymographion (method of MAGNUS) 

To C and g olive-oil is addecl. The movements of these 4 pieces having been 
regislered at ± 37°, they are slowly cooled down. Then lhe current of oxygen 
is stopped. The glasses a, e, and !he reserve experimenls b, f, remain at room
lemperalure (± 15°), the glasses c, g and Lhe reserve experiments d, hare exposed 
to a temperatul'e of ± 30

• The pieces aT15 , eT2 rT16 and gT2 remnin eonnected 
wilh the writing apparatus or al'e removed wilh it. 

On the thil'd day aftel' the denlh of the cavia the pieces a, e, c, and gare 
connected with the eymogl'aphion whilst oxygen is led thlOUgh, and are slowly 
heated to 40°. All lhe pieces move, but not so much as the first time except 
982, the movemenLs of winch have become greater. The fluicl in all 8 glasses is 
refleshe_d aftel' being cooled down alld salmalecl IVILh oxyen as on the first day. 
On lhe sixLh day all are healecl etc. just a" on lhe lhil·J day. PIece oTl6 moves 
no longel' now, not even aftel' the TYI'ode solutlOn has been l'efreshed The resel've 
piece bT1G does not move eithel': thel'efole in Tyrodesolution at ± 15° the gut 
dies before the 4th day The three other pieces eTs, cSJG • anel qSs still move, 
the fkst two less again lhan last time, Ou the 6th day evel'yLhing is heated again 
etc. Piece eTs moves 110 longel', 110t even aftel' lhe Tyrode-solutlOll has been 
refreshed. Nor does thE! reserve-piece .I Ts move: hence in Ty1'ode-8oltetion at ± 3° 
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the gut dies before tlle 6th day. Piece rSIS does not move either. On the other 
hand the 1 eserve-plece dSIG is still III motion. Movements of !JSs are sbll greater 
aud have the same ft equency as before. The three fluids are l'enewed etc. Ou the 
Sth day ouly !JS,> moves dlstinctly: hence ~n horse-serum at ± 3' death before 
the Sth day. 

On the 10, 13, 15, 17, 20, 22nd day 'ISJ moves distinctly, but the movements 
have become smaller. On the 25th day no movementg. The l'eSel'Ve piece l1S3 got 
ft esh serum fol' the last time on the 2:1lnd dav aml is fol' the firs! time connecled 
with lhe cymogl aphion on the 27th day. It does not move; only lts tenslOll 
decreases when heated. Bel1ce ~n horse sentm at 3:> the ~ntest~ne dies af ter the 
22nd and befm'e the 25th day. 

f!wllan gnt ean also be kept alive for a comparatively long 
tIme 1). A pieee of rolon, obtained aftel' an opel'ation, moved still 
aftel' 36 honrs And (l,n appendJx, kepi 111 horse-serum, descl'ibed 
no stralght lme on tbe eymogmphion aftel' as many as 6 days. 
Tbere were shght but dlstinct eontrartions, whieh eeased when the 
intestine was cooled down to 25°. Fmally 1 may mention that a 
human va~ deferens was stlll ahve in tyrode-solution aftel' 30 houl's. 

8wnmm'y. 
1'301ated pleees of mammalian gut ean be kept ahve dnring a long 

time, mnch langer tban the periods found hithel'to for other auto
matic ~ammahan organs. For this purpose the medium in which 
the gut has been pIneed mnst occnsionally be ref['eshed whilst it 
IS of St'ent impol'tance thnt the tempel'atul'e ofthe solmiolls should be low_ 

In T'yl'ode-sollllion ot 15° the gut dies aftel' 3 daJ s, at 3° aftel' 
± 5 days, in IW1'se-serwn at 15° aftel' ± 7 days, at 3° aftel' more 
than 21 days. 

Also pleces of hllman mtestines still showed signs of life aftel' 
they had lain for 6 days in horse-serum at ± 14°. 

G1'oningen, AprIl 1914. Pllysiological Labomto1'Y' 

1) I arn mdebted lo Prof. KoeR fol' his kmdness of providmg me with pleces 
of hurnan gul. '-..r---' 
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Physics. - "lsotlwrmals of monatomi(' sllb~tances anc! th el?' hina1'Y 
mixtures. XVI. N ew dete1'7nination of tlle ~'aponr·[Jl'eSSUl'e'· 

of s,olid (l1'pon down to - 205°." Comm. N°. 140a from 
the Physical LaboratOJ'Y at Leiden. By C. A. CROl\fl\muN. 
(Communicated by Prof. H. KAl\IEltUNGH ONNFS). 

(Communicated in the meeting of March 28, 1914). 

The vapour-pressllres of solid argon, which are commllnicated 
below, form an extenslOn of and hm·e partly to replace those pubhshed 
on a former occasion. 1) 

The measurements were made in the usual vn,pour-pJ'essure appal'atus' 
fOl' low temperatllres. 2

) 

The manometer on which the pressures wel'e read was constructed 
aftel' the model used by G. HOLST for his measurements on ammonia 
and methyl-chloride to be published shortly: this form of manometer 
glves perfect secllrity against leakàge. 

The method of conducting the measurements glves IlO occasion 
for spe('ial remarks : we J'efel' the reader to the previo1l5 paper. It 
may be mentioned however, that the temperatm·es were measured 
with a gold-resistanre thermometer, as below - 200:' gold i" pref"er
able to platmum. This thermometer Wà.S very rareflllly compared 
with the standard-pJatmum-thel'lTIometer Plj. 

l am indebted fo Mr. P. G. CATH assistant in the physiral Labo
ratory fOl' the meaSurement and calculation of the temperatllres and 
for the comparison of the two resistance-thermometel's l'efeJ'red t~. 

Table l contains the results of the observations and the deviations 
from the R<\.NKINE-BosE-formula: 

log pcoex == aUB + bRB T-l + CRB 1'-2 + dRB T-3, 

with the following val nes for the coefficients 

aRn == + 6.6421 CRU = - 0.67743 X 104 

bRn = - 3.7181 X 10' dRB = + 0.28034 X 10 6 

I) C. A. CRO:~UIELIN, Comm, Leiden. N0. 138c. The measurements \Vere repeated 
because shorlly ufter the publiculion doubt Ul'ose as to the accuracy of the determi· 
nations at the Iowest temperatUl'es (see nota on p. 23 of Comm. N0. 138c). The new 
measurements showed thlS doubt 10 be justified, the observation at - 206°.04 
being found altogether wrong and the one at - 179°.62 not very accurate. l'he 
remaining obsel'vations of Conun, N0, 1R8c COl'l'cspond weil lo those published 
here. The probable cause of the errOIS must be au' having Ieukeel inlo the atgon 
at the Iow pressures: but I cannot explain how it is that this was not noticed 
during the measurements. 

2) H. KAMERLINGH ONNES and C. BRAAK, Comm. N0. 107a. 
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TASLE I. Vapour-pressures of solid argon. 

I (J' (Celsius p- in I Peoex 

I 

I Date I 
Percentage deviations 

from 
NO. in Kelvin- eoex . 

lil ems. I 1913 degrees) atm. int. RANKJNE-SOSE NE~NsT . mere~Y'1 formuIa. formuia. 

26 Nov. I XXIII -189,64 0.6554 49.78 I +0.20 +1.33 

XXIV 191.31 0.5175 39.30 -0.19 -0.11 

XXVI 195.60 0.2749 20.88 +0.35 -1.33 

XXVII 197.25 0.2153 16.35 +2.16 +0.15 

28 Nov. XXVIII 200.97 0.1113 8.456 -0.94 -2.27 

XXIX 202.21 0.08931 6.783 -0.89 -1.49 

XXX 203.78 0.06740 5.119 -0.04 +0.59 

XXXI 205.32 0.05043 3.830 +0.36 +2.79 
I 

and ft'om Nr':RNST'S fortllula (tl'eated simply as au empirical formula) 

A , 
logpcocx. =1' + BT + Dlog 7 + C 

with the eoeffieients 

A = - 567.49 

B = + 0.010899 

C = + 20.851 
D=- 6.9057. 

The vaJues of the coeffieieuts in both formulae hold for iJ in ems, 
mercul'y. 

The eompat'ison with the fortllula whieh SACKUR has dedueed 
frotll NERNST'S heat-theOl'em 

T 

!. cp 1 J C cp 
logp=---- + -log T--- -dT + C +--

2.3 RT R 2.3 R l' 2.3 R 
o 

is given in table n. 
For details as to tlle manner in whieh the various values have 

heen calculated the reader is referl'ed to the pl'evious paper. Tt will 
be seen that iile agt'eement is satisfactory at the highet' temperatm'es 
while at the lowel' tempel'atUl'es {he deviations become ver}' large. 

Final1y 1 have calclliated the heat of sllblimation of soUd argon 
fl'om the simplified Or.,\PEYRON-ULAUSlUS-fOl'llluJa 

RT' (dP ) 
!.sol .• yup. = -- dT . 

P COl'X. 

\ 
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TABLE H. 

e 
I 

p(W) 
I 

P(R) 

-189.64 0.655 0.618 

191.31 0.518 0.507 

195.60 0.275 0.286 

197.25 0.215 0.226 

200.97 0.111 0.141 

202.21 0.089 0.124 

203.78 0.067 0.107 

205.32 0.050 0.094 

. (dP) OalculatIng ~ from the above RANKINE-BoSE-formula tlle 
dl coex., -

following values are found for tlÏé heat of sublimatiol1 expl'essed in 
calories per gramme of substance at the various obsel'vation 
temperatm'es 

TABLE lIl. 

Calculated heat of 
sublimation of argon. I 

e j.Àsol.-vap. 

-189.64 47.36 

191.31 47.16 

195.60 46.58 

197.25 46.31 

200.97 45.59 

202.21 45.32 

203.78 44.93 

205.32 44.51 

In cOl1cluding J am glad to expeess my hearty thanks to Professo\' 
H. KAl\fERUNGH ONNES for his conlinued interest in lIl)' work. 

19 
Proceedings Royal Acad. Amsterdam. Vol. XVII. 
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Physics. - "Ftbl'thel' expel'iments wit/~ liquid helium. J. Tlte imi
tation of an AM'PRRE molecula1' cwnnt 01' a lJermanent magnet 
by means of a supra-conducto)·. (Cont.). By Prof. H: KAMERLINGH • 

ONNES. Communication N°. 140c from the Physieal Labol'a- -
tory at Leiden. 

~ 

(Communicated in the meeting of May 30, 1914:). 

~ 5. The 1nain expe1,iment 1'epeated. Although the original ex peri
ments on the persistenee of a cnrrent whielt is started in a closed 
supra-conductor have established the fact that the diminution of the 
CUlTent with the lime is very small (at least if it is assumed that 
in the phenomena hitherto unknown magnetic properties do not play 
an important part), still for tbe magnitude of tbe chang8 only an 
llppel' limit could be fixed. As no change of Ihe CUl'rent was obse}'
ved, this upper limit was detel'mined by the- uncel'tainty in tile 
measurement of the current. The onl)' fact established so far was 
that, if the change had been gJ'eater than 10 0/0' it would have 
been obsel'ved. • 

In l'epeating the experiment it was attempted to detel'mine the 
change itself or olherwise to l:educe its nppel' limit, in so far 
as 1he conditions under whicb tlle experiment bad to be made 
allowed this. The same supra-eonducting lead-coil was w;ed. As before 
tbe current was produced in the closed conductor by induction in 
order that the circuit mjght be kept free from eonn~etions othel' 
than of lead fl/sed together 1). The CUl'rent was agaiw measUl'ed by 
compensating the action of the eoil on a compass-needle by means 
of a current in 3, subsidiary eoi!' The arrangement was howevt'l' 
improved by this coil (of insulated copper wil'e) being placed in a 
smalt vessel wiih liquid ait' in a fixed position with respect to the 
needie. Wrhen tlle compensation was obtained, the expel'imental eoil 
was turned 1800 about /3, vertical axis nnd again compensated with 
the CUl'rent in the second coi1 l'eversed, the magnetic moment of 
the expel'Ïmenta1 coil being deduced from the mean ?f the two 
observat~ons. 

If the diminution of tbe CUl'l"ent can actllally be calClllated 
ft'om the l'esidnal micro-l'eRistance given in Comm, No. 133, viz, 

1'1°,8 K. = 0.5 X 10-10, or with 7'2900 IC = 734,22): rlQ,S K = 37, the time 
rl.Woo IC 

1) An attempt is at present being made to manufacture a supra·conducting -
currcnt·key. 

2) 'fitis value given all'carly in Comm, N° 140b is a more accurate vaJlle than 
the ODe given in Comm. N0. 133. 
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of relaxation, with L = 107, would come to about 270000 seconds 
or 75 hours. In that case tlle CUl'l'ent would fall by 4 % in tbree 
hours. It was hoped th at il wOltld be possible with the improved 
arrangement to establish a diminutiOn of that amonnt. 

The experiment was made with a field of 189 gauss a~ a tempe
rature of 1.°7 K. :r'he clll'l'enl amollnted to about 0.4 amp. (as 
before no account was taken of the possibiJity of magnetisation or 
of inc1l1cecl cil'cnJating curl'ents ill'3ide the supl'aconducting material) 
and during about 21

/ 2 hoUl's no diminuiion of {be Clll'l'ent was 
observed; it was then necessary 10 admit a fl esh suppl)' of helium 
into the C'l'yostat: dlll'ing tbis opet'ation the temperature r08e tem
porarily to 4,°25 K. DUl'ing the nexl houI' tIle CUl'l'ent was fonnd 
to undergo a gl'arlual diminution anel to approach asymptoticaJly a 
new vallle of about 0.36 amp. which did not show any fUl'Lher 
change for 1 1

/ 2 homb, The ousel'vations during tlle two perioels 
mentioneel l'ender it probable, that tile change does not attain the 
value of '* % in 3 botU's as calcnlated above. 

It was considered possi bIe, that the changes of shape of the 
helium-liquefier and the cl'yostat durillg' the process of cOlldensation 
and transfer of thl'l liqnid helJum, as weIl as a possible change of 
zero of the compaRs-needle which 'aftel' Lhe magnet bas been l'emoved 
is still neal' varions iron parts of the appal'atusJ 111ight ha"e had an 
inflllence Oll the values of the ClllTent as measured at different 
moments. J udging by the cOl'respondence of the various readings 
the accul'acy was smaller than bad veen expected. ~n again repeat· 
ing the experiment thel'efore two compen~ating coils were ltsed by 
which compénsalions on the east and on the west conld be effected. 
They were mOllIlted each in a sm all vessel with liquid air on a 
fork-shaped stand and cOllld be l'otated about vertical axes iu such 
a marmer that the distance of the axes could not change. The same 
needIe served for the compellsation on both sides. Guiding pins 
gllal'anteed the same POSitiOIl ('ach time of the needIe relatively to 
the compensating cOll which was being used, The common support 
of the two coils was, moveable pal'allel to itself in a hol'Ïzontal 
direction on a slide anel by means of marks it was possible to place 
it each time in the san:;te dil'eclion and the same position relatively 
to the yel'tical axis of the experimeutal coil. The axes of the threè 
eoils were pl'ovided with hOl'izo1\tal divided ch'cles moving along 
fixeel pointers. Each mea,surement cOllsisted of 8 readings in the 
obvious combinations of 4 positions both with compensation on the 
left and on the right. 

In the experiment with this il1ll)]'oved method of reading care wu,t1 

19li< 
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a1so taken, that the Clll'l'ent did not rise above the va1ue at which 
no fmtller ('bange had been obsel'ved at 4°.25 K. Tbe current was 
therefore l'aised to only 0.22 amp. (approximate value calculated -
as befOl'e from the obsel'ved magnetic moment of the coilj, so that 
the supply of ft fl'esh ql1antity of helitlm would probably not have 
the distlll'bing effect which had been noticed in the previous expe
riment. The temperatllre used was 2° K. In the beginning again a 
fall of eUl'J'ent was noticed which must howeve1' be considered as 
uncel'tain, inter alia owing to the possibility of the changes of shape 
of the appal'atus and the change of zero of Ihe needIe not having 
been sufficiently eliminated yet in these observations. In the th1'ee 
bOlll'S sllbsequent to the initial period no further diminution was 
obsel'ved, thC" h\,st obseJ'vatioll even giving a small increase. Still in 
this experiment the accuracy could not be considered (greater than 
about 2% of the measured moment and, as it was fOllnd impossible 
to continue the experiment beyond three homs, again only an uppe1' 
limit for the change could be established, to be put at about 2/8 % 

fol' CUl'l'ent allel induced magnetisation combined. Taking all the expe
riments together it may be considered as probable, that the change 
of the CUlTent is less than 1 % per hom which l'aises the time of 
relaxation to above 4 days. 

~ 6. Upper limit of t!te 1'esidual miCJ'O-1'esistance according to these 
e.vperiment8. So fa)' no con1racliction has m'isen in l'easoning on tlle 
assllmptiOlJ of the eiistence of a residual micro-resistance which 
below tbe threshold-value of the CUl'l'ent again obeys ORM'S law. 
On this view the upper limit of tbis micl'o-l'esistance for lead, whieh 
in Oomm. N°. 133 was placed at 0,5 10-10 of the ol'dinary 1'eS1-
stance at 0', can now on the basis of Ihe above obs8l'vations be 
moved fUl'thel' back to about 0.310-10 Ol' 0.2 10-10 of the resistance 

-at the ordinal'y temperatul'e. 

~ 7. 80me of the contl'ol-expel'iments 1'epeatecl. In the previous 
paper a few other expel'iments beside the main experiment were 
desct'ibed: some of these have now also been l'epeated. 

Again we did not succeed in conducting the experiment in which 
the winrlings are placed parallel to the field, the coU cooled below 
tlle vanishing-point while in the field and then the field l:emoved 
in snch a manner, that the compass-needle, w hen brought near the -
cl'yostat aftel' l'emoval of the electl'o-magnet, did not show. ~ny 
à.eflcction. Aftel' the action of a field of 400' gauss at 4°.25 K. a 
Clll'l'ent of 0.1 amp. was fonnd in lhe coil. This would give 0.045 

, . 
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amp. with a field of J S!:) ganss, the same as llsed with the other 
experiments, whel'eas the main experiment at the same temperature 
and inducing field had given 0.4 amp. 

lVIOl'e satisfactory was thr," experiment in which fil'st a cnrrent is 
pl'oduced in the coil - analogolls to tlle Cll1'l'ents in l'esistance-fl'ee 
paths as imagined by WEBER fol' the explanation of diamagnetism -
and then destroyed by the l'emovaJ of the field: an almost complete 
compensation was obtained in tbis case. The experiment was made 
with a !ield of 189 gauss. This resnlt is of special impol'tance as it 
practically disposes of the sllpposition mentioned in the previous 
paper as possible, aIthough very impl'obable, that maglletic propertjes 
of the material of the coil might play an impot'tant part in the 
phenomena. 

The CUl'rent in the coil èhanges with any new magnetic field 
applied and with any further change in it, Ol' with any change of 
position l'elati vely to the field. In th is respect the influence of the 
earth-field may be no~ed. The CUl'rent in the coil, when placed with 
its windings at right angles to the mel'idian, will assume a slightly' 
smaller vaIne in the' one position North-Sollth anel a somewhat larger 
"aIue in the oppo&ite position Sout-North than in the position East
West, which is pl'actically the 'position in which the experiments 
were made. In our experiments this action was however too small 
to be taken into account considering the accuracy w hich could be 
attained at the most. 

It may be observed that onr ronductol' carrying its cnrrent in the 
absence of an electl'omoti\'e force, when undergoing the relatively 
sml:tll action of the field of the earth, is analogous io the AlIIPÈRE 

molecular currents (in the form of circulating electrons) which play 
a part in LANGEVIN'S theory of magnetism, when they experience a 
diamagnetic action on being brollght into a fiefrl, in accordance witb 
LORENTZ'S -theory of the ZEEMAN-effect. . 

§ 8. The experiments l'epeated with tlte cÎ1'cuit operi. 
So far it has been constantly assumed, that the magnetic properties 

of the material of the coil play but a secondary pnrt in the pheno
mena_ observeel, when the expel'iments were arranged so as io 
prodnce a permanent CUl'l'ent. 'This view was based firstly on the 
difference . in the results with the windings parallel and perpendiculal' 
to the field dllring the cooling in the field and secondly on the 
compensation found on applying and l'emoving (he fielà aftel' the 
conductor had al ready been cooled to heli.um-tempel'ature. Further
more that the part of the effect which is independeJlt of the circu-
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laling rUITent must be nscl'lb<:cl 10 the lead it&elf, was to be inferred 
from lüe fact, ~hat the Cllrl'ent is qnenched, as soon (ts the tempe
raluf'e of tbc coil rises 'Iomewhat above 1he boiling point of helium -
and passes the point whicb, as being l11e vanishing point for lead, 
has a special physical meaning fol' this substance. 

In order to obtain furtber information~ as _ to the part of the 
phenomenon which depends UpOll thc material itself, the expel'iments 
were repeated aftel' the lead-wire connecting (he ends of the coil 
had been 'cut, so that the circuit was no longel' closed (apart fi'om 
possible short-circuits in the coil). 

This time the expel'iments with the exception of one could 0111y 
be performed at 4.°25 K: still there does not seem to be any objection 
10 applying' the reslllts fol' the explanation of the il'l'egulal'ities which 
had been left unexplained in the mam experiments, although these 
had been mostly cal'l'ied ont at alowel' temperature. 

In all the expel'iments a rertain l'esidual effect l'emained, which 
was l'ednced to about one tenth ,,,hen the windillgs were parallel 
i11stead of at right angles to the field and in the lattel' case was 
fairly well independent of the field. The amount of this effect cor-

wesponded tu a moment which was eqnivalent to a CUlTent of 0,05 
Ol' 0,06 amp. in the closed circuit. In one of lhe experiments, the 
ol1ly Ol1e in which the tempel'atUl'e W,tS lower than 4.°25 K., viz. 
abont 3° K., the moment was estimated to ba equivalent to as 
mllch as 0,07 amp. The effect with the circuit open is thus very 
much smaller than in (he main expel'llnents. The share bom in the 
effect by the frame I)f the coil anel the lead inc1ependently of closing 
the circuit may thel'efore be put at less than 1/4 of the total effect 
in the main experiment. 

As a check on former expel'iments the following additional expe
l'Ïments were made \vith the coil with the lead wire cut. 

In the first place at the ordinal'y temperatlll'e aftel' joining up to 
a ballistic galvanometer the induction was measlll'ed al'ising from 
putting on or taking off the field with the windings in the position 
in whicll they were supposed in the previoLls expel'iments to be 
parallel to the field. The ll1duction was found lO be 1/20 of the effect 
in the position at right angles to the field. This observation may 
contl'ibllte to the explanation of the residnal effect observed in the 
expeJ'iments lil helium in the position wiLh the windings parallel to 

• the field. 

In the second place a known Clll'rent was sent through the coil 
and its strength measllreel by the same method"as used in detel'mining 
the moment of- the experimental coil in the experiments with the 
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lead cil'cuil closed. Althollgb the matter l'eq uil'es fnrthel' elucidatian, 
it would seem to follow fl'om Ihis meaSlll'ement, that a few of the 
layel's of the coil are short-clrcnited. Aftel' opening the cil'cuit a 
residllal moment remained in the coil as befol'e which was destroyed 
on raising the temperature slightly above that of the helIUm-batll. 

Physics. - "Ftll'thel' expel'iments with liquid l~eliZlm. 1(. Appeal'ance 
of beginning pal'amagnetic satumtion." By Prof. H. KAMERI.lNGH 

ONNES. Communication N°. 140d fl'om the Physical Labol'atory 
at Leyden. 

(Communicated in the meeting of May 30, 1914). 

The Cjl1estion, whether pal'amagnetic substances would show a 
satnration-effect at high field-strengths, has always been considel'ed 
a Vf'l'y important Olle. Althongh it could hardly be assnmed, tbat 
the susceptibility would remain independent of the field at higher 
strengths than were attainable, still so fal' at the highest fields 
available it appeared to be the case. LANGIWIN'S theory bl'ought 
the explanation, w hy so fal' all Mtempts to find paramagnetic 5atu
ration-effects had l'emained l1nsuCressflll. Accol'dmg to IhlS theo1'Y 
the magnetisation appeal's to be determined by the expressioll 

{1m H 
a = Rl" whel'e {1111 IS the magnetic moment of the molecules per 

gramme-molecule, R tlle gas-conslant, T tlle absolute temperature 
and B the field. As IOllg as a remains below 0,75, the changes of 
the susceptibility with tlle tielcl escu,pe the ol'dinu,l'y rnethod of obsel'
vation and at the ol'dinal'y tempm'ature even ,"1 substanee as stl'ongly 
paramagnetic as oxygen gives fol' rt wilh a field of 100000 not more 
than ~bout 0,05. As. I pointed out at the 2na International Congl'ess 
of Refrigeration àt Vienna (19J 0) thi5 theory shows that lowering 
the temperàtul'e is the means by which the observation of para
rnagnetic satul'ation might be attained and that helillm-temperutures 
are the most suitable for the purpose. In faet as the absolute tem
pel'atul'es to whieh one may descend by means of helium are 70 
and even 150 ttmes Jower than the normal tempel'atUl'e, the result 
wjll te equi"alent to raising the magnetic field ut which the abs er
vation is made 70 Ol' :J 50 fold. 

I have lately at last been able 1) to fnlfil my desÎl'e to aHack by 

1) Viz. by the acquisition a Sh01 t time ago of an electromagnet (built according 
to WLlSS'S pdnciple and utilising ·his friendly advice) the interferrum of wbieh 
leaves suflicienl room at fields of 20000 fol' experiments with liquid helium. 



- 290 -

284 

this method the pl'oblem of p.ll'amagnetic satlll'ation which iE> also 
fundamental (0 vVJtJSS'S tlJeol'y of fel'l'ornagnetism. In tlJe th'st pla.ce 
i t was neeesslll'y to have a substance whieh might be expected to -
obey CUHIE'S law, whielt also follows fl'om LANGIWrN'S theol'Y, down 
10 helium-iemperainres; in the second place the sllbstance must have 
a high valne of (JII!' Both properties I hoped to find combined in 
Cl'ystallized gadolillium-slllphate, a quantity of whicb Professor UHBAIN 

some 'time ago had vel'y kindly put at my disposal. 
Eal'lier invcstiglltions in con,junction with P\!lRHIER and OOSTERHUIS had 

shown, [bat gadolinimu-sulphate follows CURIE'S law down. to tbe free
zing' point of hydl'ogen allel does not show any sign of saturation, which 
as L.\NGEVIN'S theol'y shows, if it existed at that tempel'atlll'e, would 
be fel'l'omagnetie in its uature, as pal'amagnetie satlli'ation at the 
vall1c of a which eonld be l'eae,hed would not yet be clearly obser
vable. The nnmbel' of magnetons ealeulated aecordine; to WEISS is 
lal'ge (38). That gadolinillll1-sulphate would still obey CURIE'S )awat 
helium-tempel'atlll'es I feit justitied to infer from the fllet, that it is 
a "diluted" paramagnetic sllbstance. The gadolinium-atoms, sepal'ated 
as they are e.g. by thc water of el'ystallisation, are at great distances 
from each othel', aud th is Dl'. OOSTERHUlS and I in Oomm. N°. 13ge 
found a favourable circumstance to CORlE'S Jaw being valid down to 
vet'y low temperatul'es. 

The experiments have given ar confirmation of TJANGEVIN'S theory 
which is at least qualitatively even now complete. Before an opinion 
can be formed as to the quantitative agreement val'ious correetions 
wil! fil'st have to be investigated. The most important of these which 
must not be ne~lected, ec:;pecially when tbe validity of CURIE'S law 
is to be testecl, is the demagnetising action of tbe paramagnetisation 
itself, as tbe latter attains exeeptional1y high values. As an instance 
I may mention that with 0,345 gram of gadolinium-sulphate at 2° K. 
in a field of 15 kilogauss thel'e was obsel'ved an attr'actioll amounting 
io over 100 grammes. Anothel' cil'cumstance that one should keep 
in mind is that the object of observation consists of emaIl cl'ystals 
paclred on eaeh othel'. , 

The measnrements consisted iJl determining the attraetion in a 
non-homogeneous field, the gadolinium-snlphate in the Cl-yostat being 
cooled fil'st in liquid lJych'ogen nnder nOl'maJ pl'essnre, next in hydrogen 
LUlder l'educed pressllre, next in helium boiling' at ol'dinaJ'y pressUl'e 
and finally Ü1 helium under 4 mms, the apparatLls and lhe fields 
being tbe same eaeh time. 

The measurements at the boiling point of hydl'ogen (20.°3 K.) 
had the object to obtain the force at a gi ven point t'or a given 
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strength of field fOl' C'olltl'olling tbe "nIue., del'ived from ballistic 
calibrations, I hope to return ta the detail .. of the meaSUl'ements 
anel tbe arrangement of the apparatns aftenvarels, wben an accl1l'ate 
quantitative comparison of the results with L.\.NGEVIN'S theol'y wiIr 
have been marle, ft is as yet impossible to decide, in how far 
eleviations arl3 present which might be attributed t.o the existence 
of a emaIl zero-point enel'gy wbich would manifest itself in the 
manner in which tbe satUl'ation changes, as weIl as in a deviation 
ftom Cuum's law at weak fields, It' seems, however, that these devia
tions are not sufficiently large to elisttu'b the general aspect. 

On this occasion I wish to confine myself to communicating the 
general aspect of the results as laid down in the adjqining graphic 
repl'esentation on which the expel'Îmental nnmbel's mayalso be re ad 
with sufficient arcuracy. The- 'cUl'ves l'epl'esent tbe obsel'\'ed atb'active 
force as. a functioll of the square of the field on the axis between 
the poles, This field was read as a function of the CUl'l'ent from a 
calibration curve. 

Cûrve I l'efel's to 20,r3 K. CUl've Il to 14,°7 K, III to 4.°25 K. and 
IV to 1.°9 K. Earh di vision along the horizontal axis cOl'responds to 
about 90 kiloga\lss, along the ver!ical axis to 25 gl'all1mes. The ratio 
of the force to the square of the field on the axis of Lhe poles pel' 
unit of sllsceptibility was about 1.'6'\ neg'lecting small changes in tbe 
topography of the field, 
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If the susceptibility does not depend on the field and its topo
graphy remains the same, the curves are straight lines. The smaU 
devlatlOns from the straight line at 20.°3 K are pl'obably chiefly due -
to errorb in the topography of the field, seeing that accol'ding to 
earhel' more accurate determmations we had to await within the 
limitE. of the experlments a sllsceptibility in~ependent of tbe field and 
thel'efore In tltis gl'aph a straight line. By means of the deviations 
from the straight hne at 20.°3 K the curves fol' the otbel' tempera
tm'es have been provisionallJ corrected. It will be seen that for a 
gi ven field these curves are the more strongly cuned the lowel' the 
tempel'ature to wbich one descends, in accol'dance with LANGEVIN'S 

theory. Within the limits of accuracy to be expected in connertion 
with the negl~ct of the val'ious correetions referred to above the 
tangents of the angles of elevation of the tangents to the curves at 
the origin appeal' to be m\'ersely proportional to the temperatllre as 
l'equired by CURIE'S law and the deviations of the curves from the 
tangeuts as expressed bj the ratio between thE' ordmates of both 
for a given abSClssa are strikingly simllar to the deviations of 
LANGEVIN'S curve for the magnetisation as a functIOn of the field 
expressed m the same manner. T11e nature of paramagnetic magne
tisation is very clearly revealed in these meaSlll'ements at helium
temperatllres. 

Mathematios. - ~'On some integral equations." Ey W. KAPTEYN. 

1. In a memOl!' "Recherches SUl' les fonctions rylindrlqlles" C.\1ém. 
Soc. Roy. Sc. Liége 31llml. Sérle t. VI 1905) we gave the solution 
of the mtegraJ equatIon 

in this form 

j(OJ) = Jcp(iJ) 10 (OJ-I1) diJ· 

o 

x 

• . (1) 

(p(ilJ) = dj +Jf(iJ) I1(OJ- (j) dOJ (2) 
div iC-{1 

o 
where the fllI1ctions h represent BESSJ<JL'S fnnrtions of order k. 

This solution' rests upon the relation 
:1 

JI 1c{iJ) 1n(,'/}-jl) dl:l = In+k(OJ) (n == I 2,3 .. ) . , . (3) 
.v-{1 n k=û 1.2 .. 

o I 

from which the following tlleOl'em may be deduced, 
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If 

then 
x 

J' 111('v-~) 
n FC1) -- cti1 = COI;I('V) + OJn+l(m) -I- .... . . . (5) 

,v--~ 
o 

The object of the present paper IS to show that more general 
lIltegmt equatlOns may be solved in thc same manner. 

2. Let 

f(,V) - f!f(~)IjI(,V-{1)d~ . 
o 

whel'e p l'epl'esent:; an integer, anel let 

then 

f(m) = ep+ll p+l(m) -\- Cp+2lj+2(,'L) + .... 
(p(~) = bo [o({1) + bJl (p) + b2 I 2 «(3) -t 

x 

. (6) 

.2 c/Il1m('v) = i bnJIn(m lp (,v-{1) d{1. . . . . (7) 
1+1 0 

o 

Therefore the integral equation (6) will be sol \Teel if we can 
<letel'mll1e the coeffirients b 111 fUl1ction of the coefficients c 

We shall first show that 

u = fIll((i)lj,(,V -(1)d~ 
o 

can be expressed 1I1 a series of BESSEL':; functlOns. 
By dlfferentmting we get 

:t 

du =J1 (~) dIp(m-~) d~ 
dm dm 

o 

Ol' 

d
2
ljJ('v -(1) + I (,v--~) = _p_2 1,(,v-~) __ 1_ d_I.-,-I'(_'v _~_) 

d,v 2 }J IJIJ-(1)2 / o'lJ-;-{:J d,v 
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whel'e the second member may be l'ednced by means of the relations 

.J!.- Ip (.v-{J) = ! [Ip+l (m-~) + ljJ+l (,v-ml 
m-{J 

d 
dx lp (m-~) = ~ [Ip-1 (,v-{J) - 1p+1 (,v-~)J 

and 
~ ~ 

d
2

16 + u=P -IJ In ({J)l P- 1 (tV--{J) d{J + P+IJln(~) Ip+! (,v-{l) d{J 
d,v 2 2 .u-fJ ~ .v-{J 

o 0 

or, accol'ding to (3) 

d2u - + U = ~ [ln+p-1 (.v) + I II+p+1 (11,)1 
d.u 2 

d 2u In+p (.v) 
-+tt=(n+p) . 
dm 2 m 

Thls dlffel'enhal equatlOn holds also if p = O. 
Now the general mtegml of thlS equation 

~ 

u = A s~n .'U + B COb m + (n+p) fin (.v-{J) III+; (~) dfJ 

o 
gives the required vaille of u, when the constants A and Bare 
determmed by the condItIOJlS 

u=o 

1,(,=0 

Thus we obtain generally 
x 

du 
-=0 
d.u 

dIt 
-=1 
dx 

(n =p = 0), 

f ' IIl+p (I:J) 
Zt = (n+p) Stn (.v-{J) -(J- dfJ 

o 

and when !i' = P = 0 
1,(, = sin ,v. 

Intl'oduclIIg now tbe known expanslOlls 
sin(.v-{J)=2[Il(·v-{J) -Ia (.v-{J) 1- I6(X-{J)- .. ,] 

and 
sin.v = 2 [Ij (.v) - Is (o'IJ) + I5 (.v) .. ] 

we ha ve ~tCcOl'ding to (3) 
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~l = 2 [111+1'+1 (m) - I II+p+3 (x) + [n+)I+5 (.'IJ) - ... ]. 
thus in all cases 

x 

JIn ((1) lp (.'IJ-~) d{1 = 2 [ln+l'+l (m) - 1,+p+3 (x) + 1n+p+'i (.'IJ) - ..• ] (8) 

o 
Applying tbis l'esult, the equation (7) takes the form 

<Xl <Xl 

~ ollJm (.'IJ) = 2 :s bn [1,1+)1+1 (x) - l n+)1+3 (.'IJ) + ... ] 
p+1 11=0 

and comparing the two members we have 

tbus 

0p+1 = 2bo 

Cp+2 = 2bl . 

01'+3 = - 2bo + 2b~ 
I 0p+4 = - 2b1 t 2bg 

etc. 

b - 0p+J b _ 01'+2 b _ 0p+1 +Op+3 b _ 0]1+2+01'+4 
0- 2 ' 1- 2 ,~- 2 '3- 2 ,. 

and 

q({3)= Op;l Io(~)+ 0p;2 JIÜ~)+ ()p+J ~Cp+1 I
2
({3) + OJi+2~Cp+4 I s({3)+ .. (9) 

The solution of the integml eqnation (1) m th€' form (2) lllay be 
easIly deduced frolll rbis equation. For putting p = 0, we obtain 

Cl 02 °1+°. C~+04 
cp (.'IJ) = 2" 10 (.'IJ) + 2" 1 1 (.'IJ) + -2- 12 (,'IJ) + -2- Is (x) + ... 

In this case 

thus 

and 

f(.'IJ) = Cl .: 1 (,'IJ) + °2 1 2 (.'IJ) + Os Ts (.'IJ) + ... 

df' 
cp (,'IJ) - - = 0l I 2 (,'IJ) + 02 Is (.'IJ) + ... 

dtv 

which, acrol'ding to (5) mar be wrItten 
't: 

df f I 1(·'IJ-{3) 
(P (.'IJ) - - = fep) d{3. 

d.'IJ ,'IJ-{3 
o 

3. We sha1\ nex.t show that the solution (9) may be written m 
the same mannel' as Lhe solution (2). It is ho wever convenient to 
examine fh'st the special cases J! = 1, 2, 3. 
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I. p = 1. 

Let 

then 

:l, 

l (:v) = J (P ([3) 1 1 (a: - ~) cl{3 

o 

x 

f(2) (.1') = 2 lP (.V) - J rp ({3) [311 (~ - ~) -- 13 (.V - ~)] cl[1. 

o 

i\lllltlplymg thec:;e eqnatlOlls l'eSpectlvely by 1 and 4, and addl11g 
we find 

X 

22 .f(2) (m) + 4.f(1) = 2p (.~) + J p (m [1 1 (.v-[i) + la (.v-~)] d{3 

o 
1: 

f 12(m-[3) 
= 2rp (m) + 4 rp ([1) d~ 

m -~ 
o 

thus 
• x 

J 12('v-~) 2rp (.v) - [22 f\2) (:v)] -- 4 [/ (.7:)] = - 4 rp (~) cl~ . 
/lJ-~ 

o 

Now, accol'ding to (5) 
x 

f 12(,v-[3)} -
2 (P (t!) --- dl) - boI2 + bJa + bJ4 + ... 

,v-~ 
o 

01', wIth the values of b fl'om (9) 

= ~ [c2 12 + clla + CJ4 +. ·1 
+ -1 r(214 + cs1 6 + c4 1 6 + .. ] 

WhlCh by meaIlS of (5) may be wrltten 
:l, x 

2 rg-(,v) J 2(,V-[3) cl~ = ll(m) +Jl(~) 12('v-p) cl~ . 
J~ m-[1 m-~ 
o 0 

rrhel'efol'e the soliltion may be put 111 tlus form 

x 

2rp(,v) - L2 2 f(2J(,v)J - 3 [/(.v)J = - 2 rl(~) I2('v-~) cl{3 • (10)-, J- m-fJ 

11. p= 2. 
Dlffel'en tiating 

o 
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we obtain 

Thus 

where 

29i 
x 

f(m) fp (~) [2 (m-{j) d~ 
o 

x 

2f(1) (IV) fep (m [I1-1sJ d~ 
o 
x 

28f(3) (,1) = 2rp (a;) + fp (~) r - 411 + 3 I 3 -I5 J d~. 
o 

x x 

= - f({1) 1 P d~ + - f(fJ) _3 -_P diJ. lf T (iV-~) 3f 1 (m-~) 
2 m-~ 2 m-~ 
o 0 

This gives the solution 

lIl. P = 3. 
By dlffel'entiating 

.. 
f(m) fp ({J) Ia (liJ -jl) d~ 

o 
we obtain 

a 

22f(2) (m) - fp({J) [I1- 2I3 + IsJ dIJ 

o 
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x 

24f(4) (a:) = 2rp (aJ) + JljJ(8) [- 5Il +- 6Ia - 4Ir. -I- I 7] d~. 
o 

~iultiplying the5e equations l'espectively by 4, 5, 1 and adding 
we get 

_ x 

[21(4~ (.71)] + 5L 22f(2) (m)] + 4[1(.v)] = 2q(m)] + fCf({3) [Is +I7] d{3 = 
o x 

= 2ljJ (.v) + 12 rcp({3) Io(·?·-B) d{3 
J' l/J-{3 
o 

where 

= ! (c4 10 + cJ7 + coIs + ... ) 
+ 1- (cJs + CJ9 + COIIO + ... ) 

x x 

= ~ (j({3) I 2(lIJ-{3) d{3 + ~ 0111/4(.v-{3) dfl 
2 J' .v-{3 2J J ./J-ft 

o 0 

In this case thel'efore the solutlOn takes the fOl'm 

'2cp (a:) - [24f"t)(.V)] - 5 [22f(2)(.v)] -" 4 [I(a:)] = 
x x 

= - 2 'i({3) I2('V-,9) d{l-4 rf ({3) I4(a: -(3) d{3 • (12) :F .v-ft .F a:-{3 
o 0 

4. Proceeding now to the general case, we may expect, A/Cp) being 
constant'3, 

2cp(iL )-Ao (P)[2/+1j(p+l) (.v)]-Al (p) [2p-lf(p-l)(.v)]-A2 (p)[2P-3 f(p-3)(a:)] -... = 
x 

= (-l)p 4p rljJ({3) I 2p(.v-{3) d{l . (13) J ~ .v-{3 
o 

If p be E'ven the last term in the first memb~r is - A(t) [2f(1) (.71)], 
2" 

and if P be odd it is -AZt1(f(.V)]. 
2""" 

The second mem bel' now reduces to 
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= ~ [C1+II 2p + Cp+2I 2p+l + Cp+'3I 2/+2 + ... ] 
+ ~ [c,+lI2p+2+CI'+2I2p+3+CI,+aI2p+4 + .. ] 

x z x 

2p f;p(:U/21,(,V-{j) d{j-P- ~ f/(!j/P-l({(]-{3) dij 1- P +1 (j({j/p+1(m- fJ) d~ (14) 
J' {IJ-IJ 2 JJ :e-{j 2 JJ m--Ij. 

o 0 0 

Substituting thiE> value in the equation (13) we see th at (p(.x) may 
be expressed in dlffel'ential coefticients of the function f(x) and two 
integl'als. To detel'mine the ltl,w of the coefficients AoCPJ, A/I'\ A

2
(p), 

AnCp). " we put togethel' the valnes fol' p = 1, 2",,10 in the 
following tab Ie: 

P Ao(p) Al(P) A
2
(jJ) A/p) A

4
(p) A s(/') A/p) 

1 1 3 
2 1 4 
3 1 5 4 
4 1 6 8 

5 1 7 13 4 
Ü 1 8 19 12 
7 1 !) 26 ::l5 4 
8 1 10 34 44 16 
9 1 11 43 70 4l 4 

10 1 12 53 104. 85 20 

Examining th is table we see that 

Al(p) = A
1
C},-1\ + A/p-2) 

A
2
(/J) = A/p-I) + A/p-2) 

AaCp) = As(p-l) + A
2
(p-2) 

. . 
(p even) 

A(p) - A rp-1) ..L A(p-2) = 4+ A(/l-2) 
...!!..- - p I p-2 1'-2 

2 2 -2- 2""" 
(p odd) 

A(p) - 4 
)1+1-
-2-

lt' thel'etore the coefticieufs of ordel' ]J - 2 and p - 1 are known 
those -of order ]J may be, fonnd, To vel'if'y the l'eE>ults \\e may 
remark that if 

we must find 

SI' = 8;'-2 + SJI- I . 
The resulting values of these coefticicnfs are as follo,,"8 

20 
Proceedings Royal Acad. Amstel dam. Vol. X\' H, 
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Ao(p) = 1 (p=1.2.3 ... ) 

Al(p)=p + 2 (p= 1.2.3.4 .. ) 

1 
A 2(p)=- (p2+p_4) (p = 3 4.5 .. ) 

2! 
1 

As(p) = 3! (p-4) (p2 +p-6) (p=5.6 .. 7 .. ) 

1 
A,(p) = 4! (p-5) (p-6) (p2+ p_S) (p=7.S.9 ... ) 

I- (15) 

1 
A 5 (p) = 5! (p-6) (p-7) (p-S) (p2+p _lO) (p=9.10.11..) J 

. . . . . . . . . . . . . . . . . . 
whel'e the law of succeSSlOn is evident. With these values the eq na
tions (13) and (14) give the required solution. 

4. To genel'alise the preceding l'eslllts we wIll [ll'oceed to examine 
the morc geIleral integl'al eql1ation. 

x 

/(,v) jP({J)1('V-{J)d{J ...... (16) 

o 
assnming that the functions /(.1:) :md R(,v) may be expancleclm series 
of BESbEL'S fnnctions 

/(,v) = (Jlll(,v) + (Ja12('v) + (JsIs('v) + .. . 
1(,v) = ao 'lv) + aJl('v) + a21 2(tV) + .. . 

which is the case if these functions are finite anel continllOlls 
fl'om 0 to re. 

If now 

cp (tV) = boIo('v) + bl1l(iV) + b2I 2(.v) + ... 
the second member l'educes to 

x 

22 apbJIq ((J) Ip (.v-{J) dfJ = 
u 

= 222 apbq [lp+q+l(tV) - I p+q+3 + I p+q+5 - ... ] 
ThllS, comparing the two membel's, we find 

which give 

(Jl = 2aobo 

(J2 = 2a l bo+2aobl 

(Js = 2 (a2-aO) bo+2albl+2aob2 

(J, = 2 (aS-al) bo+2 (a2-aO) bl +2a1b2 +2aobs 
etc. 

---------- --- - ~ 
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lao 0 0 Cl 

1 al ao 0 Cs 
2ba=-a 4 as-aa al al Ca 0 

al c4 1 as-al as-ao 

etc. 

Therefore ,{-(x) may ue wnt ten III tllls fOl m 

o 0 

o 0 
1 al 

ao c.1 2+-

o 

o 

o 0 

o 0 

o 0 

o 0 

a 4 
o a2 -aO a1 Go Cs 

laa-al as-aa al 0 I 

lao 0 0 Cl 

1 al Go 0 0 
+-

a 4 
ao 0 0 as-ao al 

20"" 

Ia+" 
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1 lao 11 + ---, 0 (OJl +02I 2+0II 3+ .. ) 
ao al -

ao 0 1/ 
1 + -3 al ao 0 (oJ2+ c2I a+ oaI 4+") 

ao 
a2-aO at 0 
ao 0 0 11 

1 at au 0 0 + ~ (cJa+ c214+oJ6+") 
o az-ao al ao 0 

las-al a2-aO al 0 

+ etc. 
If now 

we have 

thus, accol'ding to (5) 

and by the same f'ol'mula 

Introdllcing these vallles we have 

where 

Remal'king that 

n1n(m-fJ) 
III-fJ = k [IlI- 1(m-fJ) + In+l(m-fJ)] 

this result we may write 

, .... . (17) 
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2'1'(m) = 2A,: +A,/ + .J;(Il)r-A,I,(.-~+A,I.l d~ + I 
• 0 x • (18) 

+ ~Jf«(J)~ (Ap+Ap+2)Ip(.v-~) d~ 
o 

When the integral equation 
x 

2I1(iV) = J1fJ«(J)K(m-{:J) d{:J 

o 
is given, we find by (18) 

lP(tU) = AoIo{'v) + AJ!{m) + AJ~(m) + .... 
00 

Therefore :2 (Ap+Ap+2)Ip(.V) be expl'essed in function of "'. 
o 

Fot' 

and, dlffel'entiating again 

thus 

5. We now pl'oeced to glve sorne applications of formuJa (18). 
fI'llst let the integl'al equatlOn be 

x 

f(m) fp «(3) Io (m-{:J) d{:J _ 

o 
then 

ao = 1, al = a~ = ... = 0 
hence 

thus 
x 

dj f 2rp (IV) = 2 - + t f(~) [2Io (i!1-(J) + 2I~ (tU-(J)] dj3 
dil: 

o 
01' 
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re 

df f II (:IJ-{j) 
rp (.11) = - + f({J) --- dj~ 

df)] .11-{J 
o 

whirh agl'ees \\ith (2). 
Considel'Ïng the ilJtegl'111 equation 

:t 

.j (lU) - fp (~) II 'a:-{J) dl~ 
o 

the formllla (18) is not applicable because au = O. In th is case and 
assuming al =1= 0, we have 

1 
2p (m) = - (C2IO + caI I + ... ) 

al 

+~I 
0l 1 

I (CJI + csI2 + .. ) 
a - a~ 0 I 

+~I al 0 1 1 

a2 al 0 I (c21~ + ('sIs + ... ) 
alS I a3-a l a2 o . 

+. 
where 

x 

J I (,l1-lj) 
+ Bs f ({J) I'IJ_{J d{J 

o 
+ ......... . 
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Now putting 

we have 

B~=l 
thus 

X 

2tp(iV)=4 - +3j-2 f«(J) -'-- dij 
d'f 1- I (iV-(J) 
dm' x--(J 

o 
whieh agl'ees with (10), 

Finally let tbe integl'al equ,ation to be solved be 

In tIlIS case 

x 

m Jq;«(J) cos (m-(J) dfl 
o 

((0 = 1 , al = 0 , ((, = 2 , ((3 = 0 , ((4 = 2 " .. 
thus 

AD = 1 , Al = 0 , A, = 3 , Aa = 0 , .A4 = 4 , A5 = 0 , .AB = 4 ... 

and, aceol'ding to (18) 
x 

2rl (.'IJ) = 2 + ~(lj[41 o(.v-{J) +'8 [~+ '81 4 + '81 B t- ... ] dp 

o 
which, by means of the kJlown relahon 

10 (./) + 2 I 2 (.'IJ) + 2 14 (.'IJ) + ." = 1 

may be written 

x 

2rf(·'IJ) = 2 + 1~dll 
o 

Ol' 
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tieodesy. -- "Compal'z:~on of t7te measll1·in,c.J bar used in tlle bá~è· 
meaSlll'ement at Stl'oe with the Dntcll Met1'e No. 27". By H. G . 

. V. D. SANDE BAKHUYZEN, N. WIWEBOER and J, W. DIEPERINK. ' 

In the summel' of 1913, the Government-Oommission for Tdangu
latiol1 and Levelling measl1l'cJ a base of .about 4320 metres, under 
the direction of Prof. H. J. HEUVELINK, on the high rORd between 
Apeldoom and Amel'sfool't, ueat' the Railway-station Stro-eo 

The meaSlll'ements wel'e made with the base-appal'atus of the 
"Sel'\'ice géogl'aphique de I'al'mée" at Paris, wllich was lent tlll'ough 
the COl1l'teous help of the Dil'ector of that service 10 the Government 
Oommission by IIH' Fl'ench Governm~nt. 

The . meaSUl'lI1g bar of t his arparatus is an H-shaped inval'-bar of 
foUl' metl'es length, provided wUh two very sharp end lines at the 
exlremities, between which thl'ee intel'rnediatc lines :'1I'C dl'awn, which 
divide the measlll'ing bal' into four pat·ts, (1, iJ, c and cl, each one 
meh'e long. 

Previous to the base measurement here, this measuring-bar had 
been compal'ed sevel'al times with the mètl'e international at Breteuil; 
these comparisons had shoWI1, th at the length had undergone some 
slow changes, as is often the case willt inval'·bal's; it was therefol'e 
important to dctel'mine the Iength shortly before and aftel' the base
mE'aSUl'ement. 

In Apt'il 1913 therefore a comparison was made at Bretenil, but 
as the compmatol' thet'e had to nndergo some t'epa,irs, Ihe romparison 
could not be )'epeated in the au/umn of 1913; it was therefol'e 
decided to rompare the measnring bar in this country with one of 
the two Dnlch platinnm-il'idiull1 melres, \'iz. with No. 27, IJy means 
of tl~e compal'afoJ' which had been supplied by messl'e. REPSOJ,D and 
Sons in 1867 wilI! the base-fippal'atns fol' the triangulation in the 
Kt':3t Indies, find whicll is now mounted in the geodetic buildings iu Delft. 

F'rom the cxpericnce gained in pl'eviolls measurcmonts we did not 
com.iJel' that &Lll1i(!ient accUl'ncy could be obtained with this comp~
raIol', cspeci[~Ily on account of the infel'Îor quality of the microscopes ; 
on th is acrollJlt it was decided to order two new microll1eler-micl'Os
copes f'1'om ZII:ISS (in Jona) which \",el'e deli\'ered in the a,utmnn of 
19J 3, so that in December tlte cOl1lpantlor was ready fol' the comparison. 

W"e are velT much indebted 10 Prof. HIWVEU~K, who al'l'anged 
evel'ything for the measurements and placed a room in the geodetic_ 
bnildings, and an instl'lunent-makcr at our disposal fOl' some weéks ; 
and fnl'ther fo tbo "Oommission fol' the presonratioll of the stan
dards". who alJowed us thc use of metre 27. 
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i. Arrangement ol the comparator. 
A complete description of ihe comparator can be fhund In Dr. ). 

A. O. Oum~MANS, "Die Tl'iangulation von Java, erste ALJteiJing"; we 
may therefol'e confine ourselves here to a short account of the 
arrangement. 

A wooden rase over four metres long inside, contains a long iron 
carri~r, which can be moved npon rails from one sine of the case to the 
other, at right angles to the length. U pon this carrier the meaE,uring 
bar and the metre wilh which it is to be compared, are placed 
parallel to each other, while the metre with the box in which it 
is p]aced can be moved along thö carrier in the direction of its 
]ength, and can so in turn be placed oppoRite to each of the four 
pal'ts a, b, c, and d of tbe measming rod. 

The wooden case is fUl'thel' provided with a strong iron frame 
to which the micrometer-microscopes are attached at a distance of 
exactly a metre and which can be moved upon rails, independently 
of the carrier, above the measuring bar and tbe metre. • 

The first thing to do is to place the metre opposite the first part 
of tbc measUl'ing bal', parallel to and at the same height as the 
bal', and 10 push the cal'rier upon which they both Iie as far as 
possible sidevvays acro"s the case, nntil it touches a pait' of con'ec
tion screVITS. lf eYCl'ytlling is pl'operly al'l'anged, the micl'oscope 
fmme upon its rails ca,n thel1 be placed so, tbat the two microscopes 
are just above. the end Iines of the metl'e, or the part a of the 
measul'Ïng bat,. If the carl'iel' is lhen moved to the olher side of 
the case, where it sirnilady touches tvvo srl'ews, the micl'oscopes 
will be dil'ected just above the elld lincR of pal't a or of the metre. 

By focussing with tlle micl'ometel's accumtely upon the end lines 
of the llletrc and of pal't a -in both these positions, it is easy to 
find tlle differellce in lenglh between them, expressed iJl micro
metel'·divisions. By sllbscqnenlly placing llle metre sllcrossively opposite 
to tbe portions b, c, and cl of the me[l,stlring bat" and making the 
same obse1'vations, tbc data are pl'oclll'ed, by which the length of 
the rneasuring bar C[l,1l he determined in metres. 

In OI'der to be cel'tain that in the sllccessivc meaSllrements of 
porlions a, b, c, [l,nd cl the micI'oscopes were each time directed 
upon the Rame points' of the di"ision lines, sm all urass plates 
provided with a point in the middle wel'e fixed on the middle of the 
bar n('a1' the division lines, in tbis way fixing a line along tbe middle 
of the measuring bar. The correction srrews at the sides of the rase, 
(agai~st wbieh tbe carrier ~moves np in ils sideways movernentb) 
were so adjusted, that these poiuts came exactly under the fixed 
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h orÎzon tal wires in the two microscopes, As care was taken, that 
the moveable miCl'ometer wires were parallel to the division lines, an 
influence of a small deviation of the point upon which tlle mieros~ _ 
copes are direeted need not be feared, 

2, Jficroscopes, At oUt' request the ~ieroseopes we re sa eon
strueted, that on the objective~side the course of the rays .is tele
eentrie; they have a 30~fold magnification, and the ilIumination of 
the di vision line6 is not sideways but central, by means of a prism 
with total refleetion, which is plaeed behind the objective in the 
tube of the microscope, and occupies half of the field. The light 
from a small elecfl'ic lamp falls through an opening in thc tube of 
the microscope upon t11e dull face of the prism, is then refIected by 
the prism vertieaJly dOWI1Wal'ds throllgh the objectivé, falls npon the 
rcflecting surface of the metre or the measuring bar, and is thu'3 
refleeted vertica/ly back into fhe microscope. With an electric lamp 
of a few candles the il1ul11inaliol1 was excellent, and the division • 
lines wel'~ seen as vcry fine blark lines. 

3. TempemtuJ'e. The exact determination of the temperatures of 
the metre and the measul'ing bar is a matter of gl'eat impol't.'tnce. 
In Ol'der to make the changes of tempel'ature as smal1 as posBible 
we endeavoured, in the n.l'st pJaee, to keep the temperatul'e of the 
room as constant as possible. For ihis purpose the windows were 
eovered with thiek curtains, and the central heating was simt off. As 
only a small amount of heat was conveyed through flle fiool' and 
walIs, the temperatme did not change mueh, and onl)' rose a little 
ft'om the presenee of the obsel'vel's, and the bUl'ning of a few gas lam ps. 

All tbe metal parts of the compn.l'ator were shut off ft'om the 
outside air by wood and other badly conducting material, olltside 
which only the eye-pieres of the microscopes pl'otl'L1ded; the measnr~ 
ing bal' wàS moreovel' entil'ely enclosed in a thick laluminium case 
and the metl'e in a brass box, in which thel'e were onIy small 
openings for tbe reading of tlte divisiol1 lines and the thermometers. 
The protection of the metl'e fi'om the radiating heat was less effectivc 
than that of the measul'ing rod, 80 that in half of the measul'ements, 
during which tIJe obsel'\'er was on the side of the comparatol' neal'est 
to the metre, it was found advisabJe to rover the outside wall of 
the comparator with a layer of badly conducting materiaJ, whieh 
gave a greater constancy of temperatllre. 

Fot' the determination of the temperature of the metre and méa
suring bal', upon the hOl'izontal faces on wlJich the division lines are 
drawn a thermometer A was laid upon the meil'e, aud on the meaSur-
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ing bar two thermometers Band C, the last two about a metre trom 
each extl'emity. Moreover there were placed in the eomparator case 
n registering thermometer D, two thermometers E and F upon the 
outside of the aluminium case about above the thermometers Band C, 
and two thermometers G and H at the two extremities ofthe comparator, 
whieh were read 'through glass-covered openings in the end-walls. 

On the whole the temperatllre readings were of sueh a nature, 
that there is every reason to believe that tbe readings of the tIIermo
meters A, Band C may be taken as the tempel'atm'es of the metre 
and the measuring. bar. 

4. Pro,qramme of tlze measurements. It was al'l'anged, that the 
meaSUl'ements ShOllld be made by the two ellgineers of the Govern
ment Oommission for trianglllation nnd levelling, A.. WrwEBoER and 
J. W. DIEPERINK, and a momber of the commission, H. G. v. D. SANDE 
BAKHUYZEN. Each of these made a complete series of measurements. 
Mr. WrLDEBoRR and Mr. DIEPI<:RlNK arran~ed everything befol'ehand, 
so that (1) metl'e and measUl'ing bar were parallel io each other 
and at the same level, (2) the micrometer wit'es we re pal'allel to the 
division lines and showed no parallax with regard to the division 
lines, (3) in the extreme position~ l)f the carrier !lle di vision lines of 
the metro and of ihe measUl'ing bne appeal'ed in the correct position 
in the field of the micI'oscopes. In the adjustment of the level of 
metre and bal', so thaI no parallax could be deteeied of the micro
meter-wil'es with respect to the divi&ioll-lilles, the adjustment of one 
of flw obsel'vel's was always checked hy a second Ol' thil'd. 

When the carrier had been [Jlaced in one of the extreme posiLions 
and the microsC'opes were thel'efore clil'ccted upon the end lino/:" say 
of' UlO metre, the obsel'\'el' placed the micrometerwires of thc left
hand micI'oscope t \Vice in sl1C'cession upon the line, tben took foU!' 
)'cadings with the right-hand micl'osrope. anel finally two with the 
left-banel one. In the midelle of these eight readings the thermo
meter on tho metre w::ts read. 'file Cltl'l'iel' was now bl'ought into 
the othet, extreme position, so that podion (J of the measuring bal' 
came undel' the micl'oscope. In the same waJ as fOl' the metro, 8 
readings wero taken with thc microscopes, and readings of the 
thel'lTIometers. The obsorvel' thon l'etul'ned to the metre, anel in the 
s::tme wa)' took seven sets of obsel'vations in sl1cCeSSioll, allel'l1ately 
npon thc metre and the selected portion of the measuring-bal', eacll 
consisting of 8 readings. 

A ~eries of observations of this kind, which lasted about a qual'ter 
of an hour, we shall hencefol'th call an observation-series, 
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~ach of the three observers made two of these observation-sêrieê 
in succession. 
. Aftel' these six series, the metre was turned round in its case,.§o 
that the mark which first showed on the left hand side now lay 
on the 1'ight hand side; and in the same way as at the beginning 
of the measurements, the position of the metre' with l'egard to the 
measuring bar and the microscopes was~then properly 1'egulated. As 
the comparatol' case had to be opened for this, the1'e was a disturb
ance in the equilibrium of the temperature. An hou l' or 11

/ 2 was 
thel'efol'e allowed to pass before fresh measurements were begun. 
As in the fir'st position, each of the three obse1'vers then took two 
series of observations in this second positron. 

For the dete1'mination of the temperatllre in the comparator, at 
the beginning and at the end of the 6 set'ie& with the same position 
of the mett'e, the thermometers E, F, G, alld H were read. These
readings sar\'ed only to ascel'tain, whether disturbances of tempera
ture had occurred in the comparatoJ', In none of the series which were 
used fOl' the detel'mination of tbe lengl h of the measuring bar was 
this the case; there was therefore no further use made of the 
readings of the thermometers E, F, G, and H, any more Ihan of 
the records of the registering thermometer. 

As in the computation of the l'esults the differenees of the readings 
of the right-hand and left-hand micl'oscopes are used, the influence 
of a personal error of adjustment wiII disappear from the results, 
if both end lines, the micrometel' wires and the .optie images in the 
two microscopes are exaetly alike. This complete eq uality - however 
does not exist, Tbe lines are, as far as ean be seen, all equally fine 
and faultless, but the distanre of Ihe micrometer wÏl'es is smaller 
in the one microscope than in the other, so that the appearance 'of 
the line, when it is placed bet ween the two micrometer wires, !s 
different in the two mieroscopes, In ordel' to eliminate the personal 
el'1'or arising from this, the obsel'vations would have to be repeated 
aftel' exchanging the micl'oscopes, or else with the micl'oscopes in 
the same position, but the observer standing the second time on the 
ot her side of the eomparator, so that the microscope whieh was first 
on his right hand, is now on his left. 

'l'he latter method is simplel' than the former, and had the fUl'thel' 
advantage (ovel' the ehanging of the microscopes) that tbe obsel'vel', 
who first stood nearest to the mea&ul'Ïng bar. is now nearest to tbe 
metre, and an il'l'egulal' influenre of the lJeat radiated by the observer 
will thus be also, at least pal,tially, eliminated, 

On these grounds the observers, aftel' they had eompared each of 
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the 4 pOl'tions of the measul'ing bar with the metre, while standing 
on one side of the comparator, l'epeated the observations standing 
on the othel' side. 

To distinguish tbe observation-series from each other, we sha11 
eaU those which were made while the observers were in their original 
position with respect to the comparator, A, those in which they were 
on the other side, B, the series in whirh the mark on the metre 
lay to the right of the observer T, tllat in which it was on the 
left I, while the fh'st of two identical series we shall call 1 and 
the second 2. For each portion of the measuring bar each observel' 
therefore took 8 series of observations Arl' Ar2' All, A12' B1\ , Br2' 
BIl, B12 • Oare was taken, th at when the first series was begun 
with the metre, the second identical series should begin with the 
measuring bar. 

5. Rltns anc! el'r07'S ol the microrneter SCl'ews. For the purpose 
of determining any possible changes in the runs of the micrometer 
screws, the length of the millimetre divided into 10 marked on the 
measuring bal' near the end lines was measured every day before 
and aftel' the measurements, with both of the microscopes. From 
the resl11ts ir c1ppeared, that the \'alue of the run, which was approxi
mately 200 micromillimetres, did not change perceptibly. As, ho wever, 
it was not certain, that tbe millimetres on the measuring bal' were 
of exactly the cOl;-re('t length, Ihe absolute vallle of the run was 
afterwards determineu by measuring out a distance of 1 centimetre 
divided inio millimetres on a measuring rod of nickel-steel belonging 
to the Observatory in Leiden, supplied by the Société Genevoise, 
the errors of division of which had been accul'ately detel'mined in 
Breteuil. For all tlle measurernents the same value of the run is 
assumed, viz. 198.69 micromillimetl'es tor the microscope mal'ked I 
and 199.82 micl'omillimetl'es for the unmarked microscope. 

Moreover the pel'iorlic errors of the micrometer screws were 
determined in tlle observatol'y at Leiden, by measllring distances 
equal to a half and a third of a turn. The continllous elTors were 
determined by measuring a larger distance, with portions of the screw 
sitllated symmetrically with respect to the zero. 

For micrometer I the corl'ection formula of the readings in parts of 
the divided bead, was found to be: 0.18 Sin (u + 17°) ; the influence 
of the term dependent on the double of the reading was imperceptible. 

In the unmarked micro scope no pel'iodic errors conld be detected 
by the observations. 

The contimlOus errors were imperceptible in both micl'.9scopes. 
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6. Recluction of tlle obsel'vations and 1'esltlts obtainecl. The micro
meter readings are all recluced with the above mentioned values_ 
for the run of the screws in micromms and for the pedodic errors 
in micrometel' I. 

The errors of thermometer 4570 belonging to the Dutch pJatinum
iridium metl'es, which was used fol' the temperature-detel'lllinations 
of metre No. 27, were detel'mined by comparison with two thermo
meters standardized at Breteuil, and by separate cleterminations of 
the freezing point. It appeared, that bet ween 0° and 30° the ther
mometer is fl'ee from errors, except the error of the freezing point, 
which was -0.48°. The determinations were made by Mr. H. C. 
VOLKERS, lecturer at the Technical University at Delft. 

For the thermometers 15355 aml 15356 belonging to the invar
bl1l' both the errors of division and the correction for t11e zero are -
negligible. 

In the l'eductlOn of the length of t11e metre and the measuring
bal' the following coeftlcients of expansion were used. For the metre 
the value communicated by BOSSCHA in his paper: "Relation des 
expériences qui ont servi à la construction de del1x mètl'es étalons en 
platine iridié, comparés directement avec Ie mètre des archives" and 
which ti'om 0° to tO gives an expansion for the metre in micl'omms 
of: 

8.4327 t + 0.004:01 t 2
• 

1.1'01' (he measllrÏng bar, t11e cletermination made at Breteuil was 
l1sed, whi('h gives for the expansion per luetre in micromms ; 

1,6245 t + 0.001065 t2
• 

Aftel' the introduction of these reductions, the three observers 
obtained the foJlowing results for tbe lengths of the 4 portions of 
the measul'ing-bar, each about a metl'e in l€'ngth, diminished by the 
length of N°. 27 both at the tempemture of zero. These results 
are the mean of the observations of one series. 

Portion 0-1. 

WIJ,DEBOER DIEPERINK BAKHUYZEN 

Position 11 Position B Position A Position B Position A Position B 

II -29.70 -27.43 -28.65 -27.39 -27.93 -26.40 

I, 28.25 27.84 28.28 27.19 28.60 27.13 

l' 1 29.25 28.39 28.85 27.94 29.89 27.96 

l' I 29.01 28.95 28.89 28.23 29.49 27.91 
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POl'tion 1-2. 

WILDEBOER DIEPERINK BAKHUYZEN 

Position A Position B Position A Position B Position A l'osition B 

l1 -99.31 -95 . .J:6 -98.59 -96.73 -97.96 -96.10 
,~ 99.61 95.28 98.6.J: 96.02 97,65 96.22' 

1'1 98.82 95.33 97.95 9699 97.30 95.69 
r ~ 99.96 95.18 98.50 96.77 97.69 94.94 

Porliou 2-3. 

W lLDE BOER DIEPERINK BAKHUYZI~N 

Poeiiioll A Position B ·Position A Position B Position A Posilion B 

l1 -122.76 -122.00 -122.70 -123.64 -123.52 -122.95 

l2 122.25 l22.22 122.26 123.00 122.39 123.03 
l' 1 122.72 121.72 121.18 121.04 122.85 123.35 

l' 2 122.00 121.46 "120.75 122.24 121.96 122.83 

Portion 3-4. 

WILDEBOJi,R DIEPERJNK BAKHUYZEN 

Position A Position B Position A Positiou B Position A Position B 
11 -144.49 -143A8 -143.28 -143.45 -14.J:.09 -143.22 

12 
. 14.J:.55 143.58 143.g6 143.37 143.93 143.28 

l' 1 144.91 14.J:.00 144.09 143.69 1J5.10 144.57 
l' 2 143.70 144.0B 143.98 143.65 144.44 143.48 

In order to eliminate the effert of pel'sonal el'l'Ol'S the means 
wel'e now f()l'lned fl'om the observation-series A nnd B, those 
two series being combined in which the metre was in the same 
absolute position in space, not relatively to the olJsel'ver, i.e. All 
with B1\, All with B1'2 , A1\ with Bll and Ar2 with B12 • In this 
manner the following reslllts were obtained: 

W Jl,DEBOER. 

POl'tion 0-1 Portion 1-2 Portion 2-3 Portion 3-4 
-29.04 -97.32 -122.24 -144.20 

28.60 97.39 121.85 144.31 
28.34 97.14 122.36 144.19 
28.42 97.62 122.11 1.,13.64 

Mean 28.60 97.37 122.14 144.08 
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DIEPERINK. 

Portion 0-1 Portion 1-2 Portion 2-3 Portion 3-4 
-28.29 -97.79 -121.87 -143.48 

28.25 97.70 122.2;) 143.80 
28.12 97.34 122.41 143.77 
28.04 97.26 121.87 143.67 

Mean 28.18 97.52 122,10 143.68 

BAKHPYZEN. 

Portion 0--1 Portion 1-2 Portion 2-3 PortioJl 3-4 
-27.94 -96.82 -123.43 -144.33-

28.25 96.29 122.61 " 143.70 
28.14 96.70 122.90 144.16 
28.29 97.45 122.49 143.86 

Mean 28.16 96.82 122.86 144.01 

If the sum is taken of the lengths of the 4 portions of the 
measuring-bar, we get for the length of the whole m~asul'Ïng bul' at 0°: 

p. 

Measuring bal' = 4 X Metre 27-392.19 
" " = 4 X Metre 27-391.48 
" " = 4 X Metre 27 -391.85 

Mean for the three observel's: 

WILDli:BOER 

DIEPEIUNK 

BAKHUYZEN 

Measuring bar = 4 X Metra 27-391tL.84. 

7. Afean e1'1'07'S. The errors in a series of observations are caused 
by the pointing- and reading errors of the microscopes, the change 
in the distance of the mi('roscopes, erroneous determinatians of 
temperatm'e and perRon al errors of observation. 

Owing to the excellent optical qualities of the microscopes and 
the fine sharp end !ines, the erl'ors in the reading and pointing of 
the microscopes are Ilmall. From the observations for the determination 
of the periodié screw-errors we found for the mean reading-erro;', 
from the mean of two observers, ± OtL,32: this error leads to a 
mean error of ± 0/L,17 in one series of observations. 

The influence of other sources of error are difficult to determine 
separately. We shall therefore try to calculate their combined effec.t, 
in different ways, in order to find out, whàt systematic errors are 
to be feared, and how the series ot' observations are to be combined 
in order to obtain a result in which the effect of the systematic 
errors will be as far as possible elimi~ated. 
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in the fit'st place it was investigated, whether there was a systematie 
diffel'ence in the results of a series of observations according to 
wbetbel' tIle mieroseope was pointed 3 times on the metre and 
4: times on the measllring-baJ', Ol' 4 times on the metre and 3 times 
on the measuring-bar. For this purpose the mean was th'st formed 
of corresponding series in the positions A and B, in whieh the 
munber of times tbat the mieroseope was pointed on the metre and 
thel'efore also on the measnring bar, was tlle same. Aceol'ding to 
these averages the mean error of observation in mieromms was: 

WILDEBOER 
0.371 

DIEPERINK 

0.366 
BAKHUYZI<~N 

0.509 
Mean 
0.420 (I) 

Aftel' this the avel'age was fOI'med of corresponding series in 
A and B in which the nnmber of times poillted on tlle metl'e and 
on the measuring bar was uneqnal; aecording tn these avel'ages the 
mean error of observation for a series was: 

WII.DEBORR 
0.496 

DIEPERINK 

0.330 
BAKHUYZmN 

0.440 
Mean 
0.428 (lIj 

From tbe agreement of the two rneans we may infer that there 
is no systematic difference in the sel'ies with 3 or with 4 pointings 
011 the metre Ol' measul'ing bal'. 

H was next in vestigated, if tbere was a systematie diffel'ence in 
the results of series in wbieb the melre was in a different position 
l'elati vely to tile' observel', i.e. in the resu lts of tlle series 1 and 1'. 

This was done in two ways. 
:1: The''"''äiffel'enees weI;e' fOlllld of the cOl'I'esponding series in 

whieh the obsel'ver and the meh'e were in the same position in 
whieh differences the systematic error referred to-plays no-pad. The 
mean error fol' a series m deduced fl'om this is: 

Wn,DEBoER 
0.450 

DIEPERINK 

0.346 
BAKRUYZEN 

0.492 
Mean 
0.434. (lil) 

Aftel' this the rnean was formed of all the cOl'l'esponding vall1~s 
f10und with the same positioll of the obsel'ver, in position l as weIl 
as position r of the metre. 

The de\'Ïations of all these values from their mean, in whieh the 
influence of' the systematic e1'1'01' is present give the following vallles 
for the mean error of a series. 

WILDEBOER 

0.454 
DIEPERINK 

0.594 
BAKHUYZEN 

0.630 
Mean 
0.564 (IV) 

2. 'rhe means \Vere found .of an observation-sel'ies in position 
A and in a corresponding series in positlOll B, in which the metI'e 

21 
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was in l.he revel'sed position rclativcly to the obsel'ver, i.e. l' and Z. 
In these avel'ages tlle systemaLic erl'Ql' is Lllus eliminated, In this 
wa.)' the mean error of one series was found to be 

WILDEBOER 

0,370 
DIEPERINK 

0.296 
BAKHUYZEN 

0,507 
Mean 
0.401. (V) 

If on the othel' band a sel'ies in position~A was combined with 
one in E, in which the metre was in the same position with regm'd 
to the observer, so (hat the systematic error was not eliminated in 
the mean, the mean enor was found to be: 

W lIJDEBOER DlEPERINK BAKHUYZEN 

0.424 0.755 0,768 
Mean 
0.666. (VI) 

Both the double seLs of mean errors (Hl) and (IV), and (V) and 
(VI) show clearly, that there is a systematic difference in the results 
of the series l' and l, or with different positions of' the metre relatively 
to the observel'. In order to l'emove the error, theref'ore, the mean 
of two correspondillg series of' observations must always be taken, 
in whicb the metre is in different positions with regal'd to the 
observer, 

We further rompllted the mean error f'rom all the series of ob
servations for the same portion of thc measl1l'ing-bal', without regal'd 
to the position of the metre or of the observer, in which therefore 
the inlluence is present both of the pObition of the metre and of 
the observer. First the mean errors \Vel'e computed for each observel' 
sepm:ately, This gave 

WILDEBOER 

1.222 
DmPERINT< 

0.805 
BAKHUYZEN 

0.955 
Mean 
1.009, (VII) 

Finaliy the results of lhe series for the same portion of the 
measuring bar in all positions of the metre and of the o~server for 
all three obsel'vers were avemged, and the mean error determined 
fl'om the deviations of eaeh of the l'esults, whieh must thel'efore 
contain (1) the infillence of the position of the metl'e (2) the influenee 
of tbe position of the observel', (3) any other possible influence of 
the observel'. The mean error was then found to be: 

1,002 (VIII) 
The diffel'ence of the mean enors (VII) and (lV) shows, that the 

position of the observer bas a mal'ked influence, on the other hand 
the agreemen t of the mean errors (VII) and (VIII) shows, that there 
does not n.ppE:al' to be an inflnence due to the observer othel' than 
that whieb depends upon the position of the metre tLnd obsel'ver. 

W'e 11Il1Y flH'thel' concInde ['rom (he values found, that if the two 
systematic el'l'OI'S mentiollecl are eliminated, lhe mean error of a 
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serIes of obsel'vations is the mean of the valnes : 0.420 (I), 0.428 (lI), 
0.434 (IJl) and 0.401 (V) thel'efol'c: 

m= ± 0.1'.421 

As the meaSUl'ement of each portion of the measul'ing bal' was 
oblained fol' each obsel'ver py taking the mean of 8 series of obser
vations, ihe mean error in the length of each pOl'tion measlll'ed by 
one observer is: 

01'.421 
± -vs = ± 01'.149, 

and as the whole measudng-bar consists of fonr pOl'tions, the meun 
error in the length of t!Je bar for each observel' is 

± 0/'.149 V'i ~ ± 01'.298. 

If the value of this mean error is formed by eompal'Ïng witl! each 
other the lengths . of the measl1l'ing-bar according to each of the thl'ee 
observers, we obtain: 

± 01'.355. 

From the agreement of the last two values we may conclllde, 
that in the l'esults obtained the influence of the obsel'\'er and of ihe 
position of the. mett'e and the measnring-bal' is elimiuated, aud tllat 
thel'efore, ueyond the influel1ee of t,he tem peral lire detennination and 
errors in the coeffieient of expansion, the mean error in the length 
of the whole measuril1g-bar cxpressed in the length of mctre 27, 
detel'mined by one observel', is equal to 

± 0/',36. 
and is therefore for the mcall of the three observel's: 

0.36 
± V3 = ± 01-'.205. 

Geodesy. - "Compa7'iNol1 0/ tlw Dutclt pll1tinwn-il'idiwn 111etre 
No, 27 with thlJ international 711etre jJf, as dm'ived j'rom, the. 
1JWflSW'ements by the Dllid J1etre-Commission 1:n 1879 and 
1880, ancl a preliminm'!/ dete/'minrttion of t!te lengtlt of tlte 
measw'in,q-bal' of the Jï'/;enclt 1JasJ-apparaf,us in intemational 
Metl'es," By Prof, B. G, VAN D!<]' SANDE BAK HUYZEN. 

The main ohject of the meaSlll'ements made by the Dutch Metre~ 
Commission (BOSSCHA, Oum:i\IANS and S'I'AMKART) at Paris in 1879 
H,nd 1880 was an accmHte comparison of the two Dutch metl'es 
19 and '27 witll the lVIètre des Al'chi\'cs, tbe ml'ious papers pnblislled 
by B_OSSUHA on the subject show, how vel'y \vell this o~ject was 

21 '" 
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attained. As-we shall have to refer to these papers more tban Ollce 
we shall quote by volume and page from "BOSSCIIA'S Vel'spreide 
geschriften" (B.'s collected papers) published in three volumes. 

The impol'tance of a eompal'ison of the Dutch metl'es with the 
International platinum-iridillm metre kept in Paris was, ho wever, not 
lost sight of by the Oommissi~n. lt was probably by their request, 
tbat ÜI the protocol dl'awn up of Ihe handing ov~r of the two 
metres by the French Section of the international lVIetre-Oommission 
to the Dutch delegates BosscHA anel OUDE~ANS it was specially stated : 
Oette remise est faite sous la réserve du drOlt qu'alU'a Ie Gouver
nement des Pays Bas de faire eifeetuer les eomparaisons entre ces 
mètl'es et Ie prototype du Bureau international des pOlds et mesures 
ponr la detel'mination de lems equations à l'égard de ce mètre. 

However, not only did the Dutch Oommission leave open the 
possibihty of obtaining a direct comparison with the intel'l1ational 
metre later on, but also by making determinations at Paris of the 
differences between the Dntch metl'es and metres whicli are in their 
tnrn cOJ1Jlected to the International metJ'e, they took care, that the 
l'elation bet ween the lengths of our metres and the International 
metre can be calculated. 

Although all tlle observations which are requil'ed for these cal eu
lations are fully communicated in BOSSCHA'S papers and only very 
simple ralculations are sufficient 10 obtain the relatlOn in question, 
the l'esnlts have not been published either by BOSSOHA himself or. 
as fttl' as I know by anybody else; and as they are needed in order 
to express thc Jength of our base-line in international metl'es, I shall 
here shortly communicate the!1l. 

The relation to fhe International mêtre is obtained not only through 
the mètre des Al'chives A (see flll'ther down), but also through the 
two lVIetL'es I~ and 20, both of the second alloy of lVIATTHF.Y, ot 
which M is also made; in addition use is made of the two metres 
23 and 27 both of the first alloy (métal du conservatoire). 

For the reduction of the diiference of length of 23 and I 2 the 
difference of tile coefficients of expansion of these two metres is 
reqllired, and I shall therefore try to derive its most probable value 
f,'om the l'esults ('ommunirated by BOSSCHA. 

In the first plaee we may concl ude from BosscHA's calculations, 
that the meLres of the second alloy have all got the same coefficient 
of cxpansion (Vol. UI, p. 74-76). The equality of the coeilicients 
of expansion of the metl'es 1, 3, 12, aud 13 of, the first alloy is 
also delllonslt'ated (Vol. Hl p, 77), According to FIZEAU'S meaSUl'e· 
ments th€' eoeffieients of expansion of (he me tres 19, 27, and 23 oJ 
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the fh'st alloy would arso have vel')' appl'oximately the same valne 
(Vol. II, p. 314), w hereas according to the measurements of tlle 
Dutch Commission the diffel'ence- in expansion of the meü'es 19 and 
23- is too small to be observable, (Vol. Ir, p. 314, 315). This is 
not quite in accordance with FlzmAu's l'esults (Vol. 1I, p. 323) obtained 
at 12°, 42°, and 62°, as these give for 19 and 27 somewhat different 
values. But if the quadl'atic term is taken into account, tbe coefii
cients of expansion at 40°, the mean tempel'atllre llsed by FIZEATT 
in his meaSlll'ements, would be accol'ding to his fOl'mulae 8/1.74 fol' 
19, and 81L. 7 5 for 27, so that in connection witb the eq llfility men
tioned above of (he expans~on of the 4 fil'st-named metl'es of the 
"métal du conservatoil'e" and the equalily of the expansion of J 9 
and 23 fOllnd by the DutC'h Oommission it may be infel'l'ed, that all 
the metres of the first alloy have also the S[Lme coefiicient of expansion. 
_ The next question is, what the difference is between tlle coefiicients 
of expansion of tbe first and second alloy. 

According to measurements by BENOIT and GUItLAUME with )lIet1'e 
6 of the 2nd alIoy the mean expansion between 0 aud 20? pel' 
degl'ee and pel' metre is 81'.617; accol'ding to measurements Sy 
FJZEAU the mean of the same expansion for metres 19 nnd 27 of 
the fil'st alIoy is 1;1'.537, i. e. a diffel'ence of 0'/'08. It is necessar,v, 
ho wever, to observ€', that the two values wel'e obtained by altogether 
different methods, tbnt of BENÓIT and GUILLAUUE by ordinary measure
ments of length at different temperatures, that of FlzmAu hy his 
well-Imown intel'ference-method. 

Against these we hnve the dete1'minations of the differellces in 
expansion of metre 6 of the 2ud and of metres 1, 3, 12, and 13 of 
the 1 st aHoy (Vol. III p. 77) all fl'om ordinary measurements of 
leng th at different temperatures. As· the reslllt of these 01'.02 is 
obtained as the average of the diffel'ences. 

Taking into 3,ccount, that, where the methods of observation difier, 
systemp,tic errors jn the differences are possible, it seems to me 
probable, that the lat ter result is the more trllstwol'thy. 

In the reduC'tion of the Dutch metre 27 Lo the International metre 
the difference in length of metres 23 and 27 also plnys n part. 
For t_his difference two values have been determilled; in 1879 the 
Dlltch Oommission found 27 - 23 = 01'-.92 ± 0/1 .031 (Vol. II, p. 297) 
and in 1880 the same C'omlmssion found 27 -- 23 = 01'.41 ± 01'-.073 
(Vol. II p. 334). Of the lattel' vallle no furthel' use has been made 
by BOSSCHA ; it seems to me, however, that it is prefel'able to use 
the mean of the two results, taking into account the l'espective 
weights. In that case the resllit is 
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27 - 23 = 01'.84. 

Reduction b!J meun!) oJ 12 , Fl'Om &evel'al se6es of obsel'vations at 
fi mefin temperatul'e of 16°.44, THESCA fOllnd (Vol. lIl, p. 14) 

23 = 1~ + 1,u.24. 
Adding 01'.02 X 16.44 = 01'.33 fol' the l'eduction to 0° the equfition 

becomes 

fUl'ther 
find 

so that 

23 = 12 + 11'.57, 
27 = 23 + 0"'.84 (see above) 
12 = jiJ + 51'.94 (Vol. lIl, p. 70), 

27 = 111 + 81' .35. 

Reduction by lIleans of 20. From thl'ee series of meaSlll'ements 
one by BOSSCIIA and two by TRESCA, follows: 

23 = 20 + 7"'.19 (Vol. lIl, p. 24), 
fl1l'ther 27 = 23 + 0"'.84 (see fibove) 
and 20 = jlf + 0,u.96 (Vol. lIl, p. 70), 

so thai 27 = M + 81'.99. 

The mean of the two l'eductions is 27 = 111 + 8"'.67. 
If the ,t) fib0ve mentioned different equa1ions containing 4 unlmown 

qllantities, are ta,ken "'s all eqllally accurate and if they are then 
solved hy Hle method of least squares, obviously the same value 
1'01' 27-J.11 is fOllnd, while the mean errOl' of each of the equations 
is ±0!1.32, th at of 27-J.11=8!1.67 being ±Op.45. 

A value fol' 27 -J.11 is also al'l'ived at by using the comparisons 
with the "Mètre des' Al'chives" A, viz. 

27 = A + 6"'.11 (Vol. lI, p. 323), 
A=jJf+2,u.63 (Vol. UI, p. 24,70" 

Henee 27 = 111 + 8rJ .74. 
This l'esult agl'ecs very closely with the value found above. Bilt, 

as jt is lfirgely based on tbe f'omparisons wbieh IJ ave also scrved 
l' Ol' calculating the previous resl1lt, no partieular i mpol'tance can be 
attached 10 the accol'dance, Oonsidering tbe vallle of the mean 
error ± 01".45 a direct comparison of 27 and J.11 would certainly 
seem to be desirabIe. 

If the length of the measuring bar of the French base-~pparat~ls 
in terms of metre 27, as given in the previous not~, is nowexpres
sed in International metres by rneans of the equatioll 27 = jJf + 8'«,67 
the result is: 

.... ~ ... "_ ~ .. J~.J ... ~; • '" 

I 



- 321 -

• 

'315 

L -= 4 Af - 391f1.84 + 4 X 8/'.67 = 4 J1:[ - 357/'.16. 
T110 valne of L had been determinecl severn,l times before at the 

"Bureau international des poids et mesllres" at Bl'eteuil; on these 
oCCa1:>i011S the followiug values wel'e obtailled, leaviug out the some
wllat uncertain conection for the "change in the moleclllar equilibl'ium" . 

1!J03 March 4 Jlf-377f1.6 Breteuil 

1904 June --373 .5 
1907 February -363 .7 
1909 February 

1909 Dec~mber 
1910 December 

1911 .Tnne 

19 t1 Sept.-October 

1913 April . 

-356 .8 
-358.4 
-357 .2 
-355 .3 
-.- 358 .4 
-348 .7 

" 
" 

" 
" 
" 
" 
" 
" 

1913-14 Dec.-Janual'Y -357 .2 Delft. 

It appears from these numbel's that during the {h'st years up to 
1909 the bal' increased in lengtl1. From Ihat year onwards the length 
seems 10 have l'emained practically unchanged; only in April 1913 
a further very mal'ked increase in length shows itself, of which, 
however, no trace is fOlllld in the measurement made by us. In 
view of this contradir.tion a new determination at Bl'eteuil of the 
length of the measuring-bal' is desirabie ; col. LALLEl\IAND, chief of 
the geoeletic department of tlle Service géographique de l'n,rmée, and 
1\1onsiE'Ul' BENOI'l', Directol' of the Bm'eau international des poids et 
mesures at Breteuil, have both pl'omised to undertake this comparison 
shol'tly. 

Postsc?·ipt. A few weeks aftel' the meeting of our Academy 
I received from 1\1onsieUl' HENOIT a letter in which he commnlliC'ated 
the results of [1.n elabol'ate investigation concerning the length of the bar 
of the French base appal'atus. He H,nd Monsieur ;'\iAUDET compa,red 
in the Bureau at Breteuil first that uar and three other ones each 
with the prototype anel aftenvarels the fom bars with one another. 
BENOlT found as final result for the leng th of the Freneh bar, with
out éOl'recÜon for the change in the molecular equilibrium: 

Lo = 4 JvI - 348f1,23 , 

almost exactly Ihe same mIne as that found in April 1913. 
On, the average the leng th determined at Breteuil is therefore 8.u.7 

gl'eater than that determined at Delft. 
In order to find what may be the causes of that elifference I 
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used the fOl'lTIula uy wluch lhe length of the bar at zero is derived 
from the menSUl'ements. 

Dnring the measUl'ements at Bl'eteUlI the temperatures of tile bal' were, 
according to BENOIT'S statements. not very different from 15°. I have 
not here at roy disposal tbe data of the exact values of the tero
pCl'atl,u'es durillg the measurements at Delft, but I know that t~ey 
presented na grent deviatiolls and, If' I am not mistaken, the extreme 
differences from the mean, nbont 15°, were not greater than about 
two degrees We eau therefore combine the observations at Breteuil, 
and nlso those made at Delft each into a mean resuIt, at a mean 
temperature, and we then obtain the following equation, in which 
the letters without a clash ll1dicate the "alues determined at Breteuil, 
those Wlth a dash the ,'alues detel'mined at Delft: 

Ll'=Lo+aLoT 4lo+4~t+8 , L'1,=Lo'+a'Lo'T'=4to'+4~'t'+8', 
Lo -Lo' =- aLoT + dLo'T' + 4(lo -lo') + 4(~t-~'t') + 8-8'. 
In these formulae L i& the length of the bar, T its mean tem

perature dUl'ing tbe mensurements, Ct the adopted coëfficient ofexplwsion 
of the bar, l the length of the comparison metre, t its mean tem
pemturc, (J the mean expansion of the metre fol' 1°, 8 tbe difference 
of the length of the bar and the fourfold of the length of the com
pal'ison metre, determined by means of micrometrical meaStU'ements 
with the microscopes ; Tand 0, ns indices of Land I indicate the 
temperatures to which these lengths have been reduced. 

The difference'3 of the tempel'atures T - T' = b. Tand t - t' :::: b.t, 
and also the differences in the ndopted coefficients of expà.nsion 
(j - i3' = b.~ are smaIl, and for the value of the coefficient of ex
pansion a and a' the same v[tlue has been adopted in Bl'eteuil and 
in Delft; tbe last of the three equations mar therefore be put 
nppl'oximately into the following form: 

Lo-Lo' = b.L = - aLb.T+ 46l + 4~b.t + 4tb.(J+ 8-8'. 
Whell b. T, b.t, b.l, 6~ and 8 - 8' have tbeü' exact values, b.L 

is zero; the value 8".7 for b.L fOlmd from the observations is there
fore on1y a function of the errors jn those values) alld putting on 
the fil'st side of the formula b.L = 81'.7 tbe quantities on the second 
side represellt those e1'1'Ors. We will consider each of the terms 
separately. 

1. aLb.T. Tand T' have been determined in the same marlnel' 
by readings of the thermometers laid on die sUl'face of the rneasur
ing bar within tbe thick aluminium case; the temperatmes in both 
comparators were fairly consta,nt, and the value of a is smaIl; aL 
fol' 0°.1 is about Op..7. In dew of the great value of liL, we may 
therefore neglect that term. ' 
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2. S -- S'. Taking into account the pl'ecision of the micro
metdcal measurements and the smaIl influence of tlle systematic errol's 
in the measurements made at Delft, as appear& from the values of the 
mean errors, th at term mayalso be negIected m tl'ying to explam 
the great value of b.L. 

3 . ..4[Jb.t. 4 jJ is about M'l and b.t is the diffel'ence in the erral'S 
of the mean temperatures of th0 metre. determmed at Breteuil and 
at Delft. When we assume, that in the perfectly comtl'ucted 
rompal'atol' at Breteuil tbe error in the mean tempel'ature of the 
metre was zero, the effect of an error of 0°,1 in the mean tempe
l'ature of the metre at Delft on its length is 31J ,4, and in order to 
geL a positive value of b.L the tempel'atme of the thermometel' 
laid on the surface of the metre must be Jawel' than the tempe
l'ature of the metre itseIf. 

During the measurements the temperatme of the metre was slowly 
l'ising, it is thel'efore improbable, that the temperature of tile thermo
meter should be systematically Jawel' than that of tIle metre, and it 
is difficult to explain the positive value of b.L, either totally or fur 
t he greater part by an erral' in l::.t. 

4. 46.1. I cannot say, what is the real yaIue of b.l, the error 
of the diffet'ence I ado~ted betweell the Jengtb ofmetre N°. 27 and the 
International metre. The mean erro}' of the adopted \ alue of 4b.l 
is ± lp.8. It is therefore possible that a part of the 6.L may be 
accounted 1'01' by an error in the adopted difference, but it is 
improbabJe, th at it should explain tbe whole \TaIlle, 8".7 of fiL. 

5. 4tb.(3. We can determine a' faidy probable valne of that 
term, ACcoI'ding to a telegmID fl'orn Monsieur BI<'NOIT, the mean expan
sion for 1 ° between 0° and 15°, used 111 tlle l'eduction of tbe 
measurements of the prototype, made of the second alloy, is 8 lJ ,662, the 
mean expansion per degl'ee bel ween lhe same limits adopted in my 
reductions of the leng th of N°. 27 mad~ of the fh'st alloy is 8p ,493 ; 
the difference bet ween the two is Op,169. As a l'esu!t of direct 
camparisons, the mean differencè of tile expansion of the metres of 
the first and second alloy is 011,02, as I stated abo\-e. 

If we assume, that the coefficients of expansion of the metres 
of the second alloy are really equa! and that it is -the same with 
the metres of the first alloy, wbich assumption aftel' the l'es!?at'ches 
of BOSSCllA is vel'y pl'obable, the erro1' b.!1 "vould be equal to 0.16~ 
-0.02 = Op,15. As t ió abont 15°, the terlll 4t6.{J is 9:1

, almost 
equal to the value 81',7 found for 6.L. 

Although I do not pretend, that the assl1mptions made in order 
to explain, the diffel'ence oet ween the results obtained in Breteuil 
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[tnd Delft are absoilltely cel'tain, still I believe that 1he pl'obability 
is not smalJ, that the difference between the assllmed and the real 
coefficients of expansion of the prototype at Breteuil and the -
metre N°. 27, is for the gl'eater part tbe cause of the value of 
b.L. It l'emains absolutely llncertain, what the real coefficients of 
expansion of the metl'es are and also whetbel' tbe coeffirient of N°. 27, 
determin~d aftel' FIZltJ.\U'S method, merits gl'eatel' or less confidence 
than tbat of the prototype deduced, as I believe, fl'om direct measure
ments at differellt temperatures. But whatever it may be, it is of great 
importance, and it is in my opinion the chief result which may 
be deduced ti'om my discussion, that when a direct compal'ison 
of the metre N°. 27 and tbe international metre sball be made, 
according to the right given to our government, it will not be confined 
10 a comparison at a mean tempemtul'e, but that if possible, the 
absolute coefficient of expansion of our metre, and certainly the 
difference in expansion of N°. 27 and tbe prototype wiII also be 
detel'mined. 

Lenk (Switze1'land\ 

Physiology. - "On tlze formation of rtntibodies aftel' injection Of 

sen'Jitized antigens." IT. By Dl'. L. K. Woril!'F. (Commllnicated 
by Prof. C. EY101AN.) 

1. As a continuation to my series of experiments given in the fil'st 
commullicatioll, I h[tve examined the imll1unisation power of a mi:xture 
of el'ythl'ocytes anc! specific serum with a surplu5 of amboceptor. 

It is generally stated in literatnl'e that tllÎs power is very slight or -
thai it does not exisL at all; in my two series of expel'iments I have also 
found . very little Ol' no fOl'mation of amboceptor. I shall cOl1ll1luni
ca,te one of the series. 

HOl'secol'pusrles - specific l'abbitsel'um 1/200 strong. 
Binding power of 1 c.cm. 5 % blood ± 7 doses. 
MixtlU'e of 40 c.cm .. serum and 20 c.cm. uudiluted blood i. e. 

20 doses amboceptor, so a great sl1l'plus. 
Rabbit 149, 73 and 76 each 

" 179,70 anel 71 " 
Titre aftel' 1 day 
149 1/10 weak 

73 1/60 

76 1/10 

179 
70 
71 

get' 20 c.cm. of the mixture intl'aperitoneal. 
" 61

/ 2 " nllchluted blood only " 
af ter 7 dv..ys aftel' 12 days 

< 1/10 < 1/10 

1/50 weuk 1/60 weak 
1/10 weak 1/20 
1/20 1/20 

1/100 1/'00 

1/100 1/100 weak. 
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So with the l'abbit 149 and 73 we do not find a lrace of active 
immunisation, only of passive; rabbit 76 aftel' 12 days shows a 
small (acti ve) increase of titre. The con trolling mbbits howevel' Imve 
distinctly formed amboceptol'. 

The seeond experiment with eattle cOl'puscles had a 'perfectly 
analogous course. With- these experiments we Call1lOt inject intra
venously; the animals which are intravenously injected with snch a 
gl'eat quantity of serum and eorpusc]es die of anaphylaxis. 

IJ. I have now put to myself the question what happens with 
the sensItized cOl'])Uscles aftel' the injection into the rabbit Ol' cavia. 

Therefore I have fol' the time being confined myself ra the sub
clltaneous resp. subconjunctive injection; the intravenolls one is ver)' 
difficult to follow, the progl'ess of the peritoneal one it mostly known ; 
besides the subcutaneol1s is the only one that is to be considered 
with regal'd to man. I expected that in keeping with what happens 
in Ihe peritoneum, viz. a so]ution of the sensitized red corpuscles 
in a short time, the corpuscles wOllId aIso dissol ve in the subruta
neous tissue. I have taken the conjunctiva as the spot wh ere to 
injeet: thel'e the phenomena are to be controlled bet ter than any
where eIse, and one ean easily cut' out liWe pieces for microscopie 
examination. 

WeIl then: if we inject fOl'eign cOl'pnscles UIlder the conjnnctiva 
tiley are generally gone aftel' one, and cel'tainly so aftel' two days. 

As theJ have no movement of theil' OWll, we mllM assume them 
to he led away aIong the Iymphpaths - 11, leading away by pbago
cytes in snch a short time is not to be assumed. It is however 
different if sensitized col'puscles are injected; these remain on the 
spot; they do not dissolve in any quantity wOl'th mentioning, and 
if one microscopies the place aftel' a longer or shorter space of time 
(aftel' cutting out, fixing, embedding, and coloul'ing) one wil! find 
an important number of leucocytes between the cOl·puscles. 
_ lAf ter 6 to 8 days only the cOl'pllscles ha\'e genel'ally disappeal'ed; 
sometimes howevel' they are still to be seen aftel' 10 to 12 cluys. 

DUl'ing the first few days one· mostly finds polynuclear small 
leucoeytes, Inter more gl'eat mononuclear olies .. 

Now the qllestion is how to expIain this conduct. Fo!' th is we 
must examine three things. 

1 st. How is it that the sensitized COl'pl1scles which are injected 
subconjunctively do not dissolve, while those injected intl'apel'iton
eaUy do. 

2nd• Why do the sensitized cOl'puscles remain in the same pIace, 
whel'eas the nOl'mal ones are cal'ried. away. 
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31d • What happens finally to the sensitized cellE>; what do the 
leucocytes do. 

Let us fil'st answel' the first question. 
Here we must ask at onee jf there is complement in the sub. 

cutaneons lymph. 
As far as I know H. SCHNEIDER'S 1) researches about this subject 

He the best; he found that the tissue lymph which is obtained by 
bringing a piece of cottonwool under the skin, and afterwal'ds 
pressing it out, r,ontains very little complfment indeed. One always 
finds a little more complement t!Jan would l'eally be the case jf 
we had pure tissue lymph; a slight mixing with serum can of 
course hal'dly be avoided. It goes without saying that in this 
way we cannot be certain to get a liquid, agl'eeing with the tissue 
lymph; the piece of coLtonwool naturally works irritating; an 
inflammation arises. But tlle injection of rhe corpuscles a1so causes 
an inflammation, anc! as such these two processes are equal. 

I have also made some complement titrations to the guinea p}g 
and rabbit, of subcutaneous fluids obtained in this way. 

For tlle solution of my haemolytic system I needed : 
1. Fl'esh guinea pig serum 1/100 C.cm. 

Subcutaneous fluid 1/~0 c.cm. 
Il. Fresh guinea pig serum 1/50 c.cm. 

Su bcutaneous Huid 6/50 c.rm. 
UI. Fl'esh I'abbit serum 1/4 C.cm. 

Snbcutaneous tluid 0,6 C.cru. no haemolysis 1 
SLowing fluid 0,6 c.cm. U'ace of " 

So we ran affil'm SCHNEID}}R'S expel'iments anel assllme ver)' Jittle 
Ol' no complement to exist in the subcutaneolls cellular tissue; and 
we need not be astonished about the sensitized corpuscles not dis.:: 
sol ving, when being injected subculaneously. 

Now we mllst answer the second question. The sensitized cells 
remaining in the same place was sllpposed to be dlle to the agglu: 
tination which always accompallies the sensitizing, I did not succeed 

'in obtaining all immune serum pl'epared in the llsual way, which 
did noL at the same time agglutinate. As I did not lmow any 
method to separate amboceptor and aggllltinin when I started my 
experimen ts, I took another way to prove that the remaining of the 
bloodcells was owing to theil' being agglulinated and not to the 
sensitizing. 1 therefol'e agglutinated the uloodcells in a different way, 
and now found that clinicall'y and histologically the same was to be 
~eeJl atlel' injecting these cOl'puscles as aftel' injecting sensitized (and 

1) Arch. f, Hygiene 70. p. 40 seq. 
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at the same time agglntinaterl) eens. In the Ih'st place t used à 

colloidal solu/ion of Si02 for it. 
All the red bloodreIls I used (rabbit, gnillea pig, horse, cattle, clog) 

wel'e agglutmated by it. be it in various concentl'ation. Only the 
Si0 2 had no effect; it ram~ecl neither &welling, nor leucocytosis. It 
had been prepared by saponifying Siliciuluethylether (KAHL13AUl\I) with 
greatly diluted hydl'ochlOl'ic acid. Colloidal SiO. prepared in a different 
way had the same effect. Now one might object against this 
experiment that the Si0 2 not only agglutinatec; the bloodcells, but 
that it a1so sensitizes thern ; fol' togetllel' \Vitl! gninea pig serum in a 
gl'eat quantity, it call dissolve sorne kinds of blood. Thel'efore I took 
refuge to the vegetable ag'glutinills which are found in the bean, 
pea, lentil, and in the seeds of Datma Stramonium. In all theRe 
cases the result was Ihe same: the bloodcells al ways l'ernained there ; 
the conjunctiva also showed tlle wellknown blui&ll-red change of 
colom aftel' same dáys, and histologirally the image was always the 
same. It goes without saying that with all those experirnents the 
sterility was taken into considél'ation as much as possible. 1). 

In order to make quite Rllre, however, thaI, only sensitized ancl 
agglutinated COl'puscles did not show the phenomenon, I examined 
some thil'ty rabbits out of my cplIection on haemolysin and aggln
tinin against sheep-erythl'ocytes, anel I rea.lly found some sera which 
did contain haernolysin, but only little aggllltinin. I repealed the expel'i
ments, with these sera; but the l'eslllts were not very distinct: there 
sometimes was a difference, bnt it wns not big enough to draw a 
certain conclusion from' it. 

This is because all the sera employed wel'e rather weak (ambo
ceptor 1/60-1/100) and sa a r~ther big quantity ofsel'um was necessary 
(± 3 cm.) to sensitize the cells. Normal rabbitserum generally con
taining some agglutinin, we did not succeed in this - way in obtaining' 
a sllspension of sheep-el'ythrocytes which are sensitized bnt little or 
not agglutinated. Yet I ean commnnicate one experiment which came 
out mther weil : 

Serum rabbit 73 titre amboceptor 1/.0 very little ngglutinin. 

" "147,, "nearly 1/100 much " 

1/2 r.cm" sheep-erythl'ocytes is digested with ± 3 c('In. serum 73, 
just as 1/2 ccm. wHh ± 3 CCl11. serum 147. Tbe suspensions n,re 
centl'ifuged and tlle COl'puscles are tnken np in 1 ccm. saltsolution. 
Erythrocyles 73 are injected on tlle right, erythrocytes 147 on the 

1) I did not use ricine because the poisonous qualities of this substance would 
have injUl'ed the image. 
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left under the conjnnctiva of rabbit 172. The serum of this rabbit' 
c011tai11s neither amboceptor 1101' aggluLinin in a noticeable quantity 
against sheep-erythl'ocyteR. 

AfteL' one day there is a distinct difference. There is very little 
swelling and redness (+) on the left, but vel'y stl'ong swelling aIJd 
billish-l'cd ebange of colour (+++) on tbe right. The llext day the 
difference is a little less, uut still it is distinct. 

Consequenlly it was desireable to obtain a serum wlJich sensitized 
stl'ongly (at least 1/1000), but which agglutinated little Ol' not at all. 
As thel'e was 110 question of a rhemical sepaL'ation - all the litera
tUl'e teUs ns that all suchlike attempts lead to no l'esult w hatever ~ 
sneb seL'Um had to be obtained in a different way. In the literatul'e 
about the helel'oge11etical antiboclies is mentioned that serum of a 
rabbit which had been in some wa,,}' prepared in order to get hetero
genetical am boceptol's against sheep-erythrocytes,. wOllld then rontain 
no more agglutinins than are found in nOl'mal rabbitsernm. 

1\1y experiments ii1 this direction h~Ye ho wever not yet led to the 
desÏI'ed l'esult. One rabbit whicl! was injected with cattle-erythl'ocytes 
had a serum with tiLre 1/200 against cattle-~orpuscles, anel a titre 1/1000 

against sheep-corpu&cles. However Ît very clearly contained agglutinins 
against the latter. The same thing appeared with two rabbits which 
had been injected with hOL'se-kidney extract. The titre against sheep
blood was 1/200 of both of them. Both di'stinctly ('ontained itgglutinins, 
if only 1ittle. The sheep-corpuscles tl'eated with this serum l'emained 
for some days in tbe same place, aftel' ha\'ing been injected under 
the conjuncti va. 

So in this war I could not prove with cel'tctinty that the agglu. 
tinin is the cause of tlte pl'epared corpuscles l'emaining under the 
conjunctIva. I) 

IJL I wiII now mention some expel'iments whieh have been made 
in connection hel'ewith, but which do not dil'ectly bear upon the 
subject mentioned in the title. I have asked myself Whelhel' the same 
eljffel'ence as is mentioned above, is also found when non-pl'epared 
blooelcells. are injeeted subconjunctively partly with pl'epal'ed, partly 
with non-prepared animals, anel whether here too the agglutinin was 
of any impol'tance as to the remaining of the el'ythl'ocyte~. And th is 
has indeed appeal'ed to be the ('ase. 

Rabbits wHh serum containing amboceptor (anel agglutinin) still 
showastrong swel1iJlg llndel' the conjunctiva aftel' one Ol' two 
dnys aftel' having been injected with the erythl'oeytes in question 

I) Note added during to l'he correcLion: Now I had more success with this 
experiment. 1'he heterogenetical serum which 1 now used was 1/iOOO strong. 
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(in my expeJ'imenls Ihey werc hOl'seCOl'puscles), whel'eas thc controI1illg 
animals showerl hardi}' any swelling aftel' one. allel no swelling at 
all aftel' two dayf;. In accol'danre with this the tissue fluid (obtained 
in the above mentioned way with rottol1wool) obtains amboceptor 
as weIl as a.gglutinin, if thcy are in the serum. 

Rabbit 160 immLlni7.ed aga.inst cavia-el'ylhrocytes. 
Serum agglutilla.tiOI1 1/50 a.mboceptol' 1/10 weak 

fluid " 1/20 " 1/10" 
Rabbit 192 immunized against hOl'se-el'ythrocytes. 

Serum agglutinatiol1 1/10 amboceptor 1/20 

fluid " 1/10 weak" 1/20 nead)' 

Rabbit 147 immnnized against cattle-erythl'ocytes. 
Se/'um agglutina.tion 1/5 arnboceptol' 1/50 

flztid " 1/5 ,,1/20' 

1 have now investiga,ted if it I'eally is the agglntinin which detel'-
mines the difference. 

Rabbit 116 agglutination stl'ong, amboceptor 1/100' 
Rabbit 148 " I ver)' weak, " l/W 
Both rabbits ure subconjunctively injerted with 1/~ c.cm. washed 

sheep-erythrocytes. . 
Aftel' one day there is a ver)' strong blLlishred swelling with 116, 

with 148 hardly any swelIing; aftel' 2 days still a stl'ong swelling 
with 116, with lJ8 neady all tlle blooel has disappeal'ed. 
, A stronger proof is giv.en by tbe rabbits that were injected with 

hOl'sekidney' extract 1). AlthOLlgh the titre against sheepcorpnscles was 
not high here (with botll 2/200) ft. great difference was stated with 
the controlling ani mal (titre a1so 1/200), 

A.fter one day h8rdly any blood was to be seen with the first, 
contra!'y to the controlling-animal. I tbink these experiments are 
of some impol'tance. FOI' in tbe latest great report about tbe 
aggllltinë:ttion known to me, thaI bJ' PALTAUF 2), the authol' says on 
p. 515: Ob Aggllltination atlC'h im Ol'ganisll1us stattfinc1et erscheint 
recht zweifelhaft. 

At least I believe I have proved the haemaggllltination to take 
place in the sllbcutaneons tissue. 1 only want to insel't here thai 

1) These are the same animals as wcre mcntioned above: theil~serum did 
contain agglutinin, but much less tlJUn the animals immunized in 'nle ol'dinul'y 
way. That here we got IlO agglutinin e1fect, and that we did when mixing the 
serum wllh the bloodcells in vitl'o, may be explnined by the fact that' lhe ,agglu· 
tinin cun piel'ce with [,0 111uch 11101 e difficulty into the lissue fisslll'es and reach lhe 
bloodcells than when a gl'éal Cjllttnlily of serum in vilro is directly added. 

2) KOLLE unel W ASSEIUIAl\N, lIe Auflage, lI, p. -183-654, 
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the phenomena mentioned abo\'e belong to the department of local 
a,mtphy laxis (Phenomenon of AUTHvs). As fal' as I know they have 
not been studied as to tbe immunisation with bioodceIls; tbey have
with sern m or bacteria. This real1..y is on Iy a question of name_ 
however: the -essence of local auaphylaxis is still as llnlmown to 
us as that of general anaphy Iaxis. ' 

In any case we can see by the bloodcells th at the disintegl'ation 
of allmmen IS a ve!')" slow one; I do not wish to deny ho wever, 
that part of lhe flood of leucocytes is owing to this disintegration. 
'Vhat !Jas been stated somewhere el se viz., a primary necrosis of 
the tissue and aftel' that an infiltration of leucocytes 1), I have never 
obsel'\'ed; I could sometimes also state a toxical influence of the 
injection out of an oedemtt of the COl'l1ea: but this bappened very 
rarely. Then one should not directly compare the pbenomena of _ 
subcutaneouR injection with those of intl'acol'neal injection (WE&SET,y, 
VON SZILY); in the latter case the Clll'rent of fluid i1: much slower, 
so that great ditfel'ences cau occu!' by this. It wOllid however lead 
us too far if we enteI'eel into this more c1osely. ' 

We must now still treat of the third question: what happens to 
the sensitized (agglutinated) ceUs, anel what do tbe leucocytes do in 
tbi& process? I must {h'st of all mention that 1 could 1I0t find any 
diffel'enee between histological images when injectingc sensitized or 
only aggl lltinaled bloodcells. This, howevel', is in keeping with 
othel' expel'Îments. [i'01', there being a gl'eat difference in vitro between' 
the phagocytosis of sensitized (opsonized) alld nO,nsensitized cells, -
the former al'e phagocytated, the latter are not, when bl'ought' 
together with suita,ble leucocytes - one does not find back tbis 
difference in vi vo when injecting the cells into the abdomen, 
preYiously injected with brotIl. ACHARD and FOIX~) some time 
ago tried to find the causes of this difference, but in vaiu. I did 
not succeed either 8). We need not be astonisbed however, when 
finding the same conduct in the subcutaneous tissue as in the 
pl'epared abdomen. 

Are the erythrocytes now phagocytn,tcd? Notwithstanding my -
,observing a great many prepar~tions, I did not succeed in getting any 
certainty wbatevel' about this in my histological sections; to form 

1) H. FUCHS und MELLER, Z. f. Ophthalmologie. Bd. 87, p. 280. 
2) ACtIA.RD and ~'OlX Arch. de Médecine expérimentale et d'anatomie Patholo

gique, January 1914. 
S) Prof DE VRIES advised me to add to the mixture (foreign bloodcells, fresh 

serum (without opsonins) and leucocytes) scrapings of the peritoneum endothelium; 
with this I had no success either. 
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an opmIOn about it is, however, very difficult; leucocytes are aJways 
among a' great number of red cells and the sections are 'always 
thickel' than Ol1e red or white cello An)' how, it 8eems very pl'obable 
to me that this must happen. For: 

1. the red eens disappear aftel' n-8 days. 
2. in vitro they are easily phagocytated. 
3. The subcutaneous cellfluid and the leucocyte extract do not 

contain an unspecific haemolysin (SCHNEIDEH: 1. C.; this concerns 
polynucleous (mikrophages) as weIl as mononucleou5 ceUs (macrophages). 

I have tried aftel' one or two days to cut out the swelling (aftel' 
injecting the sensitized (agglutinated) ceUs), and then to spread them 
out on a eoverglass: these preparations too ga\'e bad images; princi
pally by the stickiness of the substance : I did not see a distinct 
phagocytosis. 

I have here always spoken abont sensitized eeUs without wishing 
to form an opinion about the open questioll of identity between 
amboeeptors anJ opsonins and tropins. (NEUFELD 1) SATSCHJiJNSKO 2)). 

The' following experiment will show that there can be amboceptor 
as weIl as tropins in the subcutaneous eelluJal' tissue. A piece of 
cottonwooJ was entered under the skin of the abdomen of a pt'epal'ed 
rabbit (against sheep-el'ythrocytes) and t11e fluid was examined aftel' 
some hoUl's: in vitl'o it stl'ongly stimulfLied the phagocytosis of 
sheep-erytrocJ'tes by rabbit-Ieucocytes. 

As a summary we ean draw the following conclusions: 
1. When using red corpuscles loaded with amboceptor as antigen 

~ne should remove all smplus of serum. 
2, Sensitized and agglutinated red corpuscle8, ,;vhen injected snb· 

clltaneously, remain in the same place for a long time; non-tl'eated 
cells are soon led away. 

3. This will most pl'ohab1y be the consequence of the agglutin[l,tion, 
not of the sensitizing. The same happens to non-specific agg;lutination 
~ also when it concerns tlle animal's own ceUs. 

4. With pl'epal'ed animals possessing aggilltinin, the ceUs in,jected' 
also l'emain in the place w here they have been injected. 80 agglll
tination in vitl'o also takes place; this is not tlle case with animals 
which only possess amboceptol's (opsonins) and no agglutinins. 

5. The sllbclltaneous lymph contains very little or no complement, 
it does contain amboceptol', agglutinin, opsonin (tropin). 

Th'e above will show _ my expel'iments not yet to be complete. 
They 'require to be completed as to the question to wImt 

1) Arbeiten aus den Kais~rl. Gesundh. Bd. 25, 27 en 2&. 
2) Arch. Sc. biol. St. Petersburg. XV, blz. 145 1910. 

I 22 
Proceedings Royal Acad. Amsterdam. Vol. XVII. 
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t'xtent the immunizing power of red corpuscles Ioaded with antibodies 
is related to that of normal cells as to the tropin- and the agglutinin
cOlltent of the serum. We may suppose, also in consequence of the 
above mentioned experiments, that the content of antibodies of serum 
and subcutaneous Iymph goes parallel and so we shall not investigate 
this point separately. 

IV. Aftel' the immunisation with sensitized erythrocytes the one 
with mixtnres of serum and anti-serum come5 next. I have not 
statecl the amhoceptol'titre (to be stated by means of complement 
fixing) but the precipitincontent. Where the results do not differ 
much from the experiments with sensitized erythrocytes, I think I 
can suffice with only stating the preèipitin. 

I JA Rabhits, injected intravellou5ly with horse5erum, 0,5 C.C.ll1. per 
kg. (made inactive). 

Rabbit weight titre aftel' 3 days aftel' 5 days aft er 7 da ys after 12 ds. aftel' 14 ds. 

103 2600 

• a al 6 SI '(,oo 
1/1000 

104 2850 e 2 e <ll ~ ~ 8 I/lOOf) weak 1/1000 6 .... o <ll <ll o <ll !=I<ll 105 2850 rn rn rn rn rn 
.... rn VI000 • 111000 

106 1650 
_<ll<ll _<ll g ~ 1/100 1/1000 weak --:=Ul,..t:l 5~ ~ ......... 

107 2100 
m 0 rn 0 0 

1/1000 ~.S ~ ~ lhooo weak 

IB. Rahbits injected, intravenously with 0,5 c.cm. horseserum 
(inaetive) + 1 C.Cll1. precip. serum (1/1000), aftel' this mixture had 
stood for 1 hoU!'. 

Rabbit weight titre aft. 3 days af ter 5 days after ï days aft. 12 days aft. 14 days 

- j 6 llro 1/r00 VI00 

- ~ ~ VlO 1/1000 1/1000 

- ..:: -} still sorne ~ liroo 1/1000 

- :;::: ~ - ? hOlse seiUm ç 111000 1/1000 

1 ë;; ö 
- ~ 1/10 weak 1 /l~OO weak 1/1000 

108 2150 

1· a sI 109 2150 S 8 8 o '1! <ll 

119 1850 en til Ul 

<ll <ll 

111 1R50 ?-~:8 
~o 

112 2150 rJJ .... 
~.S 

So here we do not see a distinct difference between the A anel B 
group. 

II A. Rabbits, injeeted inti'aperitoneally 0,4 eell1. human serum 
per kg. "'\. 

Rabbit Weight 
67 2150 
78 2450 
70 
60 
76 

1900 
2320 
1820 

aftel' 5 days 

S 
<ll ;:l .... .... 
o <ll 
El til 

1=:1 
o C'$ 
1=:1 6 

;:l 
~ 

I 
aft. 7 ds. aft. 10 ds. aft. 12 ds. aft. 14 ds. 

1/10 

1/r0 

1/10 

11l0? 1/100 

lilo lhoo 
I I 

1/1000 

1/100 

1/1000 

1/1000 

1/1000 

lholOO 

1/1000 weak 
lh 0000 

VlOOOO 

1110000 

II B. Rl1bbits injeeted similarIJ' 0,4. ccrn per kg. + 3,6 cem. 
antiserum C/.ooo lnrgely). The mixture had stood fol' 4 houI's, a thick 
pl'eeipitate has been fOlllWd. 
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Rabhil 

. ,. 
Weigbt aft. 5 ds. aft. 7 ds. aft. 10 ds. 'aft. 12 ds. aft. 14 ds. 

2100 ä 1/100 1/1000 1/1000 

114 3200 Q) ::I 
l/lO ... ... o Q) 

113 I 2000 S Ul lilo 
112 2550 

;::: 
1/1000 1/100 weak o ro 

;::: S 
71 1600 ::I T - 1/1000 llIoooo ..z: 

I Aftel' 17 days the titre already went back. 
Here we ('an see that, whereas of the series B three rabbits 

I 
distinctly lag hehind, two' of them reach as high a titre as the A 
rabbits. Knowing (UHLENHUTH) that accidental fitilures in the prepaJation 
of precipitinholding sera are not to be avoided, I should not wish to 
draviT I any other conclusion from this than that' a good formation of 
precipitins is also IPossible with mixtures of serum and antiserum. 
. I have also taken the following series of experiments. 

lIl. (Rabbit 140 1 c.cm. horseserum intraperitoneal. 

" '116" " " + 1 cem antiserum 
C/I000) 

142 + 3 
( 

" " " " " - , . 99 I + '5 
" " " " " 
" 

121 
" " " + 7 

" 8 \ + 9 
" " " " " ! 

'*2 ' - '+ 11 " ." " " H 
\. 48 I +'13 

" " " " " ~ I : 
Rabbits 8fter 8 days 

140 '. ' 
1161 1/100 weak. 
142 1/ lOon j, 

_ 99 1/1000 

121 I/lOOd 

8 1/1000 

42 1/10000 

48 

. 80 here too we find a rather important formatioll of anti&erum 
with rabbits, which, with the serUID, had also got antiserum, 

IV. Rabbit 155 50c.em. antiserum I/lOGO + 2e.cm. horseserumintmpel'it. 

" :156 30"" + 2" " " 
" 157 10"" + 2" " " 
" 158 0"" + 2" " " 
" 159 15"" +0" " " 

22* 
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Rabbit aftel' 11/2 hoUl' aftel' 1 day 

155 
156 
157 
158 
159 

\

' contains \ \ contaim, I 
horse serum (' horse serun: 

- + - +++ -

I}+ \11+++:\-
\ /10 

aftel' 3 days 
contains 

horse serum 

++ 
++ +? 
++ 

aftel' ~ days 
contains 

horse serum-

++ 
++ 
+? 
++ 
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Here too we also see some il'regularity: (l'abbit 157 immunizes 
somewhat less than the other, but even a mixtul'e of 25 times more 
antiserum than serum still has immunizing effect. 

I dld llot try ü' surplus of serum can do fin)' hal'm when 
immumzing, for one then gets too grenr quantities so that it is hal'd 
to inject them: 50 ccm. serum is rather much fol' a l'abbit. 

These experiments seem to be somewhfit contrary to a communi
cation of DORR (report about Anaphy1axis, KaLLE UND WASSER~{. 

He Aufl.), that the pl'eCipltate obtained by mixing serum and anti
serum, has na immunizing effect. But this is on1y a seemil1g 
conrradiction. For, accol'ding to investlgatiOlls e. g. by WEI,SR and 
CHAl'l\1ANN]) this precipitate only contamB traces of pal'ts of the 
serum and it 1'3 almost exclusively fOl'med out of tbe antiserum. 

Titus I have found that of a sernm of a rabbit which was 
immunized against hllman r:,el'um (titre 1/1000) 75 ccm. was necessal'y 
to form together with 1 crm. human Sel'llIll (togethel' till 150 cem.)_ 
a pl'eclpitate, so that in the above mentioned liquid no more human 
sermu could be indicated with llly antiserum C/lOOO)' 1 rcm. being a 
very smaH dosis to immunize a rabbIt, it is deal' that not much 
ean be expe('ted in general fi'om an injection of the pl'ecipitate 2). 

I have now also examined the local effect of serum and antiserum. 

1) Zeitsch. f. Immunitátsf. 9, p. 517. 
11) I here give up the questJon whether thel'e is any human serum at all ta be 

faund in the pl'ecipitate, Ol' whether it could be again removed by washing. 
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With this the antiserum and serum wel'e always both inactive, so 
that we have nothing to do with any possible anaphylatoxin. 

If one again injects the mixture in which a precipitate has been 
formed subconjunctively, one will fi]ld a rather strong swelling the 
next few days, which at a morphological examination again seems 
to contain polynucleous ceUs. The contl'olling animals which had 
only been injected with serum, we re normal again the next day. 

If one centrifuges the mixture, fhe above mentioned liquid is not 
found to cause a swelling, but the precipitate is. So we have here 
an analogous conduct as with the COl'puscles 1). 

I have now tried whether specific albumen precipitations did not 
show the same conduct, and fol' th is I chose the pl'ecipitates of 
horseserum with colloidal Fe (09)3 and Si02 • Both precipitates 
gave some swelling and at a morphological investigation polynucleous 
Jeucocytosis. This investigation must still be extended. 

If OTle injects a prepared ani mal with specifie serum, one gets 
the saml:' vhenomenon: swelling and leucocytosis. This phenomenon 
is welllmown. I did not yet succeed in proving here as well that 
the preeipItins hold the serum in its plaee 2), although 1 do think It 
likely, considering what goes be(ore. For the time being I do not 
see a chance of prepal'ing a serum whieh possesses amboceptor 
against foreign albumen, but no precipitin. 

Path. Anat. Lab01'atO?'Y of the Unive'l'sity. 

Chemistry. - "T/te Temreratttl'e-coefjicients of t!te fl'ee Sw1ace
ene)'gy of Liquids at Temperatw'es fi'om -800 to 1650° C. 
1. Met/wels and Appamtlts. By Prof. Dl'. F'. 1\'1. JAEGEH. (Oom
municated by Prof. P. VAN HmmURGn). 

§ 1. The purpose of the expel'iments here descl'ibed was to en
deavoUl' to aseedain the relation between the so-called "moleclllar 
sUl'f'a.ce-enel'gy" of moIten salts and the temperatme, - a l'elation 
whieh has hithel'tho been studied only in liquids, whieh possess no 
electl'olytieal conducti vity. 

1) The experÎlnents are somewhat analogous to those about the local eITect of 
the anaphylatoxin (FRIEDBERGER), but I always used serum that was made inactive, 
contrary to the investigators, into the anaphylatoxin. 

2) That is to say subconjunctively. For the cornea other laws probably prevailj 
there the seruin remains in the same place for rather a long time without there 
being any precipitins (WESSELY, VaN SZILY). 
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A pt'obable l'eMtion founded up on thc law of cOl'l'esponding states, 
belween the vallle of thc tempera,tul'e-coefficient of the exple::.sion: 

(
lJ1)1/3 _ 

X d ,and tbe degree of moleculat' association of a liquid was -

fil'st suggested by EOTVOS 1), and later by RAlvlSAY and SHIELDS2) and 
a number of others 3). These ob&ervations appeared to prove, that 
the values of these coefficients do not differ, much from 2,2 Erg 
per rlegree' C. for "normal" liquids, while for associated alles they 
are considèrably less. In any event same definite knowledge of the 
dependence of the fi'ee surfi:we-energy X upon tlle ternperatul'e will 
be of high importance for tlle consideration of all problems, relating 
to the internal state of liquids. 

Tt ean hardly be supposed with ,any pl'Obability, that the ]aw of 
corresponding states will be found to appIy in the case of molten 
salts, because they are really e]ectro]ytes and more Ol' less dissociated. 
Notwithstanding this, if tlle investigation should chance to reveal 
l'elations in any way analogous to those llitherto supposed to bf 
characteristic of organic liquids, th is fact must carefnlly be considel'ed 
in estimating the signjficance of the theoretical speeulations mentioned, 
and especially is this the case, wltere criteria are sought for judging 
tlbollt the moleeular state of' liquids in general. In fact, one ean 
better hope to elucidate the influence of chemical constitution on 
characteristic properties in the case of molten salts, than in the ('ase 
of the rnuch more complicated ol'ganic molecules. 

Thése and other considerations, some years ago (1910) suggested 
the development 4) of an experimental method, which should permit 
the study of the dependenee of the molecular surfaee-energy upon 
lemperatnre, ( - even up to temperatlll'es in the vicinity of j 6500 C. 

l)JEoTvas, Wied. Ann. 27. 448. (1886) i VAN DER WAALS, Zeits. f. phys. Chem. 
13. 713. (1894). EINSTEIN. Ann. d Phys. 34. 165. (1911.) , 

2) RAMSAY and SHIELDS, Zelts. f. phys. Chemie 12. ·433. (1893) . 

. 3) Vid.: Gun and collaborators, Journ. de Chim. phys. 5. 81; 97. (1907) ij 9. 
505 (1911);' etc.; WALDEN and SWINNE, Zeüs. f. phys. Chetn. 79, 700. (t 912) 
Bull. Acad. St. PétersboUl g, (1914) 405. 

1) Pl'eliminal'y experiments. of this kind were begun during my stay at the 
Geophysicaz' Laboratory in Washington, (U. S. A.), in the winter 1910-1911, 
and I wish to express my thanks herp. Ollce more to my friend .Dr. A. L. DAY 

far hjs kind assistance and most valuabJe advice in this matter. Through these ' 
preliminary experiments the availability of, the \ ~ethod up ta 1209° C. was clearly\ 
establisheel by me, anel it became quite clear, in what directions improvements 

, I 

were necessary. The further development was hindered by the build,ing ,and equip-
ment of the new Chemica} LabOl'atary of the University of Groningen: not earlier 

I I 

than NovembeL' 1913 could the first measurements of the1present series he,made .. 
I,. ~ J I ,.,..... ~..,; ~ .. I .J..... ~ 

---------------- - -----
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With the incl'ease of the temperatme of obsel'\ratión, tlJe expel'imental 
difficulties of precision-measurements increase vel'y rapidly' meaSlll'e
ments, which at room-temperatul'!3 are of tbe utmoet simplicity, are 
of ten velT difficult at 4000 0., anel commonly almost ünpossiblé 
above 10000 O. This tact explains, why it has not been possible 
until now, to eommnnieate the results obtained, beeause only an 
extended expel'ienee eonld prove to us the l'eliahility of the method 
used and the degree of accuracy obtainable. 

§ 2. Of all the methods bit~ertho described for the detel'IIlination 
of sl1l'face-tensions, the one most usecl is the method of measnring 
the 1'ise of the liquid in capillal'y tubes. RAMSAY and SHlELDS and 
most of the investigators who bave followed, have used tbis method. 
It can however hal'dly be denied, that the absolute va.lues Jf x, 
obtained oy different observel's with the same liquids and fit tbe 
same tem pel'atureA, show discrepancies of considerabie magnitude. 
Oommonly tbis lack of agreement is attributed l'ather to the unequal 
degl'ee of chemical purity of the mateI'ials studied, than to the methods 
employed. In many of the cases, however t!te discrepancies were 
tound wiLh liquids, which can be obtained in a state of complete 
plh·ity without extraordinary trol1ble, so that one is easily inclined 
to the belief that the method of measnring the capilIary eolumn 
includes sorne sources of error whieh are not yet sufficiently known. 
Possibly adhesion to the walls of the tubes playe. a certain ro1e in 
it, Ol' pel'haps the influence of the angle-- bet ween liquid and 
solid matel'ial may be not cornpletely negligible, as is ol'dinal'ily 
assumed. 

Howevel' thel'e is a decisive argument against the llse of the 
method of capillal'y ascension In the following ll1vestigations; the 
walJs of the eapillary tubes used, wel'e rdways damaged in a gl'eatel' 
or Ie ss degl'ee by the action of the molten salts. A micl'oseopical 
examination of the walls of the tubes readily l'evealed tlus fact. 
The method cannot be emp10yed thel'efol'e at tempel'atul'es, exceeding 
400' C., because the liquids will ahvays be contaminated <"tnd the l'esll1ts 
will be almoAt mlueless. Furthermore, the method assumes, that a rather 
long column of liqllid ean be held thl'óughout its full length at a 
constant and unifOl'm tempemtul'e. At high tempemtm'es this con di
tion cao scal'cely be fllifilled. The stndy of large platimlm l'esistance
furnaees has shown convincingly, that even in a central furnace
tube of about 26 c.m. length and 4,5 e.m. diameter, with the heating
eoil wonnJ illside, the spaee of really constant1tempel'ature is scarc~ly 
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longer than 4 Ol' 5 cm. 1
) Therefore it is absolutely essential in every 

method iniended for exact measurement at high temperatnres, that 
tiJe working-space be redueed to dimensions as small as possible. -
With respect to the measurements of temperature under sueh éon
ditions, the available methads will pel'mit making them with an 
accnracy of 0°,1 C.,~) which is more thaI'!... sufficient for the purpose. 
On the other hand, the neeessary measurements of the surface-energy 
must he made in sneh a way, that the 'resnlts wil! have the same 
degree of accuracy at the highest temperatures, which they possess 
at lower temperatures, while at the sa'me time the liquid to be 
studied must be restricted to a space. of ane Ol' two cu bic centimeters. 

~ 3. To fuifill these postu]ations, thel'e is a method which can 
be used under cel'tain conditions, which was first projected by 
lVI. SlllfON, and later developed by CANTOR, J) while it was successfully -
used aftenval'ds for researches at la wel' temperatnres by FEUSTEL. 4) 
It appeared to be possibie to develop the technical procedure in 
sueh a way, that the method cOllid be used, without any appreciabie 
loss of accuracy, up to the highest temperatures, whieh can be 
measured with the plaiinum-platinumrhodium thermoelement. 

The principle of the method is the measurement of the maximum 
pressure H, prevailing within a very smaH gas-buhble, whieh I is 
sIowly formed at the circuIar, knife-edge opening of a capillary tube 
immersed in the liquid perpendicnlar to its surface, just at the 
moment, when the gasbubble is about to burst. The sharp edge 
of the capillary tube eliminates the inflnence of the capillary angle. 
In this way absolute measurements of the surface-energy are possible 
in Ergs pel' cm2

., if the radius l' of the tube, the specitic gravity cl 
of the liquid at the temperatLlre of observation, and the depth of 
immersion: i of the tube into the liquid, are known. To obtain the 
true valt\è of H, the reading's of tlle manometer require to be 
diminished by the hydl'ostatic pl'essure, corresponding to this depth 
of imm el'sion i. 

The method evidently ran only give exact results, if the fin al state 
of the gasbubble represents a state of equilibrium, and is thus reached 

1) BOTTOMLEY, Journ. of the Chem. Soc. 83. 1421. (1903); LORENZ and KAUFLER, 
B. d. d. Chem. Ges. 41. 3727. (1908); TRAuBE, ibid. 24. 3074. (1891). Vide also: 
MOTYLEWSKI, Z. f. anorg. Chem. 38. 410. (1903). • 

2) F. M. JUGER, Eiue Auleituug zur Ausführung exakter physiko-chemischer 
Messungen bei höheren Temperaturen. (1913). p. 36, 43. 

3) M. SmoN, Ann. de Chim. et Phys. (3). 32. 5. (1851); CANTOR, Wied. Ann. 
47. 399. (1892). 

4) F:mUSTEI" Drude's Ann. 16. 61. (1905) j FORCE, ibid. 17, 744. (1905), 
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passing a series of mere equihbria; that is: the mcthod l'equil'ed to 
be made pmcticaUy a statie one, the final maximnm-pl'esSlll'e being 
independent of the special way, in which the pressure in the gl'owing 
gas-bubble is gl'adually augmented. 

Thus a very slow rise of pressm'e in the gl'owing gas-bubble is 
necessary, and only in this way does it appeal' possibie to eliminate 
the small differences of pressure in the long' c'onnecting tubes of the 
apparatl1s. For it is well known, that the adjustment of snch smaH 
pl'essure-differences takes a considerabie time, if the c~l1necting tubes 
are relatively long. 

If the radius of the capillal'y tube is l' (in cm.), the specific 
gravity of the liqnid cl, and the observed maximum-pl'essure (in 
Dynes) is H, then the surface-energy X (if\ Erg. pro cm 3

.) ifi calculated 
fi'om OANTOR'S expression (loco cit.): 

?'H 1 1 d2?,3 • 
X= __ -d?,2 ---. 

2 3 2 H 

The last two terms of the second membel' of this equation are 
usually so smalI, that they can be neglected in compal'ison with the 
experimental errors, as being corl'ections of the seco}ldary order. 

Nevertheless it has become clear, that a special correction requires 
to be applied to the values calcuIated in this manner, because of 
the fact, that in the theoreticaI ueduction of this l'eIatioll, a simpli
fication is used, which cannot be' considel'ed ql1ite legitimate. We 'wiII 
advert to this cOITection lateron. (Vid.: VI; LUlder general remarks).-

With this limÏtation extended experience in the use of tbe method 
leads to the convictioll, that in the fo,rm it is nsed here, one can 
obtain reliable and, within narl'ow limits, repl'oducible l'esnlts. It 
has the advantage, that the surface-Ja.rer of the liquid is continually . 
1'enewed, th us the often-observed and tl'oublesome phenomenon of 
the alteration of this Jayel', need not be feal'ed. J:i"urthermol'e one 

I I 

can vary the fIowing gas at will with the different liquids, to pl'event 
eventual oxidations or l'eductions 1), With these pl'ecautions the 
resuIts can be considered as accurate at 1650° O. as at ol'dinary 
tempel'atul'es, if only no abnol'mally high yiscosity is encountel'ed 
in the liquids; fol' this wil! destroy to some extent the reJiabilityof 
the measurements. The inflnence of the viscosity will be discussed 
lateron in more detail. 

Of all sources of error to be considel'ed: inaccUl'acy in the 

1) As long as thc gas is indifferent, i.e. as long as it does not reaet with the 
liquid, the resuIts will be quite eompalable, bccause experiel1ec teaeh'es, that tbe 
differenees in the values of x, measured with different gases, are val1ishingly 
small in comparison with the experi1l1ental enors. 
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meaSlll'ements of r, of' dl, of the pressul'e H, of the l'eduction-factor 
of the obsel'ved pl'eSSUl'e on the manometer to mercury-prebSUl'e, of 
the meaSlll'ement of temperatUl'e, of the depth i, etc., - the last -
mentioned appeared to be the most significant. If all these errors are 
assnmed to be cumulative; the total effeet upon the reproducibility 
of the l'esuIts, even at 1650° O. is still within about 1 0/0 of the 
true value of x, and at Jowel' temperatm'es about 0.6 0/0 of that value. 
With many molten salts, where H is very great and the viscosity 
very small, the percentage error appeared to be even less than this, 
not exceeding 0,4%" Fol' our purpose this degree of accUl'acy may be 
consldered a very satisfactory one considel'ing the enOl'mOlIS difficulties 
of measurements at those exti'eme tempel'atul'es. lt is aIso question
able, whethel' it will be possible to exceed this accuracy at such 
high tempel'atures in the neal' t'uture. And if this could be 
done, it is very ploblematical whether much would be gained 
for the purpose proposed. For experience teaches us, that at those 
extreme tempel'atUl'es all compounds are in a state of more Ol' less 
advanced dü;sociation, alld it ran hal'dly be of any signifieance to 
express the surface-energy X of sueh eompounds in tenths of Ergs, 
when the uncertainty in t11e values of X, eaused by the inevitable 
ad mixture of the dibsociation-products, will surely be larger than 
the cOl'l'eelÏon-fd.ctol's following from this increase in the aceuracy 
of the measurements. 

§ 4. In this and the following papers we will successively give 
an account: (1). Of the exreJ'imental 'arrangements and the manner 
of procedure, induding some instanees, illustratmg the general adapta
hility of the method employed in different cases. (2). The results, obtained 
bet ween __ 80° alld + 270° O. in the study of a great number of 
carboncompounds, in connection w!th theil' atomic constitution and tht' 
\alidity of EOTVós' theoretical views. (3). The experiments made to 
detel'mine the fl'ee surfaee-enel'gy of molten salts, by means of the 
method here developed. ln this connection we will also discuss 
more in detail the earlier attempts to solve the problem by the 
methocl of raplllary ascension in glass-tubes. (4). Finally a discussion 
of the results obtained and a number of considel'ations of a more 
general kind will be given, which are snggested by the study and 
comparison of the data now available. 

§ 5. ApparatUiJ and EaJpe1'imental Equipment: 
a. In all the measurements pure, dry nit1'ogen, free fl'om oxygen, 

was usep, becaube even at the highest tempeI'atures this gas àppeared 
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to be quite inert, and to attack neithel' the compoundf:, studied, nor 
the thel'illo-elements. Carbondioxyde can be nsed as a furnace-atillos~ 
phere up to relatively high temperatul'es, but is often not \ery suit
able, to be 'bubbled thl'ough molten salts undel' these circumstances, 
because of its character as an anhydrous acid. Fnrthel'Inore, at the 
highest temperatUI'es a slight dissociation IS always to be feared. 
At the same time the dry nitrogen permitted us to drive out tue 
air from the glass bulbs at lowel' tempel'atures, anel completely 
prevented the oxidation of the ol'ganic liqnids studied. 

D , 

of " 

" 
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" 

Fig. 1. 
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The nih'ogen employed waf:, prepal'eel from a mixture of pme 
sodiumnitrite and ammoniumchloride, washed by distilled water, 
and collected in a gasometer D (fig. 1). It was led through a series 
of wash-bottles e, filled with an alkaline solution of pyrogallol, then 
through othe1's, filled with concentl'ated sulphul'Îc acid (t), and fiJJally 
thl'ongh a tube j: containing a large surface of fl'eshly sublimed 
.phosphol'ous-pentoxide. The dried gas was presel'ved in a C'ollector W~ 
closed witb dry mercn!'y. Wheu needed, it was pushed on into a 
metal l'eser\'oil' N by mE'uns of a movable mercmy-holder Z. Any 
arbitral'ily chosen pressure could be used wlüeh was then read on, 
tbe mel'eury-manometer A. The stopcock E carries a micrometer, 
used in the regulation of tbe gas-cul/rent. In the study of the org'anic 
liquids, this reservoir N was placed in the oil-thel'mosta,te D, with 
tbe glass-bulbs containing t1le liqui~ls 10 be investigated. In tbis way 
lhe nitl'ogen was pl'o-heated io the tempel'atnl'e of obser\'ation, thus 

i - " J , t 

preventing disturbances of tempera.ture in t11e surfa:ce~l~yel' of thJ~ 



- 342 -

33(5 

liquid due 10 the small gas-bubbles emerging fl'om lhe capil
lal'y tube. 

The regulation of the velocity of flow of the gas was obtaJined 
by means of the stopeock E al ready mentioned, in combination with 
two accurateIy adjustable pinch-cocks E, which werE} insel'ted between 
the reservoir N anel the apparatus R, carrying the eapillary tll be 
and its ad.justments. With this arrangement rio undesirable cooiing 
of the surface, nor any lack of adjustment of the gas-velocity need 
be feal'ed as a considerabie SOUl'ce of error. 

b. The apparatns R consists of an llpl'ig'ht rod R (fig. 2a), about 
1 meter high, and made of bl'ass heaviIy plated with ni{'kel. It rests 

, on a heavy iron tripoel fitted with three levelling screws. The vel'tical 
rod can be l'otated about its axis by means of two gijding discs 0 
at the foot of the piIlal'; they may be clamped fast wh en desired. 
In this way it is posaible to \;t'ing the horIzontal arm, bearing the 
adjusting arrangements and the movable eounter-weight I into any 
desü'ed azimuth, and to fix its position by means of the clamps at 
o and the {'ollar at R. With the aid of a handle pl'ovided with a 
vertieal raek and pinion, this horizontal arm can be raised to any 
height and fixed there with proper clamps. This arm ean also be 
moved horizontally, in order to vary its lengtll. lVIOI'eover it appeal'ed 
to be necessary to prevent a slight bending of the piJlar R nnder 
eerlain clreumstances, by means of' th ree steel supports attached to 
Band to the iron tripod 1). -

Just over R, it has at its end a rectangularly bent steel support, 
to which are attached the spil'altubes G, made of gas-6ght aluminium
tubes, nearly 3 millimeters wide, and a1so the simil~r tubes U, which 
however consist of much wider spirals. The Jatter form the continu
ation of the aluminiumtubes G, and their ends are firmly fastened 
to the hOl'izontal beam, which is fixed in the 1~borator.v just above 
the whole apparatn~. The two sets of spiraltubes appeal'ed to be 
neeessary to ensure the desired mobility of the apparatus with l'egal'd 
to the manometer-cOlmecting tubes, and aiso to render an effective 
opet'ation of the adjusting de,'ices posslble. The great sensitiveness 
of the manometer makes it neeessary, that all the connecting tubes 
of the instrument, as weIl as the spirals G and D, should be wrapped 
with a thick layer of white flannel or asbestos, in order to avoid 
the disturbing influence of slight oseillations of temperature. 

1) In the construchon of this apparr,tus the mechanics D. VONK ana A. VAN 

DER MEULEN, and the amanuensis J. J. FOLKERS1,aU of Groningen, have aided in a 
most practical and effective way. 
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The adjusting de.ilil R is 
rCpt'O)$(mtOld (In a somewhat 
hu-ger o<:a!e. in .lig. 2b; it is 
tixe<! ltt positio ll over Il 
lUistanc ... · flll'nllCe. Illld con
nedcd witb the capiHarl' 
IllM milde of Ihc plRtinum
rhod ;"III·a! !ol' &tld the the"<1o
clement P. In 1his drllw ing 
the rl!etangu!ar support with 
tho spil"il18 G lU"e &]so p!ainl.'· 
di-.:el"nible. togethcr with the 
hoHow \Vnter,sc"een J. i" 
,vhieh a I!m'rent of cold water 
is conti ll uaHy cirel11ating. 
'rh is adjusting de,'ie~ consisrs 
or ' ''0 semi·cireu!ar parts 
lloo"t 40 e.m. in diAmeter. 
One part JS pel·maneu1ll" 
aIHt.cht;d tn the apparatt>s R. 
tbe olher eau ba 6tted 1() i\ 
bl' lueaus of pins anrl shol·t 
l\!~ . The hltter part 11115 11 
,:ireu!ar glass·window. whel'e 
"roti I!Je 10taJ!)" raflecting lIud 
1II0"ab!e (arouud s hOI'iw lusl 
lUis) priSl1I E is placoo. Hl' 
means of this prislII the Oe· 
haviollr of the !iquid in tl'e 
fllrn<lCe can he obSO>I'ved and 
rou trolled fit ave l'Y ffilJment.At 
lempel"il!lIres oveL' 10CJ00C., 
eolouroo gl'een g!ru;sea are 

Fig.2b. inso>rtoo in from of the pl'ism. 
Wit.h th~ proteclion of the waterscreen J it ]!roved. possib!e, to uso> 
!.he manometer even &t tempel"iltur8S of 1650" C., wi,hoLlt an}" 
disturbanee from the heat·mdiation (lf the f"I'nace. The furnace B 
is 11 platin" lII' (o r " ichrome-) rasis(allca {u,""ace of the usuill type ') ; 
il has an inside wouud healing·eoi!, IInd ran ba bCllterl wi,h a 
centL"ill tube of P.lundulll inside. up to 14OO"C., 8 nd Wilhou! sueh 1\ 

') F, M. JolBGEli. AD!';!wtg US.IV, (1913). p. 36. 
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cenln!.1 tube, 10 "ooul 1680" C. The pll1!i"um~mcible i! oome "pon á 
mo,'al)Ie aupport of hUrrll,ld mRgne8i te. which c"" he 6~ed to tloe 
iron IIU pport A al all)' elenuion. 

Tlle ~nSl."O::lÎon .. lid Ilrl'llngemellt of Ihe part R or Ibe adjulli"g 
de,' ire il e]uo::idJued more in delail in fig. 3a /lnd 3b, 11 gi"ing Ihe 

• 

• 

,. •• 
c.~lCrn/ll ,'iew fro", ono ~idc. I, 11 8IlClion Ihrough ij, in Il pl/lno, 
IlCrpendio::ular 10 that of fig. :In. 

Th ... appllrmus co" sjs41 of \wo ",elnl di.sa P, nnd P" of wlokh 
11,0 disc P, wirh tloe tube S IIl\ll('l,ed 10 it, CIl" be "lOved horizout. 
1111)' rou!I(l lloe hemi""'ll,herica\ hullon Q, "nd by mea"s of tloe tere,", 
A, IInd A, r.all be lIrollghr tu lUI}' io.cli ned jlOIIitiou with respecl 10 
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Pl' If p~ is tu.rned jn a hOl'izontal direction, the SCl'ews Al and A" 
as weIl as tbe springs ,FI and .F2 , (fixed at one end only) will glide 
along the .upper disc P j , the whole upper part thus remaining in its 
original position. It appeared to be necessal'y ,to use a thil'd sc:rew 
B for the adjustment. of the capil1a1'Y tube. It is first completely 
loosened from Pl' then aftel' PI and P 2 have been brought into the 
desired relative position, the screw B is turned so as to touch the 
disc PI slightly: in this way the relative position of the two 'plates 
is completely fixed. The tubes IS' and Y, (not shown in fig. 3a) are 
bent rectangularly upwards, and fittect,' to the spirà.l tubes G. By this 
arrangement an undesirable rnotion of tlle apparatns (during' the 
ad,iustmênt of the capiIlary tube), due to the influence of the stress and 
weight of the connecting-tubes, cOllld be sufficienly prevented, while 
the micrometerscrew JJf at the same time remained in worlring 
condition. This' screw M, fitted with a drum N and a scale D, 
serves to move the di"'cs PI and Pa together through a known ver
tical distance. The sc)'ew has a pitch of 1 mmo exactly, the cirrum
ference. being divided into one hundred equal pal'ts, it th us permits a 
vertical motion of 0,01 mmo to be measured a't D. This is more 
than sufficient, because experience proves, that no adjustment of the 
capillary tube in contact with .the surface of the liquid, can be 
made with greater accuracy than about 0,1 mmo DUl'ing this vertieal 
motion the drum N and the micrometerscrew J.11 remain in theil' 
original positions, because they can only move ~n a horizontal direction 
round the fixed part V of the apparatus. A ver tic al seale Z, provided' 
with divisions for about 30 mm., is moved at the same time with 
the two discs PI and P,. In this way the number of revolutions of 
N ran be read directly. Concerning the adjustment of the capillary 
tube with respect to the sUl'face of the liquid, whie~ can be made 
either visually, or with the aid of tbe manometer-readings, the neces
sary directions will be given below. 

§ 6. It was soon found, that the adjnstment of the slight diffe
renees of pressllre in the long co~neeting-tubes happened so sIowly, 
that considerable e1'1'01'S in tlJe measurements must inevitably occur. 
For this reason all the capillal'y tubes, with which the apparatlls 
was -originally equipped, wel'e replaced by 5 mm, gas-tight tubes. 
These tubes wete made in part of lead, in part of aluminium 1) and; 

1) Also tubes of cellon, made by the Rheinisch-Westphälische Sprengstoffe A.G. 
in Coln a/Rh.}' aUll ",hieh may be bent in hot water, ean be reeommended fOl' 
sueh p.,!lrposes, The material is gas·tight /lnd ftre·proof j ho wever iL is difficult to 
obtain it from the plant in aoy desircd shape. 
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wh ere necessary, were wrapped with a thick laYel' of asbestos. 
A considerable time had to be spant, to get all eonneetions 
completel)' free from leakage; but ",hen this was accomplished thé 
indications of tbe manometer were so prompt as to be practically 
instantaneons. Aftel' tbis no errors from this sou ree needed to be 
feared. 

The connection of the tubes oeeurl'ed in the usual way, as with 
high-pressul'e apparatns; these eonneetions appeared to l'emain gas
tight, even aftel' a longer nse. 

~ 7. For tlle measurement of the maximum pressnres to be observed, 
originaIl)' a mel'cul'y-manometel' of the type indieated by SOHl1EL and 
HEUSE 1) was used. The instrument had been modified in some details; 
but it appeared not to be suitable fol' our work, because of the -
necessity of always reading two menisci, whieh was very troublesome 
witb a pressure varying continually up to the moment, when the 
maximum was I'eached. 

This instrument. thel'efore, which is very well adapted fol' static 
measurements, was only employed fol' the calibl'ation of t!le manometer 
finally constructed. This second instrument was built on the principle 
of t11e manometer with two liquids. 

In the measurements of ol'ganic liquids, it was necessar)' to avoid 
any contamination of the connecting-tubeR with the vapour of the 
manometer-liquids, so that onl)' pure 111eTCU1'Y could be used as one 
of the liquids in the manometer. Fot' the second Iiquid we chose 
nor111al octane. This liquid is "ery thin, behaves ver)' weIl in contact 
with giass-waIls, and, if completely dry, appeared not to blacken 
tbe mercUl'y-surfaee, even aftel' long exposme. The vapourtension at 
20° O. is onIy 10,45 mm., the viseosity at 23° 0. is 0,0052 O.G.S., 
the slll'face-tension at 25° C. is 21,3 Erg. pro cm 2

., and the expansion
coefficient is 0,00118. Aftel' repeated fractional distillation, its boiling
point ,'v as fonnd to be 1250 O. nnder 758 mmo pressure, and its 
specitic gravity at 250 O. was: d40 = 0,6985, i. e. about 19,38 times 
less thn.n that of merenr)' at the same tempernture. This last relation 
operates in the following way: 

Suppose the diameter of (,he widel' tube -(fig. 4) to be D, thnt of the 
capillary tube cl and the mercury-meniscus to the l'ight to be a m.m. 
higher tha11 to the left. Tb~n the height of the oetane-column to the left 

1) SCHEEL und HEUSE, Ein heizbares Quecksilbermanometer für Drucke bis 

100 m.M. j Mitt. nus d. Phys. Techll Reichs-Anstalt, Zeits. f. Instr. 30. (2). 45. 

(1910). 
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,((, 1 ,..' 
slde (c) is: - m.m., if E ...::.... --= 0,0516. Suppose f:::"p to be the inrreasê 

E 19,38 
of pressure (in m.m. mercul'y), necessal'yon therl'ighl side, to sink tIle 

merClll'y-sul'face just 1 m.m. The mel'
~=:::J-(:-~p cury-surface on the left side, will then 

rise just 1 m.m., and the octane
column from c to c' (= b. lt m.m.), 

D 
d 

Ol' : 

over - m. m. The difference of level 
d 

of tbe two mercnry-surfaces is now: 
(a-2) m.m., and the octane-column 

to the 1eft = (;'--1 + ~) mmo This 

corresponds to a mercury-column of: 

(;-1 + ~) E=,(a-E +fE)m.m. 
The1'efo1'e the necessa1'y increase 

of pressure on the rig'ht side (= f:::" p), 
is evidently: 

(a'-E+ ~ E) - (a-2) m.m. = 2 + 

FiS": 4· + El (~ -1) m.m., an'd tl1Us: 

2+E(~-1) d d d 
D =2 D+ E(1-D)=E+(2-E) Dl 

d 

l::::.p = I ti + (2-E) ~t X b. A. 

The recipl'ocal of' the expression between ! 1 will be seen to bè 
the "multiplication factor" F of the instrument. Wïth small val nes of 
E, (2-E) will differ little from 2; thel'efore it is necessal'y to reduce 

~ as much as possible and to make F as large as possible.' 

In our instrument these conditions we re fu1fiUed in the following 
way: preliminary experiment gave cl = 2,406 m,m~, and D = 1257,36 

'd 
m.m~; thus D = 0,00191, and F beco~es ca. 18. The l'epl'oducibility 

of the sa,me pl'essurp- appeared to be possible within tt limit of 
23 

Procecdil1gs Royal Acad. AmsLerdam. Vol. XVIf. 
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", 
0,1 m.m. <>ctane, whieh wrresponds to 0,005 m.m. mel'('ury·pressurè. 
The aecuraey of the meMurements WlIS within the lirnits 0,0:> Mld 
O, J '/. ; it WlIs greBIer tb,," necessa.ry in oompa.rison wilh tbc magni. 
tude of tbe systemuie errors of the method. 

The Bnal rorm of tbe manometer, lUS i j was use<! in all the meM"
remenlS ia show" ill fig. 5. This fiOB1 form resuhed from ft, g'reIlt 
Dumbe,' of e~periments .. nrl lll'merous changes. The tube A is made 

f;g. 6. 

from the IJesI ql1alily of ha.rd·gl8S8, and connects tlVO bulba B of 
~.a. , 39,9 mmo diameter wilt. a "olume of aboul 130 cubjc centi· 
meters; Ihey possess 1,3 lOm. wlln-tbiekness. The bulbs must ~arefulJy 
be chosen, and Oe compleiely eylindrical thl'(\ughont tbeirfulJ lenglb. 
As tbe heiltht is lLoout 110 mm., i j is nOL easy to [Iud tubes ('flhe 
desired qua.liry. The ~api lhlry tube- mu!! htwe an intemal diameter 
of about 1,7 or :l ,8 mm., u.nd a wall.thkkness or about 2,.5 mn)., 
and must i)e 8ui!able ror pred!ion·measurements Ilfld urefulJy 
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~alib~·ated. lts length is about 600 mm. Another tube D, of equai' 
length, but about 7 mmo in' diameter, serves as a connection to 
the gasappal'atus. The capillary tube C bears at its top a silver 
tube E, overlapping the tube C; it communicates with C by means 
of a silver capillary Inbe, and can eVE'ntually be easily removed. 
The tube C is widened at its top-end to about 10 mm .. and con! 
nerted with the silvertnbe in snch 'a manner, that no dust of thé 
room can contaminate t11e capillary tube cr, wbile at the rther end 
it communicates witb a sm aH resel'voir R, partially filled ""ith oC'tane ; -
this fOl" the purpose of preventing, as far as possibJe, lhe evapora
tion of the liquid in C. For this 1'eason R is placed in the same 
thermostat as the manometer-tube. Tbe corlnertion of R with the 
atmosphere (or with tbe nitl'ogén) is made by means of an adjustable 
glass tube G, whieb opens into a vel'y wide connecting tube leading 
to a large flask witlt three mouths, which is pl'ovided with dry 
calciumoxide, with a smal! manometer, a tube with drying materials 
find with a connection to the nitrogen-holder. In the fig. 1 the octane
reservoir is indicated by C, the silvel' capilIal'y tube by 8, the tl11'ee
mouthed bottle by J. In the same way the manometer is indicated 
by zo, tbe drying-tuliè by Z2) and the com1€'cting tubes uy Q and H. 
The manometer is aJ"l"anged in a' glycerine-thermdstat of the type 
nSllal in d ilatometer-thel'ffiostats (KÖHI,ER), however Hs cOl?structiol1 
ha& been varied in some particulars. The thermostats eommon)y sold are 
quite nl1snitable for this purpose, becallse they commonly show leakage 
or will show it very soon; then thE'y cannot be used fol' glycerine, 
which was chosen be\'::mse of its refl'acti ve index and' low volatility j 
because th is liquid will dissolve the pasJe useo in setting the glass
windows, within a ShOl't time. Two rectangular frames' were th ere
fore made of brass, ahout 3 cm. broad, and soldel'ed fO the thel'mo
stal. These fl'ames were ~moothed as perfect)y as possible and 
possessed an inside fUI'l'oW about 5 mm. deep and 1 cm. 'braad, in 
which a layel' of ver." thin rubber paste, fixed by a solution of rubber \ 
(in cal'bonbisulphide), ),eld the two glasswindows fast. Then a second 
layer of plastic rubber was applied, and tlle second brass-frame was 
un'ifOl'mly pl'essed against the former with same forty screws. The the1'
mostat _holds 22 ,kilos of glycerine, but even aftel' long use it shows no 
leakage, By means of 'a tolllene-J'egniator 1: a spiral-stÎlTer M with 
motor R,. and a pair of small burnel's b\ and b2 , the instrument is 
kept at 25°,1 C. ± 0°,1. I L is a"thermometer, divided in 0°,1 C 
The support F is suspended from the lid H by means of fou[. 
l,novable~ rods 1. The manometertube C:l11 then be bl'ol1gbt into a 
"<rert.ical "pOSitiOll by means of the SCl'ews 8 1 , Sv 8a [tnd 8 4 , Within 

, 23* 
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the thel'mostat and just behind tIle capilIal'y tube C a glass-seale.N 
is introdllced, whieh posses8es a very accurate division in 0,2_mm., 
by means of very fine lines (3 microns) made by the Compagnie 
Géllévoise. The scale is read with a teleseope and oeuIar-micrometer 
by the same firm, and at a distance of about 2 Meters; the enlal'ge
ment is about 25. During the readings_ the motor J[ must be stopped 
fol' a moment, because even the sIight vibrations are 1'at11e1' annoying. 
The thermostat is wrapped with felt except for the nal'row opening 
needed fOl' the readings. Behind the manometer a ground glass-pIate 
is appIied, wbich is illnminatcd b.r two long, tllbf'-sh>aight-filam811t 
incandeseent-lamps, eaeh of 50 candle power. Between the lamps and 
the thennostat, a watertank with glasswindows, is int1'odueed, to 
prevent heat-radiation into the thel'mostat. With this mode oflighting 
the fine divisions and thc octane-slll'face are séen very distinctly, 
'yithout any observable parallax, against an iJluminated background 
and readings can be made wlth extreme acclll'acy, with the aid of 
the movable (,1'08s-hail' of the micrometer. Howevel' readings of less 
than 0,1 mmo appeared to be unneeessal'Y, becallse of the fact, that 
t1;e mean oscIllations in the Elurcesf:Ïve determinations of H, were 
about ± 0,05 mmo octane, the total nncertainty therefore being about 
0,1 mmo octane-pl'essul'e, or about 0,005 m.m. mereury-pressure. 

~ 8. To, bring t11e capillary tube into a vel'tical position, a mer
curymirror was used: by means of the screws Al and A 2 (fig. 3b) 
the position of the capillal'y tube is altered until its mirrorimage 
will seem to be in a straight line with the tube; the position of PI 
and P2 is then fixed by means of the screw B. The eapillary 
tube itselt' was originaliy made fIOm purest, iJ'idiumfree platinum; 
this however uppeal'ed to be toa soft, and 80 an alloy with 10°/0 or 
20°/0 of rhodium was \lsed afterwarcls. It is impossible to get any 
suitable eapdlal'y tubes fOl' this plirpose from, the shops in trade. 
Thel'efore the rongil earillal'j' tllbe witlt its widened (ca. 6 mm.) 
upper part, was purveyed by HERAEUS; the lower end was then 
eareflllly turned off on the Iathe to a ronical and shal'p edge, which 
was once more 'W hetted on an oil-stone, if necessal'y. 

With same pl>actice in this way the repairs of the damaged or 
worn' capillar'y tubes ean be accompIished within a relati\'ely short 
time; and it proved to be possible to obtain a cross sectioll of the 
tube, which in several directions did not deviate more than about 
0,002 m.m. from a pure circula~' slmpe, whiIc the l'im of the lower 
end measured 110 more tban 0,01 m.m. 

The (,1'OSS sectioll was detel'1l1ined by 1l1eans ot' a hórizontal 



- 351 -

345 

micl'oscope, provided -with a micrometer of the muvable-cl'oss-hnil'type 
with di vided cy linder: the diameters were measured in ten Ol' t weh e 
directions, the squares of these numuers added, the total amount 
divided by the number of measured diameters, and the square root 
from this value considered as the true value fOF 21'. With regard 
to the measurements to be made at l extreme temperatures, and on 
account of the faet, that a whetting of the capillary tubes appeal'ed 
to be necessary a.lmost aftel' every set of measUl'ements, 110 tubes 
with a radius of less than 0.040 e.m. were used during these 
investigatiolls. 

The platinum-rhodium-tube ends at its uppel'side in a carefnIly 
smoothed, polished brass disc; the tnbe of the adjustment-apparatus 
R possesses just sneh a smoothed cil'cnlar brass-plate. As a was her 
between tlle two discs, a very 'thin ring of mica is used ; the rapil1ary 
tube is screwed against tbe end of the apparatus R, and both tubes 
are then dl'awn together by the aid of two steel-keys, till the discs 
are firmly pl'essed against each othel': in this way an absolutely 
gas-tight conneetion is obtained. This closure appeal's to be a very 
perfect one, and if it is of ten eontrolled, 110 leakage needs to be 
feared from this source. 

§ 9. The tempel'ature-measurements were made with our calibrated 
thel'mo-couples a,nd compensator-equipment, in the way always used 
in this labOl'atory I). Originally it was planned to eonneet the platinnm
wire of the thermocouple directly to the end of the platinum-rhodium
tube by means of the oxygen-flame; this tube then being considered 
as the positive end of the th us obtained thermo-couple. However 
the perfe~t isolation of the tube at very high temperatures appeared 
to be a sedous obstacle; so the idea was abandoned, and the Llsual 
thermo-couples, pro"ided with iso lating lVlARQuARDr-capillaries, was 
fixed to the platinum-rhodium-tllbe by rneans of fine platinum-wil'es; 
at the othel' end they were connected with the ice-box Y (fig, 2a). 
The wires of the element aL'e bare bver a distanee of about 5 e,m. 
from the junction; this point lies in the \same hOl'izontal plane as the 
lowel' end of the capillary tube. Lhus being in immediate vicinity 
of its _ opening. Of course all platimUIl parts within tbe furnace 
(cl'ucibles, coils, etc.) need to be made fl'om il'idillmfl'ee platinum, 
tJ preyent contamination of the thermo-cauples as mueh as possible. 

§ 10. The adjustment of the eapillary tube with respect ta the 

, 1) F. M, JAEGER. Eil1e A111eitung u, s. w, (1913), vid. p, 16-24. 
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sUl'face of the investigated hqmd, can be made in the following way. 
The sllrface of the liquid is stl'ongly illuminated, anel now attenti
vely the moment is watched, when the capilJary tube, while screwed 
downwal'ds, will just make contact with its mirror-image, seen, in 
the surface of the liquid. At temperatnres above 5000 C. ordinarily not, 
and above 1000° O. never, a special illumination of the sUl'face is 
necessary: fol' the liquid radiates then sufficiently to make the obsel'
vation of the mome-nt of' contact a very accurate one. If the tem
pel'atllre ,ho wever becomes 14000 or higher, it is of ten no longer 
possible to discel'll the end of the capillary tube from the slll'roun4-
ings: in these cases the adjllstment must be made by the aid of 
the manometer, as is furthel' below described in some details. 

This visual method involves, even aftel' su fficient practice an 
uncertainty of about 0.1 mmo in the caRe of' ol'ganic liquids, wIllch 
corl'esponds to ca. 0,006 to 0,008 mmo of mercnr,}' in the determi
nation of the mtlXIÎnumpressure H. The pel'centage error of the obser
vation caused thereby, is about from 0,4 to 0,7 %

; this uncertainty 
in the adjustment of the capillary tube on the sUl'face of the liquid, 
really appeared to be the chief SOllrce of the errors, as has been said, 
and is hardly or not to be avoided. However just at higher tempera
tllres th is and in the case of' molten salts, where H is very great, the 
accuracy of the method is onIy slightly aft'ected by this uncertainty. 

The othel' way of adjustment is thlS, tnat the capillary tube is 
approached quite near to the surface of the liquid; then carefully 
a flow of nitrogen is applied, and then, while the capillary tube is 
sIowly lowel'ed by means of the micrometer-screw, by obsel'vation 
of the manometer, just the moment is determined in which a sudden 
rise of pre&sure, caused by tbe contact of the tube with the surface 

• of the liqllid, is seen. In this way the )Jl'oposed aim was also of ten 
attained; but the uncertainty appeared to be here of' the same ordel' 
of magnitude, as in the case of tbe visual method. FUl'thermore it 
is necessary to ascertain that the smal! column of Jiquid, which 
often l'emains hanging in the capillal'y tube, if turned upwards, 
has 110 ruisfeading influence on this observation; first this column of 
liquid needs to be biown out by the aid of a sufficiently strong flow 
of nitl'ogen, before the contact wÎth the liquid is made in the way 
just described. 

'. 
§ 11. The manometer was ol'iginally calibrated by immediate 

compm'ison with a rnel'Clll'y-manometer, which was read by means 
óf a cathetometel' and a divided scaie. 'rhe paralaxis app~al'ed to 
be extl'emely smaIl; the t\.ccul'ate adjustment of the mercury-surfaces 

... ... , " J ~ .... ~.J, 
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was highly facilitated, by putting a half transparent and diffusely 
illllminated bcreen behind the manometertu be, on which screen black 
lines were drawn under an inclination of about 25° with the horizon 
in snch a war, that their minor-images in the mel'cury-suJ'faces 
were visible thereupon as a bllndle of very fine and easily di6cern
ible dark lines. Aftel' tbe appliration of a certain excessive pressure 
to both manometers, two obs~rvers read sim,1ûtaneoztsly both instru
ments ; the manometers were connected wlth each other by a short, 
very wide tube, sufticiently protected against temperatul'e-oscillations. 
As an example of th is calibration, the folJowing series of obser
vatiolls may. be l'eprod oeed here In detall: 

Jle1'Cltr'lj manometer. 
Tempe1'ottWe.- ÓbseJ'ved P1'eSS1.ll'e 

12,04 
12,°6 
12,°9 
12,°3 
12,°6 
13,°0 
13,°1 

pressure .- at 0° C. 
7,00 6,99 

10,23 10,21 
12,4:5 12,4:3 
9,13 9,11 

13,14 13,12 
13,78 13,75 
12,44 12,42 

Octane-manomete1' (25° C.) 
Rise of the octalle column 

'ln m.m. 
124,8 
181,8 
220,8 
162,2 
235,3 
245,0 
219,9 

A rise of the octane over 1 m.m. is therefore ~quivalent to an 
excessive pressure of 0,0561 + 0,0003 m.m. mel'cury (=74:,8±0,4 
Dynes). 

Aftel' it was fvund, thai our measurements of the free surface
energy of pureRt water, were in so complete agreement with those of 
VOLKMANN, BRUNNER, W ORLEY, among othe1's, we afterwal'ds repeated 
this calibration in most cases by the accurate determinahon of X fol' 
pure water, at three or more temperatures: The factor of enlargement 
F of the manometer appeared aftel' all to bel only slowly variabie : 
in Octobre 1913 e.g. it was: 17,91 in Febrllary 19J 4: 17,86; in 
June 1914: 18,10; etc. 

~ 12. The molten salts, to be studied were in most cases placed 
into crucibles of iridium-free platinum; fol' the o1'ganic liquiqs we 
used vessels of glass of the shape indicated in fig. 7. A cy lindrical 

r \ 

glass tube P with rounded ?ottom possesses a nal'l'ower neck at 
A; a wider glass cup A is fixed l'ound it. A tube G, closed with 
a stopper 1(, which is fil'mly fixed l'ound the platinum capillary tube, , 
possesses a ('011ate1'a1 tube B, ;which ends into a dryillg tube G, which 
communicates with the free atmosphere a,t Z, and which is liIled with 

I , 
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Fig. 7. 

apparatus, filled 

3<:1:8 

qnick line. The vessel P is cleaned; care
fuIly dricd, and if possible several tImes washed 
ont with the vapours of the boiling liquid V; 
then it is filled again with a fresh quantitr
of the liqnid V, while a layer of dry mercury 
is poured into W. The tube is placed into the 
oil thermostat, and the capillary tube with 
the part GBC fixed to it, is lowered then, 
till G makes contact with the surface of the 
mercUlT If V has reached a constant tempe-
mtme, tlle capillary tube is fUJ:ther lowered 
by sCl'ewing it so far downwards, as is necessary 
to bring it just in contact with the surface 
of the liquid. This enclosure by means of mer- -
cury insures a suffici{'nt ti'eedom of motion, 
while the liquid at the same time can be shut 
oir fi'om the air 1), and the smal! bubbles of 
nitrogen, emerging from k, can freely escape 
at C and Zl' All communications with the free 
atmosphere, which are present in the connect
ing tubes of fig. 1, are provided with drying 

with dry calcium-oxide. 

§ 13. All measurements now were made in su eh a way, that 
always the zero-point was controlled anew accurately, before and 
immediately aftel' each reading of the manometer. One needs to 
ascertain fh'st, that all connecting tubes (fig. 6) are free' from 
1eakage, alld that a diminlltlOn of the speed of gas-flow has no 
influence any longer on the value of the maximum pressure H. 
Aftel' the highest point of the octane-column is reached the liqllid 
ti.tlls suddenly back to a point, which depends upon the speed of 
gas·flow, alld then it begins to dse again slowly; etc. Byexperience 
one ]ea1'ns to estimate tlle reliability of the measurements, by the 
particular motion of the octane in t11e manometer; finally the repro
dncibility of the yalue of H needs to be considered as the decisive 
cl'it81:ion for answel'ing the questioll, if the rea1 pl'essure of equili" 
brium 111 the gas-lmbble lias been meabured. Even when the speed 
of gas-flow is varied within certa.in Jimits, this value appears to be 
repl'oducible quite exactly. The influence of the variation of the 
depth of lmmerbion i on the manometer-readings, can be found by 

1) Far If necessary, the air in the vessel P caD be first substituted bya current 
of pure mtragen. 
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repeated lowering of the capilIal'J tube over lmown dlstances by 
.J> means of the ImCl'Ometer-Elcrew N (fig. 3a), and by repeating the 

read ings of the manometer in every case. 
In all calculations we used the number 1333.2 Dynes as the 

equivalent of 1 m.m. mercury-pressure at 0° C.; the surface-enel'gy 
is expressed in Erg pro c.m. ~. 1) 

I 
§ 14. As an illm,tration of the general availability of the method 

at all temperatmes between - 80° C. and + 1650° C., we will give 
here already some few instances, l'elating to: water, same colloiclaZ 
solutions, some organic liquids, and some rnoZten salts. The specific 
weigh,ts of the ol'ganic liquids were, aftel' a pycnometrical con trol 
at 25° C., calculated fol' olher tem peratm'es from the thermic expan
sion-formulae, if they were all'eady sufficiently and accurately 
lmown in litterature. 

In other cases the densitles at 25°, 50°, and 75° C were pycnome
tl'ically determined, and aquadratic relation with three constants 
was calculated fl'om these obser,;ations; this relation was used then 
afterwards fol' the detel'mination of the other specific weIghts. ]n 
the case of the molten salts the specific weights must again be 
determined by means of a method to be described later. To use the 
numbers fol' the densities with more than three decimals, has no 
real significance, because the experimental errors are always of an 
order so as to make the influence of more decimals of 110 importance. 

§ 15. 
The curve (fig. 8) is evidently COI/Clwe with respect to the tempe

rature-axIs; the temperature-coefficient of tt is only Rmall, alld amounts 
to from O,~ to 1,05 Erg. per 1° C. 

FurtheL'more in this diagmm the cOlTespondmg curves are repro-. 
duced for a (oLloidal sa/ufiolt ut' 11'OJ/-oxide and fol' Ct wlloidal soll/tion 
of stliciulI1-c1io,cide; from both solutions the electrolytes ''\Tere elimi
nated as fal' a,s possible by longer continued dtalysation. 

It appears, that both curves are evidenUy &ituated somewhat aóove 
that' fol' tho pure sol vent, although the deviatlOns fol' X from the 
values fol' pure water are only ver)' small. 'fhe temperature-coe~
cients tl,)'e analogous to thosE' fOl' the sol vent itself; however in the 
case of the colloidal iron-oxyde it could be observed, that if 
sueh a solution was heated to a higher temperature, alld if afterwards 
the detel'luina!ioll of thl'l sUl'faCO-enel'g,y was repeated at the original 

1) The result is aftel' áll tlte same, as when expressed In "Dynes pro e.m.". 
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I. 

WATER: I:l2O. , 

CD 
Maximum Pressure H . I .... Molecular ;:l • SUl'face- Specific ~o Surface-á30 tensiojl 1. in 

~~ in mmo mer- in Dynes Erg. pro cm2• gravity cl40 energy p. in 
S ..... 

cury of GO C. Erg. procm2• CD 
E-i 

1 

0 
0.4 2.593 3457 75.8 1.000 521.0 
2 2 583 3444 75.5 1.000 518.9 

16.4 2.498 3330 73.0 0.999 502.1 
18.4 2.488 3317 72.7 0.999 500.0 
25 2.456 3275 71.7 0.997 493.6 
35 2.398 3197 70.0 0.994 483.1 
37.8 2.383 3177 69.7 o 993 481.3 
55 2.291 3055 66.9 0.986 464.3 
742 2 178 2904 63.6 0.975 444.8 
98.5

1 

2.014 2688 58.9 0.960 415.8 
99.9 2.004 2672 58.5 0.959 414.0 

, 
Molecular weight: 18.02. Radius of the Capillary tube: 0.04385 cm. 

Depth: 0.1 mmo 

The value of /. at 200 C. is thus 72.6 Erg. pro cm.2 ; it is more 
probable, than the of ten accepted value: 75. I) The here mentioned 
numbers are in fuU agreement with those of VOLKMANN 2) (1880), 
BRUNNER 3) (1847) and WORLEY 4) (1914); they differ however consi-
del'ably from the values published by RAJlISAY and SHIELDS 5). 

lowel' tempel'ature, fOl' X a value was found, somewhat different 
from the formerly obset'ved one with a fresh solution. 'rhus, aIthough 
the iron-oxide-solution _ remain'l "stabie" until relatively higher ~ 
temperatul't' and in general does not coagulate on heating, it seems 
however yet to undergo &ome i1'l'evel'sible change, whirh is manifested 
by the somewhat changed value of tbe free surface-enel'gy. 

The described method is evidently also adapted fol' the investigation 
of colloidal solutioIls of different nature; it is planned to detel'mine 
these values so highly important fol' the chemistl'Y of the colloids 
in the case of a more extended series of colloidal substances. 

1) FREUNDLIOH, Kapillarchemie (1909), p. 28. 
2) VOLKMANN, Wied. Ann. 11, 177, (1880); 17, 353, (1882); 53, 633, 644, 

(1894); 56, 457, (1895); 62, 507, (1897); 66, 194, (1898), 
3) BRUNNER, Pogg. Ann. 70, 481, (1847). 

14) WORLEY, Journ. Chem. Soc. 105, 266, (1914). 
5) The othet' points mentioned in the diagram, have the following significanee : 
W = WEINBERG, Z. f. phys Ohem. 10, 34, (1892); B = SIEG, Diss. Berlin, 

(1887); R=RAYLEIGH, Phil .. Mag. (5),30,386, (1890l; SS=SENTIS, Ann. de 
l'Univ. Grenoble, 9, I, (1887); }f = PRoeToR HALL, Phil. Mag. (5), 36, 385, 
(1893); 111 :dMAGTE, Wied. Ann. 25, 421, (1885). These data Were oblained by 
very diITerent mllthods; they are evidently appreciably deviating from each other . 

.. _ ... _~-----

" 
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§ 16. Aliplwtic Derivatives. 

1I. 

ETHYLALCOHOL : C29 5 • OH. 

Q) 
Maximum Pressure H I I .. Surface- Molecular ;::S • 

Specific ~O tension /. Surface-1iio 
in mmo mer-I ~= 

~ in Erg. pro gravity cl40 energy fJ in 
S· .... in Dynes cm2• Erg pro cm2• Q) cury of 0° C'I 

E-i 

-79° 1.066 1421.2 30.6 0.886 426.2 
-24 0.881 1174.5 25.2 0.820 369.6 

0.1 0.825 1086.5 23.3 0.807 345.4 
25 0.746 995.7 21.3 0.786 321.4 
35 0.724 965.2 20.6 0.777 313.1 
55 0.667 889.2 19.1 0.759 294.9 
74.5

1 

0.617 822.6 17.6 0.741 276.1 

Molecular weight: 46.05. Radius of the capillary tube: 0.04:385 cm. 
Depth: 0 1 mmo 

I 

The alcohol was completely anhydrons and was therefore preserved 
in a bottle with drying-tube. At the boilingpoint (78°.4 C.) the 
value of y. is 17.0 Erg. pro cm2• The mean temperature-coefficient of 
p. is only: 0.94 Erg. -. 

lIl. 
I 

, 
ACETIC ACID: CH3 • GO OH. 

Q) I Maximum Preósure H I I .. Surface- Molecular = Specific ~cS tension y. Surface-1iio 
~= inmm. mer- in Erg. pro gravity d40 

energy fJ in 
S· .... 

cury of 0° C. in Dynes cm2• Erg. pro cm2• Q) 

E-i I 
26° 0.943 1257.2 

1 
27.0 1.046 401.7 

'34.6 0.914 1218.5 26.1 1.039 390.1 
55 0.842 1122.3 24.0 1.022 362.7 
70 0.787 1049.3 22.4 1.010 341.2 
98.5 0.691 921.3 19.7 0.987 304.7 

1- - -

Molecular weight: 60.03. Radius of the capillar tube: 0.04385 cm. 
Depth: 0.1 mmo 

By repeated freezing and distilling, the liquid was thoroughly 
purifi~d; its boiling-point was 118°.1 C. The temperature-coefficient IS 

between 26° and 55.0 C.: 1.3 and preserves th at value up to the boilmg-
point. At the la~t temperaturc the value of y. is: 17.7 Erg. pro cm2• 
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Specific Surface-energy Y

in Ergs pro c.m2• 

75 

70 

6S 

60 

.W 

o ObservatioDS of WORLEY (1914) 

(;) ObselvatiODS of JAEGER (1913) 

* Observat. with SiO~-, and Fe203"SOI. (1914) 

, 
, , , 

\ . 
55~ ________ ..... ____ ..... ~ ______ ~ ..... ~~ __ ~ _____ _ 

10' 0' 10° 20' 30° 40' 50· 60' 70 BO° 90° 100° Temperature. 
I 

Fig. 8. Surface-tensions of pure water and col1oidal solutions 
at different temperatures. 

Although acetic acid doubtless is a gmdually dissociating liquid, 
and in accordance with this manifests only a smaIl temperatul'e 
coefficient 'of t.t, this last l'emains constant, contl'arJT to the cases, 
whel'e the curves appeal' to be concave Ol' convex. 
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IV. 

DIETHYLMALONATE: cao (C2Hs) • CH2 • cao (C2Hs)' 

f' I Maximum Pressure,H I 
Surface-

I 
Molecular ::l • -;0 tension ï. 

Specific Surface-á30 in Erg. pro energy IJ in ~-= inmm.mer- gravity d40 El· ... in Dynes cm2• Erg pro cm2• <lI curyofOO C. 
E-t I 

I 
, 

I ° 35.5 1.095 985.3 -19.9 1.237 1649.2 
0.7 1.167 1555.8 33.5 l 1.075 941.2 
8.5 1.142 1523.2 32.9 1.068 928.4 

25.2 1.077 1435.9 31.0 1.050 884.8 
34.5 1.044 1391. 9 , 30.0 1.041 861.2 
50.1 . 0.994 1325.2 28.5 1.025 826.6 
69.2 0.920 1226.8 26.3 1.005 772.9 

102 0.804 1071.8 23.0 0.969 692.5 
124.5 0.723 963.9 20.6 \ 0.945 630.7 
144 0.660 - 880.2 

I 

18.8 0.924 584.3 
148.7 0.649 866.4 18.5 - 0.919 577.1 
171 0.571 761.6 16.2 0.896 

I 
513.9 

Molecular weight: 160.1. Radius of the capillar tube: 0.04385 cm. 
Depth: 0.1 mmo 

The compound boiled constantIy at 197°.3 C.; at - 50° C. it is 
solidified. At the boilingpoint the value of ï. is about: 13.7 Erg pro 
cm2.; the temperatul'e-coefficient of IJ. has as mean value: 2.52 Erg. 

§ 17. A1'omatic De1'ivatives. 
V. 

-
BENZENE: C6 H6• 

, 

~ 
, I 

;.. Maximum Pressure H Molecular 
~o Surface- Specific 
á30 tension ï. in SUl'face-

~-= in mmo mer- in Dynes Erg. pro cm2• gravity d40 energy IJ. in 
El .... Erg. pro cm2• ~ cury of 0° C. 

E-t 

° 5.4 1 077 1436.7 I 30.9 I 0.895 607.7 
9.5 1.055 1406.5 

I 
30.2 0.889 596.6 

25.1 0.969 1291-;9 27.7 0.873 553.8 
35 0.920 1226.5 26.3 0.862 530.3 

, 

55 0.836 1114.6 

I 
23.8 0.841 487.8 

74.6 0.757 1009.2 21.6 0.817 451.4 

Molecular weight: 78.05. Radius of the Capillar tube: 0.04385 cm. 
Depth: 0.1 mmo 

Although the mean value of the temperature-coefficient of IJ. osciI-
lates round 2.0 Erg., the dependenee of IJ. and t is not a linear one: 
between 5° and 25° the coefficient is: 2.65 j between 25° and 55° C.: 

'2.12j nnd between 55° IInd 71)°: 1.95 Er·g. At the boilingpoint (80.05), 

I 
the vnlue of ï. is: 20.7 Erg. 
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VI. , 

ANISOL: eH3 • O. GaH5' 

CD I ( I ;.. Maximum Pressure H ::l Surface- Molecular ; 
~d Specific Surface- t 
~o tension 1- in 
S-.S in mmo mer- in Dynes Erg. procm( gravity d40 energy" in ; 
CD cury of 00 C. Erg. pro cm2. t 

Eo; 

-21 0 1.375 1833.6 39.3 1.029 874.8 
0.4 1.306 1741.1 37.3 1.010 840.6 

25 1.210 1613.1 34.6 0.987 191.9 
45 1.137 1516.5 32.5 0.970 152.5 
74.4 1.022 1362.5 29.1 0.942 681.0 : 
90.8 0.962 1282.2 27.4 0.921 053.9 

110 0.815 1167.3 24.9 0.901 602.9 
134.1 0.165 1020.2 21.7 0.882 - 535.3" 
151 0.100 

I 
932.9 19.8 

I 
0.865 494.8 

Molecular weight: 108.6. RadiUR of the Capillar tube; 0.04352 cm. 
Depth: 0.1 mmo 

, 

The boilingpoint was constant at 151.0 7 C.; at -500 the substance 
crystallizes to a beautiful, hard aggregate of crystals. The tempera-
ture·coefficient of fJ increasei', just as in the case of water, with 
increaSing- tempernture: between _21 0 and 450 C. it is: 1.88; betwefln 
MP and 900 .8 C. it is: ca. 2.14; between 910 and 15P Hs mean 17alue is: 2.63. 

VII. 
I .. 

" PHElNETOL: 02H5' 0 . 06HS • 

I CD 1-- Maximum Pressure H Surface- Molecular ,::l • 
Specific \~O ten sion 1- Surface-

I~o in .Erg pro gravity d4P 
energy p. in ,p. d in mmo mer-, S·- I cury of 0° C. 

in Dynes CÏn2. Erg pro Cl!l2. ,ct> 

iE-! I 
I , 
;-210 1.289 1718.5 36.8 1.006 902.1 
I 0.3 1.213 1617.7, 

~ 
34.6 0.986 859.6 

j 25.2 1.117 1489.0 31.8 0.Q62 803.1 , 45 1.031 1383.3 29.5 0.943 155.0 
I 

I 
I 74.3 0.931 1240.8 26.4 0.914 689.9 
I 90.6 0.875 1167.3 24.8 0.899 655.3 
110 0.813 1084.6 I 23.0 0.889 612.3 

1 134.7 0.,734 979.0 20.7 0.855 565.6 
, 150.1 0.p87 .. I 915.9 19.3 0.849 529.8 
i 160.5 0.,651 868 .. 6 18.3 0:839 506.3 
I I 

Molecular weight: 122.1. Radius of the Capillar tube: 0.04352 cm. 
Depth: 0.1 mmo 

The boilingpoint is constant at 1680 i the sub stance solidifies at 
I - 500 C. to an aggregate of long, colourless needIes. The tempera-
I tu~e-coefficient of I' can {be considered as constant, its mean value " 
I belDg: 2.14 Erg. 
I 
1 I 

- -
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VIII. 

ANETHOL: CH30. C6114 • CII: CII. CIIs (1.4) 

llJ 
Maximum PressUl'e 

1 

.... Surface- Molecular ;::I • 
~o ten sion /. Specific Surface-
~o I 

\0.= in mm. mer- in Erg pro gravity d40 
energy I' in 

8· ... in Dynes cm2• Ergprocm2. llJ curyofOO C. 
E-! , 

'.24~71 1.267 1689.2 
I 

36.2 0.988 
I 

1021.8 
·45.5 1.188 1583.8 33.9 0.969 969.1 
*75.1 1.078 1438.4 30.7 0.944 893.0 
*94.2 1.017 1355.7 28.9 0.927 850r.9 
115 0.929 1239.0 26.9 0.908 803.0 
135.1 0.865 

, 
1153.4 25.0 ,. 0.890 756.4 

160.9 0.787 1049.8 22.7 0.867 698.9 
192.8 0.689 919.1 19.8 0.838 623.6 
212.7 0.625 

I 
833.5 18.0 

I 
0.820 575.6 

230 0.588 783.9 16.9 0.809 544.9 

Molecular. weigh t: _148.1. Radius of the Capillar tube: 0.04439 cm.; 
in the with * indicated observations, the 
radius waR: 0.04352 cm. 
Depth: 0.1 mmo 

, 

I', 

The boilingpoint was constant at 230°.5 C.; the meltingpoint is: 210 5 C. 
Between 250 and 750 C. the temperature-coefficient of I' is about: 2.53; 
later on it bf'comes fairly constant: 2.25. At the boilingpoint the value 
of /. is: 1.68 Erg pro cm2• • 

IX 

GUAJACOL: CH30. C6 H4 • OH(1,2). 
I 

llJ I, 
1 

I I 
I J , .... Max~mum Pl'essure tI E· Surface- Specific 

Molecular 
, ~o , 

SUl'face-
'CIlO i tension f. in 

0. 
inmm.mer· 

, 
Erg. p~o C'ffi2î gravity d40 

energy I' in 
8.S iu Dynf's Erg. pro cm2• CIl CUTy of 00 C. 

'E-! i 

26' 
I 

1.377 1"36.4 
I 

43.3 1.128 994.0 
'45.5 1.302 1736.4 40.9 1.109 949.6 
66.5 1.224 1632.4 38.4 1.088 902.9 i 86 1.156 1540.7 36.2 1.038 861.8 '! 106 1.087 1449.1 ·34.0 1.048 819.7' , 

125 1.024 1365.8 32.0 1.029 780.9· 
I, 

146 0.954 1265.9 29.6 1.008 732.4' I' 
166 0.814 1166.0 27.2 0.988 682.1 I 184 0.803 

I 
1070.2 24.9 0.970 632.1 

206. 0.7,18 957·1 22.3 0.948 574.8 

Molecular_ weight: .124.06. Radius of the Capillal' tube: 0.04:803 cm. 
Depth: 0.1 mmo 

~he substance boils under 24 mmo pressure at 106°.5 C. j the melting-
point is 32° 'C. The temperature·coefficient of I' is between 260 and 
46° C.: 2.17; between 1460 and 2060 the curve is feebly convex 10 

I, llJ1' tIlxis and the mCl\n "aluo ot' lhe cocflicient is thcreforc about: 
2.66 Erg'. 

" , 
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RESORCINE-MoNOMETIIYLETIIER : CeH4 (OH). (OCH3) (1,3). 

Ql 
Maximum Pressure H I Molecular 1-< 

::::! • 
~o Surface- SpecIfic Surface-
~o 

in mmo tenslOn I. in energy in I' s::I<s:l Erg pro cm2• 
gravity d40 S .... mercury of in Dynes Erg'pro cm2• Ql 

E-< .0 C. 

-
-20° 2.622 3495.6 83.1 1.181 1850.1 

0 1.636 2181.1 51.6 1.161 1161.9 
25.9 1.462 1948.8 46.0 1.136 1051.0 
45.9 1.380 1840.5 43.4 1.119 1001 6 
66.5 1.318 1757.3 41.4 1.102 965.2 
86.5 1.252 1669.1 39.3 1.082 927.5 

'107 1.196 1594.9 37.5 1.061 896.7 
125 1.140 1519.9 35.7 1.044 862.9 
146 1.075 1433.2 33.6 1.023 823.2 
166 1 009 1345.0 31.5 1.003 782.0 
184 0.956 1274.2 29.8 0.986 748 2 
206 0.862 1149.4 26.8 0.965 682.6 

Molecular weight: 124.06. RadIUS of the Capillary tube: 0.04803 cm. 
Depth: 0.1 mmo 

Under 25 mmo pressure, the compound has a boilingpoint of 144°C. 
The observatIOns over 1800 C. relate to the substance already 

slightly dissoClated, as was seen from the browlllsh colour of the 
liquid. At -79° C. it becomes glassy, without indication of crystal-
lisatIon. At 0° and - 20° C. also, the viscosity of the liquid is still 
enormous. 

XI. 

RESORCINE-DI1IiETHYLETHER: CeH4 (OCH3)2 (1,3). 

Ql 
MaXImum Pressure H I 1-< Moleculal' .gr:.5 

~ Surface- Specific Surface-
~o tension I. in ~o in mmo 

Erg pl'O cm2• gravity d40 
energy I' in 

S s:l I mercury of in Dynes Erg pro crn2• Q) .... 

Eo! 0° C. 

-22° 1.520 I 2026.5 44.3 I 1.104 1107.9 
0 1.419 1892.3 41.3 1.084 1045.6 

25 1.325 1766.2 38.6 1.064 98~.4 
45.3 1.250 1667.0 36.4 1.046 944.3 
70.5 1.166 1554.4 33.9 1.022 893.2 
90.1 1.090 1453.2 31.7 1.004 844.6 

116 1.007 1342.7 29.2 0.980 790 6 
135 3 0.943 1257.0 27.3 0.963 747.9 

*162.1 0.781 1041.0 24.4 0.939 619.8 
*189.9 0.700 932.8 21.8 0.914 618 4 
"210 0.637 849.5 I 19.8 0.894 570.0 

Molecular weight: 138.08. Radius of the CapillAry tube: 0.04439 cm.; 
m the with ot indicated observatIOns the 
radms was: 0.04803 cm. , 

Depth: 0.1 mmo 

The substance has a constant boilingpoint at 214°.5 C. j the hquid 
can be undercooled to - 76° C., and solidifies to a crystal-aggregate, 
WICh melts at -52° C. At lower temperatures, as far as to 0° C., the 
temperattll'c·coefficIent of p is rather large: 2.83 Erg; later It is faidy 
constant, with thc valllC: 2.25 Erg. - . - -" -, 

~-~.:-=-=- -::------- ... _ ... -- ............. ,----------------
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HYDROCHINON-DIMETHYLETHER: GaH4 (OGH3)2 (1,4). 

;.. 
Maximum Pressure H ~ Surface- Molecular ~ . -;0 tension x Specific Surface-lDo 
in mmo I in Erg gravity d ° energy IJ in P<d 

13''''' mercuryof in Dynes pro cm. 4 I Erg pro cm2, lP 
0° C. I Eoi 

, 
66° 1.106 1474.5 34.7 1.036 905.4 
86.5 1.031 1374.1 32.3 1.008 858.3 

106 0.974 1299.2 30.5 0.990 820.3 
126 0.909 1213.8 28 4 0.976 771.1 
146 0.843 1124.4 26.4 0.957 726.2 
166 0.775 1032.7 24.2 o 938 674.7 
184 0.709 945.3 22.1 0.921 623.7 
206 0.628 837.0 19.5 0.901 558.4 

Molecular weight: 138.08. Radius of the Capillary tube: 0.04803 cm. 
Depth: 0.1 mmo 

The meltingpoint of the substance is at 56° C. j it boils under a 
pres!!ure of 20 mm., at 109° C. On cooling first a glass IS obtamed, 
which gradually crystallizes in fine needJes. :Aetween 660 and 106° 
the temperature-coefficlent of IJ IS about: 2.11; between 106° and 166°, 
about: 2.46 j and between 166° and 206° C., about: 2.88 Erg. The 
relating curve is therefore concave to the t-axis. 

§, 18. Heterocyclic Derivatjves. 

XIII. 

PYRIDINE GsHsN. 

lP Maximum Pressure H I ;.. Snrface- Molecular .e. Specific ",0 tension /. Surface-
lDo in mmo in Erg gravIty d40 

energy in P<s= S· ... mercuryof in Dynes in cm2• Erg pro cm2• lP 0° C. Eoi 

0 
-79 1.698 2263.8 48.9 1.078 827.8 
-20.5 1.430 19116.5 41.1 1.018 722.9 

0.1 1.329 1771.8 38.1 0.998 679.0 
25 1.215 1619.8 34.9 0.975 631.8 
35 1.177 1569.Z 33.8 0.962 607.3 
55 1.099 1465.2 31.5 0.942 583.4 
74 1.022 1362.5 29.3 0.923 550.1 
92.5 0.960 1279.9 27.5 0.904 523.5 

Molecular weight: 75.09. Radius of the Capillary tube: 0.04385 cm. 
Depth: 0.1 mmo 

I The pyridine crystallizes readily at -52° C. j thus the measurements 
at --79° C. relate to a strongly undercooled liquid. The curve, giving 
the dependence of p. and t is not quite regular. At the boilingpoint 
(114°.5 C.), the value of x is: 25.2 Erg pro cm2• 

24 
Proceedin~s Royal Acad. Amsterdam. Vol. XVII. 
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XIV. 

,,-PICOLINE: 05H4 (OHg) N. , 

ct> 
Maximum Pressure H 

I 
.... I Surface- MI ::t • 
~o tension y. 

Specific SI ~o , 
in Erg~ P-= in mmo gravity d40 

el 
el .... mercuryof in Dynes pro cm2• i ct> 

E-t 0° C. 

-700 1 505 2001.1 41 4 1.036 
-20.7 1.246 1661.5 39.2 0.986 

0 1.165 1553.2 36.6 0.965 
25.8 1.014 1432.4 33.1 0.940 
46 0.999 1332.5 31.3 0.920 
66.5 0.928 1236.9 29.0 o 900 
86.5 0.846 1128.5 26 4 0.881 

106 0.787 1049.3 24.6 0.862 
126 0.718 957.7 22.5 0.842 

Molecular weight: 93.07. Radius of the Capillary tube: 0.048 
Depth: 0.1 mmo . 

The liquid, which is boiling constantly at 133°.5 C., eau be 
cooled as far !lS - 74° C.; lt solidifies at - 64° C. and meltl 
very rapidly. Between - 700 and - 21°. the temperature-coe 
is about: 2.83; afterwards the mean value remains about: 2.( 

xv. 
CRINOLINE: G6H4 . N. 03H3' 

a:> Maximum Pressure H .... Surface- M, .G. Specific ~Q tension 1 8-
~o 

I in Erg. pro gravity d40 
eDE P-= in mmo mer-a· .... cury of 0° C. in Dynes cm2• Erg. a:> 

E-t 

-21° 1.682 2242.4 49.1 1.124 1 
0 1.608 2143.8 41.0 1.108 1 

"24.8 1.562 2082 5 447 1.089 1 
"45 2 1.486 1981.1 42 5 1.073 1 
"14.3 1'319 1838.2 39.4 1.051 
"94.7 1.303 1737.1 37.2 1.034 
115 1.210 1613.0 35.2 1.018 
135'2 1.135 1513.8 33.0 1.002 , 
160 1.047 1395.9 30 4 0.981 
192.5 0.929 1239.0 26.9 0.954 
213 0.855 1139.9 25 7 0.938 
230 0'.791 1063.3 23.0 0.924 

Molecular weight: 129.07. Radius of the Capillary tube: 0.0441 
in the with * IDdicated observatiOl 
radius was: 0.04352 cm. 
Depth: 0.1 mmo 

The boilingpoint was constant at 233° C.; the liquid can be 
cooled as far as -50°. aud then crystallizes, melting readdy at
The temperature-coE'fficient of <L increases with the tempel 
between -210 and 45° C. it is: 1.92 i between 45° and 115° C. 
between 115° and 2300 : 2.33 Erg. At the boilingpoint the valu 

, is: 22.7 Erg. prE c~:. ____ . __ .• _ _ _.~ 

=---"""--- -"'---- _. ------_.--' ....... _---------------
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Mó 

~onie of the curves, which relate to thesê örganlc liquids, arè 
reproduced here in the usual graphical way (fig. 9); the corresponding 
critical temperatllres of' the liquids, so far as they are krlOw11, ~are 
mentioned and written between () behind the names of the 
substances investigated. 

19. Salts of the A lkali-Metals. 
XVI. 

POTASSIUl\1CHLORIDE: KOl. 

----
I 

cD ..: Maximum Pressure H fo< E-i Surface- Molecular Eó . Spf'cific ol C!:l tension F. Surface-
~o -= in Erg pro energy p.in ~=o inmm.mer-I gravity d40 13· .... '" in Dynes cm2• Erg pro cm2• cD fo< curyofOO C. 

E-i 0 
~ j 

799~5 3.015 4019 95.8 1.509 1290.0 
827.1 2.957 3942 94.0 1.492 1275.3 
861.5 2.873 

I 
3830 91.3 1.470 1251.0 

885.1 2.819 3758 89.7 1.456 1237.0 
908.5 2.768 3690 88.0 1.442 1221.3 
941 2.697 3595 85.8 1.421 1202.6 
986 2.582 3442 82.2 1.396 1165.8 

1029 2.484 3311 79.1 - -
1054 2.425 3233 77.2 - -
1087.5 2.361 3147 75.2 - -
1103.6 2.313 3083 73.7 - -
1125 2.275 3033 72.5 - -
1167 2.182 2909 69.6 - -

Molecular weight: 74.56. Radius of the Capillary tube: 0.04786 cm. 
at 15° C. The expansion.coefficient is here 
0.0000083. 
Depth: 0.1 mmo 

The salt melts sharply at 771 0 C.; af ter four hours heating between 
900° and 1100°, it solidlfies at 769° C. It evaporates rapidly at 9800, 
at 1160° with great speed. Just as in the case of the other alkali
salts, the vapours are doubtlessly acid, whil~ the solidified mass gives 
an alkaline reaction. if dJssolved in water. The gradual dissociation 
lowers the value of the maximum plessure more and more, as is 
seen from repeated experiments af ter a longel' heating 1100° C. 

As some illustrations of the chan'ges caused by the commenced 
dissociation of the salt, the following- mpasurements are given, which 
were made af ter a heating at 850° and 1150° C. during fuU four hours: 

At 848° C. the maximumpressure was found to be 2.821 mmo mercury 
" 904 "" ~ " " " "" 2.720" " 
" 941 "" " " " " "" 2.645" " 
» 956.5"" n " " " n" 2.615" " 
"1037 "" " " " " "" 2.455" " 

All values are evidently lower than the previously observed on es, 
and at the lower temperatures, at which the observations were made 
af ter the longest heatmg of the salt, the decrease is most appreciabie. 

----...._- - 'U ••• - •• __ ., _________________ _ 
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XVII. 

POTASSIUMB~OMIDE: KEI'. 

Temperat. Maximum Pressure H Surface-

in 0 C. ten sion I. in 
in mmo 

(corr.) mercury of in Dynes I Erg.' pro cm2• 
00 C. , 

775
0 

2.702 3602 I 85.7 
798 2.642 3522 83.8 
826 2.585 3446 82.0 
859 2.504 3338 79.5 
886.5 2.450 3266 77.8 
920 2.376 

I 
3167 75.4 

. Molecular weight 119.02 . 
Radius of the Capillary tube: 0.04728 cm. at 150 C. 
Depth: 0.1 mmo 

The diSBociation and splitting oft' of hydrogen-
bromide and bromine is observed at 8250 C. At 
9400 C. the evaporisation and dissociation of the 
salt have become so rapid, th at measurements 
at higher temperaturas seemed to be without 
any real significanee. 

XVIII. 

POTASSlUlII IODIDE: KJ. 

I 
Temperat. Maximum Pressure H Surface-

in 0 C. ten sion I. 

(corr. on in mmo in Erg 
G. Th.) mercuryof in Dynes pro cm2• 

00 C. 

0 
737 2.372 3162 75.2 
764 2.274 3031 72.1 
812 2.183 2910 69.2 
866 2.106 2807 66.8 
873 2.097 2795 66.5 

, 
-

Molecular weight: 165.96. 
Radius of the Capillary tube: 0.04728 cm. at 150 C. 
Depth: 0.1-0.2 mmo 

The Balt melts at c~. 7000 C. Already at 7500 C. 
it evaporates rather rllrpidly, and at 9000 C, with 
dissociation into hydrogen-iodide and iodine. Meas-
urements at higher temperatures can have hardly 
any significanee. 

-
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XIX. 

, SODIUlIICHLORlDD: NaGl. 

a:> :cl I 

'" Eo; Maximum Pressure H Surface- l.\Iolecular 
~dÓ tenSlOn I 

SpeClfic Surface-ä o s:1 
c.~o jIn mmo mer- j in E:!;. pro j gravlty cl40 energy P.In e ... ...: m Dynes Erg. pro cm2• <:) 2) cury of 0° C. 

Eo; 2.-

0 

802 6 3 580 4772 113.8 1.554 1275.9 
810.5 3.572 4762 113.5 1.549 I 1275.4 
820.8 3.552 4735 112.9 1.543 1270.8 
832 3.520 4692 111.9 1.537 1262.6 
~59 3.457 4608 109.9 1.523 1247.7 
883 2 3.401 4534 108.2 - -
907 5 3.345 4459 106.4 - -
930.6 3.285 4379 104.5 - -
960.5 3.227 4302 102 7 - -
995.5 3.132 4115 99.7 - -

1037 3.047 4062 97.0 - -
1080 2.951 3934 94.0 - -
1122.3 2.864 3818 91.3 - -
1171 8 2.761 3681 88.0 - , -

Moleculair weight: 58.46 RadIUs of the Capillary tube: 0.04736 cm. at 
15° C I 

Depth: 0.1 mmo 

The pure salt melts at 8010 C. At 10800 it evaporates already rapidly, 
at 11500 C. very rapidly. The temperature-coefficlent of (.t calculated In 
the few cases, whel'fI values of "peclfic gravlty were avmlable, is very 
brua!!. ab out 0.57 Erg. The solIdlfied mass glves In water a rather 
st.oog alkalme reactlOll; the vapours of the heated salt have au aCId 
leactlOll. 

-----,.-~ ~~-= .. - .. ~.- ... ----------------
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xx. 

SODIUMSULPH~TE: Na2S04' 

..-... 
Ql .d Maximum Pressure H .. ~ Surface-.e cS c;!:Ï <IS 
1i3 0 s:I tension I. iu 
I=l. = 0 inmm.mer-8 .... ".; in Dynes Erg pro cm2• 
Ql ~ cury ofO"C. 
~ 0 

~ 

0 
900 6.285 8379 194.8 
945 6.247 8328 189.3 
990 6 209 8278 188.2 

1032 

I 
6.149 8197 186.5 

- 1077 6 088 8116 184.7 

I 

Molecular weight: 142.07. 
RadIUs of the Capillary tube: 0.04512 cm. 
Depth: 0.1 mmo 

The pure salt melts at 884,0 C. If heated 
to 11000 C. the solidified mass; gives m water 
a rather strong alkaline reactlOn, indicating 
a dissociation. Measurements at higher tempera-
tures than 11000 C. thus seemed to be uBeless. 

XXi. 

I 
SODlUMlIIOLYBDATE: Na2Mo04• 

Ql 
Maximum Pressure H .. 

::I • Surface-
~o~ 
1i3o ~ ten sion X in 
I=l.=c.> inmm.mer- in Dynes ~rg p!.o C~2: 8 .... '-" 

curyofOoC. - Ql 
~ 

-0 -

698.5 6.091 8122 214.0 
728.5 5.975 I 7967 210.0 
751 5.921 7893 208.1 
777 5.828 7770 204 9 
818.8 5.757 7675 202.4 
858.5 5.657 7542 199.0 
903.8 5.552 7401 195.4 
948 5.436 7247 191.4 
989 5 5.330 7106 187.7 

1035 5.224 6966 184.1 
1078.5 5.141 6854 181 2 
1121.5 5.070 6760 178.8 
1171.5 4.998 6654 176.1 
1212 4.947 6595 174.6 

Molecular weight: 206. 
Radius of the Capillary tube: 
0.05240 cm. 
Depth: O.~ mmo 

The compound melts at 6870 C. to a 

1-
colourless liquid. 

- -- - ... -_ ..... ------.. ------ -- --
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XXII 

LITHIUMSULPHATE: Li2S04• 

aJ .... Maximum Pressure H Surfaee-Bo ...... 
<IS .... ten sion r. Iilo ~ 
~>:la in mmo in Erg 
El· ... '-' mereuryof in Dynes pro em2• aJ 
~ 00 C. 

~ 

8600 6.361 8481 223.8 
873.5 6.342 8455 223.1 
897 . 6.303 8403 221.8 
923 6.256 8341 220.2 

I 962.5 6'169 8224 217.4 

aJ ... 
B 
<IS 

976.8 6.146 8194 216.4 
1001.2 6.099 8132 214.8 
1038.5 6.027 8035 212.3 
1057 5.987 7982 211.0 
1074 -5.953 7936 209.8 
1089.5 5.923 7897 208.8 
1112 5.879 7838 207.3 -
1156.5 5.791 7720 204.2 
1167.5 5.766 7687 203.4 
1183.5 5.737 7649 202.4 
1192.2 5.718 1624 201.8 
1214 5.675 7566 200.3 

Molecular weight: 109.94. 
Radius of the Capillary tube: 

0.05240 cm. at 16° C. 
_. Depth: 0.1 mm. 

The-salt· was prepared frompurest lithium
earbonate and sulfurie acid, earefully dried 
and heated at 9000 C.; it melts at 8490 C. 
Af ter Ming heated to 12000 C., the substance, 
shows an alkaline reaetion with water. Also 
here it is of little significanee, to pursue the 
measurements to higher temperatures. 

XXIII. 

I 
LITHIUMMETASILICATE: Li~Si03' 

2' Maximum Pressure H ~ Surfaee-
0 ~ tension X 

!i3 ° = in mmo in Erg ~ = 0 
El .... s.: mereury of in Dynes pro em2• aJ ... 
~ 0 0° C. 

~ 

1254° 11.82 15759 374.6 
1380 11.29 15052 358.2 
1421 11.22 14958 356.2 
1479 11.11 14812 352.8 
1550 10.97 14626 348.1 
1601 10.90 14532 346.6 

Molecular weight: 90.01. , 
Radius of the Capillary tube: 0.04706 cm. 
Depth: 0.1-0.2 mmo 

The analysed metasilieate was perfeetly pure. It 
melts at 1201° C. The temperature-eoeffieient of p. is 
very small. 
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§ 20. In the case of POTASSIUlIICHWRATE: KClOg , the maximum 
pressure H was 3,573 mmo mercury at 413°.5 0; at 443°.5 O. 
it was: 3,540 mmo The radius of the here used silver-caplllary tube 
being: = 0.03460 cm., the free surface-energy is calculated: 

At 413°.5 O. Je = B2,4 Erg. pro crn~. 

At 443°.5 O. X = Bj,6 Erg. pro cm 2
• 

At the last mentioned temperatllre the salt commenced to decompose 
all'eady distinctly, while O2 was splIt oir; at higher tem peratUl'es 
therefore the vallles of X appeared to inc1'eose gradllally by the 
gefleration of KCl0

4 
and [(Cl. 

It was not possible therefore to inveshgate the values of the 
temperature-coefficientó at hIgher temperatm'es; in every case however 
they seem to be rather small. 

Wïth SILVERNITRATE: AgNOg , the value of X is abollt 164 Erg. 
pro cm~. at 2BOo 0; at 4100 O. it is about 153.B Erg ln this case 
the temperature-coeffieient is also in ~he neighbolU'hood of 0.6 or 0.9, 
- this being a rather smaIl value too. 

§ 21. It is not my intention, to disCllSS now already the here 
mentioned data, nor to add the remarks, whieh are suggested thE'reby. 
It is better to postpone that task, llntil the complete experimental 
material now ayailable will be published. The given instanees may 
bowever prove, that the question: lww to rneaSU1'e tlw sU11ace-tensions 
of liquids wit!t great accumcy within a ternpe1'ature-interval, frorn 
- BO° C. to 1650° C., may be considered now as completely solved. 

Groningen, May 1914. Laboratory of lnorganic C!tem,lstl'y 
of t!te University. 

Chemistry. - "T!te Tempemtw'e-coefficients of t!te free Bur/ace
energy of Liquids, at Tempemtures fj'om -BO° to 1650° C". 
11. Measurernents 0/ Some Aliphatic Derivatives. By Prof. 
Dr. F. M. JAEGER and M. J. SlInT. (Oommllnicated by Prof. 
P. v. ROMBURGH). 

§ 1. Jn what follows the data are reviewed, which were obtained 
by us in the study of a series of aliphatie derivatives aftel' t~e 

method formerly described by one of us 1). 
With respect to the liquids here used, _ we ean make the followmg 

general remarks. No product of' commerce, not even the purest ob· 

1) F. M. JAEGER, These Proeeedings (1914). 
1 ) 
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tainable, can be esteemed suitable for this kind of measurements: the 
small traces of humidify all'eady, which even the best chemicals always 
contain, are sufficient to make the results ul1l'eliable. {Most of the orga
nical liquids of commerce howevel' seem to contain several admixtu!,es, 
in small quantities or even larger quantities of water. We of ten 
obtained a first purification by distilljng a small fraction from it, 
whose boiIing point remained constant between 1'0 or 2° C. In 
several cases even this appeared not to be possible: in sllch case the 
preparation was dried dnring some days by means of anhydrous 
sodiumsulphate; then, if the special chararter of fhe substance did 
not fOl'bid this, it was dried again dUl'ing a long time by means 
of freshly sublimed phosphorpentoxide, af ter which the fractional 
distillation was tried again. Commonly it appeared to be possible, 
to separate from it a fraction, whose boiling point remained consta~t 
between 1° or 2° C. With some preparatiOIJS we succeeded in drying 
them by means of metallic sodium. Aftel' very dry fractions, boiling 
within a 'few degrees, had beèn obtained in this way, they were once. 
more distilled with a small flame only, or on the water-bath, under 
atmospheric or reduced (12-20 .mm.) preRsure; in this opel'ation 
only the fraction, boiling witltin an inte1'val of 1 Co., was used _ 
for further treatment. The liquid was then cooled dUl'ing several 
hours in a closed vesseI, by means of a mixture of salt and ice, 
or by a bath of soJid carbondioxide and alcohol. If it cl'ystal
lized, a fu'rther purification was of ten possible by repeated 
freezing and decanting. Of ten a very thin layer of asolid substance 
(eventuallj- of ice) was deposed at the walls of the vessel, the rest 
remaining liquid and transparent ; - the liquîd porti on was r poured 
into a dry, clean \Tessel then, and the said operation repeated, 
till no solid layer any more appeared. rf however the phenomenon 
continned to appeal', the liquid was treated again at least during a 
week with fresh phosphorpentoxide, and the freezing repeated again 
and again. Finally the purified liquid 'was distilled on ce more under 
atmospheric or reduced pressul'e; only the fi'action, ~oiling witltin 
half a 'degl'ee was collected then for the measuremçnts. Ir is hardly
necessary to mention, that hygroscopiral liquids were presel'ved and 
treated il1 a suitable manner. The thus obtained liquid was com~only 
only a Ivery small fraction (100

/ o ) or 20%
) of the original commer-, 

cial pre~aration; it mus~ be remarked, that the observed boiling; 
temperat~res often differed appreciably from the da;..ta, given in the 
literatul'e, and in several- cases appeared to be lower than those; 
- which perhaps ean be explained by the fact, that in the distil- , 
lations, described in the literature, the liquid -was 'heated too"rapidly. 
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In gUl' e:xpel'iments the speed of distillation aften did not exceed 
~~~mt Jix drops every minute. In some cases, e.g. with, toluene, it 
'f.~~a),mp'ossible to distil fl'om tbe product of commerce a fmction, 
fulfilHng(, ~ll, conditions ; in sllch cases the substance was prepared 
in same o!hel' way, e.g. the rnemioned toluene by dry distillation 
of pUl'ified cal,ciumphenylacetate; etc~ In the series of compounds 
described, several 'Yel'e taken from the collection of scientific prepa
l'at,ions of this laboratory ; from these also only the small, constantly 
boi,ling fraction was used fol' our purpose. 

~ 2. Notwitllstanding the by na means negligible differences (lf 
the boilingpoints obselTed, the specific gravities of the liquids in 
most cases dlffel'ed only slightly or not at all ft'om the data, given 
in the literatul'e. If tbis was the case, - and we always controlled 
this by same pycnometl'ical detel'minations at 25° 0., - the speciflc 
gravities at other tempel'atures wel'e calculated fl'om the expansion
formu]ae eventualIy all'eady delel'mined. If the direct determination 
of cl~~o did not agl'ee with the numbcl', given in litel'ature, or ifthe 

e:xpansion-formnla was not known accurDtely enongh, th ree specific 
gravities, e.g. at 25°, 50°, alld 75° O. or at a higher tempel'ature, 
wel'e deiel'mined pycnometrically, and from these detel'minations an 
e111 pirical equation of the second ·degree with l'espect to t, was calcu
lated. This is completely sufficjent here, because the specific gravities 
were all abbl'eviateel witlt thl'ee decimals: an account of the densities 
in more than thl'ee decimals, must be e&teemed valueless here, with 
respect io tlle obtainéd accuracy of tlle meaSUl'ements. With most 
lIquids, the mean decrease of tIle specific weight for 1° O. does not 
differ lal'gely from 0,001. Fot' temperatnres of - 70':1 and above 
1000 O. it was of ten necessary to extrapolate by the aid of the 
established empil'lcal fOl'mlllae; althongb conscious ofthe uncel'tainties, 
which arE' always connecled with sneb e:xtrapolations, we are of 
opinion that we lJave not intl'ocluced here in this way errors of appl'e
ciaule anlOunt, because fol' these val nes snch an enor could manifebt 
itbelf only in the thil'd decimal place, anel ,dilatation of the liquids 
OCCUl'S ol'elinal'ily in so reg uIa}' a way, that the probabili ty of he~wy 
errors is thus high!y diminished by this circulllstance. 

l\XoreOV01' anothel' way was not available at this moment, if .not 
with large sacrifice of time anel labour. 

§ 3. In the following the obtaineel results are collected in tables. 
Fot' the value 01' 1 mm. mel'cul'y at 0,° 0., 1333,2 Dynes (45°), was 
caleulatéd, allel this value was useel in all fUl'thel' calclllations; in the 
tables àn numbel's fol' ï. and ft are adJn~ted by the necessary cOl'l'ections. 
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The graphical diagrams relate to the variation of the so-called 
"moleeular" surfaee-energy [.t with the temperature; in the same 
diagram analogous, homo]ogous compounds or sueh, related by simple 
substitutions, are put together; this will be of practical use for the 
eompal'ative eonsiderations later to be given, and allows a rapid 
l'eview of the hehaviour. For the eonstruction of the diagrams, not 
the numbers of the tables, but those following directly from CANTOR'S 

formula, aré used; therefore the correction, necessary to derive the 
absolute value of (J, from these readings by diminution, are indicated 
on each purve in the diagmms. 

§ 4. Aliphatic DeJ'ivatives. 
This series of measurements relates to the following aliphatic 
Molecular Surface 
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~tlbstan6es: nornî. Propylalcolwl; Isobulylalcolwl; Dietlzylether; ËtAyl. 
j01'miate; EthylchlO1'ofol'miate; EtAylacetate, Met1~yl-: Ethyl-, anc! 

I. 

norm. Propyl-alcohoJ: C3H7 • OH. 

QJ ... Maximum Presl;ure H Surface- Molecular .E. Specific ~U tension y. Surface-... 
QJO 

in mmo mer- in Erg. per Q. gravityd40 energy fJ In E.5 cury of in Dynes: cm~. Erg. pro cm2• 
~ 0° C. 

° -76 1.170 1559.8 33 4 0.881 557.4 
-21 0.9?4 1245.4 26 6 0.837 459.3 

0 0.875 1167.3 24.9 0.820 435.9 
25.5 o 807 1075.4 22.9 0.800 407.5 
45 0.755 1006.4 21.4 o 784 386.0 
74.5 0.679 905.3 19.2 0.759 353.9 
90.6 0.638 850.2 18.0 0.746 335.6 

Molecular weight: 60.06. Radius of the CapiIlary tube: 0.04352 cm. 
Depth: : 0.1 mmo 

The substance bOlls at 96°.7 C. constantly. 

11. 

JsobutyJ·alcohol: (CH3)2 CH. CH2OH. 

e Maximum Pressure H SUl face Molecular ::I 

"Eu tension I. 
Specitic Surface-

~o in mmo mer- in Erg. pro gravity d40 
energy p. in 

~.5 cury of in Dynes cm2
• Erg. pro cm2 

0° C. 
, 

° -71.5 1.149 1531.8 33.0 0.885 631.5 
-12 0.890 1186.5 25.5 0.828 510.1 

0.3 0.853 1137.2 24.4 0.817 492.5 
10.4 0.825 1099.9 23.6 0.807 483.9 
25.1 0.783 1044.5 22.4 0.794 460 9 
35.1 0.756 1008.0 21.6 0.785 447.7 
49.7 0.723 963.9 20 6 0.7i71 432.2 
69.6 0.670 893 8 19 1 0.753 407.0 

101 0.594 791 9 16 9 0.731 367.4 

\ 

Molecular weight: 74.08. Radius of the Capillary tube: 0.04385 cm. 
Depth: 0.1 mmo 

The compound boils at 106°.8 C. constantly; at the boilingpoint I. 
has the value: ca. 16.5 Erg. pro cm~. 
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Isobutyl-lsobutyratesi Acetone; ~fethylpl'opylcetone; Ethyl-Acetyloacelctlè; 
M ethy 1-Methylacety loacetate; Ethy 1-P1'OPY lacety loacetate; Methyl-, Etft'!!}-' 

111. 

I 

Diethylether: (C2!jS)2 O. 
-

I 
cu 

Maximum Pressure H 
I .... Surface- Molecular 

~u tension /. Specific Surface-.... cuo 
in mmo in Erg. pro gravity d40 I energy IJ in 0..1=: 

E.~ mercuryof in Dynes cm2• Q) Erg. pro cm2• 
F-< 0° C. 

° 
1 -75 0.990 1319.9 28.5 0.818 574.7 

-20.5 0.748 997.2 21.5 0.758 456.2 
0.2 0.670 893.8 19.2 0.735 415.8 

10.9 0.628 837.2 17.9 0.723 392.0 
25 3 0.584 778.6 16.7 0.707 

1

1 371.2 
29.51 0.574 766.2 16.4 0.703 365.9 

Molecular weight: 74.08. Radius of the Capillary tube: 0.04385 cm. 
Depth: 0.1 mmo 

The substance boiIs at 34.°8 C. constantly; at the boilingpoinb is : 
15.9 Erg. pro cm2• _ \ 

IV. 
- -

Acetone: CH3 • CO . CH3• 
I 

I 

, 
cu 

Maximum Pressure H ... 
Surface- Molecular ::l 

~u tension /. Specific Surface-
Ä,0 in mmo in Erg. pro gravity d40 

energy p. in 
~.5 mercury of in Dynes cm2• Erg. pro cm2• 

Er 0° C. 

-i3° 1.236 1647.8 35.6 0.917 565.5 
-19.5 0.971 1295.6 27.9 0.845 468.0 

0.1 0.886 1181.3 25.4 0.818 435.4 
11.4 0.838 1117.4 24.0 0.803 41(i.!5 , 
25.5 0.786 

, 
1047.9 22.5 0.785 396.4, 

35 0.740 985.6 21.1 0.772 375.9 
50.1 0.695 926.6 19.8 0,757 357.4 

I
1 

I 
I 

Molecular weight: 58.05. Radius of the CapiIlar tube: 0.04385 cm. I 
I Depth: 0.1 mmo 

The boilingpoint 
pro cm~. 

is 560 c.; the value of /. is t~er~; 19.4 Erg. 

___ ......----..-.. '---,...-., --i"" ..... ~I,.. ..... :'P..,.. ........ :-= •• ::"_.'=_.0=. ""' ..... _=oa: .. ;';1.LL ...... _ ..... ..------
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Propyl-, Butyl-, Isobutyl-, and Amyl-Cyanoacetates; Tri-, and Tetrd· 
chloro-methane; and Isobutylb1·omide. 

V. 

Methylpropylcetone: CH3 • CO. CJH7• 

cu 
Maximum Pressure H ... Surface- Molecular ::l • 

~U tension 1. 
Specific Surface-... 

in mmo 1 
cuo 

in Erg. pro gravity d 0 energy I' in 0. E.:: mercury of I in Dynes cm2• 4 I Erg. pro cm2• ~ 0:> C. 

0 I 
-74.2 1.240 1653.2 35.4 0.936 721.4 
-20.5 0.996 1327.9 28.3 0:872 604.6 

0.3 0.913 1217.8 26.0 0.852 564.1 
25.5 0.831 1107.6 23.6 0.826 522.7 
45 0.762 1015.7 21.6 0.806 486.3 
74.3 0.672 896.1 19.0 0.777 438.3 
90.8 0.613 818.1 17.3 0.761 404.7 
99.6 0.589 785.8 16.6 0.753 391.1 , 

Molecular weight: 86.1. Radius of the CapilIary tube: 0.04352 cm. 
Depth: 0.1 mmo 

The substance boiJs at 101.°3 C. çonstantly. 

\' VI. 

Ethylformiate: HCO. O(C2H5). 

~ 
Ma"imum Pressure H 

I : Molecular ... 
Surfa~e-::l • 

~U tension 1. 
Speciflc Surface· loo 

0.= in mmo in Erg. pro gravity d40 
energy p. in 

e·- mercuryof In Dynes cm~. Erg. pro cm2• 
~ 00 C. 

c 
1 I *-76.5 1.239 1661.2 37.8 1.032 502.7 

* -16.2 0.945 1259.9 28.5 0.958 398.3 .. 2.2 0.864 1151.9 26.0 0.938 368.5 
24.9 0.802 1069.2 22.9 0.910 :i31.2 
35.2 , 0.757 1009.6 21.9 0.899 319.3 
49.21 ' 0.718 957.2 

1 
20.5 0.879 303.4 

Molecular weight: 50.0.5 Radius of the Capillary tube: 0.04408 cm.; 
in the observations, indicated by oo, this 
radius was: R = 0.04638 cm. 
Depth: 0.1 mmo 

Mte.- , .... fully drying, thi, ether boi!, at 54.'3 C. ,""tantlY:J 
remains a relatively thin liquid as far as - 79° C. At the boiJing-
point x is 19.9 Erg. pro cm~. 

1\ \ 
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Molecular SUl'face-
Energy in Erg pro cm2• 

f(}2(} 
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VII. 

Ethylchloroformiate: Cl. CO . 0 (C2H5). 

<IJ 
Maximum Pressure H ... Surface Molecular ~cj tension ;( Specific Surface ... 

in mmo mer-I 
Q)O 

in Erg. pro energy p. in o.c gravity d4c E.- cUly of I in Dynes cm2
• Erg. pro cm2

• Q) 

E-< 0° C. 

° -75.5 1.353 1803 8 42.4 1.278 819.0 
- 2\ 1.046 1395.0 32.6 1.186 661.9 

0 0.951 1269.2 29.6 1.160 609.9 
25 0.847 1129.2 26.2 1.127 550.3 
45.3 0.774 1031.8 23.9 1.095 511.7 
70.2 0.692 922.6 21.2 1.050 466.8 I 

84.8 0.643 857.8 19.8 1.022 443.9 

Molecular weight: 108.49. Radius of the Capillary tube: 0.04803 cm. 
Depth: 0.1 mmo 

The compound boils at 91.°5 C. constantly; at th is temperature X 
is 19.3 Erg. pro cm~. 

VIII. 

Ethylacetate: CHa• CO. 0 (C2H5). 

<IJ 
Maximum ~ressure H ... Surface- Molecular ::s • 

Specific 1ijU tension x Surface· 
1il<.> 

in mmo mer-I in Erg. pro gravity d 0 energy p. in o.c 
E'- cury of I in Dynes cm2• 4lErg. pro cm~. <IJ 

E-< 0° C. 

-74 ° 1.274 1698.5 36.6 1.016 716.8 
-20 0.994 1325.2 28.4 0.949 582.1 

0 0.892 1189.2 25.5 0.924 532.1 
25.5 0.780 1039.9 22.2 0.893 473.8 
34.7 0.744 992.5 21.2 0.881 456.6 
55 0.679 897.2 19.1 0.856 419.3 
70 0.623 838.5 17.8 0.829 399.2 

Molecular weight: 88.06. Radius of the Capillary tube: 0.04385 cm. 
Depth: 0.1 mmo 

After very carefully drying and repeated distillationJ this ether boils 
at 77,°1 C. constantly. It remains a thin Iiquid as far as -80° C. At 
the boilingpoint the value of x is: 17.2 Erg. pro cm2• 

25 
Proceedings Royal Acad. Amsterdam. Vol. XVll. 
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IX. 
-

Methyl-Isobutyrate: (CH3h CH. C~. 0 (CH3). 

0) 

I 
Maximum Pressure H ..... Surface- Molecular 

~u tension 1.-
Specific Surface-..... 

0)0 

in mm.mer-) in Erg. pro ,energy p' in 0.= I gravity d4, E .. .. cury of In Dynes cm2• Erg. pro cm2• 0) 

f- o c. I 

0 
-73 1.296 1728.0 37.1 o 995 813.1 
-21.5 1.006 1341.9 28.7 0.936 655.1 

0.5 0.903 1204.0 25.7 0.911 597.3 
25.3 0.805 1073.2 22.8 0.882 541.5 
45 0.727 969.7 20.6 0.859 497.9 
74.7 0.631 840.9 17.8 0.825 442.0 
91.3 0.589 785.8 16.6 0.806 - 418.6 

Molecular weight: 102.08. Radius of the CapiIlary tube: 0.04352 cm. 
Depth: 0.1 mmo 

The substance boils constantly at 91 °.8 C. 

x. 

Ethyl-Isobutyrate: (CH3'2 CH. CO. 0 (C2H5). 

Q) 

Maximum Pressure H ..... Surface- Molecular ~ . 
1UU tenSlOn y. 

Specific Surface-
1i10 

0.= in mm.mer- in Erg. pro I gravity d40 
energy p. in 

E .. cury of in Dynes cm2• Erg. pro êm2• Q) 

f- 0' C. 

0 - I 
-78.1 1.165 1553.2 33 3 0.976 805.4 
-21 0.940 1253.2 26.8 0.913 677.7 

0 0.857 1155.9 24.6 0.891 632.3 
25.2 0.779 1038.6 22.1 0.859 582.0 
45 0.717 955.9 20.3 0.837 544.0 
74.3 0.624 831.8 17.6 0.809 482.4 
90.8 0.572 762.9 16.1 0.791 448.0 

109.5 0.507 675.5 \ 14.2 0.769 412.6 

Molecular welght: 116.1 Radius of the CapifÎary futie: 0.04352 cm. 
Depth: 0.1 mmo 

Tbe substance boils at llO.e2 C. constantly. At -76 C.,it is agáin 
L.:!hm liquid i It was only slightly turbld, probably by extremely fine 

crystals. 

I n,. : li Inlh lb ;;;;;:; ij i h i iA ;; :: J i; [( ; :k i 
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XI. 

Isobutyl-Isobutyrate: (CH3)2CH. CO. O(CH2 • (eH. (CH3)2)' 
/ 

Q) 

Maximum Pressure H I 
... 

Surface- Molecular E· roU tenslOn I 
Specific Surface-... 

i'" mmo mee· I 
Q)O 

In Erg. pro energy f1 in o..s:: gravlty d40 E·- cury of I In Dynes cm2• Erg. pro cm2• Q) 

r- 0° c. 
1 

" ; 
-76.5 1.182. 1576.3 33.8 0.951 960 6 
-21.3 o 927 1236.2 26.4 0.896 780.8 

0 0.865 1153.5 24 6 0.875 739.2 
25.4 0.785 1047.8 22.3 0.850 683.1 
45 0.731 974.3 20.7 0.830 644 2 
74.7 0.638 850 2 18.0 0.801 573.6 
91.1 0.596 795.0 16 8 0.784 543 I 

109 2 0.545 726.1 15.3 o 766 502.3 
134.5 0.469 625 0 13.1 0.740 

I 
440.1 

Molecular welght: 144.11. Radius of the Caplllary tube: 0.04352 cm. 
Depth : 0.1 mmo 

The compound boils at 147.°2 C. constantly. 

XII. 

Ethyl-Acetyloacetate: CH3CO. CH2 • CO. O(C2Hs). 

Q) 

MaXimum Pressure H I Molecular ... Surface· ::I 
tiiu tenslOn /. SpecIfic ... Surface· 
Q)O 

in mmo mer- In Erg. pro energy f1 in o..s:: gravity d40 E- cury of In Dynes cmJ • Erg. pro cm2• Q) 

r- 00 c. 

° I I -20 1.210 1612.8 36.7 1.070 900.7 
1 1.133 1510.5 34.3 1.048 853.5 

* 25 1 113 1483.6 32.0 1 023 809.2 
* 35.5 1.0b9 1424 7 30.7 1.013 781.4 
* 49.5 1.024 1365.8 29 4 o 999 755.3 

71 0.906 1207.4 27.3 0.976 712.3 . 
89 o 841 1121.2 25.3 0.958 668.4 

'*125 o 774 1031. 9 21.7 0.923 587.7 
**153 

I 

o 675 900.2 18.9 o 896 522.1 
**176 0.596 794.9 16 6 o 869 468.0 

Molecular weight: 130.08 Radius of the Capillary tube: 0.04638 cm.; 
in the observatIons mdicated by *, tt was 
0.04.40:. cm.; in those by **: 0.04352 cm. 
Depth: 0.1 mmo 

- The substance boils at 179.°6 C. constantly. 

25* 
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XIII 

Methyl-Acetylomethylacetate: CH3CO. CH(CH3). CO. O(CH3). 

(1) 

Maximum Pressure H \..0 Surface- Molecular ~ . 
1iju tension ï. 

Specific Surface-à:; 0-

o..s:: in mmo mer- in Erg. pro gravlty d40 
energy pin 

c·- cury of in Dynes cm2• Erg. pro cm2• Q) 

r- 0° C. 

° -71 1.477 1969.6 46.5 1.121 1106.2 
-21 1.218 1623.8 38.3 1.071 939.3 

0 1.137 1515.7 35.7 1.050 887.2 
25.3 1.046 1395.0 32.8 1.024 828.9 
45.5 o 985 1313.2 30.8 1.003 789.2 
70.2 0.901 1201.2 28.1 0.977 732.7 
85.2 0.856 1141.2 26.7 0.962 703.4 

117 0.768 1024.4 23.9 0.930 644.0 
138.2 0.709 945.2 22.0 0.908 602.3 
156 0.658 877.2 1 20.4 

I 
0.890 

I 
566.0 

I 
Molecular weight: 130.08. Radius of the Capillary tube: 0.04803 cm. 

Depth :0.1 mmo 

Under a pressure of 18 mm., the substance boils at 75.°5 c.; in the 
at -71 0 C. very viscous liquid, the growing of the gas-bubbles took 
more than 60 seconds. The specific gravity at 250 C. is: d40 = 1.0247; 
at 50cC.: 0.9991 i at 75° C : 0.9732. At t) C.: d4o= 1.0500-0.001006t 
-0.000000241;2. 

XIV. 

Ethyl-Propylacetyloacetate: CH3CO. CH(C3H7)CO. O(C2Hs). 

(11 
Maximum Pressure H Surface-... Molecular ~ . Specific 1ijU tension ï. Surface-

~o in mmo mer- in Erg pro gravity d4:> energy p.in o..t:: c·- cury of in Dynes cm2
• Erg. pro cm2• (11 0° C. r-

° 

I 
-76.2 1.430 1906 0 43.6 1.082 1280.1 
-20 1.142 1522.2 34.8 1.007 1070.2 

2.5 1.058 1410.1 32.2 0.978 1011.~ 
** 25 1. 018 CII 1356.6 29.4 0.948 942.7 
** 35 0.917 1302.2 28.2 0.934 913.2 
** 49 0.929 1238.7 26.8 0.916 879.2 

10 0.818 1091 0 24 8 0.889 831.3 
90.5 0.763 1017.7 23.1 0.866 786.8 

*125 0.714 951.5 20.2 0.833 706.0 
*143 0.669 891.5 18.9 0.816 669.7 
*152.9 0.641 , 854.8 18.1 0.806 646.1 
* 177 0.576 767.5 16.2 0.785 589.1 
*200 5 0.507 676.4 14.2 0.764 525.8 

Molecular weight: 172.13. Radius of the Capillary tube: 0.04638 cm.; 
in the observations indicated by *, R 
WelS 0.04352 cm.; in those indicated by 
**, it was 0.04408 cm. Depth: 0.1 mmo 

Under ordinary pressure the boiling point is 223.°6 C. constantly; 
notwithstanding the great viscosity of the Iiquid at -76° c., it was 
yet possible here to determine the value of ï. evidently vpry exactly, 
if the time of grow ofthe bubbles was sufficiently long (ca. 40 seconds). 
~ - -
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-

Methyl-Cyanoacetate: CN. CHz. CO • O(CHJ). 

\ <U .... Maximum Pressure H Surface- - Moleêular_ ::l 
-;jcJ tension -x Specific Surface-.... 
<uo inmm. in Erg. energy fI in 0.. gravity d40 12.5 mercury of in Dynes pro cm2• Erg pro cm2• <U 

E- 00 C. 

~-76° (2.424) I (3231.6) (74.IY 1.222 
I 

(1387.8) 
--16 1.443 1923.2 43.9 1.140 861.2 

I 1.362 1815.4 41.4 1.122 

I 

820.8 
** 25.5 1.337 1783.0 38'6 1.096 777.4 

50 ; 1.184 1578.3 35.9 1.070 734'.6 
70.5 1.116 1487.7 33.8 1.039 705.4 
90 1.043 1390.8 31.7 1.028 666.2 

~ 124.5 0.987 1315.8 28.0 0.994 601.8 
* 153.1 0.877 1169.2 24.8 0.965 543.7 
* 176.5 0.789 1052.4 22.3 0.942 496.8 
* 197 I 0.713 951.3 I 20.1 0.921 454.6 

Molecular weight: 99.05. Radius of the Capillary tube: 0.04638 cm. i in 
the observations indlcated by *, R was: 
0.04352 cm., in those with .*, it was: 
0.04408 cm. 

Depth: 0.1 mmo 

The carefully dried ether boils constantly at 2030 c.; at - 76) C. the 
liq uld is extremely viscous and gelatineous ; although the time of 
forrnation of the gasbubbles was about 100 sE'conds, the viscosity in 
th is case evidently diminishes the exactitude of the deferminafions of 1.. 
The specific gravi~y d40 was at 250 c.: 1.0962: at 500 C.: 1.0098; at 

?5° c.: 1.0438; ~! tO
:_ d4.? _ __ 1.! 231-0.0~~ 08~ t.:1- O.OO?O~O~ ~~_._. -

-_. 

XVI. 

Ethyl.Cyanoacetate: CN. CHz. CO. 0 (CzHs). -

<U 
Maximum Pressure H .... Surface· Molecular :::s • 

~u tension 1-
Specific Surface-.... 

<uo 
in mmo mer- in Erg. pro energy}l in 0..1: gravity d40 12·- cury of in Dynes cm2• Erg. pro cm2• QJ 

E- OJ C. 

-170 1.313 1750.8 , 39.9 I 1.099 876.1 . 
0 1.245 1660.2 37.8 1.082 838.6 

*~ 25 1.222 1628.8 35.2 1.0,ii6 793 7 
** 35.5 1.188 1583.5 34.2 1.046 776.1 

49 1.083 1444.5 32.8 1.032 751.5 
71 1.016 1354.0 30.7 1.009 713.6 
90 0.951 1267.8 28.7 0.990 675.6 

* 125 0.896 1194.8 25.4 0.955 612.4 
*153 0.803 1070.8 22.7 0.927 558.3 
*176 0.727 969.7 20.5 0.904 512.7 
*201 0.651 868.6 I 18.3 0.879 466.3 

Molecular weight: 113.07. Radius of the Capillary tube: 0.04638 cm.; 
in the observations indicated by *, R 
was 0.04352 cm. i in those by "*, it was: 
0.04408 cm. 
Depth: 0.1 mmo 

The compound boils at 2060 C. constantly i at -76" C. it becomes 
glassy and crystallizes very slowlyon heating. The crystals melt at 
about -40:> C. The specific gravity at 250 C. was: 1.0562; at 50:> C.: 
1.0307; at 75° C.: 1.0052 i at t : d40 = 1.0817-0,00102 t, in genera!. 
... -....... --- --'- -- --~--------- ..... -------~- -- ----
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XVII. 

Pr!)pyl-Cyanoacetate: CN. CH2 • CO. 0 (C3H7). 

, 
~ 

J~.aximum Pressure H \.0 Surface- Molecular ::s • 
~u tension i. Specific Surface-@o 
c..~ in mmo mer- in Erg. pro gravity d40 energy Jl in 
E·- cury of in Dynes cm2

• IErg. pro cm2
• ~ 0° C. 

-160 1.236 I 1647.3 37.5 I ' 1.058 912.9 
0 1.184 1578.3 35.9 1.042 882.9 

** 25 1.164 1551. 7 33.5 1.021 835.1 
** 35 1.130 1506.5 32.5 1.011 815.5 
** 51 1.075 1433.8 31.0 0.996 786.0 

:71 0.961 1280.7 29.\ 0.976 747.6 
114.5 0.834 1112.5 25.2 0.933 667.1 

*125.5 0.858 1144.4 24.3 0.923 647.9 
* 15_2,.5 0.780 1039.9 22.0 0.896 598.3 
*'176.1 0.70.1 934.6 19.7 0.872 546.0 
*201 0.624 831.8 I 17.5 I 0.847 494.1 

Molecular weight: 127 .O~. Radius· of the Capillarytube: 0.04638cm.j 
in the observations, indicated by *, the 
radius was: 0.04352 cm.; in those with 
.. , it ~as: 0.04408 cm. Depth: 0.1 m.m. 

The substance boils at 216~ C. constantly; at -79:1 it solidifies 
_slgwly to .!1 cry~tal-aggregat~J which meUs at abo!!t - 390 'CO The 
density d40 was at 25u C.: 1.0214; at 50° C.: 0.9973; at 15° C.: 0.9111. 

at to C.: d40 = 1.0424-0.000962t+ 0.OOOOOI2t2
• 

-
XVIII. 

Butyl-Cyanoacetate: CN .,CH2 • CO .0(C4Hg). 

e Maximum Pressure H ~urface- Molecular 
~cj tension x Specific Surface· \.0' -~o 

,in mmo mer- in Erg. pro energy p. in c..~ gravity d40 E.- cury of in Dynes cm2• Erg. pro cm2• 
~ 0° C. 

° -21.3 1.213 1617.5 35.2 1.041 928.8 
,0 1.159 1545.2 33.6 1.020 898.7 

* 25.2 1.111 1489.0 31.7 0.998 860.3 
* 45.2 1.055 1406.2 29.9 0.978 822.5 
• 74.5 0.915 1300.6 27.7 0.952 775.8 
• 94 . .1 0.924 1231.6 26.2 0.934 743.2 

11415 0.852 1135.3 24.6 0.915 701.4 
135 0.797 1063.3 23.0 0.895 671.2 
161.·1 0.729 971.9 21.0 0.870 626.3 
192.1 0.662 883.1 19.0 0.840 578.4 
213.1 0.615 820.0 11.6 0.820 544.5 

Moleclliar weight: 141.1. Radius of the Capillary tube: 0.04439 cm.; 
in the observations indicated by * it was: 
0.04352 cm. Depth: 0.1 mmo 

The ether' boils at 230°.5 C. constantly; it can be cooled as far as 
-:800 ,c., without .crystallisation setting in. The specitic gravity d40 
is .at _25:1 c.: 0,9978 j at 50° ,C. : 0.9749 j at 75" c.: 0.9518 j at tO it is: 
d40 = 1.0204-0.000904 t + 0.00000016 t~. 
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IIX. 

Isobutyl-Cyanoacetate: CN. CHz. CO. 0(CH2• CH. (CH3)2)' 

al 
Maximum Pressure H ... Surface· Molecular ::l • 

Specific 1<îu tension x Surface-til, 
o.\:: in mmo mer- in Erg. pro gravity d40 

energy I'- in 
E·- cury of in Dynes cm2• Erg. pro cm2• 
~ 0" C. 

0 

1 -I -20.5 1. 179 1572.4 34.2 1.033 907.1 
0.3 1.122 1495.9 32.5 1.014 872.7 

~ 25 1.059 1424.6 30.3 0.990 826.7 
'" 45 1.013 1351.1 28.7 0.971 793.3 
'" 74.8 0.934 1245.4 26.4 0.944 743.6 
* 94.5 0.879 1174.6 24.9 0.925 710.9 

fI5 0.811 1081.3 23 4 0.905 677.9 
135.1 0.757 1009.2 21.8 0.886 640.5 
161 0.685 914.6 19.7 0.862 589.5 
191.8 0.595 792.9 17.0 0.834 520.0 
213 

1 
0.541 720.9 15.4 0.815 478.4 ~ 

Molecular weight: 141.1. Radius of the Capillarytube: 0.04439 cm.; 
in the observations indicated by *, R was: 
0.04352 cm. 
Depth: 0.1 mmo 

The compound boils at 223' C. constantly i it can be undercooled 
as far as -76' c., and crystallizes then slowly into a crystalline 
aggregate, melting at about - 26) C. The specific gravity at 25' C. 
was d40 = 0.9903; at 50° c.: 0.9659; at 75° c.: 0.9441. At tO it is 
generally : d40 = 1.0138-0.000952 t + 0.00000032 t J• 

xx. 

Amyl-Cyanoacetate: ON. OH2 • 00. O(OsHIl). 

al Molecular ... Maximum Pressure H Surface-::l 
Surtace-"Eu tension x Specific 

<!Jo in mmo in Erg energy I'-
2= gravity d40 in Erg I CJ- mercury of in Dynes pro cm2• 
[- O~ C. pro cm2., 

0 
1 1440.3 -17.5 1.080 32.7 1.017 933.5 

1.5 1.029 1371.3 31.1 1 001 897.2 
I 

** 25.5 1.028 1370.2 29.5 0.976 865.5 
~* 35 1.000 1333.2 28.7 0.966 847.9 

69 0.880 1172.9 26.5 0.939 797.8 
89 0.831 1108.3 25.0 0.920 763.0 

*125 o 807 1075.4 22.7 0.891 707.7 
*153 \ 0.744 992.6 21.0 0.864 668.3 
* 176 0.689 919.1 19.4 0.843 62.7.6 
*201 0.634 845.6 17.8 

I 
o 821 586.1 

Molecular weight: 155.11. Radius of the CapiIIary tube: 0.04638 cm.; 
in the observations indicated by*, R was 
0.04352 cm i in 
0.04408 cm. 

those with ** it was: 

Depth: 0.1 mmo 

- The compound boils at 240'.2 C. i at -760 C. it is a jelly, but does 
not crystallize. Thc specitic gravity at 250 C. was: d40 = 0.9763 i 

I 

at 50' c.: 0.9547 i at 75° C : 0.9327. At t' it is: d40 = 1.0019-0.090061 t 
+ 0.00000032 t2• 

ift;MMfQ\4iS r~.ah & ft :54* .$40 ; I.SM ;$; i 42; ;; JIJ 
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Molecular Surface 
Energy in Erg. pro cm2• 
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Fig. 5. 

XXI. 

TricbJorometbane: CHCfs. 

<1) 

Maximum Pressure H .... 
Surface-;:1 

"Eu tension x SpecJfic 
<1)0 

in mmo in Erg. 0. gravity d40 a.5 mercuryof in Dynes pro cm2• <1) 

E-< 0° C. 

0 
-22 1.142 1523.4 32.5 1.555 

0 1.050 1394.3 29.7 1.519 
25 0.927 1236.0 26.2 1.476 
35 0.881 1114.5 24.8 1.459 
55 0.798 1063.9 22.4 1.425 

Molecular 
Surface-
energy I' 

in Erg. 
pro cm2• 

587.5 
545.3 
490.4 
467.8 
429.2 

Molecular weight: 119.51. Radius of the Capillary tube: 004385 cm. 
Depth; 0.1 mmo 

The trichloromethane was prepared from purest chloral, carefully 
dried, at -790 C. several times frozen, and purified by repeated 
distillation. It boBs constantly at 61°.2 C. i at this temperature, the 
value of x is: 21,8 Erg. pro cm2, 
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XXII. 

Tetrachloromethane: CCl4' 

Q) 
Maximum Pressure H I 1-0 Surface- Molecular :::! • Specific "'iijU tension /. Surface-@o 

in mmo mer- in E .... pr~ I gravity d40 energy p. in 0.1: 
E'- cllry of in Dynes cm~. Erg pro cm 2. Q) 

0" C. r-
-

-180 1.087 1450.4 30.9 1.659 633.0 
0.1 1.005 1340.9 28.5 1.632 590.2 

25 0.899 1199.5 25.4 1.585 536.4 
35 0.862 1149.4 24.3 1.560 518.6 
55 0.793 1058.1 22.3 1.525 483.2 

Molecular weight: 153.80. Radius of the Capillary tube: 0.04385 cm; 
Depth: 0.1 mmo 

Under reduced pressure (ca. 90 mm.) it boils at 26° C, and solidifies 
at - 60 J C to a white crystalline mass. Under ordinary pressure, it 
boils constantly at 76;).4 C. At this temperature the value of )( is 
about: 20.2 Erg. pro cm 2. 

/ 

Molecular Surface·Energy 
in Erg pro cm~. 
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XXIII . 
. 

Isobutylbromide: (GHd)2 GH. GH2El·). 

~ . "/ Maximum Pressure H Surface- Molecular - Specific 1iju tension ï. Surface-liio -
0..: in mmo mer- in Erg. pro gravity d4r energy I' in 
E·- cury of in Dynes cm2

• Erg. pro cm2• a; 
E-< o C. 

0 

-75 1.227 1636.5 38.4 1.385 821.6 
-19.5 0.949 1265.9 29 5 1.314 653.7 

0 .0.874 I 1166.0 27.1 1.291 607.6 
25 4 0.790 1053.5 24 4 1.259 556.3 
44.4 0.728 970.2 22.4 1.236 517.1 
69.9 o 646 861.9 

/ 
19.8 1.205 464.8 

85.3 0.600 799.5 18.3 1.186 439.2 

Molecular weight; 137.07. Radius of the Capillary tube: 0.04803 cm. 
. Depth; 0.1 mmo 

The carefully dried compound boils very constantly at 90.c5 c.; at 
this temperature ï. is about 17.9 Erg. pro cm2• 

Molecular Surface
(Energy in Erg pro CM2. 

9.50 

{l20 

890 

SGO 

_ Fig. 7. 

Temperature 
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~ 5.- Tempel'attwe-coeffici(nts oj (J, of tlw here stucliecl substanc&s. 

norm. Propylalcohol. 

Temperature.mterval: 

between -760 and -21° 
_210 " +25=> 

OfJ-at mErg. 

25')" 91 0 

Diethylether. 
between -75° and -20':> 

-200 " 0) 
0',. 29') 

Ethylchloroformiate. 
between -75° and -2P 

-21" " 
+250 

250 

" 
70° 

700 

" 
91° 

MethyZ-Isobutyrate. 
between _730 and -210,5 

_21 0 
" +250 

250
" 45° 

45°" 91° 

IsobutyZ-Isobutyrate. 

1,78 
1,11 
1,10 

2,16 
1,94 
1,70 

2,86 
2,41 
1,82 
1,70 

3,0 
2,4 
2,1 
1,7 

between -760 and - 21° 3.2 
_21 0 ,,+1350 2,18 

Methvlpropylcetone. 
between -74° and 0') 

0°" 99' 
2,13 
1,73 

Methyl-MethyZacetyloacetate. 
between _71 0 and -210 3,39 

_?10" 00 2,47 
00

" 70:> 2,18 
70J " 1560 1,94 

lI(ethyl.Cyanoacetate. 
between _760 and - 16) not measurable 

independently of 
viscosity. 

_160 ,. +197° 1,90 

/sobutylalcohol. 

Temperature-mterval: 

between -71° and - 12° 

op. 
äi in Erg. 

Ethylformiate. 
between -76°,5 and _160 

-16 J 
" +25~ 

250 
" 350 

350 " 54 0 

Ethylacetate. 
between -74° and OJ 

f 

00 

" 
25° 

250 

" 
35° 

35° " 
550 

550 

" 
77~ 

EthV[·/sobutyrate. 
between -78=> and +109) 

Acetone. 
between -730 and -19°,5 

-19
0 

JI t 11° 
11 0" 54° 

Ethyl-Acetyloacetate. 
between -20° and t176:> 

2,3 
1,1 

1,72 
1,62 
1,29 
1,12 

2,50 
2,37 
1,86 
1,78 
1,30 

2,15 

2,19 

Ethy Z-PropyZacety Joacetate. 
between -76° and -20° 3,74 

-20' ,,+20° 2,84 
25°" 70) 2,36 
70J

" 1250 2,24 
125':>" 1530 2,11 

Then an increase: 2,37 to 2,68, occurs 
as a consequence of beginning dissociation. 

Ethy Z· Cyanoacetate. 
between -IV and +201 0 1,88 
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Propyl.Cyanoacetate. Butyl.CYanoaèèlalè. 

Temperature.interval: ~~ in Erg. Temperature-mterval: iJl'. E at JU rg. 

between -160 and +152:> 1,88 between -210 and +213 0 

Then an increase. 2.13, under dissoCÎ-
1,62 

ation and liberation of HCN. 

lsobutyl-Cyanoacetate. A my [·Cyanoacetate. 
between -20' and 0' 1,64 

0:>" 115~ 1,70 
115°" 213' 2,0 

between _17° and + P 2,0 
1°" 201 0 ca.l,6 

Gradual decomposition, under liberation 
of HCN. 

, 
Chloroform. 

between -220 and +550 2,06 

lsobutylbromide. 

between -75° and -19° 3,0 
-190 ,,+251 2,15 

25°" 69',9 2,03 
70:>" 90° 1,91 

Car bontetrachlorzde. 

between -18° and 0' 
0'" 25° 

250
" 55° 

2,6 
1,95 
1,75 

Evidently only in f:,ome cases the coefficient a~ appears to be really 

constant; in most cases it decreases doubtless with a 1,ise of tempe
rature. Wh ere the inverse behaviour was stated, a decomposition of 

alL 
the studied substance always seemed to occur. The value for ät 

is in the interval of ordinary temperatm'es relatively small for pl'opyl
and isoblttyt-alcohol and fol' the cetones; however in these cases it 
appears to be variabie with the temperature in no higher degree 

than in the cases, where the vallles of :~ do not differ largely from 

2.0 Erg. 
Groningen, June 1914. Lab01'at07'Y f01' lnorganic Chemist1'Y 

of the Unive1'sity. 
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(Jhemistry. - "The Tempemture-coejficients 0/ the j1'ee Su]'jace~ 
enel'gy 'of Liquicls, at TemZJe1'atw'es /1'0112 -800 to 16500 C. 
lIl. jJ;leaSlt1'ements of some Aromrrtic De1,ivatives." By Prof.
Dl'. F. M. JAEGIi]]t and lVI: J. SMIT. (Communirated by Prof. 
P. v. ROMBUHGH). 

§ 1. In rontinnation of om' measurements of organic Jiquids, the 
data obtamed m tile btnd)' of a series of aromatic compounds, are 
reviewed here in tables, quite in t11e same way as in our former 
commnnications 1). This series of subsfances incllldes the following te1'ms: 

N itrobenzene; ort/w-Nitl'otoluene; Aniline; Dimethylaniline ; 01,tllO
Toluidine; Thymol; Methyl-, Ethyl-, anel Jjallzyl-Be7zzoates; Salicylic 
Aldehyde; Acetophenone, and the non-aromatic compound: a-Cam
p/lOlenic Acid. 

With respect to the detel'mination of the speciflc gravities and the 
pllrification of the stlldied slIbstances, we can refer to the preceding 
communication; the diagrams also have the same significanee, as 
indlCated thel'e. 

§ 2. Aromatic De1,ivatives. 
I. 

Nitrobenzene: C6H5(NO~). 

Cl) 

Maximum Pressure H 
I 

1-0 Surface- Molecular ;:! 

~u tension 1- Specific Surface-1-0 
aJO 

in Erg. pro energy I' in 0..: in mmo mer- gravity d4J E.- in Dynes I cm2 
•• 

Erg. pro cm2• aJ cury of OJ C E-< 
~ 

0 
5 1.538 2050.5 44.4 1.215 964.7 

26.6 1.473 1965.8 42.5 1.197 932.7 
34.9 1.448 1930.5 41.7 1.190 918.7 
55.3 ' 1.371 1827.8 39.5 1.171 879.7 
70.8 1.314 1751.8 37.8 1.156 849.0 

100 1.198 1596.0 34.4 1.125 786 8 
110 1.156 1541.6 33.2 ).115 763.9 
126 '1.089 1459.8 31.4 1.097 730.4 
145.5 1.014 1351.9 29.0 1.075 683.7 
172.5 , 0.903 i204.0 25.8 1.042 621.0 

Molecular weight: 123.06. Radius of the Capillary tube: 0.04385 cm. 
Depth: 0.1 mmo 

The nitrobenzene was carefully dried, several times frozen, and 
distiUed; it boils at 2090 C. constantly. At this temperature x = 21.2 
Erg. pro cm2• At 00 C. it solidifies completely. The specific gravity 
at 25° C. is: d40 = 1.1988. 

1) 1". M. JAEGER and M. J. SMIT, Preceding communication, (1914), 
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11. -
Ortho-Nitrotoluene: OH3 • OeH4 • (N02)· 

(1) (2) 

-CII 

I 
Maximum Pressure H l- Surface Molecular :::l • 

~u tension x Specific Surface-l-
ClIo 

in mm.mer- in Erg. pro energy pin c, gravity d40 E.5 cury of in Dynes cm~. Erg. pro cm2• CII 
f- 0' C. 

O~ 1 1.505 I 2006.8 43.3 1.177 1032.8 
9.6 1.465 

I 
1953.1 42.1 1.170 1008.1 

* 25 
, 

1.416 1887.5 40.9 1.156 987.3 
* 34.8 1.375 1833.1 39.7 1.147 963.3 
** 49.3 1.257 1675.8 38.2 1.134 934.0 

70 1.252 1669.4 35.8 1.115 885.2 
101.6 1.132 1509.8 32.4 1.086 815.4 
122.6 1.055 1406.5 30.1 1.067 766.5 
144 . 0.971 1295.4 27.7 1.047 714.3 
148.6 0.954 1272.4 27.2 1.044 702.8 
170 0.864 1151.9 24.5 1.025 640.8 

Molecular weight: 137.1. Radius of the Capillary tube: 0.04385 cm.; 
in the observations, indicated by *, R was 
0.04408 cm.; in these with ** it was: 
0.04638 cm. , Depth: 0.1 mm .. 

The compound boils at 218 0 C. constantly; the meltingpoint is 
_40 C. At the boilingpoint, the value of x is about 18.1 Erg. pro cm2• 

III. 

Aniline: Oe Hs(NH2)· 

CII 
Maximum Pressure H l- . Surface- Molecular 

~u tension /. Specific Surface-l-
ClIO 

in mmo in Erg. pro energy IJ in c,s:: gravlty d40 E._ mercury of in Dynes cm2
• Erg. pro cm2• 

~ OJ C. -

0 

0 1.573 2096.5 45.4 1.038 909.3 
5.3 1.552 2069.8 44.8 1.032 900.8" 

26.2 1.473 1963.8 42.5 1.015 864.0 
34.7 1.452 1935.8 41.8 A:~~ 853.7 
54.8 1.371 1827.8 39.5 816.5 
70 1.320 1759.8 38.0 0.976 793.0 

tOo 1.190 1586.5 34.2 0.949 727.2 
109.5 1.156 1541.6 33.2 0.941 709.9 
126 1.089 1459.8 31.4 0.924 679.6 
143 1.027 1369.2 29.4 0.907 644.3 
148.8 0.998 

I 
1331.8 28.6 0.902 629.0 

173.7 0.889 1185.8 25.4 0.877 569.2 

Molecular weight: 93.04. Radius of the Capillary tube: 0.04385 cm. 
Depth: 0.1 lOm. 

The Iiquid boils at 1840 C. constantly. It is colourless, and onlyat 
higher temperatures it gets somewhat yellowish. At the boilingpoint, 
x is: 24.3 Erg. pro cm2• 
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tv. 
Dimethylaniline ; 06HS' N(OH3)2' 

MOI""I.J (]J 

Maximum Pressure H I 
... Surface. :::l 
~u tension y. 

Specific Surface-... 
(]JO in mmo in Erg. energy {J 
~::: gravity d40 !::.- mercuryof in Dynes pro cm2• 

in Erg. 
(]J 

f-< 0° C. pro cm2• 

0 
1553.2 I 26 J .165 36.6 0.951 926.4 

45.5 1.087 1449.1 34.1 0.935 873.0 
66.5 1.018 1357.5 31.9 0.917 827.3 
86.5 0.959 1278.4 30.0 0.900 787.8 

106 0.893 1190.8 27.9 0.884 - 741.5 
125.8 0.831 1107.6 25.9 0.867 697.3 
146 0.768 1024.4 23.9 0.850 652.0 
166 0·709 945.3 22.0 0.832 608.8 
184 0.650 866.1 20.1 0.817 563.0 

-
Molecular weight: 121.11. Radius of the Capillary tube: 0.04803 cm. 

Depth: 0.1 mmo . 
The Iiquid boi1s at 1910 C. constantlYi it solidifies easi1y and the 

crystals melt then at 0°.5 C. The value of /. at the boilingpoint is 
about: 19.3 Erg. per cm2• 

Molecular Surface·energy 
in Erg pro cm!!. 
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V. 

Ortho-Toluidine: OH.I • OaH4' (NH2) • 

(1) (2) 

I , 
0) Maximum Pressure H Surface- Molecular I-. 
;:l • Specific êiî u tension /. Surface· ao 

in mmo mer- in Erg. pro gravity d40 energy I' in o.c 
cury of in Dynes E·- cm2• Erg. pro cm2• 0) 
o~ C. E-< I 

_200 1.573 2098.0 45.4 
1 

1.027 1005.8 
0.6 1.492 1989.1 43.0 1.013 961.4 
9.3 1.465 1953.1 42.2 1.006 947.9 

25 1.403 1870.5 40.4 0.992 915.9 
34.6 1.375 1833.1 39.6 0.985 902.1 
50.1 1.310 1765.8 37.7 0.973 865.8 
70.5 1.234 1645.2 35.5 0.957 824.4 

101.4 1.133 1510.5 32.5 0.933 767.6 
123.2 1.043 1391.0 29.9 0.916 714.9 
144 0.957 1277.0 27.4 0.899 663.3 
149.51 0.937 1249.8 26.8 0.895 

1 

650.8 
172 0.831 1108.2 23.7 0.877 583.3 

Molecular weight: 107.09. Radius of the Capillary tube: 0.04385 cm. 
Depth: 0.1 mmo 

The ortho-toluidine boils at 197.(4 C. constantly. It is perfectly 
colourless, but above 180 C. it gets gradually reddish brown. At 
the boilingpoint /. = 19.9 Erg pro cm~. 

VI. 

I 
ThymoI: (OIf3)zOH. OaH3' OH(OH3). 

0) I Maximum Pressure H I I-. Surface- Moleculal' 
~u tension /. Specifié Surface-I-. 
0)0 

in mmo mer- in Erg. pro energy I'- in o.c gravity d40 E._ cury of in Dynes cm2• Erg. pro cm2, Q) 

E-<. o~ C. I I 
00 1.176 1567.9 I 34.2 I 0.986 975.1 

25 1.109 1478.5 32.2 0.968 929.4 
45.7 1.054 1405.7 30.6 0.952 893.1 
70.7 0.991 1321.9 28.6 0.933 846.0 
90.1 0.943 1257.0 27.3 0.920 815.2 

115 0.875 1156.6 25.3 0·901 766.0 
135.3 0.825 1099.3 23.8 0.887 728.2 

*160 0.703 935.9 21.9 0.867 680.3 
* 190.1 0.628 

I 

837.0 19.5 0.845 

I 
616.2 

*211 0.578 770.3 17.9 0.829 572.9 

Molecular weight: 150.11. Radius of the Capillary tube: 004439 cm.; 
in the determinations indicated by ", R 
was: 0.04803 cm. 
Depth: 0.1 mmo 

The substance melts at 51 °.5 C .• and boils at 231. c5 C. constantly . 

I 
it ean be undercooled to a high degree. At the boilingpoint )( is 16.6 
Erg. The specific gravity at 24.;)4 C. is 0.9639. 

26 
Proceedings Royal Acad. Amsterdam. Vol. X VII. 
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VII. 
- -

Methylbenzoate: C6Hs . CO. O(CHa). 

aJ 
Maximum Pressure H .... Surface- Molecular ::l 

CijcJ tension 1. 
Specific Surface-.... 

aJO 
in Erg. pro energy pin o..t:: in mmo mer- gravity d40 a·- in Dynes cm 2• Erg. pro cm2• aJ cury of 0° C. ~ 

E-
I I 

00 1.405 1873.1 41.0 1.106 1014.1 
*25.1 1 306 1741.2 37.3 1.080 937.4 
*45 1.222 1629.2 34.8 1.059 886.1 
*74.3 1.110 1479.8 31.6 1.028 820.7 
*94.5 1.034 1378 7 29.4 1.006 774.6 
115.2 0.946 1261.2 27.4 0.984 732.7 
135.3 0.875 1166.9 25.3 0.964 684.8 
160 0.791 1054.6 22.8 0.937 629.9 -
192.5 I 0.686 914.6 19.7 0.902 558.2 

Molecular weight: 136.06. Radius of the CapiIlary tube: 0.04439 cm.; 
in the observations indicated by *, the 
radius was: 0.04352 cm. 
Depth: 0.1 mm. 

The boilingpoint of the compound lies at 195.0 2 C. The liquid can 
be undercooled as far as -21 u c.; then it crystallizes, and the crystals 
melt at about -15 C. At the boilingpointthe value of 1. is: 19.4 Erg. pro cm2

• 

VIII. 

Ethylbenzoate: CeHs . CO. O(C2Hs). 

aJ 
Maximum Pressure. H ... Surface- Molecular ::l • 

"'<ij U tension /. Specific Surface-... 
aJO 

in Erg. per energy pin o..t:: in mmo mer-

I 

gravity d40 a·- in Dynes cm2• Erg. pro cm2• aJ (ury of 00 C. E-

o I -205 1.338 1783.8 39 0 1.081 1045.7 
0 1.271 1694.1 37.0 1.066 1001.3 

* 25 1.213 1617 .6 34.6 1.047 947.7 
* 45.1 1.148 1530.4 32.7 1.032 904;3 
* 75 1.044 1392.4 29.7 1.009 833.8 
* 94.4 0.972 1295.9 27.6 0.995 782.1 

114.6 0.892 1189.4 25.8 0.980 738.5 
135.4 0.833 1110.6 24.0 0.964 694.6 
160.2 0.740 986.7 21.3 

I 

0.945 624.7 
192.1 0.649 865.0 18.6 0.921 554.9 
200 I 0.628 838.0 18.0 0.914 I 539.7 

\ 

I 

Molecular weight: 150.08. -Radius of the Capillary tube: 0.04439 cm.; 
in the observations indicated by * this 
radius was: 0.04352 cm. 

The compound boils at 21O.r 8 C. It can be undercooled as far as 
-79 > c., and then slowly crystallizes to a white mass, which melts 
at - 57° C. At the boilingpoint, 1. is 17.4 Erg. pro cm2• The great 
viscosity ofthe liquid at -700 C. makes accurate measuremê"nts impossible. 

i 2 ; 4&1211:: :(; U a 
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IX. 

Benzylbenzoate: G6Hs . GO. 0(GH2 • G6 Hs)· 

(\) 

Maximum Pressure H I I.. Surface- Molecular 
~u 

I tension /. Specific Surface-I.. 
(\)0 

in mm.mer- in Erg. pro energy fJ in 0..: gravIty d40 E·- cury of in Dynes cm2• Erg. pro cm~. (\) 

E-< 0' c. I 
-21~81 1.622 2162.4 47.4 1.153 I 1533.2 

0 1.548 2063.5 45.2 1.136 1476.6 
25 1.456 1941.9 42.5 1.115 1405.7 
45 1.384 1851.8 40.5 1.099 1352.5 
70.8 1.294 1725.8 37.6 1.078 1271. 9 
90.8 1.230 1640.0 35.8 1.062 1223.2 

106.2 1.179 1572.4 34.3 1.042 1186.9 
135.1 1.092 1455.2 31.7 1.027 1107.6 

*159.9 0.949 1265.9 29.8 1.006 1055.6 
*190 0.890 1186.7 27.9 0.982 1004.4 
*211.5 0.849 1132.6 26.6 I 0.965 968.8 

Molecular weight: 212.10. Radius of the Capillary tube: 0.04439 cm.; 
in the observations indicated by *, this 
radius was: 0.04803 cm. 
Depth: 0.1 mmo 

The substance boiIs constantly at 308" c.; it can be undercooled 
as far as -70" c., and then crystallizes. The meltingpoint is some
what higher than + 12° C. At the boilingpoint /. is 22.6 Erg pro cm2

• 

The density at 25 J C. is: d40 = 1.1151 . at 50 J c.: 1.0940' at 750 c.: 
1.0724; at t J c.: d40 = 1.1357 - 0.000814 t. 

X. 

Salicylic Aldehyde: GeHs • GOH. 

(\) 

Maximum Pressure H I I.. Surface- Molecular ,E. Specific (\jU tension 1- Surface-@o 
0..: inmm.mer- in Erg. pro gravity d40 energy p. in 
E·- cury of in Dynes cm2• Erg. pro cm2

• (\) 

E-< 00 C. I 
0 I 0 1.534 2045.5 44.8 1.176 989.4 

25 1.443 1923.8 42.1 1.152 942.6 
45.5 1.368 1823.8 39.9 1.132 903.9 
70.7 1.274 1698.6 37.1 1.108 852.5 
90.5 1.205 1606.5 35.0 1.090 813.1 

116.2 1.115 1486.8 32.4 1.066 764.0 
135.4 1.053 1403.8 30.6 1.052 727.9 

*160 0.896 1195.1 28.1 1.030 677.9 
*190 0.796 1061.9 24.9 1.002 607.2 

Molecular weight: 122.05. Radius of the Capillary tube: 0.04439 cm. ; 
in the with • indlcated observations, th is 
radius was: 0.04803 cm. Depth: 0.1 mmo 

The boilingpoint is constant at 192.°5 C.; the substance soon solidifies, 
and melts at -7J C. At 25° C. the specific gravity is: d40 = 1.1525; 

at 50 c.: 1.1282 i at 75) C.: 1.1036. At t J in general : d4~ = 1.1765-

0.000954 t-0.00OO0024 t2, At the boilingpoint, the value of X is: 25.4 
Erg. pro cm2• 

26* 
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XI. 

Acetophenone: OH3 • 00. 06HS' 

Cl) 

Maximum Pressure H .... Surface- M ~ . 
Specitic "iiiU tension 1- ~ .... 

Cl) 0 
in mmo mer· in Erg. pro o.s;:: gravity d40 en 

E.~ cury of in Dynes cm2
• - Erl Cl) 

E- O? C. 
I I 

° 24.8 1.375 1833.6 40.1 1.024 
44.7 1.277 1703.1 37.2 1.007 
71 1.169 1558.9 34.0 0.984 
90.3 1.098 1464.2 31.9 0.967 

117 1.017 1356.2 29.5 0.945 
135.3 0.966 1288.6 28.0 0.929 

"160 0.824 1099.3 25.8 0.907 
'189.9 0.750 999.4 23.4 0.881 
*200 0.728 970.2 22.7 0.872 

Molecular weight: 120.06. Radius of the CapilJary tube: 0.04' 
in the observations indicated by 
radius was: 0.04803 cm. 
Depth: 0.1 mmo 

The compound boils constantly at 201. 5 c.; and becomes 
-20) c.; it melts at + 20°.5 C. At the boilingpoint the valUE 
22.6 Erg. rro cm2• The specific gravity at 25° C. is: d40 = IJ 

50~ c.: 1.0026. 

XII. 

(OH.h: O.OH. OH2 00 OH. 
a-Campholenic Acid: I >OH2 

(OHa). 0: OH 

Cl) 

Maximum Pres5ure H .... Surface- M ~ . 
"iiiU tension 1-

Specific 
~ 1iio 

o.s;:: in mmo mer- in Erg. pro gravityd4 
en 

E~ cury of in Dynes cm2• Eq Cl) 

E- 00 c. I I 
0 

-19.8 (1.695) {2259.8) (53.6) 1.030 ( 
0 1.177 1569.2 37.0 1.016 

25 1.077 1436.6 33.8 0.999 
45.4 1.019 1358.5 319 0.985 
70 0.953 1270.5 29.8 0.969 
85.3 0.915 1220.1 28.6 0.960 

117 0.846 1128.5 264 0.939 
138.1 0.805 1073.2 25.1 0.925 

I 

156 0.771 1027.9 24.0 0.913 
172 0.728 970.2 22.6 0.902 
191. 7 0.664 885.2 20.6 0.889 
212 0.608 810.6 18.8 0.876 

Molecular weight: 168.13. Radius of the Capillary tube: 0.04 
Depth: 0 1 mmo 

Under a pressure of 12 mm., the compound boils consb 
153=> C. Below 0) C. the liquid is extremely viscous; althoI 
growing of the gas·bubbles 1asted about 50 seconds, the measul 
at -19J C. cannot be consldered to be very reliable. The su 
solidifies at -79 C ; above 160) C. it gets yell ow by a slowly I 
ing decomposibon. 

sz: 
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Moleculal' Surface-energy 
in Erg pro cm9• 
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Fig. 2. 

§ 3. Va lues of t!te Tempemtw'e-coefjicients of the molecular 
Sw'face-ener,qy ~. 
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Nitrobenzene. o-Nitrotoluene. 

Temperature-znterval: alL in Erg: Temperature-interval: 
d[.t c 

at ät in Erg: 

between 5° and 35° 1,53 between 0" and 25° 1,81 
35° 

" 
71° 1,93 25° 49° 2,19 

71° " 
110° 2.16 49° 123:> 2,29 

110° 
" 

145° 2,25 1230 1440 2,42 
145° " 

173° 2,31 144° 1700 2,82 

Aniline. Dimethylaniline. 
between (P and 35° 1,57 between 26° and 46° 2,72 

35° " 
70" 1,73 46° 

" 
1840 2,23 

700 

" 
174° 2,16 

o-Toluldine. Thymol. 
between -200 and +101 0 1,98 between 0" and 1600 1,83 

10t<~ 
" 

1440 2,44 1600 

" 
211° 2,09 

144° " 
1720 2.85 

Above 1600 a gradu~ 1 decomposition 
with colouring of the IIquid, sets in. 

Methylbenzoate. Ethy lbenzoate. 
between 0° and 25° 3,0 between -20:1 and +200° 2,29 

25° " 
45') 2,6 

450 

" 192° 2,21 

Bem,ylbenzoate. Salicylic Aldehyde. 
between -22° and +135° 2,70 between 0° and 1600 1,98 

135° " 
160° 2,08 1600 

" 
1900 2,19 

160° 
" 

211° 1,66 

Acetophenone. (/..Campholenic Acid. 
between 25° and 45° 2,99 between -190 ,8 cannot be determined 

45° " 
71° 2,45 and 0° independently of 

71° 
" 

90° 2,19 the viscosity 
90° " 

160° 1,76 0° 25° 3,39 
160° 

" 
2000 1,61 25° 45° 2,42 

" 45° " 85° 2,12 
85° " 117

0 1,76 
117° " 138° 1,59 

Above 138° (decomposition) ca. 2,6 

Besides some straight lines, there are f'ound here sevel'ai curves 
fol' the c1ependence of ~t and tJ showing in contradistinction with 
the formerly descl'ibed ones, the shape of that of water. 

Groningen, June 1914. Labomt01'Y for Inol'ganic Clwmist1'Y 
of the University. 
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Chemistry. - "Tlte Ternperatu1'e-coej'ficients oj' tlte f1'ee Sw!ace
energy of Liquids, at Te1T/'peratures from, -800 to 16500 C.: 
IV. Measw'ernents oj' some Aliplwtic and A1'omatic Etltel S." 

By Prof. F. M. JAEGER and JUl •. KAHN. (Communlcated by 

Prof. P. VAN ROMBURGH.) 

§ 1. In this communication the l'esults obtained in the measure
ments of the free surface-energy of a numbe[' of ethers, are l'ecol'ded 
by us. With respect to the purification-methods and the deterrnlna
ti on of the specific weights, we can l'efel' to communication II of 
this series 1); also the arrangement of the data and the significance 
of the diagrams are completely the same as indkated befol'e. 
This series iBcludes the following aliphatic terms: 

Arnylacetflte; Diethyl-Otcalate; Dietltylmalonate; Diethylbl'omo
rnalO1~ate; Diethyl-Ethylbenzy lm a lona te; Dimethyl an d Diaethy ltal'trates; 
and the following al'omatic substances : 

01,tlw-Nitl'oanisol; Aletltyl-, Ethyl-, and Phenyl-Salicylates,. jJ;Iethyl
Cinnamylate. 

. I. 

Amylacetate: CH3 • CO. O(CsHII ). 

<lJ 
Maximum Pressure H I I- Surface· Molecular 13· Specific ~u tension "I Surface-

~o 
in mmo mer-I in Erg. pro gravity d40 energy p. in 

EL:: in Dynes cm2• Erg. pro cm2• QJ cury of 00 C.I ~ 

0 

j 1465.8 
I 

-70 1.099 34.6 0.968 907.8 
-21 0.915 1220.1 28.7 0.918 780.0 

0 0.850 1132.6 26.6 0.896 734.9 
25.8 0.771 1028.6 24.1 0.869 679.5 
46 0.712 949.4 22.2 0.847 636.8 
66.5 0.653 870.3 20.3 0.827 591.6 
86.5 0.600 799.5 18.6 0.808 550.5 

106 0.549 732.9 17.0 0.790 510.8 
125 0.506 674.6 15.6 0.774 475.1 
146 0.461 614.6 14.2 0.752 440.9 

Molecular weight: 130 11. Radius of the Capillary tube: 0.04803 cm. 
Depth: 0.1 mmo 

The boilingpoint of the carefully dried compound lies at 148:0 4 c.; 
at th is temperature /. is 14.0 Erg. pro cm2 • 

. 
1) F. M. JAEGER and M. J. SMIT, These Pl·OC. (1914) p. 365. 
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11. 

DiethyI-Oxalate: (G2H5) O. GO. GO. 0(G2Hs). 

C1J 
Maximum Pressure H 

I ... Surface· Molecular ::: . Specific ~u tension /. Surface-... 
QJo in mmo mer- in Erg. pro- gravity d

4
, energy p in 0..;:: a._ cury of in Dynes cm~. Erg. pro cm2• cu 

f-< o~ C I 
0 

1569.9 37.0 1.139 

I 
941.0 -20.7 1.177 

0 1.111 1482.5 34.9 1.110 903.0 
26 1.025 1366.5 32.1 1.074 848.8 
46 0.952 1278 4 30.0 1.050 805.5 

~ 

66.7 0.896 1195. I 28.0 1.025 764.0 
86.5 0.818 1091.0 25.5 1.001 706.8 __ 

106 0.768 1024.4 23.9 0.977 673.3 
125 0.717 955.9 22.2 0.954 635.4 
145.5 0.650 866.6 

I 

20.1 0.930 581.1 
166 0.568 757.3 17.6 0.905 521.8 
184 0.478 637.3 14.6 0.883 440.0 

Molecular weight: 146.08. Radius of the Capillary tube: 0.04803 cm. 
Depth: 0.1 mmo 

The substance boils at 99.'5 C. constantly, under a pressure of 
about 12 mm In solid carbondioxide and alcohol it soon solidifies, 
and melts at - 41.°5 C. Above 160 J C. the ether seems to decompose 
slowly. 

lIl. 

Diethylmalonate: (C2H5) O. CO. GH2 • GO. 0(C2H5). 

cu 
Maximum Pressure H ... Surface- Molecular ::: . 

Specific ~u tension /. Surface-1-0 
cu:> in mmo mer- in Erg. pro gravity d40 en1ergy p. in 0.. 

i~ Dynes a.5 cury of cm2• Erg. pro cm2• cu 
f-< 0° C. 

I 
° -19.9 1.237 1649.2 35.5 1.095 985.3 

0.7 1.167 1555.8 33.5 1.075 941.2 
8.5 1.142 1523.2 32.9 1.068 928.4 

25.2 1.077 1435.9 31.0 1.050 884.8 
34.5 1.044 1391 9 30.0 1.041 861.2 
50.1 0.994 1325.2 28.5 1.025 826.6 
69.2 0.920 1226 8 26.3 1.005 772.9 

102 0.804 1071.8 23.0 0.969 692.5 
124.5 0.723 963.9 20.6 0.945 630.7 
144 0.660 880.2 18.8 0.924 584.3 
148.7 0.649 866.4 18.5 0.919 577.1 
171 0.571 761.6 16.2 0.896 513.9 

Molecular weight: 160.1. Radius of the Capillary tube: 0.04385 cm. 
Depth: 0.1 mmo 

The compound boils constantly at 197.°3 c.; aft er crystallisation, 
it melts at - 50) C. At 25' C. the specific gravity was 1.0518; at 50" c.: 
I 0254. Ai the boilingpoint the value of /. IS: 13.7 Erg pro cm J • 

. 

ttii :: 22 MUst iJ &ti 
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IV. 

DiethyI-BromomaIonate: (CzHs)O. CO. CBEr. CO. 0(C2Hs). 

aJ I Maximum Pressure H .... Surface- Molecular ::l 
"t;u tension /. Specific Surface-.... 
aJO 

inmm. mer- in Erg. pro energy I' in 0.1:: gravity d40 E.- cury of in Dynes cm2• Erg. pro cm2• 
~ 0° c. 

0 

-20.7 1.250 1666.5 39.1 1.464 1168.2 
0 1.165 1553.2 36.4 1.436 1101.6 

26 1.065 1419.9 33.2 1.401 1021.5 
45.5 0.999 1332.5 31.1 1.375 968.9 
66.6 0.943 1257.6 29.3 1.347 925.4 
86.5 0.896 1195.1 27.8 1.320 890.0 

106.5 0.853 1136.8 26.4 1.293 

I 
856.9 

126 0.815 1086.8 25.3 1.266 832.8 
146 0.780 1039.9 I 24.2 1.240 I 807.7 

Molecular weight: 239.09. Radius of the Capillary tube: 04803 cm.; 
Depth: 0.1 mmo 

Under reduced pressure (ca. 20 mm.) the substance boils constantly 
at 121 0 C.; at - 54" C. it becomes a jelly, but does not crystaIlize. 
Above 1500 C. it begins to be tinged brownish, apparently by beginning 
deposition. The specific weight at 25" C. is: 1.4022; at 50u c.: 1.3688; 
at 75' C.: 1.3359; At t' c.: d40 = 1.4361-0.001356 t+ 0.0000004 t2 . 

. V. 

Diethyl-Ethylbenzylmalonate: 
(C2Hs)0. CO. C(C2H s) (C7H7). CO. 0(C2Hs). 

aJ 
Maximum Pressure H I I .... Surface- Molecular ::l • 

"t;u tension /. Specific Surface-.... 
aJo 

in mmo mer- in Erg. pro energy p. in 0. gravity d40 E.:: citry of in Dynes cm2• Erg. pro cm2• 
~ I 0" c. 

0 
-20.2 (2.174) (2898.4) (68.8) 1.086 (2775.0) 

0 1.241 1654.5 39.0 1072 1586.7 
26 1.121 1494.9 35 2 1.052 1450 1 
45.5 1.050 1399.9 32.9 1.035 1370.2 
66.6 0.984 1311. 7 30.8 1.016 1298 7 
85.7 0.940 1253.4 29.4 1.001 1252.1 

106 0.901 1201.2 28.1 0.986 1208.8 
126 0.853 1136.8 26.6 0.971 1156.0 
146 0.805 1073.2 25.1 0.956 1102.2 
166 0.759 1011. 9 23.6 0.941 1047.3 
184 0.690 920.3 21.4 0.927 959.2 
206.5 0.637 849.5 19.7 0.911 893.3 

-
Molecular weight: 278.18. Radius of the Capillar tube': 0.04803 cm. 

Depth: 0.1 mmo 
Under 12 mmo pressure, the substance boils constantly at 189" c.; 

at - 79° C. the liquid becomes a feebly opalescent glass. Already at 
- 20 j C. the viscosity is enormous, and at Oj C. again very great. 
The grow of the gas-bubbles at Oj C. lasted about 40 seconds. The 
specific gravity at 25° C. is: d40 = 1.0531j at 50~ c.: 1.0322; at 750 c.: 
'1.0098. At (' C. in general : d40 = 1.0725-0.000746 t-0.0000012 tI. 

I 
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VI. 

Dimethyltartrate: (OH3)0. 00. OH(OH)CH(OH). 00. 0(OH3). 

<lJ 
Maximum Pressure H I-. Surface- Molecular ::I. 

1iîU tension Specific Surface-!üo 
0.1: in mmo mer- in Erg. pro gravity d40 energy p. in 
E·- cury of In Dynes cm2• Erg. pro cm2• 
~ 0° C. 

0 

45 1.490 1986 6 43.2 1.306 1144.6 
70.7 1.405 1873.1 40.7 1.281 1092.2 
90.7 1 340 1786.5 38.8 1.261 1052.2 

116.2 1.255 1673.2 36.3 1.235 998.2 
135.5 1.200 1599.5 34.7 1 216 964.1 

*159.6 1 046 1395.0 32.7 1 192 920.7 
*190 0.974 1299 2 30.4 J .151 876.1 
*210.3 0.929 1238 5 28.9 1.131 842.7 

Molecular weight: 178.08. RadIUS of the Capillary tube: 0.04439 cm.; 
in the observations indlcated with *, It was: 
0.04803 cm. 
Depth: 0.1 mmo 

~ . 
The compound boils under 12 mmo pressure, at 1800 C. constantly; at 

-79:l C. It becomes a glass, which crystalhzes wlth extreme slowness; 
the solid substance melts at + 480 C. Even at 250 C. the ether is 50 
VISCOUS, that no reliable measurements were possible. 

VII. 

I 
Diethyltartrate : 

(02HS)O' 00 • OH( OH) . OH( OH) . 00 . O( 02H5)' 

<lJ 
Maximum Pressure H I I- Surface- Molecular ::s • 

1iîu tension /. Specific SUI-face-I-
<lJO 

in mmo mer- in Erg. pro energy /L in o.s::: gravity d40 E-- cury of In Dynes cm2• Erg. pro cm2• <lJ 
Eo- 00 C. 

0 
25 1 317 1755.5 37.6 1 210 1155.4 
45.3 1.241 1654.4 35.4 1.191 1099.3 
74.3 1.134 1512.0 32.3 1.164 1018.5 
91.1 1.082 1443.0 30 8 1.141 980 8 

110.1 1.024 1364.9 29.1 1.129 936.5 
134.7 o 948 1263.8 26.9 1.105 818.2 
150.1 0.899 1199.4 25.5 1.091 839 6 
160.3 0.872 1162.7 24.7 1.081 818.2 
192.11 0.765 1019.9 22.0 1.050 743.1 
212.7 0.716 955.9 20.2 1.032 690.2 

Molecular weight: 206.1t. Radius of the Capillary tube: 004352 cm. 
Depth: 0.1 mm 

Under circa 16 mmo pressure, the boilingpoint is 166'.5 C. At -790 

the hquid becomes glassy, and crystalhzes very slowly at -200 c.: 
only after 5 or 6 hours all has got crystalline. The meltingpoint is 
15° C. At 0° and 10wer temperatures the Iiquid IS too viscous, to 
make reliable measurements possible. 

AAUUJA&liUiJW j:: 
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Molecular Surface-energy 
in Erg pro cm2• 
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VIII. 

ortho-Nitro-Anisol: (OHS) O. OaH4 -(N02). 
(1) (2) 

v 
Maximum Pressure H I.. Surface- Molecular :::I _ 

ëu tension x Specific Surface· 
vo 

in m~. mer-I in Erg. pro gravity d
4

, energy iJ. in· o.c E.- cury of I in Dynes cm2• Erg. pro cm2 

~ o~ C. I I 
O:l 1.613 2150.4 50.8 1.273 1237.6 ~ 

25.4 1.537 2048.8 48.4 1.247 1195.4 
44.9 1.480 1973.8 46.6 1.227 1165.1 
70.1 1.390 1853.0 43.7 1.202 1106.1 
85.3 1.340 1786.4 42.1 1.187 1074.6 

117 1.227 1635.8 38.4 1.156 997.6 
138.2 1.160 1546.5 36.3 1.135 947.3 
156 1.109 1478.2 34.7 1.118 921.8 
172 1.043 1390.8 32.6 1.102 874.4 
191.5 0.968 1290.5 30.2 1.083 819.4 
212 0.850 1133.0 26.5 1.062 728.8 

Molecular weight: 153.07. Radius of the Capillary tube: 0.04803 cm. 
Depth: 0.1 mmo 

The substance boiIs constantly at 272' C.; at - 20~ it solidifies, 
and meUs at + 10' C. Above 1650 C. a slow decomposition begins. 
The specific weight at 25° C. is: d40 = 1.2472; at 50° c.: 1.2218; at 

75° C.: 1.1970: at I' generally:.d4o = 1.2732-0.001052t+O.00OOOO48t2. 

IX. 

MethylsaIicylate: OaH4 (OH). 00. 00H3 
(1) (2) 

v 
Maximum Pressure H I.. Surface· Molecular ,B. Specific <":Su tension x Surface-I.. 

v~ 

in mm.mer- in Erg. pro gravity d40 
energy iJ. in o.s:; 

E·- cury of in Dynes cm2• Erg. pro cm2• v 
é- 0° C. I 

° -19.8 1.518 2023.8 44.2 1.220 1102.9 
0.3 1.436 1914.8 41.8 1.202 1053.4 

* 25 1.372 1829.0 39.1 1.179 998.1 
* 45 1.303 1737.2 37.1 1.158 956.4 
* 74.7 1.193 1590.1 33.9 1.128 891.7 
* 94 1.124 1498 2 31.9 1.110 848.3 

114.5 1.031 1374 2 29.8 1.092 801.2 
135.2 0.968 1290.5 ,27.9 1.073 758.4 
160.5 o 867 1155.9 24.9 1.050 686.7 
192.9 o 760 1013.1 21.8 1.021 612.6 
212.2 0.696 928.1 19.8 1.003 562.9 

Molecular weight: 152.06. Radius of the CapiIlary tube: 0.04439 cm.; 
in the observations, indicated by *, it was 
0.04352 cm. 
Depth: 0.1 mmo 

The substance boils at 217.'6 C. constantly; it can be undercooled 
as far as - 50° C, and crystal1izes to asolid mass, which melts at 
- 16° C. At the boilingpoint x is: 19.3 Erg. pro cm2• The density at 
250 C. is: d40 = 1.1787; at 50' c.: 1.1541; at 75° C.: 1.1285. At fO C.: 

I 
d40 = 1.2023-0.000924 f-O.0000008 f2. 

Z1 .ihS 



- 410 -

401 
X. . 

Ethylsalicylate: CeH4 (OH) . CO. 0(C2Hs) . 
(1) (2) 

Q) 

Maximum Pressure H \.0 Surfaee- Moleeular E· Specifie til U tension 1- Surface-!üo 
0.1=: in mmo mer- in Erg. pro gravity d40 

energy pin 
a·- cury of in Dynes em2• I Erg. pro cm2

• Q) I 

E-< 00 C. 

o~ I 1.346 

I 
1794.5 39.1 

I 
1.154 1073.8 

" 25 1.275 1700.4 36.3 1.130 1011.0 
" 45.1 1.206 1608.5 34.3 1.110 966.7 " 74.1 1.110 1479.8 31.5 1.082 903.0 " 94.3 1.047 1395.9 29.7 1.063 861.6 115.1 0.963 1284.1 27.8 1.043 816.7 135 2 0.906 1207.4 26.1 1.024 776.2 159.8 0.828 1103.8 

I ' 
23.8 1.001 

I 
718.6 193 0.723 964.2 20.7 0.980 633.9 212.5 0.669 892.1 19.1 0.962 592.2 

Molecular weight: 16608. Radius of the Capillary tube: 0.0.,(39 em. 
in the obselvations, indicated with * it was: 
0.04352 cm. 
Depth: 0.1 mm 

The substanee boils at 231.<2 C. constantly; at -201 C. itsolidifies 
and melts at ca. -10° C. At the boilingpoint X is 17.6 Erg pro cm2• 

1 

The specific weight at 25~ C is: 1.1298; at 50) C. : 1.1053; at 750 C. : 1.0806. 
At iJ it is calculated from: d40 = 1.1541-0.000968 t .- 0.00000016 t2• 

o 
-20.1 

o 
25 
45 
72 
90.1 

116 
135 

"160 
"189.8 
"211.6 

XI. 

Phenylsalicylate (Salol) : CsH4 (OH) . CO. O(CsHs). 
- "' (1 

Maximum Pressure H I 

in mmo mer-
cury of in Dynes 

0° C. 

(2.613) 
1.511 
1.485 
1.419 
1.335 
1.272 
1.193 
1.132 
0.971 
0.890 
0.846 

(3482.8) 
2095.1 
1980.6 
1892.3 
1119.7 
1695.8 
1590.4 
1509.3 
1295.0 
1186.1 
1128.5 I 

Surfaee
tension x 

in Erg pro 
cm2• 

(76.5) 
45.1 
43.2 
41.2 
38.7 
36.8 
34.5 
32.1 
30.3 
27.7 
26.3 

Specific 
Molecular 
Surface-

gravity d
4
" energy". in 

Erg. pro cm2• 

1.221 
1.202 
1.179 
1.160 
1.136 
1.120 
1.098 
1.078 
1.055 
1.026 
1.006 

(2396.4) 
1446.1 
1385.2 
1305.1 
1272.0 
1221.1 
1160.0 
1130.3 
1046.3 
974.5 
637.5 

Molecular weight: 214.08. Radius of the Capillary tube: 0.04439 cm.; 
in the observations, indicated with " it was: 
0.04803 cm 
Depth: 0.1 mmo 

Vnder 12 mmo pressure, the salol boils at 1730 c.; at -330 C. it 
crystallizes spontaneously, and melts at + 42) C. It ean be under
eooled to a very high degree, and possesses a small velocity of crys
tallisation. At 35 C. the specific gravity is: 11697; at 50 c.: 1.1553; 
at 75') c.: 1.1330 
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Elome other del'ivatives of al'omatic phenoles: Anisot, P/tenetot, 
AnetllOl, Guajacol, Res01'cine-Afono-, ê:~nd Dimethylethei's; Hyd1'o~cltinon
Dimetltyletlter have been descl'ibed befol'e by the fil'st of us 1). 5he 
telllpel'atme-coefficients of these cOlllpounds al'e however also reviewed 
in the pl'esent communication, because the~' were not lllentioned in 
the one l'ef'erred t~. (Vid, also the preceding communications.) 
Molecular Surface enel'gy 

in Erg pro cm2• 

/160 

NJ{) 

!/I{){) 

1.170 

INo 

1310 

/2$0 

1250 

.soa 

rTO 

GSo 

620 

590 

560 

Fig. 3. 

1) 1<'. ~. JAEGER, These Pro~., Comm. I. (1914:) p. 354 seq. 

_MIJ Jl2. a I 
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XII. 
-

Methyl·Cinnamylate: 06115' 011: Oll. 00. O(OH). 

Q) 

Maximum Pressure 11 I.. Surface· Molecular ::s • Specific ~u tension ï. S'urface. li:;o 
in mmo mer- in Erg. pro d40 

energy IJ in 0..= gravity E'- cury of in Dynes cm2• Erg. pro cm2• Q) 

E- 0° C. 

° I I 
45 1.329 1771.8 38.7 1.062 1105.2 
71 1.230 1639.8 35.8 1.038 1038.1 
90.6 1.166 1554.5 33.9 1.020 994.5 

116.2 1.092 1455.2 31.7 0.997 ,944.2 
135.4 1.024 1365.2 29.7 0.980 894.9 

*159.7 0.868 1157.6 27.1 0.958 829.0 
*190.5 0.777 1035.9 24.2 0.930 755.1 
*210.9 0.712 949.4 22.1 0.911 699.1 

. I I 

Molecular weight: 162.08. Radius of the Capillary tube: 0.0443;> cm.; 
in the observations, indicated by * it was: 
0.04803 cm. 
Depth: 0.1 mmo 

The ether boils at 253.°5 c., and melts at 36.'5 C. At the boiling-
point Y. is: 18.6 Erg. pro cm2• The specific gravity at 35° C. is: 
d40 = 1.0700; at 50' c.: 1.0573 at 75° c.: 1.0340. 

§ 3. Valu~s 0/ the Temperatu1'e-coefficients of the molecula1' 
Sll1jace-enel:qy fL of t!te studied compounds. 

Amylacetate. 

Temperature-interval: afL in Erg: 
dt 

between - 70° and - 21 0 2,59 
- 21° and + 66° 2,14 

66' and 106 1 2,03' 
106° and 1480 1,73 

Di~thylmalonate. 
between - 20° and + 171 0 2,52 

Diethyl-Oxalate. 
a~t 

Temperature-interval: - in Erg: 
dt • 

between - 20 0 and 0° 1/8 
O? and 66° 2/02 

66° and 1060 2,2 
106° and 146) 2,3 
1460 anà 1841'\ 3,6 

Above 1460 a decomposition seems 
slowly to set in. 

Diethylbromomalonate. 
between - 21° and 0° 3/20 

0° and 26° 3/08 
26' and 46° 2,67 
46' and 67° 2,04 
67°-and 86° 1,75 
86° and 106' 1,63 

106° and 126° 1,35 
1260 and 146' 1,23 
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4Ö4 
bletlzyl-Ethylbenzylmalonate. 

afL . 
Temperature-interval: at zn Erg: 

Dimethyltartrate. 

afL . 
Temperature-interval: - zn Erg: at 

between -20:> and 0:> cannot be deter- between 450 and 1170 2,08 
mined indepen- 117° " 160° 1,77 
dently of the vis- 160° " 2100 1,53 
cosity. 

00 
" 26° 5,2 

26° " 66° 3,7 
66" " 106° 2,25 

1060 ,. 1260 2,6 
1260 ,,146° 27 
1460 " 166° 2,75 
166~ ,,206° 3,85 

Above 166° a slow decomposItion begms 
to make Jtself perceptJble. 

o-Nitroanisol. 

between 0° and 45:> 1,61 
45° 172' 2,29 
In" " 1~0 ~82 
192) " 212:> 4,45 

Above 170::> a gradual decomposition 
sets m, which proceeds very slowly 

Etlzylsaücylate. 

between 0° and 212:> 2,23 

Metlzylcinnamylate. 

between 45° and 210°,9 2,44 

Plzenetol. 

between -12° and 0° 
0::> " 74°,3 

740 ,,160° 
The curve is almost a 

. afL 
wlth at = 2,14. 

Guajacol. 

between 26° and 146° 
1460 " 2060 

2,0 
2,29 
2,13 

straight !ine, 

2,17 
2,66 

Diethyltartrate. 

between 25° and 74°,3 
740 

" 213° 

Methylsalicylate. 

between -19,08 and 212° 2,30 

Pltenylsalicylate. (Salol). 

between -20° and 211 °,6 

Anisol. 

between -21 0 and +45° 
45:>" 91° 
910 " 1510 

Anethol. 

between 24°,7 and 75°,1 
750 ,,2130 

2,43 

1,88 
2,14 
2,63 

2,53 
225 

Resorcine-Monomethylether. 

between -20° and 0° cannot be deter
mined indepen
dently of the vis
cosity. 

00 " 26° 4,3 
260 " 46° 2,45 
460 ,,184° 1,82 

1840 ,,206° 2,97 
Above 184° a decomPosition sets in 

slowly. 
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Resorcine-Dlmethylether, 
à[.t 

Temperature-interval: - In Erg: 
àt 

between -220 and 0° 
00 ,,210° 

Pyridine. 

between -790 and -:wo 
-20° 

" +25° 
25° " 

92° 

Chinoline. 

between -21 ° and +45°,2 
45° 115° 

115° 230° 

2,83 
2,25 

l,i9 
2,04 
1,60 

1,92 
2,10 
2,33 

405 

Hydrochinon-Dimethylether, 

àfl 
Temperature-interval: - in Erg: 

àt 
between 66° and 106° 2,11 

106° " 166° 2,46 
166° " 206° 2,88 

Up to 166°, this pot-curve coincides 
practically with that of guajacol and of 
resorcine-dimethyletht'r. 

",-Picoline. 

between -70° and - 20°,7 2,83 
-20°,7 

" +126° 2,02 

§ 5. Also fol' these snbstallces Ol1e can state, that a decom
position of the compound canses an E'xtnlOrdinal'ily l'apid decrease 

of the values fol' X or (1, with illcl'easing temperature : ~~ becomes 

much larger in sncb cases with l'ising temperature. Furthel'mOl'e it 
eau be seen from the cases of 8((101, dietltylben;ylmrtlo17ate, 1'e801'cine
l1wnomethylethe/', etc., that al1 extraol'dinarily great viscosity of the 
liql1ld can appl"eciably dimilllsh' I he aceul'ary of the measnrements; 
however the case of dimethyltal'tl'ate on the contrary pl'OVCS, thM 
sometimes l'eliable l'esnlts can be obtained, even wILh vel'y l11gh 
vnllles of the intern al friction. 

Groningen, J llne 1914. Labomt01'y nto/'ganic C'hendstl'y 
of the Univel'sity, 

Chemistry. - c. The TemZJem.tu1'e-coeificients of t!te Jree SU1:facea 

ener!}!1 of Liqzdds, ((t Tempemt'llJ'es f1'0111 -80° to 1650° c.: 
V. jJleas'llJ'ements of Iwmologo'lls Al'omatic Hydrocarbon.<; and 
some of theil' Halopel1(l!)l'ivatives", By Prof. Dr. F. M. JAEGER, 

(Communicated by -Prof. P. VAN RO~1Bl"RGH.) 

§ 1. In order to answer [l,lso the question of an e\,en(ual depend
enee between the chemical constitution of liqnids alld the vallles 
ol' theil' fl'ee sul'face-enel'gy anà of' its tempel'atuJ'e-coefficient, in 

27 
Proceedings Royal Acad. Amsterdam. Vol. XVII. 
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this communÎcation the l'esults of the meaSUl'ements al'e reeorded, 
made with a series of homo10gous hydrocal'bons and some of t!leir 
halogen-derivatives. With respect to the methods of purification, th~ 

determination of the speeific gravities, and the signifieance of the 
diagrarns, we can refel' to the previous communications. 

This series iI1cludes the following tel'l~: 

Benzene; Toluene; para-Xylene; klesitylene; Pseudocumene ; l1ri
phenylmethane; Cldol'obenzene; B/'omobenzene; meta-Dichlol'obenzene; 
lJfl1'a-Pluo1'ob1'Omobenzene; meta-Fluorotoluene; and para-CItlO1'otoluene: 

For the pUl'pose of cOllJparisoJl with benzene, also C:lJclohe;cane 
waF; taken into account here; the data relating 10 beJlzene - were 
already pnblished in a fOl'mer paper 1), bnt are repeated here onee 
mOl'e for comparison with tlle olhel' h,vdl'ocarbons. The obtained
l'esllIts are put together in tables, in tlle ordinary wuy. 

~ 2 . . lll'omatw Bydroc!l1'bons anc! same Halogende1'ivatives. 

I. 

, 

Cyclohexane: 06 Hl 2' 

<IJ 
Maximum Pressure H !: Surface- Molecular -gcj 

tension I-
Specific Surface-... 

<IJ 0 

in mmo mer- in Erg. pro energy IJ in Q,s:;: gravity d4.) E·- cury of in Dynes cm2• Erg. pro cm2• <IJ 
E- 00 C. 

9) 0.830 1106.8 28.3 0.788 636.7 
19 0.785 1046.5 26.7 0.778 605.9 
24.6 0.755 1007.6 25.7 0.773 585.7 
40 0.682 909.2 23.1 0.768 529.2 
58 I 0.601 801.2 20.3 0.744 474.6 
70 

I 
0.548 730.6 18.4 0.732 434.9 

80 0.504 671.6 16.9 0.723 402.7 

-
Molecular weight: 84.1. Radius of the Capillary tube: 0.05240 cm. 

Depth: 0.1 mmo 

The Iiquid boils constantly at 80.°7 c.; at this temperature the value 
of 1. is: 167 Erg. pro cm2• It so!idifies at 10 c.; the crystals meIt at 
+8) C. The specific gravity at 25' C. is. 0.7733; at 350 c.: 0.7645; 
at 50" c.: 0.7515. At t'J c.: d4 ) = 0.7958-0.000913 t + 0.00000053 (2. 

1) F. 1\1. JAEGER and M. J. SlIIIT; li'. M. JAEGER and J. KAHN j F. M. JAEGER, 

these PIOC., Cr.mm. I, II, IV'. (1014,. 
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11. 

Benzene: C6H6• 

QJ 
Maximum Pressure 1I .... Surface- Molecular -E. Specific t'dU tension x Surface-liio 

0..: in mmo mer- in Erg. pro gravity d40 
eriergy p. in 

E·- cury of in Dynes cm2• Erg. pro cm2• 
~ o· c. , 

0 
( 

I 
1 

5.4 1.077 1436.7 30.9 0.895 607.7 
9.5 1.055 1406.5 30.2 0.889 596.6 

25.1 0.969 1291.9 27 7 0.873 553.8 
35 0.920 1226.5 26.3 0.862 530.3 
55 0.836 1114 6 23.8 0.841 487.8 
74.6 I 0.757 1009.2 

I 
21.6 0.817 I 451.4 

Molecular weight: 78.05. Radius of the CapiIIary tube: 0.04385 cm. 
Depth: 0.1 mmo 

The compound was al ready formerly described 1), and is here only 
mentioned for purpose of comparison. The boilingpoint is 80.'5 C.; 
at this temperature x is: 20.7 Erg. pro cm2• 

1) JAEGER, These Proceedings, Comm. I. (1914). 

IlI. 

Toluene: GHa• C6BS' 

QJ 
Maximum Pressure 1I \.. Surface- Molecular :: . Specific ~U tension x Surface-@o 

0..: in mmo mer- in Erg. pro I gravity d40 
energy p. in 

E·- cury of in Dynes cm2• Erg. pro cm2• QJ 
f-< 0" C. 

0 I 
1846.5 43.1 

I 
-71 1.385 0.956 918.1 
-21 1.090 1453.2 34.3 0.905 747.6 

0 1.006 1340.8 31.6 0.884 699.5 
26 0.906 1207.6 28.4 0.860 640.3 
46 0.831 1107.6 26.0 0.841 595.0 
66.6 0.756 1007.7 23.6 0.823 547.9 
86.5 0.693 924.4 21.6 0.803 509.7 

106 0.637 849.5 19.8 0.783, 475.2 
I 

Molecular weight: 92.06. Radius of the Capillary tube: 0.04803 cm. 
Depth: 0.1 mn;. 

The commercial toluene appeared always to manifest a turbidity 
of the liquid at - 22~ and -790 c.; asolid substance in Iittle quan-
ti ties separated at the waIls of the tube. The here used toluene there-
fore was especially prepared by distillation of sodium phenylacetate; 
it was dried by means of phosphorpentoxide, and boils at 109.04 C. 
Down to -200 C. it remains perfedly cJear; at - 790 C. it shows, as 
e.g other hydrocarbons (pseudocumene) do, a slight turbidity. At the 
bOllingpoint x is 19.5 Erg. pro cm2• 

27* 
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TV. 

f:! I Maximum Pressure IJ I Surface-
~u t . Specific 

Molecular 
Surface· ,y -----..,-------, enslOn 1._ 

1i::J
0 

0. C in mmo mer· I in Erg. pro 
~.- cury of in Dynes cm2. 

1--0 0° C. 

gravity d40 energy I' in 
Erg. pro cm2. 

o 
25 7 
45.9 
66 
86.5 

106 
126 

0.928 
0.853 
0.774 
0.709 
0.648 
0.597 

1236.7 
1137.2 
1031.9 
945.2 
863.9 
794.6 

29.1 
26.7 
24.2 
22 1 
20.1 
18.5 

0.857 
0.839 
0.821 
0.802 
0.784 
0.766 

723 3 
672.6 
618.5 
573.7 
529.8 -
495.2 

Molecular weight: 10608. Radius of the Capillary tube: 0.04803 cm. 
Depth: 0.1 mmo 

The substance boils at 136.c2 C. and melts at 15° C. Atthe boiling
point / is about 181 Erg. pro cm2. At 20° the denslty is d40 = 0.8611. 

V. 

Mesitylene ~ (GH,h . G6Y a• (1-3-5.). 

I 
Surface

tension I. 

in Erg. pro 
cm2• 

I Molecular 
Specific I Surface-

gravity d 0l energy IJ. in 
4 Erg. pro cm2. 

° -20.8 1.141 1521.1 32.6 0.897 853.2 
0 1.061 1415.4 30.3 0.880 803.2 

25.5 .0.972 1296.0 27.7 0.859 746.2 
45.2 0.907 1208.7 25.8 0.843 703.8 
74.7 0.807 1075.4 22.9 0.818 637.3 
91.3 o 755 1006.4 21.4 0.804 602.5 

110 0.700 933.0 19.8 0.78~ 565.0 
134.5 0.631 841.0 17.8 0.768 516.7 
150.5 0.585 781 2 16.5 0.754 484.8 
160.5

1 

0.562 749.3 15.8 0.741 4697 

, 

Molecular weight: 120.1. 
-'~ 

Radius of the Capillary tube: 0.04352 cm. 
Depth: 0 I mmo 

Tl1e compound boils at 162.°8 C. constantly. At -460 C it soli· 
difies to an aggregate of long, silky needIes. 

-

----------------------------------------------~ 
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VI 

Pseudocumene: (CIIs)J' C6H3 (t-2-4-). 

IV 

1 

Maximum Pressure H 
I 

I ... Surface- Molecular ::: . 
Specific "àjU tension r. Surface-to 

0.= in mmo mer- in Erg. pro gravlty d4 
energy {J in 

C·- cury of in Dynes cm2• Erg. pro cm2• QJ OOC. E-o 

0 I 1 -21 1.084 1444.9 34.1 0.9\0 883.9 
0 1.031 1374.1 32 4 0.893 850.5 

26 0.953 1270.1 29 9 o 811 798.0 
46 0.890 1186.4 27.9 o 855 753.9 
66 5 0.828 1103.5 25.9 0.839 708.8 
86.5 0.76& 1024.4 24.0 0.823 665.2 

105 0.725 966.1 22.6 0.807 634.7 
125 o 656 874 5 20.4 0.792 580.1 
145 9 0.600 799.5 18.6 0.776 536.2 
166 . 0.525 699.6 

I 
16.2 0.760 

1 

473.5 

Molecular weight: 120.1. Radius of the Capillary tube: 0.04803 cm. 
Depth: 0.1 mmo 

The substance boBs at 168.°5 C. constantly. lt solidifies at _19 0 c.; 
the meltingpoint is about -60° C. At the boilingpoint the value of 
I. is 15.8 Erg. pro cm2• _ 

Molecular Surface· 
enel'gy in Erg pro c m2• 

960 

Fig. 1. 
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VII. 

Triphenylmethane: GI:I (COH5)3' 

Cl) 

Maximum Pressure [[ 
r 

1-0 Surface- Molecular :::s 
"'Eu tension ï.~ 

Specific Surface-
Q)O 

in mmo mer- in Erg. pro energy fI in o..t= 
r gravity d40 E.- cury of in Dynes cm2• Erg. pro cm2• Cl) 

t-o 0; C. 

0 
I I 

138.4 t 1.074 1432.4 33.7 0.984 1330.5 
156 

, 
1.044 1391.9 32.8 0.971 1302.6 

171 0.999 1332.5 31.3 0.959 1257.1 
194 0.909 1211. 9 28.4 0.942 1154.4 
212 0.833 1110.5 26.0 0.928 1067.4 -

Molecular weight: 244.11. Radium of the Capillary tube:: 0.04803 cm. 
Depth: 0.1 mmo 

The meltingpoint of the compound is '92') c.; it is hardly possible 
to keep it in undercooled condition. Above 1650 C. a slow decom-
position begins ; finally the Iiquid is coloured brown. The specific 
gravity d40 is at 950 c.: 1,017; at 100': 1,013; at 1250 C.: 0,994: at 
1500 c.: 0,975; it was determined by means of the hydrostatic balance. 
At t~ d40 = 1,013 - 0,00076 (t - 100). 

VIII. 

Chlorobenzene: G6 Hs Cl. 

Cl) 

Maximum Pressure H 1-0 Surface- Molecular :::s • Specific ~u tension ï. Surface-
1ü0 , 

in Erg. pro energy IL in I 0.. t= in mmo mer- I gravity d40 E·- cury of in Dynes cm2• Erg. pro cm2• Q) 

E-- 0' C. 

0 I -16 1.252 1668.8 38.0 1.144 809.6 
0 1.184 1578.3 35.9 1.128 772.1 

** 25 1.143 1524.5 32.9 1.101 719.1 
** 35 1.099 1465.5 31.6 1.090 695.3 

50 0.980 1306.6 ~9.6 1.073 658.1 
70.5 0.893 1190.2 26.9 1.051 606.4 
90 0.805 1079.0 24.2 1.029 553.3 

* 102 0.807 1075.4 22.7 1.016 523.4 
*114.5 0.751 1001.8 21.1 1.003 490.7 
*122 0.717 955.9 20.1 0.995 470.0 

Molecular weight: 112.5J. Radius of the Capillary tube: 0.04638 cm.; 
, with the observations, indicated by *, R 

was 0.04352 cm. i with th ase : "'., it was: 
0.04408 cm. 
Depth: 0.1 mmo 

The compound boiIs 
completely crystallized. 

at 131:) C. constantly; at - 34.c5 C. it is 
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IX. 

Bromobenzene: GeHs Br. , 

(IJ 

Maximum Pressure H Molecular \., Surface-::: . 
~u tension ï. 

Sp eci fic Surface-
(IJ ° in mmo in Erg energy I' 
o..s:: gravity d40 E·- mercury of in Dynes pro cm2• 

I 
in Erg 

~ 0" C. pro cm2• 

0 
-17.5 1.394 1858.6 42.2 I 1.546 918.4 

2.1 1.309 1746.4 39.6 1.519 872.0 
*25 1.267 1698.5 36.5 1.488 814.9 
*35.6 1.229 1638.5 35.2 1.474 790.8 
*49.8 1.172 1562.5 33.5 1.456 758.8 

71.5 1 032 1375.6 31.0 1.425 712.3 
90.5 0.953 1270.5 28.5 1.399 663.0 

** 125.5 0.875 1167.3 24.5 1.351 583.3 
** 153 

I 
0.758 1011.0 

1 

21.1 1.313 512.0 

Molecular weight: 156.96. Radius of the Capillary tube: 004638 cm.; in 
the observations, indicated by * R was: 
0.04408; in those by •• , it was: 0.04352 cm. 

Deçth: 0.1 mmo 

The compound boils constantly at 154° C. 

X. 

meta-Dichlorobenzene: G6H4 Gl2 (1-3-). 

ai 
Maximum Pressure H I Molecular \., Surface-::: . 

Specific Surface-'t;3u tension ï. 
~o 

in mmo in Erg energy I' 
o..~ gravity d40 E·- mercury of in Dynes I pro cm2• 

in Erg 
ai 

f-< OOC. pro cm2• 

0 
-22 1.433 1910.3 41.6 1.332 956.8 

0 1.328 1770.6 38.5 1.309 895.9 
25 1.230 1640.0 35.6 1282 840.0 
44.9 1.156 1540.9 33.4 1.260 797.9 
71 1.061 1414.7 30.6 1.230 7"2.2 
90.7 0.993 13246 28.6 1.213 700.2 

116.4 0.912 1216.5 26.2 1.185 651.5 
136 0.858 1144.4 24.6 1.164 619.0 

*160 0.737 982.7 I 22.8 1.138 
I 

582.4 
, 

Molecular weight: 146.93. Radius of the Capillary tube: 0.04439 cm.; 
in the observation, indicated with ., the 
radius was: 0.04803 cm. 

Depth: 0.1 mmo 

The boilingpoint is at 172.'5 C. constant; the liquid can be under-
cooled to a high degree, but once solidified, it melts at _190 C. At 
the boilingpoint ï. is: 22.2 Erg pro cm2• The specific gravity at 25° C. 
is: 1.2R24; at 50?C.: 1.2543; at 75"C.: J.2253;att~C.: 1.3096-0.00107t 
-0.00000072 ~. 
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Molecular Surface
energy in Erg per c.m2• 
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para-Fluorobromobenzene: C6H4 • F. B1' (1-4-). 
-

Q) 
Maximum Pressure H .... Surface-:l . Specific "'eaU tension I. 

~a 
in mmo mer- in Erg. pro I gravity d40 Coc e'- cury of in Dynes cm2• <IJ 

0° C. E-< 

° -21 1.281 1707.8 39.8 1.654 
0 1.198 1597.2 31.2 1626 

25.5 1.106 1414.1 34.3 1.590 
45.3 1.031 1374.1 31.9 1561 
70 0.~53 1210.1 294 1.522 
84.7 0.906 1207.6 21.9 1.504 

111 0.810 10799 24.8 1460 
138 0.134 918.6 22.4 1.436 

Molecular 
Surface-

energy p. in 
Erg. pro cm2• 

890.2 
841.5 
181.6 
741.6 
6951 
663.8 
602.8 
550.5 

Molecular weight: 174.95. RadIUs of the Capillary tube: 0.04803 cm. 
Depth 0.1 mmo 

The boilingpoint is constant at 150' C.i the value of I. there is: 
21.2 Erg. pro cm2• The specific gravity at 25° C. is: d40 = 1.5908; 

at 50 C.: 1.5538; at 75° C.: 1.5147. At t a lt is: d40 = 1.6251-0.00135 

t-0.00OOOI68 t 2• 
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° -71 
-20.5 

o 
25.4 
45.3 
70.2 
84.9 

413 

XII. 

meta-Fluorotoluene: CH •. C6H4 • F . 
(1) (3) 

1 Maximum Pressure H I Surface-----1 tension ï 
in mmo mer- in Erg. pro 

cury of in Dynes I cm2• 
0° C. 

1.337 
1.090 
1.006 
0.906 
0.839 
0.760 
0.721 

1782.5 
1453.3 
1340.9 
1207.9 
1118.5 
1021.2 
961.9 

421 
34.2 
315 
28.3 
26.2 
23.8 
22.4 

I SpecIfic Molecular 

I 
Surface-

gravity d ° energy p in 
I 4 \Erg. pro cm 2• 

1.097 
1.041 
1.021 
0.994 
0.973 
0.947 
0.932 

909.0 
7647 
7135 
6526 
6128 
566.8 
539.2 

Molecular weight: 110.06. Radius of the Capillary tube: 0.04803 cm. 
Depth' 0.1 mmo 

The boilingpoint of the substance is 114°.5 c.; / is there: 20.2 
Erg. pro cm 2• The densJty at 25° C. is: d4D = 0.9942; at 50) C. 

0.9680; at 75° c.: 0.9420. At t) it_ is calculated from: d4o= 1.0206-

-0.00106 t+ 0.00000016 t2• 

XIII. 

para-ChJorotoluene: VII3 • C6H4 Cl 
(1) (4) 

<1J Maximum Pressure H 
I 

... Surface- Molecular ::l • Specific ~U tensIOn /. Surface-
~o I .cavity d.o o..c in mmo mer- in Erg. pro energy pin 
a·-

I 
cury of in Dynes 

I 
em2• Erg pro em2• <1J 0° C. E-< 

, 
° -

25 1.137 1515.8 32.9 1.065 795.0 
44.7 1.059 1410:2 306 1.045 748.8 
71 0.959 1279.6 27.7 1.018 689.8 
90.2 0.895 1193.2 25.8 0.999 650.6 

116.1 0.813 1083.9 23.4 0.973 600.6 
135.7 0.760 10138 218 0.953 567.3 

°160 0.653 870.3 20.2 0.928 535.1 

Molecular weight: 126.51. Radius of the Caplllary tube: 0.04439 cm.; 
in the observation, indicated by ~, it was: 
004803 e.m. 
Depth: 0.1 mmo 

The substance boils eonstantly at 162.(5 c., It solidlfies at -22" c., 
and melts at + 7 °5 C. At the boilingpoint I is 20.1 Erg. pro em2• 

I 
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Moleculal' Surface·energy 
in Erg pro cm2• 
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~30~~~~~~~~~ __ ~ __ ~ ____ ~~ 
-so·-60"..~O·-2tJ· (r 20· 40· 60· 6'0· ;'00· '20· /10·'óo·,6'()O Temperature 

Fig. 3. 

§ 3. Vahtes 01 t!te Tempel'alitl'e-coefficients oj t!te 1Il0lectdm' Sul'
face-enel'pie (J. (lf t!te liqaids !tel'e studied. 

Cyclohexane. . a 
fL . E Temperature·interval: at m rg: 

between 9~ and 80° 3,32 
This value is remarkably great; the 

curve is almost a straight line however. 

Toluene. 

between -71" and -21° 3,40 
-21 

" 
66,6 2,27 

67 
" 

86,5 1,90 
86,5 

" 
109 1,76 

Benzene. 

Temperature-interval: 

between 5°,4 and 25°,1 
25 ,,55 
55 ,,74,6 

para.Xylene. 

between 25°,5 and 45° 
45 

" 
86 

86 106 
106 126 

a(J. • at mErg: 

2,73 
2,20 
1,85 

2,53 
2,43 
2,21 
1,71 



- 424 -

415 

Mesitylene. Pseudocumene. 

Temperature-interval: 
afJ-at in Erg: 

af.t . 
Temperature-interval: at mErg: 

between -20°,8 and 0° 2,40 
o ,,75 2,20 

75 " 110 2,06 
110 11 150 1,97 

Triphenylmethane. 

between 138°,4 and 1560 1.59 
156 ,,171 3.03 
171 ,,194 4.46 
194 ,,212 4.83 

Bromobenzene. 

between -17,°5 and +125, °5 2,38 
12M 153 2,53 

para-Fluorobromobenzene. 

between -21 ° and 0° 2A1 
o ,,45 2,09 

45 ,,117 1.97 
117 11 150 2A9 

para-Chlorotoluene. 

between 250 and 45° 2,33 
45 " 71 2,23 
71 ,,116 1,97 

116 ,,160 lA9 

between -21 ° and 0° 
o " 26 

26 ,,146 
146 ,,166 

Chlorobenzene. 
between -160 and +250 

25 " 50 
50 122 

1,60 
2,00 
2,18 

·3,0 

2,20 
2A2 
2,60 

meta-Dichlorobenzene. 
between -220 and 0° 

0 
" 

25 
25 

" 
'91 

91 
" 

117 
117 

" 
136 

136 
" 

160 

meta-Fluorotoluene. 

between -71° and -20°,5 
-20,5" 0 

o " 25,4 
25,4" 45,3 
45,3" 84,9 

2,79 
2,23 
2,11 
1,88 
1,64 
1,51 

2,85 
2,49 
2,38 
1,99 
1,85 

Especially the last mentioned foUt' cases prove once more very 
att ' 

strikingly the fact, th at at cannot be considel'ed as a constant, but 

th at it is itself a fnnction of temperatl1l'e: in most cases in sllch a 
way, t!Jat it will c1ecrease with increasing' temperatUl'e. With clzloro
and li1'VlIlObenzene however evidently jllSt the l'evcrse happens. In the 
same way benzene, tohtene, lJ-'vylene alld mesitylene belong la the th'st 
group oi' subsL.ll1ces, wllile the isomerie pseudocwnene manifests on 

,a[, . . . . . 
the contrary an increase ai at wlth l'lSlllg tempel'atl1l'e. The devJa-

tions of the linear decline are sa grcat aud in most cases sa system
atical, that they cau by no IneanS be a,ecollllted fOl' by experimental 

errol'S; (he val'ia.bility of ~: with the tem per.1tul'e mllst thel'efol'e 

be considered as au essential facto 
Groningen, June 1914. Labomtol'y of JnoJ'ganic CltemistJ'y 

of the Univel'sity, 
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Chemistry. -" The Tempemtul'e-coëf.ficients of t'te fl'ee SU/face
enel'gy of Liquicls, at Tempel'atltl'eS ft'om - 80° to 1650° C: 
VI. Gene1'aL Remal'ks". By Prof. Dr. F. M. JAEGJim. (Commu
nicated by Prof P. ROMBURGH). 

~ 1. If we wish to use the l'eslllts up to now obtained in the 
study of these more than seventy organic and about ten inorganic 
liquids, to draw some more general conclusions, the following remarks 
in tbis respect ma,y find a place here. 

In the fil'st place it iE:. pl'oved once more, that the free sU/face
ene1'gy of liquids, - also in the pecul1al' case of the el~ctl'olytically 
conductin.c;, molten salts studted at vel'y high temperatul'es, - always 
decl'eases with incI'easin,9 temperatw'e. This fact, an exreption to 
which also withm the tempel'ature-interval hithel'to investigated 
has never been stated, mllst be esteemed in every respect quite in 
concOl'dance with the views about the origin of snch sllloface
tensions. lt is immediately connected with t11e othel' fact, tbat 
a decl'ease of rhe moleculal' sUl'face-Iayer must be accompanied 
by a heat-evolntion, an inaease of that layer however with a heat
abs01'ption, if the tempet'ature IS to remain constant. Fm'thermore 
this gradual diminution of X with increasing temperatUl'e is in fuIl 
agreement with the continuaI leyelling of the differences in proper ties 
between the liquid ph ase .and its coexistent vapour, when the 
tempel'atul'e is gradually rising: at the critica 1 temperature the value 
of X must have become zero 1). 

Of more importance for our purposes however are the following 
results : 

1. A linea/' dependence of X aud t appears in general not to exist. 
The obsel'vations prove the possibility 
of all the th ree imaginable principal spe
cies of x-t-curves: the type 1, with a 
concave shape towards the temperature- -
axis j the type 3 with a shape convex to 
that axis, and the 1'lJctilinem' type 2. 
Besides there are fOUlld some rq.re cases 
of combinations of these three principal 
types. Charactel'istic for type N°. 1 is, 

h d"l., '11' . h .. t at - Wl mC1'ease wIt l'lsmg tempe-
dt 

o '----------,t rature, while it clecl"eases nnder those 
CirCllTIlstances on the curves of type 3; 

1) The critical temperatures of the studied liquids, are as far as known, in the 
diagrams indicated bet ween ()/ behind the names of the ddTerent sub::.tances. 
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only in the case N°. 2 thi.s quotient remains really constant. It is 
nov," of importance to drawattention to the fact, that in contracliction 
with the hithel'lo pl'evailing views, the pl'esence of type 2 on one 
side, and of types 1 and 3 on the othel' side, appears to be in no 

clea1' c01l'1l.ection with the absolute :,alue of tlte quotienl dft, 11,01' with 
dt 

tlte absolute values of X or (.L t/~emselves. 

11. In agreement with the results of previous investigatol's, it 
appears In be possible, althollgh onl,)' in some arbitrary wa)', to 
divide the studied liquius into !'lIJO p!'incipal groups, with respect to 

dfJ-
the value of -. In the flest grollp A belong all liquids, whose 

dt 

. d(t 
quotIents - really are very near 10 EÖTVÖS' "constant": 2,27 Erg 

dt 

pro every degree Oelsius. However it must be said here, that on]y 
du 

a mean value of ~ evidenti,)' can be considered in these cases, and 
dt 

only over a spaJ'ely e.ctended temlJel'rä'lt1'e-intel'val; for, j ust as we 
al ready mentioned sub I, these liquids wil! by no means always 
show a linear dependenee of ï. and t, cOl'l'esponding to t~e type -
2, and therefol'e snch ct lineal' dependenee may be 8upposed in most 
cases only fol' rathel' short parts of the curves in question. 

To this grollp A we ean br'ing e. g.: a nnmbel' of ethers, like 
Ethyl-lsoblttyrate (2,15) j Isobutyl-lsobutYl'ate (2,18) j Diethyl-O,mlate 
(2,26); Dietltylmalonate (2,52); Dietlq/ltrtl,tl'ate (2,35) j Et!lyl-Acetylo
acetate (2,19); furthet,: Chlol'ofol'n1 (2,06); Dimetltylnniline (2,23); 
Phenetol (2,14); Anetlwl (2,25); .ilfethylbenzoate (2,21); Ethylbenzoate 
(2,29); Methylsalicylate (2,30); Ethylsalicylate (2,23); Jllethylcim7a
mylate (2,43); a-Picoline (2,02); etc. 

With most of these and analogolls substanC'es howevel', we can 
. ' dtt 

state a considerable lllcrease of - at lOWf!/' ternperatnres (type 3), and 
dt 

fol' many of them a valne in the vicinity of 2,27 may be accepted 
only within a very narrow range of temperatures, e. g. between 
25° and 80° C. 

To the group B all liquids belong, whose quotients c}!.~ show 
dt 

values app7'eciably lower than 2,27 Erg pro 1 0 0. To this group the 
following substanees can bf' brought: T-Vater (1,04); Eth,1jlalcollOl 
(0,94); Pl'opylalcollOl (1,10); IsobutylalcollOl (1,10); Acetone (1,6); 
Acetic Aciel (1,3); Pyridine (1,6) i etc. Howevel' with sevftl'al of these 
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Hqllids the value of d[.t incl'eases much at the 10wel' tempel'atureè, 
dt 

while to the olher side many liquids ofgrollpA,whiche.g.between 

25° and 80° C. show rathel' nOl'mal values of :~, will have abnól'

mally low values 1'01' it at IIJe highet~ temperatUl'es. As f,M' as the 
not munerous determinatiolls of the specific gmvities make a con
clusion possible in this respect, to this gl'OUp B eall br, bl'onght also 
the molten salts of tbe alkali-metals: Sodiwncldol'ide (0,6), Potrrssium
c/doride (0,64:); etC'. Furthel'mol'e Ihe hithel'to obser"üd depelldence 
of "I. and t fol': So dium.w {fa te, SocLiwnmolybdate, Sodiumtu7I!}state, 
SodiwJlplwsplwte; Potrlssiumbromide, PotassiulII iodide, Potrtssiwn
})hosplwte, -molybdate, -ltmgstrtle; Lithiumsulphate, Lithi'wnmetabol'ate, 
Litltiwnmetl/flsilicate; etc. etc., -- seelll/:) to prove, that also with 

aft 
these salts tbe vallles of at will appeal' to be l'emal'kably slllttIl. 

~ 2.- The prevailable opmIOn, is, th at the liqllids of thc grollp B 
must differ fl'om those of group A in tltis respect that they would
be associated, while the liqnids of gronp A wOllld be normal ones. 
Regarding those liquids, w hich show an almost linear dependence 
of X and t (type 2), the "assoeiation-coeffieient" J) is then caleulated 

3 

\ 22 12 
from th e expression , .• = I (:~) I ; IV h ile in the cases, where sneh 

a linea)' dependence ean not be snpposed, several other fO.'Innlae are 
proposed 1). Aftel' what has been said, howevei" it ean hardly be quite 
sure, that such a caIcnlation of the degree bf association cao be, 
thought of as a ?tep in the good direction. For among the substances 
of group A the greatel' number are of: a kind, whose tt-t-cUl'ves _ ~ 
uelong to types 1 or 3; type 3 can be thought llloreover again to 
be in so far in agreement with the postulations of the theory, that 
here at least exists the possibility that the cUI've will ttpproaeli 
io the t-axis asymptotieally in the vieinity of the critieal tem perature. 

lf now however the snpposition were right, that a cJeerease of 

1) Aftel' VAN D8R WAALS (Z. f. phys. 13. 716. (1894)) e. g., a rel at ion 'of the 

a· ( 'l')JJ -
form: al = A 1 - - ,- in which B at the critical temperature should 

t Tkr 

huve the value: sh, but in praxi appeurs to be: about 1,23, - would reproduce 
in muuy cases the dependE'llCe of X aml t lo a I'uthcl' suffj"ient dcgree. 
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t h 1 f' àf.L. d' d . cl f' " '1 e va nes Ol' at m leate an allgmentlllg egl'ee 0 assoclahon, lL 

would be Yery difficult 10 imagine. wh,}' the larger numuer of 
liquids jnst show tt-i·eul'\'es of tiJe type 3: fol' fl'om the gl'adual 

d f· alL . I" . 1 ecrease 0 at Wit 1 lllcreasmg tempel'atnl'e lil Ilese cases, we must 

conclude, that Ihe assoèiation of the liqnid would incl'ease fol' most 
liquids with a l'i8e of lempemtllre. Bnt becanse by far tbe most 
dissocialions are accompanierl bJ a heat-absol'ption, the Illf'nlioned 
conclnsion could snrely be hardly pilt in concordance willJ the laws 
of the mobile equilibrium. With liqnicls, whieh wiU dissociaie to a 
higher degl'ee at higher teruperaturcs, one had to expect on the 
contml'y the progress of type 1: walel' e.g'. is slleb a liquid, showing 
a gmdual dissociation of eomplex molecules into simple!' ones at 
incl'easing tempemtul'es, an0 Ihe (t-t-CllL'Ve he1'e really possesses 1) 
the expected type 1. [n the same way we obsel'ved some organic 
liquids lDietltyl-Umlrtte; Eth.lll-P,'opylilcetyloacetate; Propyl-, and 
lsobutyl-C!/anoacetates; 0- 'Polaïdine ; Resol'cine-Jlfonomethyletltm' ; 
Hydl'ocltinondimetltylältel'; a-CllmpllOlenic Aciel; etc.), fol' which 

a gradllal dissociation Ol' decomposition at highet' temperatures 
could be stated, and fol' those ~ve found also a faster increase of 

!:L than before, as soon as the tempel'atul'e of beginning decomposition 

was surpassed: In opposition thel'ewith is the case of acetic acid, where 
a gradually proceeding depoly merisation with incl'easing tem pemturc 
has been quite doubtlessly pl'oved, and whel'e notwithstanding . au 
Ihis faet, the value of a~ l'emains constant within veJ'y \Vide limits 

of temperalure. 2) 
"These fncts seetll aJter my Opll1l0n to make it very dnbious, if 

the incl'ease Ol' decrease of :~ with varying temp.erature can be esteemed 

1) From EÖTVÖS' observalions one can deduce al ready immediatcly that :~ 
wiII 'inr:rease with rising tempel'ature in the case of water: he observt's helween 
30 C. and 400 C. a coefficient: 1,59 j bctween 40" C. and 1000 C.: 1,80 j belweell 
1000 O. anel 1500 C.: 2,28 j anel between 1500 antI 2100 C. : 227. 

2) Also this fact can be ah'eady tie \uced fl'om EÖTVÖS' obsel'valiolls: betwecn 

O!L 
21 0 :md 107° 0 he flncls fOl' at: I ,:l2; uetween 1070 aml WOo C, also: 1,32 j 

between 1600 and 2300 C.: 1,38. 



- 429 -

420 

any longer to be eonnected dil'ectly with the degree of assoéiatiOl1 
of Iiquids? 

àfl 
~ § 3. The variations of - mu&t in the first instî.tnce be dependentat 
on the wa}', in which the specific heat c of a liquid, is connected 
with the ma~nitude S of the bordering layer of it. In general \ve 

àe a~X. 
shall have a l'el~tion: àS=- T àT2' trom which follows, that X can 

on1y be a Iinear funetion of T in the case, when c is independént 
of S. From out· measurements llOwever we must doubtlessly con-

à2X 
elude, that generally àT'2 ean not be supposed equal to zero, ~nd 

tbat therefore c must really be dependent upon S. This fact proves 
at the same time, that the specific heat of the sU1face-laye1' must 
have anothel' valzte than for tlte 1'emaininrl pa?'t of the liquid. The 
surface-enel'gy therefol'e eannot be completely of a potential nature, 
but partially it must be considered as being of kinetie origin. In 
what mal111Cr howe\'er it will vary with the state of pl'oceeding 
polymerisation Ol' depolJ merisation of the liquid, we Call1lot teIl in 
advance; and the same is the case 11wtatis mutandis with the depend
enee of ft upon t. 

At the same time- it is not sllpel'fluous in this connection to fix 
the attentioll II pon the fact, that it cannot be pel'mitted to make 
any definiti ve statement 1) concel'lling a high degree of associatiol1 

afl 
in tlte case of moltell salts, because the observed values of - are .ot 
very smalI, and the tt-t-curves seem to approach in these cases mu(!h 
bettel' to the rectilinear type 2. Fo!' the whole theoretical exposition 
of EÓTVÖS cannot be applied to cases like the present one, whel'e 
no bod? can lmow à priori, if tbe ]aw of corresponding states will 
be vnlid. It is just the question, if the measurements still to be -
made wilt permit us to dmw ge~leral conclusions upon an analogous 
conneetion between the temperatnre-coefficients of the mo]ecular 
sUl'face-energy and the degree of Etssociation of such electl'olytes? 
Sueh conclusions could only be esteemeà sllftlciently ,justified, if 
certain analogies in the behavioUl' of molLen salts and of the ol'ganic 
liquids should ue foulld; at this moment we are still far distant from 
the time, when we shall be able to give any defillitive judgment 
upon this matter. 

1) Vide e. g. the relating views of WALDEN, Bull. of the Academy of Petrograde 
loco cito 
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§ 4. The l'alher appreciable differenceB of our l'esulrs with respect 
to the variations of [l and X with the iemperature, with those of 
othel' investigatol's,_ who bave pl'incipally wOl'ked aftel' the method 
of capillary ascensiol1s, have suggested to us to investigate in detail, if 
perhaps in our way of working cerlain factors could be present, 
whirb may cause systematiral errors in any direction ? 

First it was noted, that besides the particulal' shape of the mentioned 
curves, also the absolute vallles of ï" determined by us and already 
by FEUSTEL, were generally somewhat Mglter, than those obtained 
with the same liquids by other expel'Ïrnenters and by other methods. 
Of course it is very weIl possiblo, that e.g. the Iower values pnblished 
by R-\.l\fSAY and SHIEWS, and obtained by them by means of the 
method of capillary ascension, are caused by the fact, that the 
moistening of the glass-walls in their capillary tubes has been not 
so complete, as is sllpposed in the theol'y of the phenomenon. In that 
case the allgle of contact rp wiJl play again a role; and because the 
height of ascension cetel'is pal'ibus is propol'tional to the cosinus of 
the supplemental'y angle of rp, there coulrl thns reaDy be found a 
eallse, whieh would make their results appeal' smalle/', than those 
obtained in our work. 

But moreo\'er we were able t? pruve on the othel' side, thal OU?' 

values for ï., calculated aftel' CANTOR'S theory, must snrely appeal' 
somewhat higher, than theJ I'eally are, because in praxi the 
cOllditiuns are not completely fllifilled, on which is based the 
deduction of tbc jinal formula between R, dl and l' 111 CANTOR'S 
theory. 

Let us start with the somewhat more summa!'y deduction of his 
formula by FEllSTEJ, 1). Fl'om this deductioll as it is found in the 
paper of this author, it ean be seen. that the fOl'mul~ of CANTOR 
can have onl)' validity in the special case that the angle e, whieh 
the tangent in every point of the sharp edge of the capillary tube 
drawn in any azimuth to the rotation-snrface of the small gasbubble, 
makes with ihe horizontal smfaee of the liquid, - diffet'f\ only slightly 
from 90°; in that case e = 90° - ti, wherein ti has a very smaIl 
value, Some years ago prof. LORENTZ was so kind as to draw my 
attention to the fact, that this limitillg supposition ean be avoided, if 
one makes a few simp Ie su~stitutions ill the two formulae of FEusTEL : 

2X 1 
- cos () = ?' • dl. () 
l' (1 - cos r 

and 

1) R. FEUS1'EL, Ann. d. Phys. loc. cito 
~8 

Proceedings Royal Acad. Amsterdam. Vol. XVll. 
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LI= +-- ~08u+----
t- l' . dl . sin & l' . dl (Ll 2) 

cos f) (1 - cos f)~ 3 sin f) 1 - ('os fI ' 

2X H 
by putting: q = -0-- and IJ = --, whel'e l' is the radius of the 

1'- • dt r. dt 

capillm:y tube, and X and Hare the known s,rmbols. 
The mentialIed forrnulae ran by tlns_&ubstitu[ion be ehanged into: 

q = 1 en p = q sin () + ~ j cot IJ + 1 I . 
4 eos 8 sin4 (8/~) 3 I sin 0 .~m~ (0/2) \ 

I 
Table of Corresponding Values of 

0, q and p 

0 
I 

q 
I 

p 

0° I Cl) Cl) 

10 4399,4 793,94 
20 292,60 100,080 
30 61,717 30,86 
40 23,850 15,33 
45 16,458 15,21 
5.0 12,192 12,06 
55 9588 9,995 
60 8,000 8,660 
65 7,098 7,862 
70 6,753 7,546 
70 31'43" 6,750 7,542 
75 7,033 7,814 
80 8,433 9,183 
85 13,770 14,479 
86 16,567 17,269 
87 21,217 21,960 
88 30,764 31,448 
89 59,35 60.027 
89°4 63,44 64,12 
90 Cl) Cl) 

Now it is pos8ible to rttlcnlatc fol' a complete sel'ies of' values oL 
8, the J1umbers pand q, and to plot them agamst each olher with 
respect to l'ertangulal' coordmate-axes. If H is nwasUl'ed, and l' and 
dl are known, lJ can be calclliated fol' cvet'y experiment, and from 
tbe t1iagmlU the cOl'1'esponding value of q (and thel'efol'e al80 of X) can 
be immedmtely fOllnd. The fullovl'ing tablf' gives a survey of the 
rOt'l'ec;pondmg values of pand q, fol' a serIes of, angles () bet ween 
0" and 90° C. 

Ft'om thls lable lt is 8een,- [hat 11 and q reacil simultaIwously a 
mil1imum 1'01' 8 = 70° 31' 43", and th at CANTOR'S fOI'l11Ub is properly 
anI,)" vnhd \Vilhout nppt'eciable error fol' valnes of IJ between 0° and 
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0°55'. Tbe cOlTesponding CUl"ve generally deviate'3 only a little from 
a sh'aight 1ine; however we fonnd that tbis e!C'viation is yet sufficiellt, 
to make a correetion necessary .for all numbers, calculated from 
OANTOR'S f01'll1ula. 

§ 5. From a special case we can now see easily, that the ral
culation of the results in thi'3 was une! from CANTOR'S formula, will 
never cause an apl')1'eciable change in the general shape lof the p-t-

. . alt > 

curves, and t!terefOte nezthel' zn t!te deduced va7ues of -: lthe deviut-
dt 

ion of a linear relation between pand q is be(ween () = 70-31'-13" 
and 90° only sa slight, that a somewhat impol'ttl>nt defol'lll:1tion of 
the mentioned curves cannot be the result of this difference in com
putation. Howe"er the1'e WIJl be raused a parallellous shift of every 
curve, which will diminish the absolute values of X anc{ (.t with a 
small a17W'ltnt. Thut this influence lS not at all without importunce 
in the cases hilhe1'to investigated, may be., pl'oved in the following 
way. We choose for this purpose two extreme cases of the here 
studied liquids: diethylether, becahse the observeel values of Hare 
here the smallest, anel e.g. a substance as 1'esol'cine-monometltyletlw1', 
whose yaIlleS fOl' H belong to the mther great Ol1es. The caIcnlation 
is lUude as follows: H in m.m of mel'cnry (0 C.) is multiplied by 
the specific weight of mercury, and this number diviCled by the 
product l' • d" (1' being expl'esseu lil mm.). With the obtained value 
fol' 1), the c01'l'esponding valne of q is fonne! from the table Ol' the 
diagram; this divided by 2 and IlIultiplied by the product ]'~ . dl, 
gives X in mG. pro m.m; the numbel' is redueed to Erg pro cm l

, 

by muitiplication with 9,806. 

Diethy lef h81'. 

X in Erg. X in Et'g. (dn El'g. t' in Erg. 
tO p q cm.-2 C111.-2 (OANTOR) eln.-2 C111.-2 (OANTOR) 

_75° 37,53 36,92 28,5 28,9 574,7 582,8 
_20°,5 30,60 29,89 ·21,5 21,9 456,2 464,7 

0° 28,28 27,58 19,2 19,6 415,8 424,5 
110 26,93 26,27 17,9 18,4 392,0 402,9 
25° 25,61 25,00 16,7 17,1 371,2 380,0 

_ 29°,6 25,35 24,70 16,4 16,8 365,9 374,8 

'rite wllole z-t-curve is Ihus p~rallellously shifted to an amoullt 
of -0,4 Erg. 

28* 
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Resorcine-~1 onomethylethm'. 

xin Er·g. X in Erg. ft in Erg. (J in Erg. 

tO p q C111.-2 cm.-2 (CANTOR) C111.-2 cm.-2 (CANTÓR) 

- 20° 62,85 62,20 83,1 83,9 1850,1 1867,9 
0° 39,R9 39,30 51,6 52,"\' 1161,9 1:179,9 

.,\,6:> 34,91 34,30 43,4 44,2~ 1001,6 1020,1 
107° 31,91 31,20 37,5 38,3 896,7 915,8 
166° 28,48 27,80 31,5 32,3 782,0 801,8 
206:> 25,29 24,60 26,8 27,6 682,6 703,0 ~ 

Here is tlre x-t-curve shifted totally to an amount of -0,8 Erg. 

This is thc correction to be applied, and which was all'eady 
indicated in OUt' first communicatiol1 1); it has been taken into account 
since iu evel'y case in all tbe lables. It ma)' hel'e be l'epeated once 1110re, 
that althollgh the absolute valnes of the sud'ace-energy really have 
appl'oached closer by it to the val nes fOl'merly published, however 
tlle shape of the X-t-, Ol' wt-curves is not altel'ed by it with respect 
to any particular feature. 

~ 6. Another question to be il.nswel'ed with respect to the obtained 
expel'imental l'esults, is Jhis, i1' it may be considered as possil.Jle to 
detel'mine the l'ighl values of x, '""ithont being embal'l'assed thel'e
with by lhe influence of the viscosity of the studied liquid P For 
jllst bernuse the intel'llal friction of lIqllid'i always incl'eases rapidly 

I 

at Jawel' tempel'atUl'es, and an extreme viscosity of the liquid, -- even 
if the bubbling of the gas is exef'l1led with extreme slowness, -
wiJl cause, as we luwe seen, the maximum pressure H to appeal' 
too grent fl'om nU kinds of dist uI'bing effects, - the influenee 
of tbis viscosity couJd pel'haps be ad "aneed as a cause of 511eh a 
deformation of t11e X-t-elll'VeS, t1)at tlJey just wou!d mnnifest a stee per 
tempe!'atme-gm,dient nt tlw lowel' telllperatul'es thall at the higher. 
Therewith an explallation of the CUl'ves of type 3 would tie gi~'en; 

but it must be 11e1'e l'emal'ked aJl'eady in auvance, that sueb a cnuse 
coulcl hunlly be ndopted for the pl'csence of the curves of type 1, 
just becallse all viscosity-cnrvcs have themselves the shape of type 3. 
Rowevel' there seem to be many l'easons, not ro attl'ibllte too high a 
value to this eÀplanation of the CLll'vatUI'e of the ~l-t-lines, even not 
in the case of type 3. 

In l11e fit'st place it must be rcmal'ked, that the curvatlll'e of the 

1) F. M, JAEGER, these PI oe., Comm. J. (1914). 
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said curves does not run pumllel 10 Ihe \ ariations of' tbc viscosi Iy 
with tempel'atul'e. Most stl'ikingly this can be seen in tbose sub&tances 
w11'e1'e the CUl'V~ttUl'e is so slight, that the curves can be considel'ed 
to be straight lines: with etlzylbenzoate, whose viscosity at 10° is 
about six times that of acetone, and in a temperatul'e-inten'al of 
50° dec1'eases to two Ol' three tjmes that value, the x-t-curve ib a stl'aiVltt 
Jine; with the isobutylb7'o7l1tde, whose x-t-cune between 0° and 850 

can oe considered as a straight line, the YÏsrosity decl'eases to less 
than half its original value (from 0,008 C.G,S. to 0,003 C,G S.) ; 
etc. Neithel' does the CllrvatUl'e of the x-t-lines seem to be iJnmediately 
connecled with the absolute vallle of tbe ViSCOSlty: with acetic acid, 
whose viscosity is about three times, with salicylic aldehyde, whose 
viscosity is four times, witb pYl'idine, \"l1ose viscosity is about twice, 
with pltenetol. whel'e it is circa three times as large as that of 
ethylalcohol, - in all these cases the CUt'\ atme of the x-t-curves is 
less than fol' the last mentioned Iiquid, uecau&e they are almost 
straight lines; anel with the aniline anel nilJ'obenzene, whose viscosity 
is about eigbt or ten times as great, as that eig. of the ethylftJ1'?niräe, 
the x-t-cnn'es are even slightly -convex. In many cases the X-t-cl1l'ves 
wiIl show a more rapid anel steeper Clll'VatUl'e at the higher tempe
ratmes, where the viscosity becómes smaller; and the part of tbe X-t

curve between - 79° and 0° is often ttlmost a stl't1.ig'hr 1ine. With 
the etllylalcohol the viscosity is about three times as great as in tbe 
case of ethylacetate oi' ethylfol'iniatl!, bnt nohvithstaneling that, the 
x-t-curves show in all thl'ee cases abont the same CtlrvatUl'e. 

To be Slll'e, we have met dnring our meaSUl'ements numel'OUS 
cases, where very clearly the impossiuility waf:, shown, 10 detel'mine 
the surface-energy independently of the visrosity. But ihis_ we 
observed only, where the viscosity reacheel such enOJ'mons magnitude, 
that t11e liquid beeame glassy or gelatineous, and diel not Ol' hardly 
move on reversing the vessel. Sneh cases we found in: methyl
cyanoacetate, methyl-methylacetyloacetate, diethylb1'omomalonate, die
thylóenzylethylmalonate; in undercooled dimet1tyl-, and diethylta1'tmte 
and a-camplwlenic acid, and very stl'ikingly with salol and 1'eS01'cine-

. monomethyl-, Ot' dimetltyletlte1's. r 

Even in these unfavolll'able cases we suceeeded sometimes in 
making some good measul'ements; but in most cases th is appears to 
be impossible, which is sh~)\vn by the fact, th at even vvith so small 
a veloclty of fOl'matioll of the gt1.s-Uubbles as 50 to more than 20;) 
seconds, it pl'oved to be impossib1e to find a ma).irnum pl'eSSUl'e 
B, which really is independent of the speed of the nitl'ogen
flow. 
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Tlle behavionr of sucb extremely viscous liquids with respect to 
the gas-bubbles proelueed in them, is Vl"l'y val'iable and of ten very 
pecillitlt,: in ihis Cttse thc bnbbles are harelly loosened from the 
eapillal'j' tnbe, in ihat rase one obsen'es a periodic incl'ease and 
deel'ease of lhe gas-pl'essure, withont a bUl'sting of the bubbles 
oceurl'ing; in anothel' case a very large bubble is pt'odüced, whieb 
suddenly explodes into a gt'eat nnmbel' of very smaIl hubbles;. but 
in no cas.e a maximum pressul'e ean be measured, which is reallj' 
inelepeqde* of the speed of the gas-flow, pl'oving tbat it corl'esponds 
to a rea I state of equilibrium of the gas-bubble. And this last men
tioned fact is so chal'actel'istic for all our othel' meas9rements: 
witltin mther wide limits one aan va1'y the speed of nitrogenjloll', when 
wor!ä;ng with o1'dinaJ'y liquids, without a measu1Ylble change in the 
detm'mined p1'MsuJ'e H being obse1'veel. On the contrary we studied 
a long series of very thin liquids: e.g. ethJllalcohol, diethylether, ethyl
fOl'lniate, ethylcMo1'ofcmniate, flcetone, methylpJ'opylcetone, chloJ'ofo1'm, 
etc., eooled to --800 C., whieh notwithstanding the low tempel'~tul'es 
ga\'e vel'j' reliable valnes of H, the occasion al fact tltat the temperature 
is 80 low, can therefore ueither be considered of high importanee 
fol' the abnol'mally high values of X alld fJ- observed. Howevel' it 
must be said in this connection, that EÖTVÖS' relation can no longer 
be considered as valid at temperatures, lower than about half the 
absolute critical tempel'atul'e of the studied liquids. 

In this connection it is not sllperfluolls to remadt, that with liquids 
wllose volatility is very great, anel which therefol'e possess at higher 
temperatures a very considerable vapour-tension, there is often some 
difficulty in obtaining reliabie values fol' H, this maximnm-pressure 
being apparently somewhat inereased. Howevel' the right valne eau 
be dedueed in sneh eases by often repealing the adjustment of the 
eapillary tube, nnül a l'eally l'epl'oducible valne wil! qe fonnd. The 
inflllenee of these abnormally high vapour-tensions cannot be of 
essential signitieanee, if the measurements are contl'olled aecurately 
and often carefully l'epeated. 

All al'guments 'taken togelher, we think it ,l'eally ver.v'impl'Qbable, 
that the changes in viscostty of the studied liqnids eould be argued 
as the chief cause of the obsel'ved <.'11l'vature of the x-t- Ol' I-l-t-curves. 
But in rases of ab11OJ'mally grerlt values of the viseos~ty, the deter
mination seems donbtlessly 110 longer possible aftel' this method in 
any exact way; howe\'et' with liquids, whose viscosity comes ~.g'. 

very neat' to that of glyeel'ine, or is e\'en somewhat gl'e~tel', sllch 
measmements are ab'eady qnite l'eliable if only the formation 
of the gasbubbles tu.kes place extremely slowly: in this wa,}' fOl'. 
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instanee we found again reliablc valueb witl! : diethylli/alonate (-20~) 
and butyl-, Ol' isoblttyl-cyanoacetates (-22°). 

Therefol'e we think it l'ight to draw the conclusion, tlwt the 12on
linear dependenee of ï. on the temperatlwe, must be connected with 
the vel'!! natw'e of the .ntrfcwe-enerflY itselJ, and that it will manifest 
itself always, as soon the studied temperatw'e-intel'val is 0121,11 iuide 
enouglt. 

We ean albo mention here the fact, that in th€' case of 
molten Ralts, even at vel'y high tempel'atUl'es and with vel'y small 
viscosities of these liq\lius, wc observed just Lhe same tlllee types of 
x-t-curves: so \vith potassiwniodide the type 3, with potasiilwn--
metap/wsphate the type 1, with many othel's the rectilineaJ' ty pe 2, 
- witliollt it being possible. to indicate an immediate reasolI fol' it. 
Finally we can draw the attelltion to the fact, that norwithsLa,nding 
the faet that these cletel'Ininations range over a mlleh smaller tem
peratul'e-intel'val, some x-t-cUl'ves of other expel'imentels (vide e.g. 
GurE and his collaborators) show, on bet tel' cOIlsidel'ation, also clearly 
a deviation from the rectilineal' type; fol' wate1' this has moreover 
all'eady been mentioned before. 

§ 7. Finally it is here the place to discuss some points connected 
with the l'elations between tl?e magnitude of (-t and the chemical 
constituents of the studied liquids, in so fal' ae; we may draw eon
clusions about it already with respect to the sparing experimental 
data. Moreover the investigations i'elating to this subject wil! be 
continued- in th is la,boratory in a quite systemarical way, becanse a. 
great numbel' of pl'oblems have risen in this respect, which only by 
collecting a more extended expel'imental material ean be answered 
by genel'ally acceptable views. The facts hithel'to gathel'ed are -
principally adapted, to bl'ing the vnllles of fJ. in qualitative connect
ion with the /wmology of some analogous compounds, anc! with tbe 
substitution-l'elations bet ween some ol'ganic del'ivati ves. This can be, 
executed best by compal'ison of the tl-t-diag'l'ams, wllich were pllblished 
in the successive communications. 

A. Honwlo,qy. 

Of Iwmolo.ifous series we can mention, the following: 

Ethylalcohol. 
1. n.-Propylalcohol. 

Isobutylalcohot. 

2 \ Ethylf01-miate. 
'I Ethylacetate 

3 \ Ethylacetate. 
., Amylacetate. 
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ltlethYlisoblttJ/rctte. 

4. Ethylisubutyrate. 
Isobutylisobttlyrate. 

7. 

\ 

Isobtttylcyanoacetate. 
Amylcyanoacetate. 
Butylcyanoacetate. 
Propy lcyanoacetate. 
Ethylcyanoacetate 
lJiethylcyanoacetale. 

428 

\ Acetonc. 
5·ll1IethY1Propylcetone. 

8 \ Diethyloxalate. 
'1 Diethylmalonate. 

\ Ethylacetyloacetate. 
6'1 Elhylpropyloacetate. 

I Dimethyltartrate. 
9. Diethvltartrate. 

10 \ Trichlorometlzane. 
'1 Tetrctchloromethane. 

Benzene 
Toluene. 

11. p-Xylene. 

12 \ Nitrobenzene. 1 \ Aniline. 
I o-Nitrotolttene. 3·lo.Toluidine. 

14 1 Anisol 
. PhenetoZ. 

Mesitylene. 
~ Pseudocumene. 

15 I Resorcinemonomethylether. 
. I Resorcinedimethylether. I 

Methylbenzo'Jte. 
16. Ethylbenzoate . 

Benzylbenzoate. 

17. Ethylsalicylate. I 
Methylsalicylate. 18.\ P~ri~ine. I (l.·Ptcolzne 
Pheny lsalicy late. 

By snel! a comparison of the resltlts obtained we can now derive 
the evidently general fact, t!zat t/te values of the molecula1' sutface 
ene7'fJY at the smne temperature increase in homolo.qous series, if we come 
to tel'1nS of hig/ze1' liydrocal'bon-l'I7dicals. Although quanti tative l'elations 
do not so strikingly eome to the foregronnd, it seems ho wever to 
be clear, th at the intlllence of the same incl'ease in this respect, 
hecomes smaller within the series, W the moleculal' weight of the 
compound increases; a tact, that lIlust be thonght also completely 
comprellensible. In most cases these rules hold, as the following 

~instances may provE': The value of (t is at the same telllperatUl'e 
gl'eatel' for isobut/ll-alcohol, than for nor111al pro}J!;lalco/wl, and here 
again greater than with etltylalcohol; jusL 80 with ethylacetate greater 
than with etkylf07'miate, with amylacetrtte gl'eater than with the 
corresponding ethylether ; it is greater fOl' isobuthyl-i,~obllty]'(lte thau
for the ethylethel', and he1'e again gl'eater than fol' methylisolmtyrate; 
with ethyl-]Jl'opylacetyloacetate greatel' than fol' ethyl-acet.llioacetate. 
In tlte series of the six cyanoacetates, the value of (.L is greatest with 
the arnyl-ether, and decreases here regularly within the sedes till 
the methyl-ether is l'eached, while the lempel'atnre-coeftlcients remain 
almost the same; the i8obutyl-ethe1' ho wever has another value for 

:~, ana values fol' (J-, which m'e only partially ~I'eatel' i.han fol' the 
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propyl-ethel': in this also a manil'0:>tn,tion must be seen of t11e dilfer
en ces between nOl'mal anel l'amified cal'bon-rbains. In the same way 
the molecular surfaee-enel'gy of diethyltal'trate appeal'o to be gl'eater 
than of dimethyltarti'ate. In the series of al'omatic hydrocarlJons, the 
curves for pS13udocwnene and tile isomerie mesitylene are situated 
highest ; then follow succ~ssively: lJ-,vylene, tohwne, and benzene; in 
the same (.L is greater fol' o-toluidine than for aniline, fol' o-nitrotoluene 
greater than for nit1'obellzene; jllSt so for phenetol gl'enter than for 
anisol, for dimethylaniline gl'eater tban fol' aniline, and fol' a-picoline 
greater tbau fol' pyridine. The only exeeption to this rule hithel'to 
fOllnd, is presented by tbe 1'esorcine-monomethyletheJ', wbieh possesses a 
greater moleculal' surface-energy tllan tilt" cOl'l'espollding climethyl-ethel'. 

The substit~ttion by means of llU!mbel'S of the al'on~atic sel'les ltas an 
analogo1tsil1jluence as by tlwse of the aliJJhatic serie" but it is muclt mOl'e 
intensive: in the series of the benzof'ltes, the valne of (.I, fol' the ethyl-etbel' is 
ineleed, greater than for the metltyt-c1erivative. but fol' the corresponding 
benzyl-ether it is excessivel.r much gl'eatel'; in the same way it is 
the case with methyl-, and ethylsalicylf'ltes anel salol, anel witll methyl
pl'opylcetone on one side, and acetophenone ou the other. 

B. Relations of Substitution-derivatives. 
The conelnsions, which in tltis respect can be elr~wn hitbeJ'to, 

can be sllmmed up shortly in tbe following l'llles: 
1. 'The substitution of El by h1tlo.r;ens is acc011tpaniecl by an inten

sive inC1'ease of the molecullll' swjace-enel'gy at the same tempemtures; 
the il1jlllellCe increases evidently with rtllHlnlmting atomic weight oJ the 
halo,gen. 

80 [.t fol' cltlOl'otolllel1e is gl'eatel' th,l,/l 1'01' jlzlOl'otoluene 1), and here 
much gl'eatel' than for toluene itself, fol' broilwbenzene iJ is gl'eatel' 
than fol' c1tlol'ubenzene, allel <tppl'eciably gl'eatel' than fOl' benzene; 
with the m-dicldol'Obenzene it is gl'eatel' than fOl' ./lU01'obl'omobel1zene, 
showing thaL Lhe specific intluence of flllOL'Îne 3eems to be less than 
the diffe/'ence bet ween b/'omine ami chlol'ine. In tlJO same way tbe 
value fol' clietftylbl'Olno1l1f'llunate is appl'eciably gL'eatel' 111an 1'01' difltyl
malonatf.3; fol' tetrac/do1'omet/tane j LIst so gl'eatel' tlmn fol' dtlo1'o/imn. 

2. 'T/te substitlltion of N-atomi>' jVl' C-atoms, Ol' oj' t!tat of negative 
nitl'ogen containillg md1cal., tV1' (( IJ-atom, is j'ollowed by!t l'elatively 
great inCJ'ellse of t!te lIloleclllm' swjrtce-elwl:lJY Ilt tht' same tempel'l1tuJ'es. 

~) The relativcly small dillelcnces C:ll1f:>cd by lhe struclural isomcl'lsm of these 
compoul1ds, is here neglecled for the prcscnt; gene rally lhe p(~m·sl1bstitution seems 
to be of lhe highest. lhe meta,sllbstilution of lhe smallcst influcnce in Ihis respcct. 
We will discuss this pcclllru'ity aftcl'wal'c1s by considcring the I'eslllts ol' a special 
set of meaSUl'ements. 
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So ft ie appreciably gl'eateL' fol' o-nitroanisol, than for anzsvl; for 
o-nitJ'otoluene mueh grealel' than fol' toluene; for nitl'obenzene Inueh 
greater tban fOl' benzene; for aniline and o-toluicztne, much gt'ea,ter 
than fol' benzene Ol' toluene, J list so for pyridine appreciablj- greater 
than for benzene; etc. 

3. T!t(~ Sltbstitutivn oj rt1'omatic lty111'ocarbon-mdicals instead of 
H-at011ls rnak!!s the values oj the ?noleeulal' surjace-ener,qy a/so eon
siderably ,ql'eatel'. 

So the values fór salo/ are much greateL' than fOl' the othel' 
salicylates; of benzylbenzorlte it is mueh greateL' than of both the 
other be71zoates; of acetophenol1e much greatel' tban of dimet6ylcetone 
Ol' metltylpJ'o}Jyleetone; of dit:t1t!/1-benzyt'tltylmalonate much gl'eater than 
of diethylmalonate Hself; etc. 

Only continued investigations in this direction Lan however, as 
has. a,ll'eady been said, prove with more eeetuinty, if these J'ules ma.y 
be considered as general ones. Researches of this kind will be 
started in this laboratory within a short time. 

G/'onin.l7en, Jnne HH4. 

Laborat01'Y fo1' IJlO1',qanie Cltemistry 
of the Univel'sity. 

Mineralogy. -" On t!te real Syrnmetl'y vj Cordiel'lte and Apop!t!/llite". 
By Prof. H. HAGA and Prof. F. M. JAEGER. 

§ 1. In continllation of our im'estigations 1) on the symmetl'y of 
crystals, which Cd,n be dlseerned as mimetie Ol' pseudosymmetrieuI, 
we wiIl g'ive in the following a review of the results obtained in 
our expel'Ïments t'elating 10 the corclim'ite (iolite; diclt7'oite) and to the 
apophyllitt3 (rdbinp j icfttltyolJhtalm,). Of both kinds of silicates spec~mens 
of d~/ferent localities WeI e ttt ou!' disposal, - 11 fact, which hardly 
can be o\'el'-estill1tl,ted in the study or RÓN'l'GEN-pattel'ns, as will be 
proved below . We wilt de&cl'ibe in the following pllges sllccessi vely 
our obsel'vations with: a) Conlierite; b) ApopltylHte. 

~ 2, a. lnvel)t~qations on tlte true S,tjlnmetJ'y of C01'Clierite. 
C01'diel'ite, asihcate ofthe chemical composition: H2(1J{g,1i'e)4AlsSil 0087' 

belongs to those minerais, whtch like the arragonite, imitate the 
habitus of hexagonal cl'ystals hy means of particular polysynthetical 
twinfol'mations. In hteratllre it is only mentioned, that it is "l'hombic" 

1) H. HAGA anel F. M. JAEGER, these Proceedings, XVI. p. 792. (1914), 
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(rt: b : c -= 0,5871 : 1 : 0,5585), bUl it is evidenlly unl\l10wn, to which 
symllletl'y-class of the three possible ones it uelongs. lts psenctohexagollal 
habitus is obtained in two ways: a. by twin formation parallel 
to IJ J 0l, cOnbisting in an in tergrowing ot' thl'ee individua.ls in snch a 
manner, that theJaces ofJllOl wjll fnnction as l,be apparent pt'Ïsm
face& of the pseudohexagonal combination ; b. by a twinning parallel 
to 113°1, in which thl'ee individuals form either a threefold twin 
hy contact, or a threet'old one by in tel'g1'owth, the faces of PlOl 
being tUl'ned ontward (fi~. 1a). In cl'ystals of the stI'l1ctlll'e, described 
sub a, a plate eut pel'Pendicnlal'ly 10 10011, will appeal' to be divlded 
into six sectors, of which evel'y one is optically biaxial. the planes 
of the optical axes being sitllated in tl1l'lële successi ve SOCtOl'S 11 nder 60° 
one to tbe other, while they are of COlll'se equally directed in evel'y two 
diametl'ically opposite sectors, In cl'ysrals of the type b there will 
be either three sectors, in whicb tbe axial plan es are ol'ientaLed 
along the larger diagonal of the kite-&haped sectol'o (fig, J bl ); Ol' 
thel'e appeal' six &ectol's, in which tbe axial planes are orientatecl 
pel'pendklllal'ly 10 a diameter of the l'homboidal boundary of the whole 
complex (fig', 1 b2 ); in this last mentionecl case the axial plan es in 
two diametrically si tuatecl sectors will appeal', as in the case snb a, 
orientated in the same dit'ection. The considel'ed possibilitIes are 
elncidated by some bchematical dl'awings in fig, t. 

(oiol 

lï"(1\ 

(100) 

Smgle CrJstal 

1301 

(OIO) 
(Iiol \ / \~'~I 
(1101 (liol 

cv 

Fig. 1. 

In most caseti the boundaries of thc scctorb are not clistll1ct; the 
different indi viclnals on the contntl'y, will peneÜ'ate each other 
pal'tially. The elea.vage OC'CUl'S pa/rullel to 1°101, bnt it is not very 
distinctly pronoul1ced, 'l'ile optical axial plane is parallel 1,0 1100!; 
the c-axis is fhst bisectl'ix, and the dispel'Rion is only weak: Q< v. 
COl'dierite is one of the most stl'iking instances of polychroitic minel'als 
(dicltl'oite); the heL'e used cl'J'staJ'3 albo showed th is phenolllenon in 
a very mal'ked degl'ee. 

I 

§ 3. In Olll' expel'imeut& we eould nse cOl'diel'iLeS of tho fgllowing 
thl'ee places: a colourless co.rdiel'ite of .Madagascal'; a, pale blne 
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rOl'clierite of Bodenmais; anel a pmk cOl'dieJ'ite of jJ10unt /óity on 
i1Iaclagascal'. 

a. Frol11 a magnifieent, almost colourless, homogeneous anel single 
cl'ystai of coreliel'ite, aftel' its label fi'om Jl1adagascar, three plane

(OOI) 

. 
, • 

"U9 fu, ..\JM.c 

J'~. 

(100) 
, • 

'JJC/I'j .LlfIf1b..ûW 

t~~ 21wfct 

I~ 
(OIO) 

+----+ 
5nI:ml11dct 

parallel plates about 1 or 1,2 mmo thick, 
were cal'efully -rut, anel the following optical 
properties of them eletermineel (fig. 2); the 
al'l'OWS inelieate the direction of the luminous 
vibrations, fol' which ~he mentioneel coloul's 
were obsel'ved in the erystals; obviously 
thus the absorption-scheme with respect to 
the crystt'tl-axes is: a > b > c. The axial 
plane was parallel to 11001; tbe c-axis was 
fil'st biseetl'ix (a). The bil'efringence is about 
0,008, anel of negati\'e chal'acte1'. Of each 
of these plates we obtained a RÖN'rGEN-pat-

Fig. 2. tern, aftel' they had beeu carefnlly orientate'el 
in the way fOl'merly descl'ibeel by us. 1). The distance of the photographic 
piate and the crystal was 4.5 mm., while the time of ex pos lll'e val'ied 
between 1 3

/ 4 and 23
/

4 
homs respectively. In connection with the question 

of the orientation, attention must be drawn here on-::e more to the fact, 
that eleviations of the theol'etically l'ig;ht ol'ientation, even 80 slight 
that they cannot be controlleel any more by means of optical test, 
wil! hO'wever always manifest themselves by a slight elissymmetl'y in 
the RÓNTGEN-pattel'n. Fo!' instance. the image obtained by l'adm'tion 
tlil'ongh 100J 1 in several experiments, appearecl to be always Wl

symmetl'ieal to a more Ol' less degl'ee, while by the optical test in 
any of these cases no appl'eciable eleviation of the optical Image 
anel of the rigbt orientation of the first bisectrix eoulel be proved. 
Tbus even the gl'eatest attainable clegl'ee of pl'ecislon in this orien
tation ean nevel' exclude the necessity, to acknowleelge cedain 
imperfectibilities of the expectecl symmetl'y of the obtaineel 
RÖN'l'GI<lN-pattel'l1s as of onIy seCOndtll'y impol'tance in the com-_ 
pal'ison of these images. <"Lnel to negiect them presently in dl'awing 
eonc.lusiolls fl'om tbe photographs. 'fhis point mnsl ahvays be con
sideretl in all following eliscussions of the obtainerl reslllts j withont 
this l'estrictlOll it sImply appea1'8 absolutely impossible to elraw ány 
valnable concItl&ioll fl'om the l'esult:, obtained by experiment.. At the 
t:iame occasion we wis11 fUl'thel' to l'emal'k, that the nse of a pho::;
phol'escellt t:iCl'een (species "Eresco") behind the photogl'aphic plate 

I) H, HAGA and F, M. JAEGER, these Proc., loc. cit, (1914), 

.. 
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evidently of ten causes disturbanees in two possible ways: 1 st. by 
increasing appl'eciably the dimensions of the central spot, because 
of the diffuse Iight-emission of fhe screen; which fact ma)' render 
some of the &pots' sitllated in the immediate vicinity of the central 
part invisible in the repl'Odurtions; and 2nr1 • becallse tIJe impossi
bility of pressing tlle phosphol'escent screen over its whole snrface / 
quite equally against the photogl'aphir plate, eyeniually will rause 
some differences in the intensities of the blacl\: spots, ·whiel! appal'ently 
create an accidental dissymmetry in the obtained photograph. Also 
both these distl1rbmg effects must be taken into account together with 
the above gi'(.en arguments, to explain the ineYitable imperfeetion of 
the RÖNTGEN-radiograms, thus prepal'ed. 

The RÖNTGEN-patterns, which now are repl'oduced in fig. 3, 4, and 
5 of plate I, ean teach ns the following farts: A somewhat more 
accurate stndy of these phoiographs will immediately show, that 
the images obtained by radiatlOn throllgh the cl'ystalplaics POOl and 
10101, possess onIy a bilateJ'd symmetry: tlw moleculal' arrangement 
of the cl'ystaI, seen in the two directions pel'penrliculal' to these 
faces, can thUR possess only one sin,qle plane of symmetJ'y, in the 
first case pel'pendicuIal' to 11001, in the last one pet'pendiclllar to 10101 
and passing through the c-axis; by both ima,qes !wweve1' it is lJ7'oved 
indubitabZv, t!tat aJ.:es of binary symmetJ',V are completely absent. The 
image, obtained by l'adiation thl'ongh the cl'ystal in a directlOl1 perpen
dieuJar to 10011 howevet', must be cOl1sidel'ed doubtlessly to be symme
trical with 1'pspect to a set of two symmetry-plrlnes, pel'pl'ndic'lllaJ' te each 
otltel''' of course the interseetion of these two planes, being the c-axis, 
needs to be au axi.c; of binary symmetJ'y too. On Table I we have l'epro
duced a RÖNTGENogram of this cn,se, which shows some clissylllmetl'ies 
by a very small error in the nOl'mal orientation; the distl'iblltioll 
of spots of equal intensÎty however, etc., sllggests the symme
tl'ical nature of th is radiogram with respect to the mentioned planes 
\vithout allJ doubt. Of th is same cl'ystalplate we obtained same 
more racliograms, w hich wel e howevel' not sufficiently intense for 
reproduetion ; tbey \\ OI'e somewhat more sYl11l11etrical than the pho
tograph repl'oduced here, whiëh fa(!t apparently was causecl by a 
somewhat better adjnstment of the el'ystalplate with respect to the 
RÖNTHEN-tube. But an optical investigation of the crystal-plates in quite 
the same position as in whieh they wel'e during the experiment, allo wed 
no clistinetioll of the orientatioJl in the seyeral cases: it must there
f'ore be considered a fact of mel'e chance, if one gets aceidentally 
tbe right position .of the rIate, necessal'y to obtain a pattel'll, whose 
symmetl'y approaches the pure one with 1110re or less pel'f'ection i 
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and. fllrthel'lTIore, as we all'eady mentioned, the accidental ~ituatiot1 
of the phosphol'eseent screen wiIl pla)' in th is question also a more 
or less important roJe. 

§ 4. The obtained results wel'e so surpl'ising, that we thought it ' 
llecessary to repeat the experil1lents of radiation thl'ough tlt'e plates 
parallel to 11 00I and 10101, also with cordierites of olber localities. 

b. Frolll a beantiful, pink cOl'dierite of .Mount lhity, Mada,qascal', 
w hieh had no geometrically definiie boundaries, two planeparalJel 
plates we re cnt aftel' 11°°1 and 1°1°1 and about 1 m.m.' thick. The 
plate pl1raliel 10 10101 was distinctly diehroitic: fol'. vibl'ations in 
the dil'ections of the axial plane it was lilac-white, fol' those pel'pen
dicular to it intensivei.)' pink. On 11001 the coloUl' fol' dbl'ations 
pel'pencliculal' to the c-axis was pink; fol' those parallel to it, the 
plate was almost white. 

In the same wa)' two sueh plates were ent from a single, short 
prismatic, chalcopyrite-eoyel'ed cOl'dierite-el'ystaJ of Bodenmais; it was 
fixed UPOII an aggregate of cbaleopyrite and sphalel'ite. The mentioned 
plates were from 1.0 to 1,1 m.l11. thick, and showed no distinct di
ehroisrn: the plate parallel to 11 OOI showed hardly an)' difference of 
eolour fol' two perpendieular dil'ections; that pal'ftllel to 101PI was tor 
vibl'ations parallel to the c-axis yellowish-white, fOl' those per'pen
dicular t(\ it howevel' pink cololll'ed. 

In <), qlllle analogolls way as described before, RÓNTGENograms of 
the&e foUl' cr.)'stal-pln.tes were obtained. The tig'. 6 anel 7 give t11e photo
grapbs fol' the cl'ystal ft'om Bodemnais, the tig'mes 8 and 9 those 
fol' the erystal of 11fount 1 bity 1). 

Fl'om these RÓNTGEN-pattel'l1S it ean in the lh'st instance immedia
tely be seen, tltat al",o witlt these cl'!Jstalplates 'áll radiogl'ams are 
only symmetl'ical witlt 1'espect to, one sin.qle vel,tical plane, and 
tltat in these minerals' also binm'y atves perpendicula1' to /1001 01' 10101 
apIJea7' to be absent. In ronneetion with the l'esults obtained with 
the other cOl'diel'ite-plates, it is hal'dlJ' possible to give an)' othel' 
explanatioll of this, thuJI that the absence of both l101'izontal binal'Y 

1) Thc corclieritcs of Ibity are somewhat richel' in Si02, AI20s• and MgO, than 
those of Bodenmais, but theil' content of iron·oxides is less ; thc following analysis 
may gi vc some idea of this : 

Ibity : 49.05 % Si02 ; 33 08 % AI20s ; 11.04 % MgO; 5.2 % l"eO + FesOs; 
1.64% HsO. 

Bodenmais: 48.58 % Si02 : 31.47 % A120 s ; 10.68 % MgO; 4.90 '% FeO; 
1,85% Fe20S; 0.09 % CaO; 1.96% H20. 

Vide a180: WULl'ING and OPPENHEIMER, SiLz. B Heicl(>}b. Akacl. d. Wiss. Abt. A, 
NO. 10. (1914). 
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axe.'l anti oj tlte Itorizontal symmetl'y-plrlne, is 1'eal~lf cJtamcteristic of 
tlte molecu/rtl' armngement oJ tlte .'lilicate. Founding our statement on 
these expel'iments, we must therefore dntw the conclusion, that 
èordierite is an hemimorphic mineral, belonging to the 1-/lOmbic-pym
rnidal class (rhombic-hemimorphic class) of tbe rhombic system, just 
like calamine and stl'uvite, etc. ~The threefold twinning-aggregations 
of the cordierite 1l1ust tbus be considered to lJe real psendo-hexagonal, 
and no pseudo-tr~qonal mimetic farms. 

Because all possible space-latticeR of tlle l'hombic system, as dedl1ced 
by BRAVAlS, possess verlkal and horizontal planes of symmetl'Y, the 
molecular arrangement of cordierite can therefore br na means 
cOl'respond to sürh a BRAVAlS' space-lattice. Howevel' the pseudo
hexagonal symmetry of the mineral, jnst as its pl'ismatic twillfol'ma
tions, seem to indicate with strong emphasis a stl'llCture-unit, which 
must be considered derived from the rectangulal' prism ·with rhombic 
base, whose angles --,wil! differ only slightly (('a. 25') ft'om 60° Ol' 
120°. The r.hoicc between the possible structUl'e~ is hardly to be 
expected: aftel' SCHOEN}'LlD,S' theol'y e.g" there wiIl be no less than 
22 arrangements, which eOl'l'espond to the bemimorphy of the rhombic 
system. (SCHOENFI.U:S, Krystallsysteme und Krystallstruktul', 1891,_ 
S. 433). 

§ 5. A second pecnliarity of the obtained RÖNTGEN-patferns is this, 
t.hat notwithstanding their' agreement with respect to th~il' general 
symmetry, yet appl'eciable diffel'enees in the dibtl'ibufiou of the black 

. spots show themselves, if analogous crystalplates, but of different 
localities are compal'ed. Even a superficial comparison of the figul'es 
3, 6, and 8 of plate 1 to the one side, and ()f fig. 4, 7, and 9 to 

, ' 
the other side, is able to manifest the great diffel'ences immediately. 
Doubtless all analogous images show a nnmber of eommon spots; 
but in every radiogram thel'e are mOl'eover new ones, while even 
h0!ll0logous spots in the different photogl'aphs appeal' with such 
different relative intensities, that the total aspeN of the figure becomes 
a quite different oue by it. 

As these photogl'aphs were made all unde1' ln'eciseZv the 8,l1ne 
circumstrtnces, we must conclude from this, that the sy mmetry of 
a species of minel'als being' evidentl~' ahvaJ's the same, thc nnmuer 
and the al'rangemellt of it~ moleenlar I'eticulal' planes, just as theil' 
molecnlal' densities, are however vtl1,iable with the special conditions, 
which werc pl'evailing' duriIlg' the fOl'mation of the crystals. With 
respect to the e,j'll;l'nrJl form of the cl'J'stals, th is is a fact which has 
long been known, and whieb eau mOl'eovel' readily be explained 
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by tIJe different influences of the factors accompanying the formation 
of the cl'ystals. Bnt fi'om OUl' expel'iments it füllows Jlloreovel', that 
the il1te7'12al arrangement also, the moleculal' 8t1'uct~tI'e itselj, mt/st be 
considel'ed rrs beim] v(l1'iable with tlwse e.vtemal !acto1'S; thns to fhe 
different 10Cttlities, 'wbere mineralg are found ]10t only the especial 
c1ifferenccs in habitns of the cl''ystals must cOl'respond, bnt also some 
vu,riations of its inLel'nal structUl'e. With respect to the gl'eat signi
ficance of 1!tis conclusion for the question abont the constancy of 
minel'al-species in general anel U,bOllt the l'elatiol1s between the 
extern al forces c!1ll'iJlg the cl'YstallisationpL'ocess [Luc! the internal 
cl'ystalline stl'llctUl'e, - we must remu,rk, that the correctness of 
our \'iew wiJl bè established only satisfactorily by. a great 
nnmbel' of sneh experiments, to be made with minerals-of very 
different origin and accurately known chemical composition. For 
especially of man,)' &ilicates, and also of cordiel'ite, it is 1010wn, that ~ 

they can be altered undel' the influence of C'helllical l'eagents 1) ; and 
it is very weIl explicable, if snch differences in intel'nal structul'e, 
as we have stated here, wel'e dependent upon Sl1ch differenees in 
chemical C'omposition, instead of being attributed to the val'iation of 
physical factors, whieb má.r IHtye had a val'iation of the external 
forms as a conseqnence, howe,'or in the case of cOl'diriefe, these 
val'Ïations in cllemical C'omposition ure only small. Only numerous 
experiments in the c1il'ect.ion indica(ecl above, wiH enable us to decide 
in the alternative. 

~ 6. We have tl'ied to prove the hemimorphy of the cordierite, 
just as it follows dOllbtless ti'om the described experiments, by 
verifying it agu.in by means of. the now usual physical methods. 

In the fil'st instance we tl'ied Z) to reach 0111' pllrpose by the aid 
of tlle wellknown metltod of c01'l'osion-jigw'es. The plates of cordierite, 
having been careflllly cleaned by bem.elle, afterwards by alc0hol 
and ether, were submirted dming a short moment to the action of 
a very dilnte sollltion of hydrotlnol'ic acid; later we made again 
such expel'iments by means of gaseous llydrofluol'ic acid and with 
dilllfe potassiul11hydrate-solutions. In the last mentioned case, we 
were unable to get any well-sbaped C'orrosion-figures; in the expe
riments with hydrofluol'ic acid ho wever, we always got, even aftel' 

1) Vide in this respect the papel' of WULFING and OPPENHEIMER, just published 
in: Sitz. B. Heidelb. Akad. d. Wi'ls., Abt. A. NU. 10. (1914), p. 5 and 6; 
L. OPPENHEIMER, Inuug. Diss. HeideJbel'g, 1914. 

2) In these expel'iments "Or. A. SIMEK has willingly given us his esteemed assist. 
anee. 
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the shorfest. 'posöibl0 aclion and by ,means of very dilute solutions 
of tile acid, a great llUmber of cOITosion-fignl'es, which appeared to 
be elevations, instead of impressions in by fa.l' tbe most cases, They 
generally (fig, 10a, b, c) diel not ha.ve any weU definiable shape, 
R.nd "vere mOl'eOVel' quite il'regnlarly distributed over the surface of the 
crystalplates 1), ouly on 10011 we suceeedp,d sometimes in getting 
some extended l'ectangulaJ' forml:i, proving the pl'esence of a binary 
axis and of Lwo pel'pendicularly intel'secting symmetl'y-planes. The 
corrosion-figures on 11001 anel 10101, and also on the prism 11101 
of the crystals from Jbity and Bodemnais, proved clearly in every 
case i/te absence of a /w1'izontal 2)/ane of syJl/'nietry; they were 
however fllrthermore so abnormally shaped, that they could hardly 
he used for tlle con trol of the above dedllced symmetry of the 
cl'ystals. T11is case pl'oves once more, rhat the method of corrosion
figur'es useel, eventllally can gi 1" llnreliable l'esuIts, either by the 
production of al.mol'mal etching-figures or by a shape of the cOl'l'osion
ftgures, which cannot sufficielltly exactly be defined. 

A second trial to determine the physical symmetry in this case, 
was based upon the idea, that because the principal axis c was of 
lJolaJ' nature, it would be possible, that its ends would manifest 
opposite electrical changes on mechanical dE'formation or on heating, 
Although we are strongly eonvinced of the truth that a negative 
result can hardly be considered to be a decisive argument in th is 
question, we have nevel'theless spent a considerabie time in en
deavouring to prove the polarity of the c-axis by means of KUNDT'S 

method of dust-figmes. Althollgh we were able to obtain on this 
oceasion e.g. the altel'native red and yellow powdel'ing of the vertical 
edges of prisma1ic ql1al'tz-crystals in a very satisfactol'Y way, howe\'€l' 
all 0\11' numel'OUS tentati"es with plates of cordierite, as weil with 
the pinaeoidal as with the prismatic pla.tes, remained without a 
positive result. In every ('ase, if pl'esent, this plezo-, or pyro-electl'ieal 
polarity of the c-axis appeal's to be only 80 feebIe, th at it seems 
impossible to prove its existence in the deseribed way with any 
certainty. 

It is aquite remarkable tact, whieh strongly corroborates the 
value of the new method that even whel'e all crystallographic methods 
to find the smttllel' physical symmetry-differences of crystals used up 
to this date, are failing, the new method howeveL' appeal:s to be quite 
able to elucidate the finer feature of symmetry of sueh crystals in 
80 complete and pel'snading a way, Thel'efol'e all indubitable place 

J) In these phalagl'uphs, the crassed hairs in the field are parallel la the 
dil'ectians of optical extinction of the plates, 

29 
Pl'oceedings Royal Acad, Amsterdam, Vol. XVII, 
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needs to be reserved in fnture to the method of RÖNTGF,Nograms 
among all othel' crystallogl'aphical methods. - At the same time ho wever 
it is proved by the results obtained with minerals of different 
localities, how strictly necesRary it pI'operlJ must be considel'ed, fo 
bniId up the whoIe systematical mineraIogy starting from this new 
point of view, and what surprisillg l'esuIts are surely to be expected 
therefrom. 

We will now describe here the anaIogous expel'iments, made 
with apophyllite. 

§ 7. Investigati0118 l'elatinp to the Symmetry 0/ Apophyllite. 
For our investigations of the symmetry of apophyIlite, we had 

matel'ial at om' disposaI ti'om tho following loralities: a. fi'om 
Paterson (U. S. A.); from BeJ:qen Hi11, E1'ie Raill'ofld .Lv' J.; e. fl'om 
GUfl17aJato, in Me/rieo; d. fl'om Ber'l.ljjord in leelrrnd. The apophyI=
lites of American origin we wiII pIace opposite fo thnt of lee/ancl 
as a typical gl'onp, because they manifest, as wiII seen below, some 
peculiarities in their ll10IecuIal' stl'llctme, w hich itl'e not present in 
the [celand-minel'al, and are Snb'3titllted in it by other quitlities. 

ApoJ!ll'!Jllite, a mmel'itI with the chemical composition : 

KH7Ca4Sis()z4 + J~ HzO 
belongs to the important gronp of the I'errlitrkable zeolithic siLicates j 

they itII contitin water, and itS was proved fol' many of them aIrNtdy, 
theit' vaponrtension at constant temperatlll'e appeat's to be continually 
variabIe with theil' momentaneous rontent of water, - a behavioUl' 
quite opposite to that of hJdl'atecl salts in genera!. The expIanation. -
of this phenornenon is commonly givell in this "",ay, - whieh is 
confil'med completely moreover by the physical properties of these 
siIicates, - that the water is not combined \Vith the silicate like 
the water of cI'ystallisation, bnt that it is pl'eRent, at least pal'tially, 
eithel' in soIid soIution or hold in the silicate-skeleton byabsol'ption. 

Apophyllite is a typical representative of an optically allomalous 
or mirnetic crystal: BIUiWSTER in 1819 already discovered the partitioll 
of the cI'ystal-sertions in numerous fields, and since that time the 
pseudo-tetragonaI crystals of this mineral ha\'e of ten been the subject 
of reseal'cb. FOt, the expIanation of this anomaIouR be~aviour, two 
theories have been started: in 1877 by MALT.AUD, who sllpposed the 
rrysiaIs of apophyllite to be polysynthetic twinnings of perpel1dicularIy 
crossed and penetratmg monosymmetric IamelIae, - the dimensiollfl 
of file monosymmetric moleculm'-al'l'angement diffel'illg ollly slightly 
from those of a tetl'agonaI st I'Uct 11 I'e. The second vie,,'-, ehiefly defended 
by C, KLl<iIN, explains lbe optical abnol'malities as eause9 hy internal 
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stresses, w11irh in theie turn aee causerl by an i~omol'phous mixturè 
of optically positi\ e and negative matel'ial I). The sllpposition of the 
existence of sneh positive and negative apophyllite-substances wbich' 
is really confirmed in some cases by direct observation, lllust serve 
at tbe same time for tbe explanation of the very weak birefringence, 
and tbe so-ealled leukocyclite-, and Chl'oHlocyclite-phenomena. W é will 
demonstrate in the following pages, that, - waiving tbe question, bow 
far the last mentioned phenomena need 10 be explainpd by tbis 
intel'growth of optically positive and negati ve snbstances, -4 - in every 
('ase the method of the RÖNTGEN-radiatioll decicles tlw alternative 
between the two views indubitabZy in flwow' of lVIALLARD'S Itypotlwsis. 

~ 8. The 'Arnel'ican apophyllites used we re all tl'ansparent, pearl
coloul'ed crystals; tlley have a layee-strllctUl'e parallel to /001/, to 
w hich foelll also the dil'ection of perfect cleavage is parallel. 

lVit/wut eJ.'ception all these apophyllites a1'e optically biatdal in 
conver,qent lJolarised ligltt, witlt positive c/tamcte1' of the bi1'efringence. 
The apparent axial al1gle is only smal!, with a dispersion : ~ < v. 
By means of a gypsumplate giving tbe red colour of 1st order, one 
sees, that numerous hlue-, and orange-tinged, rectangnlarly bounded, 
very small fields are in jnxta-; and superposition to each other, as 
in a 1l10saie; the cl'ystal makes the i rnpl'ession of consisting of an 
innumerable quantity of perpendicularly very smal! lamellae, which 
evidently are distributed and sllperposed in very unequal nurnber 
and in a rather il'regular way. -

All these pl'eparations give, If the RÓNTGgNrays are direeted per
pendicularly to·\OOll, the rad iograms , which in Table iJ are repro
duced in t11e figllres 1, 2, 3" and 4. Of all these mcliograms it is 
again cltaractel'istic, that titey possess a single plane of symmetry as 
unique symmet1'y-elem.ent; it is placed in a vertical situation in all 
reproduced figures, and corresponds, as was found later, to a direction 
pel'pendicular to tbe axial plane of the optically biaxial individuals. 
The direetion of this plane of symmetry can al ways l'ather easily 
be fixed on tlle original llegatives by the particular aggregation of 
spots at the Ilpper side of the image, which has the shape of a 
double pinnacle between the two vet'y distinct circular garlands of 
spots there; and also by the fact, that it cuts symmetrically the 
group of the five vel'Y intense blnck spots, which in fig. 1, 3' and 4 
al'e visible just beneath the cenh'e: in fig. 2 these spots are invisible 

1) The optical phenomena in b,lS,,Ü sections of the oplically positive apophylJites 
III e (a nel' ](OOKE) C'xactly analogous (0 those which would oe produccd in the 
ól'l~ina\ly uniaxial crystals; uy stresses, working parallel 10 the edges (001): (110). 

29*' 
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On the l'eproc!l1C'tion, by the strong raeliation of the phosphol'escent 
screen anel the enhtl'gement of the centt-al spot causec! bJ it, but 

. they were distincL Oll the original p!Jotogmphs. 
It is therefol'e doubtless, that these rhotographs can be considered 

to l)[l,\,e brollght the proof of 1,he fact, that lhe psendotetragonal"c-axis 
of the apophy llite-crystaJs, is not even a binary axis; but that at 
best it can be C'ompal'od wilh the vel'tical axis of a monosymmetric 
molecular arrangement· the ol'(qinal mole~ula1' stl'uctuJ'e of apophyllite 
is not of tetmyonal, but of 7nonoclinic symmetl'y, 

VVe on ce more emphasize in this cOllllection tbe existence of the 
group of five intensive spots, jnst beneath the cent1'e of the image. 
lndeed this gadand of five spots, which cOl'l'espond to five moleculal' 
planes, 8eems to be lyrical fol' all apophyllites of Amel'ican origiTI; 
it plays evidently in these silicates .a preponderant role. As Ïl"L 

litel'atlU'e thel'e can be fOlWcl l:lome data, l'elating to the fact, th at 
a heating to 2700 C. would be able to oxpC'l a part of t!Je water 
and to make the erystal tetra,qonal in realif,lJ, - we have studied 
the effect of such a heating at 2700 to 3000 C. by means of the 
heating-appamtus formerly c1escribed by us. Anc! 110W it was found, 
th at all spots disappeal', but that the mentioned five intense spots 
are elongated like the fingers of n hand (tig, 3b on plate II), This 
fact could be explained by the supposition that the original sets of 
parallel molecular planes, by which the five intensive spots were 
produced, are changec1 dUl'ing thc desbydratation and healing gradually 
into the same nnmbel' of now dh'el'gent moleclllar planes lying in 
five zones l'espeetively. This wonld be possible, if the molecula.r 
phmes, which are sitnaled nem'er 10 t!Je cl'j'stal-Slll'f'ace, will lose 
their watel'l11olecllles 800ner and more easily than those situated 
11eare1' the inner part of the ~rystal: the expelling of 1,he water 
takes place namely ver.r slowly and gradnally, while the planes are 
1'0tating ronnd their zone-axes continually dUl'ing this deshydratalion. 
1t is posRibie, Ihat an analogons, bnt far more irregular distortiol1 
of the positions of the molecular plan es will be the cause of a gra
dually getting vaguer ancl finally of a disappearing of:tll other points 
anel spots; if not the otheL' explanation, namely that alt these (Joints 
correspo}ld to the action of the wate1'molecnles alone, can ue arcepted, 
1t will be only possible to give :some strongel' aftil'mation of tbis "jew, 
if more zeolithic silicate wiJl be investigated in stn analogous way. 
The fig, 3b is made, aftel' the heated crystal b':ling cooled down 
to the roomtempemtnl'e; it appeal's to bo completely identiculllOwever 
will1 Ihe image obtainecl J.t 3000 C, within the fnmace, and it is 
only l'cpl'ocluced hOl'e inslead of tile other, becnuse the last mentioned 
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photogl'aph was too pale. The resulting state of the heated apophyllite 
remains thus absolutely fixed on cooling; aftel' the elata gi\ en in 
literatul'e, the water expelled at 260°, C. wiII be only l'esorbed af ter 
about 3600 hours fl'om an atmosphere of water vapour. Antieipating 
on our experiments with_ the apophyllite of lceland, we canl'emark 
in th is connection, th at with this mineral, which did not show the 
five mentioned spots, there remained nothing at all on the photo
graphic plate, aftel' the crystal was heated, except some feebJe action 
on the pla~es of the most intensive spots of the ol'iginal illlage; 
they only proved, that the ü'ansfol'mation by the heating was not 
yet completely fillished. In no case we have thel'efo1'e sllcceeded in 
proving, as before was done with the bOl'aeite. tbat the pseudotetra
gonal aggregatioll of monosymmetl'ic matel'ial, above a certain tem
perature can be clHtIlged iJito the l'eally highel' symmetdcal form: 
instead of sueh invel'sioll, a change in the silicate-skeleton is pro
duced, which at least during the short interval of t11e experiment 
can be considel'eel to be il'l'evel'sible, and which has nothing Ol' not 
direétly to do with the real transformation into a tl'ue tetl'agonal 
form. 

§ 9. In opposition to these Amel'ican crystals, the llsed apophyllite 
of lceland must be discerned as a most beautifuJ, glassy, ,md pel'fectly 
clear crystal, which was detel'mined to be a combination of sbal'p 
pyramid l11tl and b,lsal pinacoicl 10011. The angles of the pyramicl 
and of pyramid allel basal pinacoid wel'e Yal'iable within rathel' 
wide limits; they deviated fl'om the angles eommonly mentioned in 
litel'atme by au amouut of circa 30',10 1°; yet tlle l'eflected images 
were splendid anel quite shal'p, this phenomenon too leading to l11e \ 
supposition, that the tetragonal symmetl'y could only be a mimetie 
one: 

10011 1111l = 59°24' to 60°13; in literatul'e : 60°32'. 

11111 11111 = " 
: 58°56' 

11111 11111 = 74°38' to 75°39'; 
" 

: 75° 

"rather oscillating" . 
From th is cl'ystal two planparallel plates were cut, the Ol1e 

parallel to 10011, the other to 11 OOI· 
The plate parallel to 10011 between cl'ossed nicols appeal'ed 

to be not completely isOtl'OpOllS, but to possess H,n extremely we,",,1\: 
birefl'ingence, with the principal optical sections orientateel pel'pen
diculal'ly to the edges (110): (001). 

By means' of a gy pSlllll-lamella, gi ving the red of t st order, it 
appeared to ue divided into fom' sections, of which tlle diametrically 
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opposed ones wel'e tillgel! lJlnc, \V Ilile the othel' ones were omnge. 
EveJ'Y sector is 0 pticrdb/ uia rif"û, wit/~ positive clVlmcter; t!te a,via 1 
plane is in evel'y S8ctVJ' pt3l'pendiclûal'ly o)'ientated upon t!te con:e
sponding edge (110): (001). The foUl' qnadrants were limited in tlle 
centl'e of the basal seclion by straight borders, cOl'l'esponding wÜh 
the edges of the pseudo-tetragonal py"!'amid; in every sector the 
direction parallel to the cOl'responding edge (110): (001) is that of 
smaller optical elasticity. 

The plàte, which was cut parallel to 11001, showed on very 
strong enlargement and by the aid of a gYPsl1m-plate with the récl 
of l st order, a very fine lamellar structure: the lamellae are super-' 
posed parallel to the faces of the pyramidal, apparently tet~goIla,l 

limiting forms, wlule also locally smaller or more 'extended fields 
can be discemed, in which the optical orientation appears to be 
different and in an ol'ientation, evidently pel'pendiclllal' with respect 
to each (lther. 

Of these plates the RONTG"EN-patterns wel'e obtained in the usual 
way: the fig. 5a, plate II represents the image, if the plate pamllel 
to j0011 is l'adiated through; it corresponds to the centl'e of the 
basal sections. where the foul' Rections al'e tangent to e~ch other; 
fig. 6 was obtailled by radiation through one single ser.tor, and 
fig. 5b represents the RÖNTGENogmm, cOl'l'espondiug to a l'a.diation 
throl1gh the plate, cut parallel to IJ OOI. 

Although fig. 5a appears to be approaching to a much higher 
degl'ee to real tetragonal sy m metl'y, it is easy to recogllize in it the 
perpendicularly crossed partial figm'es of the photographs fig. 1-4, 
but without the formerly mentioned intensive tive spots near the 

I cent re ; and fig. 5b shows a s'ymmetl'y with respect to two planes 
of symmetry, perpendiclllal' to each othel', and tt binary axis. In 
fig. 6 it would again be possible to donbt this approach to tetragonal 
symmetry; 11OWeVel' it seems to be present, and the figure allows, 
e.g. by direct comparison with fig. 4, to prove that in the radiogl'ams 
ot' tile lceland-apophyllite doubtlessly several elements of the mono
symmetric Amel'ican stl'lIctlll'es are present. From all these peculiarities -
it seems that we may conclude, that the image of the apophyllite 
from lcelancl approaches only therefore more th at of a real tetragonal 
cl'J'stal, because the intergrowth of tlle monoclinie lamellae is in this 
case muc1~ fine]' and more r8gular than in the American species; 
and with th is doubtlessly the othe1' fact is connected, that the 
Iceland-mineral looks so much clearer and within larger sectors 
more bomogeneous, than the tUl'bid-looking alld opaque Arnerican 
apophy llites. 
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FinaJly we can here also fix the attE'ntion to the fact, that (he 
RÖNTGENogl'amS of the apophyllites of different localities diffel' yet 
in theil' finer features, althongh they possess the same general 
symmetry. 

§ 10. In om opmlOn these investigations ha"e decided without 
any doubt between the two pl'evaiJing theol'ies fol' the explanation 
of the optical anomalies of apophyllite, in favoul' of MALJJARD'S 

hypothesis: not the tetl'agonal moleclliar strllctlll'e, distUI'bed later by 
internal stresses, must be considered as the primal'y slate of the 
mineral ; but this state rorl'esponds to an ol'iginally monoclinic 
moleClllal' arl'angement, which apPl'Oaches very closely to a tetl'a,gonal 
one, and which l'eaches its pseudo·tetragonal character by the 
crossing and intel'gl'Owth of two sllch mono&ymmetl'Ïc stl'llctures, 
by means of polysynthetic lamellal' twinning, and a mutllal penetl'ation 
in dil'ections, which make an angle of 90° with each olher. 

POSTSCRIPT . 

Finally we wiU use th is opportunity, to add here again a con-
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Sf l'uction-figm'c, relating 10 om p,tper on the symmetry of bOJ'acite \) i 
Hds iigm e will repl'odnce the rlmnges obsel'ved by us with .Ihis 
minel'al before and aftel' IJeating, in a eiearer way, Ihan the not 
vel'y satisfactol'Y photographical l'eprodllctions given in that paper, 
In constl'lleting this stereographica1 pl'o.jection, Dl'. L. S. ORNSTEIN 

has given us again his kind assistance, for which we thank him here 
also onee more. The change of the binary axis into the quaternary 
one, is pl'oved by this figure again in a vel'y steiking manner, and 
it is easy to see, which l'etlrular planes of the moleclllar stl'ucture 
have disappeared at higher temperatllt'e. -

At the same time we will correct some errors in the former 
paper, whel'e on p, 797 the words "l'ight" and "left" need. to be 
interchanged several times, because the photogl'aphs are unhappily 
pl.wecl in re\'crsed pOSItion. so that on compal'ison of the lex I and the 
figlll'es, there is a confusion of l'ight side, 1eft side, and of horizonta1 and-
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Boracite at room temperature. 

1) H, HAGA anel F. l\L JAEGER, these Proc. loco cit. 798 (1914). 
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H. HAGA and P. M. JAEGER. (Cordl!rlte and Apophylllte). 

Fig. 13<1. Fig IJó. 

Fig. 12. Fig. 11. 

Fig. 11. Apophyllite from J'atersoll (USA.), J. (OOI). 

Fig. 12. Apophyllüe from &rgm lJill (N. J.), J. (OOI ). 
Fig. lJa. Apopljyllite from Paterson , .1 (OO L). 

Fig. 13b. Idem, af ter heating 011 27()0-3()()0 c., J. (COl). 

Fig. 14. 

Fig. 16. 

Fig. 14. ApopllYlIite from Gllal1ajoto (Mexico), J. (OO I). 

Fig. I~. Apophyllite from letland, J. (OO I). 

Fig. ISb. Idem, J. (HjO). 

TABLE 11 : Apophylllte. 

Fig. 150. 

Fig. ISb. 

Fig. 16. Apophyllüe from letland, .1 (OOI); the RONTOE N·rays have ptl1etrated onlyoneSt<:tor 

of the crystal. 
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~el'til'al directions. The new fig1ll'e in t.hï"s 'paper bas been adjl1sted in 
such a positioIl, (hat it will.corl'espond 10 the text of p. 797, if on1y the 
wOl'ds vertieal and horizon tal (line 9 and 10 fl'om beneath) are inter-' 
changed on reading. . 

. Gronin.l.Jen, June 1914. 
Labomt01,ies 101' Physics and fol' hW1'ganic' 

Clmnistl'y of the Univel'liity. 

Physics. - '~FHESNEL'S coefjicient f01' l~qht of cl~tj'el'ent colow's." 
(First part). By Prof. P. Zl<~E.1rAN .. 

One of the empirical foundations of tbe electl'odynamics of moving 
bodies in Ihe dornain of opties is FJZIMU'S relebrated experiment on 
the carl'ying along of the light waves b'y the motion o( water. Let 
'/.IJ be the, velàcity of water relative to an obsel'vel', then fol' him 
the velocity of light propagated in the water would be 

c 
Ca=-±w 

ft 
if the dynamical laws fol' the addition of velocities were perfectly 
general. 

In this equation (1, designs the index of l'efmction of water, c the 
veloeity of light in vacuo, allel we must take the upper Ol' the lower 
sign, according as tbe light goes with Ol' against the stream. FIZEAU 
demónstrated that not the entire veloeity ZIJ but 0111y a fraction of 
it cornes into action. This 'particu~ar fl'action appeal'ed to be approxi-

1 
- mately equal to 1'--;, FRE.SNEL.'S coefficiellL Rence we must write 

tl 

in place of the above given formula: 

where 

() 

Ca = -± Et/). 

ft 

1 

(1) 

E = 1--. . (2) 
tl~ 

For water E is equal to seven-sixteenths. 
The extremely important fole which tlle formlllae (1) and (2) have 

had in the theory of aberratioll, in the development of LORENTZ'S 
electronic theol'y needs not t.o 'be exposed het'e, and it is hardly 
necess~l'y to state that, equatioll (1) is 1I0W l'egardèd as a simple 
confil'mation 'Of EINSTEIN'S theol'em concerning the addition of velocities . 
. I may be pel'mitted howevel' 10 poillt out tbe smalIness of the 

___ ._~ _~ _ __ _ ___ ~~_.J--,-_ 
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secOlId tel m of fOl'lIlula (1). The veloeity whieh we al'e able to 
obtain in a, rol UlllIl of water transmitting light is of tJtC oL'der of 
magnitude of 5 me tres peL' seronel. We have thus to find a diffel'enee 

- 3 108 

of velocity of 5 matres in -- 111., i. e. of one part in fifty millions. 
4/3 

This was done by FIZI~AV 1) in one of the most ingeniolls expel'i
ments of the whole domain of physies. FIZEAU divided a beam of 
lighL issuing from a Hne of Jight in the forus of an object-glass 
into two parallel beams. Aftel' travel'sing two parallel tubes these 
beams pass thl'ough a second lens, in the focus of which a silvered 
11111'1'01' is placed. Aftel' reflection the l'ays are' returned to the object 
glass, intel'c11anging theil' paths. Each ray thus passes thl'ough the 
tVi'O tubes. A system of intel'ference fringes is formed in the focns 
of the first lens. If water is flowing in opposite directions in the 
two tubes, one of the intel'fel'ing beams is al ways tl'avelling with t11e 
current and the othe1' against it. When t11e water is put in motion 
a shift of the central white band is observed: by l'evel'sing' the 
direction of the CUl'l'ent the shift is doubled. 

'fhe illgelluity of the arrangement lies in the possibilitJ' of secul'ing 
that the two beallls tra\'erse identical ways in opposite directions. 
Every challge due fol' example to a val'iation of density Ol' of tem
pera,tul'e of the moving medium equally intluences the two beams 
and is thel'efore automatically compensated. 

One can be sure that' a shift of the system of inte1'fel'ence fringes, 
obsel'ved whell l'evel'sing the dil'ection of the CUl'rent must be due 
to a change of the velorIty of propagation of the light. 

The tubes 1l5ed by FIZEAU had a length of about 1,5 metres and 
an intel'l1al diameter of 5,3 m.m., whereas the velocity ofthe water 
was estimated at 7 metres. 'VIth wlzite l~qltt the shift of the centra] 
band of the Elystem of inted'erence fl'i}lges observed by reversing the 
direction of flow was found frorn 19 rather concordant observutions 
equal to 0,46 of the distance of two fringes; the value calculated 
witt] FRESNEJ:S coefficient is 0,404. 

The l'esult is favoUl'able to tbe theol'.r of fi"RESNEIJ' The amount 
of the shift is less than would cor1'espond to the fuIl velocity of 

1 
the water anel also agrees numel'ically with a coefficient 1--, if 

tJ.2 
the uncel'tainty of the obser\'ations is taken into account. 

1) H. FIZl:AU. SUl' les hypothèses relatives à I'éther lumineux et SUl' une expérience 
qui parait démontrer que Ie mouvement des corps change la vitesse a vec laquelle 
la lumièl'e se propage dans leur intérieur. Ann. de Chim. et de Phys. (3) 57 
385, 1859. ' 
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FIZIM.U'S eXpel'Îments, thongh made by H, rnethod wInch ie theore
lically ai- simple as it is ped'eet, lofr some c10ubts as to their aecu
racy, partly by l'eason o( the l'emal'kable conclusiom as to relati ve 
motion of ether aml matter to which they gave rise, and these 
donbts cOllld only be removeel by new expel'iments. 

35 years aftel' FJZEAU'S first communication 1) to the Aradémie 
des Sciences, MlOHELSON anel MORLEY 2) repeated the experiment. 
They inteneled to remove some elifllclllties inherent to FIZEAU'S methoel 
of observation and also, if possible, to meaElUl'e arcul'ately the frcl,ction 
to be applied to the velority of the water. ~IICHELSON uses the prin
ciple of' his interf'erometel' and pl'oelnces 'intel'ference fringes of con
sidel'able widtJi without reducing at the same time the intensity of 
the light. The arrangement is further the same fiS that used by 
FIZEAU but performed with the considerabIe means, which Americn,n 
sCÎentists have at theil' disposal fol' important scientific questions. 
The intel'1lal diameter of the tnbes in the expel'Îment of' Mrcmn,soN 
and MORLEY was 28 m.m. and 111 a Hl'St sel'ies the tatal') length of 
the tnbes was 3 metres, in a second series H, little more tban 6 metres, 

From three series of expel'imentEl with wltite litjltt iVIWHELSON found 
l'esults which if reduced to what they would be if the tnbe were 
2 X 5 metres Jong and the velocity 1 ~etl'e pel' second, would be 
af:. follows: 

"Sel'Ïes 

1 
2 
3 

D. = double displacement 

0,1858 
0,:1838 
0,1800" 

"The final weighted val ue of D. fol' all the observations is D. = 0,1840. 
Ft'Om th is by substitntion 111 the formula, we get IJ = 0,434 with a 
possible error of ± 0,02". 

For light of the wavelength pf the D-lines we calculate 1 --
:l 

- - = 0,437. This agl'eement bet ween theol'y and obsel'vation is 
• (.t 2 

extl'emely satisfactol'Y. 
A new formula fol' IJ was given by LORENTZ 4) in 1895 \'Îz.: 

1) Comptes rendus 33, 3~9, 1851. 
2) A. A. MrCHELsoN and E. W. MORLJ;Y, Influence of motion of the medium on 

the velocity of light. Am. Journ of Science (8) 31, 377, 1886. 
3) Viz. the' sum of the lengths of the ways in the moving medium, traversed 

byeach of lhe interfering beams, Ol' appl'oxlmately twice the length of one of the 
tubes. 

4) H. A, LORENTZ Versuch einer Theorie del' electl'ischell und optischen Erschei· 
nungën in "bewegten Ï{örpern, p. 101, 1895, See also Theory of Electrolls p. 290. 
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1 1 all 
1:=1 ~- --- À.-

ll~ (1. dÀ. 

For the wavelength of tlle 80dium lines this becomes: 

0.451. 

. (3) 

We see, thel'efore, that tile value deduced by formula (3) deviates 
more from the reslllt of the obsel'vations than the value given by 
the simple forrnula (2). 

"SoUte es gelingen, was zwar schwiel'Îg, abel' nicht unmöglich scheint, 
experimentelI zwischen den Gleichllngen (3) und (2) zu entscheiden, 
und sollte sich dabei die erstel'e bewähren, so hatte man gleichsam die 
DOPPJ.ER'sche Vel'anderung der Schwingtmgsdaner fül' eine künstlich 
erzengie Geschwindigkelt beobachtet. Es ist ja nur unter Berück
sichtigung diesel' Vel'ändel'llng, dass wir die Gleichung (3) abgeleitet 
haben". 1) 

It seemed of bome importaltce to repeat with l~qltt ol d~tferent 
colml'l's FJZEAU'S experiment, JlOW that the cOl'respondence between 

'theory and observation had become less brilliant, and in view of 
the fundamental importance of the experiment for the opties of 
lnoving bodies. 

Fl'om the point of view of the theory of relativity the formula (3) 
is easily proved, as has been pointed ont hy LAUE 2), neglecting 

w~ 

terms of the order -. Recently, ho wever, again some doubt as to 
0

2 

the exactness of LOHENTZ'S term has been expressed. I may l'efel' 
"here to a l'emal'k by MAX B. WmNSTffiIN a) in a recent publication 

and ,to apaVer by G. JAUlIiANN 4). The last mentioned physicist gi\'es 
au expression fol' the coefiicient E, which for water does not differ 

I 

much, but in other cases deviates Yery conslderably from FRESNEL'S 

coefficient. 
The interference fringes were pi'oduced by the method of MICHI!1I,80N. 

The method of obsel'vation introduced wili be described later on. 
The incident l'ay sla meets a slightly silvel'ed plate at a. Here it 
divides into a reflected and a transmitted pa~t. The reflected ray 
follows the path abc cl eaJ, the transmitte~ one the path 
a e cl eba f. These rays meeting in the foeal plane of J ha"e 

1) LOREN'rZ. Versuch u. s. W., 102. 
2) M. LAUE. Die Mitfülu·ung des Lichtes durch bewegte Kórper ,nach dem Re

lativitätsprinzip. Ann. d. Phys. 23, 989. 1907. 
3) :MAX B. WEINSTEIN. Die Physik der bewegten Materie und die Relativitäls· 

theorie. Leipzig. 1913, see note on p. 227 of his publication. 
,) G. JAuMANN. Elektromagnetische Theol'ie. Sitzungsber.· d. Kaiser!. AIr.' der' 

Wiss. Wlen. mathem. nulurw. KJ. 117, 379. 1908, especially p. 45\;1. 
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pursned identical, not onl)' equivalent, paths, at least thjs is the 
case fol' that part of the system of interference fl'inges which in 
white light forms tbe cenh'e of the central hand. 

Fig. 1. 

In order to verify the formula (3) it is necessary that the light 
be monochromatic. Furtber it seems of immense ad"antag'e to have 
a water cm'rent which remains constant dming a, considerable time. , 

For observations witb violet light this even becOlnes stl'Ïctly neces
sary, because visual observn.tions are impossible with the violet 
mercury line (4358) nsed. MICHELSON obtained a flow of water by 
filling a tank, connected witb tbe appar:1tus; by means of lal'ge 
valves the cm'rent was made to flow in either direction through tlle 
tubes. "The flow lasted about three minutes, which ga\'e time f91' 
a nnmber of ooservations with the flow in alternating directions". 
In view of my experiments tbe municipal allthorities of Arnstel'dam 
permitted the connection of a pipe of 7.5 cm. internal diameter to 
the main water conduit. 'l'here was no dJfficulty now photographing 
the violet ~ystem of interfm'ence fringes, though the time of eXiJo· 
sition with one direction of flow was betvveen 5 and 7 minutes. 
The pressure of the water proved to be veey constant dnring a 
series of observations; the maximum velocity in the axis of the 
tubes, of 40 m.m. intern al diameter and of a total length of 6 
metres, was abouL 5,5 :rnetl·es. 

Before recording some details of my experiments, I may be pel'-
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htitted to commllnlcate the general l'esnlt that fol' water theJ~e exists 
a dispersinll of FRF.SNI~r:s coefjicient and t/zat f01'lnula (3) ani tfte1'e
fO/'e t!te t!tint term of LORl')NT7. is essentialZy C01'rect. -

I wish to l~ecOl'd het'e my tbn,nks to ;VÜ'. W. DE GROOT phil. nat. 
rand. and assistant in the physiral Iaboratol'Y fol' his assistanee 
dUl'ing my experiments with the finaI apparatus. 

Tbe difficuIties encountered in these expel'iments were olJly sur
mounted aftel' two l'eronsll'Uctions of the appal'atus. Great annoyance 
gave the inconstancy of the interfet'ence fl'inges, wben the pressure 
of the '" ater Ol' the dil'ection of flow were changed. Then not onIy 
the width of tbe interfere'lce hands, but the inclination of the fringes 
were undel'going nncontl'ollabIe va1'Îatiolls. All these defects were 
pel'fectly eliminatecl by the use of wide tubes and by arl'anging tlle 
end plates in tbe man nel' indicated' in Fig. 3. 

/ 
/ 

/ 

/ 
/ 

--~----

"-
'", 

'" '" '" 
Fig. 3. 

I am indebted to Mr . .l. VAN Dt<m ZWAAL, insti'l1mentmakel' in the 
laboratory fol' his cal'efully cal'rying out my inRtructions and designs 
in the mechanical constrnction of the apparatus~ 

In fig'. 2A a side aspect, and in Fig. 28 a horizon tal pl'ojection 
of the arrangement on a scale of about l/15 th is g'iven (see Plate). 

The interferometer is at tbe l'ight side, al the left the rectangular 
prism is pIaced. 

The mounting of this prism is onIy sketéhed and was in l'eality 
more stabie than might be infel'l'ed from the dl'awing. 
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P. ZEEMAN. "FRESNEL'S coefficient for light of different colours." (First part). 

Fig. 2. A. 

?- I I / \ ----+--nP4 F'1 M pil i Mil k ! .. " i', J 

Fig. 2. B. 

Proceedings Royal Acad. Amsterdam, Vol. XVII. 
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Prism and Înterfel'ometer were mounted on the piers cemented 
to the large briek pier of the laboratorj' The tubes are entll'ely 
disconnected from the mterfel'Ometer and monnted on a large iron 
[ girder; th is gil'der 1'3 placeel upon I)]ers of freestone cemented to 
large plates of fl'eestone fixed to the wooden laboratory floors. In 
this mannel' the adjllstment of the intel'ferometel' cannot be dlsturbed by 
vibrations proceedlIlg fl'om the tubes. At the rlght of tbe hOl'izontal 
proJection tlle foU!' large yalves may be seen, by tU1'l1ing which the 
rurrent was made to flow In either dIrection through the tube systems. 

The mountings contalll!11g th~ glass plates by whlrh the tnbes 
are rlosed are not given in the Plate. One of these mountings con
taining tlle plane parallel plates of glass IS elrawn to srale m FIg. 3 
at one half of the naLmal SIze The four plates of glass are by 
HILGER, the) are CIl'CuJar of 24 m.m. diameter and 10 m.m tbIck; 
in a seeond series of observatlOns plates 7 m.m. thick have been 
ubed. The aCCUl'ac)' of parallehsm of tbe plates IS exrellent; they 
art:' in deed cut fl'om echelon plates. The general plan adopted for 
the construction of the plate mounting~ is this: one ran onl)' be 
sure that no change will occur in the position of tho plates durmg 
the COUl'se of an experiment, If tllls position is elltire~1 definite. In 
order to attain this the glass plate l'ests upon the mner, aecurately 
gdnded, surf are of the brass piece d. TlllS piece d fits accurately 
into the conical inner part of a piece b, ltself rigidly sCl'ewed to 
the tube a. Parts d and bare connected by means of the connter 
nut c. The glassplate is held against cl by the nut e. There IS 110 

objection to the presence at the inside between e and d or' rll1gs of 
hard india-rubber and of brass. (To be continueel) 

Physics. -- "A new 1'elation between the cl,iticfll quantities, and on 
the unity of a II sub ~tances in theil' the1'm,ic behavioU1'." ~ COll

cluslOn). By Dr. J. J. VAN LAAR. (Oommul1lcated by Prof. H. A. 
LORENTZ). 

(Communicated in the meeting of April 24, 1914). 

By way of sllpplemeut we shall add the calculation of thl7ee mo1'C 
isotherms belolv the critical temperature, fol' whirh (lor. rit.) data 
are known fl'om the unsaturated vapour region. Jf the j3-valnes above 
Tk wet'e somewhat too high on the whoIe, now we 8ha11 find valne::, 
which are 171uClt too 1010, lowel' even than /30' and therefOle impos~ 
I 

sible. These elcviating \ alue::, ca,ll only bc e:\.plaincd, ",hen "itl! low 
temperatures anel large vol u mes associrttion in the vapuu1' is assumed, 
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FOl' then, when RT in the equation of state is made 'smaller bS' a 
factO!' < 1. a/sa v-ó wiJl be smaller, lIence b gl'eater. In this way 
the too smaU o-va,lues could thel'efol'e oe l'aised to (/Je normal alllount. 
We shall see in the following pal'agl'aph ~bat inside the l'egion of 
coeJi.istence the same plJellomenoll takes pJace: the b~values in the 
vapOtt1' much too smaU (even hl,l'ge negative), the ó-valnes in t11e 
liquid pItase 110)'1)1rt[ and in hal'mony with rhe theory. 

Something pal'ticulal' tttkes thel'efol'e place fol' the large volnJ,Pes: 
there is either' nssoeiation in the vapout', or the valueil of the pressme 
have been measl11'ed too smalt, Ol' thc valnes of the vapour densities 
too liu'ge. We shaJl presently return to this . 

.f. Isotherm of -130°,38 = 142)71 absolnte. Hence m=0,9473, 
3,424?n = 3,244:. 

P dA !! 8 n ( E +5: nzl n-{3 
11 

(3 

12.773 27.394 

I 
0.2661 10.873 0.3084 10.518 0.355 

28.878 77.821 0.6016 3.827 0.9430 3.440 0.387 
I 

Mean 0.371 

Here,vesbonld ha\'ey = 0,727,(3k,=û,415,.B,! = {Jo X 1,475= 0,421. 
Henee the "alue of ;'?q fOUl1d is too low. 

Wlth T = 133,47 cOl'l'esponds 'l = 0,7j 9, IJle' = 0.411, IJq= IJDX 
X 1,457 = 0,-116. The found value of /Jg, viz. 0,285, is fttr below 
the theoretical value 0,42, 

ft. Isotherm of - 149°,~ - 123,49 abs. Fot' rn is found 

In 0,8197, so 3,424 m = 2,807. 
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\ - ~ - .. 
P dA ! 11 ! n ! E+ 5:n2 n-{j ~ 

11.150 29.183 0.2323 I 10.206 0.2~O3 10.014 ö.192 

\2.788 
I 

34.646 0.2664 8.597 0.3341 8.401 0.195 

Mean 0.194 

_ Here "I = 0,711, 13k' = 0,406, I31J = f3 0 X 1,439 = 0,411; 0,19 
UgUill remains considel'ably below this. 

Combining the fOl1l1d values of f3IJ in a tuble and compal'ing them 
with t11e theoretical vallles, we get the following survey. 

m 1.95 1.43 1.13 1.04 1.01 

,';) cale. 0.49 0.46 0.435 0.43 0.43 
V'f 

~IJ found 0.55 0.51 0.45 0.43 0.42 

0.95 0.89 0.82 

0.42 0.42 0.41 

0.371 0.281 0.191 

As was all'eady remurked above, the great deviation, especially 
below Ti<. (m, < 1), must not be ascribed to tlle theo1'Y, but to the 
experiment, or to assoriation in the vapour. 

Fot' tbe found vaiues of f31J become, af, we shall see, even ne.qative, 
hence impossibJe, at still lowel' tempel'attU'es - while 1\1so /Jvr>j1 is 
conti11lmlly fCll'nd smalle1' than f3 11q , which of course points fo 
something pal'ticnlar in the vapow': eithel' association, Ol' inaccurate 
YfipOnl'- Ol' volnmo detel'll1inations, in ronsequence of a sysLemfiLic 
e!'!'or. (Çonsult also g. of § 18 fol' a possible explanation.) 

18, TI~e 1'egion 0/ coe,vistence. l0f. Comm. 131 and These Proc. 
of Nm-. 1913 lOomm. 138)). 

Fol' the calcubtion of !3 fl'om the given "alues of the coexisting 
vn.pour aud liquid densities it is to be regretted thaI. thc' vapoul' 
pl'eSSUl'e obserrations (see filso Comm. 115) lu:we not been made at 
e.'Cactly the sa.me lempel'filures as the c1ensity obsel'vfitions. This has 
rendel'ec1 in tel'po1ations necessary, which of course impail's the 
perfect ficcuracy of the E, wIJieh wiII make its influence feIt chieOy 
on the .8-vfill1es whieh fi1'e calculn,ted from tbe vapoul' densities. 

In this connec!iol1 we should not omit mentioning that tlle value 
of f, calcl1!uted ft'om thc fit'st obsel'\'at.ions of thc vapolH' tensiOlls 
(00111111. 1J 5). is muC'h too low, viz. 5,712, )vheren,s the mnch bettel' 

30 
Proceedings RoyaI Acad. Amsterdam, Vol. XVI[. 
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VaÎllè I> 5,933 follows ft'om the values given in Com111. 120a 
(see p. 10) 1). 

We had even sllfficient reasons (see § 17) to fix the valuc of 
f' aL 6 Cf cOllld be still somewhrtt larger thon). 

RANKINg-BoSE'S interpolation fOl'mula (sec These Proc. of Nov. 1913, 
or OOllun. 138), namely 

IJ c cl 
lo.q P = Cl + T + T~ + T3 ' 

gives by diiferentiation: 

k _ 2 3 (_ ~ _ 2c _ Bel) 
pelT -, 1'2 1'3 7'4' 

henee ' 

='!.dp = 2,3(_b_ 2c _ 3d)= 2,3[634391_ 61538,18 3229392J 
I P dl' 7' 'J' 1'2 T' ''J' + 1'2 • 

But th is fOl'mula, wbieh is calculated fl'om all the obsel'vatious 
of 11 (sa also from those below -140°,80), aud cOl'l'esponds pl'etty 
well with it, gives t11e value Ik = 5,628, which is much toa low, 
at Tl.; (150,65), hence still 10wer than the value Ik = 5,712, givel1 
at thc conclnsion of Comm. 1 t 5, and calculated with b . - 524,3169, 
c = + 113·1:3,28, cl = 0. 

In virtue of this I ihink I have to recormuend caution in the 
use of the vaInes of p, at least in the neighbourhood of the critical 
temperature. 

We shall 110W give the following sl1rvey of the values fOllnd fol' 
the densities f!l and Q2 (Comm. 131), and aI80 the corresponding' 
"alnes of p (Oomm. 115, and These Proc. of No\'. 1913 or Oomm. 138). 

-125°.17 !?1 =0 .77289 f.h=0.29534 p=42.457 (for - 125° .49) 
I 

-13l0.54 0.91499 0.19432 35.846 ( " - 129° .83) 

- 135°.51 0.97385 0.15994 29.264 ( " - 134°.72) 

-140°.20 1.03456 0.12552 22.185 (» -140°.80) 

-150°.76 1.13851 0.06785 13.707 (» -150°.57) 

-161°.23 1.22414 0.03723 7.4332 ( » -161°.23) 

-175°.39 1.32482 0.01457 

-183°.15 1.37396 0.00801 1.3369 ( ,. -183°.01) 

We haye calculaLed fl'om Q1 antI Q~ tbe "[tlnes of dl [tnd cl~ 
giveu in the following LabIel) by 1118allS of (!/" = 0,53078. 

1) Slightly brlow Tk, at -125°,49, r = 2,577 X2,3026 = 5,933 was uamely fouud. 
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tt. t == - 125°,17, henee T =-147 ,92) rn = 0,9819, 3,424:rn == ~,M~, 
By means of linear interpolation IJ = 42,944 has been calculated, 
80 E == 0,8947. 

d n Il a+5d2 n-(3 (3 

dl == 1.4563 0:687 11.50 0.292 o . 394,{ liq.) 

d2 == 0.5564 1.797 2.443 1.376 o .421 ~vapour) 

As theol'etieally (3 ranges from 0,42 to 0,29 (see above), both the 
values found ean be correct. 

b. t = -131 °,54, T == 141,55. Henee m = 0,9396, 3,424 'In = 
= 3,217. Linear interpolation, giving p = 33,545, E = 0,6989, would 
be t?O uneel'tain here, as -129°,8 differs too lUtteh fl'Olll---131 °,5. 

m 
VAN DER WAAIJS' fOl'l11ula _logIO E =1-

1
- gives wiib 1= 2,444 1

) , 
-112 

the valne e = 0,6964. 

d n 
11 

e+5d2 n-(3 
1I 

(3 

dl = 1.7238 0.580 

I 
15.55 0.207 I 0.373 (liq.) 

I d2 = 0.3661 2.732 1.367 2.354 0.377 (vapour) 
I 

As (3 ranges from 0,42 to 0,29, the /3-valne in the vapou1' is to~ 
small. 

c. t=-135°,51 =137,58 abs. Rence m=.O,9132, 3,424m=3,127. 
A linear intel'polation gÎ\'es p = 28,344, c = 0,MI05; VAN DER WAALS' 

fOl'mnla witb f = 2,420 gives c = 0,5890. 

d n c+5d2 n-/3 
I1 

/3 

dl = 1.8348 0.545 11.42 0.179 0.366 (liq.) 

dz = 0.3013 3.319 1.043 2.998 0.321 (vapour) 

1) The values of f have in each case been calculated by me from the VapOllL'
pl'essul'e obsel'vations. 

30'" 
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.' ::'1iü~-:~~i9~Yrll~ê '~i~::LÜ~e . .v~ii,poül' ;begins:,:,töbesmaÜer j~~l;e ~tilan thai 
in'the :liqüid [ .. ' _. -- . ,-

d. t=~140°,20-:-132,89 abs. Rence m.=:0,8821".3A2,4:.?n.~i.o~0. 
Fo.t' p we find tlll'o.ugh linear interpo.latio.n 2]=22,795, ",=0,4749; 
fl'ont-''''''''''1og'''î'o-<i:''':-:':''êfê:c witlÏ'-l' ·-o"~2:41)r"öïl-Hië'-'öfllei;-näna'-a ' ... '0,4: 757. 

I:t .', .. . 

'; d ) ~: 
·1 : 

::n. ~ 

11 
",+5d~ Î 12.':"':'{J 

'11 
··P. 

ei;' "1.9491 I 0.513 I 19.47 . 0.155 0.358 (liq.) 

d2 = 0.2365 4.'229 0.7553 3.999 0.230 (v.) 
. .- ' . 

. ~.' . " - . 

, 13,) sho.uld be abóut 0,42. Besides 0,23 js~ again < 0,36 .. 
:::-::::e;;:t<' ~J50°,76:==t22;33 ábs::Hénce,~1h=,0,8120,.· 3,424·m....:.... 
.• :2/7:80.:;'1~ineal'-intë;p'àlátio.n· gives p = 13,595, '" = 0,2832;, 
,;":!!l!!""i!!!!i' ~!!!!'!!!!"!!!~!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!~~!!!!!!!!!!!~!!!!!!!!!!!!!!!!!!!!!!~~~!!!!!!!!!!!!!!"!'! 

.... ' I.. :,.'.12. _, :-11: ",.+5 d2
,'. 

dl = 2 . .1450. 

d2 = 0.1278 

.', " I 

0.466 

7.823 

23.29 

0.3649 

12.-(3 

0·.119; , 0.347 (liq.) 

7.619 ' 0.204 (v,) 

The vaille o.f {Ji,' is~ 0;41; 0,201\emains far belo.w this. We mo.reo.vel' 
po.irir "ölYt·--tlfäC"-also-tc'öf-r1T'·a;t""t =--:"::'='-1-49°,6"yieldëdu"ÏJë't'f'ectly 
hal'mo.niCilts: \ràlue .. foi:,\the vapo'ul',' ·viz. 0,19. The' tvvo.' sedes o.f 
o.bservations;::thet:efo.l'e,'covel' eaëh.othei, ëntil'ely. ., . 

f. t = - 161°,23 = :111,86 abs. From·this 111 = 0,7425,3,424 'in = 
I .2!~*2,;)-iine~l'int~I~p'o.latio.n gives p . .7,4332, '" = Q,1549 ... 

. , . ~. . '" , . , . . .... . .. . ..' 

::,' ;~,:' ,r; d :~I~J:~ 11' -1' 5 di, 1< n ~ /111 ...... ~ ~. 
. dl. = 2.3063 ,0.434. __ J~ 2??~ ... :., .0,095 ~ 0,339 (liq,) , 

',: . 

'_.~.~,"~,~:.:~~07~~~,.' .. ff~::~~="' L,~:"~:.:~.", .. " 1~.::~: .~~.,~~:~~~ .. (:.~. 
/3v . begins to. ·be <mo.re :1~ld mo.l'e' impo.ssible, We po.int o.ut tlmt 

, wheJi·"~f--1-·" .. is-~i-a-ke-n·"-·not:··-"5;· ~·bát·-·e;·g;-=4,95;-.,~·the -·vaille 
(3fiq. do.es;;liót~:appl'eeîiïbl;y change:, 0,339 then' beco.mes :'0",338. But 

. (Jo w:gul,q,.\th~!~ ~beco.me::~t.ill 'small!31', dz: °..0.7' inste~t<l· ?f 0;09 1
,), . 

" .... 

1). If p = 7,58 instead of = '7,43, so E. = 0,1:58 insteud of .;, 0,155, wc should 
nlso have found 0,34 fol'" lhe vulue of {3 in lhe vapoul', lhe smne'value at 
lea$kfas ::that '.fÛt',lhe.:Jiqlii\.l, (A lso lllc', assumpLion .('~ = 0,0366 iüstcad ,of. Ö;037.2 
might 'lead ~o Lhe desil'ed pmpose). " 

'. 

" 
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" 

< ,q .. t-,-:-t7.5°~39 =97,70abs;'Hence,1n = O;64~5-,,3,+204:1~~c-::-!2;2,~1. 

The' "alLle, of c interpolated' from _lO,qlO c = etc. wiW f = 2;322, , 
gives c = '6;0'5518:: ' ,",,,:,,,~"":M,,~,' 

'.:,,' 

d. I," '--"'1/' ;'" "5"d~"I-, --~~'~',''''If'''- '-i-" ' n I, T, 'L' __ 0<' .' : :.', '.'i 

di = 2.4960 / 0:40 i ' 11 '31.21', /. 'à.öh: 
O',0~~94 r 37.67 d2,= 0.027~51 , 36.43 11 -1.24 ! (v.) 

i I I 1, ~ J <.' • 

Can the clue totlle sing,Lllar,,':behavióbL',;of :the,.vapolll' Il}el'haps :be 
fonnd -in' this that, CnoIlfMEüN ,has; not deteiimine(l;'fheiv.apo\j'r~;densii 

ties cli1'ect11l, bUJt that he htj,s ,calcula,fed 't,henr:i'romi the: law,offfioX-LE.? 
Wi~h a; too, sm all , value iofi1Fone,riattll'ally;;gets"the'n 'a;,;tQ0 slight 
Vtl.llle of /3 'fl'om ,/3 ,-,'n:--'-, (3,424i 1i~': c).';:Thew',n'ö, 'assoaüiÛonr)need;:0t' 
cOlll'se ',be' assuined in ,j:lle::vapoul'/:<ind ;tlle ~irri'po'ssible';,valtr~s',:'Of;:P~ 
below 1\ ai'e at, 'onee 'a:ccourited~ foio;: T;he'~fo!ünd: va~l1e,s:: of:t,P'd vVOtlJtd 
then be quite wOl'thless. The, qllestidh~,lîs~-,tl{éi'ef0rei~:: whèl'e~', bas 
CROJUMELIN beglln not to detel'mine the given val nes of the vaponr 
density dil'ectly, but to calcztlate t11em fl'Olll, the (not yet v,alid) 'law' 
of BOYU1,?I)' , ' i;';:' :",", ::.,!~ !;.!~ 1):,(> i 1', 

h. t=-:-183°,15=89,94 abs. Hei:e m=O,5970,3;42±}n;-=-'2~04?!: 
Fl'om" 'ZoglO ~' ,etc. ',,~~':'finc{'t1ie "~;'i1heË" öJ)27i2;\~ : 1,3162) 
with /=2;314. ,:'" :,~'\.' ":'",, \;,," ;':;;',l-' d~\·.i} :::;,i! I \' 

'I 'I" . 11 ' .. -, i"':: IJ 

n c+5d2 I" n-p- '" . -,(3"---"""-I"- .. :,,: .. 
< .. ',~, !/\,~.,.~.\.:.')(~' 

d 

dj =:= 2:589, "O~~~6 ,I 33",53( , . 

,d2 =O.01509 66~~?, '1,~ .. ,O2~?6.; 
,q,P,ql ~,:9:,~25t(l{q) 

?1::.5.1, \:-::? .. ~1 !i'~::~ IJ 

, We point out that the IiqlliJ va.lue dllly deCl'ea.ses gmdua.lIy, a.nd 
IS still highel"tni1'n 130 ~ O;29à~'i ',', 90 UL~'Sblïl1~):,sd;~t~fèi·~:ts n:~~i1jng 
impossible h'ei'e 2Y::" I ' ,\: :-:" ': 'ili: " , " i, ;iiCn: .:-,i: ,-d, '{ 
_--'---'-_--'-,-'-,:" ''':,: ";':':,.":1 f;~. f "\ 'iC ":J~.~~:~ .. t f~;,~!. II~t.i; ~·:,.r.'~:i,hjlr~ 

, '1) Othel'Wise iJ = 2,78, woüld ','ha:ve i tO," ·be takcrU here inste::t'dr of~: ~;fj4:;l, heÎi~è 
E =,0,058. instead ,of: 0,055;, Ol', ~ISe'!?2" sh(ml~li b~' assi:line(Holl,1,e."Y:htlt'[~l~)all~~'ldl;! , 
brd,er ~o Jin~, at I,ea~t .,tb,e va!u~ ~,3,3, (t1~~1tiP~ the)iswicl) JR\'-"~YUliQ\l1\H,;r~:'~ :'!iP 

~) A risc of, p 10 1,44 inst~a~l:. of. J ,32 ,.(e to Q,030 insLcaçl or,O,027~4),.,.". qr, ,~lse..,a· 
", . '~',', •. :,. '! .. ~" ,'.-'" "'l~,\,.""<",,,,: •• •• r ._(~\ .... ,JI~,}I,.\ .. _k ~.~I 

diminution of (jo froniO,OOSO Lo 0,0075 .. --:- mighl, reduce (3q. Lo ,.0,33 here. T,llC 
. , :' ~... ..', ' :', . 'I' I ,) , \ ... \, t , \ , 1 f . I','" ~ ,\.' \" "\ ~", ,. '- i',,'· '; '\ 

'th'st suppositiori· is' 'impossible, fOl" thel( thé vallie 'Of,iJ at;::":': 183ó;15 woilIëI 'yc 
'gl'eatèi' than àt18:iO,Ol,· '\vh'el'e .1,34 \vas}bun'd:' BGC'~, c1imiuKtiqt(}of ~~k" b'y';6óy~ 
in' consequence· of. .:1n enoilèolls . c:.ilèlll:itiOli'óf !!t '.(pl'obàbly :fl'~lli' :t1fu i i~\V;dfmjyL~) 
is vel'y weil po.ssiblc.' ·i"/' \. ~ \. 'ti :~":',Ii: ~,~, .' ~,(':<\;.b 
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Summarizing, we get t11e follo'wing survey fol' the region-of roeûstence. 
, 

m I 0.98 0.94 0.91 0.88 0.81 0.74 0.65 0.60 
I 

(3liq. 0.39 0.37 0.37 0.36 0.35 0.34 0.33 0.325 

(3v. 0.42 0.38 0.32? 0.23? 0.20? 0.09? -1.24? -5.3? 

At the lowest temperature, viz. t = 89,94 abs., y would ue about 
0,688, and {37c' accordingly 0,393, (3" = {Jo X 1,389 = 0,397, 80 that 
iJ ranges from about 0,40 to about 0,29. The liquid value 0,325 at 
n = 0,4 can be in harmony with this. . -

In order to examine whether the values of (3/t<{. also ugl'ee ql1an
titatively with our theory, we wil! in the fit'st place indicate fol' the 
different values of T(m) the corresponding values of n anel I' (calcu
lated from 21 - 1-=. 0,038 V T). Besides the vallle of v : V o = V : bo = 
= n : {30 is given. ((30 = 0,286). 

m 0.98 0.94 0.91 0.88 0.81 0.74 0.65 0.60 0 

n 0.687 0.580 0.545 0.513 0.466 0.434 0.401 0.386 0.286 

Y 0.731 10.726 0.723 0.719 0.710 0.702 0.693 0.688 0.5 

v: Vu 2.40 2.03 1.91 1.79 1.63 1.52 1.40 1.35 

hence f3 : f30 1.33· 1.245 1.215 1.18 1.14 1.11 1.08 1.07 

J f3 cale. 0.381 0.356 0.348 0.3;38 0.326 0.318 0.309 0.306 0.286 

pfound 0.394 0.373 0.366 0.358 0.347 ,0. 39 0.329 0.325 (0.305) 

The values (3: {lo = b : bo have been ralculated from the tables of 
§ 16, viz. from those for 1 = 0,75 anel y = 0,70. We have inte1'
polated for the values of y given in the above tabIe. On an average 
the found val nes of (J are 6°/0 higher than the vallles calcnlateel 
from our formula (30). If (30 = 0,30' were taken instead of 0,28 6

, 

the agreement wonld haye been perfect. In connection with th is it 
is remarkable that the dijference between (3 JO/md and (J~al~. amounts 
almost constantly to 0,018 or 0,019. The cow'se of the (J-values is 

( 

tlterefore perfectly identical with the course calclllated from our 
formula; identity iu the nwrnerical values maY be obtained by simple 
change of (30 from 0,288 to 0,30'. 
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· In fact, something is to be sniel in fayoll!' of this. In ~ 17 we 
namely cnJculated tbe valne of /3 0 from 2y = bk : bo = 13k : ,? 0' so 
that /3 0 = /1,.: 2{ = 0,429: 1,5 became = 0,286. But in this it is 
assllmed that the direction of the straight diameter remains the same 
down to the absolute zero point - which (as we all'eady observed 
at tho conclusion of § 14 (lIl p. 1051) cannot be the case. On the 
contral'J' the coefficient of dIrection will approach to about 0,5 for 
all substances ttt low tempemtures. It f01l0ws from this that the 
value ol t11e liquid densUy at T = 0, viz. Qo, which is extrapolated 
from the direction of the so-calleel straight diameter (at the c1'ittcal 
poiut), will always I bo toa great, hence Vo too smal!, and also bo = Vo 

too small. Accol'dingly also the "aIue of 130 = bo : Vk wiI! be fOllnd 
toa small, when the inadmissible extrapolation is pel'formed. 

-1'he 1'eal mIne of /3 0 , occurring in our fOl'mula(3m for b =f(v), 
will therefore be always greatel' than Ihat which oeelll'S in out' 
relations found in I (wllich are val iel at the critical temperature). 
Fo!' the calculations of the real /3 0 , in order to test our formula 
(30) by the observations, the calculatiol1 from /3 0 = /3k : 2n (whieh 
is based on this extl'éLpolation) has therefore to be rejected. 

The above table need, therefol'e, give no 9ccasion to conclude to 
an,)' deviation with respect to thc ealculated and the fOlmel values 
of /3; the moro so as the COZtl'se is perfectly tbe same, in cOllsequence 
of the f~lct that in the l'elalion (30) not b, but b-bo occw's, so that 
through simple increuse of 8 to 0,30» thè found values of b-bo ' 

resp. ~- ~o will agree perfectly with the vaIues of {J-~o caleulated 
from our formula. 

Bemal'k. We saw that the found vallles of [1" from the unsaturated 
gas state (§ 17) were all fOlmd toa !fl'eaf fol' vallles of m > 1; for 
"ulnes of 111 < 1 aH too smatl i. e. larger Ol' smaller than the vallles 
of ~g or ~k' calculated from om formulae. Also in the region of 
coexistel1ce (m < 1) we found vahles for {Iv which are all too smal!, 
lIay even negntive, hence impossible. Now the too small values may 
be easily accountea. for either by association in the vapoUl' at Iow 
temperatures, or tlll'ough a faulty ll1ethod of calculatiol1 of fJ2 from 
the law of ~Onli] (see above). Bnt the too lal'ge vulues of (Jg at 
1n> 1 Crln1tot be aceountec1 fol' in this wa.,)'. 

It is: however, rema.l'kable, thut those too large vftlues' of {Jg at 
m < 1, combined with the liquitl values at lil < 1, seem to obey 
the relation 

fJ= 0,4 Vm 

pretty weil, fiS appears from the table on the next page. 
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m= 1.95 1.43 1.13 1.04 1 01 0980.940.91 0.880.81 0.74 ~.65 0.60 

Vm= 1.40 1.20 1.061.02 1 005 0990.970.954 0940.900860.806 0.775 

0.4 '" m = 0 56 0.48 0.42 0 41 0.40 0.40 0.39 0.38 0 38 0.36 0 34 0.32 0.31 

,9 found 0.55 0.51 0.45 0.43 0.42 \ 0.39 0.37 0.37 0.36 0.35 0.34 0.33 0.325 

The values on the leftlland slde of the dlvldmg llIle might have 
a\ somewhat higher factor, VIZ 0,42, t110se on the righthand slde of 
the line (the~ hqnid valnes) a somewhc1t smaller factor, e. g. 0,39 

Yet this l'elatlOn can hardly satisfy fol' se, erall'easons. FU'st because 
the fOl'lllUla fl = 0,4 V1n woulcl yleld too large vallles of pq fOL 
lal'ger ,alues of 1n; lt is at Least lllconcelvable that the I!1CLeaSe of 
bq with the temperatnre will contmue mdefimtely. Bnt secondly the 
val'iabIlity wlth v would dlsappear thl'Ollgh tlllS conslderatlOl1, and 
only dependence 011 'P 'wonld be assumed. It would 1hen be qnite 
indifferent, whether b was considered ctt large Ol' at very small 
volumes. That this, howevel', IS entil'ely lmposslble, IS at once seen 
when we bear In mmcl th at only by tbe t assumption b =.f (v) \ve 
dnly get l' < 3, s> 8/S' and l' > 4 1 Only fol' "ideal" substances, 
i. e. at the absolute zero point, can b be ll1dependent of the volume. 

Other relations could ajso be denved, among othelS between thc 
fonnd values of (J, n - [I, and mI), but they may nlso be due to 
chanl'e. We shall, therefore, no longer dweIl npon them. 

19. The chamctpristic fmwtion. 
It is known that fol' "ordinary" snbstances the Yttlue of (he 

"charactel'istic" function (p, i. e. 
f-l é 

rp=---, 
fk- 1 d1d2 

. ' m dEw~1, 
in wllJch f= - -- is not constantly = 1 - as would have to 

• é dm 

be the cttse, when a Ol' b should eithel' not depend on '1' Ol' only 
" I linearly - but with dllninishing 111, incl'eases fl'om 1 to about lA 

I J 4 I, I \ ~ ol 

at 111, = 0,6, with about 1,5 as probable limiting vnlue when rn 
11 11 ) 

app.roaches to 0. See VAN DEK WAAJ,S, and also my Paper in These 
Prob. \of' 25 April 1912, p. l099-1101~ in which it appeal'ed thnt 
rp = 1 + 6,8 (l-m) ca,u be put ll1 the neighbolll'hood of the critical 
I ! 

point. (loc. cIto p. 1101). 
! -

1) When e. g. m thc reglOn of COCli.lstcnce for the chlTClent values ofm we wnte 
6(3 

tIle correspondmg values of n and n - (3, 6(n -(3) appeal's to be abouL constant, 

viz. ±O,23. , 
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For thlS lt IS however reqUlred that elther è)
0

2 (!:) = 6,8, or 
~ m2 Gk k 

è)
0

2
2 
(bb) ='-6,5. (Of. These Pl'Oc. of 3 Sept. HU 3, p. 56 and 5r!). 

m !.. 7. " - j 

It is now certalllly intele5ting to ('onslder how thlS' will be, for a 
substance as Argon, where Î'k 1S not 0,9, but 0,75. 

For the calrulation) of' the- values of I I had to make use of 
RANKINE-BoSE'S intel'po]atlOu' fOI mula drawn up by OROl\IlImJ~IN anel 
treated already auove l§ 18). This gives, mcleed, the much too ]ow 
value 5,628 instead of 6 for Ik, uut as also the followmg values of 
f WIIJ posslb]y ue \too s'mall in the 'same' elegree, lher~ IS a chance 
that the value of the ratlO (f....L 1) : (/tc -1) I WIl! not differ too 
much from, reality', We' then I finel the f'Üllowing tabie. (J 

1I f ..... 11 \~ 1 .: ! ~ 

I' , 

T dl d2 
E l' 

' 1-1 i 
m E 

Idl~ Ï'k -1 rp 
, , 

" - - ---
150.65 1 , 1 - • 1 , 1 ti, 5.628 1 , , Ir 

147.92 0.9819 0.8947 0.8103 1.104 '5.696 I 1,015 1.12 

lilt.S5 
I , , 

1.'104 5.869 ' li 1.052 I 
, l 

0:9396 0.6964 0.6311 ! 1:16 , I' 
, j, , , r I I ,~ , f , J • I I 

137.58 ° 9132 ° 5890 0.5529 1.~65 5.987 1.078 1.15 
1 ., I , , , '.J') ,1 1 .', ,l , 1 , . 

" . f 
132.89 0.88?1", _ 0.475;7 : 0.4~09J , 11,032 6.137 1.110 IJ .15 

122.33 0.8120 I 0.2832'<1 0~4742 I 1.033 \ 6.534' 1,IH19fr 1'.24 
, 

11 0.7425 0:1549 ' '0',11618' 0:957 ' 
, , I 

;i 1.307'1 ' '1.125' 111.86 7.047 ' . l' t' f 
, 

'jl • r ~ JJ 5 " r 1 , , 
I. I' , • IJ 

97.70 0.6485 0.0552 0.0685 0.805 8.080 
1 

1.530 1.23 
I 

\ I .1 -. ~ - .1 \.01';'( , r ~ l , ",f 

, 89.94), 0. 597°, ,O.g274,. ,0 . .0391.1 (q.702 ,8.945 ,).717,. J 1,~, 
I 

~/J J.I 1'", I J\ .J!I '1 1 \ ~,' /~II .. Ir {~h I,~ 
It is éel'ta.mly l'ema,rkhble that It wonlel follow fl'om the fi:ninel 

values of, rp \tha,t!hereIJtoo (aè)CfJ) wou]d be-labout.-7, jüst as;::for 
'I \rnit l - l 

, I I ,\"' I 1\' , 1 j, 'j " 1 I, bi' , I " ~(\ a;P, 
ordmal'y substance5 as Fluorbenzene'e g. (see ~a ove)( Fol' 'am.,,(= 

'\ I il AU)~t I I -J ~I" r ~ II I~ t~! ') I ~(i ~ lk 

, 0,120 663 1 \ .. 68 f' 0 H ~ , B I = ---!.. 0,0181 ='- , \ (w lereh.s! lt IS -, Ol' 6 or'): ut on t lis 

head little'can hé said with cel'tairity: as we Haye'too fe\v'obsel'vations 
in the immediate nelghbourhood of Tk at our disposal. r t, ~;-

The limitmg value for 'In = 0,6 is now, however, much lower, 
J f ~ IJ ',d I ,j i 1 • ~ r \ J.. J .. 1. ~ q j' J' '. r' t \" 1 , 

namely about 1,23 agamst 1,41 fOI' ,0~'el1f\~FY'1 ~L1b~t~lce~,._,;NOWj f?l' 
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06HÓF the value of n is = 0,95; hence bk : 00 = 2Ylc = 1,90, and 
(b" : bo)k = 1,90 X 1,06 = 2,01, whel'cas V2,01 = 1,42. Flu"thel' for 

Argon Î'k=0,75, hence 0,.:bo=1,50 and (bq :bo)'c=1,49X1,018 
(See U, p. 936) = 1,516, whereas V1,516 =1,231. 

It follows from this that with great accuracy 

(Po = V(bq : bo},c = V27 . (41) 

IIHly be written for t!te limiting value at low telilperatlll'/J of the 
cIWl'acte1·i.,tic fwzction lf. 

It is therefore n,gain only for <tieleal" substances (b = ronst.) tlw.t 
(Po = 1, and hence (p contirnmUy = 1 fl'om TJ., (tbelI = 0) \0 the 
absolute zero. But for all the othel' substances the value of rp \~ill 

inrrease from 1 to H limiting' value, which will depend on the 
degree of vH,rÏt"1bility of b. 

As acrol'ding to (36) (bq-bo)lc: bo = 2y' - 1 = 0,041 V Tk (see 111 
§ 15), we have Hlso: 

lfJo = VI + 0,04 Vl'k . . (41 a) 

We shall not enter any flll'ther into this sub.iect, leaving it for a 
possible later discussion. 

In conclusion we shall .inst J'epea~ what we have already remal'ked 
in I, I p. 820, that the temperature dependellce at extremely low 
temperatures, where the departures from the equipartition law make 
themseh'es feIt, nndel'go a modification. But we shall not enter into 
this any ftirtheL' eitber, anel we only mention t1'1at for Al'gon the 
depal'tUL'es fl'Om the said law faIl entil'ely within tbe errors of ob
servatioll ~ even at 90n absolute (the lowest temperature at which 
observations have been made). Besides, at those etvtremeZiJ 10w tem
peratures all snbstances will probably have passed into the iloliel 
state, and this state is controlled by othel' laws tha.n the liquid and 
the gt"1seous sttl.te, fol' whieh our consiclerations excInsively hold. 

20. Conclusion. Though thel'e are still mnny questions to be 
Hnswered, and - many difficulties left, we may all'eady conclucle in 
'::.irtue' of the fOl'egoing to this: 

1. The quantity a of VAN mlR WAALS' equation of state seems 
within a large range not to depend on the density, 80 tbat the 

molecular attl'action ran be I'epresen ted by 
a 
v~ , both in the gaseous 

and in tbe liquid stnte. I). 

1) Cf. also the conclusions in apapel' by TYRER 111 the just publislled number 
of the Zellschr. f. Ph. eh.' (87, Heft 2) p. 195. 
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2. W"hethel' the q nauWy a is a1so independent of the tempe
rat u l'e, cmmot be stated with pedect certainty yet. For as I t1iink 
1 have fully set fOl'th in my Communications of These l'róc. of 25 
April 1912 (p: 1091-1106) alld particnlarly of 3 Sept. 1913 (44:-59" 

the assumption of a large value ~Jthel' of (:::t)k or of - (~;2b)k 
(see' p, 56 - 57 loc. cit.) is necessal'y fol' fhe explanation of the 
COUl'se of the characteristic function (p (see ~ 1 !1). And as, accûl'd
ing to the above. b'l is, indeed, \ [tt'iable with the temperatllJ'e, but 

(
a2b) . 

pl'obably not so lI1uch that - -2 gets ihe l'eqnil'ed valne, besldes 
at l~ '-

b possibly also (l might depend on the tempel'atul'e, Ollly a sep<l,rate 
Îlwestigatioll can fmnislt certainty abont this. 

3. The qnantity b depends both on v and on T. The way in 
which b c1epends on v - which is expressed by a fOl'mula of the 
form (see II p. 931 et seq., III p. 1048, formula (29)J 

(b bo)n= 1 _ (,~)n, 
bg bo :v o • 

in which ,'IJ = (b-b o) : (v-vo)' and n depends on tbc quantity "{, 
which is in connection with b'l: bo - leads us to suspect that the 
yariabllity of b is possibly cbiefly a real change aftel' all, caused 
by tbc action of thc )1l'estlUl'c p + "/ë2 and of the tempenïtme, in an 
analopous way to that whic·!J VAN DER WAAI.S had in mincl whe]} 
drawing up his "eql1ation of state of the molecule", witb wbich the 
above expl'ession shows a close resemblance. [cf. also Il p. 930--93 L 

(23 April 1914)J. Pa,l'tjcula,l'ly also witlt l'egm'd to the tempel'atal'e 
depenc1ence, vil.. [see III p. 1051-1053, formlllne (35) to (36)J 

b -b 
..!!-._o = 21"-1 = 0,04 VJ', 

bo 

this agreement is l'emal'ka.ble. But whereas VAN Dlm WAAI.S' two 
exponents n are different, Oul' two exponents ~l.l'e the same ~ and 
ctepelldent on ?, i. e. on 'P, 80 that n ('n,n vary fl'om 31

/ 5 (fol' 'Y = 1) 
to 00 (fol' Y = 1/2, i.e. 'P= 0), as has been bet fOl'th in Il, p. 935. 

// 4. It 8eem8 to be nnnecessar.r to ascl'Îbe the change of b to "quasi 
association" . It migltt na.mely be aSSll med that the complex mole
cules possess anothel' yolume than the simple one8, and fl'om this a 
l'elation b =j(v) might be calculated - accol'ding to (he known 
thel'modynamic l'elations which indicate the degl'ee of complexity as 
fllnclion of v and 'P. R 'P is then howevel' mnltiplied .by another factor 
which depends on the clegree of association. 

What VAN DER WAALS has treated in thnt sense on p. 1076 of 

\ 
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his Paper in These Proc. of 25 Jan. 1913 (published March 13th ), 

had then already been treated very f~lIly in a series of, foul' papers. 
wl'Ïtten by me at Olal'ens 1911-1912 (On the val'iability of bete.; 
see These Proc. of 26 Oct., 22 Nov. 1911; 24' Jan., '22 Febr. 1912). 
'rhat a good deal may be attained in this way cau sufficiently appeal' 
fi'om ·these Papers. That dJf'fieultics present themselves of the san,e 
nature as have been advanced by VAN DER 'VAALS on p. J 076 at tlle 
bottom (loc. clt.), has also appeared at the e~1d of the 4th Paper 
(p. 716 et seq.). 

In any case it is a kimt, of l'elief tllat accol'dinp, to ",l! that pl'occeds 
the' assumption of qllasi associa,tion does not seem absolntel,Y necessal'y. 
The ~htl,nge namely of u with IJ and T can ver.}' weil be exph~ined 
by other influences. 

5. That bf! gradually de(·re,.ses with the tempemtl1l'e, so th at u" 
would coincide with bo at T = 0, and accordingly the val'iabilityof 

, I, 

b would have quite cli~appeal'ed - 111 consequence of which we 
approach more and more to the ideal equaiion of state with constant 
b, on approaching tlle a.bsol?lte zero - this pomts to the iuvalidity 
of the kineiÎc assnmption, thai for ~e,.y lct1'ge volmne (fol' bq only 
refers"tO lm'fje volumes) i. e. in ideal gas state, b" would be = 46 0 , 

Fol' I:.ccOl'ding to the w~ll kno\\'n kille tIC clerivation, bi would th en 
still' be' = 4bo at the' lowest telnperatltl'es, whet'eas It has clearly 
appeared )1 that u" appl:üac!ies m'ol'e and more to bo at ldvv tempera
tur~s. Compare" particularly Hl p. 1051, fOl'l1lula (35) 'and tne sub
seql\ent eloquent tabIe. I 

6. Thus dfter all it wOlllcl ' prove trne what l' Wl'om in I p. 809 
(Thes1e Proc.' of 26 March 1914), that namely in v-b the quantity 
b always refe'rs to the reai volume Of the molecules mand is not 
= 4m, as the ldnetic tbeol'Y would lead us to assume. And in this 
way the difficulty, which I emphatically pointed out in 1I, p, 925 
tat thel bottom)-926, would ha,-e I naturally ,anished. 

80 it is getting more and rnOl'e prouable th~.t the so-calleel qua8i 
diminution of b does not exist, anel that there l'emain& only J'eal 
diminution, which is represented by a rformula of the fOl'm (29), as 
fal' as the dependence on v is concerned, and by a fOl'mula of the 
form' (36). as far as the depenc1ence on T is concerned. 

Why the eadie!', kinetir absllmption b" = 4m is really a fiction, 
and what Cil'CllIDstance has been> ovel'looked then -- this I shall 
demonstrate in a separate Communicatiol1. 

It will then have become cleal' thaI ollly v-m, alld not v-4m 
cletermines the Ihel'll1lc pl'eSslll'e ;-- which becomes all'eacly pJ'obable 
whenl the I kinetic energy of the moving molecules is thougllt I to be 
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ttnitormly absorbed hy the sur1'oLlllding medium (see p. 809 of Ï, 
'-

already rited above). 
7. HeneE' at oottOll1 tbe whole thermic behaviour of a substance 

does not depend only on thc two quantities a and b, which deter
mine t11e critical quantities, which in {heil' turn govern the law of 
file corresponding states - in such a way that all the substances 
behave corresponclingly when they are only conside1'ed in equal 
m l1Iti pIes or sub-divisions of thei1' critical temperature and criticaI 
pl'essul'e, bu't also (and tbe deviations from tbe said ]aw are governed 
by this) on the absolute hE'ight of the temperature, at which the 
su bstance is cOl1sidel'ed. According to (36) every snbstance passes 
nameI)' thl'ough the different types - chal'actel'ised by the variabie 
ratio b,,: bo, from the type of the "ordinal'J" snbstancE's, where 
b" = bo is about 1,8 (I' = 0,9) to the type of the "ieleal" substances, 
whel'e bij is = bo (I' = 1/2J - wben we descencl from the ordinal''y 
temperatmes to the absolute zero point (see the tables in I, p. 819 
anel III p. 1032). 

The inclivid71ality of the different subsümces, which they continue 
to prE'serve wlthin the l'egion of the Law of the OOl'l'esponding States, 
IS thel'efore entire1)' detel'mll1ed b'y the ?'eal heigh! of tho (absolute) 
tem pel'a/ me. _ 

Hydrogen at 328° absolnte (T = 10 Th.) will e.g. on the 'lVIlOZe 
(Law of OO1'l'esponding States) exhibit tbe same behavioU!' as Helium 
at 52° absolute (1' also = 101\) - bnt H 2 wiH show a vallle of 
about 1,7 fol' tho ratio b,,' bo at that higher temperaLl1l'e, while He 
at the same "col'l'esponding" tempel'ature shows a value of about 
L 2 fOL' that ratio. 

FOl' t'k : ln we sllalJ {ind about 2,7 tOl' Hydl'ogen and Helinm at 
t heit' critical tempol'atnl'c, while VI.' bI. = 2,1 ib found fol' an ol'dinal'y 
substance at, its critieal temperatUl'e. Etc. Etc. 

And thi'3 may sllffice fol' the present, I hope Lo eome back to 
some sepn1'Ot13 problems later on, wbicb are &fill awaiting &olution. 
I ma,}' mention : the temperatlll'e dcpendeneo of 1 (see I, p. 811), 
/110 chttnge of direct ion of (he "straight" diameter ti'om 11.: to \Tery 
low . temperat mes (III p. 10.51), thc fOl'})} of the vapol1l'-pl'essul'e 
~qllation JJ =/(1'), 11113 dependel1cc of the densities of liqnid and 
vnpolll' on the tempel'l1ture (in cOlmee/iou with the pl'oblem of the 
dil'eclion of Ihe straight din,metel'); alld finally Ihe course of the 
chal'aclel'istic fl1nction in its dependence on T. 

Bu! the vel'y {h'st point that wiJl be elncida!ed in a following 
Papcl' is tbe cll'cmustance mentioned llndcr 6 of the cOl1cInsions, 
that bH cannot possibly bc = 4/n. 

li'ontanivent szw Cla1'ens, A pril 1914, 

(September 26, 1914.) 
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Physics. — "Modern electromagnets, especially for surgical and

metallurgie practice" By H. du Bois. (Coinmuiiication from

the BosscHA-Laboratorj).

(Communicated in the meeting of May 30, 1914).

Carrying-Magnets. The lifting-power of the famous steel magnets

of Logeman and van Wetteren, has for a long time belonged to the

somewhat antiquated subjects. However, traction-electromagnets are

now being much more used in different forms, especially for loading

and transportation purposes.

In general we maj say, that for such magnets with armatures at

a very small distance Maxwell's well-known law holds; accordingly

5378^ measures the carrying-power per unit cross-section of an

almost closed magnetic circuit. Prof. Taylor Jones has entirely

confirmed this by experiment in the BosscHA-Laboratory. The mag-
netic balance as a measuring instrument is equally based upon this

fundamental law. Electro-magnetic brakes on this principle are also

being more and more used.

Field-Magnets are of more interest for a variety of scientific and
practical purposes. In those Proceedings a description was given of

semicircular magnets '), one of which, weighing 350 kg., with an
interferrum of 3 X 0,5 mm. gave a uniform field of 59 Kilogauss,

while using only a few Kilowatts. With a cryomagnetic "immersion-

armature" in a liquid gas at low temperature this reduces to 45
Kilogauss. With the heaviest type weighing four times more (1400 kg.)

we may cet. par. expect no larger increase than 107o , thus reaching

65 and 50 Kilogauss respectively. Until now these field values have
not been superseded, no more tlian the Haarlem magnets were.

For the investigation of several higlily interesting problems they are

absolutely necessary.

With regard to so small a rise of the field however it requires

due consideration whether a further increase of the size of the magnets
appears justifiable. For while the weight increases as the third power
of the linear dimension, thus becoming quite unwieldy, the field

rises logarithmically only, which means a great disadvantage. In fact

for a given field we pi-actically obtain only a larger interferrum.

However convenient this may be, it is questionable whether it justifies

the very high expense which gi-adually begins to surpass an average
laboratory-budget.

*) H. DU Bois, These Proceedings 12 p. 189, 1909; 13 p. 386, 1910.



469

The results mentioned are partly due to concentration of the

Ampere-turns near the air-gap and also to careful calculation and

design of all details; the theory of polar armatures') communicated

to the Academy, contributed its share to the result.

Intestinal magnets. Incidentically tiie formulae for attractory arma-

tures were also given in the paper referred to. They show, that the

attraction of saturated ferromagnetic particles is a maximum for cones

with a semi-angle of 39°14', and for prisms of 30° ; for non-

saturated ferromagnetic or for paramagnetic substances these angles

are 42°11', and 32°8' respectively. According to the principle of

Faraday and Kelvin the attraction is determined by the gradient of

the first [second] power of the intensity .p of the field for the first

[second] group of substances.

Some time ago Prof. Payk -) proposed a magnetic diagnosis,

prophylaxis and cure of peritoneal adhesions and similar deviations.

For this purpose a ferromagnetic intestinal filling is introduced either

per OS or per rectum. Then magnetic force is applied from outside

without the necessity of more or less dangerous laparotomy. At the

request of this well-known surgeon I was glad to collaborate in the

attempt towards a practical solution of this peculiar aitraction-\)Yoh\e^m
;

for a rational treatment of it the above-mentioned armature-theory is

absolutely necessary. The existence of an inditferent intermediate

zone and the necessity for exciting large attractive forces only beyond

this, characterizes this particular question.

The ordinary type has a core of high permeability (of 12 cm.

thickness and 40 cm. length). It is somewhat concave at one end and

thus fits the average form of the human body. In the paper referred

to the formula is given for p, b.\>lbx and è'^S^Ibx'^ on the a:-axis

for the case of a segmental spherical armature and for that of a

concave paraboloid of re\olution. For the latter case it was shown

\ that a certain distance not before a maximum of the field was reached»

In this "neutral" point the gradient is zero and therefore the attraction

also vanishes ; the latter then increases, reaches a maximum and de-

creases again gradually. This distribution of the field is favoured by

the higher magnetisation at the periphery of the core compared with

that of the centre, which makes this case similar to that of hollow

cores. In the outset I even used a core with a conical bore in

order to allow an eventual radiologic transmission through it ; this

however proved later on to be practically unnecessary. A central

1) H. DU Bois, These Proceediugs 15 p. 330, 1912.

2) E. Payr, Munch, med. WochenscLr. 60 p. 2601, 1913.

31*
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filling of' the core with a substance of higher permeability might be

made to compensate the distribution of the Held above described.

In our case however this very topography of the field is desired
;

for it is within the peritoneum only and not in the surrounding

layer (the thicltness of which individually varies from 2 cm. to JO cm.

and even more) that an attraction may be usefully exerted. Towards

its other end the core gradually becomes thicker and the end is

formed by a flange in order to deci-ease the magnetic reluctance;

the counter-action of this pole compared with the attraction of the

worliing pole is negligeable.

The coils are wound with enamelled copper wire or with oxydized

square aluminium wire the thickness of which increases by steps

from the working pole towards tlie other end. This principle is

well-known for galvanometers and has also found partial application

in my semicircular magnets. The increased efticiency of the "polar

windings" must necessarily cause a greater heating effect which may be

counter-acted by water circulation.

Until now this precaution proved unnecessary, (he more so because

too cold iron may cause undesirable vasomotoric reflexes of the

patient. The front flange of the coils is conical, in order not to be

in the way of the operator's eyes and hands ; it may be provided

with a corrugated peripheric radiator. The use of alternating currents

is not advisable; but a pulsating cun-ent may be caused by periodic

short-circuiting of the magnet, while a non-inductive resistance remains

switched in the circuit. The relaxation-lime is a few seconds; by

exciting the polar coil only it may be diminished to a few tenths

of a second ; when pulsations are often to be applied, it is advisable

to use a subdivided core.

In order to reduce the weight as much as possible the core ought

to be saturated only to ^/^ or '/s- A minimum total weight is

obtained for a dimensional ratio \) between 3 and 4; then the power

required is only little above its minimum value; it amounts at most

to 4 K.-watt, for most operations it is considerably less; and con-

sidering the short duration of an operation the energy consumed

CK,-watt-hours) is but very small. The magnet weighs about 100 kg.

and is suspended by a kind of crane above the operation table, in

such a way that its 6 degrees of freedom may be disposed, of, i. e.

a displacement along the vertical and a rotation around it, and the

same for two horizontal axes parallel to the body of the patient

and normal to it. Below the patient the RöNTOEN-tube is placed, as

1) Calculated from the demagnetizing factors for short cores, as measured by

S. P. Thompson and E. W. iMoss, Pioc. Phys. Soc. Lond. 21, p. 622, 1909.



471

far cxs possible from the magnet, in order to diminish its deviating

action on the cathode ra3^s ^). In some cases the patient may be

treated while standing, which is much simpler.

Deep-seated intestines f?— 20 cm. under the skin) are treated

without pole-shoes. For those lying nearer the skin, the following

pole-shoes are used which may be made of a highly satnrated,

polished and nickeled, substance, such as ferrocobalt.

'J. A "drawing-pole" in the form of a truncated cone with a semi-

angle of 40° ; the attraction is strongest in the apex of the cone.

The contents of the intestines may be first drawn towards a par-

ticular spot and then attracted towards the magnet.

2. A prismatic pole with a semi-angle of 32° for the treatment

of longer intestinal sections.

3. An unsymmetric hoof-shaped "d ragging-pole" for applying foi'ce

parallel to the peritoneum. Starting from the above-mentioned principle

it may be shown that a maximum gradient of -^"^ is reached when
the narrow pole front forms an angle a = 65°54' = tg--^ |/5 with

the direction of dragging. For a very long prism on the other hand

it ought to be a = 60° = tg~^ !
'3. In this way the best adapted shape

of the pole-shoe may be determined, also titting the cylindrie core.

For special purposes pole-shoes of vai'ious shapes may be designed.

The forces used here have often been measured with small iron

test-spheres. The force component is

F, = — t^ÓT^—-^,
4.T Ox 2 dx

V denoting the volume, r the radius, there being no question of

saturation. This expression is quite independent of the nature of the

substance if only this is not too weakly ferromagnetic. The force,

expressed as a multiple of the weight G of the test-sphere will be

greater, the smaller the density of the latter. The value FxlG=^l
corresponds to the case that at a certain distance under the magnet

the sphere is just being prevented from falling down. Considering

this, spheres were made of magnetite {F,0^ =:. ferroferrite = ferr.

oxyd. oxydulat. nigrum.) which quite fulfilled my expectations. Best

of all proved small spheres of 1 cm. diameter of i^jO^-powder

mixed with a little mucilage and some light neutral powder; generally

1) The RöNTGEN-tube is moved by the foot of the operator. The deviation of

the cathode-current is proportional to its own .strength, tiie value of the field at

that place and the sine of the angle between these two directions; these three

quantities ought to have low values. An iron-clad RöNXCEN-lube might prove useful

;

but sparking constitutes rather a dilficulty. In some cases a compensating coil

near the cathode rays may be arranged.
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these were used as te^t-spliercs. This substance which fulfils all

magnetic conditions is also to be recommended from a clinical point

of view; it is neither poisonous nor soluble; it does not rust nor

causes hydrogen to develop; it is not resorbed and hardly irritates

the mucuous membrane. It gives good RöNTGEN-contrasts, even without

addition of bismuth carbonate and it is more satisfactory than ferrum

reductum pulverisatum ; it is the principal ingredient of the emulsions,

which are given per os or per anum, the prescriptions of which

vary in practice. On this point and on the very satisfactory surgical

results I need hardly give full details. The following will suffice ').

The operative conditions were fulfilled and even surpassed. The

practice gained with a number of patients led towards a reliable

diagnosis of the normal or abnormal mobility of the intestines and

of adhesions and their exact place. It was often managed to stretch

and to raise them carefully either in the stage of fibrous adherence

or even in that of lasting mutual connexion. Of course reliable

siatisiics of the results cannot be obtained until later. The treatment

may have a great effect on the position of the intestines or of their

special sections ; such a locomotion highly influences the peristaltic

function; this ought to be especially the case with pulsating magnetic

fields of smaller or greater frequency up to about 10 or 20 per

second and of different form of pulsation-curve.

The accelarated or retarded displacement of intestinal substance

couiaining ferromagnetic ingredients; the dragging of this into organs,

which are too deeply seated to be reached in any other way, especially

the appendix, with a view to radiologic diagnosis, the turning and
loosening of intestinal slings remain subjects for further research.

Tlie principal advantages of this method are its localisation on a

special part of the intestines, the precise regulation of the displace-

ment, the easy dosing of the effect by regulating pole distance and
current and the simultaneous radiologic examination.

In order to determine the topography of the field for various distan-

ces and currents, it was fixed by iron filings, with or without pole-

shoes and if necessary it was measured with a standardized test-coil.

Advancing along the axis, from the start at the concave pole front

a minimum of the field is first met, then a maximum. To these cor-

respond theoretically a transverse maximum and minimum respecti-

vely, and also an unstable and a stable zero-point of attraction. This is

easily shown with a test-sphere in an axial glass tube, which is seen

to remain suspended in that very point. With a plane pole front

such singularities do not appear.

1) See also E. Payb, Ber. D. chirurg. Congress, Berlin April 1914.
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The attraction of a number of test-spheres or pills was measured

under different circumstances with a spring-balance; its maximum
was found at a distance of 4— 5 cm. and amounts up to 25-fold

weight; the greatest "carrying distance" is 22 cm., for test cylinders

even more. For a round drawing-pole the maximum was found at

2 or 3 cm. and reaches 50-fold weight; at distances greater than

7 cm. the attraction becomes smaller than that observed without

the use of a pole-shoe. The coils were constructed in such a way
that their purely electrodynamic attraction, which is determined by

the square of the current, contributes considerably to the total force.

With a dragging-pole a transverse force is obtained up to 25-fold

weight at a distance of 2,5 cm.

Though for our purpose the type described proved amply sufficient,

it appears however interesting to study the properties of a similarly

enlarged or reduced instrument. If the linear dimensions be n-iold

the weight of the iron varies as n\ that of the copper as 7i^ (or as

n^, depending on the mode of winding), t'^e kilowatts consumed as

n (or respectively as if), the attraction of non-saturated particles at

a given distance however nearly as n\ This 4''^ power (in fact

about the 3,7^'^) is evidently very favourable, especially as compared

with the above-mentioned very uneconomical logarithmic progression

for field-magnets. We may safely predict that it will be possible to

produce any necessary force with magnets which do not yet become

unmanageable and the cost of which will hardly prove a serious

obstacle in this case, where life and health of the patients may be

at stake.

Exti^acting magnets. In this way it ought to be possible to move
about ferromagnetic probes brought into the body on purpose or to

extract undesirable objects, such as steel bullet shells, broken needles

or injection-syringes and various iron or nickel objects, which are

daily met with in the surgery of accidents.

Also an effect on other organs, less soft than the intestines may
be thought of. It has long been known that all tissues are diamagnetic;

Faraday already showed that this is also the case with blood ; the

iron atoms in haemoglobine are bound in such a way that no para-

magnetism occurs, no more than e.g. for potassium ferrocyanide.

PLtJCKER ^) showed that a magnet repels the red blood globules

relatively to the serum. It is moreover also known that the flow of

diamagnetic liquids through tubes and their dropping may be con-

1) A. Plücker, Pogg. Ann. 73 p. 576, 1848.
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siderablj' influenced nnder special circumstances bj very strong

fields ').

By putting n <^ J the effect of reducing the dimensions is at once

evident ; this is interesting with a view to tlie design of the usual

oplitalmic magnets which may also be iuiproved by the above calcu-

lations and experiences ; the maximum distance in this case is not

more than 2,5 cm. A type is now being made of 8,5 cm. diameter

of core, serving the double purpose of an intestinal magnet of less

strength than the above and at the same time of a very powerful

ophtalmic electromagnet.

Ore separators have long been applied in metallurgy to separate

un magnetic from ferromagnetic or only paramagnetic powdered ore

by the dry or the wet method. These apparatus are variously con-

structed ; the principal magnetic organ is however essential and

common to them all and is a more or less finely ribbed polar arma-

ture. The best cross-section for a definite mean size of the grains

may be determined by means of the theory above-nientioned for a

prism semi-angle between 30° and 32°8'.

Mineralogy. — "On the Tin of the Island of Flares" By Prof

Dr. A. WiCHMANN.

(Communicated in the meeting of June 27, 1914). •

During the last decenniums very contradictory answers were given

to the question regarding the occurrence of tin-ore in the Isl and

of Flores. The fact that the solution of this question does not only

regard the interests of a mining-scientifical nature, but is likewise

\Qvy interesting from a mineralogical and geological point of view

may justify the attempt (»f elucidating this subject.

In -'.p fii-sf place we have to bring into remembrance the fact,

: the Sunda Islands the older geological formations gradually

•)fvir if we move in that range of islands in an easterly

itMi. till — beginning from Bali — only neogenic and pleisto-

cenic sediments are found, and at the same time tertiary and post-

tertiary eruptive rocks with their tufas begin to play a predominant

part. The question rises then : Does Flores make an exception to

this rule and do we find in this island remains of ancient granite

.>tücks, accompanied by deposits of tin. or are all the reports regarding

the occurrence of this ore only of a legendary nature ?

1) 0. LiEBKNECHT and A. P. Wills, Ann. d. Phys. 1 p. 183, 1900. W. J. de Haas
and P. Drapier, Ann. d. Phys. 42 p. 677, 1913.
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The first report originates from J. P. Frkyss, wlio wrote on aoeount

of his information received in 1856 in Manggarai (West Flores).

''In the monntains of Rokka at Sui Tni ^) gold is found, whilst

"Mount Aspana produces tin ^)".

In 1866 a resolution was taken b}' the Governor General \j. A.

J. W. Baron Si.oet van de Bkele "to send a trustworlhy fnnclio]uii\y

"to the isle of Flores in or'ler to investigate if on the south-coast

"of this island in the neighbourhood of the village of Rokka tin

"is found". It is unknown whether the resolution (of January the

'j5th]sjo 3) ^yj^g QyQY p^t iiifo execution'').

Five jears afterwards J. A. van der Chijs fixed the attentioji to

the fact, "that every year a rather considerable quantity of arm-

"and leg-rings made of tin and of a rude construction was exported

"from the district of Rokka, situated on the south-coast of the isle

"of Flores" ''). The Indian Government having been requested lo

order the controller S. Roos, established in the isle of Sumba, to

make an investigation whether in reality tin occurred in Flores, a

resolution was taken to this effect November the 13''' 1871 N". 3,

and the Board of Directors of the Society of Industry and Agricul-

ture received a short time after from the above-mentioned functionary

"a few specimens of tin-ore from Masai'a".

According to the investigation which was entrusted to C. de

Gaveke, the mineral in question was pyrites ^). In the mean time

the Governor General Pieter ïMijer had authorised, by resolution

of April the 18^'' 1872 N". 59, the resident of Timor to send an

expert to Rokka "that he might convijice himself on the spot, in

"how far tin-ore ii-, dug up and melted there, and at the same time

"to collect some specimens of ore and j'ocks" "). This investigation

had neither any result, for, as was repoi-ted, the native chief ^) —
this was the expert — "had until now, on account of ill health and

1) The place is called Sui ('manggaraish) or Tui (endehneisli) and is situated on

the west-side of the Aiméré bay. There can be no question of the occurrence of

gold there, for behind that place rises the extinct vulcano Koinba.

-) Reizen naar Mangarai en Lombok in 1854— DG. Tijdschr. voor hid. Taal-,

Land- en Volkenkunde. 9. Batavia 18G0, p. 507.

^) Koloniaal Verslag van 18.)1, p. 29.

•'•) Tijdschr. voor Nijverheid en Landbouw in Ned. bid. 16. Batavia 1871, p.

158-159.
'^) Tijdschrift voor Nijverheid en Landbouw in Ned. bid. 17. Batavia 1.S72, p. 184.

21. 1877, p. 40-41.

6) As quoted 17. 187:2, p. 385.

") He proved afterwards to be an Arab who had settled in Suuilia. (Koloniaal

Verslag van 1891, p. 23).
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"the unfavoiirable disposition of the popuhxtion of the island, not

"jet fulfilled the order given to him. ^)

A short time after S. Roos communicated the following- inform-

ation concerning tin. "The people of Rokka often sell on the shore

"bracelets made of tin, bnt thej do not allow anybody to visit

"their village . . . The Endehnese admit as rather certain that much
"tin-ore occurs in the ground of Rokka, bnt for fear of being mnr-

"dered they dare not venture into this village ; this was likewise

"the reason why nobody, even for ample payment, would accom-

"pany me thither, so that I had to desist from the journey : It is

"however known to me that proas of Endeh and likewise Chinese

"of Kiipang and persons of other places from time to time come
"there to trade with the natives i. e. they anchor at Wai Wau or

"at Aiméré and cany on their trade on the shore with the people

"of Mangarai and with the inhabitants of the mountains, the latter

"offering for sale a trifle e. g. a parang or a pair of bracelets made
"of tin to the merchants. The bracelets are heavy, of rude work-

"manship, more than a hand broad and are worn above the elbow." ^)

According to J. G. F. Riedel the tin is collected in Liu and Langgi

(read Langga) by the natives "in a mysterious manner." ^)

Hitherto tiiere had only been question of the supposed occurrence

of tin in the district of Rokka. but in 1877 F. C. Heynen wrote:

"according to reliable reports a considerable quantity of tin is found

"in the territory of the Rajah of Larantuka, somewhere in Flores ..

.

"the tin objects resembling silver gave lately to a traveller whom
"we met in Flores, the conviction, that the tin there is of an excel-

"lent quality." ")

A request made by L. P. den Dekker d.d. Kupang July l^t 1882,

but not granted, to obtain the permission of prospecting in Flores,

the Solor and the Alor Islands fixed again the attention of Govern-

nient to the tin. The mandate of trying to obtain, if possible, some

^) Verslag omtrent liel Mijnwezen in Ned. Indie voor het jacir 1872. Jaarboek

van het IMijnw. in Ned. Indie. Amsterdam 1873. I, p. 327. — Koloniaal Verslag

over 1873, p. 260. — Two years afterwards it was reported however that, on

account of the distrust of the population, it could not be ascertained whether the

territory of Rokka was really rich in tin. (Koloniaal Verslag van 1875, p. 26).

-) lets over Endeh. Tijdschr. voor Ind. T. L. en Vk. 24. Batavia 1877, p. 515.

'^} The island of Flores or Pulau Bunga [sic.!]. Revue coloniale internationale 1.

Amsterdam 1886, p. 66.

*) Het rijk van Larantoeka op het eiland Flores. Studiën op Godsdienstig,

Wetenschappelijk en Letterkundig Gebied. 8, No. 6. 'sHertogenboschl876,p.34—35.
A. Jacobsen described tin bracelets of East Flores (Reise in die Inselwelt des

B anda-Meeres. Berlin 1896, p. 606—61).
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of the tin objects original ing IVoin Kokka, given to the resident of

Timor and to the magistrate of Larantuka was complied with. ^)

From tlie investigation made by H. Cketikk it appeared that a

tin bracelet contained lead, whilst a specimen of tin-ore was very

ferrnginons. '")

The examination of some bnllets led fnrther to the resnlt that they

were not composed of tin, bnt chiefly of lead and zijic with traces

of tin, copper and iron. Should the "strongly ferruginous" ore be

identical with the specimen "stroomtinerts van Oost-Flores", mentioned

in the catalogue of the Mineralogical Collection of the Ofiice of the

Department of iMines at Batavia under N°. 3302 and really contain

tin, then it is certainly not originating from this territory, where in

several places titaniferous iron-ore but no tin is found.

In consequence of the resolution of the Goxernor General 0. van Rees

of August the 5^'' J 887 N". 4 the resident of Timor was authorised

to order the magistrate E. F. Kleian to go to the district ot

Rokka, situated on the south-coast of this island, in order to obtain

reliable evidence about the occurrence of grounds containing tin-ore

in the interior of the isle of Flores.^) Kleian had supposed that he

would reach his aim by choosing as place of issue the vdlage of

Nanga Lian in the district of Toa ^) situated on the north-coast, where

he landed the 12^'^ of September. The 17''' he marched to Nbai ^)

(about 8^34' S., i21°10' E.), he was however decidedly refused to

go further to Soa and Poma, the supposed tinding-places of the

tin-ore. An inhabitant of the mountain of the village of Dora told,

that at a few days' walk distance in a place called Watam Kadjan,

situated between Poma and Soa, specimens of native tin were collected

in the ravines, when the rainy season was over, to make bracelets

and other ornaments. After having returned to the coast on the

lO'^'' he continued his journe^y as far as Rium on the 20''. The

Rajah here, however, did not know anything about tin, nor was he

inclined to procure an interpreter or a guide for the journey to the

interior. Without having attained his end Kleian returned home again

to Kupang.

1) Verslag van het Mijnwezen in Ned.-Indie ovei' het jaar 1882— 83. Jaarboek

van hel Mijnwezen in Ned.-lnd. 12. 1884. Techn. en administr. ged , p. 376, 3Ü-4.

"} Bijdragen uit het scheikundig laboratorium van het hoofdbureau van het Mijn-

wezen. Jaarboek van bet Mijnw. 13. 1884. Welensch. ged., p. 312.

3) Koloniaal Verslag van 1891, p. 23. .

4) He had already paid a visit to Ihis district in 1875. (Een voetreis over het

oostelijk deel van Flores. Tijdschr. v. Ind. T. L. en Vk. 34. 1891, p. 530-532.

») Embai according to J. W. Stoutjeödijk..
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When in 1888 two applications for concession were made, one

by A. Langen, who had received from a Chinese a specimen of granite

and likewise a specimen of tin-ore, said to be originating from "the

river Aspana", and a second by R. van den Broek ^) with 4 others,

who requested to be allowed to explore 100000 bonws (1), the

Governor General C. Pijnakkek Hordijk resolved to have an investigation

made by an expert into the supposed abundance of tin-ore in Flores.

By resolution of the 20^'' Sept. 1889 n". 18 the mining-engineer of the

Department of Mines C. J. van Schelle was appointed leader of

the expedition. The expedition left Batavia on the 15^'' Nov., and

an-ived the 30^'^ next at Kupang. After the resident of Timor had

ordered the magistrate E. F. Kletan to accompany the expedition, they

left on the ^''^ Dec. for Larantuka and afterwards to Endeh, where

the assistant magistrate F. A. Brugman joined them. On the 10"» they

disembarked at Soa, situated on the westside of the Aiméré Bay, and

a reconnoitring-expedition was undertaken in a north-eastern direction

as far as the village of Foan, where however none of the inhabitants

could be prevailed upon to accompany the expedition to Langga,

"which village is said to be situated in the neighbourhood of the

"tin-region".

After their retiii-n on the 11"' December they went into bivouac

which they left again on the 15"i. After a 10 hours' march in a

north-eastern direction the mountain-ridge of Watu Loko was reached

in the neighbourhood of Ekofeto. The next morning, a short time

before their departure, they had to sustain an assault in which

Van Schelle and Kleian were wounded by sword -thrusts. In a

forced march the expedition drew back to the Aiméré Bay, which

they left in the afternoon of the 17"» to sail back to Kupang').

From the information he had obtained Van Schei>le came to the

conclusion "1^^ that none of the Endehnese, who had visited the

"coast-region of Rokka and the neighbouring Mangarai knew anything

"of an importation of tin under any form whatsever. 2'"^^ that the

"mountaineers of these regions with whom they came into contact

"possess tin ornaments, and use likewise tin to make their fishing-

1) This gentleman undertook in 1889 a scientific journey by order of the Kon.

Nederl. Aardrijkskundig Genootschap Tiie results obtained have however never

been published.

-) Koloniaal Verslag van 1890, page 21. — Verslag van het Mijnwezen over het

4e kwartaal 1889, p. 11. — J. C. van Schelle. Verslag van het onderzoek

naar het voorkomen van tinertshoudende gronden op Flores. Extra-Bijvoegsel der

Javasche Courant. Batavia 1890, No. 10. — Tijdschr. voor Nederlandsch-Indië

1890. 2, p. 77 —79. — Th. Posewitz. Die niederlandisch-indische Zinnerzexpedition

auf Flores. Das Ausland 64. Stuttgart 1891, p. 145—149.
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''nets heavier; 3'^ that tin has little value for them and iron and

"copper is valued higher by Iheui; 4''' that eonstanliy as findin»--

"plaec of tin a special spot is indicated, situated northward iVoin

"Mount Rokka, and the natives possess thexe considerable quantities

"of tin" ^). Further he asserted "that the idea former)}' occasionallj

"suggested, that the tin that the people of Rokka possess, should

"be imported or proceed from solder of petroleum- or other tins

"mnst be rejected as utterly unfounded".

The summary of his considerations was : "As far as the information

"I obtained reaches, I must admit that the soil to the noi-th of the

"Mountain of Rokka is very rich in tin-ore Along a lissure

"running- [)robably from East to West along the South-coast of

"Flores, the volcanic products have found a way and partly covered

"the other formations. The region containing tin-oie is situated at

"the frontier of the two formations, and we must admit, that the

"older formation there is strongly impregnated with tin-ore, and that

"by the desaggregation this comes tree at the surface".

The favourable expectations raised by Van Schelle's report

induced the Indian Government to send out a second expedition this

time however supported by a strong military power. (Resolution

of the 31^^' March 1890)
'O.

'

On the 11''' May 1890 a detachment departed from Surabaya and

arrived on the 14''' in the Aiméré Bay, where on the left bank of

the Wai Moke (Aiméré River) a bivouac was pitched. On the 8''' July

the well-known Watu Loko was occupied. On the 24''' and 25''' under

protection of a strong patrol C. J. van Scheli,e made from this

place in an eastern and north-eastern direction reconnoitring excursions

to the supposed tin-region. Instead of grounds containing ore he

found how^ever crater-mountains, of which Kopo Lebo and Lebi Sega

were ascended. On the 29 •' the patrol reached the top of Wolo
Méré, 1650 feet high, and discovered that, as far as could be seen,

it was of a volcanic nature.

After this complete failure a last effort was vejitured to reach

the "tin-region" from ihe district of Toa situated on the north-coast,

where E. F. Kleian had taken information in 1H87. By resolution

of 10''' Sept. 1890, N". 'J it was stipulated that van Schelle and

1) In reality more than a dozen places were mentioned.

2) Koloniaal Verslag van 1870, page 22., 1891. p. 23—29. — Verslag van het

iN.ijnwezen over het 2de kwartaal 1800, p tG; ode kw. 189!>, p. 12. — P. G.

ScHMiDHAMER. De expeditie naar Zuid-Flores. Indisch Militair Tijdschrift. 24.

Batavia—"c Gravenhage 1893, p 101— 115 1:7—213, 289-307, 315-404,

493_504, 25. 1894, p. 1— 11.
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his companions were to leave the south-coast, to repair to the

district nrientioned above. In the mean time a division had arrived

there on the 26''^ September, that transported their head-quarters to

Nbai on the Tl^^ October. When van Schelle had been obliged to

leave the spot on account of ill-health, he was replaced by the

overseer A. ¥. H. Heusch and along the river Koli they marched

into the interior towards Mundé, but on this expedition likewise

only volcanic formations were found. ^) Increasing cases of illness

rendered a longer residence impossible, so that on the 23''^' of November

Nbai and on the 2"^^ of December Kemang had to be evacuated. ^)

\\\ the mean time information about the occurrence of tin was

gathered from other sides. J. W. Meerburg on his march across

Manggarai in 1890 did not see anywhere an object made of tin;

only at Nanga Mborong he obtained a tin bracelet, which was said

to originate from Anduwa to the W. of Wai Moke, where, as was

said, the tin-ore was to be found. ^) In the beginning of 1891 the

controller J. B\ Hoedt was sent to the North-coast of Flores, in

^) According to P. G. Schmidhamer Pore was the real finding-place of the tin

(p. 404) and not Puma, Mundé and Soa (p. 500).

-) Koloniaal Verslag van 1891, p. 2G—29. — J, W. Stoutjesduk. Een mede-

doeling over het eiland Flores. Tijdschr. K. Nederl. Aardr. Gen. (2) 8. 1891, p.

748—749, map N'\ IV.

3) Dagboek van den controleur van Bima, J. W. Meerburg, gehouden gedurende

zijne reis door het binnenland van Manggarai. Tijdschr. v. Ind. T. L. en Vk. 36.

Batavia 1893, p. 143, 148.
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consequence of a repoi-t of Albert Coles ') according to which the

inhabitants of Potta bring' (in to market. Tiiat information was ]iot

confirmed by him, on tiie contiarv he was told that in the district

of Diia to the South of Potta, tin, gold and even diamonds occurred. '*)

The last investigation took place in the end during the years 1910

and 1911 by J. J. Pannekoek van Rheden. In the second of his

papers ') mentioned at the foot he says with regard to the occurrence

of tin: "According to the reports of Wichmann and van Schelle

"there was sufficient foundation for the supposition that the tin that

"was used by the population of Central Ngada was originating

"from ore found in the district itself. ^) As the presumable finding-

"place the region to the North of volcano Inië Rië is indicated. On

"the occasion of the expedition in North Ngada in 1890 a slight

"quantity of fine cassiterite was collected near Torang. The investi-

"gation I loas charged with about the occurrence of tin-ore in these

"regions could not yet be brought to an end on account of the un-

^favourable political situation." ^)

After the above historical explanation we shall now try to answer

the question whether there is sufficient ground to admit that tin

occurs in Flores. C. J. van Schelle had answered the question affirm-

atively and supported his answer by the 3 following hypotheses.

1^*^
. nothing is known about the importation of tin objects, 2'"^ the

^) CoLFS made a journey llirough Manggarai in 1880. In the description of his

journey not a single word is said about the above communication (Het Journaal

van Albert Golfs. Batavia 1888, p. 71—72).

~) Verslag van de reis van den Controleur Hoedt naar de noordkust van West*

Flores. Tijdschr. voor Ind. T. L. en Vk. 36. 1893, p. 281, 292.

S) Ecnige geologische gegevens omtrent het eiland Flores. Jaarboek van het

Mijnwezen in Ned. Ind. 39. 1910. Batavia 1912. Verhandel, p. 132—138, pi. X.

— Overzicht van de geographische en geologische gegevens verkregen bij de

MijnboHwkundig- geologische verkenning van het eiland Flores in 1910 en 1911.

Jaarboek van het Mijnwezen 40. 1911. Batavia 1913. Verhdig., p. 208—226.

*) This remark is, in so far as regards myself, entirely invented. The only

thing ever written by me about this subject runs as follows: "Ebenso schleier-

"haft (namely, as the origin of the Muli Tanali) ist die Herkunft des Zinns, dem

"eine gleiche Entstehung zugeschrieben wird. Es bedarf kelner eingehenden Ausein-

"andersetzung, um darzuthun, dass Zinnerz durch brennendes Gras nicht reducirt

"werden kann. Man hat auch noch niemals die geringste Spur von Zinnerz auf

"Flores gefunden. Die uns zu Gesicht gekommenen Gegensliinde aus Zinn hat

"Weber beschrieben. Sie sind siimmtlich bleihaltig." (Tijdschr. K. Nederl. Aardr.

Genootsch. (2) 8. 1891, p. 230—231). It is exactly the same wilh P. G. Schmid-

hamer's remark concerning the information of the . . . professors Wichmann
and Max Weber\ (1. c. p. 106).

5) \. c, p. 226.



482

mountaineers possess tin ornaments, and 3"^ tin tias little value for

them and iron and coppei' is valued much higher by them. Though

in genei-al the correctness of these hypotheses will be readily acknow-

ledged, we cannot help lemarking that they do not prove anything,

for in the possession of the Rokkanese objects of another nature

are found, the origin of which is as little known, whilst they can

by no possibility be constructed by them. Among these are e.g. the

lens-shaped pieces of brass, called by the Endehnese "mas di Rokka"

(gold of Rokka), and the dirty-red heads known in the Timor Ar-

chipelago by the name of Muti Tanah or JMuti Salah. These are

made of artfully manufactured glass and certainly not originating from

the Malay Archipelago ^), but of these the same story is told as of

the tin, i.e. that tiiey appear on the sin-face when the grass is burnt. ^)

With regard to the "mas di Rokka" A. Fuenzel indicated already

that it is an alloy of tin and copper. "') When I was in 1888 at

Mbawa the mountaineers asked me a gold-piece "with the leaping

horse" (£ i) foi' it. This "gold of Rokka" can no mor^ be originating

from Flores, for a nation that stands so low, is not able to manu-

facture such an alloy. ^) With respect to the so-called tin objects the

same can be asserted. As early as 1884 it was known, that they

consist in reality of an alloy of tin and lead, a fact which has not

been taken into account, in the tirst place C. J. van Schelle did

not do so, not even afterwards, when a piece of "tin" obtained

during the campaign of ISDO appeared to consist of 59,8% tin and

40,27o lead. '} Max Weber brought likewise into relief, that the

bracelets bought by him in 1888 were composed of these two

metals. ^} The fact communicated by him that the natives of East

1) This subject was treated very elaborately by G. P. Rouffaer ("Waar
kwamen de raadselachtige moetisulah's (aggri kralen) in de Timor-groep oorsproH'

keiijk vandaan ?" Bijdr. v. de T. L. en Vk. (6) 6. 's Gravenhage 1899, p. 409—
675).

2) J. E. Teysmann. Verslag eener botanische reis van Timor. . . Natuurk. Tijd-

schrift van Ned. ind. 34. Batavia 1874, p. 350. — S. Roos. iets over Endeh.

Tijdschr. voor Ind. T. L. en Vk. 24. 1877, p. öOl.

') Mineralogisches aus dera Ost Indischen Archipel. Tschermaks Mineralog. Mittheilg.,

Wien 1877, p. 3u6.

*) With regard to copper, it is quite certain that at least since the middle of

the 18th century it was imported into Flores, 'J. G. M. Rademacher. "Korte be-

schrijving van het eiland Gelebes en de eilanden Flores, Sumbawa, Lombok en

Bali." Verhandel. Batav. Geuoolseh. v, K. en W. 4. Batavia 1786, p. 252.)

5) Koloniaal Verslag van 1891, p, 26.

^) "Mededeelingen over zijne reizen in Indië." Tijdsch. K. Nederl. Aardr. Gen.

(2) '7. 1S90, p. 457. — Ethnographische Notizen über Flores und (<elebes. Intern.

Archiv. f. Ethnographic, Suppl. 3. Leiden 1890, p. 15, 16.
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Flores opened tins in order to work the solder into bracelets etc,

made van Schelle remark that such an idea, with regard to the

Rokkas, "mnst be rejected as ntterlj untenable". Weber on the con-

trary had positively asserted that this origin of the tin objects of

the province of Rokka was unacceptable. The fact that among the

constituents of the bracelets in question lead occurs, the import of

Avhich was in former times as little known as that of tin, would
lead to the conclusion that tiiis metal must likewise be originating

from Flores itself.

Leaving out of consideration the fact that lead-ore occurs onlj'

sporadically ^). nobody will certainly suspect the natives of under-

standing the art of reducing the metal from it.

A boy of fourteen years who was taken prisoner in 1890 with

the object of being able to interrogate him, rightly remarked "he

"could not possibly give any information concerning the tin ; the tin

"that is in their possession, they have as pusaka from their ancestors". ^)

If one should object that objects regarded as pusaka are as a rule

higher valued, we may point out that for several years, the gold

that is brought by Australian horse-dealers in the shape of sovereigns

to Sumba, from where it has found its way to Flores is more to the

taste of the natixes. During the bad harvests which are by no means

rare, they are moreover compelled to part with objects that are

dear to them, in order to obtain food.

Consequently we come to the conclusion that the metallic objects

in the Rokka territory are not originating from the island itself, but

that they were imported in former times. Their origin is as unknown
as that of the different metallic objects found with the natives of

other islands.

The last question that must be answered is, whether the geolo-

gical condition of the island is of such a nature, that there is any

prospect of being able to detect tin-ore — in whatever form it

may be. The following summary may serve for this purpose. In

Western Flores, the eastern frontier of which is situated between

1) Galena was found by J. J. Pannekoek van Rheden in small quantities in

the neighbourhood of Lowo Sipi (Endeb) and in the peninsula of Batu Asa

(Manggarai). J. P. Freyss supposed that the same mineral occurs near Rium and

near Geliting on the north-coast, which is very unlikely. R. Everwijn mentioned

lead from Mount "Himendiri in Western-Timor" (Jaarboek van het Mijnw. 1872.

I, p. 261). The mountain is really called "Ilimandiri" and situated in Eastern

Flores. The piece mentioned is an augite-andesite containing hematite, lead however

is not present at all.

~j Java-Bode, Tuesday 8 July 1890, N^. 154.

32

Proceedings Royal Acad. Amsterdam. Vol. XVII.
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120°53' E. on the north- and 120°47' E. on the sonth-coast, an

orographical difference presents itself already between the northern

and the sonthern part. Here very accidented grounds, steep moun-

tains 2646 m. high, and deep valleys and ravines, yonder a more

hilly region in which only few mountains reach a height of 1000 m.

and more. This northern part is chiefly covered by a formation, to

which J. J. Pannekoek van Rheden has given the name of Reo

formation, and which consists of limestones — especially coral lime-

gtone — resting occasionally on eruptive rocks and sometimes

enclosing volcanic products. Here and there they are covered with

tuffas ^). Pannekoek writes regarding the organic remains that are

found: "A cursory investigation stated the presence of: Orbitoids,

"Corals, fragments of Spatangus, Natica, Corithium, Conns, Lima (Pla-

"giostoma), Ctenostreon, Gervillia, Isocardia, Teredina". A curious

mixture indeed. It is to be hoped that this "cursory" examination

may soon be followed by a more correct one. From the remark

that the strata of the isle of Rindja, "seem to be younger, most

"likely tertiary" we must deduce that he supposes the sediments

of the Reo formation to be of a mesozoic age, which however cannot

be the case. H. Zollinger has already drawn the attention to the

similarity of these strata with regard to their petrographic character

with those of the south-coast of Java (Besuki, Kediri) "). They have

entirely the character of neogenic rocks, as appears already from

the occurrence of Globigerina limestones ''). Pannekoek however

rightly makes distinction between these and the younger pleistocenic

coral limestones, as they are found in the isle of Longos in the

neighbourhood of Reo, On the bay of Reo they rest on andesite

conglomerate, ^j A continuation of the Reo formation is most likely

still found as far as the Kolitang Bay (Soho Kolitang) 'J20°77' E.

J. F. HoEDT found eastward from the extensive plain a low^ range

i) Overzicht van de geographische en geologische gegevens verkregen bij de

Mijnbouwkundig-geoiogische verkenning van het eiland Flores. Jaarboek van het

Mijnwezen in Ned. Indië. 40. 1911. Batavia 1913. Verhandel, p. 217—218.

2) Verslag van eene reis naar Bima en Sumbawa .... Verhandel. Batav. Gen.

V. K. en W. 27. Batavia 185Ü, p. 14. Remarkable is liis annotation accord-

ing to which at Badjo (meant is perhaps Padja) a day's journey behind Bari

a hot spring is found, forming a pond, on which a brownish mass floats, which

hardens in the air and can be used for tarring proas.

^) J. W. Retgers describes likewise from Dangkawai 15 kilom. S. W. from

Reo, a limestone containing foraminifera. (.laarboek van bet Mijnw. 24. 1895.

Wet. ged., p. J35
)

•^j A. WiCHMANN. Bericht über eine .... Reise nach dcm Indischen Archipel.

Tijdschr. K. Nederl. Aardr. Gen. (2) 8. 1891. p. 194.
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of hiils eoiisisting of limestone, a,iid in tiic plftin itself a few isolated

hills of limestone ^).

Up to the present moment only yonnger tertiary and post-tertiarj

ernptive rocks were fonnd in the entire sonthern half of Western

Flores. In the ntmost sontli-western part i. e. in the Madui-a Bay tiie

Siboga Expedition collected in 1899 rocks that on more exact examin-

ation proved to be angite-andesite. According to D, F. van Braam
Morris Mount Sosa J 212 m. high farther westward 8°46' S, 129°58' E;

must be a still active volcano ^). By the volcano called by him

Toda (5000 ft.) will most likely be meant Potjo Wai 1740 m. high,

the highest mountain of the province of Todo. Potjo Leo 2696 m.

high was already called a volcano by J. P. Freyss *) and is still

active according to Braam Morris. J. W. Meerburg, who marched

along its slopes in 1890, does not remark anything in this regard '')

Potjo Lika (2212 m.) situated in the immediate neighbourhood to

W.N.W. is, according to Pannekoek's ma[), volcanic, and the same

can most likely be said of Potjo Rea (2006 m.) and Mata Wae (2077 m.)

rising at a short distance. J. W. Retgers has microscopically examined

the rocks collected in this region by J. W. Meerburg.*) He mentions

pyroxene-andesite from the Wai Ren a near Dégé, quartz-augite-andesite

of the same place, qnartz-hyperstene-andesite and hornblende-hyper-

sthene-andesite from the Wai Lédé near Ruté at the N.E. foot of

Potjo Lika, hornblende-hypersthene-andesite from the Wai Soki,

between Lidi and Todo, pyroxene-andesite from the Wai Madjo near

Todo, hornblende-pyroxene and hornblende-hy perst hene-andesite from

the Wai Man, a tributary of the Mésé, 9,4 kilom. N. from Nanga

Ramo. Toren Island 780 m. high (8°54' S., 120°15,4' E.) «) situated

to the south of tliis place is most likely also of volcanic origin.

According to Pannekoek's map the whole region situated between

Nango Ramo and the Aiméré Bay, the frontier of Western Blores

is of a volcanic nature. It is wellknown, that Mount Komba (926 m.)

1) Verslag van de reis van den controleur Hoedt naar de Noordkust van West*

Flores, Tijdschr. v. Ind. T., L. en Vk. 36. Batavia. 1893, p. 292.

2) Nota van toelichting behoorende bij het contract gesloten met het landschap

Ëima. Tijdschr. v. Ind. T. L en Vk. 36. 1893, p. 186.

3) Reizen in Manggarai en Lombok. Tijdschr. v. Ind T. L. en Vk. 9. Batavia

1860, pp. 506-507.

*) Dagboek van den controleur J. W. Meerburg, gehouden gedurende zijnereis

door het binnenland van Manggarai. Tijdschr. v. Ind. T. L. en Vk. 36. 1893, p. 290.

") Mikroskopisch onderzoek van gesteenten uit Nederl. Oost-Indië. Jaarboek van

het Mijnwezen 24. Amsterdam 1895, Wet. ged., p. 135.

^) Also called Pulu Ramo, Nusa Sigo, Gih Enta or Embuanga,

32*
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and Mount Liimu (663 m.) rising on the west-side of the mentioned

bay over Sosi are extinct volcanoes.

The expedition of 1890 had communicated regarding Central

Flores that in the province of Toa, in the river-basin of the Nanga

Koli, they had marched exclusively through a volcanic territory. In

the upper-river-basin of this river, in the neighbourhood of Soa

(about 8°40' S., 121°2' E.) — one of the repeatedly mentioned

finding-places of tin-ore — Pannekokk found at a height of ± 400 m.

a territory of horizontally stratified marls with interjacent light-yellow

tufas containing impressions of leaves, molluscs, insects and fishes.

He supposed these strata to be sediments, deposited in a fresh-watei-

basin and called it Soa formation '). More eastward, between Mautenda

and Dondo on the North-coast another territory is situated which,

according to Pannekoek's map, is covered by sediments of the Reo

formation.

The southern half of Central Flores, on the contrary, contains most

of the still active volcanoes of this island. To the East of the Aiméré

Bay rises in the first place Inije Rije (Inië Rië) 2494 m. high, more

known by the name of Gunung Rokka, which is in a solfataric

activity. Wiluam Bugh saw it smoking for the first time on the

22"'i of August') and Pannekoek perceived on his visit in 1910

that the solfataras are situated on the east-side of the crater bottom ').

The long ridge of the Langga Mountains seems to be, according to

Pannekoek, a Somma-edge' of Mount Rokka. To the East of this

mountain rises Watu Sipi 1466 m. and another mountain 1533 m,

the name of which is unknown. Both are extinct volcanoes. In

the North-east of the Rokka a group of volcanoes is found that are

no longer iictive among others Kopo Lebo, Wolo Mere, about 2000 m.

high, Pipodok, Wolo Lega, Lebi Saga, which were discovered during

the military expedition of 1890 ').

Inije Lika (Inië Like) 1600 m. high, hitherto entirely unknown, was

discovered in 1910 in North Ngada and described by G. P. Roüffaer').

1) Eenige geologisclie gegevens omtrent het eiland Flores. Jaarboek van het

Mijnwezen 39. 1910. Batavia 1912. Verhdl, p. 135. — Overzicht van de geogra-

phische en geologische gegevens.... van liet eiland Flores. Ibid. 40. 1911. Batavia

1913, p. 220-221.

-) A Voyage to the South Sea undertaken by Command of His Majesty. London

1792, p. 246. Dr. R. D. M. Verbeek kindly informs me that this is a mistake.

Instead of Mount Rokka has to be put Mount Keo.

''') Eenige geologische gegevens, as quoted p. 135—136.

*) P. G. ScHMiDHAMER a? quoted p. 389, 390. 393 and map.

°) De inije Lika op de hoogvlakte van Ngada. Tijdschr. K. Ned. Aardr. Gen. (2)

27. 1910, p. 1233—1239, vide l.kewise J. J. Pannekoek van Rheden, Overzicht van

de geographische en geologische gegevens. 1. c, p. 219, 223.
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The heavy eruption, lasting only live hours, took place in 1905.

About Ambu Rombo 2147 m, high, also called Suri Laki, better

known by the name of Gunlmg Keo, we do not know much more

than that it has been for more than half a century in a situation

of solfataric activity. According to Pannekoek ^ the solfataras are

especially situated in the neighbourhood of the northern edge of the

top''). As far as it is known only augite-andesite is found as

rock on the coast. Ngaru Tangi (1537 m.) rising over the S. W.
corner of the Endeh Bay is a volcanic ruin.

In the territory of the Endeh Bay the western part of its north-

coast, especially the environs of Nanga Pandan, was examined in

1910 by JoH. Elbert'). He wrote in his first communication that

Central Flores had been "durchquert" ^) by him and that he had

found: graywackes, diabase-tufas, melaphyre-breccias, quarzites, marls,

which were perhaps| of palaeozoic acfe. In his work published

two years afterwards he does not mention these at all, neither are

the above-named rocks found back in it, but quite different ones

are indicated. Referring to the determinations of M. Belowsky and

G. Rack he says, that he has found on the Wawu Manu Balu as

fundamental rock hypersthene-diorite-poi-phyrite, over it hornfels,

which was succeeded by tufa-rock. On the steep declivities of

Woro Weka in the valley of Oto Weka he perceived at the bottom

augite-diorite over it hornfels and furtliei* quartz-sandstone. He
surmised the existence of a contact of the plutonic rocks ^). In

Georg Rack's description of the collection gathered by Elbert (39

specimens in allj however the name of not a single one of the

above-mentioned rocks occurs. On the contrary he describes from

the river Manu Bala dacite and andesite, from Oto Weka and

Langa Weka exclusively andesite !

"). According to Elbert a gray

limestone containing numerous Globigerina's and a few Rotalia's

occurs near cape Ngaru Kua on the North-coast of the Endeh Bay ^).

1) J. J. Pannekoek van Rheden. Eenige geologische gegevens. 1. c, p.

136—137. — Overzicht van de geographische en geolog. gegevens ... 1. c, p. 220.

-) A. WiCHMANN. Bericht über eine . . . Reise nach dem hidischen Archipel.

Tijdschr. K. Nederl. Aardr. Genootsch. (2) 8. 1891, p. 231.

S) B. Hagen. Bericht über die von Dr. Elbert gefiihrte Sundaexpedition des

Frankfurter Vereins fur Geogr. und Stat. Petermanns Mittlg. 56. 1. 1910, p. 308.

^) A somewhat euphemistic expression, if we consider that the direct distance

between Nanga Pandan and Geni is only about 10 km.

5) I.e.. p. 2Q1.

6) Petrographische Untersuchungen an Ergussgesteinen von Sumbawa und

Flores. N. Jahrb. f. Min. Beil. Bd. 34. 1912, p. 73-82.

7) 1. c, p. 201.
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Also at Liana in the nortliern part of the province of Endeh Pannekoek

found a lime stone rich in Foraminifera, in which moreover fragments

of quartz, plagioclase and biotite were detected \\ From this it appears

that the limestone is younger than the dacite. In the valley of

Ndona, eastward from Ambugaga, I found a boulder of Globigerina-

iimestone. For the rest effusive rocks with their tufas and loose

eruptive materials are prevalent in this region. The southern part

of the peninsula of Endeh is formed by Mount Ija, usually called

Gunung Api (635 m.). The material from which it was formed is

angite-andesite. For a long time it has been in a solfataric activity.

To the north of this mountain rises Pui or Gunung Medja only

394 m. high, which has retained a regular craterform '). In a

northern direction Mount Kengo (514 m.) and Mount Wongo (723 m.)

which Elbert regards as the two cupolas of one encircling mountain,

are connected with the peninsula of Endeh ^). Most likelj" the

eruption of a mountain, situated behind Brai, in 1671, wdiich P. J.

Veth mentions^) relates to Kengo, and not as I supposed formerly

to Pui.

To the West of the Ndona valley rise Geli Bara (1731 m.) and
Geli Mutu (1494 m.), the latter of which is in a situation of solfataric

activity ^). The pyroxene- and labrador-andesites originating from this

territory were described by G. Rack"). I found in 1888 in the

valley of Kdona numerous boulders of dacite, labrador-andesite,

augite-andesite and on the declivity of the mountain andesite. To
the east of volcano Ndona Elbert still mentions Nduri, which has

a solfatara'). The island of Nusa Endeh situated in the Endeh Bay
is likewise of a volcanic origin.

In the eastern part of the island of Flores the lim.estone formations

have become very scarce. The little information we have about it

is limited to the hillrange in the W.N.W. of Sikka situated in the

province of Liu on which, according to H. ten Kate, the villages

of Kiara (±275 m.) and Riipuang (±350 m.) are situated.') The
rock collected by him is a Globigerina limestone. In the farthest

1) Overzicht van de geogr. eu geolog. gegevens 1. c, p. 219.

~) A. Wtchmann ]. c, p. 222.

3) 1. c, p. 202.

4) Het eiland Flores. Tijdschr. voor Nederl.-Indië. 1855. II. p. 157.

^) J. J. Pannekoek van Rheden. Eenige geolog. gegevens l.c, p. 157. —
J. Elbert. Die Sunda-Expedilion. II. 1912, p 202.

6) I.e., p. 78—82.
7) I.e., p. 202.

8) Verslag eener reis in de Timorgroep en Polynesië. Tijdschr. K. Nederl. Aardr.
Gen. (2) U. 1894, p. 221.
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Northeast occurs then limestone in the vicinity of Tanjung Bunga

or Kopondai, the well-known Cape Flores, to which the island owes

its name. At a distance of 300 m. eastward from the cape men-

tioned, G. A. J. VAN DER Sandf, (Uscovercd a grotto with stalactites.

And at last, according to A. J. L. Couvreur, coral limestone is found

to the North of Larantnka from Panté Lela to Panté Beli Beting,

especially between the village of Tjabao and Hi Labao.

The entire remaining part is covered with volcanic material the

monotonousness of which is only interrupted by the numerous partly

still active volcanoes. In the North westward from Maumeri rises

the volcanic ruin of Kiman Buleng (1446 m.). Gunung Dobo or

Iliang (900 m.) situated behind Geliting but nearer to the South-

coast is on the contrary still active.

Most known, though likewise not sufficiently examined, are the

volcanoes situated on the East-coast of Flores. For times immemorial

Ilimandiri (1570 m.) has not given any sign of activity. The rock

of which it is composed is chiefly augite-andesite.^) Kabalelo (1075 m.)

situated eastward is an old volcanic ruin. ^) Westward from it Leworoh

is situated where on the 16^^ of March 1881 an explosion-crater

formed itself. ) The largest, highest and most active volcano however

in this territory is Lobetobi, consisting of two cones Lakilaki 2170 m.

high and Parampuan 2263 m. high.

G. F. Tydeman perceived about 37 km. westward from Lobetobi

a high volcanic cone; most likely Dara Woër is meant b}' it. ^)

As appears from the above, there is in Flores no room for

praeterliary sediments and eruptive rocks. Repeatedly however the

existence of such like rocks in the form of boulders was hinted at.

Near the bay of Bari I found in 1888 quartz-porphyry, clay slate

and quartzite. ^) I may now add to this the communication that in

the river Reo amphibole-granite and diabase occurs, the hornblende

of which has changed into chlorite. More eastward in the territory

1) Een dienstreis benoorden Larantoeka (Oost-Klores). Tijdschr. K. Ned. Aardr.

Genootsch. (2) 25. 1808, p. 554.

~) A. [WiCHMANN I. c, p. 159. — G. Rack. Beitrage zur Petrographie von

Flores. Gentralbl. f. Mineral, 1913, p.p. 134—139. — H. Möhl described from

Okka, situated on the south-western extremity of Ilimandiri sanidine-trachite and

Hauyn-andesite (N. Jahrb. f. Min. 1874, p.p. 694—697). The determination however

was not correct.

^) J. P. VAN DER Stok. Uitbarstingen van vulkanen... gedurende het jaar 1881,

Nat. Tijdsch. Ned.-Ind. 42. 1882, p. 241.

^) Hydrographic Results of the Siboga Expedition, Siboga Expedition 3. Leiden

1903, p. 56.

6j 1. c. 193.
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of the mouth of the Nanga Koli A. F. H. Heusch collected in 1890

according to Pannekoek ') qnartzite and greywakke(?). On the south-

coast at Nanga Mbawa I found granite (read quartz-diorite) and

gabbro') and finally in the valley of the river Ndona quartz-diorite.

None of these rocks were ever found as rock, they are con-

sequently at least "auf tertiarer Lagerstatte". They are the last

remains of rockmasses that got into the conglomerates by washing

from which they got afterwards free again.

The oldest formations of Flores belong to the effusive rocks of

the character of dacites, labrador-andesites and hornblende-andesites

with their tufas, on which those of the limestones of the Reo-form-

ation and those of the tuffas of the Soa formation follow. They

were uncovered by subsequent elevation. Afterwards the island was

over its entire length the scene of violent volcanic eruptions, from

which the only partly known crater mountains proceeded. The

material produced by them consists — as far as our knowledge

reaches — exclusively of pyroxene-andesites belonging to the Pacific

type of rocks. The younger coral limestones occuriing only spora-

dically have only been formed after the formation of the volcanoes.

Von Schelle's postulation that the bottom "to the north of Mount

Rokka is very rich in tin-ore" appears to have been not only vain

but also very expensive.

Mathematics. — ''The theory of the combination of observations

and the determination of the precision, illustrated by means of

vectors." By Dr. M. J. van Uvex. (Communicated by Prof. W.
Kapteyn),"

Communicated in the meeting of June 27, 1914).

By L. VON ScHRLTKA^) and C. Rodriguez^) a method has been given

of illustrating geometrically the theory of the combination of oljser-

vations by the method of least squares, namely by means of vector

operations. Rodriguez however chooses in the case of rigorous equations

of condition another way, whilst von Schrutka, who consistently

1) Overzicht der geographische en geologische gegevens 1. c. p. 229.

2) 1. c. p. 229.

3) L. VON Schrutka, Eine vektoranalytiscbe Interpretation der Formeln der

Ausgleichungsrechnung nach der Methode der kleinsten Quadrate. Archiv der

Mathematik und Physik. 3, Reihe, Bd. 21, (1913), p. 293.

^) C. Rodriguez, La compensacion de los Errores desde al punto de visto geo

metrico. Mexico, Soc, Cient. "Antonio Alzate", vol. 33 (1913—1914), p. 57.
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operates with vectors, restricts liimself to two variables and one

rigorous equation of condition.

It is our purpose not only to extend their method to the case of

an arbitrary number (iV) of variables and an equally arbitrary

number (r) of conditions, but also to derive the ?y6^((//</ of the unknown

quantities in the same way.

I. There are given JSf quantities x, y. z, . . . which are to be deter-

mined from n (approximate) equations of condition (equatio]is of

observation)

:

ttix -i- biy -\- Ciz -\- . . . -}- mi =0 i=l, . . .71.

These equations have the weights gi resp., and so are equivalent

to the equations

ai [/gi . X + hi \/gi .y + Ci \/gi . z -\- . . . + nii j/r/,- =: i = l, .. .n,

each of which has the weight unity.

We now introduce

ai \/gi hi \/gi q \/gi mi [/gi
a;:

v\9i<^n \/[9ihi'\ vhi^n u'bim']

A r= w \/[gia,% B= y Vlgih^l C= z \/\gi<^-'\. - •M= [/ \gimi']

Ai= Aai= ai \/gi . .v, Bi= B(3i= hi \/gi .y, Ci— Cyi= ci \/gi . z, .

.

. . . Mi= Mm— mi \/gi ,

[ ] denoting summation over i from 1 to n.

So the equations of observation run in the form

Ai^Bi-^ Ci+ ... J/,-=0 i= l,...n.

We now consider J/, Bi, Q, . . . Mi as the components of the

vectors 31, 55, (^, . . '?^i, resolved parallel to the rectangular coordinate

axes of an ?z-dimensional space. Thus the tensors are A,B,C, . . . M,

«; 5 /?/, Ym . . . ft/ representing the direction cosines.

The set of n equations of observation may now be condensed in

the single vector-equation

31 ^ ÏB + (£-!_... 4- .?3^ = 0,

which expresses, that the vectors 21, 35, (i, , . .93i must form a closed

polygon. The coefiicients ai, bi,Ci, . . . and the weights ƒ// being given,

the unit vectors a, b, c, . . . of the vectors '^l, ^, 5, . . . are determi-

nate. So the vector-equation requires that ^'il may be resolved in the

jS^ directions n, b , c , . . . , in other words : that ?)i lies in the A'-dinien-

sional space Ry, determined by the vectors a,b,c,.,. and called

the space of the variables (or unknown quantities).

In consequence of the errors of observation this condition is not ful-

filled. The most probable corrected value of ^ is the projection of

^^i on the space Ry of the variables.
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Denoting the projecting vector by ^ (tensor K, direction cosines

xi, components Ki) we have really

2i + ^ + g + . . . + ^D2 = if

.

As ^ is perpendicular to '^, $, S, . . . , we have

(•21, il) = 0, ('$, 5?) = 0, (^, .^) =: 0, etc

or

[«, Ki ] =z 0, [/?,• isT,- ] = 0, [y,- TT,- ] == 0, etc.

or because

Ki=Ai-{-Bi-\- Ci+... + Mi=aiA + /?,-^ + y-C + . . . + J/,-,

[a,^ A + [«,/:?,] ^ + [«;y,] C + . . . + [aiMi] = 0,

[/?,«,] ^ -f [/?,-^] i? -}- [/?,y,] C + ... + [/^iMi] = 0,

[y.«/] A + [y,/9,] 5-1- [y-] c 4- . . . + [y.^//] = 0,

By multiplying these equations by V^lgiai"], }/[(/ilH''], ylgiCi"^,

. resp., we obtain the "normal equations" :

[gici''] X + [giaihi] y -\- [giüiCi] ; + ... + [giaimi] = 0,

[gibiüi] X + [gibi'] y + [gihici] z -{-... ^ [gihimi] — 0,

[giCiüi] X + \()iCibi] y -f- [^,c,-'] ^ -f . . . + [(7/ c,- 7n/ ] = 0,

II. After these developments which also are given by von Schrutka

and Rodriguez we proceed to determine the weights of the variables.

For this we notice that all the quantities Afi have the weight 'J,

and therefore have an equal mean error e. From this ensues, that

the projection of ?)i in any direction has the same mean error s.

We have to investigate the influence on ti due to the variation

of ^, if the other variables ^, (^, . . . do not undergo that influence.

A variation of ^l which does not displace the foot on AVy of the

projecting vector ^, does not act upon any vector '^1, ^, <i, ... So we
have only to do with a variation of the projection W of i53ï on i?^v

In order to leave the vectors 03, 5, . . . intact, the foot is to be moved
in a direction i> perpendicular to $, ^, . . ., and, because it lies in

i^AS also perpendicular to -S".

Denoting by Gi the direction cosines of é, we may put the equation

(•2l,6) + (T)?,e).= 0,

obtained by multiplying the equation of observation scalarly with

é, in the form

AlaiOi]=z — J\Js

Ms designating the projection of 5)ï on é.

As 31s has the mean error s, the mean error sa of A equals
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8

SA— : ,

whence

The vector ^, \ying in Ry , may be resolved in the directions

ii,l\c,... Denoting its components in these directions by X,Y,Z,...

we find

é = Xa + rb + Zc + ...,

or

öi=Xai+ Yfti-\-Zy, -{-...

Now, ^ being perpendicular to ^, <5,..., whence [/:?/(T/]=0,[y/a/ J=0,..,

we have

\ = [öi^] = K[aiOi]

or

1

From the equations

[«/ <^/ ] = ^ , [fti 0/ ] = 0, [y, <7, ] = 0, .

.

wliich may also be written

[«/'] X + [ctifti] Y + [aiYi] Z + ... =Y ,

or

K] X^ -f [«,/?,] Xr + [rr, y;] XZ + . - 1 z= 0,

[/y/«;] X^ + [(ie] XY + [,/:?rA] ^Z -f .. + == 0,

[y/«/] A- + [yift,] XY + [y.^] XZ + .. + = 0,

the first unknown quantity A' takes tlie value

[ctiöiY e' (JA

The reciprocal \alue of the weight of A is therefore found to be

the lirst unknown of the "modified normal equations".

Putting further

X= él/[rA«.-1, Y^ii\/[gihrY Z = g[/[gicr],...

the modified normal equations pass into

{(/ic^ r + [giciibi] |ii + [giaia] §? -f ... - 1 = 0,

[gibiüi] è' + [gibn ^li + [gibiCi] ^i; + ... + = ,

[giciüi] r + [gi^-ibi] in + [r//^/1 èS + -. + = 0,
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Now, from A = x\/[giai^'] ensues

hence

1 a/ 1 ba' X'

which is the well-iinown theorem on the weights of the variables.

Example: 3 equations of observation with 2 variables.

The unit-vectors a and b determine a

plan R^. The extremitj^ Moï—^=OJI
is projected on this plane in the point

M\ OM' is resolved parallel to a and b

Q into the components 0A= ^ and 0B=^.
In the plane H^i^, 53) the vector é is

erected perpendicular to ^. On this vector

"A OM = —^^i and 0A= ^ have the same

projection OAs = Ms. This segment 3fs

has the mean error 8 ; the variable A, i.e. the segment OA there-

8

fore has the mean error 8^ = -.

cos AOAs

III. We now suppose that besides the n approMinale equations

of condition (equations of observation) v rigorous equations of con-

dition are given, viz.

:

anJ^jX + hnJ^jy + Cn+jZ + - f ^^n+j = (_y"=:l
, ... v).

For the sake of regularity in the notation, ^ve will also provide

these equations with factors gn-\-j fw4iich afterwards disappear from

the calculation). Thus we really operate with

anJ^j Vgn+j-X + hnJ^ygn^j.y+ CnJ^j V9n+j.Z "h-+ m^^j \/CJ,,^j=0{j=\,. r).

Agreeing, that [j] now means a summation over / from 1 to

n -\- V, we may, retaining the notation used above, consider 3i. ^5,

^. . . .,^yt as vectors in a space of n -\- v dimensions.

The vector-equation

51 -f ':^ -f (1 -t- ... + ^yt ^
is again not fulfilled on account of the errors of obser\ation. The
last r component-equations {n -f 1) . . . {n + »') however hold exactly

this time.

Putting again

51 + 05 + ^' + . . + m = ^
the V projections Kn-\-i, . • Kn-^. of ^ must be zero, whence

y.n-\-j = (;•— 1, ..r).



495

So the vector ^ is perpendicular to tiie space R, "of condition'*

determined by the coordinate-axes r„_|_j and therefore cannot generally

be an}- longer assumed to be perpendicular to the space Z?^v('^,'-S,^v)

of the variables. ^ lies in the ?i-dimensional space R'„ ,t„^j =: M„-\-j

(J=:l,.r), which is parallel to the space Rn "of observation" determined

by the axes Xh (/i=l, . . n).

The parallel-space R'n cuts the space Ry of the variables in a

linear space of xV -|- ^^— {?i-\-v) = N—v dimensions, which we shall

denote by q'x—,. This latter is parallel to the space gy-v of inter-

section of the space Rn of observation with the space Ry.
We now project the extremity of ^1 lying in /^'„ m this space

on the space Q'y-, of intersection. The projecting vector will now
be the "correction-vector" ^.

Translating iv to the origin into the -vector OP, OP will be per-

pendicular to the space Qy-j common to Ry and /?„.

Next we construct the normal space of Qy-, which passes throngh

the origin 0. This space has 7i-\-v— {JST—v)= 7i-\-2v—JSI dimens-

ions. It contains the space R, of condition (as normal space of R,,),

further the line OP, and also the normal space of 7i -\- v — JSf

dimensions which can be drawn from P perpendicular (o Ry.
This latter space therefore lies together with R., in a space of

n-\-2v— ^dimensions and thus cuts R, in a space of (?i-|-r—A^) +
-{- V — {7i-\-2v—iV) = dimensions, consequently in a point. As for

this point Q, it thus lies both in R, and in the normal space drawn

from P perpendicular to Ry, from which among other things

follows, that PQ makes right angles with each line of Ry, more

particularly with the vectors 21, 03, ^, . . . So, projecting OP and OQ
on 21, these projections are equal. The same holds for the projections

on ^, (è, . . .

Representing OQ by the vector ^\ {[i',üi', lu'), we have, as ^'

lies in R.>,

Kh' = and y,h = 0. (/t=l,...n)

From

01,31) = (J?',2I), (je,5g) = (.^V^B), i^,^) = (^',e), .

.

follows

As }{„_^j = for J =: 1, . . . r, the sum [x/«;] is only to be ex-

tended from 1 to ii; hence [x/«/] = ^""
x/j«/, = [>c/j«/,]'; and since

1

jj/,' = for /i = l,..?i, the sum [x/V.v] is to be extended from ?i-[-l
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to n-\-v, so tliat [x/ai] = J>: xn-^j'itn^j ^ [ün-\-j'(tn-^j]". Here and in
1

what follows [/,]' will denote a sum over h from 1 to n.and[„^j']"

a sura over j from 1 to v.

We maj tlierefore write

or, because

Kk = Ak + B,, 4- Cn + ... + Mu = rtj^A + /?/,B + y;,C + ... + iti;;,

[«/,^]'^ + [«AA]'i>^ -I [«/,r/,]'r + . . + [«.^^1//-]' = [an+jK„+j']'\

[rA«/-]'-i + [nf^i^]'J3 + [vA^'C + .. 4- [yM]' = [7.+,ir„+/]",

»

Putting

we iiave

[«/.^]'^ + [«/,/?/J'i? + [«Ay/JC+ ... + [«A^i//.]' + [«/Q,]" = 0,

[/3hm]'A + [/?A^]'i? + y9,Yi]'C + ... + [fikMn]' + [A-'Q,]"= 0,

[na/.l'^'i f [y/./?/J's + [y/ri'c + ... + [r,,Mi,]' + [y/Q,]" =: o,

Introducing

«y'|/[i/^«/^] ,, , f^jVbi^n

we obtain, after multiplying successively by [^[gia;^], |/[^A'],

y[gicn, ...

Ci/ArtA'j'A' + [(/hdhi^hh/ + [^//.«/(C/J.- + ... + [ghakmh]' -f [a^'^_y]" = 0,

[9hhah]'''i^ -\- [(lhhh^]'y + iif/J'hChyz + ... + [p^/i^A^nA]' -f- [èj'^^]"= 0,

[f7//'/<^//]'.^- + [<jhChhi>]'y -\- [(jhc/rjz -f ... + [ghChmf]' + [cj'gy]" = 0,

>

^ equations, which together w^ith the v conditions

a/x + bj'ij 4- c/z + ... + wj^-' =
serve to determine the N' variables x, y, z, ... and the v auxiliary

quantities qj .

IV. In order to determine the weights of x, y, z, . . ., i. e. of

A, B, C, . . ., we must examine the influence undergone by vl from

a variation of 9)?, the vectors 35, ^, . . remaining unaltered.

A variation of 3)ï only acts upon 51, 53, C^, . . when the foot of ^ on

the space ^'a_v of intersection moves. If the foot is fixed, iv may freely



49^

move in the space S, common to the normal space of ^'^r—v (of « -|- 2r

—jS/ dimensions) and the space /^'«parallel to /i„. The space /S obviously

has (??-|-2r—i\^
) + ^2-— in-{-v) z=7i-\-v— N dimensions. A component

of ^ in this space has no effect on the vectors 51, 03, <5, ... A com-

ponent of ^ will only have any effect on '^1, 0\ (5, ..., when it lies

in the normal space ^S'^V of S, which has n -\- v — {n-\-v—A')= JS/

dimensions. By translating this normal space S'n to 0, it contains

both Rj and ^a_„ (intersection of Rn and /t„).

The variation of ^yit will exclusively influence vl, when the com-

ponent of ^1 undergoing this variation is perpendicular to 05, (Ï, . . .

These considerations lead to the result that we want that direction

t> , which lies in S'y and is perpendicular to 03, ^",
. . . The vectors

^^, <J, . . . determine together a space of iV—1 dimensions. The vector

é must lie in the normal space (of n -\- v — iV -|- 1 dimensions) of

the space (33, (i, . . .). This normal space cuts S'n in a space of

{n -{- V — iV + 1) + iV — {?i -\- v) =z 1 dimension, hence in a straight

line. So there is always one and only one line i fulfilling the

imposed conditions.

Since ^ lies in S' ]sj, i. e. in the space joining Rj with qjv—^, the

projection t of é on Rn will fall into qn—^-

Now we have for the direction cosines t/ of the projection t of

c> on Rn

n = —f-^T^, (^* = ^ V ^0 ; rn+J = (j = 1 ,..,r).

As t, being a line of Qy_,„ also lies in the space Ry and therefore

may be resolved in the directions 01, 03, (i, ..., we have

Tk = Pak + Qfh + Rn + ...

,

(/* = 1 v-.^O

T„+/ = Pitn+j + Q,-^n+j + Rrn-\-j + ... = 0. (J = l,- .l')

Putting

Pi/[<^in'=P' ' Q[/[<yh^'=Q' , RVle,']' =^ R' ...

we obtain :

txhP' + /^i>Q' + YhR' + - = ^/'
. (^* — 1^ "^0

an+jP' + /^n+jQ' + Yn+jR' + .•• = , {j= l,...r)

and, é being perpendicular to ^, ^,...,

[^,(7.] = 0, [YiOi] = ... [ar\ = l.

In this way we have collected n -\- v -{- N' equations to determine

the n -{- V unknown quantities a^ and the N unknown quantities

P\ Q', R',...

.

S'n being perpendicular to ^, ^ is also perpendicular to S\. By

multiplying the equation
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scalarlj bj t>, it reduces to

(31, ë) + (3)?, é) =- O

or

A [aiOi] = — il/s

In order to determine the mean error of M,, we remark that of

all fhe lines through in Rn t is that which makes the smallest

angle with ^. The error of Ms therefore depends for the most part

on the error in the components Mt of ^^^ in the direction f. We
may consequently write

m. e. of Ms = m e. of Mt X cos ((^, r) = g cos {^, t)

or

f5 z= s [d/T/] =z e Oil

\/W]'.
=-.e]/[ök']\

hence

^A — 8
[ftiOi] [aiOi]

Since

M, — Mt [öixi] = [7I//,T/,]' . [(7/T/]

we have

Mn
Oh

A = M.

or, putting

Oh

|/[(JA^]

Oh

l/[(T/rJ' = [Maö/J,

[«/(J/]

. Mk

— ph

Introducing

P'

[aiöi\

A=- [phMh]',

1 _^A- _ W]
9A~ ^' "

X=z
, r^

Q'

[aidi]
, 2

[aiOi]''

R'

= [pk^y

[öt(7/]

We ai-rive at

ahX + Ar + YhZ + ... =1?/. (A = iv.^O

«„ .jX + f^n+j^ -h r"+j-^ + . . = (j = 1,...V)

[aipi] = 1
, [/^ipi] z= , [y,>>/] = ,...

From these 7i -\- v -\- N equations we can solve the 7i-\-v unknown

quantities pi {i= 1 ... ii -{- v) and the jYauxiliary quantities X, Y,Z,...

The quantity — = [«/(^l' in question is also found as follows
9A



i— =[;v,']'=[M«',X+/:?/J>yAi^+...)]'=A'[/)/,«/J'+r[y>/,/?/J+Z[/)/,^

Returning lo tlic original variables x,y,z,..., we derive from

A

Villi oi']

firstly

^A

and

Further, putting

pu — ku —ry— ' V"^j — ^''^^J -rr,

the n -\- r -\- ^V equations pass into

fill

a,,^; 5 + ^'u+pi f '\-+.;? -f . . . = , (,; = L . . . r)

[,,;/.-,] r^l. [/'//V]— «>, [.v/.v]=zO, ...,

whence

Exami)le : 2 equations of observation, with 2 \ariables and 1

condition. The nnil-\ectors a and b determine a plane Ji\{X'=2),

the plane of the \ariables. This plane cuts the jdane of observation

R„{-n= 2) in the line qN-A^^— v= ^), ^vllich thus coincides with

the line f. The line OP is drawn in the plane A'„ peri»endicular to

9Ar_,(t). Through the extremity M of the vector -iJ^t a line is drawn

parallel to ÖP; this line cuts the plane Un of the variables in J/'.

Tiie vector ^f^P ^-//^ PO is the correction-vector ^ . OJ/' is resolved

in the directions a and b into the components OA = ^^1 and 0B=^'^\

The lengths of these lines represent the most probable values of the

variables A and B.

The line FQ is perpendicular to the plane A\v and meets the

normal 7t. (line of condition), erected in () on R^, in tiie point Q.

The vector OQ is called Jt'.

oo
oo

Proceedings Royal Acad. Amsterdam. Vol. XVil.
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The yj)a<'0 joining' oa-v >vitli /»\ is here the |)hant' -S'.v Tl»e plane

Fig. 2.

erected in O perpendicnlar to ?•, intersects S\\ in the line e, which

therefore is perpendicnhir to 53 and .5v. So A and .1/ are projected

on i in the same point As-

The normal plane A A^M of e cuts t in a point T. the distance

of which to amounts 1o Mt (with mean error h). The mean error

fs of .4., thns has the value bs=:: ^ cos {^,t), and that of A the value

M = ^s ("OS (é, t)

V. The errors (residuals) of J/,, J/,, . . JA» are A', A',, . . Kn resp.

The sum of their squares is [A'^^'J = A"^

For the case that no equations of condition are given, ii must be

perpendicular to Rx- So ^ may dispose of a space of??—iV^ dimen-

sions ((he normal space of Rn)- Hence .5v has n^N components,

all with the same mean value a. Consequently

K' = {n—N) X £'

hence

= 1
/i^

[/ n—N'

In case r conditions are imposed. ^ may dispose of the space S
of n -\- V — ^V dimensions. Consequently S\ now has // -|- v — S
components, all with a moan value e. In this case we have therefore



Physics. — "On fh,' jncasinunm'nl of wri/ Imr ft'inpcrffhires.X'KlV'.

The hydrogen and heUuni thermometers of constant volume,

down to the freezing-point of hydrogen compared with each

other, and with the platinum-resistance thermometer. By Prof.

H. Kamerlingh Onnes cand G. Holst. Communication NM41rz
from the Physical Laboratory at I;eiden.

(Gommimicated in the meeting of May 30, 1914).

§ 1. Introduction. The measurements which this paper deals

with bring the investigations undertaken in Leiden for Ihe purpose

of eslablisliino- the scale of the absolute temperatures as far down
as the freezing point of hydrogen, to a conclusion, in so far that a
direct comparison lias now been made between the helium and
iiydrogen scales, by measurements with a differential thermometer,

which had the object to test the corrections to the absolute scale of

temperatures below 0° C, obtained separately for the helium scale

(in XIX of tills series) and the hydrogen scale (partially given in

XVIII of tiiis series')). For the place which the mutual control of

these corrections occupies in the more general investigation of the

measurement of low temperatures which is being carried out in

Leiden, we refer to § 6 Sup[»l. N". 34a. The test could be extended

as far as the freezing point of hydrogen, after the compressibility

of hydrogen vapour had been determined by Kamerlixgh Onnrs and
DR Haas, Coram. N". 127c. (June 1912) -). Our comparison of the

helium scale with the hydrogen scale') by means of the differential

thermometer to which was added a new calibration of the Leiden

standard platinum thermometer Pti (formerly Pti) shows that a

very satisfactory agreement has been attained in the temperature

determinations.

') Compare also H. Kamehlingh Oxnes, G. Braak and J. Clay, Comm.
N". 101a. (Nov. 1907) § 1 under \b.

~) In this Comm. a difference was discussed which existed between the tempe-

rature determination with a hydrogen thermometer according to the resistance

thermometer Ptt, which was calibrated by means of it and the temperature deter-

mination by extrapolation of the isotherms. According to calculations by Dr.

Keesom, suggested by Sackur's interesting investigation, this deviation might be

connected with the theory of quanta (Comp. Suppl. N". 30 and N". 34a § 11).

•^) The comparison of the hydrogen and helium thermometers by Travers,

Senter and Jaquerüd, Phil. Trans. A 200 (1903), p. 105, has been discussed

in Comm. N°. 102. hi general their results are in good agreement with our

measurements.

33*



^ 2. Aijparatas. Two identical thermometers of Jena glass iöi^ï,

siich as had been formerly used by H. Kamkrlingh Onnks and O,

Braak, were connected to one manometer. The arrangement was

otherwise exactly tlie same as that used before. The standardmeter

was divided into 7^ m.m. and allowed a direct estimation of 7j„ m.m.

This gave a considerable saving of time, as it made the use of the

measuring eye-piece of the cathetometer unnecessary. The amount

of gas in the capillary was measured by an auxiliary capillary ot

much larger section, as described by Chappiis.

Besides the two thermometer bulbs, the cryostat contained the

platinum resistance thermometer Pt/ and a large pump, which

provided for a good circulation of the licjuid.

The hydrogen and the helium were ])uriiied by distillation, and

were both free from other gases.

§ 3. Calculations. The temperature for each of the thermometers

forming the ditierential thermometer was calculated tVom the formula

given in Comm. N". 95^, but with a few alterations. The expansion

of the glass ƒ (0 of the bulb was not calculated from the quadratic

formula given there, but taken from a graphic representation in

which the curve was drawn through the })oints experimentally deter-

mined and extrapolated by means of tiie expansion for a different

kind of glass as determined by Cn. Lindemann. The intlueuce of the

ditFerent temperature function for the expansion of the glass is

about Vi„„° at hydrogen temperatures, at all other temperatures it

is negligible. Moreover the volume was divided into three parts.

a. The bulb at the temperature t of the bath. h. The cajiillary in

which the mean density of the gas was determined, l>y means of

the auxiliarv capillarv : the mean density is proportional to — ,
//"

k

being the pressure in the auxiliary capillary at 0°, It the measured

pressure, c. The steel capillary and the volume about the point, the

temperature of whicli is the same as that of the room.

If we divide all the members of the above mentioned equation

by the volume of the bulb it becomes

/// r '^ y.-.u. /'., Vdead, „I 273 n

= 7/..

/i Vraj, /'o Kleadrol 273

The provisional temperature, which is needed for the calculation

of the various corrections, was calculated from the resistance of P//.
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Even — gives this tempera! me with sufficient accuracy. Tlie zero-

pressure foi- the hydrogen thermometer was //p=z1J91 in.m. '), for

the helium thermometer //„ = 1J24 m.m. Circumstances unnecessary

to be mentioned here, had pi-eveuted tiiese pressures from being made
more equal. A new set of determinations in ^vhich this will be

attended to is planned. The pressure coefficient of hydrogen at the

above mentioned pressure was taken at 0.0036628 ; for helium at

0.0036614. the vahie derived bj Kamerllngh Onnes ') from tlie

isotliermals at 0° C. and 100° C. If we calculate with the pressure

coefficient 0.0036617 deduced from the isotliermals of 20° C. and I00°C.

we find, after the introduction of the necessary corrections, almost

the same temperature on the absolute scale.

§ 4. Arrangement for the resistance measurement. In order to

measure and to compare resistance thermometers two identical differ-

ential galvanometer circuits were fitted up according to Komlkausch's

method. Both galvanometers can be read from one place, so that

nearly simultaneous measurements can be made. This removes all

irregularity in the temperature of the bath in the com[)arison of

resistance thermometers. Two moving coil differeiUial galvanometers

from Hartmann and Braln were used. Witii an additional resistance

of =b 1000 i2 in each of the coils these are practically aperiodic in

the measurement of resistances less than 130 <2, as with all our

other thermometers. The sensitivity is sufticient to measure il
100000

with a current of dt 5 milliainpères, while the condition of propor-

tionality between deflection and current-strength is very well fulfilled.

Test-measurements have shown, that with this arrangement resist-

ances of about 100 ii, such as our thermometers have at ordinary

1

temperature, can be compared to without any difficultv. Our^

10000 ' J ^ ^

1) At these pressures even at the meltiiig puiiil of hydrogen no altenlon need

be paid to the thermo-molecular pressure according to Knudskn (Gonip. Suppl.

N". 34 § 7 and a Gonnn. by H. Kamerlingh Onnes and S. VVebkk which is

shortly to be expected, on Die determination of the lempei'alures which can be

obtained with liquid helium).

~) H. Kamkrlingh Onnes. Comm. No. 1U2^. The value is here increased by U.OOODÜÜl,

in consideration of Ihe value 273.09 since assmned for 7'<)» C. Gomp. H. K.\meklingh

Onnes und W. H. Keesom. Die Zustandsgleichung. Math.Enz. V 10, Suppl. No. 23

Einheilen c, and § 826.
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experience with moving coil differential galvanometers, for this purpose

at any rate is very favourable ^).

In the manner described we attained a much greater rapidity of

measurement than was possible l»y the method described in the

previous papers of this sei'ies, and this in its turn increases the accuracy.

We must also refer to our experience with thermometers in which

the wire was sealed to the glass (Comm. N". dob § 1). For tempe-

ratures above that of liquid air they are not unsuitable, although

even here they are less constant than those with a free thread.

After immersion in liquid hydrogen their i-esistance was found to

have increased by about one tenth of an Ohm. Each further immers-

ion in hydrogen carried with it a permanent change of resistance,

so that we replaced these thermometers by other ones with free

threads wound on porcelain tubes with a doul)le screw thread baked

in. After a thermal treatment, consisting in several immersions in

liquid hydrogen followed by moderate heating, these became satis-

factorily constant.

§ 5. Results. In the following table the results of our researches

are found. The two first columns contain the hydrogen and helium

temperatures calculated from the formula given above. Column 3

and 4 contain the corrected temperatures on the absolute scale

deduced from the hydrogen and from the helium thermometer,

column 5 contains the resistance of the platinum thermometer Ft/.

The agreement is on the whole very satisfactory.

We have already mentioned that w^ith thermometers of the kind

described an accuracy of about 7,50° i^iight be expected. Our meas-

urements show this to be the case; only m a few points larger

deviations occur. These can readily be explained by a small defect

which will be avoided when we repeat the experiments, namely that

the cryostat which had to be used was not quite symmetrically

built. When both auxiliary capillaries worked properly this was

not of much consequence. But (except fortunately in the determina-

tions most important for us viz. at the hydrogen-temperatures) the

helium capillary got out of order, so that the distribution of the

temperature of the stem of the helium thermometer had to be deduced

from the observations with the hydrogen capillary. This circumstance

has the greatest influence at temperatures at wdiich the methyl

chloride and the oxygen evaporated under reduced pressure, and it

is exactly there that the gi-eatest deviations o(!'cur.

1) Compare Jaeger, Zeitschr. f. Itistrumentenkunde 1904.
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a gold theriuuiiietei' is prefemble to a pliitiniim one, as has already

been pointed out by Kamkumngii Onnks and Ci,ay ').

At hydrogen temperatures both phitiuuui and gold are no longer

approximately linear. Here and at licliuiu temperatures manganine

and constantin proved to be nearly linear and fit I'or resistance

thermometers. Concerning ihese we refer to a future comm, dealing

with resistance measurements in particular lor the determination of

the specific heat of mercury at helium temperatures.

§ 7. Comparison of our thcrinoincier Pti with other platiiuaa

reóistance therinoinctei's. Comparing- our measurements with those of

F. Henning ') formulae of the form:

AA^ = J/(A'—1) + X{Il—\y and a'
(I'N

J/= — (l_100c-)-l

were used. This was done because there w^ere objections to a direct

determination of the temperature coefticient by measuring the resistance

of Pt'j at 0° C. and 100° C. which since (he first calibration had

never been brought to a temperature aboxe the ordinary. We found

E = W
W A = W

t

- 23.96

43.09

6J.50

79.57

102.72

113.58

130.46

182.88

186.79

(Henmng)
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Physics. -- "On tlie electrical residance of pure metals etc. IX.

The resistance of mercury, tin, cadmium, constantin, and

iiiancjanin down to temperatures, obtainahie with liquid hydrogen

and fvith liquid helium at its hoiUmj point.'' By Prof. H.

Kameklingh Onnes and G. Holst. Coimn. N". i^2a from tlie

physical Laboratory at Leiden. (Communicated by Prof. H.

Kamerlingh Onne8).

(Communicated in the meeling of June 27, 1914).

§ 1. The resistance of luires of solid mercury.

Several mercury resistances wei-e compared with tiie phitinum

resistance thermometer Pti of the laboratory, first in liquid oxygen,

T
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then at a iimiiber of other tetiipcmtiires, vvitli the differeiilial-galvano-

inetei' according to Kohlralsch's method.

The result of these determinations was as shown in the table (7'

=

temperature on the Kelvin scale, with ,7(|oe'. =i 273°.(H))

In the third colnmn are given the values, which would have been

obtained, if the resistance diminisheil linearly from the melting point

down to the absolute zero.

T T
treaic = — ^^, =

• 234.1(3
Jti.SOO z= 0.11445 T.

Cohunn 4 gives the deviations

of the real values of the resistance

from those, calculated bv means

of the linear formula. These devia-

tions are also plotted in the figure.

The relation between electrical

i-esistance and temperature seems

to be of a very complicated

character.

§ 2. Direct deter Ilunation of the

ckamje in resistance at the meUlmj-

polnt.

cT ju;.uv.» Of two resistances, which were

Fig. 1. frozen without auxiliary bath, the

change in resistance in melting was determined dii-ectly. The first

consisted of a narrow capillary tilled with mercury, section + 0,0015

mm'. At — 49°.88 the resistance was 25.095 ii, immediately above

the melting point '115.0 52,

the ratio — = 4.bb.

The second capillary had a section of 0.43 mm'. With this resis-

tance the ratio 4.50 was found.

As a preliminary value of the melting point — 38°.93 C. was found.')

§ 3. Indirect determination of the chamje In resistance at the

meltlmj point.

Daring the numerous determinations of mercury resistances in

liquid helium (Comm. N°. 133), we always measured the resistance at

ordinary temperature too. By means of the resistances of solid mercury of

1) Our measurements dale of 19l!2. In the meantime was published the paper

of F. HeniNing Ann. d. Ph. (4) 43 p. 282, 1914 who finds —38°.89 C.
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§ 1 and of the well-known behaviour of liquid mercury, we calculated

in each case the ratio —

.

As in these experiments the mercury resistance was suspended in

a vacuum-vessel cooled from the outside, the freezing took place

very slowly.

We found:

23 May 1911 4.40

30 „ „ 4.63

27 Oct. „ 4.41

4.84

12 Jan. 1912 4.30 w,o

3.06 W[3o

17 Febr. „ 4.69

4.19

22 „ „ 4.30

14 .luue „ 4.37

4.90

As probably the highest figure thus obtained comes nearest to

the true value of the ratio, we will be not tar from the truth, if

we assume the number 5 for the mean ratio.

This result has also been found by Baltkuszajtis '), wiio obtained

4.90 as highest value in his melting-experiments.

It is remarkable, that the ratio of the change wi(h temperature

of solid and liquid mercury is also about 5 ; the increase of resistance

per degree lemains thus fairly constant in melting.

^ 4. Some determinations of the chawje la resistance idtk the

temperature of metals and alloys.

a. Object of the e.vperlments. We made a series of determinations,

mainly for orientation, about the change of resistance of different metal

wires down to helium-temperatures. The purpose of those determinations

was to find a metal or an alloy, which could be used as a resistance

thermometer down to the lowest helium temperatures. The results

of these measurements are plotted in figure 2. Of special interest is

the behaviour of manganin and constantin. While with copper, tin,

iron and cadmium no further change of resistance could be established

in the region of the lowest temperatures, it appeared, that the resistance

of manganin diminished considerably and in a lineai' way with the

temperature, from the lowest oxygen temperatures down to the region

of the helium temj)eratures. So that wires of manganin might be

1) A. BalikuöZAjxiö, Cracoviu Bull. Acad. Nov. 1912.
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used equally well as wires of eonstantin (the suitability of which

was shown oil a former occasion), as resistance thermoineter in

this region of temperatures.

h. Pure cadmium rind pure tin. Pure cadmium (Kahi-baum) was

cast in a glass tube like mercury. From the tin (IvAiii.BArM) a thin

\\ ire was cut on the lathe.

t
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had iilready been used by Dr. B. Hkckman foi- ineasnretnents con-

cerning the influence of the magnetic field on the resistance.

t
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Physics. "Furfh('F experimenU ivltk Ur/itkl helium. L. The persistence

of currents /vithont electro-niotlve force in supra-conductimj

circuits" (Couliiiiuition ofJ). B}- Prof. H. Kameklincjh (Jnnes.

Conimiiiiieation N". 141 /> from the Physical Laboratory at

lieideii.

(Communicated in the meeting of June !27, 1914).

§ 9. The iweservntiov of an olectro-ldnetio momentum. All the

phenomena that were dealt with in the preceding sections (J) ^)

showing the persistence of the magnetic moment of the coil,

Avithont the action of an electro-motive force, agree Avith what was

deduced on the snpposition that a cnrrent ilows through the coil of

the value calculated, and which diminishes according to the time

of relaxation calculated. At the same time, it was desirable to have

a conclusive proof that the magnetic moment of the coil is really

cansed by a current. We should then be able to prove conversely

by the continnation of the moment, that the time of relaxation of

the curi'ent is very long, and a value, or otherwise an upj)ei limit

could be given for the micro-residual-i'esistance of the conductor in

which this current tlows.

I got this proof in the following manner.

On either side of the |)laco, whei-e the ends of the windings of

the coil are sealed together and close lo it, two wires ti, /> (see

fig. 2 and 1) were tixed which lead to a l)allistic galvanometer.

Between these points of attachment ihe cui-rent can be cut through

under helium, by pulling up by a thread a bronze K)op j)i'0\ided on

the inside with a knife edge at m (see tigs 3 and J . Figs 1 and 2 give

1) Disregarding the existence of Ihresliold-values of current and field and consi-

dering that, below these, supra-conduclors add up algebraically without appreciable

loss the inductional impulses which act on them in the course of lime, two points

of view may be very simjily contrasted in connection with the experiments so far

described on the production of currents persisting for a long time.

The first is analogous to lliat taken up in Wlber's explanation of diamagnetism.

in this case we deal with supra-conducling circuits which are currentless outside

the magnetic field. By ])ringing those into a field currents may be obtained which

persist as long as the field remains unchanged. But when the field disappears the

circuits become again free of current, hi this manner a good imitation is obtained

of diagmagnetic polarisation. The other point of view may be called the antilo-

gon of that of Weber. We provide in a magnetic field supra-conducting circuits

which are free of current. When these circuits are brought outside the field, they

show a current persisting for a long time. Outside the field they imitate permanent

magnets. It must, bowever, not be lost sight of, that this imitation is in so far

incomplete, as when the circuits are brought back into the field, they return to

the currentless condition.
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a combined view of the experimenis ot seC*

tions 9 and 11). The thread runs through a

tube, the lower [uxrt of which is of glass and

can be moved by means of a rubber-tubing

attachment at the top of tlie apparatus (fig. 1).

The coil was cooled to 2°.4 K. in a field

of 200 gauss by helium evaporating under

reduced pressure. The current vv^as again

produced through induction by removing the

field. When the compass needle with the com-

pensation-coils was arranged, as before, beside

the cryostat, a moment corresponding to a

current of 0.36 amp. was registered. The

observation was continued for an hour, in

which the diminution of the current in 45

minutes was within the limits of probable

error of the measurement (27o); after this

the circuit of the coil was cut through. The

needle of the compass fell back to a deviation

that corresponded to a current of 0.05 amp.

in the coil. Tiie ballistic galvanometer (wilh a

negligible self-induction and with 2000 Si in

the circuit) showed an electro-kirelic momentum

Li of 300000, from which follows with L=10\
that a current of about 0.3 amp. tlowed in the coil. The remaining

moment is again the same fraction of the principal effect as was

observed previously, it was extinguished as soon as the coil was

pulled up above the liquid helium. The experiment proves conclusively,

that a current does really flow through the coil.

§ 10. Further consideration of the monientwn produced in the

coil, when the circiut w not dosed. Persisting Yo\^Ck\}TJV-currents. In

the previous experiments the question arose in how far magnetic

l)roperties of the frame of the coil, which developed at the lowest

temperatures had an influence, and whether a part of the moment

that remained, when the coil, without the ends being connected, was

cooled and exposed to the field, was due to windings which were

short-circuited. For this purpose first of all a lube of brass, exactly

like that used as the frame of the coil, was cooled in the field.

It showed no residual magnetism.

To get further light on possible short-circuits in the coil Phxn,

after it had been shown that cooling in liquid air did not alter

3-t
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its moment, a new coi! of 050 turns was wound, in wiiicli tli6

possibility of short-circuitin*^- was excluded by insulation of the

windings by picein and paper. It is true that the magnetic

properties of these materials are not known, but from the extinction

immediately above the boiling-point of helium of ))ersisting current

which was found in the course of (he experiments it is almost certain,

that the phenomena are entirely due to the lead. It was ascertained

that this coil was superconductive, which was a welcome result also

for the reason that the wire had been manufactured by compression,

and this process gives a much better guarantee of getting the same

product again by using the same method, and therefore of obtaining

beforehand the certainty of the wires prepared in this way being

supra-conducting. In making the experiment with 200 gauss at 2°.4 K.

a residual etfect of the same order as with Pbxii was found, but

smaller. The principal current was 0.5 and the residual current

0.020 Amp. It becomes ])robable, wiien these figures are compared

with those found with POxn , tl'^^l i» ^lie latter there really is some

short-circuiting, but there is also apai-t from the effect due to the

short-circuited windings a moment caused by tlie lead.

It seems as if in the mean time this may be attributed to circular

currents in the lead of the wire, which are possible owing to the

wire having a certain thickness. We must distinguish in the wire

between an inside which is turned towards the axis of the coil,

and an outside. In the wire, even when the circuit is opened, a

current arises, in which the electricity passes along the whole

length of the windings on tlie outside of the wire (that is not closed

in itself), in order to turn round at the one end of the wire and

go back along the internal side. With induction in the closed circuit

this current is superposed upon the mean electric movement in

the circulating current, so that in the wire there is say a stronger

current on the outside, and a weaker on the inside. If by means

of a galvanic cell a current is sent through the wire, the same

phenomenon arises through the action of the lield of the current

itself. We are here evidently dealing with persisting Foucaui.t-

currents ^).

§ 11. A .ntpraconductmc/ l-ey. In the experiments so far de-

scribed the supra-conducting closing of the conductor tested for supra-

conductivity was obtained by melting the two ends together. Now

1) Several of the well known experiments hy Elihu Thomson with alternating

currents coulil also he made with parallel currents and supra-conducting experi-

mental objects.



tliat these experiments luul proved that a current generated in a

circuit which is supra-conducting- over its whole iengtii, continues

without electro-motive force, we could investigate in how I'ar an

electric contact interposed in an otherwise supra-conducting circuit,

measured by the amount of conductivity of supra-conductors, might

be considered as having no resistance. The immediate cause of this

investigation was a suggestion made by my colleague Kuenkn, whether

the current the relaxation period of whicli was to be stndied,

might not be obtained in the coil by short-circuiting.

1 thonght then, that the transitional resistance in a contact to

be manipulated nnder liquid helium could hardly be made small

enough for this pnrpose. The transitional resistance of a stop-

contact treated with all due care at ordinary temperature is not

likely to be less than 0,0001 -Q, which is still 100,000 C.G.S. while

the micro-resistance of the coil itself is only 37. It has now^ been

found, however, that transitional resistances such as we are con-

sidering can become very small at low temperatures. A qnite moderate

pressnre, between two pieces of lead appeared to be suflicient for

the purpose. The arrangement is shown in Fig. 2. The small lead

plate p, provided with three small cones directed upwards and

coimected with the coil through a spirally-wound part of the lead

wire whicli acted as a spring, is attached to a thin rod (partly formed

of wood) and was |)ressed against the block soldered to the glass tube

by screwing up the rod, the force being accui'ately regulated by means

of a spring (see top of tig. 1). The tube is pi-oxided with a number

of side-openings to prevent the very much intensified heat convec-

tion (caused by resonance phenomena) which occurs in tubes closed

at the toj) when the bottom is at a \ery low temperature, and

which would lead to excessive evaporation of the helium.

By means of this simple kej' we were enabled to arrange the

following experiment. To each extremity of the windings of the coil

two wires were attached (tig. 1 and 2). By means of the one paiiw/c a

current can be sent through the coil. The other pair //b can be con-

nected to a ballistic galvanometer. Moreover the two ends are connected

to the two parts of the supra-conducting key. With the key and the

galvanometer open, a current is sent through the cooled coil, in

the neighbourhood of which the compass-needle has been mounted.

The coil is then closed in itself, which gives no change in the

deviation of the needle. One can then convince oneself as long as

one likes, that the side-current, which in ordinary cases is imme-

diately extinguished, remains unaltered in the supra-conductor ; the

galvanometer connection is then closed, which also brings no change

34*



in the (MiiTeiit, and if tliei'en|)()n the cnn-ent coinieetion is openecl

this is accompanied l)v a throw of the ballistic galvanometer in the

circuit of which the current is instantly extinguished and by a return

of the needle of the compass into the position which it would also

take up, if the curi*ent in the closed coil had been generated by a

magnetic tield equal to that of the current itself. The continuation

of the movements in • Maxwell's mechanism, an hen it has a supi-a-

conductor as carrier, is demonstrated by this experiment with ecjual

clearness and simplicity.

§ 12. Comhinatlon of pai'idlel currents into one of <ireaf.er strength.

In trying to make the same experiments with mercury that we have

made with lead, it will be necessary in so far to change the experiment,

that one winding will be sufticient. This might be got by freezing

mercury in a capillary tube returning in itself with an expansion

head (like our other U-shaped mercury i-esistances). The chief

questions then are 1) if with a conductor of as large a section (keeping

for the present to the circular form) as would be necessary, with a

view to the threshold value of current density, in order to get an

action comparable to that with the lead coil, the thi'eshold value of

current density — of which as in N". 133 it is assumed that it is

determined princii)ally by the cui-rcnt density — does not undergo

a considerable diminution in consequence of the larger section, as

some considerations in N". 133 would make us fear, and 2) if we

can reckon with the mici-oresidual i-esistance as an ordinary resist-

ance even for such a completely d liferent section as that for which

it has been determined. An inducement to try the experiment imme-

diately with a lead ling') was a remark l)y my colleague EnRKNi'KST,

1) I am glad to mention here that Mr. J. J. Taudin Ghabot of Degeiloch

(Würltemberg) shortly after my paper on the disappearance of resistance in mer-

cury and, as I found afterwards, only acquainted with my result, that the réi>ist-

ance of gold and platinum in an absolutely pure condition would probably disappear

altogether at extremely low temperatures, communicated to me a number of suggest-

ions regarding the condition into which meta's pass below this temperature and

which he would like to be considered as a distinct "fifth'" state of aggregation.

Amongst these suggestions was the following : ''if a ring (of gold) is brought

to the condition of absolutely no resistance (in helium), an impulse (viz. by in-

duction) will be sufficient to produce a permanent current, which will make the

ring into a magnetic shell, as loiig as the temperature of the metal remains below

a certain critical value". By critical value was meant — not the vanishing point

as discovered afterwards — but the temperature charactei-islic of each metal at

which, according to my earlier views, the resistance of the pure metal would

become zero independently of the current-strength. The idea, however, undeilying

this speculation — which was further developed by supposing the cooled ring to
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that the experiment could be made equally well with the windings
"parallel" as it had been made with the windings in "series". A
calculation (by estimation and further proceeding in the same way
as with the coil) about the experiment with a lead ring of an internal

radius of i.2 cm. of a thickness of 0.3 cm. and of a width of

0.35 cm. and assuming that the threshold value found for the thin lead

wire would also hold for the thick i-ing, showed me, that it might
succeed very w^ell.

'

This proved to be the case. The current of 320 anij». that was
registered in the ring remained constant for half-an-hour to l'/,, hence

the current density of 30 was in this experiment not much smaller

than it had been in one of the experiments with the coil of lead

wire, ^'iz. 49. This may for the present be regarded as a confirm-

ation of the supposition that the threshold value of current strength

of a conductor is mainly a threshold value of current density for

the material of the conductor.

be subjected to a magnetic (ield which was to be removed afterwards — was also

applied in my experiments for the purpose of obtaining persisting currents in supra-

conduclors, and in the above last experiment actually with a ring as the conduct-

ing circuit.

At the time I was so much occupied with the investigation of the peculiar laws

of electric conduction in mercury below the vanishing-point and of the degree to

which currents might be realised in resistanceless circuits without electromotive

force, that I had not yet attacked or was able to fully go into the problems relating

to currents to be generated in closed supra-conductors by induction (amongst which

problems that of the imitation of diamagnetic polarisation was an obvious one).

Still Mr. TAUuiiN Chabot's letter was the cause of my coming even then to the

conclusion, that in order to be able to obtain persisting currents outside the magnetic

tield by induction, an artitice based on the peculiarity of supra conductors was

required. As such I then found, that the cooling which is to make the conductor

supra-conducting is not applied, until the conductor is in the tield which

is to be used for the induction. Afterwards it was found, that by utilizing the

knowledge of the threshold values of current and tield circumstances may be realized,

in which a permanent current may be obtained outside the tield by induction on

a circuit which has been made supraconducling by cooling before the tield is applied.
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Physics. — ''Farther experiments with liquid heUurii xV. \AMA.-ejfect

and the change of resistance in a inaynetlc jiehi X. Measure-

ments on cadmium, graphite, gold, silver, bismuth, lead, tin

and nickel, at hydrogen- and helium-temperatures. By Prof.

H. Kamerlingh Onnes and K. Hof. (Communication N". 142/';

from the Physical Laboratoiy at Leiden.)

(Communicated in the meeting of June 27, 1914).

§> 1. Method. The method was the same as that used in the

measurements of this series by H. Kamerlingh Onnes and Beckmann

(cf. Comm. N°. 129a and others). The notation is also the same as in

the previous papers. As regards the HALL-efFect, we used both the

method in which a galvanometer-detlection caused by the effect is

read and the compensation-method, in view of the fact, tliat the

latter, although in general to be preferred, as it allows the elimination

of various disturbances, is very troublesome, wlien small effects

have to be measured. The differential-galvanometer used was of the

KELViN-pattei-n with a volt-sensibility of 5 X 10~^
; it was iron shielded

and was mounted according to Julius. As to the resistance measure-

ments these were partly performed in immediate connection with

the determination of the HALL-effect, in which case the resistance

of the plate used for this purpose was at the same time measured,

partly (by means of the compensation-apparatus) with wires which

were wound on thin sheets of mica and could be placed either at

right angles to the field or parallel to it, the latter specially w^ith

a view to investigating the considerable difference between the trans-

verse and the longitudinal effect, which difference develops specially

at helium-temperatures.

^ 2. Bismuth. In accordance with frequent practice (e.g. by

Kamerlingh Onnes and Beckmann) we used this substance in the

form of pressed plates. The peculiarities in the resistance observed

by Streintz with conductors of compressed powder — although

occurring also in our plates at higher temperatures — were Tiot

observable, when the plates were cooled below 0° C.

The plates which served for our investigation were pressed in a

steel mould and heated to about 200° C. in an electric furnace.

When made in this way the granular structure was still clearly

observable with a magnifying glass. The plate Bivi was made
without special precautions ; with plate Biyn the metallic powder
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was specially dried before moulding it. Biyi gave an abnormally

high temperature-coefficient at liigiier temperatures and even after

36 hours' heating had not yet attained a constant resistance.

The metastable condition which according to Professor E. Cohen
is peculiar of most metals as mixtures of different moditications

manifested itself also in onr experiments. The plates after being

heated in the electric furnace to fiO° or 100° C. showed some dif-

ference as regards resistance and HALL-effect after cooling, with the

further peculiarity, that this change took place, altiiough no change
in the specific gravity affecting the second decimal place could be

established.

The results are contained in tables I and II.

TABLE I.

Biyj.
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§ 3. EAhL-e/ect in graphite. The great change in the properties

of graphite through even small admixtures appears -clearly from the

fact, that with different kinds of graphite the temperature-coefficient

of the resistance may even diffei- in sign.

The material we started from in our experiments was line graphite-

powder, such as is used in electro-plating; the powder was first

treated with acids and alkali and carefully dried ; the forming of the

plate was again carried out in a steel mould. The electrodes which

gave some difficulty at first were finally contrived in the following

manner: the powder was provisionally moulded to a plate under

comparatively low pressure, the stamp was then lifted off. and six

small pellets of solder were laid on the plate, after w^hich a high

pressure was applied. By trial we succeeded finally in ol)taining

suitable plates of Va ^^^^^^- thickness with six point-electrodes of about

7, mm. diameter, penetrating through the whole thickness of the

plate.

The infiuence of insufficient drying of the powder was very

marked; such plates, as did not come up to standard as regards

drying, did not reach their final resistance until the current had

gone through for 6 seconds.

The following table contains the results. It may be specially noted

that the lemperature-coefficient is positive and that the HALL-effect

falls strongly from 20° K. to 14° K.

TABLE III.

Graphite.

1
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TABLE IV.

Cadmium.
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TABLE V.

Measurements in Helium.
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order of magnitude 10—^; silver is diamagnetic and does not become

supra-conducting at helium-temperatures.

As appears from the table, it was found that with silver also the

HALL-effect increases, when the temperature falls to 4.°25 K. At

still lower temperature it does not show any further change, no

more than the resistance without a tield.

3. A bismuth-plate Blym. moulded from electrolytic bismuth-

powder. Bismuth has a verj high HALL-effect at hydrogen-temperatures

and the change from 20° K. to 14° K. is still very small. It is the

strongest diamagnetic metal.

The table shows that below 'i4o K. there is not much further

change in the HALL-effect. From 71 at 20° K. R rises only to 85

at 4°.25 K.

4. X nickel plate as representative of the ferro-magnetic metals.

With nickel at higiier temperatures the HALL-effect shows a tendency

to saturation owing to the nuignetisation of the metal (Comm. No. 129,

130, 132). At hydrogen-temperatures the effect is still easily measu-

rable; at helium-temperatures it disappears, although the resistance

of the plate is still considerable. Probably this is connected with the

fact, that notwithstanding the already fairly considerable field the

magnetisation of the nickel is still very small.

The results are collected in table V. (zie p. 577).

^ 6. Change of the resistance in the magnetic field. It was found,

that specially at helium-temperatures this change is very con-

siderable, but that at 20° K. also it is still quite well measurable.

In general there is a diflference between the longitudinal and the trans-

verse effects, which begins to show itself especially clearly at helium-

temperatures.

We shall give our results in the form of curves (figs. 1 to 6) on

which the numerical values may also be read with suflicient accuracy

by using the scale-values indicated in the figuj'es. So far the meas-
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iireraents both at hydrogen- and helium-temperatures have not gone

beyond 12000 Gauss. Tliey will afterwards be further extended to

higher tield-strengths especially at hydrogen-temperatures.

4o:)Si



ï^ig. 3 and 4 represent the longitudinal and transverse efïects

tbr cadmium and tbr platinnm. The abscissae give directly the

resistance in Ohms.

1
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Physics. — ''Mea.'<ar(')nenU on the rapiUdrlti/ of Uqiilil hi/(lrogen^\

By H. Kameklingh Onnes aiid H. A. Kuypers. (Communication

N°. 14:2(1 from the physical laboratory at I.eyden).

(Communicated in the meeting of June 27, 1914).

For the determination of the capillary constant of liqnid hydrogen

in contact with its saturated vapour the method of capillary rise was

used. The apparatus are in the main arranged in the manner as used

for other liqnid gases in Comm. N". 18. On plate I A of Comm.

N°. 107a may be seen that pai't of the apparatus

which serves to condense the gas in the wide

experimental tube (fig. 1), inside which is the capil-

lary ; for this purpose the tube of fig. 1 is sealed

in at (/j.

The radii of the sections of the tubes were found

y » by calibi-ation with mercury as follows

:

Y 1 radius of Ihe capillary inside?' =0.3316 cm

„ ,, ,, outside )\ = Ü.080J cm

„ ,, ,, surrounding tube inside /i= 0.554 cm

--> &>

Jfeaswwnenf of the rapillary rise. The reading

of the ascension gave some trouble as it had to be

made through a numl>er of glass vessels and baths.

The rise was measui-ed with a cathetometer ; to test

I J the accuiacy of the readings they were taken one

xy time on a millimctrescale which had been etched

Fig. 1. on the capillary and another time directly on the

scale of tiie cathetometer. When it was found, that there was no

difference between the heights obtained in the two ways, they were

afterwards only measured by means of the scale of the catheto-

meter, because, when the cryoslat was filled with the different licpiid

gases, the divisions on the capillary were difficult to distinguish owing

to the rising gas-bubbles in the liquids.

Temperature. The temperature was deduced from the pressure of

the vapour in the hydrogen-bath using the vapour-pressure curve

(H. Kamerungh Onnes and W. H. Keesom, Comm. N°. 137J. table

on page 41).

Ohs'en)afHms\ The heiglits measured and the corresponding tem-

peratures of the hydrogen are contained in the following table.
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kepeatetl lueasureiueiils «liow, tluü tlie accuracy of tlie reading ot'

tlie rise may be estimated at 0.002.

TABLE
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Fig. 2.

Dewar, Olszkwski and Bulle)') it is seen, that tlie formula, as was

(o be expected, does not iiold up to the ciilieal temperature and

that the curve which gives the dependence of H on (lie temperature

has its concave side towards the temperature-axis. Tiie difference

^/i—Ü extiap.— Tk for hjdrogen amounts to

Ï'^=0ex1rap.— 1\=- 3.87.

If T/A=uextiap.— Tk is divided by tlie critical tenijjeralui'e the

3.87
positive value r= 0.125 is obtained. For methvl-chloride •) and^

3.21
'

ethylether') similar values are obtained'').

Surf(tee-tension . From the capillary rise the surface-tension i|v is

found by means of the following formula

:

n = 2ip,

c,\r R-rJ(^liq — Cvap.)

The densities for liquid hydrogen are taken from the observations

by H. Kamerllnüh Onnes and C. A. Crommeijn fComm. No. 137^).

1) F. BuLLE. Phypik. Zeit.'^clir. p. SOU, XIV, 1913.

-) According lo measurements by J. Verschaffelt; comp, A. v- Eldik,

Comm. N". 39, p. 14.

S) E. C. DE Vries, Comm. W. 6.

*) The corresponding figures (deduced, however, from not-corresponding tem-

perature ranges) are 0.Ü3S and 0.017 respectively.
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For the calculation of the vapour-densities use is made of the second

virial coefficient, as deduced from the measurements by H. Kamerlingh

Onnes and W. J. de Haas (Comm. No. 127c).

J
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^ = 5.792

B= 0.9885

From the value found for B it appears, that ifv as a function of

T is nearly a straight line.

The constant in Eötvös' formula for hydrogen deviates considerably

from the value 2.12, found by Ramsay and Shiklds ^) as the average

for a number of normal substances. In Table III the values of k^ö

for a few of these substances, together with those for some liquid

gases, are collected. As observed by Kamerlingh Onnes and Keesom

(note 381 Suppl. No. 23), normal substances form a series in this respect,

on the whole progressing with the critical temperature (although with

deviations which may be ascribed to particularities in the law of

molecular attraction, e.g. with oxygen).

TABLE III.

Ethylether 2)
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Chemistry. — "The system: copper sulphate, copper chlorid, potas-

sium sulphate, potassium chlorid and water at2>i)°'\ By Prof.

F. h. H. ScHREiNEMAKERs and Miss W. C. DE Baat.

1. Introduction.

In previous communications ^) we have discussed tlie quaternary

systems:

Cu SO, — Cu CI, — (NHJ, SO, — NH, CI — water

and Cu SO, — Cu CI, — Na, SO, — Na CI - water

Now we shall discuss the system

Cu SO, — Cu CI, — K, SO, — KCl — water,

which we have examined at 30°.

As solid substances occur at 30°:

the anhydric salts : K,SO, and KCl,

the hydrates: CuSO, . 5H,0 and CuCl, . 2H,0,

the doublesalts: CuSO, . K,SO, . 6H,0 and CuCl, . 2KC1 . 2H,0.

Further a peculiar salt exists with the composition

:

Cu SO,. K, CI, or K, SO,. Cu CI,

with or without one molecule H,0, while sometimes as metastable

solid phase a salt with the composition

:

2CuS0, . 3K,C1, . H,0

has occurred.

In fig. 1 the equilibria occurring at 30° are i-epresented schematic-

^jj'^t

1) These Communications 17, 586, (1909), 19 1222 (1911) and Zeitschr. fur Phys.

Chemie 69, 557, (1909;.

35*
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ally, the sides of (lie quadrangle have been omitted, only a part

of the diagonals with their jtoint of intersection W is drawn. Fig. 1

is not the representation in space of the equilibria, but their pro-

jection on the quadrangle. Before discussing the quaternary equili-

brium, we will first consider the four ternary equilibria.

2. llie ternary equilibria.

a. The system K^SO^ — KCl— H^ 0.

Only K2SO4 and KCl occur as solid phases; in fig. 1 the satura-

tioncurve of KaSO^ is rej)resented by hy and that of KCl by fg.

Consequently point h represents the solubility of K^SO^, point ƒ the

«olubility of KCl in water; point y is the solution, saturated with

the two salts.

b. The system CuSO, — A\SO, — H,0.

This system was examined already formerly ^) ; as solid phases

occur K,SO„ CuSO, . 5H.,0 and the doublesalt CuSO, . K,SO, . 6H,0.

The isotherms of 30° and 40° are determined experimentally ; that

of 30° is represented schematically in the figure. The saturation-

curve of K2SO4 has been represented by hi, that of CuSO^ . ÖH^O

by ak and that of tlie doublesalt by Id. When we represent this

doublesalt in fig. i by the point Di.^.g (hen the line WD^.j-g intersects

the curve ik in a point y. The doublesalt is, therefore, soluble in

water without decomposition; its solution saturated at 30° is repre-

sented by r.

The following is still of importance for the investigation of

the quaternary system. When we heat an aqueous solution of

K3SO4 -|- CuSO^ above 50°, a light green salt is separated from the

solution. Meerburg found for the composition of this salt:

4Cu() . K,0 . 4SO3 • '^^,0,

while Brunner "), who examined first this basical salt has found

four molecules instead of 3 molecules H^O.

c. The system CuSO^ — CuCl^ — ti-^O-

Also this system was investigated formerly =*). as solid sub-

stances occur: CUSO4.5H2O and CuCl^ . SH^O. In fig. 1 a/j represents

the saturationcurve of CuSO^ . SHjO and cb that of CUCI2 . 2H2O.

d. The system Cu CI, — KCl— H, 0.

In this system of 'which the invariant (P) equilibria were

1) P. A. Meerbukg. Gedenkboek J. M. van Bemmelen, 356 (1910).

2) Beunner. Pogg. Ann. 15 476 (1829).

3) F. A. H. ScHREiNEMAKERS. Tlicse Communications I.e. and Zeilschr. Phys. Chera.

69 557 (1809).
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examined formerlj ^) occur as solid phases: KCl , CiiCl^ . SH^Ó,

CnCI, . 2KC1 . 2H,Ó and CiiCI, . KCl. This last saU, however, occurs

onlj above 57°, so that at 30°: KCl, CuCl, . 2H,0 and CuCl, .

2KC1 . 2H5O only occur as solid phases.

The isotherm of 30° is represented schematically in fig. 1 ; fe is

the saturationcurve of KCl, cd that of CuCl.^ . 2H2O and ed that of

CuCl, . 2KCi . 2H2O. When we represent in fig. 1 this doublesalt by

Dj.j.^, then the line WDj.^.g does not intersect curve cy/, but curve ƒ<?.

This doublesalt is, therefore, at 30° uot soluble in water without

decomposition, but it is decomposed with separation of KCl.

This isotherm of 30° was determined already formerly ') ; we
have also still determined some points.

3. The quaternary system.

At first sight we may think that the examined system is built

up by five components; as, however, between four of these substances,

the reaction :

CuCl, 4- K,SO, ^ K,C1, + CuSO, (1)

occurs, this is not the case.

In view of the above-mentioned double-decomposition (1) we shall

represent the equilibria with the aid of a quadrilateral pyramid, the

base of which is a quadrangle. The four anglepoints of this qua-

drangle indicate the four substances: CuSO^, CUCI2, K^SO^ and K2CIJ

and in this way that the two substances, which are in reaction (1)

at the same side of the reaction-sign, are united by a diagonal of

the quadrangle. Perpendicular above the point of intersection W of

the diagonals, is situated the top of tlie pyramid, which represents

the water.

At the examination of this quaternary system we have always

remained below the temperature, at which the basical salt

4CuO. K.,0. 4SO3. 3H2O

is separated. If this had not been the case, the reaction 1

- 4GuS0, + K,S0, + 4H,O:;t4Cu0.K,0.4S0,.3H,0 + H,SÖ,. (2)

would have occurred. We should then have had to examine a

quinary system, in which reactions (1) and (2) occur.

As the quaternary solutions saturated with a solid substance, are

represented by a surface in the space, viz. the saturationsurface, we
have seven saturationsurfaces. We find their projections in fig. 1

;

1) W. Meyerhoffer. Zeilschrift fur Phys. Ghem. 336 (1889) 5 97 (1890).

~) H. FiLiPPO; not yet published.
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from this it is apparent that six of these surfaces are side-surfaces

and that one is a middle-surface.

aklmb is the saturationsurface of the Cu SO^. SH^O

cbmnd „ ,, „ ,, ,, Cu Cl^. 2H2O

chioe „ „ „ „ „ CiiCi,. 2KC1. 2H,0

^opgf „ „ „ „ „ KCl

gPq^^'' yy '» " " » K2 SO,

iqlk „ „ „ „ „ Cu SO4. Kg SO4.6H2O

pqlmno „ „ „ „ „ D
In order to get a better view, in the figure is indicated on each satura-

tionsurface the solid substance, with which the solutions are saturated.

For the sake of abbreviation we have called Cu SO,. ÖH^O = Cu^,

Cu CI,. 2H,0 = Ou„ Cu CI,. 2KC1. 2H,0 = D,.,., and Cu SO,. K, SO,.

6H,0=:D,.,.,.

The middle-surface p q Im n is the saturationsurface of a salt, which

we have represented by D. In order to find the composition of this

salt we have applied the rest-method, viz. the analysis of the solution

and the corresponding rest. From numerous definitions it follows

that this salt has the composition :

Cu SO,. K, CI, = K, SO,. Cu CI, = D.

or Cu SO,. K, CI, H,0 = K, SO,. Cu CI,. H,0 = Dx

Some determinations pointed viz. to Da. others to D^, again others

to a mixture of D^ and Dx, so that in the region pqJmno (fig. 1)

perhaps the two salts D^ and Dx occur.

The probability that more than one solid salt occurs in this region,

is enhanced by the following observations. In some cases the solid

substance was precipitated after shaking (which lasted sometimes a

month or longer) within some hours as a greenish powder, in other

cases there was formed a greenish or blue-greenish paste, which

after days did not yet settle, but stui*k to the sides of the shake-

bottle. In the first case we could easily remove a large part of the

mother-substance by suction, in the latter case this appeared practi-

cally impossible. F'rom all this it is apparent that in the saturation-

surface (fig. 1) indicated by D different salts may occur, two of which

have the composition Da and Dx.

[t follows, however, from the position of the solutions saturated

with Da or Dx in the region of fig. 1 indicated by D, that one of

these salts must be metastable with respect to the other, perhaps

they are both metastable with respect to a third, which we have

however not found in our investigation.
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In order to get the solutions of the saturationsnrface D saturated

w-ith solid salt, we put together the subslances in such ratios

that the solid substance must l)e formed in one case from'

Cu SO, . 5H,0 + KCl, in the other from Cu CI,. 2H,0 + K, SO,. In

botli instances now D» then Dx was formed.

In some cases also occurred as solid phase a double salt of the

composition :

2Cu SO,. 3K3 CI,. H,0 = D,

Later, however, we did not succeed again in getting this salt, hut D^i or

Dx appeared instead. The salt Dz Avill therefore, very probably exist

in a metastable condition only.

On account of the uncertainty with respect to the substance D,

we will further describe the equilibria as if in the region p q I m ?i

occurs only one solid substance D. When in this region more solid

phases may occur in stable condition, then the necessary changes in

this region will have to be inserted.

The intersectinglines of the saturationsurfaces represent the quater-

nary solutions, which are saturated with two solid substances, con-

sequently the quaternary saturationlines. The limit-lines of the

saturationsurfaces on the side-planes of the pyramid form the ternary

saturationcurves of the four ternary systems, which have already

been discussed previously.

The quaternary saturationcurves are the following

:

gp the saturationline of K, SO, -f- KCl

iq ,> ,) >i Kj SO, -f Dj.j.^

^' ^ >> >) i) CUg -J- Dj.j.g

b m „ „ ,, Cug -f Ou,

dn the saturationline of Cu.

eo ,, ,,

P q >, „

ql >,

Im „

mn „

no „

p „

The first six saturationlines are side-curves; each of these has an
end on one of the side-planes of the pyramid. The last six satura-

tionlines are middle-curves; each of these has its two ends within

the pyramid.

Cu,
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The points of intersection of the saturation surfaces represent tlie

quaternary solutions, which are saturated with three solid substances

consequently the quaternary saturationpoints. In each of these points

three quaternary saturationcurves come together. In the ternary

saturationpoints, which we already discussed previously, two ternary

and one quaternary saturationcurve come together.

The quaternary saturationpoints are the following:

p saturated w^ith K, SO, + KCl + D

q „ „ K,SO, + D,,,+ D
/ „ „ Cu, +D,.,.,-fD

m „ „ Cu^ -f Cu, + D
n „ „ Cuj +Di.2., + D

„ „ KCl +D,.,., + D

As it is easy to see from fig. 1, in presence of solution can exist

:

K, SO, by the side of: KCl or D or D^.^.^

but not by the side of; Cu^ or Cu^ or Dj.j.,,

KCl by the side of: K, SO, or D or D^.,.,.

but not by the side of: Di-i-^ or Cu. or Cu^

Dj.,., by the side of: KCl or D or Cu,

but not by the side of: K, SO, or Dj.j.gOrCuj.

Cu, by the side of: Cu^ or D or D^.,.^

but not by the side of: KCl or K, SO, orDj.!.^

Cuj by the side of: Cu, or D or Di-^.g

but not by the side of: K, SO, or KCl or Dj.,.,

Di-i-g by the side of: Cuj or D or K,SO,

but not by the side of: KCl or Dj.,., or Cu,

D by the side of all other substances.

Different conclusions can be made from the figure. Let us con-

sider the behaviour of the salt D with respect to water.

When D is the salt D;,^ it is indicated in the spacial represent-

ation by the point of intersection W of the diagonals (fig. 1). When,

however, D is the salt Dx, which contains water, it is situated in

the spacial representation on the line, wliich unites the top of the

pyramid with the point of intersection of the diagonals. Let us

assume that D ^ Da and let us call T the top of the pyramid, so

that point T represents the water. As the line D^T does not inter-

sect the saturation-surface of D;i, Da is not soluble in water without

decomposition. The line D^T intersects, however, the saturation-

surface iklq of D,.j.g, so that the salt Da = Cu SO,. K, CI, = K, SO,.

Cu CI, is decomposed by water, while D^.^.g = Cu SO,. K, SO,. öH^O

is separated. From this we see that we can not wash out the sail
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Da with water to free il IVoni its motlier-siihslniice. as lliis will

lead (o «iecomposilioii.

When we wisli to examine accurately what will take place when
we bring together D^ and water, we must consider which spaces

of the pyramid are intersected hy the line D^T. From this amongst

others the following is apparent. When we add D^ to water, then

firstly unsaturated solutions arise, which are represented in fig. 1

by the point W. (In this it is to be considered that tig. 1 is the

projection of the spacial representation and that point W is the

projection of the line Da,T).

With further addition of D^ the solution W arises, which can be

saturated with D^.^.j (this Dj.j.g, however, is not yet present as

solid phase) consequently the solution W of the saturationsurface iqlk.

With further addition of Da now Dj.j.g is separated and the

solution traces in fig. 1 the straight line Ws, this straight line is the

projection of a curve situated on the saturationsurface iqlk. When
we add so much Da that the solution attains the point s, then,

further addition of Da will no more change the solution and there

is formed

:

D J. 1.
g -|" I^;i + solution s.

When we wish to examine wdiat will take place wdien we bring

together in variable quantities K^ SO^jCuClj and water, then we must

intersect the spacial representation by the plane K^SO^—CuCl^^—T.

When we bring together KCl — Cu SO4 and water in variable

quantities we must draw the plane K^ Clj — Cu SO4 — T.

As the manner, in which these sections with the saturationsurfaces,

saturationlines and the different spaces can be obtained, was already

discussed previously ^), we will not apply this method now.

In tables II and III we find indicated the compositions of several

solutions; we have deduced with the aid of the restmethod graphically

the solid phases with which these solutions are saturated.

In table II the compositions are expressed in percentages by weight

;

of the four salts Cu SO^,Cu Cl^, K^SO^ and K^ Ci^ ; only three at the

same time are given. This is sufficient also because, if we wish to

express the composition also in the fourth salt, it may be done in

infinitely many ways with the aid of the reaction-equation

Cu SO, + K, CI, :^ K, SO, + Cu CI,

For this the quantities of the substances which take part in the

reaction must be expressed in quantities by weight.

1) V. A. H. ScHREiNEMAKEBS. Zeitschr. f. Phys. Clicm. 66 G99 (1909).
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TABLE I.

The ternary system K. SO4 - KCl - HgO at SO^.

Composition of the solutions
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TABLE II.

The quaternary system : Cu SO4 — Cu CI2 - K. SO4 — K2CI2 - H.O at 30^.

Composition of the solutions in procents by weight.

Point Cu SO4 Cu Clo K2SO4 KCl HoO Solid phase.

p



TABLE II.

the quaternary system : Cu SO4 - Cu CU — Ko SO4 — Ko CI. - H.O at 30^
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TABLE III.

The quaternary system : Cu SO4 — Cu CI. - Ko SO4 - K. CL — H. O at 30^

Ions Cu, Ko, SO4 and CI. and Mol. R, O in a quantity of

solution which contains 100 Mol. in all.

Point
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TABLE III.

The quaternary system : Cu SO4 — Cu CI2 — K2 SO4 — Ko CI. — H, O at 30^

Ions Cu, K2 SO4 and CL and Mol. H^ O in a quantity of

solution which contains 100 Mol. in all.

Point
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TABLE III.

The quaternary system : Cu SO4 — Cu CI. — K. SO4 — K. Clo - Ho at 30°.

Ions Cu, Ko SO4 and CL and Mol. H^ in a quantity of

solution which contains 100 Mol. in all.

Point
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Chemistry. — ''The catalyse'. By Prof. J. Böeseken. (Coramuni-

cated by Prof. A. F. Holleman).

(Communicated in the meeting of June 27, 1914).

1. It appears to me that, a summary having been given from

various quarters on catalytic phenomena, the time has arrived to

sliow briefly how the development of my ideas on this subject has

advanced and how the insight thus gained has been supported by a

deduction of one of my students.

I do this in the first place because in that historical account the

gradual elucidation of the phenomena is exposed, but also because

I imagine that a poini has now been reached where the co-operation

of many is necessary in order to assist in completing the edifice of

the catalysis.

2. When working at my dissertation (1895—1897), when a large

number of fatty-ai'omatic ketones was prepared according to the

reaction of Friedel and Crafts, it struck me that when to a cooled

mixture of acid chloride and benzene finely powdered aluminium

chloride was added, this certainly dissolved rapidly, but that an

evolution of hydrogen chloride only took place slowlv on warming^).

As aluminium chloride did not perceptibly dissolve in benzene,

I was then convinced that not the benzene but the acid chloride

might be the point of attack of the catalyst.

This question was afterwards taken up by me and solved in so

far that the synthesis of the aromatic ketones could be divided into

two stages: (a) The catalyst combines with the acid chloride: (b)

this compound is attacked by the aromatic hydrocarbon (Rec. 19

19 (1900) 20 102 (1901).

Although the course of the reaction was indicated therewith. I

was soon aware, however, that the catalytic action of aluminium

chloride remained in complete obscurity "").

In this I was corroborated by the observation that chloroform

and benzyl chloride suffered the reaction with benzene still far

better and more vigorously, whilst these substances did not combine

1) Afterwards I modified the preparation by taking the AICI3 in excess and then

adding drop by drop the mixture of acid chloride and benzene, because the reaction

then proceeded very regularly. By the research of Olivier (Dissertation, Delft 1912)

it has been shown that the cause of this favourable result must be attributed to

the presence of free AIGI3 (see later).

2) Perkier who had noticed this reaction course previously (These, Caen 1893)

was of opinion that this explained the catalytic action of aluminium chloride.
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with aluminium chloride and the quantities of the catalyst necessary

for the reaction were much less than in the synthesis of the ketones.

(Rec. 22, 301 (1903)).

When it appeared that nitrobenzyl chloride, which does unite with

AICI3, was also attacked much less I'apidly than benzyl chloride,

and further that the very reactive anisol, which also forms a molecular

compound with AICI3, did not react (// *^/// with CCl^, whereas benzene

did so readily, the facts were such that I ventured the thesis that

the formation of compounds between tlie catalyst and the activated

substance had nothing to do with the actual catalytic action (Rec.

23,104 (1904)) and that, when the catalyst does not unite with one

of the substances present in the reaction, we are dealing with catalytic

action in its purest form (Rec. 24, 10 (1905)).

Thus b}' means of the inductive method, I came to the conclusion

that the formation of a compound with the catalyst did not give an

explanation of the catalytic action as such, and that with this the

theory of the intermediate products exploded.

2. I have also tried to demonstrate subsequently by means of the

deductive method that the formation of a compound of substance and

catalyst must necessarily lead to a partial paralysis of the latter

(Proc. 1907 p. 613 ; 1909 p. 418).

Hence, if we wished to arrive at a satisfactory explanation this

had to be looked for in what happened before there is any question

of a compound between catalyst and substance. When the catalyst

draws near to the activated substance a phenomenon ought to take

place partaking more of a disruption or a dislocation than of a union

(Gedenkboek van Bemmelen p. 386, Rec. 29, 87 (1910)).

I have then demonstrated (Proc. 1909 p. 4J9; also Rec. 32, 1

(1913); Cheni. Weekbl. 7, 121 (1910); Rec. 29, 86 (1910)) that a

catalyst like AICI3 exerts indeed a dissociating influence on the

chlorides which it activates; chloral was resolved into CO, HCl and

C2CI4 ; trimelhylacethyl chloride into carbon-monoxide, HCl, and

isobutenCj etc.

But here it transpired also that even now the explanation was

not given, because the action had been too violent ; instead of the

to be expected condensation products with benzene there were

obtained in similar cases, either the decomposition products or the

condensation products of these molecule residues with benzene. Thus,

from SO2CI2 and the benzene hydrocarbons were generated relatively

very small quantities of sidphones compared to large quantities of

sulphinic acid and chlorine derivatives; owing to too great an aclivily

Proceedings Royal Acad. Amsterdam. Vol. XVll.
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the catalyst had disrupted the SO.Cl, into SO, and CI, which were

now subsequently influenced catalyticaliy (Rec. 30, 381 (1911)).

The catalytic action proper can, therefore, be no union, because

in that compound the catalyst is paralysed; it also cannot be a

dissociation because the substance is then too much attacked, hence,

it must be an intermediary influence.

I have called the latter a dislocation or dismptlon (Rec 30, 88

(1911) dating from Sept. 1909) in order to demonstrate that there

certainly does exist an influence, but that this should effect neither

nnion or dissociation if it is to be considered as a purely catalytic

one. In order to more sharply confirm experimentally this result

obtained, the transformation of chloral into metachloral under the

influence of diverse catalysts was submitted to a closer investigation. ')

This system was chosen because it had been shown that:

1st it is an equilibrium between two substances, therefore a very

simple case because we are only dealing with the transformation of

one substance into another one.

2"^* this equilibrium is situated in a readily attainable temperature-

zone, whereas the properties of monomeride and polymeride differ

rather strongly, so that the specific influence of the catalyst may

come perceptibly to the fore.

3"^ That the monomeride itself is a supercharged molecule, so

that it was to be expected that the action of the catalyst would be

a pronounced one.

In fact it could now be demonstrated that the equilibrium

was attained rapidly only then when the activator was present in

small quantities and had not perceptibly united wiih one of the

modiflcations.

If the catalyst (pyridine) was retained (absorbed) in the colloidal

polymeride the equilibrium set in, but in the liquid phase of the

monomeride the reaction ceased.

If the catalyst combined with one of the components (the mono-

meride) the equilibrium was shifted in the direction of that component.

If, finally, the action of the activator was stronger still, the split-

ting products were obtained only.

About the same time, S. C. J. Oi.ivier (Diss. Delft 1913, Proc.

1912 and R 33, 91 (1914) had finished a dynamic research on the

action of bromobenzenesulphochloride on some benzene-hydrocarbons

under the influence of aluminium chloride.

Whereas the researches had been as yet of a qualitative character

it could now also be demonstrated quantitatively that the retention

1) K 32, 112 (1913).
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of the catalyst in the sulpho-chloride or in the siilphone caused a

partial paralysis, as the reaction proceeded mucli more rapidly the

moment a small quantity of tlie catalyst in the solution was present

in the free state.

Also, could it be deduced sharply from the progress of the reaction

(Proc. 191 3 p. 1069^ that this could be exi)laiued satisfactorily only

then when the activating action was sought in what happened

between benzene on one side and chloride -|- catalyst on the other

side before they had undergone chemical transformation.

Hence, it was proved experimentally also here that the most important

stage of the catalysis is that which lakes place before the union.

3. If we now consider what can be the significance of the

remoyal of the catalysis to the pre-stage of the reaction, it should

be remembered that in view of Ostwald's definition a catalyst should

be a substance unchanged in Cjnantity and quality after the reaction.

Guided by this definition we may durbui the reaction assume all

kinds of material and energetic changes if only the condition is

satisfied that the catalyst remains unmodified before the beginning

and after the end of the reaction.

If now, however, we look for a fiu'ther explanation, that is to

say, penetrate further into the mechanism of a reaction, we notice

that somewhere during the reaction a catalyst can no longer satisfy

that definition.

Hence, a catalyst can never remain unchanged during the entire

course of the reaction ; an ideal catalyst exists no more than an

ideal gas or an ideal dilute solution, bnt for all that we have been

able to make excellent use of the notion.

Now, a substance will approach this ideal condition all the more,

the smaller the material or energetic displacements will be and it

is plain without any further evidence, that similar very small changes

will just take place on the approach of the catalyst to the bonds to

be activated.

When there the action ceases, we can understand that these

shiftings may be so small that they elude observation (so that for

instance, apparently a same equilibrium is reached under the infiuence

of diverse catalysts, which in reality cannot be the case.)

4. If now we want to get a concrete conception of these exceed-

ingly small actions, which in the catalysis are both satisfactory and

authoritative, we may consult the modern views on our atomic

woiid.

36*
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It is supposed that the atoms consist of' (or at least are populated

bv) electrons and that thej hold together by means of force regions

between these corpuscles; the catalytic action may then be described

as a change of these force regions on the approach of the catalyst.

If this is so, we have in the jmre photocatalysis the simplest

catalytic actions and the study of these phenomena will no doubt

much deepen our insights. ^)

On penetrating further into the phenomena in general we are

obliged to resolve the substance into steadily decreasing units and

the same has happened with the special phenomena called catalytic;

here it will just be shown that what takes place in the atoms will

be of preponderating importance. But just as we have not been able

to find the ideal catalyst among the atoms, we cannot expect to

meet it among the electro-magnetic equilibria-perturbations, only

the limit of our insight in the catalytic phenomena has advanced

a step.

II.

1. During this niainly inductive development of my ideas my
pupil H. J. PiuNs had found a synthesis of chloropropane derivatives

and I advised him to couple this experimental subject with a survey

of the different cases in the reaction of Fkiedel and Crafts. ^)

With this, however, he did not content himself, but starting from

the "Principle of Reciprocity" he has endeavoured to furnish an

explanation of the catalytic phenomena in general, with the reaction

of FiuEDEi. and Crafts as a special case.

The result of this is given in his dissertation ("Bijdrage tot de

kennis der katalyse", Delft 1912) and supplemented with a few

subsequent articles (Journ. f. pr. Chem. N. F. 89, 425 (1914) ;

Chem. Weekbl. 11, 474 (1914).

In order to reproduce Prins's intention in the simplest possible

manner, I will quote a few parts of his deduction, taking the liberty

to omit the, in my opinion, non-essential matter.

^) The simplest case is the pholocatalytic change of a nionalomic element.

2) The reaction of Fr. and Gr. offers us already a great diversity of catalytic

reactions, because AIGI3 can form all khids of compounds. Only in such cases

where it unites neither with the initial products nor with tlie end product, or attacks

this secondarily do we approach a case of pure catalysis.

The number of these cases is very small, the chlorination of benzene is a very

appropriate example thereof; here the quantity of the catalyst is minimal indeed

(see hu'lher).
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The axioms which are more partiouhirlj applicable to the cata-

lysis are :

"When... the one exerts an inflnence on the other, this latter...

is changed by the first . . .

"If in the calcnlation of one of these the change may be neglected

we may speak of a one-sided intlnencing, which, however, as such ..

.

may not be considered one-sidedly (dissertation p. 4—5).

and snbsequently :

"If we consider the possible relation of two snbstances (wliether

element or compound) three stages arc to be dis(ingnished therein".

"J. The stage of the relative inertness. In this stadinm even

the catalytic influence is imperceptible, whilst there is no question

of a chemical compound.

"2. The catalytic stage ^) in which occnrs also the mutual acti-

vation. In this stage the catalytic actions are enacted.

"3. The reaction stage in which appears an intra- or extra-

molecular reaction".

The catalytic stage forms the bridge between the inertness and

the chemical compound. In each chemical reaction all three stages

are gone throngh.

By varying the conditions we can, however, cause the influencing

to be confined to the second stage". (Chem. Weekbl. 11, 475,

also Jonrn. f. pr. Chem. N. F. 89, 448 (1913).

2. Prins starts from the general thesis that on interaction, there

takes place a change in two conditions, which will be least powerful

the moment it begins to reveal itself.

This stage lies, chemically speaking, in the dissociation region

where the free energy of the entire system approaches to zero

and is called by Pkins the catalytic stage.

In this catalytic stage thei'e is really no question of a catalyst

in the sense of Ostvvald ; we are dealing with a change of condition :

A ^ B "which taken by itself can take place more or less rapidly.

Being in the catalytic stage does not at all imply, in my opinion, that the

changes must take place rapidly ; this depends on the nature of the change

(chemically speaking on the nature of the atoms or atomic groups which in the

transformation play a role in the first place).

If, for convenience sake, we call A and B two molecules, one

of these molecules, in a reaction in which the other one (with its

1) In order to prevent confusion it would be better to speak of the activating

stage. (Pkins also points out that the word "activator" expresses his ideas better

than catalyst).
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Specific atomic group) occurs as a component, will be a catalyst

in the sense of Ostwald.

B -^ C A ^ D
n n
A B

The above symbols represent this explanation from which we gather

that the change of tlie free energy in so far as it concerns the catalyst

approaches in the pure catalysis to zero and wherewith we also wish

to express that the catalyst is in fact more a change of condition

than a substance.

In the positive catalytic action tlie equilibrium A f^ B will set in

much more rapidly than the reaction B-» C or A —s>-D and thus

cause or accelerate the same.

Hence an ideal catalyst, according to this deduction and in connexion with

Ostwald's definition, is a substance which undergoes with one of the to be

activated substances ior bonds) such reciprocal action that in the latter

system the thermodynamic potential and chemical resistance simultaneously

approach to zero.

As it concerns here particularly the bond that is being activated,

the other molecule will also be more or less intiuenced ; this we

notice immediately when we reinember that intramolecular displace-

ments come under the same point of view.

Hence, we will obtain the maximal catalytic action when, with

the catalyse (for instance B) we approach as closely as possible the

catalytic stage in regard to A as well as D.

The chlorination of benzene again presents us with a suitable

meaning example to elucidate the intention of this thesis.

Both chlorine and benzene are in regard to A\C\^ in the catalytic

stage; they are both rendered active without forming a compound.

As soon as we replace benzene by nitrobenzene the action ceases

at the ordinary temperature because AICI^ forms a solid combination

with nitrobenzene so that these two are, in regard to each other,

not in the catalytic stage and because AICI3 cannot any longer

acti\ate the chlorine simultaneously.

At a h'gher temperature the chlorination starts; we may assume

that the system AlCl^ NO.^C^ R.^ is then again approaching the

catalytic stage.

It is, however, self-evident that a case like the chlorination of

benzene is rarely met with ; as presumably somewhat similar cases

I mention : all ionreactions in acjueons solutions ; the union of

hydrogen and oxygen and the decomposition of hydrogen peroxide
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on or ill platimim ; the transfoniialioii : aldehyde = paraldehyde

under the influence of sulphuric acid etc.

Much more frequent will be the cases, such as in the chlorination

of nitrobenzene, where the catalyst is found, in regard to one of

the substances, a good long way over this most favourable stage;

in that case it wall have united with one of tlie components to a

more or less firm compound.

The sulphone formation from bromosulphone-chloride and benzene

under co-operation of AlCl^ is an illustrative instance hereof:

The AlCl^ is combined with the sulphone-chloride and is, therefore,

in regard to the chloride, already far removed from the catalytic

stage, at 25° it is however not completely paralysed, as according

to the course of the reaction it is still capable of activating the

second molecule (benzene).

The sulphone formed now also unites with AICI^ and now it

appears also from the course of the reaction that it keeps on activ-

ating the benzene, but is, however, no longer capable of influencing

the sulfone-chloride. for an excess of the latter exerts no influence

on the reaction velocity. (Olivier and Bökseken, Proc. 1913 1. c).

From this case it is shown how complicated this reaction may
become when in the reaction mixture different substances are present

which paralyse the catalyst more or less, and that only a clear

conception of the catalysis enables us to interpret the observations

satisfactorily.

Represented symbolically, we thus have here (when we assume

that the HCl{T>) does not interfere, which has also been proved by

Olivier) :

A 4- B -» C + D
n—Al CI,—

The AICI3 united to C (the sulphone) can no longer reach A (the

sulphonechloride), only the AlCl^ united to ^4 itself can still activate

the S-Cl bond, but much less so than free AlCi^ ; only the benzene

{B) is still attainable for the AICI^.

I want to observe here that the paralysis stai'ts here, presumably,

from the /S'O^-group, because this occurs in the sulphonechloride as

well as in the sulphone.

These are just the cases, •wherein the catalyst is united with one of the

starting products, but is not entirely paralysed thereby, which have

originated the theory of the intermediate products.

By removing wilfully from the most favourable catalytic stage
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(for instance bv lowering llie temperalure) similar coumponnds have

often been met with and it was imagined that the explanation of

the catalytic phenomena had thns been fonnd.

Now, however, it is evident that the explanation is not given liy

the formation of these compounds, but shonld be found before the

formation and that the best catalysts will be those whose dissociation

equilibrium extends over as large as possible a region of tempera-

ture and pressure, without any compounds being formed.

3. In this manner, ascending by the inductive niediod from the

special case of the reaction of Friedkl and Crafts (Böeseken) and

descending by the deductive method from the general principle of

reciprocity (H. J. Pkins), we have come to the conclusion that

the catalytic action is situated in the pre-stage of the chemical

union.

It is evident that with this result no explanation has been fonnd

in the sense that nov/ everything is completely elucidated.

Yet, in my opinion, owing to the sharper detinition of the con-

ceptions the whole held is easier to survey (Pkins I.e.) and the

special cases are more readily understood, also a fundament has

been given on which we can pursue our researches with a greater

certainl)

.

These in view of the further elucidation will have to move in

two directions.

1st. It must be ascertained, as has been already done in some

cases (I.e.), in how far the ctiange in velocity is connected with the

shifting of the catalyst and activated bonds in the dissociation region.

With this may be coupled systematic researches as to the most

suitable catalysts for specified reactions, (for instance on metals which

are in a rapidly setting in dissociation-equilibrium simultaneously

with N.J and H., at a low temperature in view of the ammonia

synthesis; or on carbonates which in view of the ketone synthesis

from acids according to Sabatiek and Sendekens must, at about

300°, be with those acids in the same favourable conditions).

2"^'. Those catalytic actions must be investigated where very small

energy shiftings are concerned ; to this appertain in the tirst place

the photocatalytic phenomena.

The lirst series of researches are of a more direct practical result;

the second series, on the other hand, are of a more penetrating

nature, the object being to attack the catalytic phenomena in their

last recess.

Delft, June 1914.
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Chemistry. — " Rt'.searc/ws on tfw 7\')nperatu)'e-coe/jicients of the

free Surface-ener(j]i of Liquids helivcen — 80° (nul 1650° C.:

VII. The specific suiface-energn of the niolteu Halogenides of

the Ahali-metals." By Prof. Dr. F. M. Jaeger. (Communicated

by Prof. Haga).

§ 1. Notwithstanding the original intention to publish the results

of the measurements concerning llie temperature-coeflicients of I he

free surface-energy of molten salts at the same time as the deter-

minations of the specific gravities of the investigated salts at different

temperatures, and in this waj' to give completely all data, necessary

for the calculation of the temperature-coefficients of their molecular

surface-energy, — it seemed desirable on account of the present

precarious conditions, to resolve already now on the publication of

the results hitherto obtained, and relating to the change of the ^/^é^cz/ic

surface-energies of (hose salts with the temperature of observation.

The present uncertainty about the moment, when the now stopped

experiments, necessary for the determination of the specific weights,

again vaax be resumed in futnre, makes it perhaps desirable to

publish already now the available data of the free surface-energy of

some forty salts, and to draw the attention on this occasion to some

general conclusions, relating to these measurements.

§ 2. In this connection it is perhaps of interest to mention here

also some details concerning our original tentativeSj to reach the

proposed aim by means of the method of capillar ascension-measure-

ments, — notwithstanding the fact, that these experiments finally

had to be given up because of reasons already formerly explained ^);

these details doubtlessly can be of use for later investigations to

be made in tiiis direction.

Originally the investigated salt was introduced into wide tubes of

heavily fusible Jena-^XviSS^ provided with rounded bottoms ; (he tubes

were heated in a bath of a molten mixture of potassium-, and sodium-

nitrate, either by means of gas, or better by electrical current. The salt-

mixture was filled into an iron cylinder, outwardly lined with (hick

asbestos ; its wall was provided with two diametrically opposed,

narrow windows, which were closed by glassplates, fastened by

means of asbestos-covered iron-frames. Through these planeparallel

1) F. M. Jaeger, These Proc. Gomra. I. (1914).
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windows the desired observations were executed by means of a

telescope ; the height of ascension in the capillary tubes was read

npon a perpendicularly divided scale. The liquid salt in the surround-

ing bath was continually stirred ; an arrangement was made to

prevent as much as possible the annoying currents of hot air circu-

lating before the windows.

In all these experiments it was stated very soon, that the investi-

gated salts, when melted in the glass-tubes and on cooling again

solidifying therein, made the tubes in most cases crack ; or at least

they appeared on renewed heating to get soon unsuitable and badly

damaged, thus a substitution of the tubes by new ones being necessary

after each experiment.

After many attempts, the tubes were arranged finally in the fol-

lowing way, to prevent this effect. ^45 (fig. 1) is a tube of '/f?ifï heavily

fusible glass, which has a conical nar-

rowing at a, and a sideway tube e

with stopcock d ; the wider tube can

be closed at its upper end by means

of a stopper h, provided with the

stopcock C. Just above the round

bottom of the tube B, a small plati-

num crucible T of about 1 ccm.

volume, hangs between three strong

horizontal platinum-wires ; they are

either melted into the glasswall of

the tube, or they can be fixed to a

platinum-ring, supported by three

elevations in the wall of the tube.

If in the last mentioned case the

tube B at the same time is arranged

in such a way, that e.g. just below

e the two parts of it can be put

together by means of a ground col-

lar, it will thus be possible eventu-

ally to take the platinum-ring easily

from the tube, and to restore it again

after thoroughly cleaning the different

parrs of the apparatus. In every case

the platinum-crucible T needs to be

fixed into the tube as centrally as

possible. The narrowing at a is ground

B

Fig. 1.
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conically ; the piece h (also eoiiit'ally sliapetl, ground and enlarged)

of the heavily fusible, capillary glass-lnbe, can just he fixed into it;

the capillary tube thus has the form represented in fig. \, and it is

cut to such a length, that it can be easily caught with a pincette

from above through the hole h, while at its other end it reaches

just to a little above the bottom of T, if b is caught by the collar

a. The enlarged part of h is provided at its outward side with two

very fine, vertical canals, which thus have the function of ca]>illary

connections between the spaces ^-l and B.

By means of a funnel with a broad and long stem, the crucible

T is now filled with a sufficient quantity of the finely pulverised

and dry salt; then AB is put into the bath, and as soon as the

salt in T is molten, the carefully cleaned capillary tube is lowered

very slowly into the apparatus, until b is lying just in the collar a;

immediately the liquid begins to rise then into the capillary tube.

Then both stopcocks C and d are closed, after the tube being put

in such a position, that the capillary lube will be just vertical;

this may be easily controlled by means of a plummet. If now the

air is eliminated from A through 6', it will appear easily to let the

liquid rise into the capillary tube, because the settlement of the

pressure-differences in .1 and B will occur only very slowly by the

narrow canals in b; in this way one can try to wet the walls of

the tube by the liquid salt, and to eliminate the air-bubbles even-

tually inclosed. A superfiuous rising into the capillary tube can be

stopped at any moment by means of the stopcock d. Reversely, by

sucking at (/, it Avill be possible, if necessary, to introduce air into

the molten salt through the capillary tube, or to remove the liquid

from it; also it is possible to substitute the air in AB by a neutral

atmosphere, e.g. by nitrogen or another gas, if desired. The experi-

ment being finished, the capillary tube b is removed first; the salt

will afterwards solidify in T, without causing the cracking of the

glass-tube. In such a way several experiments can be made by means

of a single apparatus.

§ 3. Although this method of operating can be recommended in

such cases as in pj-inciple a \ery suitable one, the experimental

ditliculties however appeared to be of a rather appreciable magnitude.

One of the chief difficulties was the elimination of the very small

air-bubbles from the liquid in the capillary tube, which appeared to

be transported into it, whenever the liquid begijis to rise into ihe

narrow tube. Notwithstanding all care, this could not be completely

prevented, and the column of liquid then appears as if broken into
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a <j;Teat number of pieces. It is extremely diffieuU, again to eliminate

such transported air-biibbles, even in repeating the above mentioned

way of rising and falling of the liquid in the capillary tube for a

number of times. Almost quite impossible is the elimination of the

air, if the wall of the tube moreover is attacked by the molten salt,

— this wall becoming more or less rough by it: the nir-bubbles

will then persist in sticking to the narrow canal.

Moreover the microscopical control of the glass-tubes proved

doubtlessly that the walls of it were attacked by the molten salt

almost always seriously to a more or less extent; this fact, in con-

nection with the just mentioned difficulties caused by the not

removable air-bubbles and the impossibility to determine sufliciently

the exact situation of the surface of the liquid in 2', were the chief

causes why these tentatives finally had to be stopped. In some cases,

e.g. in that of sodiumchronuite, we could obtain rather reliable data

;

but e.g. with lithiumsalts, which will always attack the glass in a

high degree, and just so in the case of silvernitrate, only very un-

trustworthy numbers could be obtained. It appeared moreover to be

very difficult, to keep the temperature constant along the full length

of the capillary tube; this can soon be controlled by means of a

set of very small thermometers, placed within B at several distances

from the bottom.

§ 4. After this experience we thought it adviceable to abandon

the said method completely. All numbers- here given therefore are

collected after the method formerly described by us in detail');

they relate to the purest salts. B'or the details of these experiments

the reader is referred to Comm. I of this series.

§ 5. Measurements of moUen Ahali-halogenides.

This series includes the following salts : The Fluorides and Chlorides

of Lithium, Sodium, Potassium, Rubidium and Caesium, and the

Bromides and Iodides of Sodium, Potassium, Rubidium and Caesium.

The preparation of the anhydrous l)roniide and iodide of lithium

gave hitherto no good results, because of the hydrolysis caused by

heating the crystallized, hydrated salts.

1) F. M. Jaeger, loco cit. 385—348.
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I.

Lithiumfluoride : LiF.



m
III.

Sodiumfluoride : NaF.



h6i

V.

Sodiumbromide: NaBr.
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VIL

1

Potassiumfluoride : KF.



^63

IX.

Potassiumbromide: KBr.



^564

XI.

Rubidiumfluoride: RbF.



XIII.

Rubidiumbromide : RbBr.



^6é

XV.
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XVII.

Caesiumbromide : CsBr.
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§ 6. The temperature-coefficients of the .specific siirface-energj/

of the molten alcaU-haloyenldes.

During tliese measurements, it became clear, that the siiape of

the curves, which illustrated the dependence of •/ and t, was in

most cases much nearer to that of strai^iht lines, than was the

case with most of the hitherto investigated organic liijuids. However

it must be remarked, that notwithstanding this, also in the case of

molten salts, the x-^curves could evidentlv belong to every one of

the three formerly discerned possible types, while in the case of

occurring dissociation a more rapid bending towards the temperature-

axis could be stated, just as in the analogous cases formerly studied.

Because of the nuich greater xalucs of the maximum-pressures

however in the here studied cases, those deviations from straight

lines come much less to the foreground. As a consequence, in thirty

cases of the about forty investigated salts, the dependence of / and

t could be expressed with sufficient accuracy by linear expressions;

for the remaining cases a quadratic expression in t with three con-

stants appeared to be adapted to this purpose to a really sufficient

degree.

If t, is the nieltinypoint of the salt, then /, above this melting-

point, can be calculated from an equation of the form:

X,= a — h{t — t..) -\-c{t — t,y,

in which a corresponds to the value of yj ^^t the meltingpoint. In

the following table the corresponding values of t,, a, b and c for

every one of the investigated halogenides are resumed

:

!

Formula of

the Salt.
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Specific Surface-Energy
in Erg pro cm'-'.
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Specific Surface-Energy

in Erg pro cm2.

€^o' zoc' /ji>' óoo°a3o''9oo'9so' /a}o°/üöO'uoo°//oo'/2co' Temperature

Fig. 4.

Specific Surface-Energy
in Erg pro cm2.

10

Temperature6S0" 700° 7iO' dOO' i)50~90O" 9iO' /OOC'U>30'

Fig. 5.

^ 7. From these data it can be deduced in the iirst place, that

in jj;eneral the temperature-coefilcients of the specific surface-energy

X of these salts appeai- to be smaller than for most organic liquids.

While in the last mentioned cases these values are oscillating between

0.09 and 0.13, — as the following instances may prove once more

:

Acetic acid: 0.118.

Benzene: O.J 36.

Diethylmalonate : 0.102

Anisol: 0.114.

Phenetol: O.J 02.

Anethol: 0.094.

Guajacol: 0.117.

Resorcine-Dimethyletlier : 0.105.

HychoquinoneDimethi/lether: O.lOd.

Pyridine : 0.125.

a-Picoline : 0.128.

Chinoline : 0.104.

— the values of b for these salts are situated between 0,05 and

0,09, being tlius about of the order of magnitude of the coefticient

for e.g. ethylalcohol : 0.086. Only in the case of some fluorides some
numbers for h were found, corresponding in some degree with those

for organic liquids. {LiF : 0,J26; RhF : 0,131; NaF : 0.106). If

attention is drawn to the much higher temperatures of observation

in the case of molten salts in comparison with those of the organic

liquids, it will be hardly permitted to conclude to a principal difïer-

ence in this respect, in the behaviour of both classes of liquids; on

the other side however just with respect to these much higher
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temperadires, the enormously high absolute values of / with these

salts, which may occasionally be more than three times that of

ivater, must be considered as very remarl^able. In connection with

the data giveu above, we can moreover generally conclude:

1. The temperature-coefficient h of the specific surface-energn

decreases continually in the case of the four halogenides of the same

alcali-metal, ivith increasing atomic weight of the halogen-atom. This

rule holds evidently quite accurately in all the cases here considered.

As to the absolute values of x of these salts, attention can more-

over be drawn to the following general rules

:

2. At the same temperature t, the values X( for the same halogenide

of all alcali-metals, will decrease gradually luith increasing atomic

loeight of the alcali-metal.

3. At the same temperature t the values y^f will gradually decrease in

the case of the four halogenides of the same alcali-metal, loith increas-

ing atomic weight of the halogen-atom.

These relations however do not possess a simple «-^fW/^/y^ character.

Generally speaking, the Z^'-compounds appear to deviate more

from those of the other alcali-metals. than these from each other;

the K-, Rb-, and 6Vcompounds approach each other more, than

each of these elements do the corresponding iVcz-compounds, while

in the series of the first mentioned three alcalimetals, the compounds

of K and Rb appear to have the nearest analogies to each other.

Probably the liquid lithium-salts may possess a higher degree of

molecular complexity, than the salts of the other alcali-metals.

Groningen, Augustus 1914. Laboratoryfor Inorganic and Physical

Chemistry of the University.

Chemistry. — ''Researches on the Temperature-coefficienis of the

free Surface-energy of Liquids at Temperatures between

— 80° and 1650*^ C. VIII. The Specific Surface-energy of

some Salts of the Alcali-metals.'' By Prof. Dr. F. M. Jaeger.

(Communicated by Prof. H. Haga).'

§ 1. As a sequel to the data published in the foregoing com-

munication, which related to the halogenides of the alcali-metals,

the results of the measurements made with a number of salts of

the alcali-metals. which belong to some other series, are communicated

in the following pages. These measurements include the following-

objects :
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The Saïpluite.s of LWuuiik Sodium, Potas.smin. Rubidium and

Caesium; the yitrate.s of Litkiuni, Sodiam, Potassium, Rubidium and

Caesium; the Afetaborates of Lithiam, Sodium and Potassium; and

the Molybdates, T'ungstates and Metaphosphates of Sodium and

With the exception of rubidinnisiilfate, which evidently contained

^sorae potassiumsnlfate, all salts were chemically pure; the sulfates,

molybdates and tungstates were those commonly used in this laboratory

for the calibration of the thermoelements, and just the same was
the case with lithiummetaborate. For the metliod and practice of the

measurements etc., we can refer to the foregoing communication.

h 2.

Lithiumsulphate: LLSO4.
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n.

Sodiuinsulphate: Na2S0^.



IV.

Rubidiumsulphate : RözSO^.
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VI.

Lithiumnitrate : LiNOz-
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VIL

Sodiumnitrate : NaNO-i.



^11

IX.

Rubidiumnitrate : RbNOs.
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XI.
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XII.

Sodiummetaborate : NaBOz-



Specific Surface-Energy
in Erg pro cm2.
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XIV.

Sodiummolybdate : NaoMoO^.
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XV.

Potassium-Molybdate : K^MoO^.
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XVII.

Potassiumtungstate : K^WO^.
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XVIII.

Sodlum-Metaphosphate : NaPO^.
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^ 3. The Tempe^^aiure-coe/jicients of the Specific Surface-energy

In connection witli what was said in the foregoing communication

about the calcukition of /j at any arbitrary temperature t, lying

above the meltingpoint tg of tlie salt investigated, we only need to

resume here the corresponding values of tg, a, ^, and c, for each salt:

Formula of



Chemistry. — "A crystallized compound of isoprene with sulphur

dioxide". By Mr. G. de Bruin. (^Communicated by Prof. P. van

Romburgh).

(Gomraunicated in the meeting of June 27, 1914).

As is known from the patent literature^) unsaturated liydrocarbons

with conjugated double bonds combine in different circumstances

with sulphurous acid. Thus, crude isoprene on shaking with an

aqueous solution of that acid yields a compound sepai-ating in the

form of white flakes.

When I mixed isoprene, prepared according to Harries's method -)

(from carvene) and which had been purified by fractionation, the

fraction from 34° to 38° being collected separately, with an equal

volume of liquefied sulphur dioxide and left this mixture in a sealed

tube at the temperature of the room, I obtained after one or two

days a considerable quantity of a crystallized product. As a rule the

mixture soon turns brown, but sometimes it remains colourless.

Beside the crystals is always formed a viscous, white mass which

on drying gets hard and brittle. In some experiments no crystals

were deposited, but on pouring the contents of these tubes into a

small flask it instantly solidified owing to the formation of a large

number of crystals.

The crystalline product may be readily recrystallized from ether.

By repeating this operation a few times a pure, white product is

obtained melting without decomposition at 62°. 5. Presence of moisture

is not necessary for the formation of the crystals, anyhow exactly

the same result was obtained with tubes filled with sulphur dioxide

dried over sulphuric acid, and dry isopiene.

The analysis gave the following results

:

0.2016 grm. of the substance (burnt in a close tube with lead

chromate) gave: 0.3384 grm. CO^ and 0.1107 grm. H,0

0.1612 grm. of the substance gave 0.2814 grm. BaSO,

0.1779 „ „ „ „ „ 0.3156 „

Found : 45.77 »/„ C. 6.10 «/„ H. I. 23.97 % S. II. 24.35 % S.

Theory for C,H3S0, : 45.46 »/„ C. 6.06 »/„ H. 24.29 »/„ S.

Determination of the molecular weight by means of tiie lowering

of the freezing point in benzene: 5491 grm. of substance in

23.806 grms. of benzene gave a lowering of 0°.835. Molecular

weight found: 138.

M D. Pat. B. 59862, kl. 120, Gr. 2, 18 Aug. 1910.

2) Ann. 383, 228 (1911).
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Calculated for C.H^SO, : 132.

Hence, the crystallized compound is formed from one mol. of

isoprene and one mol. of SO..

The substance is soluble in water. The aqueous solution has a

neutral reaction.

If a solution of the compound in carbon tetrachloride or ether is

shaken with a solution of bromine in the same solvent, the colour

of the bromine is not discharged ; bromine water, however, is

gradually decolourised. With dilute alkaline potassium permanganate

a reduction sets in at once.

As to the structure of this compound I do not as yet venture

to pronounce an opinion. In connexion with Thielk's theory the

occurrence of a compound of tiie formula CHj — C[CH3] = CH— CHj

I SO,
I

would not be improbable.

Utrecht. Org. Chem. Lah. University.

Geophysics. — ''The treatment offrequencies of directed quantities''.

By Dr. J. P. van der Stok.

(Communicated in tlie meeting of June 27, 1914).

1. The frequency-curves of barometric heights, atmospheric

temperatures and other meteorological quantities assume different and

peculiar forms, which can be considered as climatological charac-

teristics and, as the number of available data increases, it is desirable

to subject these curves to such a treatment that these characteristic

peculiarities are represented by climatological constants.

Tf we choose for this purpose the development in series-form, the

first question is, what treatment is to be chosen for each special

case, in conformity with the distinctive featni-es of the quantities

under consideration and the limits between which they are com-

prised. The purpose of this investigation is to inquire, what form

is to be chosen for frequencies of wind-velocities independent of

direction, and of direction without regard to velocity. Furthermore,

to state in how far the observed series of quantities may be regarded

as normal- or standard-values, and the problem may be stated also

in this way : what is the best form for frequencies of directed

quantities assuming the form of linear quantities, and further, how
to integrate the expression
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h h' \

• • (1)

f{R . d) = P [R sin {6— if) - aY + h" [R cos (^—3) - by
]

i.e. the standard-value of directed quantities, on the one hand with

respect to between the limits 2.t and zero, on the other hand
with respect to R between Ihe limits go and zero.

Both problems were treated in previous communications ') *), but

it may appear from the following that now a more principal, and
therefore more complete, solution can be obtained than seemed

possible a few years hence.

2. If we wish to develop a function of one variable in an

infinite series of poljnomia

71=0

the quantities a can be determined so that — as in the Foukier-

series — for the assumed limits, « and '^

ƒUn Um cU —

for all values of m different from n.

The constants An are then gi\'en by the equation :

An fUn'd.V=:fF{w) Un d.V.

The values of the constants a are determined by the ?i equations :

CUn dx — 0, iUn X dx r= . . . \Un .t'"- ^ dx z= , . . (2)

every integral being taken between the assumed limits.

By partial integration we have

:

1) The treatment of wind-observations. Proc. Sci. Kon. Akad. v. Wet. IX,

(684—699).

2) On the Analysis of Frequency curves according to a general method. Proc.

Sci. K. Akad. Wet. X, (799-817).
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I

Un dx = (f\

X X

1 U,i A-' clv = iv- ff,~2w y, -r- (fs ffs = r/a d.v, etc.

By (2) it follows from these equations that the imposed conditions

are fultilled when, in the development

X

j
Un .V" d.v — X" (p,—n A-"-l (p^... (— l)"-i n{n—\) . 27^,, (— l)"n/ ^„+1 (3)

(pn be given such a value that this function, as also its {n—1) first

diiFerential-qnotients, become zero for .r = /i and ,i' = « and that then

« a

/7, = ^^ and ( fV c^.t- = (-1)" n/
( ^„ ci.t- .... (4)

dxn J J

This simple method of determining the terms of the required series

was indicated in 1833 bj Murphy as a new method of coming to

zonal harmonics ; in Thomson and Tait's "Natural Philosophy" it is

mentioned in article 782.

The method, however, is by no means restricted to the calculation

of zonal harmonics but can easily be generalized and applied to other

circumstances than those mentioned above.

Instead of a complete polynomium we can also consider separatelj^

even and uneven polynomia
;
polynomia multiplied by an exponential

factor as e~^'^ or e~^ may be used, and instead of dx we can take

xdx (plane) or x'^dx (space) as the element of integration, whereas

for X also quantities of another kind, e.g. sin a, may be substituted.

3. If the limits are -j- 1 and — J , it is rational to put

:

<fn = C{x' — iy C7,. =r=C-^(.t-- 1)«

C being an arbitrary constant.

Putting



m
c = n!

Un becomes

(2.1)/

n(n— 1) ^ n(n— l)(n— 2)0i— 3)
Un = .r" ^ .r"-2 + -^^ ^-^ ' .t-"-4 — . . . etc. . (5)

2(2/^— 1)
^ 2 4.(2«— l)(2w— 3)

'

the well known form (but tbr a constant factor) of the zonal har-

monic function and, according to (4) :

+1 +1

Jn!n! C
(2n)/J

{̂x- -- 1/' dx = -
2»+\n!y

— 1 —

1

(2?«+l)/(2/0/

Putlinff 6'=
, we tind, if by P„ the commonly used form of

zonal harmonics is denoted,

(2n)/

2".nhif

from which
+1

—1

If the limits are + go and — oo it is rational to choose for (f„ :

ffn = Ce-^'' Un = C
dx"

Putting

C = (-!)«

Un assumes the form :

U,,= Un'e^ ^'=^6- -^'\ .r"

v{7l— 1

)

~2\rr

2»

.."-^
-I

„(„_l)(„_2)(n— 3)
..)i - 4

)i— \

(-1)^
n.

n-l
.2«-i
!

2

2\2/

,'/; (y/ uneven)
(Ö)

or

n/
(— 1)" {n even)

w
2»—/

2

(-1)"/^
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and, by (4) :

Un"" dx — - e-^' dx = - [/jr.

— OS 00

The series (6), proposed by Bkuns ') and Charijkr '^), is in matlie-

niatics known as Hermitk's function and might, if applied to

analysis of frequencies, be called the 7,, function, as proposed by Bruns.

It is the most appropriate form for quantities as atmospheric and

watertemperatures, barometi-ic heights etc., moving between un-

certain limits, and also for wind-observations if generalized for

application to functions of two variables.

In either of the cases considered above the terms of even and

uneven power are separated automatically because

+1 +00

I

A-2"+i dx = and | .r2n+i e-^^ dx = .

~i - 00

If, however, the limits are 1 and or 00 and 0, then such a

separation does not take place and we must either maintain the

complete poljnomium or consider both cases separately.

4. Considering the even polynomia separately for the limits 1

and 0, every polynomium 1/2,1 contains only n constants and the

development (5) takes the form:

X 1

j
f72„ .r-" dx = ,r2« (f^

— 2ji x-^"
-•-'

^2 + 2' '« ('«— !) ^•""~"* Uz—
( (7)

(— l)"-i 2«-i n (n— 1) . .. 2 x^ q>„ (- 1)" 2" . n! </)„+^

where

X X X

f/
J

—
I

U-in dx , (f.^
=

I
(f^ Xdx . . . (fn-\-\ = j ipn ^vdx

Ü

X X

j
L'^2. d.v — (— 1)" 2» . n! I (fn xdx .

Putting

X dx

1) Wahrscheinlichkeitsrechnung und Kollektivmasslehre. 1906.

~) Researches into the theory of Probability. (Conim. from the Astron. Observ,

Lund.). 1906.



we find

Ui,, = .f A" (f„ (8)

whereas for (f„, as the simplest expression, we must take:

Assigning to C the value:

1

(4n—l)(4n—3)...(2/i-hl)

the zonal harmonic function, as given in (5), is again found also for

the limits 1 and 0.

In the case of uneven poljnomia

U2n+1 = C A" ,'C'^>'+^ {.ü' — I)" (9)

which for

1
r —

(4/i+ l)(4n— 1). . . (2/i+ 3)

again leads to the expression (5).

Giving C the value , we obtain from (8) as well as from (9'

the zonal harmonic function in the form as commonly used.

No more as for ^he limits 1 and 0, the development (7) for the

limits 00 and leads to new expressions ; we have to put

ffn = C .^2"+l e-^^

for even as well as for uneven functions, and b}^ the formulae

(-1)" d
,

'.

(2n 4-1)2» dx^

(—l)n ' '
' \ f

Lhn+i = —^ e—"' (A — 2)« .r2«+i

we find the same expression as in § 3 for </„ of formula (6), but by

an abridged calculation.

5. The problem, which form of development is the tittest for

frequencies of a quantity which assumes the form of a function of

one variable, moving between Ihe limits 1 and or go and 0, but,

as a matter of fact, must be considered as a function of two vari-

ables, is not solved satisfactorily in § 5, at least if we are not satisfied

b}' a merely formal representation.

A graphical representation of such a function is given by the

distribution of points in a plane about a given origin, die element

of integration is then, not civ, but ^ttBcIR and the question must

be put as follows : to find a polynomium such that
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Un U,n tUR = O

for all values of m different from 71.

Tlie development bv partial integration then becomes

:

ƒ
where

U2n R^"+^ da; = R^'" 7^1— 2w i^^"-"- ff, + 2hi («—1) i^2"-4 r;

(—l)''-i 2«-i n (n— 1) ... 2/2^ ( -1/' 2" . n.' y„+i

^j =z
j f72n-R dR, ff^ =.

I
yj22 dR etc.

(11)

and

\U^2nR dR = {—ly> n\ icf„Rt

If tiie limits are 1 and 0, then we have to put

:

ffn= CR^'^{R'—iy

so that

U2n= (7A«i22"(i2'— 1)".

Puttino; C=— we tind for the polvnomium

:

(2n)/ (2n— 1)/ (2n— 2)/

n! [n— 1)/ (n— 2).'

where "6), denotes the /^'^' binomium-coefficient of the ?i^'^ power,

further

:

1 11
i U'2n R dR= 2" {2ny Cq,, R dR— (2/i) /

p-^"+i {R"-—IY dR= — ^^^ .

This new function maj be considered as a zonal harmonic general-

ized for the case of directed quantities and might be applied e.g.

to the distribution of hits on a target.

The analogy of (12) with the zonal harmonic function becomes

(2n— 1).'

conspicuous it the latter (5), by multiplication by , be
(n— ly

given the form

:

Un = ^^ —^ .t'" ' .
^^ ^"-2 + — .

——^ ^n-A _ etc.

{71— 1)! 2 {n-2)! 2 {n—4.)!

The expression (12) satisfies the differential equation:

^(1-^^)^ + {l-'^R')'^-^ + hi{n^\)Rlhn=^.
an- dR
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For uneven polynomia 7,, has to be given the same value as (9)

and then again the common zonal harmonic would result. As,

however, the quantities under consideration are essentially positive,

uneven functions can be left out of consideration.

If the limits are go and 0, then the same reasoning holds; it is

then rational to put

:

U-in = C A" 2^2» e~^' U'2n = C (A— 2)« R^".

Putting

2«

the polynomium assumes the form

:

U'2u= i?''" — n' i22"—-'
-]

^^ R'^-i —
. . . (—1)" n! . (13a)

a!

and

00

jU^'in RdR = 2« . 7i! (ffn RdR
n!n!

~9r'

In analogy with (12) the polynomium, by putting

2»n.'

may be written also

:

U',n=-^--C TT. + '^C,- ^,...(-1)" . . (13/>)
n! [n— \)! (n— 2).'

This new function (13) seems to be the proper form of development

in the case of directed quantifies as wind-velocities, disregarding

direction ; it satisties the ditf. equations

:

dR' ^ ^ dR ^

d'U2n dL\

dR dR

In applying this development, a simplilication may be obtained

by a change of scale- value: writing HR foi' R and putting

1

M"-

the second term with the coellicient A„ will disappear as

U', = (R'—l).

Here ]\P denotes the moment of the second oi'der of the given

frequency- series.



594

6. In the same manner as in § 5 in the case of a directed quantity

in a plane, the development appropriate for quantities in space may

be found, e.g. for distances of stars, disregarding direction.

The element of integration is then 4,n:RhlR, and the development

(11) holds f]?ood if in the left member /?-"+i is written instead ot

R^" and, at the same time for r/:^

oc

(14)

U2n R^dR

so that

r2„ =:- A" (fn aud q„ = Ci22"-hi e-R\
Jx

Putting

C =^ ~

U''^" becomes:
« 2n+l » (2w+l)(2/i— 1)

and

Cu-^_n R'dR = (
- 1)" . 2" . nljffn RdR — (— 1)" 2»-i n!n!

In applying this development a simplification may be obtained by

writing HR for R and putting :

3

2M'

then A^ = 0, because

U', = R^- V,.

7. Although we ma}" expect a priori that the FoiRiER-series is

the most appropriate form of development for frequencies of directions

(disregarding velocity), it seems desirable in connection with the

foregoing to show that, following the same method, we, in fact,

come to this result.

If

U =: sin-'' a + fjj sin'-'^—- « -j- . . . cin ,

then we may distinguish four different types of functions, namely :

I^=z U F^=: U sin a cos a F^= U co.^ a en F^ = U sin a
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For F^ tlie development holds good -.

U sin^" add = (f^ s«i-" <i — '2n
*f.^

.sin-"''^ « | . . .

(— l)"-i .
2>^--^

. » (» — 1) . . . 2 . (f„ (— 1)" 2" // ! r/o,,_^i

where

r/
J
=

I
ilda <f\,

=
j f/ J s'ln a cos a da etc.

Therefore, piitliiig

S171 c( COS a da

2"w!
C sin-^'^^ a cos^"— 1 a and C =

{2n)\

we find for the liinils - and 0:
2

2".n!
F ,

rzz sin a cos a A" ff„ ^= cos 2na.
(2?/)

!

'

In the same manner

:

2- . 7i

!

F^ = A"-i sm'"-i « co.s-"-i « = sin 2na
(2«— 1)!

2" 7i '

F^ = —'

—

'

sin a A" sin^''-'^ a gos-"+^ a = cos (2« -f 1) rr

(2»)!

2" . n !

F, z=:—'—^ cos a A" sm"'"+i a cos''"-! « = sin (2h f 1) « *

(2/0!

8. The solution of tlie second problem, as formnlated in §1, can

be simplified by putting- (^ —
i^'
= ^f in form. (1), i.e. by counting

the angular values not, as usual, from the North-direction, but from

JSfiiE; this has, of course, no influence on the sums of the velocities.

It is, however, unfeasible to apply a simihir correction for the

components a and b of the resulting wind, and the problem to be

solved comes to the development in series-form of the expression:

^^^'
/-v v^ ,'2r /^2

Rcos6 = y

~r R sin 6 z=. X .

It appears from the. first of the communications cited in § 1 that,

in following the usual method of developing, difficulties are ex-

perienced which practicallv are unsurmountable. In the second com-

munication however, it w:^.s shown that the development (6) may

be extended to (he case of two variables x and y, and that such a

function can be developed in a series of poljnomia of the form:

39

Pioceeifings Royal Acad. Amsterdam. Vol. XV U.
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where V represents the same function of (v) as U oi {x)\nïovm. [Q).

The coefficients A are then determined by the expression:

00 V.

s-i =

-00 X

n ! m !

2'"+"
(16)

Substituting again for x and ?/, R sin and RcosO, then, by

integration svith respect (0 <9, all uneven polynomia vanish and,

because

27t

/
(2,0'

da ^=z
,

cos^^ a 2'^"
. n ! n !

we find

2ti

ƒ
2jr (2n)!(2m)! „,,„ "(i/i2)2('«+«;

(//fl)2C'«+»-l)

{>u-\-n)\

(HRfOn+n-i)

(17)

etc.

(m+ n— 1)! '

'*
(m + n— 2)!

i.e. the same expression as 13'', found in a different way.

As to the determination of the A coeflicients, it is expedient to

consider first the case that a and b are equal to zero.

It is then easily found that

(2n)! (2n)\ ^
2" . n

!

and similarly for the V function

(2m)!

2n.Ml

'So.2n=
2"* . m !

(2m)! ^

2A*
il/'^ =

2'" . m

!

1

2A^*

The arbitrary constant H now can be given such a value that

P or Q = 0; putting P=0, then H z:zz h, and in the development

only the V functions remain.

If a and b are different from zero, then it appears that (for P:=0)

v) S^ — 3Q'^6 Irb'Q + h'b*

I 5, z=15 Q« + 45 h'b'Q' + 15 h'b'Q + A'è'

or, generally :
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. 2,n = /*-" a'?"

(2m)

i\ 2'»
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JiHrQm-l

1.3 ^
1.3...(2m— 1)_

Although, tlierefore, in this case the f/ functions do not altogether

vanish, still the form remains (he same as in (13'^) and (13') because,

as appears from (17), I he polynoraium has the same value for all

terms where n -\- m has (he same value so that e.g. the terms with

-^4.0 -42.2 and .4o.4

can be taken together.

In order to investigate in how ftir a given collection of wind-

observations may be considered as a collection of two independent

quantities depending on chance, we have, therefore, in the first place

to calculate the constants a,b,i-i, A and // from the set of observations.

In the second place the development (136) has to be applied to

the frequency-series of the wdnd- velocities, thereby taking for H
either h or k' so that the term U^ remains.

A comparison between the A constants calculated in this way
with those determined according to (18) then gives an answer to

the question.

9. By writing in (15) liR sin and JiE cos 6 for x and y^ multi*

plying by RdR and integrating with respect to R between the

limits GO and zero, we obtain a development representing the fre-

quencies of the directions independent of velocity.

The even terms C/a» Jind Vo,n, or the product V^n U->m then give

rise to a series of terms of the type F^ (§ 7) all of which have the

factor cos- 2na in common.

The even terras U^nJ,-! T^2.„-(-i, produced by the product of two

uneven terms have sin a cos « as a common factor and give rise to

terms with sin 2nn, according to the functions F^ in § 7.

The uneven terms, analogous to F^ and F^, assume a simpler fornl,

namely

:

t^2n+i =^ K Sin a cos-" a hud Fon-j-i = K cos a snz'^" a

and therefore give rise to terms with sin {2n-\-l) a sind cos {2n-{-l) a,

whereas all non-periodic terms vanish, except in the first term

with Ag.

A comparison with the FouRiER-series thus produced and calculated

on the base of the five wind-constants with the FouuiER-series as

directly deduced from the observaiions of direction-frequencies, then

again gives an answer to the question.

39»
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Physics. — "Some remarks on t/ie values of the critical quantities

in case of association'' By Dr. J. J. van Laar. (Comnmni-

cated b}' Prof. H. A. Ijorentz).

(Communicated in the meeting of May 30, 1914).

1. Though this subject was treated already very fully bv me iu a

paper in the Arch. Teyler^) iul908; and use was made afterwards

(in 1909) of the contents of this paper in niy Treatises on the Solid

State ^) — I wish to make a few remarks induced by a paper by

Prof. VAN DEH Waals in These Proceedings of April 1914 (p. 1076 et seq.)

which may contribute to tiie removal of the pretty large difference

found by him (p. 1081) for the volume value of CH^ for methyl-

alcohol (2,12) and for ethylalcohol (2,76).

V'^an der Waals makes namely use of ^•alues of Vk, HTu and ^;^,

of which he states (on p. 1078) that they would be exact by approxi-

mation. But it has appeared from the investigation made by me iu

1908 that the "linear" dependence of the quantities BTk and s of

the association factor 2 : (1 + /j) cannot be assumed even by approxi-

mation.

Not only does this hold when fas v. d. W. assumes) the volume

of the molecules does not undergo any change on association ; wdien

in other words Lh = — Vs ^^i 4" ^^i
= — but the deviation in question

presents itself to a much greater degree, when A/y is not = 0, as is

certainly the case for water ') and the alcohols.

In the cited Teyler article I started from the eqiuition

1+|3 RT a

P = -^ 7 ^' (1)
2 V— v^

in which ^ represents the degree of dissociation of the double mole-

cules, so that to the original \l^ double molecule are found Vz (1 — ^,

double molecules and 72 • 2,i =1 /? single molecules, together Vs (1 + ?)

molecules.

^) Arch. Teyler (2) T. XI, Troi-sième partie (1908) : Theorie générale de I'asso-

ciation de molecules semblables et de la combinaison de molecules différentes.

(p. 1—96).
'

2) These Proc. of April 22, June 25, Aug. 31 1909; Nov. 24, 1910; Jan. 2G

and June 23, 1911; resp. p. 765, 26, 120, 183, 454, 636 and 84. (See especially

the third paper, p. 127—130).
'') Already in 1899 1 think I showed that the phenomenon of maximum

density at 4° C. can be explained in a very simple way by the assumption of a

negative value of [yh, so that a double molecule would have a larger volume

than two single molecules. [Zeitsolir. f. physik. Cli. 31 (Jubelband fur van 't Hoff)],
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The quantitj a appeared to luive been left uneljanged by the

association, viz. =a, — the value for the ease that all the molecules

are single — everytiiing i-eforring to a single ^) molecular quantity

(e.g. J 8 Or. of H,0, 46 Gr. of C,H,0, etc.). For we have evidently

(the index 2 now refers, in distinction with my Teyi.er article to

the double molecules, the index 1 to the single molecules) :

^2 + 2 X —7-. IT «12 +
2 y ' 2 2 ''

' V2
in which a^., = 2a^ and a^=:4:ai, so that we get:

a = (1 - ,^y a, f 2 (1 I?) ,i a, + /? '^a,=a,.

Further :

b =^K + f ^ = ^ -(I -
i^){- 'A ^>. + ^) = ^ -(1 - i?) A6

or == V. ^. + ,:? (- V. ^. + ^) = V, ^-^ + /? Aè.

The equation of state used by van der Waals (p. 1078) is identical

with ours, as vats der Waals starts from 1 — x single molecules

and .1' double molecules, together 'J mol., while we started from ,?

single molecules and (1— (3) -. 2 double molecules, together Va (1 -J- /3)

molecules. Accordingly we left the quantity of substance (viz. a

single molecular quantity, e.g. 18 gr. of water etc.) constant, and

varied the number of molecules on association from 1 to V2 (1 + 1^)
—

and VAN DER Waals left the number of molecules constant =1,
while he increased quantity of the substance from 1 to 1 -[- .r.

If this is borne in mind, van der Waals's v : {1 -{- ,v) now passes

into v' (now just as with us referring to a single molecular quantity

of substance), and we get :

_RT:{i^.v) a,

P — '1 7 ^'

in which therefore 1 : (l-f-t'j is identical with our (1 -\- ,i) : 2, v'

with our r. van der Waals putting Lh=zO. and therefore identi-

fying Ö with 0^.

2. As
f?.

the degree of dissociation of the double molecules, is a

function of v, the dependence of the quantity /? on v will have to

be taken into account in order to find the values of the critical

1) In the cited Teyler arlicle I made everything refer to a double molecular

quantity, but I think it more practical to continue to make the diiïerent quantities

refer to a single molecular quantity. Hence all the quantities have now been divided

by 2, resp. 4.
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dp b^p
quantities in the determination of ^ = and -— = 0. The calcula-

dv dv^

lions relating to this are pretty laborious, and were carried out in

a separate chapter (§ 5 p. 25—34) in the cited Teyler article (cf.

also the above cited paper in These Proc. of Aug. 31, 1909, p. 127—130).

We refer to this article, and give here only the results of the calcula-

tions — again making everything have reference to a single mole-

cular quantity.

For y/c was found :

• ^^ = '<"^Xï;;F^Yn' (^)

in which

(3)

^\ hile

A6
<P = {lhi'i) : (4)

V— 6

(p. 26 and 29 loc. cit.).

When Ah = and so also cp = 0, as van der Waals assumes,

even then remains

:

hrough which for Vk, with

is. found:

vjc= 36, X ^-^^ (2«)

In this the factor 3 must of course be replaced by a smaller one

(e.g. 2,1), when 6 is a function of v, and varies between b^ and b^,

when V varies from oo to v^.

With regard to the factor of 3bjc — which according to van der

Waals (referring namely to a single molecular quantity and 7iot to

a 1 -{- X times larger quantity) would remain constant = 1 (at least

by approximation) — we see immediately that this factor can differ

pretty considerably from unity. For /? = (only double molecules)

and iS = 1 fonly single molecules) the factor is properly =1, but

for [3= Ya it has the minimum value Vs- And this deviation, which al-

ready amounts to 11 °/^, is still more pronounced when Ab is not =0,
but has e.g. a negative value.

For RTk we have found (p. 31 loc. cit.), again referring to a

single molecular quantity:
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which with Ab = O passes into

' 27 ^'i+ii^ {i-'/jy ' ^
^

If ^=1 (single molecules), then RT/c duly becomes = -,
27 b^

but for ^ =1 (double molecules) RTk becomes = 2 X ~^)-

Bat it is again immediately seen that RTk certainly does not linearly

change with 2:(14-/^), i.e. witli van uer Waals's 1 + .r, as the latter

assumes on p. 1078 of his treatise.

For the remaining factor is indeed again = 1 for /i = and

/i=l, but it is 3450: 3125 = 1,106 for ii='U; =1445: 1296 =
= 1,115 for /?=V,; and =1125 : 1024 = 1,099 for

t'?
= V,. The

deviation can therefore again amount to 9 7o. in comparison with

11 7o for V]c, but in opposite direction. This deviation too is more

pronounced, when Lb differs from 0.

With regard to the value of ph, at last, we find

:

1 a (3m''— 2??)^(4n-3m)
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It is therefore self-evident tiiat when the quantities s= RTjc-.p^Vk

and Tk-.pjc are calculated, whicli occur in van dek Waals's consi-

deralions, no linear dependence on 2: (1 4-/^)^ I'esp. 1 -\~ x is to be

expected there either.

3. Now
RTj, 8

X
Pkf-^k 3 l+<5 7/i^(4n— 3m)

is found for the quantity ^, passing (with Ab = 0) into

X

(7)

(7a)
3 \-]-^r\i-'/jy{i+^-^ir+'l,n

For ^ = 1 (all simple molecules) s becomes =.s'„ = Vg (or:=r3,77,

when b varies with v), and for /?= (all double molecules) .§ becomes

= 73 X 2, hence twice the value. But here too we remain very

far from linear dependence.

For ^ = Vs we find namely for the last factor in (7^) the value

384:475 = 0.808; for 1^='/, the value 280 : 360 = 0,803 ; and

for ^=73 the value 375:448 = 0,837. Hence a dilFerence of about

20V« for /?=\/,.

On account of the importance of the accurate knowledge of the

value of the quantity .s^ for associating substances, I have calculated

the following table.

/3
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Instead of a regular linear decrease with 2 : ('lj-|-/?), i.e. with

1 -{- .V, vahies are even seen to appear <:^ J in the neighbonrhood

of [?= 1 (all the molecules single), with a min iviiim at ahoui [j^^: 0,8

(accurately at i3=r 0,8015), and a horizontal tinal direction, i.e.

d /s
, . 0.

diB V^o

On increasing association ((O' from 1 to 0), s will therefore tirst

become somewhat smaller than s^ (= 3,77 for "ordinary" substances),

and then (from /? = 0,7) s :
.^u

will become greater than 1, and increase

to 2 for /5 = 0, when the association to double molecules is perfect.

A straight line for .v : .y„ (as van der Waat.s thinks) therefore

replaced by a line that is pretty considerably curved downward
between the values 2 and 1 with a minimum close to 1, so that

s : s„ at first decreases there instead of increasing.

What consequences this behaviour will have with respect to the

degree of association ^, calculated from the value found for s for

metkylalcohol, viz. 4,52, may appear from what follows.

As ó':6'o
— 4,52 : 3,77 = 1,2, we shonld find about /5=r 0,67 or

,t'= 0,2 for ^, according to the second column of the above tal)le,

when we were led by a supposed linear dependence. But when we
also take account of the "factor" by the side of 2 : (l-f-/^), we find

about /3=rO,35 or ,r = 0,5 from the last column for the value for

/i answ^ering to the ratio s -. s,^ = 1,2.

A difference, in fact, too large to be neglected. Instead of 0,8

single molecules to 0,2 double molecules, as van der Waals would

find with his linear dependence, we find more accurately 0,5 single

molecules to 0,5 double ones. The relation .c : (1— .-i') has become

1 instead of 4.

4. The second quantity which plays a ]»art in the cited [)aper by

van der Waals, is the quantity 7'k : pL- , which may be put |)roj)Or-

tional to the molecule size for non-associating substances. We now
find for it

:

^ ^ 1 ^ J__ (i-f/?)(i-V.(H7.^^T

PL li ^'l-f/i^(l-V,p)(l-+l^— 3/i-^+ V./^^)
'

• • ^

''^

which with lib = jiasses into

Ti, 8 , 2
z=: — bk. X (8)

pf. E l-\-ir{3m'— 2n){4:ti— dm)
^'

We shall not discuss the course of this again, but solve from this
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<[ — 0,354. As now according to (4) (f = (1 -j- /?) A6 : {v — h), we
have also :

Lb b

b v-b

For Tjc, with v = 26, tlie value cp : (1 -|- ()') follows from this for

h b : b. For ^ resp. = 0, Vs- ^^id 1 we. find therefore resp. the

values < — 0,16, < — 0,167 and < — 0,177 from this. When
accordingly A6 : b becomes smaller than about — Ye- ^h® value of

the factor (3;?^^^ — 2n) -. m^ can become <Ci. For a value 0,88 (see

above) it will therefore be necessary that — Ab : b be about 0,2 —
a value which in view of the value for H^O (which has been found

of the same order of magnitude) is not at all impossible for methyl-

alcohol either.

At any rate it is seen from the above, tiiat for associating sub-

stances {b) cannot be put simply proportional to {Tk : pk) {s : Sa),hut

that the factor (3??i^ — 2n) : m^ must be taken into account. Nor may
for the calculation of /? from s : s^ simply 2 : CI -f- /^) = i + -^' be

written for the latter ratio ; another factor 7f : m" (4??. — 3m) must

be added to it, which factor amounts to about 0,8 (see the above

table) in the case Ab= between j5= 0,3 and (5= 0,5 or 0,6, which

differs too much from 1 to be neglected.

The error made by van der Waals is according to ^ 2 owing to

this, that he believed he could assume values for RT^ : (1 -\-ai) and

2)k, which do not differ (at least differ little) from the corresponding

values for non-associating substances.

The calculation (given by me already in the cited TEYLER-article

in 1908) teaches something entirely different : for p;^ (with Ab =z 0)

e.g. the deviation can amount to more than 547o-

The finding of a too large value for {Tk • pk) : {s : Sg), viz. 5,43

instead of about 4,8 points out, that necessarily for CH3OH the

quantity Ab : b will have a pretty large negative value, namely

about — 0,2, If ,i were about ^/j, then b would be = (1—,^) ^/^ b^^ -{-

+ i^b, = 7, b, + V3 b„ and from

A6^-V,_^._+ii^_02
b Vb K + Vb k

would follow 16: 13 r= 1,23 for the ratio ^/^b^:b^, i.e. the double

molecules would be about 1,23 times as large as two single mole-

cules — which is by no means impossible.

5. On this occasion I will draw attention at the same time that

in § 7, p. 40—42 of the cited TEYLER-article also the quantity
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) for associating- substances has been calculated by me.

P dl Jj,

When the heat of dissociation q of the double molecules may be

pnt -- 0, we find for ƒ (see formula (28) loc. cit.) :

n
J ^^ /o X -; ~

1

An— om

01' when Ab = -

. . (1 - ^){i-\3-}- y, ^-Q

in which the factor of /„ both for p* := and for [3 = 1 again

assumes the value 1. For ,? =: Va ^^^^ value is, however, '16
: 19= 0,84,

which would make the normal value 7 descend to about 5,9. As

ƒ for methylacohol is found ^ 7, namely = about 8,6 (cf. Kuenen,

Die Zustandsgleichung, p. 142, where the value 3,75 >< 2,30 is given),

the factor of ƒ„ would have to be about J ,2 instead of 0,84; i.e.

Lb not = 0, and again negative — or also the value of q (see the

full formula in Teyler, p. 42) would moreover have to be different

from 0, and that positive.

Fontanivent sur Clarens, May 1, 1914.

Physics. — "On apparent thernwdt/nfunic discontinuities, in connection

frith the value of the quantity b for infiniteh/ la lye vo/ti/ne." By

Dr. J. J. VAN Laar. (Communicated by Prof, H. A. Lorentz).

(Communicated in the meeting of June 27, 1914).

1. One of the principal results of the foregoing series of commu-

nications ^) has been this (cf. particularly II p. 926 and IV p. 464),

that the quantity b,, , i. e. the value of b for infinitely large volume

(hence in the ideal gas state) cannot possibly be =4»i as the classical

kinetic theory gives for it. With decreasing temperature b,/ approaches

namely more and more to ^^ . If in the ideal gas state b,, were

= 4:in, bg would have to be ::= 4»i also at very low temperature

(this kinetic result holds namely independent of the temperature),

while in the condensed liquid state with cubic arrangement e. g. of

the molecules, supposed to be spherical, b^ would be about = %n'

,

in which m' is either equal to oi' smaller than m, so that then b,,

cannot possibly become = b^

.

1) These Proc. of March 26, April 23, May 29 and Sept. 26, 1914 (to be cited

as 1-lV).
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And vel, cveryiliing' seems to point to this that aetnally all snh-

stances at snfticienlly low temporal nrc aj)proa('li to tlie type of tlie

moii-atomiL' snbstanccs with exceedingly low critical temperature, at

which the cpiantity h remains almost unchanged on diminution of

the volume from go to ?\, . Instructive are in this respect the tables

in I, p. 819 and III p. 1052, and also Poincaué's and Kamerlingh

Onnes's remarks in the discussion of Nernst's Report (Conseil Solvay

Gei-man edition, p. 241 at the bottom to 242), where it was pointed

out that at very low temperature also the molecular heats of air

and hydrogen would probably approach to those of monatomic gases.

The above contradiction is now immediately removed by the

assumption that in the raretied gas slate t is not = 4m, but

simply = m (the real volume of the molecules, at most enlarged

by a certain sphere of influence), while also in the condensed liquid

state h^ is =r. m'
,

{m' ^m) — in such a way that the idea- of

immediate contact at v = i\ of the quasi-spherical molecules with

small, remaining intermolecular spaces without energy must be

replaced by the moi-e rational view of a compact mass of molecules

without real interstices, unless they are considered to be the spheres

of influence belonging to the molecules, just as for the large volumes.

This limiting state might however also be considered as a fictitious

state, which may be approached, but which can never be reached

entirely. But this is a question which may be left out of consider-

ation here.

The principal thing is that b always remains = m, aiul that on

diminution of the volume tn, therefore, only changes in consequence

of the increased pressure under which the molecules are then, the

less as T is nearer 0, till at last both at z; = tJ^
(
y> = oo) and at

T=^ the molecules will occupy their smallest volume b„ = m'

,

when the atoms or atomic groups inside the molecule have approached

each other as closely as possible.

2. Hence we attribute, as van der Waai.s did in his middle

period, when he drew up the so-calle;i equation of state of the

molecule, the change of b with v entirely to a real change in con-

sequence of the changed internal pressure ') — with rejection of

1) For a real diminution of the molecule on diminution of v or lowering of T
speaks also llie form of the empirical relation h — f(v,T) found by us — see II,

p. 931—933, and III, p, 1051—1054. How little the later views of van der

Waals and others — in order to make the origiaal equation of state also applicable

to the condensed a'as state and llie liquid state — chi'-fly by considering b as a

function of v and T (of whatever nature this variability may be) — have yet come
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(lie so-called quasi change, which would be caused by the diminution

of the old factor 4 (o about 2 in consequence of the partial over-

lapping of the "distance spheres". We namely assume that the volume

available for the calculation of the pressure is immediately found by

subtracting the volume of the molecules ?n from the total volume i',

always assuming that the kinetic energy of the moving molecules

and molecule groups, with the permanent gradual interchange of

the energy during the collisions, is continuously absorbed by the

surrounding medium (see 1 p. 809, and IV, p. 464 at the bottom),

and is finally after subtraction of the internal molecular pressure

observed as "external pressure".

It will be asked what part the so-called association or quasi-asso-

ciation plays in these considerations.

Before answering this question I will first state clearly my opinion

about the difference between association and quasi-association, which

I hold in connection with the following considerations. We may

brietly express this diiference in the foUowijig way.

Real association is quite individual and has a permanent character
;

it quite depends on the chemical nature of the molecules (whether

there are e.g. still free valencies or minor \alencies present etc.).

Water, alcohol, acetic acid are associating substances — ether,

benzene, chloi'obenzene etc. are ?io??-associated substances.

Qwrï^i-association on the other hand in consequence of the action

of the molecular forces, when two molecides get into each other's

neighbourhood, and which gives rise to the formation of temporary

"molecule aggregations", is entirely the same for all snhstaiices in

corresponding states, and of transient, albeit stationary nature.

This last form of association, which has been particularly studied

by VAN DER Waals, is competent to explain why with the ordinary

kinetic view (which, when all the active factors are taken into con-

sideration, must also lead to the truth) not /)^ = 4m is found but to.

The theory which — evading the separate consideration of the moving

under the notice of many, may appear again from an article by A. Wohl in the

Z. f. ph. Gil. 87, p. 1—39. This aullior thinks he can set everything right by an

equation of state of the wholly unjustifiable form

RT a ^
c

V— v{v— b) V

in which a, b, and c are constants. That it is also possible to arrive among others

at llie accurate values of the critical data by putting b variable with v in the

ordinary equation of stale, does not seem to have occurred to him. Also von Jüptner's

many articles convey an impression of his not being at all in touch with the new

investigations in this department.



GÜ9

liioleenlos, of theii- collisions and their temporary aggregations —
goes straight to its goal by imagining (see above) all the energy

absorbed in the surrounding medium, makes it further acceptable

that 4:7)1 would after all have to become simply m.

But that the theory of the quasi-association can only be of any

use in the rarefied gas state, in conjunction with the theory of the

colliding molecules, and that the medium theory can be left aside —
though there always remain constants undetermined (viz. the associ-

ation constants;, as we shall immediately see ; and that this theory

entirely fails for more condensed states — this is immediately to be seen.

For if one would apply the quasi-association theory to liquids, the

number of molecules associated to one molecule would theoretically

continually increase, so that finally — in the limiting state — the

whole liquid mass would have to be considered as one single asso-

ciated giant molecule, for which the equation of state of the substance

would then lose all its significance, as this is based on the joint

action of an exceedingly large number of molecules, and not on a

single molecule. What for larger volume can therefore be taken as

the equation of state of the whole mass of the substance, would now

have passed to the equation of state of a single giant molecule. But

in this the separate molecules can again be taken as unities {real

association excluded of course) in consequence of the very slight

mutual distances (just as for a solid substance), and the equation of

state resulting from this will have analogous meaning as the original

one, which holds for the gas state. Only we "shall then have to take

into account the continual change of the number of degrees of freedom.

The theory of quasi-association, applied to condensed states, would

therefore lead to great contradictions. While the molecules practi-

cally behave as single ones, the said theory would lead to an infinite

complexity in one giant molecule, with abolition of the original equation

of state.

While VAN DER Waals, therefore, thought he could chiefly explain

the deviations of the liquid state with respect to the ideal equation

of state by the association theory, we see that exactly in this state

this theory would lead to contradictions. It mtiy only be applied in

the rarefied gas state, though just there it is not necessary as an

explanation of the lieviations from tlie equation of state meant by

VAN DER Waals, which would make their appearance not before

the liquid state, but which as we saw in the foregoing articles caa

be explained also without the assumption of quasi association. It is

indeed necessary, however, as we shall see presently, to explain

that then 4/n can become m.
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according to the 'ordinary theory with b=f{v,T) — without quasi

association being taken into account — has appeared in mj recent

calculations wath respect to Argon. In IV p. 458 we saw namely

that the liquid values of h behave entirely according to the relation

h=f{v) derived by me (if namely /^^ = 60 : ï^/c is only raised from

the value 0,286 obtained by extrapolation to 0,305). That the vapour

values of h exhibit deviations, and even become impossible, is to be

ascribed to the way of determination of the vapour ^^olumes at

lower temperatures — since it is no longer by direct observation,

but by application of the law of Boyle, which is not yet quite valid

then, as I have shown in IV p. 457.

3. Let us now proceed to examine the influence of the quasi

association in the very rarefied gas state, by which it will be proved

that the kinetic result I),, = éin can no longer be maintained.

Abbreviated derivation. If in first approximation (this is permissible

for great v) we put the quantity b independent of the state of

(quasi) association (the quantity a is always independent of it), the

equation of state for ^reat y is:

p{v-b) = {l-^/,,v)RT , (1)

when a fraction .i' of one single molecule associates to double mole-

cules, so that there will be 1

—

x single and V'2 ^^' double molecules,

together 1—V2 '^'- With very large volume the nvmibers of triple,

quadruple etc. molecules can namely be neglected with respect to

that of the double molecules.

In this .X' is given by an equation of the form (see for a justi-

fication of this and of som.e other assumptions the Appendix)

e,"- _ (1 - .vY CT

^3
""

' A^— '/u^^) P
'

as the concentration t\ of the single molecules = v'l

—

x)
-.
{l~'/,x),

and that of the double molecules c, = '/^.v : {l—'/^x).

In this it is supposed that also the specific heat does not undergo

any change in the quasi association, and that moreover the energy

change may be put =:= 0.

In the ideal gas state wehaver:p= (i—6) : /?(1—V,a;), according

to (1), so that we caji also write:

or also, as -i- will always be exceedingly slight with large volume,

and V may be written for v— b:
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R 1

'/'—cv (2)

If we put :

p{v-h') = RT,

in which // is the vahie of h which would be found by leaving

the quasi association out of account — so the real value therefore

in the usual sense — , then by comparison with (1) follows

:

' - '' =
ï^l-r=^{'

^ ') <' + V, 4 = ' (l - ' + V. '^

so

thus

b' — h — V. y^x (3)

Accoi'ding to (2), however, v . \'^ x = R : C, when v approaches

to ao and ,v to 0, so that we finally get

;

in which b = 4?» according to the kinetic theory of the perfectly

elastic collisions of the molecules, supposed to be spherical. And as

C — the association constant — will always possess vi finite vakie,

for else there would not be quasi association, ^\e have always-.

h' <^b , i.e. 6'<4m (q. e. d.).

At the head of our paper we spoke of "apparent thermodynamic

(liscontimiitii:-!, and mean by this what follows.

If there were no quasi association at all, i.e. if the association

constant C were absolutely = 0, so that there could not exist quasi

association at any volume, iiowever small — then // =. h = 4???.

But as soon as there exists quasi association {C unite), however

slight it may be (according to (2) = for v = go), immediately

b {= 4m) is diminished by the finite quantity R : C, as z; X V^^^'^ oo X
is always finite, so that b' becomes <^4???.

There is therefore discontinuity — for at an association state =
for V = (X), b' can have the value 4??i, and also possess all the values

<[ 4m. But this is only apparent, because the diminution of 4?7i

depends continuously on the value of the dissociation constant C,

which can vary from to any finite value.

Now C is not known, and this quantity, which depends on the

entropy constants, could only be determined by statistical-mechanical

way, when we knew all the circumstances accurately and could

take them into account, which determine the quasi association. In

40
Proceedings Royal Acad. Amsterdam, Vol. XVII.
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default of this knowledge we can therefore only say that probably

J}

C will be such that ^' = 4w — - will become about b' = m^, in
G

which ni represents the volume of the molecules with their immediate

sphere of influence (see § 1) — in harmony with the theory of the

absorption of energy and transmission through the intermolecular

medium (cf. also § 1).

If an analogous image is wanted: the old ballistic theory of

the rectilinear motion of the colliding molecules is in the same

relation to the modified theory, in which the temporary mutual

influencing of the molecules is considered which will take place at

every impact, or (what comes to the same thing) to the medium

tlieory — as the consideration of the effect of a ray of light,

after it has passed through a narrow aperture without taking the

inflection into account, so that only that part of the space behind

the aperture would be affected by the light which is in the direction

of the ray — is in relation to the complete consideration of the light-

effect lüüh observance of the diffraction, in which therefore the

ivhok space behind the aperture is affected by the light, and of

which it is possible to determine the distribution of the intensity.

Appendix. Complete derivation ') of (4).

If a fraction ,r., of 1 mol. is temporarily joined to double molecules,

a fraction ,i\ to triple molecules etc., we have therefore:

»j = 1 — .^2 — A'a . . . single mol. ;
n^ =z 7, ,v^ double mol.

;

»3 = 7j ,v^ triple mol. ; etc.

If further generally :

b = n^b^ -f ti^b^ + n^b^ + . • 5

then

bz={l —X, - .^3 — ...)&,+ V'. -^'2 ^2 + V3 ^•3 ^3 + • • •'

or

b = b,- cc, {b, - 7, b,) - X, {b, — 73 h,) — . .

.

In this 61 — 7., h^ = L^b represents the change of h, always when

a half double molecule dissociates to a single molecule; h^ — Vs ^z = ^J>

the change of b, when one third triple molecule dissociates to a single

mol.; etc., so that we can also write:

b^nb^ — x^ L^b — .1-3 l^ib — etc («)

That a does not change in consequence of the association, is known.

For three kinds of molecules e.g. holds namely

:

^) Ah'eady dorived by me in 1908, but never published.
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in which a^ = 4(?i , ^73 = 9r/i , a,., = 2a, , a,^ = 3^^ and «,3 = Qa,,

so that we get:

as n, 4- 2?23 + 372.3 = (1 — '^"2— ^-3) + '^. + •^'3 = ^•

We may therefore write

:

P-i- ~^{v-b) = mT, (1?)

in which h is given by (t), and (see above)

= 2n, = 1 — 7. .^^ — Va •^'3 - etc (y)

Tlie following equations hold for the dissociation equilibrium of

the double, triple etc. molecules resp. (cf. my already frequently

cited Teyler paper J 908: Theorie générale de I'association etc.,

p. 5, and also These Proc. of June 23, 19J1 (Solid Stale VII), for-

mula (28)):

(l-.t',—^3-...)^ _ (7//V.+1 g-9Viirg-0'+«A^)2A.6:/i2'

or taking the equation of state (^) into account

:

(8)

in which C\ , Cj , etc. are the dissociation constants resp. of the

double, triple etc. molecules
; y^ , y, , etc. the changes of the specific

heat in the dissociation, divided by R, viz. y^ = {'2k^—k^) : E,

Ys = (3/6-1—^3) : ^^> etc.
; q^, q^, etc. the heats of dissociation (energy

changes) '1{<\)^ — (o^o, ^{^i)o-^^^z)ü^ etc.; A,i, A36, etc. the variations

of b already introduced above, which must now resp. be multiplied

by 2, 3, etc., the above equations referring to ?i-fold molecular

quantities, and not to a single quantity.
*

The first member contains the relations of the molecular concen-

trations, viz.

40*
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c^ (". :
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In lh!« the iiitinitesimixl qiiantity d\^LJ) (also when l\J) is finite)

may be neglected by the side of b^ and the also finite quantity

V . 72 •*
-2 » ^"<^l we get

:

identical with (3) of § 3. For v .'/^x^ the value R -. C, follows then

again from (?), and the conclusions are further as in the cited paragraph.

Fo7itanivent sur Clarena.

Chemistry. — :' Current Potentials of Electrolyte solutions". By
Dr. H. R. Kruyt. (Corninunicated by Prof. Ernst Cohen).

(Gommunicatcd in the meeting of June 27, 1914).

1. For a proper understanding of the reciprocal action between

electrolytes and colloids the knowledge of the capillary-electric

phenomena is indispensable'). Researches on the influence of the

electi'ohte concentration in these phenomena have indeed been

carried out of late years ; Perrin ^) and Elissaeoff ") studied the

electric endosmose of electrolyte solntions, Burton ^) determined the

influence of electrolytes in various concentrations on the cataphoresis

whilst there already exists a vast material on the capillary-electro-

meter and the dropping electrode ^). The recent investigations were,

therefore, chiefly concerned with the measurement of the phenomena
of motion in consequence of a supplied electric tension ; the reverse

phenomenon, however, namely the occurrence of an electric tension

in consequence of a moving electrolyte solution has been but little

studied ^). The former investigations on these current potentials

(generally, though less accurately, called "Strömungsströme") are

restricted to pure water. True, Chwolson ') states that electrolyte

solutions cannot produce current potentials, but from the quoted

treatises of Gourp' de \"illemontée ') it appears that the latter oidy

1) For full details of this problem see H. I'^rkundlich, Kapillarcliemie, Leipzig

1909 in very condensed form H. R. Kruyt, Aanteekeningen Prov. Utr. Gen. 3 June

1913 p. 9 and Ghera. Weekbl. 10, 524 (191S).

2) Journal de Ghimie physique 2. 60 f (1904).

8). Z. f. physik. Ghem. 79, 3S5 (1912).

1). Phil. Mag. [6] 11, 425; 12, 472 (1905) and 17, 583 (1909).

5) Detailed literature statements in Chwolson, Lehrbuch der Physik IV 1.

'') The most important investigations of recent times are those of Cameron and

Oettinger, Phil. Mag. [6] 18, 586 (1909) ; Grumbacti, Ann. de chim. el de

phys. [8] 24, 433 (1911) and Riety, ibidem [8] 30, 1 (1913).

'^) 1. c. note 5.

«) Journ. de phys. [3] 6, 59 (1897).
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investigated solutions of CiiSO,, ZiiSO, nnd NiSO, in the concentra-

tion of 10 grams per litre. Because current potential and electro-

endosmose are so to say each other's reflected image '), one

may rather expect that the electrolyte concentration will make

itself felt in a similar manner in regard to those two phenomena.

As Elissafoff (1. c.) found that even exceedingly feeble electro-

lyte concentrations strongly diminish or suspend the electro-

endosmotic transport, we can only assume from the negative result

of GouRE DE "ViLLEMONTÉK that in the concentrated solulions used by

him the potential is already lowered to about zero. Riety's result ')

have also confirmed this conclusion.

Grumbach '), who investigated thé influence of non-electrolytes on

the current potential, has not used pure water as comparison liquid

but a KCl-solution of the concentration 1 millimol. per litre and in

this manner obtained positiv results. In the investigation here

described 1 have made use in many respects of the experimental

methods mentioned in Grumbach's paper.

Ace.

'-) Vgl. Saxen, Wied. Ann. 47, 16 (1892).

2) 1. c.

8) 1. c.
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2. Apparatus. In fig. 1 the appanitus used is represented

schematically. The liquid serving in the experiment runs from flask

Fi into flask F.^ through a doubly bent glass tube Kap, which is

partly drawn to a capillary. Into tlie three-necked Woulfp flask F^,

which is closed by means of rubbei- stoppers with copper wire

ligature, arrives also (1) a tube a through which air can be pressed

and (2) an electrode E^ . In the other flask F^ is found an electrode

E^ and a thermometer Th. The electrodes are Ag-AgCl electrodes.

A silver wire is fixed into a glass capillary by means of Cailletet-

wax. The protruding end is electrolytically covered with AgCl

according to the indications given by Jahn ^).

A constant pressure above the liquid in flask Fj^ is obtained as

follows : by means of a cycle foot-pump mercury can be pressed from

the reservoir R^ into R^ ; the pressure thereby generated is read off

on the open mercury manometer. As owing to the transferring of the

liquid from F^ to F^ the pressure would diminish a little during

the experiment, it is kept constant by means of the arrangement

CD by turning the handle C\

The measurement of the potential differences between the electrodes

E^ and E^ was carried out by the compensation method ofPooGEN-

DORFF-Du Bois Reymond. A galvanometer could not be used as a zero

instrument because the strength of the current passing through the

instrument is exceeding!}^ small in consequence of the enormous

resistance^ in the battery F^F.^. Hence, a capillary electrometer

{KEM in fig. 1) was used, which was fixed to the object table of

an ordinary microscope; the axis of the microscope was, of course,

placed horizontally. The readings were made using of an ocular-

micrometer, objective 4c (Reichert) and Huygens ocular J.

The following serves to further explain the figure. aS'j is a key

for cutting off the short circuit of the capillary electrometer; A in-

dicates that this is connected with the earth. As working element

are used one or more accumulators Ace whose tension was determ-

ined by comparison with a Weston standard-cell, which was placed

in a thermostat at 25° (WNE). By the different cuirent inter-

rupters are indicated ; by 0^ the electrodes E^ and E^ can be brought

into short circuit, which was always done during the time that no

observations were made. By 0^ the current of the working cell is

twitched in; 0^ annables to introduce at will one, two or four

accumulators as a compensation battery. 0^ renders it possible to

take up in the circuit either the standard cell or the battery F^F^.

^) Zeitschrift f. physik. Ghem. 33, special page 556 (1900).
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In order to protect the Ag-AgCl-electrodes from the light, the

fliisks F^ and F. are externally coated with a fihii of red gehitin

obtained by inserting them in a solution of gelatin to which a little

eosine had been added and which had just started to gelatinise.

IMoreover, thev were ahvays protected from direct daylight.

3. Method and preUininary experiments. The measurements were

made a few^ minutes after the pressure had set in. A number of

measurements at difïerent pi-essures were always made. When between

two measurements the liquid had to be pressed back from tlask F^

to flask 7^1 (for which at (/ the connection witli the pressure arrange-

ment could be broken oif and an oil suction pump attached), no

measurements w'ere executed at suction pressure.

From Grumbach's experiments we notice that the value of the

current potentials varies a little during tiie tirst days after the con-

struction of a battery F^F^. I repeated one of his observations, also

with the object of comparing the results obtained with his and my
own apparatus.

Table I contains the results of a series of measurements carried
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out with a solution of the coiicenlration 1 ni. Mol. KCI per Liter.

The hattery was tilled March 11'''. P indicates the pi-essurc, E the

current potentials.

From this we notice that the ajiparatus acted splendidly. The
potential per cm. mercury pressure has each day a constant value,

but varies the first two days. On tlie third day the terminal value

is attained.

4. MeasaremeMts. In this paper a series of measurements is com-

numicated, the object oi' which was to ascertain the influence of

some solutions which differed in the valency of the cation. Therefore

solutions^ of the chlorides of K' , Ba", and Al'" were used. As

solvent was always used so-called ''conductivity water". The very dilute

solutions were made by diluting a standard solution. All measures

used in this investigation were carefully calibrated or recalibrated.

In order to shorten the time of these tedious measurements

they were all executed 20 hours after filling the cell. True, the

constant terminal value is then not yet attained, but the difference

is comparatively small and the error inti'oduced is the same in all

measurements. Moreover, the inaccuracy caused thereby is without

influence on the tendency of the conclusions presently to be drawn,

in itself a good reason for proceeding to this measure of enormous

time saving. Moreover, several sets of flasks were used, in such a

manner however that, for instance, all the KCi solutions were

measured in the same set. Finally, the sets were compared mutually

in which the solution of 100 (i Mol. (micwmol^^/^^g^ miWinioV) KCI
p. L. served as comparison liquid. With both apparatus was found

exactly the same value for the potential per unit of pressure.

In the subjoined tables, the concentrations in the first column are

given in ft mols. p. L. ; in the second column is found the current

potential E in millivolts per unit of pressure (cm. of mercury) under

which the liquid was forced over. This value is always the mean

of two or more measurements whose differences were of the order

of those in Table 1 (generally much less than those).

When in the tables no sign is indicated at the potential value,

the condition (as with pure water) is such that the electrode Ej in

fig. 1 is negative. In the AlCl^ solutions a change of poles took

place, hence the potentials following are indicated by -|--

The results of the tables II to IV are represented graphically in

fig. 2. Fig. 3 also gives the curve for /I/C/3 on a larger scale.
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E mVok

Fig. 2. Fig. 3.

TABLE II TABLE III

KCl
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TABLE IV

A1C13
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in that research secondary influences come to the fore
;

pei-liaps the

powerful electric field in which the measurements are executed is

not without influence on the capillary itself. Only the quadrivalent

Th---ion was capable of causing a charge reversal.

The results obtained here are in harmony with the general theore-

tical points of view. The electric double layer in the capillary, in

the case of pure water consists of 'OH-ions at the side of the glass

wall and 'H-ions at the side of the liquid in consequence of the

selective ion adsorption of the glass wall which always adsorbs the

'OH-ion more strongly. From the electrolyte solutions the cations are

absorbed more eagerly than the anions so that the charge gets lowered.

If this adsorption for KCl, BaCl^ and AlClj, is such that solutions of

the same molecular concentration are absorbed about equally, it is

conceivable that the three times more active Al---ion requires a much

lesser concentration than the K'-ion in order to attain an equal

potential reduction.

If once the capillaiy is charged reversely the adsorption of the

Cl'-ion, which carries a charge now opposite to that of the capillary,

seems to predominate. The positive charge now soon attains (at 3 (i mol.)

a maximum value, and than decreases, but only slowly, because the

discharging ion is univalent here.

In agreement with the theory are also the resulls of Riety ^), for

instance that the salt of a heavy metal has a slrongei* discharging

action than that of a lighter one (Cu and Zn, at least in the small

concentrations). A cation of a heavy metal is known to be adsorbed

more strongly than that of a light one.'')

Moreover, the behaviour in the case of CuSO^ and of Cu(N03)2 is

in agreement with investigations as to the adsorbability of those salts =*).

The influence of the anions is also observable in Riétv's results and

appears to have an effect corresponding with that in the case of

AICI3 just described.

The question whether the organic cations also behave according to

the theoretical expectations is being considered. Several other solutions

of electrolytes in water as well as in mixed solvents ^) will be

investigated.

Utrecht, June 1914. van 't Royv-Laboratory.

1) 1. c.

2) MoRAwiTz, Koll. Beih. 1, 301 (UJIO).

'^) Freundlich and Schucht, Z. f. physik. Chem. 85. 641 (1913).

^) Of these have also already been measured a few scries in connexion with

the researches of Kruyt and van Duin, Koll. Beih. 5, 269 (1914).
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Chemistry. — ''Electric charge and limit value of Colloids". By

Dr. H. R. Kruyt. (Communicated by Prof. Ernst Cohen).

(Communicated in the meeting of June 27, 1914).

1. The present conception as to tlie relative stability of the sns-

pensoid system and the way in which it may be suspended has been

developed according to the following train of thoughts.

Hardy ^) and afterwards Burton ') have undoubtedly established

the fact that this relative stability falls and stands with the electric

charge of the suspended particle. Indeed, the permanently suspended

particle that exhibits a vivid Brown's motion, has a cataphoretic

mobility of the order 2— 4 jt per second and per —^ ;if byaddition

of an electrolyte one diminishes the relative stability, this velocity

also deci-eases and therefore, the electric charge of the particle has

evidently decreased also. The "iso-electric" point, where that charge

seems to have become zero, coincides with (he moment of the small-

est stability. Since the research of Whitney and Ober ^) we know
moreover, that with the repeal of the stability (the coagulation) is

coupled a combination of the coagulating ion with the particles, and

by Freundlich's ^) researches we arrived at the knowledge that these

phenomena are described quantitatively by the equation of the

adsorption-isotherm.

Fi'om these elements is built up the theorj^ that the particle owes

its charge to the selective ion-absorption in its boujidary layer and

loses it by t^e selective adsorption of the oppositely charged ion of

the coagulating electrolyte. As specific properties of the adsorbent are

usually of but very subordinate influence on the order of the charac-

terizing quantities in the adsorption, the action of diverse electro-

lytes on all capillaiT-electric phenomena ought to exhibit the same

order, which the researches as to the electro-endosmotic phenomena

compared with those of the coagulation of colloids have indeed

confirmed.

It now occurs to me that the researches on the current potentials,

particularly those which have been communicated in the preceding

paper, are capable of furnishing us not only with a new proof of

that equality of order, but also demonstrate that the influence which

1) Z. f. physik. Gliem. 33, 385 (1900).

2) Phil. Mag. [6] 11, 425; 12, 472 (190G) and 17, 583 (1909).

8) Z. f. physik. Chem. 39, 630 (1902).

+) Zeitsciir. f. physik. Chem. 73, 885 ^1910) and 85, 641 (1913).
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eiectrolyles exert uii llie charge of a glass capillar}' is quantitatively

tlie same as that exerted on the colloidal particle during the coagulation.

2, As regards the order of the ion-actions, it has been pointed

out in the previous paper that the ions discharge more strongl}',

when their valency is higher and that the heavy metals exert more

influence tlian the light ones of equal valency. It is well-known

that the limit values for the coagulation of suspensoids just exhibit

the same peculiarities.

3. In order to make a quantitative comparison it should be first

observed that the limit values for KCl and BaClj in the same sol.

are generally in the proportion of about 60: 1. In contact with

either of tiiese solutions the charge of the particle thus gets equally

diminished. We may, therefore also expect that the charge of a glass

capillary will be lowered by a solution of KCl to the same extent

as by the sixty times weaker BaCl^ solution. Hence, when from the

tables in the preceding paper vnc calculate the charge in concen-

trations of KCl and BaCl, in the said proportion, those should be

eijual if the idea as to the limit value just revealed is a correct one.

The calculation of the charge is })0ssible according to the theory

developed by HELMHOJiTZ ^). The current potential is sequel to the

electric double layer formed at the wall of the capillary and is

related to the electric moment M as follows.

E= M-P (1)

n

in which co represents the specific resistance and ^] the constant of

the internal friction whilst P represents the pressure employed. For

comparison purposes we can consider the electric moment of the double

layer just as well as the charge ? per unit of section, as it is in

inverse proportion therewith.

We write equation (1)

:

E n

Pea

If now we indicate the quantities relating to a BaClj- solution

with the index t>, those relating to the 60 times more concentrated

solution of KCl with the index k, then on the strength of the aboxe

considerations we must get

PJb Oih \Pjk 0)k

(' Wied. Ara. 7, 337 (1879).
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As we only have in view very dilute solulions, we may put

til = m- (namely = i]\\.f)). From this follows

Pjb o)k(1
C-^)

or in words : ihe relation of the current potentials of two electrolyte

solutions ivhose concentrations are related as in the limit values of
colloids are inversely proportional to the specific resistances of those

solutions.

Meanwhile attention should be called to the fact that by limit

values in this connexion we must not understand the concentration

y of the electrolyte added. From this a part is withdrawn by

adsorption and hence, to the setting in end-condition appertains a

lower concentration, which we will call /. In the experiments as

to the current potentials we may probably identify the total con-

centrations with the equilibrium concentrations as the adsorbing

surface (the glass walls) is so small: only in the case of the exceedingly

weak AICI3 solutions a doubt may arise. But in the colloid systems

that difference may not be neglected. These x-values thenjselves

Fig. 1.1)

1) In Fig. 1 on the axis ot coordinates slioukl be read — in stead of -
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have been determined only for As^S, ^) and HgS, *) and for electro-

lytes not used here.

The proportions are :

With As.Sj XNH4C1 : Xuo./N03)2 = 82

HgjS XXII4CI : XBaBr, =^ 29.

The proportion chosen 60 : 1 is, tiierefore, a rough approximation,

but a comparison with y-valiies of other sols [Pt, Au etc.) renders

it probable that it represents the average.

The relations between charge, adsorption and limit value are

elucidated schematically in the above figure. In the upper half of

the figure is drawn the charge e of tlie capillary in dependence on

the concentration of the traversing liquid, so that I, 11, and III stand

for uni-, di- and trivalent cations respectively. In the lower half is

given, with the same concentration axis, the correlated adsorption

of the electrolyte as a downward directed ordinate. If now Xu X2

and X3 indicate the relation of the limit values for uni-, di- and

trivalent catious, respectively the correlated downward directed ordinates

must show the proportion 1 : 1^ : 3 and the upward directed ones

equal values.

4. For verilication of this relation appeared suitable :

{a) 10 ^cMol BaCl, — 600 .uMol KCl.

b) 25 jfiMol BaCl, — 1500 j.Mol KCl.

It would not do to simply take the specific conductivity powers

as being proportional to the concentrations because in the so strongly

diluted BaClj solutions the conductivity power of water could not

be neglected. Hence, 1 have made a direct measurement of the

relation of llie specific resistances by filling in Whkatstonk's bridge

a vessel of arbitrary but fixed capacity with the liquids used.

The relation of these resistances was in the pair {a)

and in the pair (/>)

a>6 4630
^^^-— =— = iy

w^- 247

«^=2770^28
Oik 99.9

E
The values of — are obtained from the research communicated

P
in the preceding paper.

1) Freundlich. Zeitschr. f. physik. Ghem. 73, SS5 (1910).

2) Freundlich en Sghught, ibidem 85, 641 (1913).
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As the relation of llie [loteiiliaLs for {a) we obtain ^-^ or 14; as

the relation of tlie resistances : 19.

From the conil)ination {h) we obtain for the potentials ^ or 26,

for the resistance 28.

This a^ireenient undoiibtedlv tolls niiieh iji favonr of the above

raeiitioiied theory. With concentrations somewhat lai-ger than 60 the

agreement might be better still.

5. The material of Riéty ') is only once snitable for testing the

relation (2).

For so far l;is measnrements have been execnted with solutions

of salts other than chlorides his measuring electi-odes wei-e non-

reversable ones and his results are therefore useless for quantitative

veritication. I have only been able to tind one combination of

chloi'ides where concentrations have been measured which are com-

parable with limit values : they are KCl and HCl. For As.,S3-sol

these limit values have been determined to 50 and 31 niMol p. L.

respectively *).

Now from his experiments Riéty has calculated the potential at

the capillary wall in certain units for 0.01 n. KCl as 3.1. We can

use this tigure again for comparison purposes at it is directly propor-

tional to the chai'ge.

In the case of HCl he determined for 0.005 n : 3.39, for 0.010 ii -. 2.8,

For the comparison with 0.01 n HCl w^e must know the potential at

the concentration |-^ X O.OJ = 0.0062. This, 1 have intei-polated by

assuming that the logarithms of the poteidials are «lirectly propor-

tional to those of the concentrations, after I had first convinced

myself that this interpolation^) formula was quite satisfactory in the

longer series stated in Riety's paper. We then tind 3.2 which is

again a splendid agreement.

6. Quantitative comparisons with the tiivalent cation are diflieult

to draw, because the •/-'^'^i-lnes thereof are either not known or uncer-

tain. From the treatises cited on p. 648 we, howexer, get the

impj-ession that the •/-'^'^lues diverge very little from zero, as is also

expected from Table IV of the preceding communication, because a

complete discharge takes place already at a concentration of 0.8 fi mol.

7. A no less striking [)arallelisni l)etween charge and limit \alue

1) Ann. de chim. et de phys. [8], 30, 1 (1913).

-) FreUiCdlich, Kapillarchemie (Leipzig 1909) Table 81. True, those are -, - and

not ::f;-va]ues, but with these univalent ions, this cannot have any serious influence,

^) To this formula should only be attached the significance of an interpolation formula.

41

Proceedings Royal Acad. Amsterdam. Vol. XVU



628

is furnished by the shape of the curve found for the current potential

with AICI3 sohitions. This line is absolutely connected with the

so-called Irregular series.

From what is stated in § 3 in connection with Table IV (lig. 3,

respectively) of the preceding paper it follows that the concentration

at which the battery shows an exchange of poles, is also that of

the zero-charge of the capillary, whilst its positive charge goes up

to about 3,u mol. and thence lowers without however i-eacliing zero

again. An AlCl^ solution will consequently have first a discharging

and therefore a coagulating effect on a negative sol. ; at higher concen-

trations it will render it a positive sol and onlj- at a much higher

concentration it will again reverse the charge and cause coagulation.

But therewith are described exactly the phenomena which, for instance,

have been observed by Buxton and Targue'), when they coagulated

mastix with AICI3 and indigo or Pt with FeCl^. The lower non-

coalescent, the lower coalescent zone, the upper non- and coalescent

zones, they can so to say be read off from the figures of the preceding

communication.

One is accustomed to attribute the phenomenon of the irregular

series to a special action of tiie hydrolytically resolved hydroxides

of the coagulating ion. In coiuieclion with the preceding arises a doubt

whether to A1(0H)3 ought really to be atti-ibuted a preponderating

significance. For it does not seem probable that the AICI3 which is

present in such a small concentration, can cause a reversal of charge

in the capillary. Much more acceptable seems the following idea. A
strongly discharging cation unloads the capillary at such a small

concentration that the small anion-concentration cannot prevent a

complete reversal of charge. Of this the anion-concentrations are

capable in the case of Ba-- and K- because there the charge gets

nearer the zero value only at so much lai-ger concenti-ations.

Hence, the afterzone phenomenon will occur, as soon as the dis-

charge by the cation is already very large at small concentrations

and is favoured by a feeble action of the anions. This strongly dis-

charging action of the cation may arise froui its higher valency or

from its strong adsorbability. The fact that irregular series w^ere

observed, for instance, also with strychnine nitrate, new fuchsin,

brilliant-green, auramine and silver nitrate '^) is quite in harmony
with this argument. For here we are dealing with strongly adsorb-

able cations and because they are univalent the equivalent anion

1) Z. f. physik. Gbem. 57, 64 (1907,

-) Fheundlich, 1. c.
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concentration present is still proportionately three times less than

with AlCij.

A start has already been made with investigations to get a proper

insight, particnlarlj in this question of the irregular series.

8. Finally it should be pointed out that the previous considera-

tions also give an explanation of the fact often stated by us that in

the case of Al-salts we can determine the limit value much more
accurately than w^ith salts of uni- or bivalent metals. Two tubes with

ASgSg sol. which contain Al in concentrations situated 17o above

and below the limit value, respectively exhibit after shaking a quite

clear and a turbid fluid respectively. In the case of bivalent cations

we must, so as to make quite sure, take the difference somewhat
larger and \ery much so for a univalent ion. It is self-evident

dE
that the cause lies in the fact that — (g charge, c concentration of

dc

coalescing ion) for A1-- is > for Ba- and this again > for K*.

Utrecht. June 1914. van 't Royy- Laboratory.

(November 7, 1914).
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Physiology. — "On the nerve-distrllmtion in the tninh-dermatoma*\

Bj Prof. G. VAN RiJNBERK. (Communicated by Prof. C. Winkler).

{Communicated in the meeting of September 26, 1914).

We know as a result from the researches on the segmental skin-

innervation, made after the method of the so called "remaining

aesthesia", first introduced by Sherrington, that from a definite

zone on the skin (the dermatoma or root-area) stimuli may reach

the spinal cord along each separate dorsal root of the spinal cord.

Sucii investigations, however, do not teach us anything about the

manner in which the sensibility in each of these root-areas is

provided for by the pei-ipherical cutaneous nerves. A few experi-

ments made on dogs have enabled me presently to offer the

following conclusions concerning exclusively the dermatomata of

the trunk.

In a dissertation by 0. Nahrich '), written under the direction of

Ellenbf,rgkr, the nerves providing the skin of the dog are described

with elegant accuracy. It is shown therein, that the skin of the

L.I.

rf^ "^

Tbd

I - I-

'

1

Th7

Siti

Fig. 1. Cutaneous nerves of the dog, according to Nahrich, — 01=Th. 1, first

thoracic nerve, dorsal branch, rl = first thoracic nerve, lateral branch, rl = Th. 3,

third thoracic nerve, ventral branch, ul = L. 1, first lumbar nerve, dorsal branch,

q = nerve of the large subcutaneous muscle.

') 0. Nahrich. Die Gefiihlsbezirke und die niotorischen Punkte des Hundes.

Ein Beitrag zur vergl. Anatomie und Physiologic. Inaug. Diss. Zurich 1907,
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tinnk is innervated by means of the perforating branches of the

intercostal and lumbar nerves.

If Til. 3 is taken to be tiie most cranial and L. 4 to be the most

candal nerve of the trnnk, it will be found that from Th. 3 to

Til. 7 each ner\e-root is sending three perforating branches to the

skin : a dorsal, a lateral, and a ventral branch. The dorsal nerve-

trunk generall}' supplies two main brandies: a medio-dorsal and a

dorso-lateral one. The lateral nerve invariably supplies two branches

:

a latero-dorsal and a latero-ventral branch. The ventral nerve-trunk

usually consists of one main trunk, which may be said to be medio-

ventral. F'rom Th. 8 to L. 4 the medio-ventral branches are wanting:

their place is taken by the latero-ventral ones.

The different points, w^liere the dorsal, latei'al, and ventral nerves

enter into the skin, may be interconnected by lines. This having

been done, it becomes evident that the dorsal branches, going in

a cranial-caudalward direction, perforate the fascia continually at

a greater distance from the raid-dorsal line, whilst the lateral trunks

on the contrary come forth more dorsalward. A correct insight into

the relations of these nerves is offered by Fig. 1. Fi'om Fig. 2 it

may be seen moreover, that the skin of the trunk can be divided,

according to a superficial scheme, into three zones as regards its

peripherical nerves: a dorsal, a lateral, and a ventral zone.

\f ''~J ' (fcrsales d^y^^^^^ ,.-^.-
•'*

Jtamj taferaks dJI^ftHn/e/Wifa/esSM. 5- 'Si' //_cuf''-
cum J^.j>cc/ora//s Jcrsa/iólt/entr: ff^ („f -

^ i I ^
•'^'^^^-^

Fig. 2 Extension-zones of the dorsal, lateral, and ventral nerve-branches of the

skin of dogs, according to Nahrich.

1. The first question I now pnt to myself was the following: are

the perforating dorsal, lateral, and ventral trunks, which belong when
42*
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prepared macroscopicallv, to one intercostal resp. to one lumbar

nerve, unisegmental or pluri-segmental nerve-canals. For whilst it

is admitted almost generally that the intercostal nerves are uniseg-

mental courses, Eislkr ') believes he has sufficient grounds for

stating that delicate nerve-plexus, situated on the inside of the ribs

always connect two intercostal nerves. This being so, an interchange

would occur here between nerve-fibres of a different segmental origin.

Concerning the nerve-distribation of the root-areas, this question

may be formulated as follows: Do the nerve-fibres of each separate

dorsal root of the spinal cord reach the skin-area belonging to that

root along one single dorsal lateral or ventral pei-forating nerve-

trunk, or along several ones?

In order to solve this question, I made the following experiment.

After the afore mentioned method of Shkrkin(jton, the dorsal (and

ventral) spinal nerve root of a segment on one side of the spinal cord

of some dogs was "isolated", usually between three cranial and as

many caudal roots, which were cut (hrough extradural. This being done,

the isolated root-area, corresponding to the isolated root, was

demarcated against the two insensible zones, corresponding to the

sectioned roots. Situation, form and extension of the sensible root-

area once being well defined, the skin was entirely cleft both in the

cranial and in the caudal insensible zone by a slit passing from

the mid-dorsal to the mid-ventral line. This of course could be done

without narcosis. Immediately after this, a search was made for

the perforating skin-nerves, and at least three successive ones of

these in cranio-caudal direction, in the dorsal, lateral, and ventral

skin-area, were prepared free, as much as possible avoiding any

lesion of them. Next lo this, by means of the induction-current,

these nerves were stimulated to ascertain whether they conducted

painstimuli. Invariably the result was, that for each skin-area such

was only the case with these bi-anches that belonged to one point

of entrance. Irritation of the oiher branches, even with the strongest

induction currents (the bobbin being enrirely pushed in), never

produced any symptom of pain, if slippings of the current were

avoided. This result was wholly confirmed by a contra-experiment.

If, after careful determination of the dorsal, lateral and eventually

ventral branches, which were conductors of pain-stimuli, these branches

were cut through, the sensibility in the isolated root-area proved to

be destroyed entirely and irrevocably.

1) P. EisLER. Ueber die Ursaclien dei' Gefleclithildiing an den periplieren Nerven.

Verb, d Anatom. Gesellsch a. d. iGe Vers, in Halle. 1!)02. S. 200.
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Tims it results lliat tlie Iriiuk-skiii of (lie dog forwards its stimuli,

destiued for a definite segment of the spinal cord, only by means
of one set of perij)herioal skin-nerves. This means that in those

nerves only fibres belonging to one posterior root have their course,

and that consequently the perforating skin-branches are segmental

nerve-canals.

II. A second question, necessarily presenting itself, is the following

one: what separate portion within the dermatoma is innervated by

either the dorsal or the lateral (ventral) peripherical branches?

To investigate this, the above-mentioned method was partially repeated

once more. With dogs, where a nerve-root had been isolated, the

peripherical branches enterlaining its sensibility were sought for and

prepared free. After this the conduction was successively interrupted,

either provisorily or lastijiglj', in one or more of these branches.

To obtain a lasting interruption of the conduction, the l)ranch was cut

through. For a provisory interruption the branch w^as enfolded by a

piece of cottonwool, drenched in a 5 7o solution of stovaine. The

conduction once interrupted, the root-area was tested to ascertain

whether a portion of it had become insensible, and if so the confines

of the insensible area found in this manner were determinated.

Fig. 3. On a dog a root-area (Th. 10) has been isolated between two

insensible zones. After this, three cutaneous branches belonging to the dorsal

perforating nerve-trunk, are successively cut through. The dotted portion

of the root-area then becomes successively insensible, until finally the whole of

its dorsal part has lost sensibility.

a. Interruption of the conduction in the joint dorsal cutaneous

branches.
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After this operation the entire dorsal portion of the isolated

derinatoma was found to have lost sensibility. To make the ventral

demarcation of the area that has been made insensible in this way

rightly understood, 1 may add the following: For a long time I had

been struck by the fact that after a carefully performed root-isolation,

the demarcation-lines of the isolated root-areas showed at a definite

point a distinct bent. The origin of this bent is, that at some

distance from the mid-dorsal line of the body, both the cranial

and the caudal demarcation lines of the root-area, change their

direction somewhat cranialward. In the cranial demarcationline this

bent is always found a little more dorsalward than in the caudal

demarcationline. Now it is remarkable, that the ventral limit of the

insensible zone, originated by the sectioning of the dorsal nerve-

branches, is invariably found to be a straight line, connecting the

cranial with the caudal limit just above this bent. This line therefore

goes in a cranio-caudal direction. At the same time however it

deviates slightly in a dorso-ventral direction. Consequently the

latero-ventral nerves supply within the root-area the innervation of

a zone extending to a point somewhat above the alleged bent in

its demarcation-lines.

h. If the conduction is interrupted in the joint latero-ventral

branches, the entire ventral portion of the root-area becomes insensible.

Fig. 4. The same as in Fig. 3, only for branches of the latero-

ventral trunk. (The isolated root-area is probably in the mainTh. 12.

Its closer definition was neglected in the necropy.)

If we compare the demarcationline found in this waj', with that

found after interrupting the conduction in the dorsal branches, it

becomes evident that the ventral boundary of the dorsal area does
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not coincide exactly with (he (hn-sal l)onn(hii'y of the ventral area,

but that a reeiprccal overlapping occurs, although it be only a

slight one. It is shown thereby that the lient, found in the demar-

cationline of the root-area, is situated exactly at the point where the

dorsal and latero-ventral portions of the dermatoma meet. The cranial

direction of this bent indicates that the latero-ventral portion must

be lying somewhat more cranialward than the dorsal one. This fact

has been stated previously by Bolk ^), when he found in 1897 a

"discrepancy" of the dorsal and ventral dermatoma-areas on the

human trunk. In the experimentally defined dermatoma this discre-

pancy finds its expression in the alleged "bent". Similar conditions

have been observed clinically by Eichhorst '"), after transversal lesions

of the spinal cord in the trunk-area.

c. Interruption of the conduction in separate minor branches of the

dorsal and latero-ventral nerves.

The conduction may be interrupted in the separate minor branches

of the perforating nerves as well in the dorsal as in the latero-ventral

portion of the root-area. When this operation has been performed it

becomes evident, as long as only the larger branches were sulijected

to it, that each of these supplies the innervation of a small zone,

extending equally into the cranial and into the caudal boundaiy of

the root-area, and for the rest demarcated by lines going in a

cranio-caudal direction. The whole root-area therefore is divided

into a series of small areas, lying alongside of one another in

dorso-ventral direction. The skin-area of the medio-dorsal branch

adjoins the mid-dorsal line, the dorso-lateral branch on the other

hand extends over an area, adjacent to the lateral portion of the

dermatoma, more ventralward than that of the medio-dorsal branch.

A similar ordination is found likewise to exist for all skin-areas

corresponding to the various latero-ventral branches.

Whenever very thin branches are cut through, either no insensi-

bility ensues, or else an irregularly insensible spot is found some-

where within the root-area. From the fact that in many cases, after

the sectioning of such small branches, no insensibility is found, we

may conclude that the areas of extension of the separate branches

of the cutaneous nerves must overlap one another to a certain degree.

I have not been able however to determine the extension of these

overlappings.

1) L. BoLK, A. few data fiotn the segmental anatomy of the human body.

Ned. Tijdschrift v. Geneeskunde. 1897. I p. 98-2—995, and 1897. 11. p. 865-379.

(Compare especially p. 366 et seq.).

2) H. Eichhorst, Verbieilungsweise der Haulnerven beim Menschen. Zeilsclir.

f. Klin. Medicin. Bd. XIV. S. 519. Berlin 1888.
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III. Finally my attention was given to the nerve of the subcutaneous

mnscle. Nahrich ^) testifies that by irritation of this norve, in addition to

contraction of the cutaneous muscle, also pain-symptoms are brought

forth, whilst after the sectioning of this nerve, the sensibility of the

skin had diminished. I have not been able to verify this latter fact. It

is not to be doubted moreover that e.q. an isolated root-area, if either

the isolated root or the peripherical branches have been cut through,

becomes entirely and completely insensible, whilst the nerve of the

cutaneous muscle remains iiilact. It is iherefore probable that this

nerve does not contribute to the sensibility of the skin. Nevertheless

I can confirm the statement of Nahrtch, that after its having been

cut through, irritation of the central end proves painful. It may be

that Ihe muscular sensibility plays a part in producing these symp-

toms of pain.

Chemistry. — ''The AJlotropy of Cadmium." lY. By Prof. Ernst

Cohen and W. D. Helderman.

(Communicated in the meeting of September 26, 1914),

The electromotive tjehavimir of Cadmitim. II.

1. Up to the present we ha\e only directed attention to the

electromotive behaviour of «- and y-cadmium; the iS-modification has

not been mentioned hitherto. It w ill be treated in the foUow^ing lines.

2. It may be remembered that a number of cells constructed

according to the scheme:

Gd

electrolylically

deposited

Solution of

cadmium sulphate

Gd-amalgam

12.5 percent

hy weight.

had an E.M.F. of 0.050 Volt at 25°.0, whilst the E.AI.F. of others

was only 0.047 Volt at the same temperature. (The cells were

reproducible within 0..5 millivolt).

3. Now we were struck by the fact that when constructing a

large number of these cells we often got cells wdjich had an E.M.F.

of 0.048 Volt at 25°.0.

The E.M.F. of cells which originally had an E.M.F. of 0.050 Volt

at 25°.0, spontaneously decreased till the value 0,048 Volt was reached.

After this their E.M.F. remained constant.

4. The conclusion was plain that the cells giving 0.048 Volt might

1) L. c. p. 95—96.
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contain /?-ca'1minm, those giving 0.047 Volt rt-cadmium, whilst those

giving 0.050 Volt have y-cadniinm as a negative electrode.

5. If this were really the case, it would be possible to construct

a transition cell by combining a cell with «-cadmium with one

containing /^-cadmium; the E.M.F. of this combination would be zero

at the transition temperature of the change f.-cadmium^,^cadmium.

6. However it is impossible to carry out an exact determination

of the transition point in tliis way, as the E.M.F. of the combination

is (at 25°.0) only (0.048—0.047) = 0.001 Volt and the reproducibility

of each of the cells is only 0.5 millivolt.

7. In order to ascertain if the E.M.F. of the /?-celIs .has a real

significance, experiments may be carried out on the following lines

:

At temperatures above the transition point of the change «-cad-

mium ^ ^-cadmium (which we found in the neighbourhood of 60°

by dilatometric measurements) the E.M.F. of «-cells must be higher

than that of j^-cells. After cooling the cells below the transition point

mentioned, the contrary will occur.

8. Our experiments in this direction w^ere carried out in the

following way

:

We constructed a large number of Hui.ett cells ') ; one of these,

the E.M.F. of which had been originally 0.050 Volt at 25\0, had

an E.M.F. of 0.047 Volt (at 25°.0) after having been kept for 4 weeks

at 47^5. After this time it remai]ied constant.

We combined this cell (N". 7) with

another one (N°. 22) the E.M.F. of

which was 0.048 Volt at 25°.0. The

two cells AB (N°. 7) and CD (N". 22)

were connected by a siphon H,

which contained the same sohition

of cadmium sulphate as was present

in the cells. (Fig. 1).

The lateral tube E of the siphon

was closed by a rubber tube F, iji

which was put a glass rod G. TheA3 CD little apparatus was brought into a

Fig. 1. thermostat which could be kept at

will at 25°.0 or 64°.5.

9. We measured the E.M.F. l)etween the cadmium which had

been electrolytically deposited on the platinum spirals A and C

•) Proceedings 17, 122 (1914).



040

against the common amalgam electrode B. (12.5 "/„ by weight). It

is absolutely necessary to use ?i common electrode as the cadmium

amalgam of 12.5 percent hy weight does not form a heterogeneous

system at 64^.5; its E.M.F. is then a function of its composition. The

use of the two amalgam electrodes B and D might give rise to

serious mistakes, if there were only small differences in their com-

position.

The absolute E.M.F. of our amalgam electrode against cadmium

in. A and C does not play any role in our measurements.

10. The determinations of E.M.F. were carried out by the Pog-

GENDORFF compensation method. The resistances used, had been checked

by the Physikalisch-Technische Reichsanstalt at Oharlottenburg

—

Berlin. The same was the case with the thermometers used. Our

two standard elements (Weston) were put into a thermostat which

was kept at 25°. 0. We used as a zero instrument a Deprez-d'Arsonval

galvanometer, which was mounted on a vibi-ation-free suspension

(Julius). The readings were made by means of a telescope and scale;

0.02 millivolt could easily be measured.

The determinations were continued during several days, until the

E.M.F. of the cells had become constant.

Our table I shows the results.

Table I.

Temperature 25°.0.

E.M.F.

Cell 7 0.04741 Volt

Cell 22 0.04815 „

Temperature 64°.

5

Cell 7 0.04029 Volt.

Cell 22 0.03979 „

After having brought the cells to 25°.0, we found :

Cell 7 0.04741 Volt.

Cell 22 0.04806 „

The table shows that at 64°. 5 there has taken place an inversion

of the poles and that the cells regain their original E.M.F. at 25°. 0.

A second experiment with two cells (n^ 4 and 8) newly con-

structed, gave the following results:
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Table II.

Temperature 25°.0,

E.K.

Cell 8 0.04757 Volt

Cell 4 0.04839 „

Temperature 64°. 5.

Cell 8 0.04737 Volt

Cell 4 0.04633 „

After having brought the cells to 25°.0, we found :

Cell 8 0.04776 Volt

Cell 4 0.04789 „ .

11. From table II it may be seen that we are here at the limit

of measurement obtainable in working with cells of so small an

E.M.F. the reproducibility of which is 0.5 Millivolt.

12. From the invei-sion of poles which has been observed, we
may conclude that the value 0.048 Volt at 25°.0 really has signi-

licance and is to be attributed to the presence of /?-cadmium.

- 13. As to the bearing of the existence of different modifications

of cadmium on the E. M. F. of (he standard cell of Weston, we
refer to our paper "On the Thermodynamics of standard cells"

(sixth communication), published some months ago ^).

Utrecht, September 1914. van 't ]Aoyy-Laboratory.

Chemistry. — -'The Allotropy of Z'mc.'' III. By Prof. Ernst

Cohen and W. D. Helderman.

(Communicated in the meeting of September 26, 1914).

1. In our first communication on the allotropy of zinc ''), we
summarized the earlier literature on this subject as follows: as long

as half a century ago various investigators tried to solve the problem

whether zinc might be capable of existing in different allotropic

modifications. As late as 1890 Le Chatelier proved that this metal

does really show a transition point in the neighbourhood of 350°.

MöNKEMEYER found tliis poiut at 321°, Benedicks at 330° (melting

point of pure zinc 419. °4) whilst the measurements of Max Werner

1) Chemisch Weekblad 11, 740 (1914). This paper will be published before long

in the Zeilschr. f. physik. Chemie.

2) Proceedings 16, 5G5 (1913).
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(who foiiiid 300^), published some weeks ago. agree sufficiently .with

those of Le Chateliek. We shall discuss in a subsequent paper the

differences which exist amongst the results of the investigators mentioned

above. Whilst Benedicks mentions a second transition point (at 170°),

Max Werner was unable to find this point. The question as to

whether it really exists or not, may be left open for the moment.

2. Since writing the above we became acquainted with the paper

of Le Verrier ^), which has been summarized by one of us^).

Le Verrier found that the specific heat of zinc varies greatly between

100 and 140° and that there occurs an absorption of heat within

this interval of temperature of —8 calories. Tliis result indicates

that there exists here a transition point. Mr. G. de Bruin is carrying

out a systematic investigation in this direction.

3. Benedicks and Ragnar Arpi have recently published ^) a new

investigation of this subject. In his first paper Benedicks pointed out

that "beziiglich der Frage, ob die fur das Zinc, puriss. Merck

(garantiert frei von Eisen und Arsen in Staben) gefundenen Angaben

auch fur das absolut reine Metall geiten, bedarf es ebenfalls weiterer

Versuche".

That there was no reason to suppose that this sample contained

impurities may be concluded from the authors' words: "Jedoch ist

es im Hinblick auf die Wichtigkeit der Reinheit dieses Produktes

fur seine Verwendung fur analytische Zwecke sehr wahrscheinlich,

dass die Menge von Fremdkörpern zu vernachlassigen ist".

4. However Benedicks writes in his most recent paper: "Es ist

deshalb hier eine Revision der einschlagigen Verhaltnisse vorgenomen

worden, die zu ziemlich unerwarteten Ergebnissen gefiihrt hat. Xiimlich,

dass überhaupt keine AUotropiebeweise fur Zink z. Z. vorliegen".

He adds: " Abgesehen wird dabei zunachst von derjenigen Andeutung

von AUotropie, die neuerdings von E. Cohen und W. D. Helderman

durch spez. Gewichtsbestimmiuigen gefunden wurde". We shall

revert to this point later.

5. The method followed by Benedicks and Arpi to discover

possible transition points was the same as used formerly by Benedicks,

viz. the determination of the electrical conductivity of the metal at

different temperatures.

Whilst he found in his first determinations (working with zinc,

puriss. Merck) transition points at J 70° and 330° respectively, he

was not able to find them when he used "Zinc Kahlbaum" which

i) G. R. 114, 907 (1892).

'^) Ernst Cohen, Proceedings 17, 200 (1914).

-) Zeitschr. f. anorg. Chemie 88, 237 (1914).
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only contained 0,0047»/., of' Cd., 0.0033"/,, of Ph., 0,00045»/,, F«>,Cn).

But working with the same material to which 0.52 per cent by

weight of Cd, resp. 0,5 per cent of Ph. or 0,5 per cent of Cd-[-0,5

per cent of Pb had been added, he found sevei-al transition points

which grosso modo agreed with those found formerly by Benkdicks a.o.

On account of these results Benedicks and Arpi conclude that the

transition points found by LJenedicks in his first investigation are to

be attributed to impurities in the metal used and that zinc which

is pure does not show transition points.

6. In the first place it may be pointed out that the curves which

form the basis of the authors' conclusions, are so roughly defined,

that it is almost impossible to conclude anything from them. For

example, from a consideration of the curve 2 in Fig. 2 (which refers

to pure zinc), one might arrive at the conclusion that a break ^)

exists at 150°.

7. However, a more serious objection to the method followed,

may be pointed out. Our recent investigations on the allotropy of

metals have shown that the changes in these substances take place

very slowly even at high temperatures. These retardations can only

be removed by special means (inoculating in contact with an electro-

lyte, repeated changes of temperature etc.). We may call to nnnd the

fact that we were able to heat cadmium 95 degrees above one of

its transition points without any changes occurring. It will be necessary

to give special attention in future to these phenomena, which play

also a role in "thermal analysis" and which may falsify its results.

Benedicks and Arpi did not make any provision to eliminate these

pfienomena. Ou account of what we know^ now^ about these hyste-

resis phenomena it w^as to be expected that any transition point, if

it really existed, would only be found under favourable circumstances,

or by a systematic elimination of the retardations mentioned above.

8. Moreover it may be pointed out that Benedicks and Arpi ??z^7(/(^

the supposition "dass die betreffenden Metalle nicht genügcnd rein

waren" (viz. the zinc, puriss. Merck, used by Benedicks in his first

investigations and by Le Chatelier among others). We think that the

opinion put forward by Benedicks in his first paper (see above § 3) "dass

die Menge von Fremdkörpern zu vernachlassigen ist", is the just one.

As we were told by Messrs. Merck at Darmstadt their "Zinc, puriss.

Merck (garantiert frei von Eisen und Arsen in Stiiben)" contains only

small traces of cadmium. We carried out an analysis of this material

') Whether this point i-ealiy exists or not may be left open for the moment.
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following the method described by Mylius ^). In 100 gr. of this metal

we could oidj detect small traces of cadmium (lead and iron). We
think that the explanation of B. and A. which is based on the

presence of large amounts of impurities falls to the ground.

9. That it is not the presence of foreign substances which give

rise to the strongly marked change of the mechanical properties of

zinc at higher temperatures (which fact has been the starting point

of Bknkdicks' in\estigations) is evident from the fact, that this change

may also be observed in the i)iirest zinc (Zink "Kahlbaum", comp.

§ 5). We liave been able to confirm this result repeatedly on ivseh es.

10. Finally some remarks, made in a note by Benedicks and Arpi

may be considered here.

In the first place they believe, on account of an investigation con-

cerning the quenching velocities of metals, carried out by Benedicks *),

that "eine besonders grosse Abkühlungsgeschwindigkeit nicht zuerzielen

ist" when the method is followed which we used. (1 kilo of zinc

was chilled in a mixture of solid carbid dioxide and alcohol). It

may be pointed out that the velocity we used has been greatly exag-

gerated; we got the same results by using water or air of room tempe-

rature. We also carried out some experiments with carbon dioxide

and alco hoi in order to vary the external conditions of our experiments

as much as possible. In our researches on the allotropy of copper

and cadmium we also used water or air as a cooling medium.

11. Secondly Benedicks and Arpi raise the question as to whether

there has not taken place an "Auflockerung der Oberflache" of our

preparations when we w^ashed them with dilute hydrochloric acid.

By this operation a change of density might have occurred.

They have however overlooked two facts : in the first place the

recent investigations of Johnston and Adams ^), which prove that the

density of any substance is independent of its state of division.

Moreover they have not taken into account the results of our inves-

tigations on cadmium ^), where the same difficulties would have

occurred. The reproducibility and reversibility of the phenomena

prove that the disturbances, mentioned by Benedicks and Arpi really

do not occur.

We hope to report shortly on the real transition points of zinc.

Utrecht, September 1914. van 't Eoff-Laboratory.

1) Zeitschf. f. anorg. Chemie 9. 144 ^895) ; Mylius, ibid. 74, 407 (-1912).

2) Joiirn. of the Iron and Steel Institute 77, 153 (1908).

s) Journ. Americ. Ghem. Soc. 34, 563 (1912).

^) Proceedings 16, 485 (1913).
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Chemistry. — ''The Allotrop'/ of Antunony.'^ T. \\\ Prof. Ernst

Cohen and J. C. van den Bosch.

(Communicated in the meeting of September 26, 1914).

1. The following modifications of this metal were known hitherto:

a. The so called uietalUc antimony, a bhiish-white solid witii

metallic lustre. It is very brittle at ordinary temperatnres and is

said to crystallize in the hexagonal system. Only this moditication

is found in natuie.

b. Black antimony. This form has been prepared by Stock and

SiKBERT ^) in three different ways, the best method being by rapid

cooling of the vapour of ordinary metallic antimony. This black

modification is converted by heatnig into metallic antimony. Its colour

and density change slowly at 100'^; at 400^ the conversion occurs

instantly. This form seems to be metastable at ordinary temperatmes.

c. Yellow antimony was first prepared by Stock and Guttm.vnn ^)

in the year 1904, by the interaction of antimony hydride (at — 90°)

with air, oxygen or chlorine. Even at — 50^ this form is meta-

stable : it is converted by heating into the black modification.

d. Explosive Antimony. Ernst Cohen, Ringer, Strengers, and

Collins ^) proved that the explosion which occurs when this body

is pounded, pressed or scraped, is to be attributed to the transformation

of an allolropic form called by them ^-antimony, into the ordinary

modification (metallic antimony ; «-antimony). Hitherto no investigation

of the connexion between these different forms has been carried out

as it is very difficult to procure sufficiently large quantities of them.

2. The investigations described below deal with the question

whether the metal known hitherlo as "metallic antimony" is to be

considered at ordinary temperatures and pressures as a metastable

system, as is the case with the metals we have already investigated.

Our experiments will prove that this \>> really the case.

3. A kilogram of antimony (Kahlbaum — Berlin) which contained

some hundredths of a percent of impurity, was melted and poured

into a cylinder of asbestos pai)er, which was surrounded by a mixture

of alcohol and solid carbon dioxide. The chilled metal so obtained

was used in all experiments.

4. It was powdered in a mortar. We determined its density at

25°. using two pycnometers as described by Johnston and Adams ^).

ij Ber. d. d. chem. Ges. 38, 3887 (1906).

2) Ber. d. d. chem. Ges. 37, 885 (1904).

8) Zeitschr. f. physik. Chemie 47. 1 (1904V 50, 292 (1904); 52, 129 (190Ü).

*) Journ. Am. Chem. Soc. 34, 563 (1912).
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Tlie difference between any two of these determinations ne\'er exceeded

three nnits in t!ic third decimal place.

Our thermomt^ters had been compared with a standard of the

Phys. Techn. Reichanstalt at Cliarlottenburg — Berlin.

We nsed toluene as the liquid in tlie pycnometer ; its density had

25°.0

been determined in four experiments to be d —— 0.8603.
4

Two different parts {A) and {E) of our material gave the values

25°.0 G.6900 [A) ard

4° 6.6897 (£•).

5. Tiie samples {A) and [E) were now heated separately during 4 X 24

hours in an aqueous solution of potassium chloride (10 gr. KCl on

JOO gr. of water), using a reflux condenser, the boiling point of the

solution being 102°. 5.

The metal was then washed with dilute hydrochloric acid, water,

alcohol and ether, and dried in vacuo over sulphuric acid.

Its density was now
25°.0 6.6744 (A)

4° 6.6803 (£);

ConseqHiently the density has decreased by 13 units in the third

decimal place.

6. After having heated {A) and {E) for a second time (6 X 24

hours) in the boiling solution, we found

:

25°.0 6.6784 a-d G.6765 {A)

^ 4° 6.6789 and 6.6778 {E).

Tlie density had undergone no further change.

7. The experiments described in % 4—6 show that the antimony

after chilling is present in a form which changes at 100° with a

measurable velocity.

In order to investigate if there exists here a transition tempera-

ture as in the case of the other metals which ^ve have hitherto

studied, we carried out some dilatometric measurements, using the

electric thermostat which we described formerly. ^)

8. The material which was put into the dilatometer consisted of

small pieces of the metal mixed up with fine powder and a part of

the metal from the pycnomelers. (500 grams). The paraffm oil used

had been heated for some time at 200° in contact with finely divided

antimony. There was no evolution of gasbubbles.

9. At temperatures below 119° there occurred no change of the

meniscus at the first heating (the bore of the capillary tube was

i> Zeitschr. f. physik. Chemie 87, 409 (1914).
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1 mm.j, not even when the heating was continned for 48 hours.

On the contrary, the dilatometer having l)een kept at 15° during

a month, tlie change was:

At 101°.8 in 2 hours, +74 nnii.; i.e. +37 mm. per hour

„ 100.9 „ IV, „ +20 „ ; „ +15 „ „ „

„ 100.2 „ 12 „ —89 „ ; „ - 77, „ „ „

From these data one might conchide that there exists a transition

point in the neighbourhood of 101° which is in perfect agreement

with our density determinations (§ 4

—

G).

10. Guided by the experience gained in the case of cadmium and

copper ^), we now carried out some experiments with antimony

whose previous thermal historj^ had been changed between wide limits.

After having Ivept the dilatometer for 50 minutes at 'J 50°, the

meniscus fell during a certain time at the constant temperature of

96°.0; after this it became stationary and then began to rise. From
these observations one would conchide tliat there is a transition

point below 96°. and that, in consequence of the heating at 150°,

the transition temperature had thus been lowered. This experiment

proves, that at 96°. there are present at the same time more than

two modiücations.

11. The dilatometer was now kept at 225° for 12 hours. After

this there occurred at 94^6 (at constant temperature) a marked fall

in the oil level (569 mm. within 48 hours), while in the experiment

described in § 10 there took place a rise of the meniscus at the

same temperature.

12. The phenomena described above show that metallic antimony,

such as we have known it hitherto, is also a metastable system

which consists of more than two allotropic forms.

We hope shortly to report on the modifications Which play a

role here.

Utrecht, April J 914. van 't Eo¥¥-Laboratory.

Chemistry. — "The Coloration o/ some derivatives of Picrylme^

thylaniide ivith alkalies". By Prof. A. P. N. Franchimont and

H. J. Backer.

(Communicated in the meeting of September 26, 1914).

In a previous communication {Rec. trav. chim. 1913, 32, 325 ; Ahstr.

Chem. Soc. 1914, ii. 84) we described the spectrographic investigation

of the coloration which picrylalkylnitramines undergo by alkalies. It

was shown, that the absorption spectrum of picrylmethylnitramine

CgH, (NO.J5 N Me (NO,) after addition of alkali gets a certain ana-

1) Proceedings 17, 54, 60 (1914).

43
Proceedings Royal Acad. Amsterdam. Vol. XVU.
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logy with that of picijlmethjlamide C,B, (N0,)3 NHMe, and that thé

latter spectrum is not much changed by alkali.

We then concluded, that the coloration of picrylalkjlnitramines

with alkalies had a similar cause as the colour of nitranilines {vicl.

Franchimont, Rec. irav. chim. 1910, 29, 298, 313), which is ascribed

by Hantzsch {Ber. 1910, 43, 1669) to an action between the nitro

and amino groups attached to the benzene nucleus. The coloration

of the nitramines would thus be produced by nitro groups of the

nucleus reacting with the base, the nitro group attached to nitrogen

playing only a secondary part.

In order to test this hypothesis, we have now examined several

derivatives of picryhnethylaniide, compounds of the formula Pier.

-NMeX'). For X we have chosen the nitroso group, the organic

acyl groups COC]^,, CO.Me, CO„Et and finally the phenyl group

as example of a negative group being no acylgroup. The compounds

investigated were thus picrylmethylnitrosamine Pier. NMe(NO), picryl-

methylacetamide Pier. NMe(C0CH3), methylpicrylmethylaminoformiate

Pier. N Me (CO^Me) and the ethylester Pier. NMe (CO^ Et), and picryl-

phenylmethylamide Pier. NMe Ph.

In the tirst place it should be observed that, like the nitrogroup,

also the acyl groups NO, COOH.,, CO.Me, CO^Et strongly diminish

the. colour of the picrylmethylamide. Compared with this deeply

yellow coloured amide, the nitramine, nitrosamine, acetyl derivative

and both the urethanes are only palish yellow.

These differences are clearly shown by the absorption curves.

1

Both the absorption bands of picrylmethylamide at —2390 and 2875

(see curve 15) disappear wholly; the acyl derivatives give for the

concentrations examined, only a continuous absorption in the ultra-

violet (curves 3, 5, 8, 10), just as it was found for the nitramine

{Rec. tmv. chim. 1913, 32, 332).

It must be admitted, that the presence of acyl groups in the

aminogroup of picrylmethylamide so strongly diminishes the basic

properties of this group, that it loses the power to act with a nitro-

group, and thus to produce colour.

If this hypothesis is correct, it must be possible to prevent this

reaction also by addition of a strong acid combining with the

amine group.

Indeed, picrylmethylamide dissolves perfectly colourless in strong

1) In this paper Pier, means the group 2, 4, 6trinilrophenyl.
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snlpbiiric acid. The absorption bands disappear wholly from the spec-

tiiini, and only a modest continuous absorption in the nltraviolel remains

(comj)are curves 14 and 15). For a concentration of 0.0002 gram-

molecules per litre and an absorbing layer of 100 m.m. the beginning

of the absorption is repelled by the sulphuric acid from - 2150 to

3400. This decoloration of picrylmethylamide by sulphuric acid is

just the reverse of the coloration of the nitramine with alkali. In

the tirst case the nitro groups of the nucleus are deprived of the

opportunity to combine with a basic grouji, in the latter case this

opportunity is on the contrary given.

The reaction wiili alkalies seems to be the same for the acylderi-

vatives now investigated as for tlie picrylalkylnitramines, the only

difference being that they want a little more alkali for the red

coloration. F'ormerly we found {llec. tniv. chim. 1913, 32, 332),

that a sohition of picrylmethylnitramine containing an excess of

1

alkali gives two bands at — 1975 and 2350. At nearly the same

places two bands are shown by the alkaline solutions of the acetyl

derivative (curve 6) and the urethanes (9 and 11), though one of

the bands is only represented by a flat part of the absorption curve.

The anomalous curve given by the nitrosamine with alkali (4)

will be discussed separately.

Picrylphenylmethylaraide, the last derivative of picrylmethylamide

we examined, exists in two fornis of the same dark red colour but

of different mebing points, 108 and 129". Hantzsch {Bei\ 1910, 93,

1651) calls the two forms homochromo isomerides, whilst Biilmann

{Ber. 1911, 44, 827) regai-ds them as polymorphous forms.

As Hantzsch has already observed, the spectra of the two forms

are completely equal (curve 12). It was now found, that the « and ^

forms in presence of alkalies also behave in the same way (curve 13),

so that the two forms when dissolved seem to be wholly identical.

The broad absorption band of the amide at 2350 becomes by addition

of alkali a little deeper and is' somewhat displaced to larger wave-

lengths. At the same time it undergoes a division into a flat part at

2070 and a feeble band at 2400. This agrees with the behaviour

of the other compounds with bases.

Finally we have examined the coloration of 1,3,5-trinitrobenzene

with alkali, since liere only the nitrogroups of the nucleus can act

with the base.

Whilst trinitrobenzene only absorbs continuously (curve 1), addition

43-
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of alkali produces a broad band from 2040 to 2300 (curve 2). Its

centre is at about the same place as the centre of the two bands,

Avhich show the picryhnethylamide derivates in presence ofallialies.

In the previous publication (1. c.) we mentioned a remarkable

decomposition of the alkaline solution of picrylmethylnitramine. After

a day it gave the spectrum of potassium picrate, being hydrolysed in

this way : Pier. N Me NO, -» Pier. OH + Me NH NO,.

An analogous decomposition takes place, though more slowly, with

the acetyl derivative and the two urethanes. In a few days the spec-

trum of their alkaline solutions is perfectly the same as that shown

by potassium picrate (curve 7).

With picrylmethylnitrosamine this decomposition proceeds very

quickly, much more rapidly than with the nitramine. During the few

minutes required for the spectrographic examination its alkaline

solution is already partly decomposed.

The anomalous absorption curve (4) is apparantly due to a super-

position of the spectrum of the potassium compound of the nitro-

samine with that of potassium picrate. Fiom the three bands shown

by this curve at - 2000, 2400 and 2900 the latter is ujidoubtedly

caused by the presence of potassium picrate, which gives a band at

about 2880. In the spectrum of the potassium compound of the nitro-

samine there may be expected two bands at about 2000 and 2350,

in analogy to the observations made with the other derivatives of

pier} Imethylamide. The former band is indeed present, whilst the

second band, likely with assistance of the flat band shown by

potassium picrate at 2500, is transferred to 2400. Two hours after its

preparation, the alkaline solution of the nitrosamine was again

examined ; it then showed the pure spectrum of potassium picrate

(curve 7).

The i-esults of this investigation may be expressed as follows.

The coloration of picrylmethylnitramine by alkali has the same

cause as the coloration of other derivatives of picrylmethylamide by

this reagent.

For the nitramine, the acetyl-, carboxymethyl- and carboxyethyl-

derivatives, which altogether only have continuous absorption for

ultraviolet rays, show two bands at about 2000 and 2350 after addition

of alkali. Picrylphenylmethylamide has already of itself an absorption

band, which, however, by alkali is divided into two parts at 2070

and 2400.
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The nitrogroup attached to the nitrogen atom of the nitramine

is evidently not essential for the reaction.

Further, the spectrum of triniti-obenzene with alkali, though much
differing from that of the other allcaline solutions, has yet its absorption

in about the same part
(
- 1800—2500

We may thus conclude, that in all these cases the coloration is

produced t)y a reaction of the base with one or more nitrogroups

of the nucleus.

Finally it has been shown, that the presence of a strong acid, as

well as the introduction of acyl radicals, completely expels the absorp-

tion bands of picrylmethylamide.

Chemistry. — ''ct-Salpho-proplonic acid and its resolution into

optically active isomerides" . By Prof. A. P. N. Franchimont

and Dr. H. J. Backer.

(Communicated in the meeting of September 26, 1914).

Already in 1902 a great number of di\erse chemical and bioche-

mical methods were tried by the first of us to separate the «-sul-

phopropionic acid CH3(S03H1CHC02H prepared by him ^) from pro-

pionic anhydride and sulphuric acid, into the two optical isomerides

that one might expect according to theory. Not a single one, however,

had given the desired result, although sometimes strychnine

salts with a different rotating power were obtained, but after their

conversion into ammonium salts these always appeared to be inactive.

As SwARTs ^) had stated that he certainly had obtained from

fluorochlorobromoacetic acid strychnine salts w4th varying rotating

power, but had not succeeded in isolating the optically active acids,

and as also Poncher ^), who tried to effect a separation of bromo-

chloromethanesulphonic acid by means of cinchonine, only obtained

rotating ammonium and barium salts, but no acids, it appeared as

if with such simple acids the tendency to form racemic mixtures

or compounds was very great and likewise the velocity of conver-

sion. This was provisionally also assumed in the case of «-sulpho-

propionic acid (methylsulphoacetic acid) and the experiments were

discontinued in consequence.

Still with lactic acid (raethyloxyacetic acid) Purdie and Walker *)

1) Rec. d. Tr. ch. d. P.B. 7. p. 27 Q888).

2) Bull. Ac. Belg. (3) 31. p. 25 (1896).

3) Bull. Soc. ch. (3) 27. p. 438 (1903).

4) J. ch. Soc. 61. p. 754 (1892).
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and with «-bromopropionic acid (inethjibromoacetic acid) Rambkrg ^)

Iiad obtained decided results, luit on the other liand, Pope and Read ^)

did not succeed in resolving the chlorosulphoacetic acid. The

question now arose whether perhaps the sulphogroup created the

difficuItA^ i. e, causes the rapid raceniisation. Tiiis became less

probable after Pope and Read ^) had succeeded in splitting the

chloroiodomethanesulphonic acid and had found that the optically

active acids thus obtained were not so readily transformed into the

racemic mixture. Hence, the investigation of sulphopropionic acid

was at once again taken in hand.

Both chlorosulphoacetic acid and methylsulphoacetic acid («-sulpho-

propionic acid) arc dibasic and thus can form acid salts. Moreover,

the two groups that cause the acid reaction, have a different com-

position, the one being a carboxyl- and the other a sulphoxyl-group.

and of different strength, so that as the sulphoxyl is stronger acid,

salts will presumably contain the carboxyl-group in the free and the

sulphoxyl-group in the combined state.

Whereas, previously, chiefly the neutral and mixed metallic salts

and the neutral strychnine salt had been experimented with, the

acid strychnine salt was now employed and the desired result was

obtained at once.

«-Sulphopropionic acid itself was hitherto only known as a viscous

syrup, whilst sulphoacetic acid had been obtained in crystals;

therefore we have trie'd also to obtain «-sulphopropionic acid in a

crystallized condition.

A dilute solution of the acid prepared by decomposition of the

barium salt with the theoretical quantity of sulphuric acid was

concentrated by partial freezing and draining by suction. The strong

solution was placed in vacuo first over sulphuric acid atid then

over P2O5. The viscous residue was kept for a day in an ice safe

at about 0^, when gradually large crystals were formed. The acid

thus obtained contains one mol. of water and is exceedingly hygro-

scopic. \\\ order to determine its melting point a little apparatus

was constructed, consisting of two tubes communicating with a

transverse tube, one of which contained P2O5 and the other the

«-sulphopropionic acid. After the apparatus had been evacuated and

sealed, it was allowed to stand for a few days. The m. p. of the

«-sulphopropionic acid was then found to be 100°. 5, therefore, higher

than that of sulphoacetic acid, which is stated to be 84°—86°.

1) Ber. d. D ch. G. 33. p. 3354 (1900).

2) J. ch. Soc. 93. p. 795 (1908).

3) J. ch. Soc. 105. p. 811 (1914).
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An acid strychnine salt was obtained by evaporating an aqueous

solution of the acid with the equimolecular quanlily of strychnine

on a steam-bath until crystallisation set in. The Uirge crystals that

had separated were purified by repeated crystallisation from water;

their composition then was CjHgOsS -|- C^iH^jOaN^ -{- E^O. They,

however, proved to be not the acid strychnine salt of the inactive

(racemic) f.- ulphojn-opionic acid, but of the dextrorotatory acid. On
heating, they are decomposed at about 250° with evolution of gas

and formation of a brown liquid.

As in the case of all other compounds described here, tlie rotating

power was determined in aqueous solution with sodium light at 20°.

B}' concentration c is meant the number of grams of anhydrous

active substance per 100 cc. solution. The specitic rotation [«] is

likewise calculated on the anhydrous substance. The molecular

rotation has, of course, the same value for the anhydrous and the

hydrated crystalline substance.

For the acid strychnine salt was found at c = J.938,
[«]^o ^ _ 140 (5 and [MY^ = — 71°.4.

By way of comparing, strychnine hydrochloride was also investiga-

ted and at cirr 1.297 was found: [«] == - 30^.2 and [JYJ =— 112° ^).

The acid strychnine salt of «-sulphopropionic acid investigated is,

therefore, presumably that of the dextrorotatory acid.

In order to obtain this acid, the acid strychnine salt was first

decomposed with the theoretical quantity of barium hydroxide ^).

After complete separation of the strychnine by extracting the drained

off liquid witii chloroform, the neutral barium salt was precipitated

by addition of alcohol. This salt is laevorotatory.

*For c=: 1.764 was found [«]= — 4°.96 and' [J/] =— 14°.4.

From this salt the active «-sulphopropionic acid was liberated by

1) This value agrees fairly well with the constant [ilf] =— 114° found by Pope

and Read for a somewhat different concentration. J. Chem. Soc. 105, p. 8:20 (1914).

2) The acid strychnine a-sulphopropionate can be titrated with baryta water and

a suitable indicator such as methyl-red which is sensitive to feeble bases. It may

also be titrated with litmus to violet-blue. If however, phenolphthalein is used which

is but little sensitive to weak bases such as strychnine, the colour does not appear

until also the second acid group combined to the strychnine has been neutralised

by the inorganic base. As the change in colour is fairly sharp, both with methyl-

red and phenolphthalein, the titration forms an interesting application of the

theory of indicators. Still more remarkable becomes the experiment, when

both indicators are used simultaneously. The methyl-red passes into yellow after

addition of a semi-molecule of barium hydroxide, the phenolphthalein then being

still colourless; so soon, however, one mol has been added, the violet colour of the

phenolphthalein salt appears, unaffected by the pale yellow colour of the naethyl-red.
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the theoretical quantity of sulphuric acid and its rotatory power

was then determined.

For c= 0.645 was found [«] = + 31°.6 and [M] = -}-4.S°.7.

In another preparation was found for c= l.S5, [«] i= -[- 32°.0

and [J/] = + •49°.2.

Therefore, it is the de.vtrorotatori/ acid, whose neutral barium salt

is laevorotatory

.

It was now tried to obtain also this dextrorotatory acid in the

solid condition. The solution was, therefore, concentrated in vacuo

first over sulphuric acid and then over PjOg. The viscous mass did

not crystallize on cooling, but did so slowly after a trace of the racemic

compound had been introduced. The crystals are exceedingly

hygroscopic, melt between 81° and 82° and contain one mol. of water.

As the neutral barium salt of the dextro «-sulphopropionic acid

rotates in the opposite direction of the free acid, it became of

importance to investigate also the acid salt. For this was found

at c= 0.776

[«] ^ _|- 18°.0 and [J/] = + 79^8 or r= 2 X 39°.9 ').

The acid potassium salt gave at c = 0.516 the values:

[«] = + 23°.8. [M] = + 45°.7.

The acid metallic salts of dextro «-sulphopropionic acid are, there-

fore, dextrorotatory like the acid itself. The racemisation of dextro

«-sulphopropionic acid and its salts was also tried.

The aqueous solution, at c = 0.645, when heated for six hours

at 100, suffered no appreciable racemisation, the rotation remaining

unchanged.

A solution of the barium salt at c==:1.28 after being heated for

eight hours at 150° was racemised to the extent of 807o-

A solution of the potassium salt at c = 0.64, which also contained

2 7o of free potassium hydroxide, was completely racemised after being

heated for eight hours at 180\ An excess of free base thus seems to

accelerate the racemisation ^), althougli also the temperature, the

1) As the molecule of the acid barium salt contains two groups of the sulpho-

propionic acid, it may for the sake of comparison with the other rotations be

written more conveniently [itf] = 2 X 39°.9.

~) This would agree with the rule given by Rothe Ber. d. D. cli. G. 46. p. 845.

(1914), that active carboxylic acids, the ^.-carbon atom of which is asymmetric and

carries a hydrogen atom, are readily racemised under the influence of alkalies. He

tries to explain this by assuming that, owing to the base, enol formation takes

place in the molecule, thus causing the asymmetric carbon atom to disappear

temporarily.
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concentration and the duration of the reaction may exert an

influence.

In the motherliquor, from whicli the acid stryclinine salt of the

dextro-acid iiad deposited, there should still be present that of the

laevo-'dcid, this being more soluble. On addition of acetone a preci-

pitate was obtained which could be recrystallized from absolute

alcohol. Of course, it still contains a trifle of the less soluble salt

of the antipode, but yet in one of the preparations it was obtained

in a fairly pure condition.

For the rotating power at t;=: 1.658 was found [«] = — 27°.

7

and [M] = — 135°. The concentration does not seem to exert a

great influence on the specific rotation, for, at c= 8.424 was found

[«] = — 27^.4 and [M] = — 134°.

From this acid strychnine salt of the /-acid the neutral ammonium

salt was prepared. This gave for c— 3.113 the values [a] = + 7°.9

and [J/] = + 14°. 8. The neutral ammonium salt of the /-acid is

therefore, dextrorotatory

.

If (0 a solution of the ammonium salt is slowly added dilute

sulphuric acid, the dextrorotation diminishes, becomes zero and then

changes to a laevorotation, which Anally remains constant, as soon as

all the organic acid has been liberated. The rotation for the /-acid,

at c = 2.449, amounted to [a] == — 29°.8 and [M] = — 45°.8.

Although we have not prepared the /-r?-sulphopropionic acid in a pure

and solid condition, it appears from the experiments in quite a

a?-acid

[A [M]

/-acid

MD [M]D

s;-sulphopropionic acid C3H6O5S

acid potassium salt C3H5O5SK

acid barium salt (CsHaOsS)^ Ba

acid strychnine salt

C3H605S.C2,H2202N2

neutral ammonium salt

C3H405S(NH4),

neutral barium salt C3H405SBa

+ 32^
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satisfactory manner that a resolution lias been effected of the racemic

«-sulphopropionic acid.

The specific and molecular rotations of the compounds investigated

are united in the subjoined table. It should, however, be remarked

that the values of the /-acid and its derivatives are less trustworthy

because the acid has not been quite pure.

It deserves notice that the molecular rotation of the «-sulphopropionic

acid (49°. 2) is certainly somewhat stronger than that of the «-bromo-

propionic acid \) (44°.4) although the bromine atom (80) differs but little

in weight from the sulpho-group (81); still this may perhaps support

the view that the weight of the group influences the rotatory power.

If for instance, we compare with the rotation of «-ethylpropionic

acid^) (18°.2) we notice that both the rotation and the weight

of the group (29) are less.

More interesting seems the fact that the rotation of the neutral

metallic salts is much less than, and of an op[)Osite sign to that of the

acid metallic salts and the acids tliemselves, particularly in connexion

with what has been stated at the commencement, namely that it

concerns here a dibasic acid with two groups of different ionisibility

which cause the acid functions.

Although the phenomenon that salts of optically active acids

possess a rotatory power contrai'y to that of the acids themselves

was observed previously, for instance with lactic and glyceric

acids, the example now found seems a more simple one, because

there are not present any groups that can react on each other, and

because it may be called highly improbable that in the circumstances

stated the carboxyl- and the sulphoxyl-group should react on each

other. Consecpiently, the rotation will, probably, be less dependent

on concentration, temperature, age of solution etc.

In conclusion, it may be remarked that the laevorotation of the

acid strychnine salt of the ^/-«-sulphopropionic^ acid as compared

with that of strychnine hydrochloride, amounts to about as much

less as the dextrorotation of the acid metallic salts.

1) Ramberg. Liebig's Ann. 370. p. 23 i (1909) gives [:«] = 29°.0, whence [M] = U°A.

~) ScnüTZ & Marckwald. Ber. d. D. ch. G. 29. p. 59 (1896) [«] = 17°.85,

hence [if] = i8\2.
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Physics. - - "A neio electrometer, specialii/ arranged for radio-active

investiqations" . Part I. By Miss H. J. Folmkr. (Communicated

by Prof. H. Haga).

(GommunicatL'd in the meeting of May 30, 1914).

Introduction.

In trying to find an accurate method for measurements of the

natural ionisation of air in closed vessels, radio-active radiation of

the elements, etc., researches in which very small ionisation currents

are to be measured, it seemed to me that the need is felt of an

electrometer, which, besides possessing a great sensibility of charge,

will also be able to measure \ery minute currents with accuracy.

As to the mentioned conditions, the latter is fulfilled by C. T. R.

Wilson's electroscope (the gold-leaf type), which owes this favour-

able quality to the very simplicity of the system; this namely renders

it possible to bring about the ionisation which is to be measured, in

the air contained in the apparatus itself, to avoid connecting wires,

together with electrostatic and other influences, the disturbance

caused by insulators being confined to that of a single one. In my
opinion this is the reason that this electroscope is generally preferred

for various measurements requiring great accuracy to say a sensitive

DoLEZALEK electrometer, which lacks these advantages, notwithstand-

ing the fact of a much greater sensibility of charge óf the latter
;

in consequence of this sudden changes in the natural ionisation of

air in closed vessels, for instance, the existence of which is accepted

by many investigators, cannot manifest themselves clearly when the

electroscope is used ; moreover measurements of small currents will

take much time.

This has led me to construct an electrometer, the principle and the

method of working of which I shall discuss in what follows, and

which in my opinion can supply the mentioned need. It appeared

from the results obtained, that with this apparatus currents can be

measured both very accurately and very sensitively ; accordingly

it seems to me, that for these reasons the apparatus may be very

suitable for various radioactive researches requiring the above

mentioned qualities, as was also corroborated by experience.

Description of the yrincijjle of the apparatus.

In the figure a schematic representation of the arrangement is given ^);

the apparatus consists of:

^) An accurate description of the apparatus will follow in a 2nd communication.
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two separate spaces, viz. tlie

measuring space c : a flat brass

cylinder, and the ionisation space

ƒ: a brass cylinder of volume

1 litre ; the two cylinders are

insulated from each other by

ebonite.

In the measuring space is the

metal needle b, supported in the

middle by a second metal needle

(/. insulated by amber ; b -\- d

together form the conductor, which

is charged by the ionisation current.

In c is also found the very thin

aluminium strip a, which a few

mm. above b is fastened to a thin

metal rod with mirror, suspended

on a Wollaston wire, which is

fastened to a torsion head insulated

by means of ebonite.

Through a perforation in the amber and in the ebonite a rod /

can be brought in contact with the needle (/.

In this way a, b -\- d, c, and ƒ, can therefore be separately brought

in a conductive connection with a storage battery or with earth
;

c rests on a bottom plate, to which legs are fastened which support

the apparatus.

The charging of the apparatus before use.

In what follows we shall examine from the course of the lines of

force, what state arises in the space c, and how this takes place,

when the system is charged : the lower cylinder ƒ is of no

account as regards this, as it does not belong to the measuring

system proper.

The method of charging is founded on this that the two needles

a and b, which with untwisted position of a form an angle, let us

say of 30°, will still have this position with respect to each other,

when the system is in the charged state, in which latter case, however,

lines of force run between the different conductors.

We begin to charge a to a constant potential, e. g. to, + 20

volts, keeping b and c still at potential volt. If for the sake of

simplicity we first imagine the state as it would be without the

presence of b. the course of the lines of force would be as follows:

lines of force would start from a, and end upon the bottom, the walls,
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and the lid of c ; in consequence, however, of the unequal distance

from a to those diiFerent parts of c, the potential gradient pei- unit

of lengtii or the electric force, as also tlie density of the lines of

force, or the value of the tensions directed along the lines of

force in the space round a would be of very nnequal value ; how
great, however, the variation in ditFerent directions might be, yet

there would be complete symmetry in the course of the lines of

force with respect to the vertical plane in which the needle itself

is situated. The presence of l>, however, disturbs this symmetry in

the following way :

1. The lines of force starting from a in the direction of /; will

no longer end on c, but on b; besides, on account of their diminished

length, therefore on account of the increased electric force, they

become there denser than before.

2. There will be inflection of lines of force; some lines of force,

viz. those which, when not subjected to the influence of h, would

run beside b from a to c, w'\\\ pass into lines of force from a to h

under the influence of b.

This disturbance caused by b will give rise to the formation of a

resulting electrostatic couple, acting on those halves of the side faces

of a, which are directed to the side of the acute angle between a

and b, so that consequently a is deflected to the side of b, and the

angle between a and b will become such that the formed torsion

couple of the suspension wire will be in equilibrium with the

electrostatic directive couple.

In order to make a return to the untwisted position, c is charged

to a negative potential, which brings about the desired change; for

'I. then (he density of the lines of force between a and c will

increase, which causes a slighter variation of lines of force on those

halves of the sides of a which are directed to the side of the acute

angle between a and b
;

2. some lines of force between a and b will deflect and become
lines of force between a and c.

In case of a sufticient negative i)otential of c the above mentioned

electrostatic resulting couple will be annihilated through this change.

The course of the lines of force has now become more symmetrical

(of course not quite), while a returns to the untwisted position.

In this way e. g. a state of charge is realized for a z= -]- 20 V.,

6 = v., c =1 — 3 V.

For the sake of simplicity a whole number was taken for the

potential of c, the consequence of which is, that in the final state

the needle is only approximately in the untwisted position.
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Measuring method of ionisation currents.

A quantity of radio-active substance is placed on the bottom of

tlie ionisation cylinder ƒ ; the system is charged to the state : -J- 20 V.,

v., — 3 V.
; ƒ is then brought to a potential value, dependent on

the strength of current to be measured. While a, c, and /maintain

their potential values, b is insulated by breaking the contact with /;

the ions formed, let us say the positive ones, will then charge b to

a constantly increasing potential, with the consequence that the

number of lines of force between a and b will decrease, and a

couple will be formed, which will cause the needles to slowly recede

from each other, and that the quicker as the current is the stronger

(to return later on to particulars of the motion).

Consideration.

It will be seen from the arrangement of the electrometer, how the

before mentioned advantages of the WiLSON-electroscope are realized in

it ; in the space ƒ namely the ionisation current is directly carried to

the needle b -f- d, this needle being perfectly insulated by a single

piece of amber. The separation of ionisation space and ineasuring

space has, moreover, this advantage that the measuring system is

not contaminated with radio-active impurities, while the ionisation

space and the rod d, which can be removed, as regards the part

that lies in f, can be easily cleaned.

As to the measuring sj'Stem proper, the principle, of it differs from

that of the quadrant electrometer ; it has been thus cliosen on purpose

that the lines of force formed by the ionisation current contribute

as much as possible and as favourably as possible to the movement

of the needle a.

This is not the case in the quadrant electrometer; there namely

the movement is caused by the lines of force which run between

the quadrants and the rims of the~ needle, whereas the vertical lines

of force between needle and quadrants do not contribute anything to

the moving couple.

In my opinion it would not be possible to modify the quadrant

electrometer in such a way that, while maintaining the principle of

the quadrants, many lines of force are not retained at the same time

which in a measurement either give no movement, or will even

counteract the movement. The latter might be possible, if the flat

needle should be replaced by a horizontal wire, in which way a

large horizontal surface is, indeed, avoided, but on the other hand

the formed lines of force would act on the two sides of the needle,

when the latter is rotated. The advantage of the described apparatus
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lies ill this that (ho lines of tbroo between a and h, which are

subjected to a change on ionisation, will mostly ariee on odi' side

of the vertical strip. This removes the last mentioned drawback, a

large injurious horizontal surface also being avoided. I think that

with this apparatus I have obtained a sensibility of charge, greater

than is possible with a DoLEZALKK-electrometer, the same thickness

of wire given.

The realization of a greater sensibility of charge.

The sensibility of the apparatus appeared to be capable of great

variation, the suspension wire being left unaltered, and that by

varying the state, of charge, whereas, for the rest, the method of

charging and measuring remains the same. To make the system

more sensitive, a is not charged to + 20 V, but say to -|- 32 V,

after which a negative potential value is imparled to c such that a

has turned back to an almost untwisted position. The potential of

c will also be more strongly negative, of course, for this state than

for the state (-f 20.0, — 3) V; the state of charge will then become

e. g. (+ 32,0, - 6) V.

In order to understand what causes this modification of charge to

bring about greater sensibility of charge, we must examine in the

apparatus 1. the variation of the potential sensibility. 2, the variation

of the value of the capacity ; for these two factors together determine

the sensibility of charge.

i. The former is to be found from the curves I, in which examples

of some states of charge are given ; to investigate the potential

Cl



664

sensibility h was increased every time by 2 Volts in potential

for every state separately. The state, as indicated over every

curve, always represents the initial state. All the measurements

following here were made with a provisional apparatus ; the suspen-

sion consisted of a Wollaston wire 7 ii thick, and 97 mm. long.

(Scale distance 1.5 m.).

From these curves appears the greater potential sensibility of

the system for greater potential difference between a and h ; for the

state (+ 32.0, —6) V e. g. a displacement of almost 700 mm. was

fuund for 2 V potential increase oï h; for (-f 8.0, — 2) V it amounted

to it 500 ram. for 20 Volts. The state (+32.0, —6) V does not

represent the most sensitive state that could be obtained.

I think the cause of this greater potential sensibility is the

following

:

When a recedes from h in consequence of a potential increase

of h, which is brought about by increase of charge of ó, the negative

induced charge on b will diminish in consequence of this motion,

or rather the potential value of b will be c//mz?2«Vié?c/; for a positively

charged body {a) recedes from b. The greater the potential difference

is between a and b, the greater will be the potential diminution in

question for a definite angle; in other words the potential diminution

of b required for a receding of a over a definite angle will be the

less, i. e. the potential sensibility will be the greater. Besides the

said change of the induced ciiarge at the same time increases the

angular displacement, which is another reason for greater potential

sensibility.

2. It follows from the foregoing, that greater potential sensibility,

obtained in this way, must be attended by an increasing capacity

;

for when through a definite addition of charge to è in a state with

greater potential difference between a and b a slighter potential

increase will set in in consequence of the motion of a, this will imply

a greater capacity of b. Capacity measurements (method Harms,

Phys. Zs. 1904) give the same result; the capacity in the state

(4-8,0— 2) V amounted namely to 5,2 e.s. units; that in the state

(-|- 20,0— 3) V 6,0 e.s. units. Both values are the mean from a great

many determinations.

What is the reason why, in spite of this increase of capacity, the

increase of potential sensibility more than counterbalances it, will

appear from the application of the following consideration of the

capacity.

Though for an electrometer tiie sensibility of charge is in direct

ratio to the potential sensibility, and at the same time in inverse ratio
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lo tliG value of tfie capacity, it does by no means follow froni this

that the sensibility of charge will be greatest for a capacity as small as

possible, and a potential sensibility as great as possible ; for the latter

quantities are not independent of each other, as appears clearly among

others in what was said under 2. therefore I cannot entirely concur

with Labordk's statement, in his : "Methodes de mesure, employees

en radioactivité, page 66", where he says : "I'appareil le plus sensible

aura une grande sensibililé aux Volts et nne faible capacité" ; in

this statement the above mentioned relation is namely not taken

into account.

Thus in consequence of the existing mutual dependence of capacity

and potential sensibility it will be possible — and it will be shown

here that this really applies to the discussed electrometer — that

it will be favourable for the sensibility of charge, to take the capacity

not as slight as possible, when namely an accompanying increasing

potential sensibility more than compensates the disadvantage of

this procedure.

That this case presents itself in the described apparatus may be

shown by first examining of what the capacity of the apparatus, i.e.

of the needle h-\-d really consists. This capacity consists of : capacity

of the part h, which refers to arising or vanishing lines of force

leading to a or c, and capacity of d.

Now 1 would distinguish in this capacity between

:

a. useful capacity, by which I mean capacity which has an influence

on the motion of a\

b. injurious capacity which lacks this influence, and which is really

a disadvantage here, because it binds charge of the ionisation

current without making it demonstrable* Of the above mentioned

capacity only that corresponding to the lines of force between a and b

is certainly almost entirely useful capacity (see below); the rest is

injurious.

And in this lies the cause why the state with greater potential

difference between a and b, though attended with greater capacity,

can yet mean greater sensibility of charge; for this increase of capacity

concerns here the capacity of b with respect to a; this is increased,

(according to 2) hence the useful capacity of b is increased; the

greater now the ratio of useful to injurious capacity is, the greater

the sensibility of charge.

For the rest, as regards the value of the injurious capacity in the

apparatus, the following remarks may be made:

1. The injurious capacity of d with resj)ect to ƒ will not be of

great influence, since the distance to / is great.

44*
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2. So far the lines of force starting from the lower rim. of a, ot*

from the bach of a, ending on b, were not taken into account;

they represent injurious capacity. This iniluence will make itself

slightly felt in the middle of the needle, but will have little effect

there on the motion.

3. It is difficult to say anything definite about the value of the

injurious capacity of b with respect to c.

At any rate it w ill also appear from what follows, how for very

sensitive states the total influence of the injurious capacity may

almost be disregarded.

In the case of the quadrant-electrometer, on the other hand, the

injurious capacity is that of large surfaces with respect to a metal

needle lying close by.

Before confirming what has been said above about this increased

sensibility of charge for greater potential differences between a and

b by the communication of some experimental results, a few par-

ticulars may be added about the mode of motion of the needle

during the current measurement.

Mode of motion of the needle during the current measurement :

When the needle b is charged starting from potential V by

means of an ionisation current, when therefore the potential

difference between a and b decreases, a will l)egin to move away

from b ; consequently a motion of the scale division under the

crosswire will take place through the reflection of the mirror, which,

however, will not be uniform. For the different positions occupied

by a both the potential sensibility and the value of the capacity of

b will be different ; for the smaller the angle with b, the greater is

the potential sensibility, as well as the capacity.

The causes are the following: 1. With a smaller angle the distance

between a and b is smaller and therefore the diminution of the

induced charge for a definite change of angle greater.

2) With a smaller angle the potential difference itself is also

greater, and this again causes a greater decrease of induced charge

for a definite angle.

For both reasons greater potential sensibility, but at the same

time greater capacity is to be expected at a smaller angle, but here

too for the same reason as for conditions of charge with greater

potential difference between a and b, the result will be a greater

sensibility of charge

In agreement with this the curves I show, how for e\ery state of

charge the potential sensibility decreases with greater angle between

a and b.
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Capacity determinations gave tiie furtlier result that the caj)acit3'

amounted to 5.75 e.s. units for the state (-f- 20,0— 3) measured from

an angular displacement (recession), corresponding to 550 mm. scale

displacement, whereas it gave the value 6 e. s. units, when this dis-

placement only extended over 250 mm.
Measurement of the current.

With the different above mentioned states of charge ionisation

currents were measured, obtained with two different very slight

quantities of polonium, which were placed in a dish on the bottom

of ƒ; the larger quantity is called A, the smaller B. The velocity

with which the scale moved under the cioss wire was determined,

and then the intensities of current were derived in absolute measure

from this by means of the knowledge of the capacities and potential

sensibilities holding for some of the states of charge.

The curves II represent the result of the measurements for the

quantity A ; it appears from this, that in accordance with expecta-

tion the sensibility of charge increases for states with greater potential

difference between a and h ; at the same time this confirms what

60
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sibilities to determine the currents for A and B in ampères, from

C X V-increase per seo.

the formnla : i i
= :r;zTz , in which C represents

9 X 10^1

the capacity of the needle b -\- d. As mean values from the values

for the 3 most insensitive states we thus obtained :

24 = 1.3 X 10-13 (quantity B)

Ia — 3.3 X 10-'3
{ „ A)

Limits of sensitivitij of the apparatus.

Besides being dependeiit on the state of charge of the system, the

sensibility of charge can also be modified by varying the thickness

of the suspension wire and the angle between the needles.

It was now of interest to ascertain how far the infinence of

a change of the state of charge in this respect could extend, how

far in other words the apparatus might gain, resp. lose sensibility

of charge by a constantly increasing or diminishing potential difference

between a and b. Experiment showed, that there are limits on either

side, at which the apparatus presents a very peculiar character;

this will successively be examined for a smallest sensibility, and

then for a greatest sensibilitj^

a, Limit of smallest seyisibiiiti/.

Though for the just mentioned state of charge (-[- 8, 0, -|- 2) V
the phenomena were similar to those for the other states of charge, yet

the limit of sensibility appeared to be close in the neighbourhood,

viz. at the state: (-f- 4, Ü, 0) V ; this will most clearly appear from

the experiment in which the potential sensibility was examined by

15

21
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the regular increase of the potential value of h. It appears from

curve III how, in contradistinction with the other states, a tirst

recedes from b, and then approaches b again.

The explanation of this deviation from tiie ordinary phenomena

is very obvious; for the potential value of a being low, b \N\\\soon

rise above this value in potential value, and this more and moi-e;

hence the diminution in lines of force between a and b tirst con-

tinues, till the potential value of b has risen to -1-41^; then lines

of force arise again between a and b, whose number increases with

the rise of the potential of b, so that finally the needles will, instead

of receding, approach each other.

In accordance with expectation it appeared from the experiment

for the current measurement that the needle first receded from b,

stopped, and then approached b.

This state of charge appeared, therefore, to be unsuitable for the

current measurement, of course under for the rest entirely definite

circumstances of thickness of wire, height, and angle of the needles.

b. Limit of greatest sensibility.

In the following examples of states of charge illustrating this

case a certain difference with the foregoing ones may be observed;

for the rest this modification was taken voluntarily ; b is here

namely in the initial state already at positive potential, while the

potential value was lowered during the measurement, in other words

in contrast with the preceding cases a approached to b through

increase of the lines of force between a and b.

In the following examples the potential decrease for b amounts

every time to 2 F, and it is always stated how much then the

deviation is for a, expressed in mm. of scale displacement.

state (+ 80, + 40, + 36,) V.(1)

(3)

(5)

state (+ 80, + 60, + 60,) V.

b +58 V. 82 mm.
„ + 56 „ 85 ,,

., +54 „110 „

„ +52 „145. „

„ +50 „250 „

state (+ 80, + 30, + 26,) V.

b + 28 V. 201 mm.
„ + 26 „ the needle

turns.

state (+120, + 40, + 32) V.

b + 38 V. the needle

turns.

(2)

(4)

(6)

b
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The phenomenon that occurred now was the following: when e.g.

in the 3'^' state h was charged to -|- 26 V, after ha\ing tirst been

brouf>-lit to -f- 28 V, we did not once more observe a deviation which

amounted to somewhat more than that for the change of the

potential value of b from -f- 30 V to +28 V (since the sensibility

at smallei' angle increases), but a passed over so great an angle that

the whole scale disappeared from the field, and a assumed almost a

position parallel to b: the needle turned suddenly. In state 4 this

phenomenon occurred immediately at the first potential decrease of

b with 2 V, and the same applies to the 5''' and 6'^' states,

whereas in contradistinction with this the first state exhibited stable

states throughout the scale for definite potential values of b.

The experiment seemed tiierefore to point to the existence of an

unstable state of equilibrium of a, which gradually shifted to an

increasing angle with b as the state of charge became more sensitive.

To ascertain, whether this displacement was a gradual one, the

turning point was approximated as nearly as possible for every state

separately; this was done by diminishing b in poteutial value not

by 2 Volts every time, but only by parts of 1 Volt. The result of

this was that, as had been expected, the 2"^ and 3''^ states were

still realisable throughout the tcale, the 4''', b^^\ B''» states on the

othej' hand only partially, but again in such a way that the said unstable

state of equilibrium, hence the turning point, occurred at a greater

angle, as the state of charge was more sensitive.

When after the turning a had reached its new state of equilibrium,

it was not possible to make a return to its position through a slight

potential increase of b, which, considered in itself, would give rise

to a state of charge with a stable equilibrium outside the region of

turning. This too pointed to the existence of an unstable equilibrium.

The explanation of the existence of such an unstable equilibrium

at the point of turning seems to me the following:

In what precedes the change was already discussed of the

induced charge on b, in consequence of an angular displacement

of a; we saw how this change takes place for a definite angular

displacement to a greater degree, the greater the potential difference

is between a aud b, and the smaller the angle is between the needles.

Taking this into consideration we may ask what will take place

when e.g. the state (+ 83, -f- 30, -|- 26,) V is realized, and when

the negative charge is continually supplied to b.

In this the ratio of useful to injurious capacity will namely con-

tinually change for the before-mentioned reasons; it will become

continually greater; at a definite p,ngle the influence of this injurious
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capacit}' can even all but vanish. Tliis circunislance can also be

expressed thus, that then even a supply of negative charge will no

longer make the potential of b go down, because the approach of

a to b brought about by this supply just compensates the expected

potential decrease.

- The angle, for wliiv'i this consideration holds, will still be found

outside the region of turning and may be realized by means of a

storage battery.

If more and more negative charge is added at this angle to b. e.g.

through an ionisation current, the potential value of b will even

continually rise in consequence of the preponderating influence of the

approach of a to b. F'inally the state becomes this, and it is then

that the turning takes place, that for a further approach of a to b a

supply of charge to b is not even required any longer. For the mei-e

induced charge on b called forth by the approach will be more

than sufficient to give rise to an electrostatic couple, which can be

in equilibrium with the formed torsion couple.

That, however, in case of such a turning the parallel state is not

entirely reached, which was already pointed out, maj^ be accounted

for in this way that the lines of force between a and b at decreas-

ing angle will also act on the back of a in appreciable quantity,

and this more and more as the angle becomes smaller, so that through

this circumstance the electrostatic couple, which tends to make the

angle between a and b smaller, is counteracted. It will follow from

this, that after the turning, the two needles will always continue to

form a (generally small) angle with each other.

It follows therefore from this explanation of the angle of turning,

as was already pointed out on p. 547, that, when the measure-

ment is made in the neighbourhood of this angle, the capacity which

must then be taken into account, will chiefly consist of useful capacity,

by which the sensitivity of the state is to be explained.

In conclusion a single example of a measurement of air-ionisation

and of Uubidium-ionisation.

In these measurements the needle a was brought to potential zero

;

the state of charge was :0 V.,— 26 V., — 32 V.

The ionisation space contained only air ; volume 1 litre ; the

number of seconds successively fouiid for the passage through 10 mm.
was: 43, 24, 31, 32, 55, 55.

Then a quantity of Rubidium salt was placed in a dish with an

area of 50 cm^ on the bottom of/; it was found that successively :

9, 10, 10, II seconds were required for the passage of 20 mm. In

this case ƒ was at -j- 80 V.

Physical Laboratory of the University at Groningen.
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Chemistry. — ''The metastahle continuation of the mixed crystal

series of pseudo-components in connection loith the phenomenon

allotropf. II. By Prof. A. Smits. (Communicated by Prof.

J. D. VAN DER Waals).

(Communicated in the meeting of Sept. 26, 1914).

In the first communication on this subject ') different possible

continuations of the mixed crystal series in the raetastable region

have been discussed, in which chiefly the mixed crystal phases

coexisting with liquid were considered.

The metastable continuation of the coexistence of two mixed crystal

phases was only mentioned in a single case, where namely continuity

of the mixed crystal phases in the metastable region was supposed.

It is now, however, the question what can be said of this

coexistence for the case that the said continuity does not exist. We
consider, therefore, one of the figures from 7 to 12 inclusive from

the previous communication, and ask what can be predicted about

the metastable continuation of the lines j) and m.

On the whole a transgression of the melting temperature without'

melting setting in, or in other words supersolidification, is considered

possible also on slow rise of temperature. The continuity discussed

by Van der Waals between the sublimation line a b and the melting

point line i^ c of a single sub-

stance, see fig. 1, starts from

this supposition ; we shall, there-

fore, also here have to take the

possibility into account that the

melting fails to appear at the

eutectic temperature, and that

the coexistence continues to exist

between the two mixed crystal

phases. It is, however, the ques-

tion w^hether this possibility is

limited. It follows from the con-

tinuity between the sublimation

line and the melting-point line

pj j^
considered by van der Waals that

such a limit has been assumed

for the coexistence between solid -|- vapour and solid -{• liquid.

1) These Proc. XVI p. 1167.
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Above the temperature of tlie higher cnsp e, and below the pressure

of the lower cusp d, the solid substance can no- longer exist by

the side of the gas resp. liquid.

For our purpose the cusp c is tlie most important, for this point

expresses that there exists a limit for the coexistence solid -[- gas,

which implies that the orientated condition of the molecules in the

solid substance coexisting with its vapour cannot exist an}' longer

at a definite temperature, in consequence of the increasing molecular

motion. If this holds for the solid substance in coexistence with

vapour, there must also be a limit of existence for the solid substance

ivithoiit vapour, and as the contact with the vapour will diminish

the stabilit}^ of the solid state in consequence of the molecular

attraction between the molecules in the solid phase and those in the

gas phase, we may expect that the limit of existence of the solid

substance ivitliout vapour will lie at a higher temperature. This

temperature limit of existence will vary with the pressure, and thus

we shall be able to draw a line uv in the PT-figure indicating the

limit of eMstence of the solid substance.

For a binary system this holds of course, for both the components.

When, therefore, we pass from the triple point of the components

to the quadruple point, we get something similar. As Dr. Scheffer

has demonstrated ') and as is expressed in Fig. 2, the lines for

Sa -\- Sb -\- 0. Sa -\- Sb-\- L merge continuously into each other

Fig. 2.

also by means of a ridge with two cusps and an unstable inter-

1) These Proc. XIII p. 158.
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mediate portion, and here a line pq can be given for the Uinit of

coexistence of Sa + Sb , because either Sa or Sb has reached its

limit of coexistence there, wiiich makes it impossible for the said

coexistence to occur an}^ longer.

It follows therefore from this that the lines /; and }n extend

metastable to a definite temperature above the eiitectic one.

Transition from monotropi/ to enantiotropy.

As is known it often happens that a substance under the va|)Our

pressure presents the phenomenon of monotropj. whereas nnder

higher pressure enantiotropy takes place, as has e.g. been indicated

in the PT-figure 3.

The theorj of allotropy again enables us to get a clear insight

into the signification of this phenomenon.

Suppose the 2',.Y-figure 4 lo hold for a pressure above the triple

a

A

/
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pressiive. For onl}' in this case e.g. tlie situation of the line for the

internal eqnilibriiini in the li(|ui(l with respect to the j)scudo s^yslem

will shift with the pi'essine, and if tiiis displacenient is snch tiiat

the point ^ moves downward with respect to the pseiido binary

TjA^-figure, /.^ will coincide with c, ^S'^ with d and >S'2 with e at a

given pressure, or in other woids under this pressure two solid

moditications of the unary system will be in ecpiilibrium with each

other and with their melt at a definite temperature (triple point

temperature).

At this temperature the two modifications have therefore the same

melting-point pi'essure, so that this temperature can also be called

a transition temperature under the melting-point pressure.

If we raise the pressure still more, we get a 7',,i'-figure as given

in Fig. 5, from which it appears that whereas the direction of the

lines for the intei'ual equilibrium in the solid phase excluded the

appearance of a stable point of transition at lower pressure, it must

now at higher pressure neces-

-/ .sarili/ lead to a transition point.

We see further that the solid

phase which appears at the

stable point of solidification now
lies on that mixed crystal line

on which the solid phase of the

metastable melting equilibrium

lay before, and vice versa, so

that the form of crystallisation

of the solid phase at the stable

point of solidification will now
be equal to that in which the

metastable phase showed itself

at a pressure belotu the transi-

tion pressure.

On further increase of pressure

the points I^ and s^ move still

more to the left, and the transi-

tion equilibrium gels deeper and deeper below the equilibrium of

melting.

The P, T-projections of the points s^ and I^, at different pressures

will form the stable melting-point line, that of the point s^ and /j

the metastable one,'-- whereas those of the points .s''.^, s\ form the

transition line as indicated in fig. 3.

It therefore appears from the foregoing that the transition from
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monotropv into enarïtlotropy can be explained in a simple way
by means of the theory of allotiopy.

Now the question rises where the transition line eo^ starts from.

A possibility has been given in tig. 3, from which follows that the

transition line starts in a metastable point of transition under the

vapour pressure 0^. This is the view to which lead Ostwald's ^) and

Schaum's '^) assumptions on the existence of a metastable point of

transition under vapour pressure '). Now it is the question whetlier

this is tiie only possibility. It has been pointed out just now that

the metastable coexistence is confined between the two mixed crystal

series md and pe (see Fig. 4), and as the metastable point of

transition arises by intersection of the internal equilibrium line of

the solid phases with the above mentioned mixed crystal lines, it is

clear that it may happen that this intersection does* e.g. not exist

under the vapour pressure.

If in such a case enantiotropy does occur at higher pressure, the

transition line will proceed in a metastable way up to that pressure

and that temperature at which for the tirst time an intersection

between binary mixed crystal lines and internal equilibrium lines

takes place, and there the transition line will then suddenly terminate

in a point that indicates the

limit of existence of the

coexistence between two solid

phases which are in internal

equilibrium, as fig. 6 shows.

Now it is clear that the

main cause of the transition

from monotropy to enantio-

tropj can find its origin

exclusively in this that the

situation of the pseudo figure

varies more greatly with the

pressure than that of the

unary figure, but in by far

the most cases, namel}' there

y where the pseudo components

Fig. 6. are different in molecular
sizes, the situation of the pseudo figure will vary less with the

1) Z. f. phys. Chem. 22, 313 (1897).

2) Lieb. Ann. 300, 215.

^) Cf. also Bakhuis Roozeboom, "Die Heterogenen Gleicbgewichte" I, 187.
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pressure than thai of the internal equilibrium, and the phenomenon

discussed here will have to be attributed to this siipeiposilion.

In conclusion it nmj be pointed out that other particularities may
still present themselves, when the internal equilibrium line of the

liquid phase under the vapour pressure lies so much on one side

that there exists no meta-

stable melting point under

this pressure. If we now
think that this case occurs,

and that the internal equili-

brium line for the liquid

phase under the vapour

pressure lies greatly on

one side towards the right,

and that this line moves

towards the left on increase

of pressure, we get what

follows : The phenomenon

of phase allotropy ') is wanting under the vapour pressure, monoti-opy

can however, occur at higher pressure.

The metastable melting-point line will start at the absolute zero

e.g. in the case of tig. 10 of the preceding communication ^), and

run further as represented in fig. 7.

If on the other hand we have to do with the case of fig. 12 of

Fig. 7.

Fig. 8.

1) For the occurrence of a substance in two or more similar phases the word

phase allotropy might be used, while the occurrence of a substance in different

kinds of molecules, for which 1 before introduced the name homogeneous allotropy,

might be designated by molecular allotropy.

2) loc. cit.
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tlie preceding commnnioation. a 7^7-rigLire is possible as fig. 8 shows.

Tiiese considerations open our eyes to the possibility that enantiotropy

occurs under higher pressure, notwithstanding the phenomenon of

monotropy is not fonnd under the vapour pressure.

Amsterdam., June 25, 1914. Anonj. Chem. Laboratory

of the University.

Chemistry. — '^On the vapour pressure lines of the system

phosphorus.'' II. By Prof. A. Smits and S. C. Bokhokst.

(Communicated by Prof. J. D. van ükr Waals).

(ComaiLinicalcd in the meeting of Sept. 126, 1914).

Tlie continued investigation of the [)hosphorus purposed to decide

with certainty wlietlier the red and the violet phosphoi'us must be

regarded as two different moditications exhibiting the phenomenon

of enantiotropy, as seemed to follow from Jolibois' ') researches and

also from our first investigations.

Confining ourselves to the communication of the result we can

state with certainty that the supposed i)oint of transition between

red and violet phosphorus does not exist, and that only one solid

stable modification of the phosphorus has been found, which is violet

in coarser crystalline state, but red in a more finely divided state.

The vapour tensions of different phosphorus preparations approach

to amounts which form one continuous vapour pressure line, when

the heating is long continued.

An apparent discontinuity may arise under definite circumstances

in consequence of too rapid heating. If namely, the preparation at

lower temperature contains too much of the more volatile pseudo-

component, too high vapour pressures are observed at these lower

temperatures, in consequence of the not setting in of the internal

equilibrium. In the neighbourhood of 450°, however, the setting in

of the internal equilibrium becomes appreciable, and this transformation

being attended with a diminution of the vapour pressure, the vapour

pressure line will present a course that reminds of a discontinuity.

When we worked very slowly and started from states which could

only differ little from internal equilibrium states, any discontinuity

had, however, disappeared.

At the same time this investigation furnished a fine confirmation

^) G. R. 149, 287 a909; and 151, 382 (1910).
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350= 400° 450' 500° 550= 600=

Vapour pressure line red phosphorus determined by means

of the glass spring indicator.

Temperature
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of the theory of allotropy, as it necessarily led to the conclusion

tiiat the stable red or violet modification is really complex, and

consists at least of two components, which greatly differ in volatility.

As the denomination red phosphorus is universally known, we

will also apply this term to the stable modification, though, as was

yaid before, this modification is violet in coaiser crystalline state.

The adjoined figure represents the vapour pressure line, as it has

been found by us after laborious study, and the table gives the

vapour pressures at different temperatures, as they can be read from the

vapour pressure line. In a following communication this investigation

will be treated more fully.

Amsterdam, Sept. 25, 1914. Anorg. Chem,. Laboratory

of the University.

Chemistry. — ''The application of the theory of allotropy to electro-

motive equilibria:' III. By Prof. A. Smits and Dr. A. H. W.

Aten. (Commujiicated by Prof. J. D. van der Waals).

(Communicated in the meeting of Sept. 26, 1914).

Introduction.

The application of the theory of allotropy to metals necessarily

led to the assumption that every metal that exhibits the phenomenon

of phase allotropy, must contain different kinds of ions. As -was

already mentioned before, these kinds of ions can 1. differ in com-

position, the electric charge per atom being the same; 2. differ in

valence with the same composition, and 3. differ in composition and

charge per atom.

On extension of the said theory to the electromotive equilibria it

was now demonstrated 1. that the unary electromotive equilibrium

finds its place in a A,t' figure of a pseudo system, 2. what can be the

relation between the unary and the pseudo-binary system, and 3. what

phenomena will have to appear when in case of electrolytic solution

resp. separation of metals the internal equilibrium is noticeably

disturbed. The phenomena of anodic and cathodic polarisation appeared

by this in a new light and the passivity of metals revealed itself as

a disturbance of the internal equilibrium in the metal surface in the

direction of the noblest kind of ions^), which view seemed already

to be confirmed by a preliminary investigation *).

Thus we had arrived at the region of the passivity of metals, and

') These Proc. XVI p. 699.

2} These Proc. XVII p. 37.
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it became desirable to get acquainted willi llie iiniuenselj extensive

literature on this phenomenon.

The most important hypotheses that luive been proposed as an
explanation of this phenomenon, and which have been collected by
Fredenhagen ^) in an interesting summary, are the Ibllowing:

1. Tlie oxide theory of Faraday, who assumes that j)assive metals

are covered by a coat of oxide ").

2. IvRtJGER FiNKEi.sTEhv's ') valeuce tlieory which slightly modified is

also adopted by Muller '). In this it is assumed that the passivity

consists in a change of the proportion between tiie components of

different valence. ,

3. Le Blanc's velocity theory ^), which supposes the phenomena
of passivity to be due to the slight velocity with wiiich the formation

of metal ions would take place.

4. The velocity theory of Fredenhagen ''), Muthmann, and Fraüen-

berger ^), who start from the supposition that the passivity is caused

by the slight reaction velocity between the anodically separated

oxygen and the passi liable metal, whicii causes oxjgen charges or

solutions of ox3gen in metal to originate.

5. The theory of Grave *"), who assumes a retarded heterogeneous

equilibrium metal-electrolyte which is under catalytic influences.

If we now consider the passivity which has arisen by an electrolytic

way, it seems- to us that too little attention has been paid to the

prbnary character of the phenomenon.

First of all we should inquire to what it is owing that in case of

anodic polarisation of base metals the potential ditference is modified

in such a way that the tension of separation for the 0^ is reached,

and we should also question why in case of cathodic polarisation

of base metals the potential difference changes in such a way that

the tension of separation for the H^ is reached.

1) Z. f. phys. Chem. 63, 1 (1908).

-) Faraday has not expressed himself so positively as is generally thought. In

a letter to P.. Taylor Faraday writes explicitly [Phil Mag X175. Jan. 21 (1837)]:

"I have said (Phil. Mag. IX. 61 1837) liiat my impression is, thai the surface of

the metal is oxidized, or else, tliat the superficial particles of the metal are in

such a relation to the oxygen of the electrolyte as to be equivalent to an oxidation,

meaning by that not an actual oxidation but a relation...

3) Z. f. phys. Ghem. 39, 104, ' 11J02).

*) „ „ „ „ 48, 577, (1904). Z. f. Electr. Chem. 11, 755, 823, (1905)

5) Chem. News 109, 63 (1914).

6) Z. f. phys. chem. 43, 1 (1903).

7) Sitzber. K. Bayr. Akad. 34, 201 (1904).

8) Z f. phys. Chem. 77, 513 (191 Ij.

45*
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l'hese phenomena being only observed above a certain current

densitii, it is clear that we liave to do here with a disturbance

whicli makes its appearance when the electric current is passed

througli with too great velocity.

We have, therefore, to do here with a question of velocity, and

as an explanation of the primary character of the passivity pheno-

menon Faraday's oxide theory is to be rejected from the beginning.

Witii regard to Grave's theory we may remark that it seemed

very improbable already at a cursory examination. Nernst has

namely demonstrated that in the phenomenon of solution equilibrium

of saturation always prevails in the boundary layer solid-liquid. In

connection with this w^e may, therefore, expect that this continues

to hold for the phenomenon of solution by an electrolytic way.

There is no reason at all to make an exception here.

With regard to the second theory it should be observed that the

valence hypothesis, on which it is founded, is implied in the con-

clusions to which the application to metals of the theory of allotropy

leads. This theory generally concludes, namely, as was already said

before, to the existence of different kinds of ions in the metal phases

and points out that one of the possibilities is this that the metal ions

loith the same composition only differ in valence.

The a[)plication of the theory of allotropy to the heterogeneous

electrolytic equilibria has further shown that when the metal phase

is comple.i', apart from the nature of the difference between the ions,

the anodic and cathodic polarisation, and also the passivity of metals

can be explained.

Diametrically opposed to this theory are the theories 3, 4 and 5, and

it is now clear what will have to be decided. By an experimental

way we must try to get an answer to the question as to whether

the phenomenon polarisation and passivity resides in the boundary

surface between metal and electrolyte, as the theories 3, 4 and 5

suppose, or in the metal surface itself, as the theory of allotropy

has rendered probable.

For this purpose the investigation about the complexity is the

obvious way. When experiment has proved the complexity, we can

try to find out whether it possesses metal ions of different valence.

Experimental part.

1. To examine whether or no the phenomenon of polarisation and

that of passivity resides in the metal surface, it seemed to us the

simplest course to attack the metal surface by means of chemical

reagents, and to see if it has changed its properties in consequence
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of this. If a metal really contains different kinds of ions they will,

as was stated before, differ in reactive power; hence an attack may
result in a change of the concentration in the metal surface, in the

sense of enobling. It is, however, to be seen hefoi-ehand that tlie

investigation in this direction will be successful only when the in-

ternal equilibrium in the metal surface in contact with the electro-

lyte is established slowly enough. If this equilibrium is established

with very great velocity, no disturbance will of coui-se, take place,

even though the ion-kinds differ greatly in reactivity.

It appeared in our previous investigation about polarisation that

the metals Ag, Ca, Ph are exceedingly little polarisable, from which

we inferred that these metals quickly assume internal equilibrium.

Hence the etching of these metals promised little success. Quite in

agreement with our anticipations it appeared that the potential dif-

ference metal- Vj^ norm, salt solution was not to be changed

for these metals by previous etching.

To examine this the electrode of the metal that w^as to be investi-

gated, fastened to a platinum thread was etched with acid, and then

quickly rinsed with water. Then this electrode was immerged in

a Vio norm, salt solution, and made to rotate, after which the

potential with respect to a Vio N. calomel-electrode was measured

as quickly as possible.

When the above mentioned metals according to our anticipations

had yielded a negative result, the metals Co, JSfi, Cr, and Fe were

examined with the following result:

Metal
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It follows from this (able that these metals about which it was

derived from the plicnomenon of polarisation that they assume their

internal equilibrium much more slowlj- than Ac/ etc. really become

nobler when etched with acid, as was expected.

This temporary change of the potential difference in the sense

noble must tind its origin in a change in the metal snrface, and so

it is perfectly clear that theories 3, 4, cannot be of any use here.

At the same time they throw a peculiar light on Grave's theory.

Gravk thinks that the heterogeneous equilibrium metal-electrolyte

can be easily retarded, but that the hydrogen exerts a positively

catalytic influence on the heterogeneous equilibrium. According to

him iron would become passive by extraction of the dissolved hydrogen,

which wonld take place on anodic polarisation. Now specially in

ion-state hydrogen is certainly a catalyst for the transition passive

•^- active, but it is quite unpei'missible to derive from this that

hydrogen catalyses the heterogeneous equilibrium. It is of importance

to state emphatically that according to Grave's theory it could by

no means be expected that an enohUng of the metal surface would

be brought about when it was etched with HCI or H^SO^, in w^hich

the metal can absorb hydrogen. We ha\e to do here with a pheno-

menon that cannot be counteracted by the positively catalytic influence

of the hydrogen on the internal transformations in the metal surface.

^ Further we made the following in our Opinion very important

experiment with iron. An iron electrode forged to a platinum wire

was made passive one time through anodic polarisation, another

time through immei-sion in strong nitric acid. Both times the potential

of these passive states of the iron electrode immerged in Vio N.FeSO^

solution, was measured with respect to Vio norm, calomel, in which

the following appeared.

The potential difference of the pa.^sive iron, both after anodic

polarisation and after etching with strong HNO3 at first decreases pretty

rapidly, then remains constant for a lime, and then descends again

rapidly. We now compared the temporarily constant potential differ-

ence of the quickly rotating electrode in the two cases, and then

found what foUow^s

:

Observations
Tension of the constant part of

the potential of passive iron

Passivity arisen by anodic polari-

sation

Passivity arisen on attack of
strong HNO3

+0,20 V with respect to "10 Norm.
Calomel electrode

-f 0,205 V with respect to '/loNorm.
Calomel electrode
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From this experiment the important conclusion could, therefore,

be drawn that the two passive states are the same.

At the end of this series of experiments we may finally already

conclude that from the fact that where anodic enobling was observed,

also ore enobling could be demonstrated, follows that the two

phenomena must be explained from one and the same point of view,

as the theory of allotropy makes possible.

2. As the course followed bade fair to lead to success, we have

changed our mode of procedure so that we could expect still greater

effects.

Our purpose was now to attack the metals while they were im-

merged in the salt-solutions, and measure the potential with respect

to the calomel-electrodes at the same time.

Very effective in this respect is bromic water, with which in some

cases enormous effects were obtained, and a catalytic influence was

also discovered of Br-ions for Ni.

Nickel.

The first experiment was made with a screwshaped Ni-electrode,

which was kept in rapidly rotatory motion by a motor, and served

therefore at the same time as stirrer. The result was as follows.

Ni-electrode in 100 cm3 '/lo N. Ni (N03)2-solution.

Observations
Potential of the Ni-electrode with

respect to VioNorm. Calomel-electrode

Initial value
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It follows from this table in the first place that addition of broinic

water makes the potential of the nickel rise at first by about 0,65 Volt.

Tiien a maximum is reached, after which a cousiderable decrease

takes place. We further see that wiien after the potential did not

change any more, the bromic concentration was raised to saturation

b}^ the addition of three drops of bromine, the potential of tiie Ni

changed only exceedingly little.

This very remarbable result ^) led us to suspect that the distui-b-

ance of the internal equilibrium caused by the action of the bromine,

is catalytically influenced by Br'-ions which had arisen when the

metal was etched. With certain Br'-ion-concentration the positive cata-

lytic action of the Br'-ions is so great that it can just compensate the

disturbing action of the bromine, and the Br'-ion-concentration increasing

continually, a considerable decrease will then have to set in. If now

the bromine concentration is increased considerably, both the disturb-

ing action and the catalytic action is greatly increased, after which

the condition can become pretty well stationary, and addition of

more bromine has little or no influence. To test this supposition

the potential of the Ni was first carried up by bromine water, and

then KBr was added with the following result

:

Ni-electrode in 100 cm^ '/,(, Norm. Ni (N03)2-solution.

Observations
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For this purpose besides a Ni-electrode, also a Pt-electrode

covered with Pt-black was placed in the same Ni-nitrate-solution,

and then after addition of lir-water the jtotential of the Ni' and of

the Bromine-electrode was determined.

Then the following was found :

Ni and Pt-electrodes immerged in 100 cin3 N. Ni (N03)2-solution.

Observations
Potential of the Ni-elec-

trode with respect to

VioN. Calomel electrode

Potential of theBr-elec-
trode with respect to

'/lo N. Calomel electrode

Initial value
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tliiosiilphate, and then the potential fell to — 0,04 V., which was

about tlie initial ^•ahle. If we now compare the behaviour of the

Ni-electrode with this behaviour, we notice that the addition of the

ürst qiiantitj' of bromine has a smaller influence than foi' the bromine-

electrode, and that the addition of more bromine has a much greater

influence here than for the bromine-electrode.

While the potential of the bromine electrode no longer changes

on further addition of Bromine up to 3 cm^, it increased for the

nickel-electrode by an amount of 0,34 V., so that the total rise

amounted to 0,95 V.

And we see further that wliile the addition of KBr brought about

a decrease of only 0,04 Y. for the bromine-electrode, it came to

four times the amount, viz. to 0,16 V. for the nickel-electrode.

All this suggests that the nickel-electrode does not behave at all

as a bromine-electrode in the experiments mentioned here, which is,

indeed, not astonishing, as the Br pretty strongly attacks the Ni-electrode.

It is, therefore, clear that we have to do liere with a very parti-

cular behaviour of the metal itself, and that the explanation, as was

already surmised, must be this that during the action of bromine

on nickel a disturbance of the internal equilibrium takes place in

the meta! surface, in the nobler sense, and that this disturbance is

counteracted by addition of Br-ions, from which follows that bromine

ions execute a positively catalytic action. The result is that we have

observed here a great disturbance of the internal equilibrium in the

metal surface caused by chemical action, which proceeds continuously,

in the same direction as was found in case of anodic polarisation.

The electrolytical solution of metals is. however, very certainly the

most efficient means to disturb the internal equilibrium in the metal,

and thus in this way an anodic polarisation of 1 ,88 V. was observed

for Ni, v/hich after the current had been broken off still amounted

to 0,95 v., a value which is in fairly good agreement with that

found now. The disturbance brought about by Br during the rinsing

of the electrode with water being again neutralized, the previous

etching experiments with Br had a negative result.

Chromium.

Of all the metals which we have investigated up to now, chro-

mium is nearest akin to Ni.

The following table represents the result obtained when bromine

was added to a rotating chromiumelectrode immerged in a Vio

N.OrClj-solution.
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Crelectrode in 100 cm3 i/io norm. CrCI^-solution.

Observations Potential of the Cr-electrode with
respect to Vio norm. Calomelelectrode

Initial state with active chromium ')

with 3 drops of Br-water

with 1 cm3 of Br-water

with 2 cm3 of Br-water

with I cm3 of N. KBr solution

— 0,26 V

— 0,08 „

then slowly descends to

— 0,24 V

+ 0,62 „

rises in a few minutes to

+ 0,79 V

+ 0,79 „

+ 0,78 „

Then the preceding experiment was repeated with a solution of

Cr (NOjj witi) the following result :

Observations
Potential of the Cr-electrode with
respect to '/loNorm. Calomelelectrode

Initial state
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Iron.

The metal iron yielded a remarkable result. The potential of a

rotating iron electrode immerged in 100 cm', of V^o NFeCP, could

he afected neither by addition of hromine up to saturation, nor by

addition of a solution of N.KBr.

This remarkable result must be explained in the following way.

As we shall soon see, iron is strongly attacked by a solution of

FeClj, and when acted on in this way iron becomes nobler. Now

Br. also attacks iron pretty strongly, and this attack would undoubt-

edly also lead to an enobling of the iron surface. Evidently, how-

ever, the disturbance called forth on attack by Br, is slighter than

that caused by FeCig, on account of which the addition of Br could

of course have no influence in the just mentioned experiment. What

is further most convincingly proved here is this that the iron abso-

luteh/ cannot behave as bromine electrode in consequence of the attack.

This is quite in accordance with what has now been found by

us, that namely an enobling of the potential of a metal-electrode

caused by addition of bromine, must be attributed to a disturbance

of the internal metal equilibrium, at least when the metal is attacked

by bromine.

Chlorine acting more strongly on iron than bromine, it was

expected that when the former experiment was repeated with chlo-

rine instead of with bromine, a marked rise of the iron potential

would be found. As the following table shows, this was actually

the case.

Fe-electrode in 100 cm^ of N.FeCls-solution.

! Potential of the Fe-electrode with
Ubstrvations

| respect to '/lo Norm. Calomel electrode

Fe in Norm. FeCls-solution

In a current of chlorine.

— 0,292 V
> 0,108 V

- 0,184 „

We may be sure that the iron which is strongly attacked by

chlorine, cannot have behaved here as chlorine electrode, and that

this experiment therefore proves that we have succeeded also for

iron in disturbing the internal equilibrium in the surface.

Another phenomenon which is in perfect harmony with this view,

and which had already been observed by Finkelstein '), is the elec-

1) Z. f. phys. Ghem. 39, 91 (1901).
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tromotive behaviour of iron with respect to solutions containing a

varying ferro- and ferri-ion content, as appears from the following

table.

ferrosalt
Fe-electrode in solutions with varying ratio

ferrisalt"

Observation
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by the solution L and the solid phase S. This solid phase, therefore,

contains very nmcli of the less noble pseudo component a. The

metastable unary electromotive two-phase equilibrium is indicated

by the solution L' and the solid piiase S'.

As was set forth before, on anodic polarisation tlie metal phase >S

will move down along Sri, hence become nobler, whereas the metal

surface will move upward along Sa on cathodic polarisation, hence

become less nol)le.

The stable unary electromotive e(|iiilibrium requires an electrolyte

which contains only exceedingly few ferri-ions {^) by the side of

the ferro-ions («). When iron is immerged in a solution of ferri-

chloride, the s^^stem tends to assume unary electromotive equilibrium,

in which we may assume the metal phase to send ferro-ions into

solution, whereas ferri-ions are deposited from the solution on the

melal.

As follows from the A, .r-figure, a solution containing many ferri-

ions could only be in pseudo-electromolive equilibrium with the iron

for much less negative potential of the iron. Hence there Avill be a

tendency to make the electrolyte richer in ferro-ions, and the metal

in ferri-ions, but until the unary equilibrium concentration has been

reached, the iron potential will possess a too small negative value,

as was also observed.

It is further to be seen that the negative value of the iron poten-

tial will have to increase in a solution of ferro-sulphate, when
during the measurement the ferri-ions are precipitated as much as

possible.

This follows, indeed, from the following table.

Initial potential of Fe in Vio N. FeSOj-solution ') = — 0,538 V
Potential „ idem „ with a little NH4CNS = — 0,578 „

„ idem „ „ „ H,P04 =— 0,569 „

„ „ idem „ „ „ NH4 oxalate = — 0,555 „

The removal of the ferri-ions makes the iron clearly baser.

It is here the place to point out that in the just mentioned etching

experiments with chlorine, this substance has only indirectly caused

etching. It is namely very well possible that the action of the

chlorine has consisted in this that the ferro-ion emitted by the iron

is immediately converted into the ferri-ion, in consequence of which

the electrolyte remains as far as possible from the concentration

of the unary electromotive equilibrium, and that this gives to

the electrolyte its maximum etching action with respect to the iron

electrode.

V This solution contained traces of ferri salt.
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tn this case the chlorine would, therefore, indirectly bring about

an increase of (he disturbance of the internal equilibrium. What is

not improbable for iron, may also be true for nickel in the ex[)eri-

ment with bromine, when namely the nickel possesses ions of

different valence, but this cannot yet be stated with certainly.

Besides this tigure accounts for the discontinuous course of the

potential, when passive iron immerged in an iron-salt solution, passes

into the active form.

Iron which has passed into the passive state by anodic polarisation

or by attack with strong HNO3, is greatly enobled superficially, and

the potential possesses even a positive value. The concentration of

the surface of passive ii'on, therefore, corresponds to a point on the

line eb, and that below the line A = 0.

When this passive iron is immerged iji a solution of ferro-sidphate,

transformations will take place, in consequence of which the unary

electromotive equilibrium is approached, and while the potential is

falling, the metal surface moves upward along be, till it has arrived

in e. Here a second metal phase must occur, viz. d, and as long

as the two metal phases occur side by side, the potential of the

metal remains constant. The phase e must be entirely converted to

d, and when this has taken place, the potential descends furthei-,

till the unary electromotive equilibrium has been reached, and the

metal phase has been superficially transformed into S.

This is exactly the behaviour that has been observed by many
others and also by us. According to our measurements the three-

phase equilibrium cde must lie at -J- 0,20 V. with respect to Vio N.

calomel electrode. The place of the dotted line A = is therefore

not correct here; it must be thought between L.S' and cde.

We too found that the transition passive-active is accelerated by

H-ions, and we are therefore obliged to assume that hydrogen is an

accelerator for the internal transformations in the metal, as are also

the ions of the halogens. On treatment with strong HNO3 ^^^'^ on

anodic polarisation the hydrogen is superficially removed, and this

greatly promotes the internal transfoi-mation, so that the strongly

metastable state which we call passive iron, is observed for some time.

Through the diffusion of the hydrogen from within towards the

surface the passive iron, no longer sulijected to the action of strong

HNO3 or anodic polarisation, will soon again return to the active

form.

Summarizing we come to the following conclusion.

1. Faraday's oxide theory, which seemed already- sufficiently

refuted by others, cannot give an explanation of the origin of the
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passivity. If a metal is once passive, it can undoubtedly be covered

by an oxide coat on anodic polarisation, but the formation of this

coat is a secondary phenomenon.

Leaving apart whether on anodic pohirisation oxygen charges

give rise to a certain rise of the potential, it should be borne in

mind that it is exactly the ork/i?i of these gas charges that is to be

explained. Only when the metal during the passage of the current

undergoes a rise of the potential and the tension of generation of

the O2 is reached, these gas charges can arise, and so a theory

which purposes to explain the phenomenon of passivity, will have

to account for this potential rise.

It follows from this that the theories of Fredeinhagen, Muthmann,

Frauenberger and others leave the essential part of the passivity

phenomenon an open question.

3. Our experiments have proved that the phenomenon of

passivity resides in the metal itself, and that though this phenomenon

is decidedly a phenomenon of retardation, this retardation is not a

retardation of the ion hydiatation in the electrolyte, as Le Blanc

thinks, but a retardation oi' the ion transformations in the metal-

surface.

4. It is perfectly true, as Grave states, that hydrogen accelerates

the setting in of the electromotive equilibrium. That the hydrogen

would accelerate the setting in of the Aö^^m/é/ié^oï^ó' equilibrium metal-

electrolyte, is an untenable supposition.

The hydrogen accelerates the establishment of the homogeneous

internal equilibrium, but has often appeared to be inadequate to

neutralize the disturbance of the equilibrium brought about by etching.

5. With regard to Finkelstein's (Khüger's) view it might be said

to be implied in the new conceptions to which the theory of allo-

tropy has led, but that the said observers, not understanding the

deeper signiücation and the drift of their assumption, were not

able to embody their view in a theory.

6. W. J. Müller's views, which are only distinguished from

those of FiNKELSTEiN (Krügek) by the assumption that the states of

different valence formed different phases, are theoretically incorrect,

and have therefore not led to any result either.

7. The trustworthy experimental data about passivity mentioned

in the literature, just as the new results in this department described

here, can all be easily explained by the application of the theory of

allotropy to the electromotive equilibria.

Anorg. Chem. Lab. of the University.

Amsterdam, Sept. 25, 1914.
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Chemistry. — "On gas equilibria, and a test of Prof, van dkr

Waals Jr.'s fonnula." I. By Dr. F. E. C. Scheffer. (Communi-

cated by Prof. J. D. van der Waals).

(Communicated in the meeting of Sept. 26, 1914).

1. Introduction.

It may be supposed as known lliat (he situation of the equilibrium

of a gas reaction at a definite temperature can be calculated, when
at (hat temperature we know the energy of reac(ion and the variation

in entropy free from concentration for molecular conversion according

to the chemical equation of reaction. Bo(h quantities are algebraic

sums of the energies and entropies of the reacting gases separately,

in which the terms referring to substances of different members of

the equation of reaction iiave opposite signs. Energy and entropy

of a gas free from concentralion are pure functions of the tempe-

rature ; in the expression for the "eqiiilihrium constant" as function

of the temperature the transformation energy and the change in entropy

free from concentration at one definite temperature and the tem-

perature coefficients of both occur as constants. The transformation

energy of a great number of reactions may be directly derived from

Berthelot and Thomsen's tables ; (he temperature coefficients are in

simple relation with the specific heats, and for this a great number
of data are found in the literature ; the transformation entrop}^, how-

ever, is generally not determined directly, but from the chemical

equilibria by the aid of the above expression.

If one purposes to calculate the chemical equilibria from caloric

data, one will have to apply instead of the said mode of calculation

of the transformation entropy either direct determinations, or another

mode of calculation, in which exclusively quantities of the gases

separately are used. The determination of electromotive forces of gas

cells might be counted among the direct measurements ; for the tem-

perature coetTicient of the electromotive force is a measure for the

transformation entropy. But this method cannot be applied for a

great number of reactions e.g. for dissociations in molecules or atoms

of the same kind.

Hence the calculation of chemical equilibi'ia will succeed only when
we have a method at our disposal to calculate the entropies of the

gases ' separately or the algebraic sum of the entropies of a gas equi-

librium from the constants of the substances.

The thermodynamic entropy of a gas is a quantity, which through

its definition is determined except for a constant, and it is therefore

46
Proceedings Royal Acad. Amsterdam. Vol. XVII.
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clear that the above mentioned calculations of the entropy of the

gases separately have only sense for another definition of entropy.

If the entropy is defined as a function of the probabiHty of the con-

dition, it is possible to tind a definite value for this entropy ; but

this value will vary with different meaning of the "probability".

Thus the expressions derived by Keesom '), Tetrode '), and Sackur ")

for the entropy of gases present differences which are the consequence

of different definitions of probability. These differences only occur in

the constant part ; if these differences cancelled each other in the

algebraic sum, a test by the equilibrium determinations could not

give a decision about the correctness of the entropy values. When,

however, the algebraic sum of the entropies according to Sackur

and Tetrode are drawn uj), it appears that these differences continue

to exist also in the algebraic sums, and it must therefore be possible

from experimental determinations at least if the accuracy is great

enough to get a decision which expression is correct.

While these calculations yield a value for the entropy of the

gases separately, Prof, van der Waals Jr. has derived an expression

for the "equilibrium constant" of gas reactions, from which the

algebraic sum of the entropies can be easily derived; the entropy

of the gases separately is again determined here with the exception

of a constant. Besides this expression tries to take the variability of

the specific heat with the temperature into account^). 1 intend to

test this formula and the above mentioned expressions of Sackur

and Tetrode b} a number of data from the chemical literature.

2. The expresdons for the entropy of gases.

For monatomic gases Keesom, Sackur, and Tetrode give the value

for the entropy free from concentration (eventually after recalcula-

tion) successively by the following expressions:

3 3 5 3
R,_i =-RbiT A- -Rln R - - R In N+ ~ RInm— d Rlnh -\- C, . (1)

/ , 4/3Y/A
in which Ci represents according to Keesom RIn ji^R{4:^hi~-\ — \ 1

,

3 3
according to Sackur — R In 2jr-\-- R, and according to Tetrode

1) Keesom. These Proc. XVI, p. 2ï!7, 669, XVII, p. 20.

2) Tetrode. Ann. cle Phys. (4) 38. 434. 39. 255, (1912).

8) Sackur. Ann. d. Phys. (4) 36. 958, (1911); 40. 67, 87, (1913).

*) These Proc. XVI p. 1082.
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3 5
^^— Rln 2jr + — R. ^) This value of 6, amounts successively to 3,5677ï*,

4,257 B and 5,257 R.

The values given by Sackur and Tetrodk for di-atomic gases, are

:

5 5 7 3
iy„=i =^-RlnT + -RbiR RlnN ^-Rhim —

2 2 2 ^2
9 7~ ^ R bi h -{- R In M -\- - Rln 2 + ~ R In n. ^ C

^ , . . (2)

5
in which C\ accordijig to Sackur amounts to — R , according to

7 „
Tetrode to — R.

We get for a tri-atoraic gas

:

3
Hn=\ = SRhiT -{- ?> RhiR - ARln N -{- -R In m —

— QR In h + -R In M.MJf, H 6 Rln 2 i- 'o Rbijr ^- C, , . . (3)

in which C^ amounts to 3 /? according to Sackur, to 4 7? according

to Tetrode.

Besides the known values N and h, the moments of inertia of

the molecules occur therefore in these expressions. For the di-atomic

molecules M is the moment of inertia of the dumbbell shaped mole-

cule with respect to an axis through the centre of gravitj^ normal

to Ihe bar of the dumbbell; for the tri-atomic molecules J/ijilYj and

Mg are the three chief moments of inertia, which accordingly depend

on the relative position of the three atoms in the molecule.

For equilibria in which only mon- or di-atomic molecules parti-

cipate, the moments of inertia of the diatomic particles therefore

occur, which can be approximately calculated from the ditferent

determinations of the mean molecule radius. For a test of the

formulae by equilibria of tri-atomic molecules, however, a hypothesis

concerning the relative situation of the atoms is indispensable, which

is more or less arbitrary, and can make the test less convincing.

3. The equilibrium AB'^A-\-B.

For the simplest gas equilibrium AB"^ A -\- B, in which the

atoms A and B can be of the same or of dilFerent kinds, we

^) In tlie expressions of Tetrode 1. c. the terms with s are omitted, which

seems justified.

46*
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find for the algebraic sum of the entropies free from concentration

mailing use of the expressions of § 2

:

2nH,^l z= 2(//,=:i)monat. — (^^r=l)diat. =113 3 nijiniB ^^ ,_ _ RInT-\— RlnR RlnN-{-- Mn— Rlnh—
2 2 2 2 mA-\-mB

3 1
Rln2 mnjt~-RlnM-\- C\,

2 2

in which C\ amounts to V, R when Sackur's values are used, to

7j R when Tetrode's values are used.

Sackur and Tetrode's calculations are based on the following

assumptions for the specific heats

:

3 _5
Co monat. ^^^ ^^ 'i ^v dial. ~ R'

The value of the transformation energy in its dependence on the

temperature is therefore given b}^

:

^nE = ^?iEt=o + V. RT.

In this expression and the following the molecular values ?i of

the substances of the second member of the chemical reaction equa-

tion are always taken positive, tliose of the first member negative.

Inserting these values into the expression for /C, we find:

RT Iv K, = - 2:7iEt=o — V. RT + TSnH„=^i - RT,

in which ^^nH,=i is represented by the above derived expressions.

We can transform this expression as follows

:

lnK, = -^^^-^^lnT-lnM-]-lnC,, ... (4)
Rl ^

in which
3 . ?n 4 m/i , ^ , ,, .

1 , ,
^

InC, = - In ^JlllL'::^ In 2Nh + - Ink - - In 2;r + C« ;
(4a)

2 w?,4 -f" rriB ^ ^

C, amounting to — 1 according to Sackur's expressions, to according

Tetrode.

4. In the fifth communication on the law of partition of energy

Prof. VAN der Waals Jr. derives the following equation for the

dissociation equilibrium of a di-atomic molecule:

f — f

7?t; \mA \ tns J M h 2v 2jr

ej — f„ here represents the transformation energy at the absolute

zero for one particle; n^ and n^ represent the number of split and

unsplit molecules per volunie unity; hence we get:
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NkT RT rio N
Equation (5) can, therefore be written in the following form

:

lnKc= -±=^J^-ln T-lnM^lnll-e JcT\ + in C,, . (6)

in which
3 rriAmu 1 1

InC, = -In ln2Nh -f - In k — ~ In 2nr . . (Cai
^ 2 mA+mB 2 2 ^ ^

Equation (6) differs from equation (4) in this that in (6) the term

with V occurs, which takes a vibration of the two atoms in the

molecule into account; equation (6^7) quite agrees with (4(7). if in

the latter Tetrode's value is substituted; Sackur's value yields a

unity difference.

5. The equilihriiun ./, ^ 2J

.

In the chemical literature a series of accurate observations occur

of Starck and Bodenstein ^) ; the dissociation constant of iodium

is given by them in concentrations, i.e. gram molecules per litre.

The equations (4) and (4^), resp. (6) and [Qa) yield for their disso-

ciation constant

:

Inil-e kr\\j^U,C,, (7)In KsB = -^-^=- + - In T—ln M +RT ^ 2
^

in which log C^ = log C\ -\- 3 (according to Tetrode and v. d. Waals Jr.);

log Cg = log C^ -\- 2,566 (according to Sackur).

Making use of the values: iV= 6.85 10^'. (Perrin), /(,== 1.2110-16,

127
A= 5.88 10—27 ^„ _-^^^ __ ^yg pjj^^j

6.85 1023

^og Cg = — 36.313 (according to Tetrode and van der Waals Jr)

— 36.747 (according to Sackur) (7a)

In equation (7) there occur two (resp. three) quantities, which can

be calculated from the observations : 2?i Et—q, M (and v).

As the term with v can only have slight influence on the result,

we write equation (7) as follows:

2n Etz= , , , ^ 1
'~

' ' ^
-^

+ logM=—logKsB + - % T + log[ 1—

<

kT
2.303 i2T

•" ^ -..
, 2

— 36.313 (resp. — 36.747) . . (8)

Let us now assume that -?. remains below 20f/, which seems justified

1) Zeitschr. f. Elektrochem. 16, 961 (1910).
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in virtue of the observations of the absorption lines and their influence

on the specific heats of other gases (see among others Bjerrum) ; we
then find as extremes for the terra with v

:

tero and log I 1

—

e

3 .
IQi-»

. 4.86 .
10-

2Öf

Starc'K and Bodenstein's observations now yield the following

table for the terms of 8

:

TABLE I.

t{Cels)
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LTC
It will be clear that the values of -—

—

^ represent the values forA 2'

log M calculated from equation (9). Therefore the value of M
becomes lO-^"^ according to Tetrode, 10 -^^.os according to Sackur,
10-3"-6 according to Van der Waals for ; — 0, lO-^^'J for ;.= 20f<.

It is clear from the calculation that the variation of X from zero

to 20 ft does not cause a change in the order of magnitude of J/,

that therefore the fact that the frequency is unknown jet renders

the rough calculation of M possible, and that reversely the frequency

cannot be calculated but from exceedingly accurate observations.

With the measurements available at present this is not yet possible,

as appears from table 2.

If the iodine molecule is represented by two spheres, the masses

of which are thought concentrated in the centres, and if the distance

from the centres is d, the moment of inertia with respect to an axis

through the centre of gravity and normal to the molecule axis is

fd\
2 7??J ~

. From this follows for the limits of (/

127 dr
10-37.6, resp. 10-38.3 z= 2 --orc/^1.6.1Q-8, resp. 7 10 -o no)

boo 10'^'^ 4 i \ /

a value which as far as the order of magnitude is concerned is in

satisfactory concordance with the diameter calculations according to

other methods.

6. Sackur and Tetrode's entropy expressions which were used in

the pi'eceding paragraph are founded on the assumption that the

specific heats of the gases are independent of the temperature; the

test of these formulae can therefore only be a rough one. ') In the

expression proposed by Van der Waals, the variability of the specific

heats is, however, taken into account.

According to this expression the transformation energy for the

iodine dissociation is represented by

:

Nvh
2nE= 2nET^s) -r'Ui^T .... (11)

ekf-l

Hence the algebraic sum of the specific heats becomes

:

Av

d:SnE 1 HivY e^—--= ~R- R\~] .

dT 2 \kTJ
\e^T_i)

^) A number of calculations of chemical equilibria carried out by the aid of

his formula are found in Sackur. Ann. d. Phys. (4) 40. 87 (1913).
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The specific heat of the two iodine atoms is 3 R, that of the

iodine molecule therefore

li-]- R
hv ohT

\e^T_\)

(12)

The real specific heat of iodine at 300° C. is according to Streckkr

8.53 — 1.985 == 6.545. If this expression is substituted for (12), the

equation is satisfied for A — cir. 15^!. If we use this value for equa-

tion (8), we get in analogy with tables 1 and 2 :

TABLE III.

t{Cels)
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of the infra-red bauds for tliree gases ^). Tliis agi'eement appears

from the foregoing table, in which the values of the three first

mentioned gases are derived from Mandersloot.

I hope soon to come back to the application of the used expres-

sions to some other equilibria.

Postscript. During the correction of the proofs a treatise by

0. Stern in the Annalen der Physik of June came under my notice,

in which an expression is derived which shows close resemblance

with that of Prof, van der Waals. Application on the iodine

equilibrium can also here lead to a small moment of inertia, which
is however considered improbable by Stern.

Amsterdam, Sept. 1914. Anorg. Chem. Laboratory

of the University.

Chemistry. — ''Equilibria in the .njstem Pb— >S'

—

0; the roasting

reaction process'. By Prof. W. Reinders. (Communicated

by Prof. S. Hoogewerff).

(Communicated in the meeting of Sept. 26, 1914).

Introduction.

1. The manufacture of galena into metallic lead is mostly carried

out in this manner that the sulphide is first partially roasted and

the mass then again strongly heated with unchanged or freshly

added lead sulphide out of contact with air. Lead is then formed

with evolution of SO^.

The reactions that take place in this process known under the

name of "Rostreactionsarbeit" are generally given in the text-boolis

as follows:

PbS -f 20, = PbSO,

2 PbS + 30, = 2 PbO + 2 SO,

and then : PbS + PbSO, = 2Pb + 2 SO,

PbS + 2 PbO --= 3 Pb 4- SO,

1) Mandersloot. Thesis for the Doctorate. Utrecht. 1914.
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For a proper insight into this process and to answer the question

wliether these reactions actually do take place it is necessary to

study the equilibria between the different phases that may be formed

therein.

After various older researches among which deserve to be men-

tioned those of H. C. Jenkins and E. H. Smith ^), a systematic

research as to these equilibria was carried out some years ago

by R. ScHENCK and W. Rassbach ^). They determined the equilibrium

pressure of the sulphur dioxide evolved when three of the four

phases PbS, PbSO^, PbO and Pb are heated together in an evacuated

tube at 550° to 900°.

The conclusions which they drew^ from these measurements as to

the nature of the equilibria occurring therein could, however, not

be correct in many i-espects. Their idea has in fact been consider-

ably modified in various subsequent publications thereon ^). But

even the last concluding articles still contain many contradictions

so that it is not plain what equilibria they have actually determined

and which phases are stable in the presejice of each other.

In the following will, therefore, be discussed (1) the different

equilibria imaginable in this system and (2) the results will be

communicated of researches which in consequence thereof have been

carried out conjointly with Dr. F. Goudriaan.

2. The equilibria between Pb and the compounds PbO, PbS,

PbSO^ and SO^ may be considered as those in a system of three

components, namely Pb, 0, and S. The isotherm for the equilibria

between the different phases can, then, be indicated by a triangle

with these components as apexes. (See fig. 1).

Let us now first suppose that

a. only the phases Pb, PbS, PbSO,, PbO and SO^ are possible

b. the gaseous phase is pure SO^ and the lead phase pure lead.

In the last supposition we therefore neglect the small amount of

PbS in the vapour and the solubility of PbS in molten lead ; in the

first supposition no notice is taken of the basic sulphates which

according to the later researches of.ScHENCK and Rassbach ^) occur

as intermediate phases between PbS04 and PbO.

1) Journ. Ghem. Soc. 71, 666 (1897).

~) Ber. d. d. chem. Ges. 40, 2185 (1907). Metallurgie 4, 455, (1907).

3) Ber. d. d. chem. Ges. 40, 2947 (1907); 41, 2917 (1908). R. Schenck, Physi-

kalische Ghemie der Metalle.

*) Ber. d. d. chem. Ges. 41, 2917, (1908).
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We sliall see later how the

deduced eqiiihbria are being mo-

dified when we drop these sim-

plifications.

3. Let us imagine PbS heated

at constant temperature between

600° and 800° in an enclosed

space wherein a limited quan-

tity of oxygen is forced. PbS
is then partly converted into

PbSO,.

The two phases will be capable of existing in the presence of each

other and in an unchanged condition at a series of temperatures

and pressures.

If on lowering the pressure this falls below a certain limit, one

of the two following reactions will take place

PbS -[- PbSO, = 2 Pb +2 SO, (1)

or PbS -f 3 PbSO,= 4 PbO + 4 SO, .... (2)

In both cases there are formed in addition to the two existing

solid phases two new phases, namely fused Pb and SOj-gas, or solid

PbO and SO-^-gas. Hence, between these four phases a monovariant

equilibrium will set in, which, at a constant temperature, is possible

only at one special pressure. This will be p^ or p^.

Only in a very special case, namely with an eventual transition

point where the five phases PbS, PbSO^, PbO, Pb, and SO, might

coexist, Pj and />, are equal. As a rule, however, they are not and

in consequence only one of the two monovariant equilibria can

be stable.

For if py^ ^ p, the reaction (1), in the presence of the five phases,

will take place from the left to the right and the SO, formed act

on PbO according to equation (2) in the direction ^—. Hence, the two

reactions together result in the following conversion

:

2 PbS + 2 PbSO, = 4 Pb +4 SO,

4 SO, + 4 PbO = 3 PbSO, + PbS

PbS -f 4 PbO = 4 Pb 4- PbSO, (5)

This transformation takes place until one of the phases of the

first member of the equation is used up, whilst the other with Pb
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and PbSO, is left. PbS and PbO are, therefore, not capable of

existing side by side of each other.

If, conversely p^ < i\ the different reactions take place in the

opposite sense and Pb and PbSO, recede from each other.

Hence, of the phase pairs Ph -\- PhSO, and PhS -\- PhO only

one can he stabk, the other forms a metastahle equilibrium.

Here we have a case quite similar to that occurring with reci-

procal salt pairs where also only one of the two pairs can be stable.

4. Let us now also consider the two other monovariant equilibria

which may be assumed to exist with SO^-vapour and which are

indicated by the equations

2PbO.+ PbS ^3Pb +S0, . . . , . (3)

Pb -f PbSO,^ 2 PbO + SO, (4)

In the case p^^ ih, it follows at once from the incompatibility

of the phases PbS and PbO that the equilibrium (4) can be stable,

but not equilibrium (3).

Moreover, we then must have p^ > p^ for otherwise after the

reaction (1) in the direction -» might follow the reaction (3) in the

direction -^ which reactions might jointly cause the conversion (5)

in the direction <^-, which is in conflict with the premiss.

Finally we shall have p,<Cp^, for then the stable equilibrium may

also be again attained by the reaction (2) in the direction ^^ followed

by (4) in the direction '^, namely:

PbS + 3 PbSO, = 4 PbO + 4 SO,

4 SO, + 8 PbO = 4 Pb + 4 PbSO^

PbS + 4 PbO =4Pb4-PbS0,

Hence, we get this result:

If Ph -\- PbSO, forms the stable phase pair, then only the mono

variant equilibria (1) and (4) are stable and p^ > p^ > p^ > p^.

If piQ J^ pi,S form the stable phase pair, all the reactions

occur in the opposite sense and only the monovariant equilibria (2)

and (3) are stable, whereas then p^^ p^^' Pi^ P»-

5. Starting from the mixture of PbS and PbSO, (for instance a

in fig. 1) we will, on withdrawal of SO, travel either through the

monovariant equilibria (1) and (4) (region PbS, PbSO^, Pb and region

PbSO,, Pb, PbO of Fig. 1) or the equilibria (2) and (3) (region
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PbS, PbSO,, PbO and region PbS, PbO, Pb) (o finally retain the

equilibriuni Pb + PbS or Pb -f PbO after eliminating the SO, as

much as possible.

Hence, the reactions (1) and (3), which are generally qnuted as

taking place in the roasting reaction i)rocess cannot possibly indicate

both stable equilibria.

Of the p-T-lines which Schenck and Rossbacu determined by addi-

tion of PbSO,, PbS and Pb and of PbS, PbO and Pb one at least

must, therefore, indicate an instable equilibrium or an equilibrium

between phases other than those which were brought together in

the reaction tube.

We will see later that both equilibria are metastable and that the

pressure lines recorded by them relate to the equilibrium between

other phases.

6. The supposition made in (2) sub a is not correct. Between

PbSO^ and PbO there still arrive three basic salts as intermediate

phases, namely PbO . PbSO,
,
(PbO), PbSO, and (PbO)3 PbSO,. The

first of these can be in equilibrium with PbSO^.

The four monovariant equilibria mentioned in (3) now become:

PbS + PbSO, = 2 Pb + 2 SO., (J)

PbS + 7 PbSO, = 4 PbO . PbSO, + 4 SO, . . . . (2)

2 PbO . PbSO, + 3 PbS z= 7 Pb + 5 SO, . . . . (3)

Pb + 3 PbSO, =: 2 PbO . PbSO, + SO, (4)

and the alternative found must read

:

either Pb -[- PbSO^ stable and then Ih^pi^lh^ Ih and only fl)

and (2) stable,

or PbS -j- PbO . PbSO, stable and then p^ < p^ <] p^ < />, and only (2)

and (3) stable.

Experimental.

(conjointly with Dr. F. Goudriaan).

7. In order to investigate which of these two phase pairs was
stable and at the same time to know the SO,-pressure of the stal)le

equilibrium, an intimate mixture of PbS and PbSO., (6—8 grams)

was heated in a porcelain tube connected by means of a ground

joint with a manometer and an air-pump.

The lead sulphide was precipitated from a solution of lead acetate

with H,S and after washing, dried by heating in a current of nitrogen

at 200°—300°.

The lead sulphate was precipitated from a sohition of lead acetate

with sulphuric acid and also dried at 800°.



708

The mixture was introduced in a porcelain boat. The remaining

space in the reaction tube was occupied by a porcelain rod so as

to render the gas-vohime as small as possible and thus to accelerate

the setting in of tlie equilibrium as much as possible.

The heating took place in an electric furnace. The temperature

was measured with a Pt-PtRh thermocell and a galvanometer.

8. Although the reacting substances had been previously dried at

300° there still was evolved, on heating at 500°, in vacuo, a little

moisture, which condensed in the colder part of the tubes and was

removed by a repeated evacuation and gentle heating.

Subsequently the dissociation pressure was measured at different

pressures between 500''—700^

The equilibrium set in very rapidly so that when the tempe-

rature had been raised and more gas began to evolve there

could generally not be noticed any change in pressure after 20—30

minutes. Then a further evolution of SO^ was caused by a short

heating at a somewhat higher temperature and after cooling to the

original temperature the course of the absorption of the SO, was

recorded. This also took place very rapidly. The equilibrium was

thus attained from both sides and yielded figures which differed

from each other at most 2 or 3 in.m. Also the same pressure again

set in after an evacuation. The equilibrium is, therefore, independent

of the total composition, which was confirmed by a change in the

proportions of FbSO^ and PbS.

The results are contained in table I. (Fig. 2 Curve I).

TABLE I.

7 PbS04
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and as it had been shown that alwaj'S the old eqni librium again set

in, the oven was allowed to cool and the tube was withdrawn.

The reaction product was strongl}^ caked and of a lighter colour

than the original mixture of PbS and PbSO^. Here and there were

visible granules with a strong metallic lustre so that at first the

suspicion was raised that lead had formed as a reaction product.

On closer examination by means of a magnifying glass these granules

proved to be very beautifully formed crystals of "galena" which

had deposited, besides in the reaction mass, also against the porcelain

boat and the extremity of the porcelain i-od. The analysis showed

this to be perfectly pure PbS, whilst in the reaction product itself

not a trace of free lead could be detected.

Hence, no lead has formed so that the reaction product must be

basic lead sulphate. PbS -\- PbO.PbSO^ form the stable phase pair,

Pb -f- PbSO^ tJte metastable one.

9. This was confirmed by the following expei-iment:

An intimate mixture of PbSO^ and finely divided lead scrapings

in the proportion of 10 PbSO^ to 1 Pb was heated in an evacuated

and sealed tube for 3 hours at 600°.

The product obtained gave with hydrochloric acid a very distinct

evolution of H2S.

A weighed quantity was now heated in a small flask with strong

hydrochloric acid and the gas expelled collected in an ammoniacal

solution of hydrogen peroxide. This solution was boiled for a while,

then acidified, and the residting H2SO4 precipitated as BaSO^.

Five grams of mixture containing originally 0,380 gram of Pb,

yielded 0,040 gram of BaSO^, equivalent to 0,041 gram of PbS.

According to the equation

:

4 Pb -h 5 PbSO, =r 4 PbO . PbSO, -f PbS . . . (5)

0,142 gram of Pb has been required for this 0.041 gram of PbS.

Although the lead has not yet entirely disappeared, a considerable

quantity of the same has been converted into PbS^).

10. The pressures observed almost entirely agree with the values

found by Schenck and Rassbach for the mixture of PbS-f-PbSO^-f-Pb

as well as for PbS -|- PbSO^ + PbO. They conclude that the pressures

1) Afterwards it came to our knowledo;e that also Jenkins and Smith (I.e. p. 691)

had already made an experiment from which this is shown. Tliey heated a mixture

of equal molecular quantities of Pb and PbSO^ in a porcelain crucible at dull red

heat for half an hour ; from the residual mass could be expelled with HGl

a quantity of HoS corresponding with 1,41% of sulphur.
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relate to the equilibrium between the first three phases and tliat the

second trio is not stable. From the preceding it follows that both

equilibria are metastable and that the pressures recorded relate to

the equilibrium PbS, PbSO,, PbO.PbSO,, SO,.

The fact that the lead present exerts so little influence on the

equilibrium pressure proves that reaction (4), which shonld lead to

a higher pressure p^ and the reactions (J) and (3) in the direction

«— which should lower it either compensate each other or, in com-

parison with the reaction (2) jn-oceed so slowly that they do not

perceptibly alter the pressure. Probably the moi-e finely divided

lead is soon converted and the remaining lead, united to larger

drops, offers such a small surface of attack that it can react but

very slowly.

11. When now from the PbS + PbSO^ so much SO, has been

abstracted that all has passed into PbS -[- PbO . PbSO^ the equili-

brium has become divariant. Tlie residual phases will be capable

of existing by the order of each other in a series of pressures <^ />,.

If, however, the pressure falls below a definite limit, a third

condensed i)hase appears. Two phases are concerned here, namely

Pb and (PbO),.PbSO,.

As noticed in the case PbS -f- PbSO,, only one of the two can

be in stable equilibrium with PbS and PbO.PbSO,.

This depends on which of the fjhase pairs PbS -|- (PbO), PbSO^ and

Pb -\- PbO . PbSO,, which can be converted into each other by

double decomposition :

PbS + 5 (PbO), PbSO, ^ 4 Pb + 6 PbO.PbSO, ... (6)

is stable.

12. In order to investigate this an intimate mixture of finely

divided lead scrapings and basic lead sulphate iji the molecular

proportion of 3 : 1 was heated for three hours in an evacuated and

sealed tube at 670'—680\
The PbO . PbSO^ had been prepared by the moist process, accord-

ing to D. Strömholm ^), by digesting finely powdered PbSO^ with a

1—2"/, NHg-solution. The analysis of tlie product obtained gave

84.887„ PbO, theory for PbO.PbSO, 84,79V„.

The heating of the mixture Pb + PbO.PbSO, yielded apparently

a but little changed product. It gave, however, a slight sulphide

reaction. Thus it seemed that the mixture selected did not form the

') Zcitsclii-. f. anorg. Qliera. 38, 429 (1904).
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stable phase pair. We must, however, consider that the lead phase

need not be pure Pb, but may contain dissolved PbS and hence

there exists the possibility that the PbS found was present, not as a

free phase, but as a solution in the molten Pb.

The amount of PbS was, therefore, determined ciuantitatively.

From two grams of the mixture were obtained 17,4 mg. of BaSO^

corresponding with 17,8 mg. of PbS. F'or the formation of 17,8 mg.

of PbS according to reaction (6) are required 70 mg. of Pb. Before

the heating 2 grams of the mixture contained 1,082 grams of lead.

Hence, there remains 1,022 gram of Pb, which in 100 grams contains

—— X 100 = 1,77 grams of PbS.
1022

^ ^

From the observations of Friedrich and Leroüx ^) it follows that

the lead solution saturated with PbS at 680° contains 2,57o PbS.

Hence the PbS will be present in the heated mixture not as a free

phase, but as a solution in Pb, and Pb -|- PbO.PbSO^ will form

the stable phase pair.

13. This conclusion was fnrther confirmed by the dissociation

experiments, starting from a mixture of PbS and PbO.PbSO^.

These experiments were conducted in a manner similar to that

in the case of PbS and PbSO,. The SO.,-evolution started at 680°.

The equilibrium set in quite as easily as with PbS -|- PbSO^ and

could be determined readily from both sides. Also, after removal of

larger quantities of SO.^, the same equilibrium pressure was again

always obtained. In order to prevent fusion the mass was not heated

above 800°.

The results obtained are united in table 11 (Fig. 2, Curve II).

TABLE II.

t
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*rhese values correspond very well with the pressures found b)*

ScHENCK and Rassbach witli a similar mixture and with a mixture

of PbS + PbO' which has been heated above 800° and then cooled.

On openin" the apparatus it appeared that the reaction product,

although not fused, had strongly caked: the porcelain boat was

strongly attacked and on the rod a sublimate of very beautiful

PbS-crystals had again deposited. It was not doubtful that the

reaction mass contained metallic lead; there could be found large,

soft paper- marking and malleable particles. Finally, it was proved

by extracting a portion of the reaction product tirst a few times

with ammonium acelate and then with lead acetate. All the PbSO^

and Pb() then dissolves. The residue was treated with fuming HNO3,

which converts the PbS quaiititaliveiy into PbSO^. After expelling

the HNO3 and filtering off the PbSO^, any Pb formed eventually as

Pb(N03)g mnst be present in the filtrate.

The filtrate gave a strong lead reaction. The reaction mass thuj5

contains metallic lead.

Hence Pb -\- PbO.PbSO^ are the stable phase pairand the ^pressures

measured relate to the reaction

:

2 PbO.PbSO, + 3 PbS = 7 Pb + 5 SO, . . . . (7)

14. From the above it follows that with a sufficient excess of

basic lead sulphate the end of reaction (7) will be a mixture of

PbO . PbSO, and Pb. (In the latter, however, a little PbS will still

be dissolved).

'I'his equilibrium is divariant and, on a sufficient reduction of

pressure, will pass into a monovariant equilibrium.

The third condensed phase occurring therein cannot be a secopd

metallic phase for the solution of PbS in Pb already present is

mixable with pure lead in every proportion.

Hence, it must be the basic sulphate (PbO), . PbSO, which follows

the PbO . PbSO, and the reaction occurring is indicated by the

following equation

:

Pb 4- 4 PbO.PbSO, = 3 (PbO), PbSO, + SO, ... (8

The monovariant equilibrium of this reaction will in turn be

followed by still two other monovariant equilibria w^herein occur

the reactions represented by the equations

:

Pb + 5 (PbO), PbSO, = 4 (PbO), PbSO, + SO, . . (9)

Pb + (PbO),PbSO, = 5 PbO + SO, .... (10)

In these reactions primary formed lead therefore disappears on

behalf of PbO until, finally, only Pb + PbO is. left.
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15. Pressures appertaining to the fust monovariant equilibrium

were obtained by starting from a mixture of Pb and PbO . PbSO^

.

Not until 700° an evolution of gas was perceptible. The equilibrium

sets in with much greater diflficulty than in tiie first two cases

;

generally two or three hours were required. Probably this is due

to the fact that the metal conglomerates and thus offers but a small

contact surface with the basic salt. It is also very certain, liowever,

that the greater vapour tension of the PbS will have strongly promoted

the setting in of the pi-evious equilibria of which PbS was one of

the active phases. The equilibrium could again be attained from

both sides.

The following pressures were measured (Fig. 2 Curve III) :

TABLE III.

t
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16. Without opening the appai'atus the experiments were now

continLicd witli the same mixture at 789". The tube was, therefore,

evacuated for tlie third time and then again a few times and each

time the equilibrium pressure was again measured. It now appeared

that the old pressure no longer set in, but that a lower pressure

was attained and the more so when more SO^ had been withdrawn.

In succession were found 93, 75, 6J, 54, 41, 34, and 28 m.m.

This different behaviour can be explained in two ways.

1. The equilibrium is no longer monovariant, but divariant. Instead

of three solid phases there are only two, one of w^hich possesses a

variable com|)osition. This phase might be a very basic sulphate

with a variable content iji PbO. The fusion diagram PbO — PbSO^

of ScHENCK and Rassbach gives, however, but little support to this

conception.

2. The pressures measured are not true eciuilibria pressures, but

indicate a stationary condition.

For if, on evacuating, the pressure falls below the equilibrinm

pressure of equibrium (9) the basic sulfate (PbO)j PbSO^ can decom-

pose still further and give rise to the formation of (PbOjj PbSO^ .

Pb -f- PbO . PbSO^ then strive, according to reaction (8) towards the

pressure p^ ,
(Pb(>)3 PbSO, -|- S^» according to reaction (9), however,

in the direction ^- towards p^ . And when finally both reactions

take place with equal velocity, we obtain an apparent equilibrium

at a pressure between pg and p, and dependent on the quantities

of the different phases.

It is even possible that PbO is also formed and that reaction (10)

thus takes place simultaneously.

17. The second assumption was the most probable one. In order

to test it more closely a mixture of Pb and (PbO)3 PbSO^ was heated

in the pressure tube. From this mixture PbO oidy can be formed

as the third phase so that only one reaction, that of the monovariant

equilibrium (10), should be possible.

(PbO), . PbSO^ was obtained by fusion of 1 PbS04 with more than

3 PbO. As porcelain is strongly attacked by PbO, the mixture was

heated in a magnesia boat previously heated and saturated with

lead oxide.

The result of the measurement at 780° was p = 23, after evacua-

tion at the same temperature again 22 m.m., then at 800°, 38 and

after evacuation successively 30, 22, 16 m.m. Thus no constant

equilibrium is attained.

On opening the pressure tube nearly all appeared to ha\'e been
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fused and run througli the boat although the te'.nperature liad not

got above 800°, whereas the eutecticum of PbO and (PbO)3 . PbSO^,

according to Schenck and Rassbach is at 820°. Probably the MgO is

attacked by the PbSO^. The want of a suitable material which is

attacked neither by PbO nor by PbSO^ or Pb at this high tempe-

rature renders a correct determination of dissociation pressuies for

reaction (9) and (10) a matter of great difficulty.

If we accept the value of 20 mm. at 780" as the correct one for

the equilibrium (10), the y;-7Mine for this equilibrium would then

run as indicated by line V in tig. 2.

The p-T-\me of equilibrium (9) then lies between III and V and

is indicated schematically in Fig. 2 by line IV.

18. Although from the preceding it is evident that PbS and PbO
cannot be coexistent, a few experiments were made nevertheless in

order to confirm this opinion.

ScHENCK and Rassbach in all their publications consider the equili-

brium PbS and PbO to be stable although in their dissociation expe-

riments it had already been shown that with such a mixture repro-

duceable pressures were not always obtained, for instance if the

temperature had been raised to above 800°. They also noticed the

formation of sulphate, but assume that this can only be formed at

a high temperature and then remains intact on sudden cooling to

the dissociation temperatures.

We have now heated an intimate mixture of PbO -|- PbS for

some hours at 600— 700° in an evacuated and sealed tube.

The reaction product perceptibly contained sulphate. This was

estimated quantitatively by boiling a weighed quantity of the product

with aqueous sodium hydroxide and then passing COj. The PbSO^
present is then converted into PbCOj. After filtering and acidifying

the filtrate the sulphate was precipitated as BaS04. ^ check analysis

was also made on a portion of the mixture that has not been sub-

jected to heating, under exactly the same conditions of boiling etc.

Mixture of 4 mols. PbO to 1 mols. PbS. Temperature 670—680

'

Time of heating V/, 3 6 hours

Gram of BaSO, per gram of mixture 0,0498 0.0758 0,1000 0,1121

Additional sulphate formed on

heating at 680°

in gram ofBaSO, per gram of mixture — 0,0260 0,0502 0.0623

If the mixture had been converted completely into basic sulphate
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according to the equation 5 PbO-f PbS = PbOPbSO,+ 4 Pb, 1 gmm
of the mixture should have yielded 154 mg. of BaSO^. Hence, a

large proportion of the PbO + PbS has been converted. ^)

The pressures which Schenxk and Rassbach observed with a mix-

ture of Pb + P'^O -\- PbS do, therefore, probably not relate to an

equilibrium of these three phases with SO^, but to another equilibrium.

By a comparison of their observations with our measurements it

appears that on heating at temperatures below 800° this is the

equilibrium : Pb -j- PbO . PbSO, + (PbO),PbSO„ and on heating above

800° and then cooling, the equilibrium : Pb -f PbS + PbO . PbSO,.

Also below 800° however, this latter equilibrium sets in, which

with a sufficient excess of PbS is the most stable, as shown from

the following experiment:

A mixture of 4 mols. of PbO to 1 mol. of PbS was heated in

a pressure tube. The evolution of gas started at 660°. After evacua-

tion the following change in pressure was observed at 750^.

time in min.



first halt at i 100 rn.m. and then a slow rise to 236 m.m. Both

pressures are again situated on the above cited [hT-Unes.

CONCLUSION.

:I9. Summarizing it thus appears that on abstraction of SO^ from

a mixture of PbS and PbSO^, the sulijoined moiiovariant ecpiilibria

are successively met with, which are indicated in lig. 3 I) v the regions

I, II, III, IV and V.

PbS—PbSO,—PbO.PbSO, ... I

Pb—PbS-Pl:>O.PbSO, .... II

Pbb—PbO.PbSO,—(PbO),.PbSO, . Ill

Pbe—,PbO),.PbSO,—(PbO)3.PbSO, . IV

Pbd—(PbO)3.PbSO,—PbO ... V

The lead phase may contain a

little PbS in solution. As the con-

tent thereof varies in the different

equilibria, this difference is repre-

sented by the indices a, b etc.

Probably, however this sulphide

content is very small.

F'ig. 2 indicates the pressures

in these monovariant equilibria

and the changes thereof with the

temperature.
//PbO

Fig. 3.

The ein region A is the existential region of PbS -f- PbSO^

B „

C „

D „

E „

F „

„ PbSO, + PbO . PbSO,

„ PbO . PbSO, + Pb

„ (PbO), PbSO, -f Pb

„ (PbOj3 PbSO, + Pb

„ PbO + Pb.

Hence, at the temperatures and pressures of region F all the

sulphur will have been expelled from the roasting material.

20. By substituting the values found in table 1 first series in

Q
the equation log p ^= — rn^ ~lT^ "f" ^ ^"^ combining the equations

thus obtained in pairs, Qi was calculated for the reaction

:

PbS 4- 7 PbSO, = 4 PbO . PbSO, -f 4 SO, + 4 Q^
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and as mean value was found — 38390 eals. Applying the same

principle to the />-7'-values of table 2 we found as the mean value

for Q2 in the reaction

:

3 PbS + 2 PbO.PbSO, = 7 Pb + 5 SO, + 5 Q, -- 54324 cal.

In order to check these tignres we eliminate the unknown heat

of formation of the basis sulphate from these equations:

PbS + 7 PbSO, = 4 PbO . PbSO, + 4 SO, — 4 X 38390 cal.

6 PbS+ 4 PbO . PbSO, ^- 14 Pb+ lO SO,— 10 X 54324 cal.

7PbS + 7PhSO^ =:14Pb + 14 SO, — 696800 cal.

PbS + PbSO, = 2 Pb + 2 SO, — 99543 cal.

From the molecular heats ^)

PbSO,=: 216210 cal.

PbS= 18420 „

SO, = 71080 „

the calculation for the above reaction at 20° gives — 92470 cal.

The agreement is tolerable.

Delft. Inorg. and phys. chem. Laboratory

Technical University.

1) Landolt. BÖRNSTEIN, Phys. Ghem. Tabelle 1912, 870 and 853.

(November 27, 1914).
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Physics. — ''On the Mmctare of the nhsoridlon Ihies D, amt D./'.

By Dr. G. J. Elias. (Coniinmiicatcd Uy Prol". H. A. Lorkntz).

(Communicated in the meeting of April :24, 1914).

Some time ago Prof. H. A. Lorkktz drew my attention to the

resnlts of an investigation by Miss G. v. Ubisoh '). From phenomena

observed by the writer during the investigation of the polarisation

state of light emitted by a sodium tlame in a magnetic Held after

it had passed through a tube filled with absorbing sodium vapour,

she infers that the wave length for which the absorption of the

vapour is a maximum, depends on its temperature, and in such a

way too that on rise of temperature a displacement towards the
* o

red takes place. The amount of this at 270'' would be about 0.17 A. U.

with respect to the emission line. It seemed worth while to ascertain

this result by direct observation. During the sumnier months of last

year ])r. W. J. dk Haas and myself occupied ourselves with this question.

At first we intended to use an echelon-spectroscope for these researches,

observe by the aid of this the spectrum of a monochromatic source

of light, and then superpose the al)sorptioii lines of sodium vapour

on this. This vapour was in an iron tiil)e, closed on both ends by

plates of selected plate glass, and provided with water cooling; in

the middle the tube, which coj)tained there a vessel of metallic

sodium, could be heated. Such tubes were used by R. W. Wood
for the investigation of fluorescence of sodium vapour. First a blow-

flame served as monochromatic source of light, which was blown

by means of air in which a very finely divided solution (mist) of

soda was suspended. Aftei-wards the flame of a Méker-burner was

preferred, burning in an atmosphere in which a mist of soda was

also suspended. This was reached by placing the flame inside an iron

exit tube, at the bottom of which a reservoir was attached, which

was in communication with the air, and into which the soda-mist

was blown by means of an aspirator. This method appeared very

efficient to obtain a sodium flame of constant intensity, which is

moreover easy to regulate.

The lines obtained by means of this source of light, were too

broad for the investigation with the echelon-spectroscope when the

intensity of the light was sufficient for the observation, the self-

reversal moreover being very troublesome then. If on the other

hand, the light intensity was diminished till the lines were narrow

guough, the intensity was again too slight for the observation.

1) G. V. ÜBISCU. Inaug. Diss. Slrassbuig. 1^11. Ann. d. Phys. 35. p. 790; lull.
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We luxve therefore tlien tried to see the phenomenon directly by

means of tlie spectrometer, which served for provisional dispersion

in the experiments with the éciielon spectroscope. We were of

opinion that, the dissolving power of the prism system amounting

to 60.000, it must be possible to observe in this way a displacement

of the above given amount. Nothing was to be detected of this,

however. It is true that the at first narrow absorption line (which

has originated by self-reversal in the sodium flame, widened considerably

on the heating of the Wood tube up to about half the distance of

the two Z)-lines, but a displacement could not be perceived.

On account of Dr. d?: Haas' return to P>erlin we had to stop our

joint observations at this point, and I continued the research alone.

First I tried to obtain comparatively narrow emission lines, which

should be intensive enough to superpose the absorption lines on

them in the investigation with the échelon spectroscope by electric

discharges in a heated evacuated Wood tube with sodium. This,

however, appeared impossible, the width remained considerable, and

the self-reversal troublesome.

Then I took another course, and used an arclamp as source of

light. To obtain monochromatic light 1 used the above mentioned

spectrometer as monochromator, diminishing the widths of the slits

so that the issuing light comprised a range of only about 0,5 A. Ü.,

for some observations 0,4 A. U. In this case the adjacent spectra

will overlap only for a small part, as the distance between two

successive orders amounts to 0,39 A. U. The dissolving power of

the échelon spectroscope, which consists of 30 plates of 14,45 m.m.,

amounts to 450.000 ') for D-\ight.

The absorption lines of the arc of light, which are ' caused by

the sodium vapour present in it, appear, observed in this way, to

be double. Both for D^ and for D.^ there are two maxima of absorp-

tion, which are somewhat sharper for JD^ than for D^, and the

distance of which is smaller for D^ than for D^ under for the rest

the same circumstances. These distances are, how^ever, variable. The

lamp burning normally, the distance generally amounted to 0.053

A. U- for Z>i, to 0.078 A. Ü. for D^ for a point lying in the middle

of the arc, when Siemens' S A-carbons were used. It sometimes

occurred, however, for a certain pair of carbons that the distance

was much smaller, down to half the value ; sometimes too that it

was much larger, up to almost double the said amount. When new

^) The results of the observations made about the components of the mercury

lines by the aid of this échelon speclroscope, were in agreement with those of

most of the other observers.

48*
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carbons are set burning, tlie distance is also nincli larger than the

normal one, when the arc hisses, the reverse takes place ; the lines

grow fainter, and the distance grows smaller, in case of ver>' decided

hissing they can even become entirely invisible. Also in ditferent

places of the arc the distance is ditferent, for the negative carbon

the distance is much larger — about twice as large as a rule —
than for the positive carbon.

Between the two absorption maxima lies also a region of absorption,

which on the whole is of only little greater intensity than the

maxima of absorption. Now and then it makes the impression that

there are still more feeble maxima of absorption in this region ; I

have, however, not been able to ascertain this with perfect cer(aint3\

I could artificially modify the aspect of the absorption lines very

considerably by blowing a little soda mist into the arc by means

of a tube placed pai-allel to the positive carbon, which lies horizontal

;

in order not to disturb the equilibrium of the ai'c the blown in air

current had to be only very weak, while the quantity of sodium

could be modified by varying the concentration of the sodium

solution. It then appeared that always when soda was blown into

the arc the distance of the components of the two Z)-lines increased,

these becoming vaguer at the same time. The greater the quantity

was of the soda that was blown in, tiie further the components

were split up, and the less sharp they became. This splitting up
o

could even reach an amount of about 0,3 A. LT., in which case they

were, however, very \ague. The splitting was always perfectly

symmetrical with respect to the oi-iginal double absorption line. The

maxima of absorption were — for so far as [)erceptible — of equal

intensity, the sharpness of the two components also seeming pretty

well equal. I have not undertaken further quantitative measurements

about this, since it would have been impossible to determine the

quantity of sodium in the arc, even when the velocity of supply

Avas known; at most this quantiiy could be very roughly estimated;

nor was the phenomenon perfectly constant. Similar phenomena,

still less constant, however, were observed when carbons were used

which were soaked in a diluted solution of soda.

When the Wood tube is placed in the way of the rays of light

so that it follows the spectrometer, which cuts a small portion out

of the spectrum, so e.g. between object glass and eye-glass of the

reading glass, the absorption lines of the sodium vapour appear also

to l)e double, in which the distance of the components increases as

the temperature rises. At the same time, however, distinct phenomena

of anomalous dispersion are perceptible, as soon as the heating of
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the tube takes place in a soinewliat mis}mmetriccil way. For this

reason, and at the same time on account of the huge differences of

temperature which must necessarily exist in the Wood tube, at

which there can be no question of saturate vapour, I did not under-

take quantitative measurements.

Finally in order to be able to carry out njcasurements whicli

should be liable to interpretation, I have generated the sodium vapour
in a vertical glass tid)e, which was first provided with some pieces

of sodium, then evacuated down to about 0.001 ni.m. of mcicuiy,

and sealed to. This tube was uuiforndy heated all over its length

by an electrical way, so that the temperature may lie assumed to

be the same at all places, and accordingly the sodium vapour to be

saturate. In the enclosure there were made two apertures, through

which the light fell in horizontal direction. As the glass gradually

clouded somewhat at these places, I later on applied side tubes which
were also electrically heated, while a wider glass tube was also

used. The bore of the tube, with which 1 carried out ray final

measurements, amounted to 28 mm. For a reason to be stated later,

this tube was placed between object glass and eyeglass of the reading

glass. Of course the image suffered by this, but nevertheless it was
possible to measure the distances of the components.

The phenomena which I observed in this way were qualitatively

in perfect harmony with what I had seen bj' means of Wood's tube,

and during the blowing in of the soda mist into the arc. On rise of

temperature the distance of the components increases, while |hey

become less sharp at the same time. Up to almost 300° the distance

can be very well measured, the results of these measurements have

been represented in the curves B, and />,,. At higher temperature

the width is too large to be investigated by means of the échelon

spectroscope, the phenomenon becoming veiy vague then, so that

the absorption maxima are clearly perceptible on slight magnitication

only, the light intensity is only little greater then between the absorption

maxima than in the maxinui themselves. The greatest width measu-
o

red amounts to about 0,21 A.Ü.. as is visible from the figure.

The resolution is always greater for D^ than for D^ ; the curves

indicating the course in the two cases run perfectly parallel. On
the whole the components of YJ, are somewhat sharper than those

of A ; ^^ J^i the component lying to the side of the red is the

stronger and sharper, of D,, that which lies to the side of the violet.

I think I have been able to obserx e with pretty great certainty that

the two components of /J, are each double, so that the absorption

region would be bounded here by two absorption maxima on either
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side, which can be distinguished from each other with difficulty. I

have not been able to observe anvthing similar for D^, there the

absorption maxima seemed single to me. At 274° I found about

0.035 A.U. for the distance of the two absorption maxima, of which
o

each component of D^ consists, at 290° about 0,045 A.U. The dis-

tances of the components of D^ indicated in the tigure refer to the

extreme components. The region lying between the absorption maxima

situated on either side is on the whole of uniform intensity, which,

chietly at the higher temperatures, is but very little greater than

that of the absorption maxima. Whether there are still more faijit

maxima in this region, I have not been able to observe with certainty,

though I now and then got the impression that such was, indeed,

the case.



725

111 the ligiire I have also indicated the mean amoujit of the width

of the region of tlie arc absorption by means of short dotted lines.

Fnrther the cnr\ e indicated bv p denotes the vaponr tension of the

sodium vapour for the telnperature in question. The scale of the

ordinates on the right hand side of the tigure refers to this curve.

For the determination of this cur\ e I made use of Kroner's ') research

on the \'apour tension of alkalimetals ; for this it was necessary to

extrapolate the values found by Kroner, for which piirpose I used

Gratz's ') formula, which is formed from Dupre-Hertz's •') formnla

based on that of Clapeyron by assuming the validity of Van der

Waals's law for the vaponr instead of that of Boyle-Gay Ia'ssac.

Gratz's formula

p .e^'T — fcT-o* ^^ ^

containing four constants, 1 had to assume four points of the vapour

tension curve. I took three points for them, which had been directly

determined for sodium by Kroner, viz. 7'= 693, /j= 2.00
;

7'= 733,

p = 4.20; T= 773, p=z S.Q4: (temperatures in absolute scale, pres-

sures in m.m. of mercury). I derived the fourth point, availijig myself

of Ramsay and Young's rule, from Kroner's determinations for pot-

assium and found for it 7':= 589, p=z0.11. I found from this for

the constants using Brigg's logarithms, « = 28.877, /c»//
1- = J 64.88,

711 = 48.748, n ^= 18143. By the aid of these constants I calculated

the values of /; given in the tigure.

One might be inclined to ascribe the observed phenomena to ano-

malous dispersion ; the observed dark lines would then be no absorp-

tion lines proper, but ''dispersion lines". If this were actually the

case, the light of the considered wa\e length would ordy have

changed its direction, without haxing undergone absorption. As to

the absorption lines in the light ai-c, taking the comparatively small

value of the anomalous dispei-sion at the densities in question into

consideration, the point of intersectioji of the rays of light coming

from the arc with the plane of the spectrometer slit could never be

far distant from the crater iiUcige. When this image is moved over

the plane of the slit we should therefore have to see light lines in

some positions instead of dark ones. As I have nexer observed

anything like this, not when 1 placed the arc lamp in other positions

1) A. Kroner. Ann. der Phys. 40. p. 438. 1913.

2) Gratz. Zeitschr. f. Math. u. Pliys. 49 p. -289. 1903.

") Hertz Wied. Ann. 17. p, 177. 1882.

DupRÉ. Theorie mécanique de la chaleur. p. 69. Paris 1869.
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cither, so that the direction of the issuing beam of light with respect

to the liglit arc was a quite different one, I think 1 may conchide

that the arc lines are not to be attribuied to anomalous dispersion.

Nor can for analogous reasons this be the case witli the lines

whicli were observed after the bght liad passed through sodium

vapour in a uniformly heated glass tube. Here too light lines would

have to be observed at some distance from the dark ones, of which

there was however, no question.

On the other hand — as I already remarked just now — when

the unsymmetrically heated Wood tube was used. I saw a sharp

light line by the side of the dark i-egion, which latter became

blacker then at tlie same time; in fact besides the absorbed light,

also the anomalously dispersed light has vanished from this region.

Everything considered I am therefore of opinion that anomalous

dispersion has had no iidluenee on my final results.

I will mention here another phenomenon, which at first made its

influence felt in a peculiar way. In my first experimeids I had

placed the glass tubes in which the sodium vapour was generated,

before the entrance slit of the spectrometer, so that the whole beam

of white light passed through it. The measurements whicli I then

made of the distances of the components for different tubes, which

were distinguished by the thickness of the radiated layer of vapour,

w^ere not in harmony; at the same temperature the distance of the

components was found larger as the radiated layer was thicker.

This peculiar phenomenon must undoubtedly be a consequence of

the presence of fluorescence light, which the sodium emits under

the influence of the incident white light. According to Wood's

researches^) it is just the two D-lines which are very prominent

in the fluorescence light. This light will be tlie stronger as the

traversed layer is thicker. In this way it is explicable that the

absorption spectrum can be subjected to a modification which will

become greater with increasing thickness of layer.

When, however, the distance of the absorption maxima increases

in consequence of the superposition of the fluorescence light over

the absorption spectrum, which is greatly the case at higher tempe-

ratures (see the curves (Dj' and {DJ), it is easy to see that the

maximum, resp. the maxima, of the fluorescence light must be

situated between the absorption maxima so that the curve representing

the intensity of the fluorescence light, exhibits a rise at the place

of the absorption maxima, when we mo\e to a point lying halfway

1) R. W. Wood. Phys. Opt. p. 444; 1905.
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between the two absorption niaxiina. If the al)soi'plion maxima
coincided with maxima of thiorescence, the former woiiid either not

shift their places, or they would split up. Hence we arrive at the

conclusion that at temperatures above about 260" the maxima of

absorption do not coincide with maxima of fluorescence, but that

the latter maxima, resp. maximum, lie between the maxima of

absorption.

I have indicated two curves in the figure for which the influence

of the fluoi-escence light is visible, the curves {D^)' and {DJ. They

represent tiie distance of the components of Z)i and Z).^ for a radiated

thickness of layer of 40 m.m., in which (he tube of sodium vapour

was placed before the entrance slit of the spectrometer: the distance

from the tube to the slit was about 10 cm., the opening of the

incident beam being about 1 : 10. Under these circumstances it was

also possible to observe the fluorescence light by means of a spectroscope.

If the tube with sodium vapour was placed between object glass

and eye glass of the reading glass, the thiorescence can only be

brought about by the light that belongs to the narrow spectral range,

issuing from the spectrometer, instead of through the undivided

white light. It is easy to see that the part of the fluorescence

light, which in this case is already very faint, the part that

finally reaches the retina, will have to be exceedingly small

in comparison with the observed light; the influence of the

fluorescence light will, therefore, have to be imperceptible then. I

have actually convinced myself that when the tube with vapour is

placed between object glass and eye glass of the reading glass the

distance of the absorption maxima is independent of the thickness

of layer traversed by the rays. For this purpose I compared a tube

of 50 m.m. bore with the tube of 28 m.m. used for the measurements
;

in these two cases the distance of the components was the same at

the same temperature.

I think myself justified in drawing the conclusion from all that

has been observed that the distance of the absorption maxima of

the sodium lines is closely connected with the density of the vapour,

and that in this way that the splitting up increases with increasing

density. That what has been observed is chiefly an effect of density,

and not in the first place a temperature effect, is supported by the

fact that the influence of the soda mist blown into the arc is for

the greater part the same as that of absorbing sodium vapour of

much lower temperature. The temperature at which the absorption

in the arc takes place, will namely undoubtedly be much higher

than that of the vapour in the glass tube. On the other hand the
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phenomenon in (he arc is dependent in a high degree on the quantity

of soda, the temperature varying very little as long as the equilibrium

in the light aro. is not disturbed.

In my opinion besides the density also the temperature can have

influence, though the latter will be slight. Tf the ate lines were

exclusively dependent on the density of the vapour in the arc, the

horizontal dotted lines in the figure would have to cut the curves

for Z)i and D^ in points for which the abscissae are equal. As this

seems to be almost the case, the influence of the temperature carmot

be very large.

Also with regard to the degree of the absorption — so the value

of the absorption index — , there can very well be difference between

higher and lower temperatures; I have, however, not examined this.

And at last, the absorption lines of low temperature are somewhat

sharper than those in the light arc.

Returning to what Miss v. Ubisch derived from her experiments,

viz. a displacement of the absorption maxima of sodium vapour on

change of temperature, we may question whether this result can be

brought into connection with the observations described just now.

In the experiments under consideration the main point was (he

absorption to which the components of the two magnetically split

sodium lines (briefly called ZEEMAN-components) were subjected in

the Wood tube filled with sodium vapour.

The measurements were made of the relative intensities of the

differently polarized beams of light both normal to the lines of force

of the magnetic field (transversal), and iu the direction of the lines

of force (longitudinal) (in the transversal observations the beams

polarized parallel to and normal to the lines of force, in the longi-

tudinal observations both the circularly polarized ones.) These beams

of light were emitted by a sodium flame which was placed between

the poles of a magnet; the undispersed sodium light was subjected

to absorption in a Wood tube. This tube was every time heated to

a definite temperature, and the temperature being kept constant,

the magnetic field was varied till the difference of the intensities

of the differently polarized beams of light was a maximum; this

measurement took place by rotation of a glass plate, which served

as a compensator. F'or every temperature of the Wood tube the field

was determined, in which the difference of the intensities became a

maximum. Miss v. Ubisch makes the supposition that this difference

will be a maximum when one ZEEMAN-component coincides with the

maximum of absorption, and the other is not absorbed at all. By the

aid of this the writer deduces that at 270^ the displacement of the
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o

sodium lines would aiiioiuit to 0.17 A.U.; in this case the differ®'^^^

of the intensities was therefore a maximum at a distance of tiie

o

ZeemAM-com ponen ts or on an average 0.34 A.Ü.

Now on closer consideration it is clear that the correct interpreta-

tion of Miss V. Ubisch's observations would be very intricate,

and many more data would have to be available for it. In the

tirst place we should have to know the cori-ect distances and

intensities of the ZEEMAN-components, before thej undergo absorption

in the Wood tube; further the accurate course of the curve that

denotes the connection between the intensity of the light transmitted

in this tube with the wave length, shoukl be known. The absorption

maxima of sodium vapour not being sharply defined lines, much
will depend on the intensity and sharpness of these maxima; this

is the more obvious when it is borne in mind that the real maxi-

mum difference of intensity observed by Miss v. Ubisch, constitutes

only a few percentages of the whole amount. With so small a

difference we should be sooner inclined to assume a differerice

in absorption to that amount than as the author does, suppose

that one ZEEMAN-component is not weakened at all, the other

only a few percentages in the case of a thickness of layer which

is at any rate pretty considerable. It is easy to imagine cases in

which the absorption maxima are of equal intensity, but difference

of intensity of the ZEEMAN-components is a maximum, when they lie

outside the absorption maxima.

Everything considered the amount given by the author can only

represent the distance of the absorption maxima as far as the order

of magnitude is concerned; accordingly I do not think that the

result of my observations (distance of the absorption maxima of
o

about 0.15 A.U. at 270°) is in contradiction with that of Miss v.

Ubisch.

Besides it is possible that the temperature has not been given

perfectly accurat.-ly. In this respect a Woou tube presents more

sources of errors than the uniformly heated tube which I used.

Moreover the ditforeiice need not be very great, taking the very

rapid increase of the resolution in the neighbourhood of 300° into

consideration.

When seeking an explanation of the observed phenomena now that

it has appeared that in the tirst place there is here question of a

density effect, we are naturally led to look for a connection with

the widening of spectrum lines in general, and with the explanation

which Stark has given for it, which comes to this that this widening
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would be the consequence of electrical resolutions of the spectrum

lines. It is easy to understand that the greater the density of an

(emitting or absorbing) gas, the more frequently it will occur that

the vibrating electron systems are in the neighbourhood of electric-

ally chai-ged systems, and will therefore perform their vibrations

under the influence of the electric field of these charged systems

;

hence the spectrum lines brought about by these vibrations will be

the more perceptible by the side of those which arise from systems

Avhich do not vibrate in an electi-ical field. In this way we shall be

al)le to obrain a great number of lines, which all being superposed,

can make the imj)ressioii of a broad baud. It is very well

possible that definite groups of these vibrations can be predominant

which will give rise to the appearance of maxima of absorption

(resp. emission). If we wanted to give further particidars about this,

it would be necessary to enter into an examination of the mechanism

of the phenomena ^).

As to the order of magnitude of the above described phenomena,

it is indeed interesting to compare it with the order of magnitude

of the electrical resolutions as Stark has observed them. Wheu we

assume that a vibrating system is placed in an electrical field origi-

nating from an electrical elementary charge at such a distance as

the mean distance of the atoms in saturate sodium vapour of about

280° amounts to, the resolution of the Z)-lines, when taken as an

electrical resolution, would at this temperature agree — as far as

the order of magnitude is concerned — with the resolutions which

Stahk found in this part of the spectrum, always ou the supposition

of a linear course of the electrical resolution with the intensity of

the field.

Above 260° the observed resolution increases pretty accurately

with the power ^/j of the density, the increase being slower at the

lower temperatures ; therefore what was observed just now about

the order of magnitude of the resolution at 280° cannot possibly

be of general \alidity, as this would require an increase not with

the power Vs» ^^^^ with the power Vs of t^^e density.

I also observed the /)-lines in the solar spectrum, which also

exhibited two components each. On the whole the phenomenon was

in accordance with what is observed for saturate sodium vapour of
o

about 270°. The distance of the components was about 0.15 A.U.
;

1) Even without thinking of electrical resolution^, I pronounced the opinion

already before that the ''own period'" of a vibrating system might vary as

it was under the influence of neighbouring systems, and that widenings of spectrum

Hues might be the consequence of this. Gf. G. J. Elias, Diss. Utrecht; p. 146etseq.
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\ did not however carry out aceiirale measureraentfi about this. They
further seemed to me slightly less sharp ihaii tiiose whieli were
observed for sodium vapour of low temperature, though this difference

was not very conspicuous. If the resolution were really only little

dependent on the temperature and possible other factors, we might

draw the conclusion from this that the density of the sodium xapour

in the chromosphere of the sun is as great as that of saturate sodium

vapour of about 270°.

I further made some obscr\'ations on the emission lines of sodium

vajiour. P^or this purpose I used a glass discharge tube which con-

tained some sodium, and which was heated to 200° or 300°.

It then appeared that the emission lines, both D^ and D^, were

double, and that the distance of the two light lines increased with

increasing temperature. It is not impossible that self-reversal plays

a part in this ; it was, however, peculiar in this that chiefly for D^,

the two light lines on either side of the dark core differed in intensity,

which would not have to be the case for self-reversal.

With regard to the emission lines /), and D^ Michelson ') has

pronounced the opinion that they would each consist of four com-

ponents, two intenser ones, and two very faint ones, the distance
o

of the intenser ones amounting to about 0.15 A. U. Fabry and Pekot^)

are, however, of opinion, that reversal phenomena would play the

principal part in this.

In conclusion I will still state that already a long time ago I

observed for the emission lines of copper when this is in the light

arc, resolutions of entirely the same order of magnitude as those

which I have now described for the absorption lines D^ and D^ of

the sodium, also with the aid of the échelon spectroscope. I then

observed with a pretty iiigh degree of certainty that these resolutions

were greater as the density of the copper in the arc increased. I

could not carry out measurements about this, however, as the amount

of the resolution was very variable, and besides I had no means (o

determine the density of the copper in the arc.

Haarlem, February-A pril 1914. Physical Labora tori/

of "Teylkr's Stichting."

1) A. A. Michelson and E. W. Morlev. Amer. J. (8) 34. p. 427; 1887. Phil.

Mag. (5) 24 p. 463. 1887.

A. A. Michelson. Rep. Biit. Ass. 1892 p. 170. Phil. Mag. (5) 34 [). 280. 18!. 2.

2) Ch. Faery and A. Perot. G. R. 130 p. 653. 1900.
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Physics. — ''On the lowerim/ of the freeziiui point In consequence

of an elastic deformation.'' By Dr. G. J. Elias. (Communicated

by Prof. H. A. LoRENTz).

(Communicated in the meeting of May 30, 1914).

A iHiiiiber of years ago E. Rieckk ^) derived from tiierinodynamic

considerations that a solid body subjected to forces wliieh bring

about an extension or compression, will in general exhibit a h^wering

of the freezing point, also at those places of the surface where no

deformative forces are directly active.

This case may be extended to that of an arbitrarily deformed body.

J. Let the free energy per unily of mass be U', and tlie density (>,

then the total free energy of a certain system will amount to

=ƒ- i^j.dr (1)

in which the integration must be extended over all the material

elements Q.ch. Further we make no suppositions at all on the state

of the system.

Let us suppose the system to undergo an intinitely small deform-

ation at constant temperature. We can always assume this deform-

ation to consist of the intinitely small dilatations .iv, y>,, z~, and the

distortions Vz,Zx,^v,,, for which the well-known relations hold:

"'^a;. y'-'^Yy "'-^

Zy ==?/,= -
1-
—

- Xz = 2'2- = s ^- T" y^: = '^''Z
— ^ T ^y ^

de Ö// ö.^• Ö^ • Öy Ox

(2)

when ^, i], S denote the infinitely small displacements of the poiuts

of the system.

In consequence of this deformation the free energy of the material

element qcIx will increase by the amount

/dip öip öi|^ öif' öq. M^ \

\dx:, dy,j dzz dyz Oz^ Ox,, )

On the other hand work has been done by the external forces.

When the components of the joint volume forces which act on the

1) E. RiEGKE, Wied. Ann. 54 p. 731. 1895.
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hiaterial element qcIt ai'e qXcIt, q Ydr, and qZcIt, and the components

of llie joint exlernal tensions which act on the surface elements do

of the surface that bounds the system: pxdo, p^dc, and pzda, the

total work of the external forces, the displacements being §, ^, C, will

amount to

ÖA= i ^ (X^ f Y^i + Zl>) dx + fcp, § + pyii -f p, ?) do . (4)

Now when the temperature is constant

(5)

holdb generally as condition of equilibrium.

Hence we derive from (3), (4), and (:»)

:

= Cq (X§ + Yn + Zi) dx +J (p,§ + pyn -^ p,5) da

öi|5 di|' di{?

' O.Br oyy oz~

öi(' d^' öi|?

oyz ozx oxy ^

(6)

Making use of the relations (2) we get from this after partial

integration

:

ƒ[II -^ cos (.v..) -f -^ ro5 (A^y) 4- -^ cos (.Vc) +
OXx OXy OXz

]

4- 7J -^ C06- {Nx) + -^ COS (xV^) 4 V^ COS {Nz) +

+ ? l^cos {Nx) + --^ cos {Ny) -f
-— cos (iV^)

[OZx ozy
^

dz~ '

p da —

J'

dip

().t- dy

dU Ölf?

'y=

Öa'

+

dx

dz

dz
,J'i!l)+'tl) +

Ö.C

1

di/

it == ro(X5+ Fij 4z?v/T+r(/>,,i

+

py,i + jt>,?)c?(j

(7>

The quantities 5, i/, and ^ for the different points of the system

being quite independent of each other, we obtain from i^7) the relations:



734

löifj dip öifj )
^

joy:, O.y^ d(/, )
'

O '

i

(9)

i dib öip pU'

p. -q]^ '^os (iV.^•) +^ cos (/V.v) +^ ^«^ U^^)

,/(i),<'k)/('S
.) -]

j
-] = u

o.v óy dz

>m <<•£) >m
Ox oy Oz

If we now introduce the internal tensions Xx, Yy, Z~, Y., Z^, Xy,

usual in the Iheorv of elasticity, then hold for the components of

these tensions on an element of the surface:

X,v = A', cos{Nx) 4- Xy cos (Ny) -|- X- cos {Nz) \

Y,w= Y,cos{Xx) + YyCos{Ny) 4- Y, cos {Nz) '•
. . (10)

Zy = Zjc cos {Nx) + Zy cos {Ny) H- Z, {cos {Nz)
]

Further in case of equilibrium:

p.,. + A\v -.
py + Yx = p, + 2:,v

—
. . (11)

From (8), (10), and (11) follows:

d.% Oyy dz~ '

du» öil^ dtb ,

' ^ di/, dzjc
^

iixy
I

The relations (12) introduced into (9) now yield the equations

dX^. ÖX„ ÖX-

ex dy dz

,^^^^_^^ (13)
OX oy oz

^ dZ( dZy dZz

ox oy oz

the known conditions of equilibrium for a deformed system.

(12)



2. If we now consider a material element which can be arbi-

trarily deforined, we can snbject its state to an infinitely small

variation. With respect to the deformafioJi this variation will be

determined by six mntually independent qnantities, three dilatations,

which determine the chanpje of volume, and three, which determine

the change of form. Hence speaking thermodynamically, the variation

of state of this element (which need not necessarily be infinitely

small, provided it is to be considered as homogeneously deformed)

is determined besides by the temperature, by six mutually independ-

ent cpiantities. It now follows from (3) and (12) that for a virtual

isothermal variation of state the following equation will hold for

the unity of mass

^^= (X.,.t.^, f Yyy,,yA,z,i- ny,+ Z,:,^^.+ A>_y) . . (14)
Q

If we now start from the uuity of volume, and call the free

energy of it if'', the following form holds for it

(kp' = — (A>xr F,.!/,^ i-Z,z,-\- r:>/,+ Z:,z^^Xy.v,) . . (15)

(In this it should be borne in mind that after the variation the

volume will in general be no longer equal to unity).

Now
dtp

§? = -" ('«)

holds generally for the free energy on change of temperature, when
in the expression for the external work with an intinitely small

variation no term with éT occurs as factor.

Hence:

(^ip= {X,x^-+Yyy,^^Z,z,^r,ij,+ Z,ty^rXyf>^y) — n^T. (17)
Q

holds for virtual variations of state, in which also the temperature

can undergo a change.

When we start from unity of volume, we have

dtp' = - (A>:,+ Yyyy^Z.z, f r,y,-^Z^z^-^Xyj^y) - riöT . (18)

where r/ represents the entropy of the nnity of volume.

3. Let us now consider a system consisting of two phases, a

liquid and a solid state. We assume the system to be at rest. Let it

further as a whole be subjected to the hydrostatic pressure p, while

arbitrary deforinative forces can be active on the surface of the

solid phase, with the exception of that part that is in contact with

the liquid phase; we exclude volume forces. Consequently the same
'

4y
Proceedings Royal Acad. Amsterdam, Vol. XVII.
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hydrostatic pressure will prevail everywhere in the liquid. We direct

our atlention to a part of the system that contains a portion of the

boundary plane between the solid and the ii(iuid phase. We assume

the surface that bounds the considered part of the system, for so

far as it falls inside the solid phase, to be invariable of position,

whereas we can subject it to variations of form for so far as it

falls inside the liquid phase. On this latter part acts then everywhere

the vertically directed hydrostatic pressure p. We take tlie part of

the solid phase that falls inside the considered part of the system,

as homogeneously deformed.

Let the considered part of the system contain ?«i unities of mass

of the solid phase," m^ unities of mass of the liquid phase. The

direction of the normal to the boundary plane, which points from

the solid towards the liquid phase, may be called N.

For (he part of the system in question are the free energy, the

mass, and the volume resp.

:

\\) = m^ if^, 4- vi^ V'2 1

M = m,-\-m^
[ (19)

V = mj7', + m^v^
I

when Vj and i\ represent resp. the volume of the unity of mass

of the solid and the liquid phase.

We now subject this part of the system to a virtual change. For

this purpose we make a small quantity of one phase pass into the

other at constant temperature. This will be attended with a change

of the total volume of the considered part of the system. In virtue

of the suppositions made above this change of volume can only take

place through the change of position of that part of the surface

bounding the considered })art of the system, which lies in the liquid

phase. For the rest the state of the liquid phase will not change.

In order to keep also the solid phase in the same state, to leave

the quantities determining the deformation unchanged, it will be

necessary, to make the tensions of the part of the boundarj^ surface

of the considered part of the system lying inside the solid phase

undergo intiiiitesimal variations. Since this part of the boundary

surface remains unchanged, no work will be required for this. The
only quantity of external work that we have to take into account,

will be that which is attended with the change of the part of (he

boundary surface lying inside the liquid phase.

When dm^ and dm^ represent the changes of the quantities of the

two phases, then on account of (19), we shall have;
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'dip = ipj dm^ -f tp, (fin^

= rfmj + (fw, [...... (20)

In connection with the above considerations the work done by

external forces amounts to

:

dA = — pdVz= — p {v^dw, 4- v.dm,;) .... (21)

If we now apply the condition of equilibrium (5), we obtain,

making use of (20) and (21),

^i-{-pVr='^,+pv, (22)

This equation represents the condition of equilibrium for the two

phases in the case considered here.

4. Let us now imagine that the system consisting of the two

phases undergoes a real, infinitesimal change. The condition of

equilibrium f22) will then retain its validity. It is clear that it will

give us then a connection between the differentials of the variables.

As variables determining the state, we choose for the solid phase the

dilatations and distortions x^, yy, z., y., z^, .%, besides the tempera*

ture T, for the liquid phase the volume v and the temperature T. We
ascribe the value zero to the variables Xx, yy, z^, y~, 2^^, and Xy in the state

from which we start (which, however, need not be without tension).

In order to be able to distinguish the difference between an eventually

ultimately reached final condition (which need not differ infinitely

little from the initial condition in mathematical sense) and the initial
«

condition from an actually infinitely small change of condition, we
shall represent the latter by dxx, dy^, dz~, dyz, dzx, dxy instead of by

^^x, yy, Zz, yz, Zx, ocy, which we shall use for the final condition that is

eventually to be reached. This does not alter the fact that the latter

quantities are always treated as if they were infinitely small.

Proceeding in this way we obtain by differentiation from (22) t

-— dJ -\- -^- dxx-{- ^-dyy\- --- dzz-\- v— ^^3/5+ t" dzx+
oT oxx oyy oz. oy. ozx

+ ^— d^y + pdv, + v,dp =~—dT-\--—-dv,-\- pdv^ -f v^dp
OXy 01 OV^

(23)

In this ^-^ dxx denotes the increase of the free energy ^^, when
OXx

the initial state undergoes a dilatation dxx etc., just at this was the

case in (3) and the following formulae.

Now according to the theory of elasticity we haVe:

49*
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dv, = — {d.v, + dy,, + dz,) (24)

while furtlier tlie well known relations:

hold for the liquid phase.

On introduction of (12), {2^), and (25) we get from (28).

iv,
(26)

->i,) dT = dp ( ] + — [(Xx—p) d.v, +
I

+ ( J'y-i^) '(y.'/ + (^c -/') c/^. + Tc^i/^ + ^^dz, -I-
Ay.6-y]'*

We can now put:

V. -n. = Y -

' ' ^'^^

Tn this we can call the "heat of melting" r, by which that (juantity

of heat is to be understood which must be added to convei-t the

unity of mass from the solid to the liquid phase, without the con-

dition of the two phases changing for the rest. We then get:

d2' = ^
f- - i) dp + -^ [{K.-P) d.v, + (yy-p) dyy + I

-f {Z,-p) dz, + Y-d,j, + Z^dz., + Ay.cyj )

When the only deformative force is the hydrostatic pressure, we

"et the known formula of Thomson and Clausius, since then the

following eipuitions generally hold :

'

Ax- -jt> = U Yy-p = Z,—j>=zOï
K = Z, — ^y — ^

(29)

7' / 1 1dT=^{ ]dp (30)

If on the other hand dp = 0. we get

:

dT=:— [{X,-p) d.v, -f {r,~p) Jny + {Z,-p) dz, -f
r.Q,

\ . (31)

-j- Y~dy~ + Z:,dzjc + Xydxy]

Since the form between square brackets, provided with the negative

sign, represents the work performed in the deformative forces, with

the exception of the pressure p, a deformation will bring about a

lowering of the freezing point, when this work is positive.

5. We shall now assume that the initial stale (for which we put

«'j) y<ii 2:, ?/:, 2a, '^'y equal to zei-o) is to be considered as without
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tension. In this case (31) will also be ai)plicable; we may then,

howevei-, rephice r and q^ by r„ and q,^, in which r, denotes the

heat of melting, and q^„ the density of the solid phase in the tension-

.less state; then we have

dT = [(X, -p) d^c^ + (y>/-p) dy,, + {Z,-p) dz, +
^^10 . (32)

^ Y.dyz + Z,^dzy: + Xydx,^ . '

If we disregard quantities of the second order, which we are

allowed to do when we consider the dilatations and distortions

as infinitely small, we can integrate (32), placing T. r„, and ^^^

outside the integral sign. We then get for the lowering of the freezing

point in the state determined by .iv, ?/,/. z^, y~, Zx, Xy,

^T = - f[{X,-p) dx, + {Y-p) dy,, + {Z,-p) dz, +
/ V /

Yzdy^ -\- Zj^dzj: -[- X^dx,^

The heat of melting in the state determined by .r^, ;/,,, z~, y~, z^, .i\

will differ from that in the tensionless state by an amount that is

of the same order as the dilatations and distortions themselves. For

an infinitely small change follows for the change of (he free enei-gy

from (14)

:

dxp= {X^dx:, + Yydyy + Z,dz, + Y,dy, + Z^dz,. + X„dx.)

Hence the difference in free energy bstween the deformative and

the tensionless state amounts to

:

X;, ... yz ...

^^P=- f— [X:>:dxx + Yydy>, + Zzdz, + Y,dy, + Z^dz,. + X.dxy].

For the difference in entropy between these states follows then

from (16)

.^-.r - yz ...

Ö fl ..

Aii 1=— I — [X,dx,. + Yf^dy,, + Zzdzz -f Y.dy^ + Z^^dz^ + X,,dxy].

From (27) follows then for the difference in heat of melting:

xx ... yz ...

d ri
Ar== - T^j-[X,dx,.-{-Yydy,,-^Zzdzzi-Yzdy:+ Zxdz,i-Xydx,] (.34)
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This will also apply to the case that the initial state is not

tensionless; only (34) does not represent then the difference ^n

melting heat between the state x^ . . . yz . . . and the tensionless state,

but the difference between the state Xx---i/z-" and the initial state,

which is not tensionless in this case.

' 6. Let us now suppose that forces act on the surface of the

solid phase which are exerted by solid bodies which rest on the

solid phase, and in consequence of the presence of which the sur-

face of the phase is not in contact with the liquid phase. We can

then imagine that a small part of the solid phase that is in contact

with the solid bodies which exert forces, is converted to the liquid

state, without the solid bodies changing their places. For this case

we can again draw up the condition of equilibrium.

We take the boundary plane of the solid phase as XT-plane, and

suppose that the ^T-axis is the normal to this plane which is directed

from the solid to the liquid phase. For the total free energy, the

mass, and the volunie the following relations hold in this case:

W = m, ip, + m, ip, 1

M=zm^-{-m^
I

(35)

V:=z 7/ij Vj -f- Wj I'j )

Let now an infinitely small quantity of the solid phase be con-

verted to the liquid phase, then

:

d'F = m,ö^, + xi\öm, + m,öi]\ + tp.cJw, . . . (36)

During the conversion the volumes v^ and v^ will have to change,

as the total volume remains constant, as we supposed. The considered

change being a virtual change, we may assume that as far as the

solid phase is concerned, this change is brought about by variation

of Zz alone. Then we get

:

(fi,,, =^ . (f^, ........ (37)

Further :

öxp,= ^.öv, (38)
Ov.,

By introduction of (37) and (38) into (36) we get:

öW = m. ^-—
* dz. m^ —^ 6v^ -\- \\>^öm^ -\- ipjdVn, . . (39)

Just as before (see above under 3) the tensions at the surface that

bounds the considered part of the system will have to vary now
too. We supposed, however, that this surface does not change its
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position, so tliat no work will be done by external forces. The
condition of eqnilibrium is now

:

Ö W% . (40)

We mnst use here the double sign seeing that there is only a

conversion possible in one direction. The sign = will hold for the

boundary equilibrium, i.e. the equilibrium at which a transition from

the solid to the liquid phase will just be possible. Now the equations

(35) give fui'ther

dm, -4- öm„ =:
)

J, . . (41)
ni^6i\ + i\öm^ + m^6i\ + i\dm^ 1= ( ' '

in addition we have

1
(iv, =z — (fz, (42)

If we limit ourselves to the boundary equilibrium we get from

(12), (35). (39), (40), (41) and (42) making use of the equation

Z, — jjz=0 (43)

V'l -ï-pv, = i\'^ + pv, . . • . . . . (44)

Hence we get the same relation as condition of equilibrium between

solid and liquid phase as we had for the case that the two phases

were in contact. Therefore the conclusions about the lowering of

the freezing point will also be the same. Of course as pressure on

the solid phase mu,^t then be taken into account the hydrostatic

pressure, to which must be added that which is exerted by the

solid bodies which are on the solid phase.

7. We shall now consider more closely the amount of the lowering

of the freezing point, in which we shall make use of the expres-

sion (32). To calculate this amount it is necessary to know the

relation between the quantities .iv ...//;... and the tensions Xx. . . Vz- .

.

In the most general case, the quantities .r,, . . . y.- . . . being considered

as infinitely small quantities, we shall be allowed to assume a

linear relation of the form :

X,. = «,i.f^ + a,^y,, + «.jc, + «,,y, -|- «,,c^ -f «,,.r,/
j

in which

(iik = «i< (46)

will generally hold, because the tensions Xx . . . F~ . . . according to

(8) may be considered as the partial differential quotients of the free
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energy per unitj of volume laken with tlie negative sign. Further

the coefficients « must be considered as functions of the temperature.

To this most general case; in which the number of coeiïicients amounts

to 21, answers a crystal of the lowest symmetry. This leads, of course,

to very intricate calculations.

We prefer, therefore, to consider the simplest case, viz. an isotropous

body. For this holds, if we use the prevalent notation ^).

X\ = — 2K [.V,. + 6^ {x, -f i/j, 4- z,)]

j

y~ = -Ky: ) (47)

from which equations can be derived
;

1

2K
^ (X, + r, + z,)

l + 3<9

(48)

In this the relation :

E=:2K-—-— (49)

exists between the coefficients K and 6 on one side and the elasticity

coefiicient E on the other side.

Let us now consider a circular cylinder, the axis of which coin-

cides with the Z-axis. Let one end be rigidly fastened, while forces

resp. couples act on the other. Let the length in the direction of

the Z-axis be /, and the radius of the cylinder R. The conditions

of this problem may be satisfied by putting

X,.z=0 X^ = Y,j = ^ (50)

If Px, Py. Pz are the components of the force, Qx, Q,j, Qz the com-

ponents of the couple acting on the end plane, then for the other

tensions hold the expressions :

_ 2Q,.3/ P. (3+ 8^)(fi--^--)-.v - Py 1 + 4^ ,Jv5n

P, {3+ S0)iR^-y'')-.v^ \
xy +

:iR' jrPn + 3<9 ' ' 2.tP^ 1+ 3<9

Further :

1) Gf. among others G. Kirghroff, Vorlesungen iiber Mechanik.
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E 1+26
2 l+ SÓ» -

'
^ ^

Y =-K t
=--l±^

We shall now discuss some special cases.

1. Compression resp, extension.

In this only P~=^0 is put, from which follows

P-

(in this the liquid pressure p is neglected).

Then the lowering of the freezing point is

AT= fz.dz^
T r

Making use of (52) and carrying out the integration, we get

:

T Z.'

which formula is in perfect concordance with Riecke's. ^)

We apply this to ice, which we shall treat as an isotropous

substance.

Rip^CKE assumes 0,7 kg. for the drawing-solidity of ice per mm^ and

calculates with this 0°.017 for LT. As for most substances the

pressing-solidity is considerably greater than the dj-awing-solidity, this

diminution can probably be made larger in the case of compression,

so that it can be measured comparatively easily and with suitable

apparatus even the just mentioned lowering of the freezing point

w^ould also be liable to be measured.

2. Sagging.

In this case we only assume that Py =|= 0. When we consider a

point for which x = R, y = 0, then it follows from the formulae that

:

P,/ 1 + 20
Z. = X, = Q Y. = —^ -—— .

~ .tP^ 1 + 3^

The lowering of the freezing point of the considered point is :

T r^T= \YJy,.

1) E. RiECKE, loc. cit. p. 736 form. (20).
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Making use of (52) we get after integration :

^^,^ T 1 + 3^ F-'

In order to obtain a limiting value for 1.^;, we make use of the

results of an investigation b}- Hess ^j on the sagging of ice

crystals. He charged a crystal 2.9 cm long, 'i.O cm broad, and 1,2 cm
thick at its end with a weight of 5000 grams, without rupture taking

place. Let us assume by approximation that an ice cylinder of a

diameter of 1 cm could bear the same load. We can then derive a

limiting value of Yz from (51).

If we introduce this into (52), we find finally, assuming that =: {,

which is about correct for a great many substances. — 1.19 X 10"*

degree for A 7', which quantity is probably not liable to measure-

ment. That this quantity is so small, is the consequence of the small

value of the maximum tangential tensions which ice can bear.

We considered the point on the circumference for which .6' = R,

y = 0. If on the other hand we take the point for which x = 0,

y =z R, we get the formulae

U
^. = ^3 . Py X, = r, =: .

jrZt!' ^
.

If as before, we again assume that an ice cylinder of a diameter

of 1 cm. can bear a load of 5000 grams at its end, we find for iT^

a value which appears to be greater than the value assumed by

RiECKE. If we calculate the lowering of the freezing point by means

of this, we find LT=— 0°.081, an amount that can be easily measured.

We see at the same time that the lowering of the freezing point

has different values at difterent points of the surface ; a state of

equilibrium is therefore impossible. The rod of ice will diminish on

the upper surface and on the lower surface, and that much more

quickly than on the sides, which will also diminish a little. Further

this diminution will increase towards the end where the rod is loaded.

3. Torsion.

In this case only Qz -\- 0. From the formulae (51) follows then

for the point iv = 0, y ^ R

z^z=o x. =—— rz = o.
jiR'

Taking the small amount of the tangential tensions which ice can

i) H. Hess Ann. d. Phys. 8 p. 405. 1902,
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bear into consideration, the lowering of the freezing point will again

become very small in this case. Since the tangential tension all along

the cylinder surface has the same value, equilibrium with the sur-

rounding liquid will now be possible.

Haarlem, May 1914 Physical Laboratory of

''Teyler's Stichting'.

Physics. — "The effect of magnetisation of the electrodes on the

electromotive force." By Dr. G. J. Eltas. (Communicated by

Prof. H. A. LoRENTz).

(Communicated in the meeting of June 27, 1914).

1. The question in how far magnetisation of the electrodes is of

influence on the electromotive force in a circuit in which there are

electrolytes, has already often been examined, without it being

possible to derive a definite answer to this question from the results

of these researches. Thus Gross') found no definite direction of the

current in concentrated solutions of ferro salts, while in concentrated

solutions of ferri salts the magnetized electrode (both electrodes

consisted of iron) became the anode. Andrews ^) arrived at the same

result working with strong acids as electrolytes. Nichols and Franklin')

obtained results which were in concordance with those of Gross

and Andrews, in case a pole of a magnetized iron rod came in

contact with the electrolyte, which consisted of a solution of chromic

acid. In this case the electromotive force greatly increased with the

magnetisation, and reached the value of aboat 68 millivolts in a

field of 20000 Gauss. If on the other hand the neutral region of

the magnetized rod was in contact with the electrolyte, the sense of

the electromotive force was opposite. Rowland and Bell') found

that the magnetized electrode became cathode when acids that

attacked the iron, were used as electrolytes. Squier^), who took

nitric acid as electrolyte, came to the same result. The maximum
electromotive force amounted to 36 millivolts, in a field of 10000

1) Th. Gross. Sitz. Ber. d. kais. Ak. d. Wiss. 92. Dec. 1885.

2) Andrews. Proc. Roy. Soc. 42 p. 459, 1887; 44 p. 152, 1888.

^) E. L. Nichols and W. S. Franklin. Am. Journ. of Science 31 p. 272. 1886;

34 p. 419, ]887; 35 p. 290, 1888.

4) H. A. Rowland and L. Bell. Am. Journ. of Science. 36 p. 39, 1888.

6) G. 0. SquiER. Am. Journ. of Science. 45 p. 443, 1893.
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Gauss; on further strengthening of the field this amount did not

change. Also Hurmucescu ^) found the electromotive force in the same

sense, when diluted acetic acid or oxalic acid was used as electro-

lyte. In a field of 7300 Gauss the electromotive force amounted to

14 millivolts. Finally Bucherer") has occupied himself with this

question. His result is in so far entirely negati\e that he finds no

electromotive force which would reach the value of 10-^ Volts for

neutral solutions of ferro salts in the case of magnetisation of the

electrode in a field of 1200 Gauss. He further pronounces the opinion

that the electromotiAe forces found by Rowi,and are caused by

mechanical disturbances of the equilibrium ("Erschiitterungen"), whicii

w^ould be the consequence of the origin of the magnetic field. Then

Blcherer compares Hurmucescu's results with what has been theoreti-

cally derived by Duh'km''), and concludes that no concordance exists

between them. Duhem arrives at the formula:

E= (1)

in which I represents the magnetisation of the electrode, / the electro-

chemical equivalent of the iron, y. the susceptibility, and d the

density, the electromotive force E being taken positive, when the

magnetized electrode is cathode. When we eliminate ///,/, and x by

the aid of the relations

:

B= Hi + 4rr / B= (i .Hi I=x. Hi

we get instead of (1)

B' .X / 1

\

E= 1 (2)

It has appeared to me that in consequence of an inaccurate expres-

sion for the energy of a magnetic field, this value of E is about ft

times too small, so that we may write by approximation because \i

has a large value :

B"" .X
E = -E-—, (3)

ö.T . a

which expression, however, only holds when the electrolyte is a

neutral iron solution.

When the experiment is arranged in such a way that B may be

put equal to the external intensity of the tield H, we see from (3)

1) Hurmucescu. Eclair. Electr. Nr. 6 and 7, 1895.

2) A. H. Bucherer. Wied. Ann. 58 p. 564, 1896 ; 59 p. 735, 1896 ; 61 p. 807, 1897.

^) P. Duhem. Ann. de la Fac. des Sciences de Toulouse. 1888—89. Wied.. Ann.

Beibl. 13 p. 101, 1889.
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that the electromotive force would have to increase with the square

of the intensity of the tiekl. On introduction of the values for iron

;. = 29 X 10--^ e.m.e. d = 7.9

we get for

//= 10000 Gauss i;= 1.46 X 10~' ^olt.

In Bucherer's experiment the intensity of the field was 1200, if

the induction B had had the same value, the electromotive force would

have been 2.1 X 10—' Volts. As this amount is much less than the

smallest value which Bucherer could measure (10- -^ Volts), its negative

result cannot be considered in conflict with the theoretical result.

The results of the other investigators, who worked with acids as

electrolytes, are not at all in agreement with formula (3), in fact

they could iiardly be so, as (8) rests on the supposition of a neutral

iron solution.

As the case that the electrolyte is a dilute solution of the metal

of electrodes, which is assumed to be equal for the two electrodes,

is the only one that is liable to exact thermodynamic treatment, 1

have calculated the value of the potential difference for this case in

what follows. Further 1 have communicated the results of experiments

made on this subject.

2. Let us now consider ^) an arbitrary system in which also

electric currents and magnetic fields can be present. As variables in

this system we choose the temperature 7". further a number of

geometrical quantities a^, a.^ . . ., and finally the magnetic induction "O;

when the last quantity is knowMi everywhere, then, besides the

magnetic field, the electrical current is also determined everywhere.

The external forces exerted by the system, are the components of

force A^, A^ . . . corresponding to the geometi'ical quantities, besides

the external electromotive forces ^%. In order to be justified in leaving

Joulk's heat out of consideration we shall assume that the conductors,

for so far as a current passes through them, possess no resistance.

We shall further assume that the system loses no energy by electro-

motive radiation and we exclude currents of displacement.

If the system undergoes an infinitely small virtual variation, we

first inquire into the work performed by the system on its surround-

ings. If the variations of the geometrical quantities are rffr,, cfff, . . .,

the corresponding work can be expressed by

1) The train of reasoning on which the general method of treatment followed

here is based, was suggested to me by Prof. Dr. H. A. Lorentz, for which I will

express here my heartfelt thanks
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<fW, = A, öa, + A, öa, + (4)

Further the external electromotive forces will perform work per

unity of time equal to :

dW.

dt

in which <i denotes the electrical current. The work done by the

system amounts, therefore, per unitj' of time to :

dW.

dt

For this we may write

dW„

- fide, ^). dr.

J(d + (^e.^)dT+J{(i,(l)dr,
dt

in which €' denotes the electrical force. Now in the conductors

From the supposition that in the conductors a will be infinitely

large, follows that here (£* -}- '^e must be = 0, whereas outside the

dW'
conductors ^ = 0. Hence the first term in the expression for ——

-

dt

disappears. When we make use of the expression :

^ =: c curl S^ ^)

we get after partial integration
1 TXT /-• /^

' = c
I
{yp.curl (i) . dri-c I [S?, (ïl.v • de.

The second term disappears on account of the supposition that

no energy leaves the system through radiation. We finally get then

by the aid of the relation

:

— c curl ^ = ^— ,

Ot

^=-,r(-?)*dt

If the variation of 55 in the time dt is d^, we get:

(fW^=:- f{^,(m).dt (5)

The total work performed by the system now amounts to the

sum of (4) and (5),

1) Here Lorentz's system of unities is used.
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öW=A,(fa, + ^,ff«,+ . . —C{.r, ,ö^) dr . . . (6)

If we now introduce tlie free energy of the system, the following

well known relation holds for it

W= E~T . H
when E repi-esents the internal energy, H the entropy. For an

infinitely small variaton we get from this:

ö^ = 6E- T . ÖH—H . ÖT.

Further

T.éHz=öQ= öE-^ ÓW,

in which <fQ is the quantit}^ of heat added to the system. Making
use of (6) we get from this

:

ƒ(^c^'^).ÖW= — A,6h^ — A^öu^ + I (^P ' f^'^) • dx—H. ÖT. . (7)

Let in a certain initial state, in which the variables *«i, «,..

.

have the values «i„, a^^ . . ., 33 being = 0, the system have the free

energy ¥*„. In the magnetic state, iii which ^ will have a certain

value everywhere, and the temperature and another quantity, e.g.

the external pressure have remained constant, the geometrical

variables will assume other values, which we shall denote by «j, «^ . . .

We can now make this transition take place in two steps. We first

give the geometrical variables the values «j, a,, ^ remaining = 0;

hence the free energy will increase by an amount Agf.

Further, while a^, (t^ . . . remains unchanged, we can bring the

magnetic induction 33 from zero to the tinal value; then the free

energy will increase by Aj/V^. In this way the final state is reached,

in which the free energy will be:

W=W, + A,W+ L^tW (8)

Then according to (7) the follow^ing equation will hold

:

AmW= ff{S;>,d^).dT (9)

3. Let us now return to the above discussed case, in which two

electrodes of the same metal are placed in the dilute solution of a

salt of this metal. The concentration of the solution can be different

at different places. We think the circuit closed by means of a wire

connecting the two electrodes. Let one electrode be in a magnetic

field, in consequence of which it is magnetized. We think the

magnetic field excited by an electromagnet, the leads of which

possess no resistance.
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in the second circuit in which the electrolyte is found, we think

inserted an electromotive force — E, which is in equilibriutn with

the electromotive force E existing eventually in consequence of the

presence of the magnetic tield; we shall assume that sense of circuit

which is directed inside the electrolyte towards the magnetised

electrode, to be positive. We shall assume also the resistance of this

second circuit to be zero.

We shall subject this whole system to an infinitesimal variation.

Let this variation consist in the passage of an infinitely small

quantity of electricity e through the second circuit, and that in that

sense that is directed inside the electrolyte towards the magnetized

electrode. We shall moreover assume that in this variation the

magnetic induction remains unchanged in all the points of the

system. We shall further assume that the surface that bounds the

second circuit, does not change its position.

In the first place we shall consider the work of the external

forces, 'fliese forces consist of: 1. the electromotive forces in «he

first circuit (that of the electromagnet); 2. the electromotive force

— E in the second circuit; 3. the external pressure p. As we have

supposed ^ to remain constant in all the points of the system, the

value of

ƒ^N 'da

which represents the tlux of ^^ through the first circuit will not

change either. It follows from this that no electromotive force is

active in this circuit, so that the work of this force is zero. The

electromotive force —E in the second circuit will perform work

equal io —E. e, when a quantity of electricity e passes. The whole

volume of the second circuit being supposed constant, the w^ork of

the external pressure will amount to zero.

In all the work performed by the system is therefore

öW=E.e (10)

Let us then consider the change of the free energy of the system.

For this purpose w^e shall examine what are the consequences of

the passage of the quantity of electricity e through the electrolyte

in the direction of the non-magnetized electrode towards the mag-

netized one. We shall call the former the anode, the latter the

cathode.

If u and V represent the absolute values of the velocities of cation
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and anion in the solulion, tlieji n = is the quantity which

HiTTORF has called ^'Ueberführungszahl" of the cation.

Of a cm-rent i the part « . i is carried by the cation, the part

(1

—

u) . i by the anion. So the number of gram equivalents of the

cation in the unity of volume will increase per unity of time by :

1 1— div (n . i) — — (1
,
yn),

e 8

as div.i = is; s represents the charge of a univalent gram ion.

In the same way the number of gram equivalents of the anion will

increase by the same amount per unity of time, so that the solution

will remain neidral. If k is the valency of the molecule, and ni the

molecular weight, the mass of the salt will increase per unity of

time by an amount

:

TO

If the quantity of electricity e^ passes through the unity of surface,

and if ij represents the unity vector in the direction i, the increment is:

dv=^--^{\,,Tjn) (11)
k . e

In the volume elements which lie on the surface, the increment

of the mass of salt will be per unity of surface :

dv =: . LVi . w (12)
k . s

when xV is the direction of the normal directed inward. The total

quantity of salt inside the solution will now increase by an amount

:

I dv +
I

c/j' = -— I «1 . ('i, xyn) dx -f I ^i . iiVi • *t • da

V s 'v.
.

s

when we apply Gauss's theorem and make use of the equation

div[ = 0. The quantity of salt, therefore, does not change.

The only change consists in this that tlie concentration in the

different volume elements is modified, and that a quantity of elec-

tricity e dissolved at the anode, has deposited at the cathode.

We shall examine what change the total free energy of the

system has undergone in consequence of what has taken place in

the electrolyte. Above we found the expression (8) for the free

energy, (9) holding for the ''magnetic" part of it. We further chose

the variation so that the magnetic induction did not undergo any

change. In the first place we must now take into account that at

50

Proceedings Royal Acad Amsterdam. Vol. XVII.

= 0,
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the anode a certain volume of iron has been replaced bj' the solution,

whereas at the cathode tlie solution has been replaced by iron. The

lat
v^olume of iron — .

— • — will correspond to the quantity of elec-
d kg 8

tricit}' e, when a denotes the atomic weight, Ji\ the valency of the

atom, (/ the density of the iron. If we assume that at the anode

no magnetic tield is present, the substitution of iron solution for

iron will not bring about any modification in the magnetic part of

the free energy. At the cathode, however, this substitution will give

rise to a change in the expression (9),, which, when n^ represents

the permeability of the iron solution, j/ that of the iron, amounts to:

a. e r rB rn n
<r.(A.^)=_--[J-.5_J-.8j. . . . (13)

when B means the absolute value of 33 and B this value at the

cathode. When we speak of "at the cathode" or "at the anode",

we mean by this that we must take the value of the considered

quantity at a plane that is at a very small distance from the

cathode resp. anode, this to evade the difticulties which the phe-

nomena taking place in the boundaiy layer might cause; we
shall examine this question more closely further on. On account of

the smallness of the considered volume we may assume that the

value of B is the same everywhere inside the volume. If we put

(Ltp = 1 -j- 47r Xj, in which jc,,, the susceptibility per unity of volume,

is to be considered as a small quantity, we get about

:

_ "b

'B' , - rB 1
__(1 .4^x„ -j-dBl . . (14)

when Xp represents the susceptibility at the cathode. If we assume

1

fi to be very great for iron, so that — is to be neglected with respect

_^
to unity, and if we replace B by H, the absolute value of the inten-

sity of the tield in air at the cathode, we get

:

a. e H' -
ö^{AmW)=-— ^(l-4;rx„) .... (15)

Instead of (13), using the relation:

bU
J

= 4:rt /,

in which / is the absolute value of the magnetisation we may
further write :

a. e

d.k„ .6
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y^

cf,(Aj/¥)= ~^j—.j{I-I^)dB (16)

o

We must further take the changes of concentration in the different

elements of the electrolyte into account. If we introduce the concen-

tration c as the number of srammolecules of the dissolved substance

per unity of mass of the solution, this is modified by the passage of

the quantity of electricity e. If the density of the electrolyte is q,

then the variation of density, when the volume remains unchanged,

will amount to :

ÖQ= dv . (17)

in which rfr is given by (11) and (12). By means of this we find

easily for the change of concentration :

1 — mc
dcr=(fv (18)

771 . Q

Now for dilute solutions very nearly :

x^ = X.m.Q.c (19)

holds, in which / is the so-called absolute specific susceptibility per

unity of volume, which is considered as independent of q ^). We
get from this by the aid of (17) and (18) :

This then gives, as x^ must be considered as small

:

B

2jr B\/^.öv.(fjsp.d^:d=

When we multiply this expression by the volume element (h, then

introduce the value of év from (11) and (12), and integrate with

respect to the whole volume of the solution, we get

:

V s

If we assume 7i to be constant, which is permissible, on account

of the relati\^e smallness of this term, if we suppose further that

at the anode B = 0, at the cathode in air B =^ H, we get

:

2T7?i.y.e.« -—
ö,{LmW)= -^^.H\ (20)

k.s

1) Relation (19) liolds of course only as long as the specific magnetic properties

are independent of the concentration.

50*
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as for the cathode holds :

do =z e-ƒ•'-.

4. We must fiirtlier consider the change of ihe ''non-magnetic"

part of the free energy ; as we saw above the \alues must l)e

assigned to tlie variables which they will have in the magnetic held.

The only change which is involved in this, is the change of con-

centration of the solution. If the free energy of the unity of mass

of this is If', then that of the volume of solution to of density (,> is

d •ƒ
'j
= ^ . to . i|;

,

when W^ is the free energy of the solution. When we make use of

(17) and (18), and further of the relation :

;* = -p (21)

which follows from (7), the variation of this will amount to :

ödW, — 6v
p oil' 1— mc

,

tf, + ^ + / . to . . (22)

^ 06' VI

For the free energy of the unity of mass of the sohition we shall

use the well-known equation :

tp z=; tfjg -f «c -f- ,?o' + . . . . + liTc log , . . . . (23)

in which \]\ means the free energy for c = 0.

In this we must give to the variables c and v the values which

they possess in the magnetic lield in the state of equilibrium.

On the other hand we can, however, also imagine that different

concentrations can permanently exist in the different volume elements

of the solution, in such a way that no change can be brought about

in this by the magnetic field. Thus we shall obtain the potential

difference between the electrodes on arbitrary distribution of the

concentration. The supposition made is a fiction; the more so as

we have assumed also the resistance equal to zero; in general the

velocit}' of diffusion will namely increase as the resistance decreases,

with which permanent concentration differences are in contradiction.

This supposition, however, must always be made for such problems,

in order to be able to apply the laws of the reversible processes;

hence we also make them here.

With the aid of (22) we get from (21)

p Rl ^ a'
(hi '/; — (Iv t|,^ + ^ 4- — (1 -f log c) — RTc -\- -

Q m m
U\ — öv\\

When we use here the expressions (11) and (12). and integrate
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over the whole volume of the solution, w^e get

V

m r

p RT a'

^0 + - + — (1 + log c) - RTc + -
Q m m

.(Zt-f

tiVi .
n .

p RT a
V'o + - 4- {I +logc) - RTc H-

- da

.

When we take n again as constant, we get

:

ÖW, = 771 . 71 e
,

1 l\ RT c,

^01 - ^'o. + P ( r - r 1 + — % - - RT{c,~c,)
m

when we denote the quanlilies referring to the anode hy the index

1, those referring to the catliode by the index 2.

We may further write

:

or, because

^0 2 = Vol + (''

Ölpoi

-^':)

Ö.
'

dv
= —p,

/I 1

V%. = i?'oi +P
VCi 9.

There remains finally

rf¥^
mil e

.-.RT
k 6

'I c,

(24)

From the well known theorem for the free energy

we get with the aid of (10), (16), (20), and (24)

:

4:jr .X rE=~^j {I-I,)dB-
k.e

TP -

7n . n

k . s

(25)

RT . log {C,— C,)

in which A is the electrochemical equivalent of iron.

Hence the potential difference consists of two parts, \iz. one part

(the first two terms), which depends on the magnetic field, and a

second part, which depends on the concentrations at the electrodes.

The second term of the first part will increase proportional to the

second power of the external intensity of the field, the first term,

too, in case of small intensities of the field, where we may replace

(16) by (15); at great intensities of the field, however, ƒ will reach
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the value of satnralion, so thai this term — whicli far exceeds the

other "magnetic" term — will increase oiilj" al)Oiit linearly with

the external inlensity of the field. The sense of the electromotive

force determined by the first term is directed inside the solution

from the non-magnetized towards the magnetized electrode. The

second {)art of the expression becomes equal to zero for c\ =: c.^

;

with neglect of the contraction which the solution undergoes on

concentration, this expression agrees with the potential difference

calculated by Helmhoi,tz ^), between two electrodes which are in

solutions of different concentrations.

If we assume Cj = i\, and neglect the terms which depend on

the susceptibility of the solution, the following form holds for not

too great intensities of the field (in which f* is still to be considered

as very great)

X.WE^ (26)

If we use electromagnetic nnities, this becomes;

E:

which agrees with (3).

In order to simplify onr considerations we have disregarded the

transition layers between iron and electrolyte; in them phenomena

will namely take i)lace which cannot be examined in detail. It now
remains to prove that in the calculation of the free energy the in-

fluence of these transition layers may be neglected. For this purpose

it is necessary to assume that the thickness of the transition layers

is of the order of magnitude /, when / represents so small a quantity

that we may assume that inside the thickness / the liquid is in

equilibrium with the electrode. We shall furtlier assume the limits

of these transition layers on one side inside the iron, on the other

side inside the solution. Let the quantity of electricity e, which we
have passed through the solution, be of the order of magnitude §; the

same thing will be the case with the thickness of the iron layer,

which has dissolved at the anode, deposited at the cathode. This

iron layer may be infinitely thin with respect to the thickness of the

transition layer, and entirely fall within it.

We have already taken into account the change of the "magnetic

part" of the free energy, which is the consequence of the displacement

of the iron and the dissolved substance. Now we have still to take

into account the change of the state of the transition layers, which

1) H. Helmholtz. Wied. Ann. 3 p. 201, 1878.
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is the consequence of tlie conveyance of iron and dissolved substance.

The quantity of dissolved substance supplied resp. extracted in the

transition layers is of the order §, just as the quantity of electricity

e. As the volume of the transition layers is of (he order of magnitude

/, the change ot state inside these layer will be of the order —

.

Now there was equilibrium in the transition layers before the

variation ; hence a variation of the free energy per unity of mass

of the order of magnitude
( — ) will correspond to a change of state

of the order — (the external work is zero). The variation of the

total free energy of the transition layers will therefore be of the

order — . Thence we see that this variation may be neglected with

respect to the other variations of the free energy, which are of the order |.

5. We shall now still examine what will be the equilibrium

concentration in the magnetic field, i. e. that concentration which

will finally exist after the diffusion has been active between the

different volume elements. For this purpose we consider an infini-

tesimal variation of the total free energy W of the system. We
choose this so that all the parts of the system, with the exception

of the solution, remain unvaried ; moreover we leave the magnetic

induction '^ unvaried. We can, therefore, restrict ourselves to the

variation of W^, the free energy of the solution in the magnetic

state. For this free energy holds the expression according to (8)

and (9):

^,=jL.xp-\-Js:>.cm dxj

when we use the expression (23) for \p.

As the susceptibility may be considered as small, we may put

for it :

"F,=J[Q.^pi^{l-4jtx,)'\dr (27)

We shall now let the variation consist in a change of the con-

centration, accompanied with a change of the specific volume ; in

this we leave the volume of every volume element unvaried, so

that the external work is equal to zero. We get the relation between

concentration variation and volume variation by eliminating (Sq from

(17) and (18), by which we get:
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1

—

me
ÖC = ÖQ .

ino
(28)

Now we get from (27), keeping in view that i^ remains unchanged:

Making use of (19), (21), and (28) we get from this, when we

apply the thesis of the free energy :

ƒ
'p 1— wu' dip ^ ^^^ + ip + -^-2,t5=.x . do . dt =z

Further exists the relation :

Q . dt = M,

the total mass, from which follows :

ÖQ . dt = 0.

The formula

h f

ƒ

L -\-xp-\- ——— . -^ — 2.t5' . X = const. (29)

follows from the two lelations as condition of equilibrium for the

solution in the magnetic field. For this we may put, just as above

in the expressions (22)

o ni in
2.tB^ ./ == const.,

from which follows, because at the anode B = 0, at the cathode B^=H,

just as above for (24) :

7?T c —— log^-RT {c-c,) = 27r'i.H^^).
in c.

(30)

When w^e introduce this into (25), we get for the potential differ-

ence in the state of equilibrium, at which also the solution is in

equilibrium

i^J(/-^)^5 (31)E

6. In order to test the obtained result by observation, I made a

number of experiments, in the first ])lace with iron. The iron

used for this was electrolytic iron, which Prof. Franz Fischer at

1) With neglect of the contraction which the solution undergoes, this result is

in accordance with the result derived by Voigt (Gött. Nachr. Math. phys. KK

1910 p. 545),
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Cbarlottenburg kindly procured me. The magnetized electrode con-

sisted of a circular plate, which was of the same size as the pole

plane of the electromagnet, and was rigidly fastened to it, a glass

plate serving as isolation. The other electrode was outside the field.

The concentration of the used solution of ferrosulphate was generally

57o- The results obtained with this may be summarized as follows.

On excitation of the magnetic field I ahvays obtained a current in

the sense as the theory requires. The extent of the obtained effect

differed, however, greatly from the theoretical value ; the measured

potential differences were, namely, between the strengths of the

field and about 20.000 Gauss 10 or 20 times as great as the for-

mula would require. At first the course was about proportional to

the second power of the strength of the field, the effect reaching a

value of 6.3 X 10—* Volts at about 16000 Gauss, which did not

change on further strengthening of the field. If the used solutions

were neutral, the effect remained pretty well constant after excita-

tion of the field. On the other hand for acid solutions (which con-

tained only very little free acid) a diminution and a reversal of the

effect soon took place, till a value was reached, about ten times as

great as the first effect after the excitation of the field. It is remark-

able that Rowland and Bell also always found sueh a reversal,

whereas Squier found that above a certain strength of field the effect

no longer increased, which is in agreement with what I observed.

Another phenomenon that I regularly observed was the increase of

the resistance of the solution as it was longer in the tube. At last this

resistance can reach a value of some hundreds of thousands of ohms.

Besides I made experiments with nickel. The electrodes were of

so-called "Rein nickel" from the firm Kahlbaum; as electrolyte

generally a 5 "/o solution of nickel sulphate was used. No effect,

however, was observed with certainty, so long as the solution was

neutral. Probably there was an effect in the sense required by the

theory, but about five times smaller than for iron, which would

therefore harmonize better with the theory. It was, however, impos-

sible to obtain certainty in this respect, as the resistance of the

solution soon became exceedingl}^ great, even up to more than

10" Si ; moreover the zero position wa^ very variable, much more

so than was the case for iron. It is peculiar that the large resistance

only consisted for very small electromotive forces ; if on the other

hand the latter was a few volts, the resistance became only a few

thousands of ohms. For solutions of nickel sulphate greatly acidified

with sulphuric acid no other effect was found than in neutral

solutions ; there was no question of a reversal here.
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Physics. — ''Further e.rperlments wWi liquid heliura M. Prelimi-

nary determination of the specific heat and of the thermal

conductivity of mercury at temperatures obtainable loith liquid

helium, besides some measurements of thermoelectric forces

and resistances for the purpose of these investigations '. By

H. Kamerlingh Onnes and G. Holst. Communication N°. 142c

from the Physical Laboratory at Leiden.

(Communicated in the meeting of June 27, 1914).

§ 1. Introduction. Measurements of the specitic heat and of the

thermal conductivity of mercury were considered to be of special

importance with a view to the discontinuity, found at 4°. J 9 K. in

the galvanic resistance of this metal. The preliminary results have been

already mentioned in Comm. ]S°. 133, for the measurements were

carried out as early as June 1912. We wished to repeat the experi-

ments, which we considered only as a first reconnoitring- in this

region, because our opinion was, that, by some improvements in the

experiments, the accuracy of the results could be considerably

increased. Special circumstances frustrated this, aud now, as there

seems to be no prospect of a repetition for the present, we com-

municate the details of our investigation.

§ 2. Thermoelectric forces. The tirst difficulty in these deter-

minations was the choice of a suitable thermometer. The measure-

ments already performed about the resistance of platinum, gold and

mercury did not give much hope, that there would be among the

metals a suitable material for resistance thermometers. We have

therefore investigated a series of thermoelements. The gold-silver

couple, a suitable thermometer at hydrogen temperatures ^), showed

down to the higher heliura temperatures a fairly large thermoelectric

power, at the lower helium temperatures, however, the thermoelectric

power diminishes rapidly, so that this couple did not satisfy the

requirements. Moreover, this couple was not at all free from disturbing

electromotive forces, which appeared at places of great fall of tem-

perature in the cryostat, Nearly all other elements were subject to the

same fault. But apart from this, none of the combinations was suitable.

Notwithstanding, we communicate the results of our determinations,

because they show clearly that according to the theoretical investi-

gations of Nernst and Keesom ^), the thermoelectric power of all

^) Compare H. Kamerlingh Onnes and J. Clay, Comm. N". 107Ö.

2) W. Nernst, Theoi-. Chem. 7e Aufl. 1913 p. 753. Berl. Sitz. Ber. 11 Dez.

1913 p. 972.

W. H. Keesom, Leiden. Comm. Suppl. N^. dOb (Proceedings May 1913).
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couples investigated approarlies to zero at lieliuintemperatures. The
ditTerent wires were measured against copper. After a preliminaiT

research, which included also the determination of the thernio-
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Figure 1 shows their thermoelectric forces against copper, at the

absohite temperature T, given in the first column of the table. The

temperature of the second juncture was 16° C.

^ 3. Cliange of the resistance of alloys with temperature. As it

appeared impossible to find a suitable thermo-couple, our attention

was drawn to the change of resistance of constantin, \yhich had

already been measured at hydrogen temperatures by Kaimerlingh

Onnes and Clay. This alloy shows here a considerable decrease

of resistance at decreasing temperature; it was, therefore, probable

that constantin could be suitably used as a resistance thermometer at

helium temperatures. Experiments have shown that this was in fact

the case. Later measurements (see comm. N". 142r/ §4) proved that

also manganin, whose resistance begins to diminish at decreasing

temperature and wdiich has at oxygen temperatures a considerable

smaller resistance than at ordinary temperatures, is fit for tempera-

ture measurements in liquid helium.

§ 4. Specifc heat of mercury, a. Experimental arrangements.

The method, used in the determination of the specific heat,

agrees most with the one used by Nernst in his investigations

about the specific heat. A little block of solid mercury hung freely in

a high vacuum and was heated electrically. The increase of temperature

was determined by means of a constantin resistance thermometer.

To obtain the little block of mercury the liquid metal (comp. fig. 2

with magnified fig. of details) was poured into the vessel C through

a capillary, provided with a funnel, which could be introduced

through m. First C was in the same way supplied by means of a

funnel with a small quantity of pure pentane, which, at the intro-

duction of the mercury, remains as a thin layer between the glass

and the mercury. A little hollow steel cylinder (thickness of the

wall 7^0 m.m.), which contained the heating wire — a constantin

wire, insulated with silk and covered with a thin layer of celluloid

to avoid all electrical contact with the mercury — was immersed

in the mercury. Round this cylinder a second constantin wire was

wrapped, which was to be used as a thermometer. The little cy-

linder was, by means of silk wires (stiffened by celluloidj fixed to

a little glass rod, which could be moved up and down through

the tube .6, and which was centred by constrictions in this tube.

This glass rod was connected to a silk wire, which could be

screwed up and down by turning the handle K. Now the mercury

was frozen by cooling down to the temperature of liquid air. The
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tb in laj'er of pentane, which is

spread over the glass, acts as a

viscous lubricant at this temperature

and prevents the sticking of the

mercury to the wall in freezing.

After haviug been frozen, the little

block ofsolid mercury was screwed

up by means of the handle K
and the temperature was increased

to about — 50° C. Thereupon a

high vacuum was established by

means of a Gakde mercury pump
and the pentane was distilled off

into a tube, immersed in liquid air.

During the experiments the heat

insulation of the block appeared

to be so good, that the tem-

perature remained many degrees

above that of liquid helium, al-

though it was let down against

the glass wall. Therefore a little

gas had to be admitted in order

to cool the block. This manipula-

tion succeeded perfex?tly, but the

gas could not be removed quicltly

enough in the short time available

for the experiments. The loss of

heat of the mercury was thus

very considerable (decrease of the

temperature difference to half of

the original value in about J 00

seconds) and therefore the cor-

rection, to be applied to the in-

crease of temperature while heat-

ing, remains the greatest soui'ce of

Fig. 2. Fig. 3. uncertainty. Nevertlieless it seems

possible, that the results are accurate to about 10 7^.

The thermal capacity of the hollow steel cylinder with the thermo-

meter and the heating wires was determined afterwards by a separate

experiment, Fig. 3 shows the apparatus used for this purpose.

h. Results. Measurement at the boiling point of IteUuin. The quantity

of heat supplied to the mercury amounted to 1,10 cal., the increase of



temperature, corrected for the loss of heat during the period of heating-,

was 2,22 degrees K. whilst the quantity of heat, necessary to heat the

little steel cylinder with the thermometers 2,22 degrees, amounted to

0.11 cal, (result of a separate experiment). Control experiments showed

that the heating wire (used as a thermometer) and the thermometer

wire outside the steel cylinder liad the same temperature. The mass

of the mercury was 314 grammes, so that 0,00142 cal./degree K. was

obtained for tlie mean speciüc heat between 4°, 26 K. and 6",48 K.

w
The relation of Grüneisen \) —-- c^, would ^) have given c^,=0.0037,

for 4°.27 K.

Measurement at 3°. 5 K. Afterwards the experiment was repeated

at the temperature of liquid helium, boiling under a pressure of 6 cm.

of mercury; 0.000534 cal./degree K. w^as found for the mean specific

heat between 2°93 K. and 3 97 K.

Assuming this mean value of the specific heat, we shall calcuUxte

now the value of this quantity for a definite temperature according

to Debije's formula, which holds for our very low temperatures

C=:C .T\

so that the mean specific heat between two temperatures T^ and

T, is

We obtain from the two experiments C=: 0.0000088 and 0.0000127

respectively.

The agreement is not satisfactory ; although, taking into account

that the absolute temperature occurs in the formula in the 4*'^ power,

and that therefore small deviations in T involve very large ones

in C, we may safely conclude from our experiments, that, ivitli

respect to the specific heat, nothing peculiar happens at the point of

discontinuity, and that we may content ourselves with a preliminary

mean value C=: 0.0000110, when we assume for the moment that

the specific heat does not show any discontinuity at all.

We have then

c= CT' = 0.0000110 T'

or for a gramme-molecule

c = 0.00220 T\

For the characteristic constant <9, introduced by Debije we find

1) E. Grüneisen, Verb. d. Deutschen Phys. Ges. 1913 p. 186.

~) Compare Kamerlingh Onnes and Holst, Leiden Comm. N^. 142a Proceed.

June 1914.



with c = 5.96 and

c= 0.00220 7 '
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77,938 — r. =464—
0' *

^>»

= 60.

As a matter of fact, the specific iieat has l)een determined here

at constant pressure and not at constant vohime. In the foregoing

calcuUition, the difference of the specific heats c„ and Cj„ given by

— c, Ac; i\

lias been neglected. Indeed, A is about 7,2 .
10—^ and c^, and Tare

both small.

Using Dp:bije's formula, we can compare our results with

those of PoLLiTZER ^) at somewhat higher temperatures. For this

purpose we calculate a value of 6 agreeing as well as possible

c

with Pollitzer's figures of — , we find then 110. In fig. 4 c,- is

plotted as a function of T according to Debfje ; the values, deter-

mined experimentally, are indicated by circles.

The accordance at helium temperatures is bad, as could be

expected in consequence of the difference between the value of

used in the calculation, and the one deduced from our experiments.

6.-

s,^

i.p

tt.y

A25
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Meanwhile we remark, that in Pollitzer's experiments too a distinct

deviation from Drbue's curve is to be noticed, in the sense of a

decrease of 6 (about 115—102) with decreasing temperature, which

would be, according to our experiments, very considerable down to

helium temperatures ; fuither tlia*, according to Lindemann's formula

and by comparison with lead (88), 6 = 61 is to be expected for

mercury.

§ 5. Jhe thermal conductivity.

—iit^

.-J

Fig. 5.

perature was

The thermal conductivity was determined by means of the appa-

ratus, represented in figure 5. A ^^-shaped tube, with double

walls, and closed at one end, was provided

with mercury. The closed branch contained

a constantin wire S, insulated by means

of celluloid, which made contact with the

mercury at the free end. This wire' was

used as a heating wire. The current return-

ed through the mercury itself by means

of a wire, in contact with the mercury at

the open end of the tube. The fall of tera-

measured with 3 constantin thermometers T^, T^

and jTj consisting of wire of Vso "i™- thickness, w^rapped around

a small glass tube. The experimental arrangement is further ex-

plained by the diagrammatic figure. All wires were connected to

each other by two wires, insulated by thin layers of celluloid and

further running free through the liquid helium.

in consequence of a wrong manipulation during the preparation,

the tube had lost a little mercury, so that only the two lower

thermometer wires could be used. The heat developed in the heating

wire and the difference in temperature thus produced were measured

at two ditferent temperatures, the one above and the other one

below the point of discontinuity in the electrical resistance. The

section of the cylinder of solid mercury amounted to 0.47 cm^

the distance of the thermometers to 5,0 cm.

At the boiling point of helium the supplied energy was 0,633

watt/sec, the difference in temperature produced 0.58; at 3°7 K 0,0365

watt sec. and 0,23.

From this we find for the mean thermal conductivity between

4°,5 K and 5°,1 K. ^• = 0.27 cal/cm. see. and between 3°.7 K and

3°.9 K: A; = 0.40 cal/cm. sec.

The thing, which immediately strikes us, is that there is here no
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distinct discontinuity as was found cat 4°.19 K in Ihe electrical con-

ductivity, although the tliermal conductivity^' becomes much larger,

when the temperature decreases. As there do not exist direct deter-

minations for solid mercury, we only can make a rough estimation

with the aid of Wiedemann and Franz's law.

At the melting point, the electrical conductivity of liquid mercury
amounts to J.10. 10' cm. <2-iand of solid mercury to about five times

as much, thus to 5.50. 10' cm-i S2-K P'rom this we tind by comparison
e.g. with lead about 0.075 for the thermal conductivity. The values

here obtained in liquid helium are 3.5 and 5.5 times as large.

Chemistry. ''Equilibria in ternary systems". XVII. By Prof.

SCHREINEMAKERS.

(Gomnumicated in the meeting of Oct. 31, 1914).

Now we will consider the case, mentioned sub 3 (XVI), viz:

the solid substance is a binary compound of a volatile- and a

non-volatile component. A similar case occurs for instance in

the system Na^SO^ -\- water -\- alcohol, when the solid phase is

Na^SÓ,. JOH.O, or in the system FeCi, -f HCl + H,0, when the

solid phase is one of the hydrates of ferric chloride, for instance

Fe,Cl,.12H,0.

For tixing ttie ideas we shall assume that of the three compo-

nents A, B, and C (fig. 1) only A and C are volatile» so that all

vapours consist either of .1 or of C or of ^ -j- C.

In lig. 1 CAde represents a heterogeneous regioji L— G; ed is

the liquid curve, CA the corresponding straight vapour-line. The

liquid d, therefore, can be in equilibrium with the vapour A, the

liquid e with the vapour 6' and each liquid of curve ed with a

definite vapour of AC.

Previously (XYI) we have seen that this heterogeneous region

L—G can arise in different ways on decrease of pi-essure, viz. either

in one of the angiepoints A and C or in a point of AC; also two

heterogeneous regions may occur, the one in A and the other in C,

which come together on further decrease of ])ressure somewhere in

a point of AC.

In tig. i we may imagine that the region L— 6r has arisen in these

different ways; curve ed may of course also turn its convex side

towards AC. Besides this heterogeneous region L—G we also find

in tig. 1 the saturationcurve under constant pressure of the binary

51

Proceedings Royal Acad. Amslerdain. Vol. XVII.
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substance F, represented by pq [we leave the curve r.s', (Ji-avvn in

the figure out of consideration for the present].

Fig. 1.

Iji the same way as we liave acted in the general case [tig. 11 (l)J

or in tlie peculiar case (XI), we may deduce also now the different

diagrams.

T<^ Tf. At tirst we take a temperature 7' lower than the

minimummeltingpoint 7V of the binary compound F. Now we find

a diagram just as tig. 2 for the satui-ationcurxe under its own vapour-

pressure of F and the corresponding straight vapour-line. In this

figure, in which the component-triangle is only partly drawn, hgn

is the saturationcurve under its own vapourpressure ; we find the

corresponding straight vapour line Cg^ on side CA.

When we assume, as is supposed at the deduction of fig. 2, that

neither a point of maximuni-pr-essure, nor a point of minimum-

pressure occurs, the pressure increases from n towards A; conse-

quently it is lowest in n and highest in It, without being, howevei',

a minimum in n or a maximum in h. It follows from the deduction

that the sides solid-gas and solid-liquid of the threephasetriangles

must be situated with respect to one another and to the side CB
just as is drawn in fig. 2.

It is apparent from the figure that the binary liquids Jl and n can

be in equilibrium witli the unary vapoui- C and that the ternary

liquids a, c and /; can be in equilibrium with the binary vapours

öTi. Cl and h^. It is apparent that somewhere between the liquids c

and b a liquid g must be situated, the corresponding vapour g^ of

which represents the extreme point of the straight vapour line Cg^ .

When a liquid follows curve hn. first from k towards (/ and after-

wards IVom g towards n, the corresponding vapour ^/i follows conse-
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qiieiitly fii'st C//i fVom C towards //^ and afterwards again this

same line, but in opposite direction, eonsequcntly from ^^ towards 6^.

Each vapour of' this straight vapour line Q/i can, therefore, be in

equilibrium with two diiFerent liquids, the one of branch A(/ and the

other of branch gn.

We may express this also in the following way : when we have

an equilibrium F -\- L -{- (,r, tlien tliere exists under another pressure,

also an equilibrium F -\- L^ -\- G^, in which L and L^ have a

different composition; (t and (r,, however, have the same coinposition.^

It is apparent from the deduction of fig. 2 that in curve Ay^ also a

point of maximumpressure can occur. This case is drawn in fig. 3;

Itn represents again the saturationcurve under its own vapourpressure

and 6^1 represents the corresponding straight vapourline ; M is the

point of maximumpressure, i)/j the corresponding vapour. The points

J/j, M, and F must of course ha situated on a straight line.

While under the pressure Fm there occurs only one equilibrium,

viz. F -j- Lm -f- (TM^ , under eacii })i'essure, somewhat lower than

J\\i there exist two equilibria, for instance F -\- La -\- (ra^ and

JT J^ r^^. J^
(J^.^ ; we can imagine these to be represented by the

threephasetriangles Fan^ and Fcc^ , when we imagine both triangles

in the vicinity of the line FMM\. It follows from the deduction

of the diagram that both these triangles turn their sides solid-gas

towards one another, consequently also towards the Hue FMM^ .

Suppose, we want the curves ed and pt/ to move in fig. jI with

respect to one another in such a way that a point of minimum-

pressure occurs on the saturationcurve under its own vapourpressure,

51*
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then we see that this is impossible. Yet we can imagine a saturation-

curve with a point of maximum- and a point of minimumpressure.

C

Fig. 3.

When we trace cnrve hn starting from n, we arrive first in the

point of maximum- afterwards in the point of minimumpressure.

We will refer to this later.

7Y' <^ T. Now we take a temperature 7' a little above the minimum

meltingpoint Tf of the solid substance F. Then we must distinguish

two cases, according as the solid substance expands or contracts on

melting. We take the first case only.

Then we find a diagram like tig. 4 (XI) ; herein, however, the

same as in figs. 2 and 3, we must imagine that the vapourcurve

h,a,n, is replaced by a straight vapourline 6J/, on side CA. We
will refer later to the possibility of the occurrence of a point of

maximum- and a point of minimumpressure.

We can, however, also get curves of a form as curve hn and the

curves situated inside this in fig. 6 (XI); these curves show as well

a point of maximum- as a point of minimumpressure.

When we draw the saturationcurves under their own vapour-

pressure for different temperatures, we can distinguish two principal

types; we can imagine those to be represented by figs. 5 (XI) and

6 (XI). At temperatures below Tf these curves are circumphased,

above 7V they are exphased. In tig. 5 (XI) they disappear in a point

H on side BC, in fig. 6 (XI) in a point R within the triangle. The

corresponding straight vapourlines disappear in fig. 5 (XI) at Th in

the point 6'; in figure 6 (XI) they disappear at I'r in a point R^,

the intersecting point of the line FR witii the .'ide CA.
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Now we will consider some points more in detail. In order to

get the conditions of equilibrinm for the system F -\- L -\- G, when
F is a binary compound of B and C and when the vapour consists

only of ^1 and C. we mnst equate a=^0 and//i=:0. The conditions

(J) (II) pass then into:

Z

Z,

dz

0^
0/

dZ

dy

dZ^ dZ

dx, dy
S

dZ dZ,

Now we put

:

Z =z U -\- RTx log ,v and >^i = U^ -f ET.v^ lo<j x^

Hence the conditions (1) pass into

:

dx

dU

dU
^) — + RTx

dy

^— + RTx,
dy

l\ + ? =

+ RT log X z=i ^ -\- RT log .r,

ÖX dx.

(1)

(2)

(3)

(4)

(5)

When we keep the temperature constant, we may deduce from

(3)—(5)

:

Ixr ^ {y - ii) s -\- RT^ dx + [xs -\- {y — ^) q dy — A dP

X,
x,r — ^s -ir — RT

X

RT\
r -\ diV -f sdi/

X J

dx ^[x,s — ^q dy = {A -^ C)dP.

(6)

(7)

dx
dP . (8)

Here we must equate of course in ^4 and 6' « = and y^ = 0.

In order to let the pressure be a maximum or a minimum, dP
must be =: 0. From (6) and (7) it follows that then must be satisfied .

x-?^x,{y-~ii) = (9)

This means that the point of maximum- or of minimumpressure

M {d\y) and the corresponding' vapourpoint J\/^ id\y^) are situated

with F on a straight line (fig. 3).

In order to examine the change of pressure along a saturation-

curve under its own vapourpressure in its ends h and n (figs. 2 and 3)

we equate in (6) and (7) ,/ = and ,r, =i U. Then we find :

OF"
[(y-i^) 5 + ^^^1 dx + (y—i^) tdy V-v -^{^-y)

[

dy

^s + '- Rt\ dx — ^tdii =
X J

i' + /i

dV-
dP

dP (10)

(11)
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The ratio a\:x has a defuiile value herein, as it follows from (5).

When we eliminate (/// from (10) and (11), dien we lind

:

RTdx =z ['3F 4- {y-[i} l\ - yv] dP . . (12)

The quantities in die coefficient of dP relate all to the binary

equilibrium F -\- L -{- G. When we call A F^i the change of volume,

when between the three phases of this binary equilibrium a reaction

takes place, at which the unity of quantity of vapour arises, dieii is

:

{y-^)Al\=^V+{y-i3)V,-yv .... (13)

Consequently w^e may write for (12)

:

-=en-^)l.^-- (-)

Now we introduce again, as in (XI) the perspective concentrations

of the substance .4 in liquid and gas; it is evideid that the per-

spective concentration S^ is equal to the real concentration .c, of .1

in the vapour; we tind for the perspective concentration of A in

the liquid

:

5:=-*— (15)

so that w^e can write for (14)

:

When the vapour contains the three components, then, as we have

seen previously (14) (XI) is true; when we replace herein S^ by .I'j,

this passes into (16).

It follows from (Kj) that the sign of the change of pressure in

the ends h and n of a saturationcurve under its own vapourpressure,

depends on the sign of AT,. Now LV, is almost always positive

for the binary equilibrium F^L-\-G and it is only negative between

the points i^'^and H [tig. 5 (XI) and fig. 6 (XI)]. Consequently A V,

is positive in the points h and n of figs. 2 and 3, also in the point

k of fig. 5 (XI) and 6 (XI) ; A F^ is negative in the point n of the

two last figures. Further it follows that the sign of the change of

pressure is not determined by the ratio .i\ : .;; (the partition of the

third substance between gas and liquid) but by the ratio S : x^ (the

perspective partition of the third substance between gas and liquid).

Let us take now a liquid of the saturationcurve under its

own vapourpressure in the vicinity of the point /i of fig. 2, for this

we imagine triangle Faa^ in the vicinity of the side BC From the

position of Fa and Fa^ with respect to one another, foUowa
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S^^t\. Ay A Ki is positive in //, it follows IVoiii (16) that the

pressure must decrease on addition of ii tiiinl substance. We see

that this is in accordance with the direction of the arrow in the

vicinity of h.

In the vicinity of point h of tig. 3 is d\ "> <S' as follows from the

position of triangle Faa^. As ^ T^i is positive, it follows from (16)

that the pressure must increase on addition of a third substance.

This is in accordance with the direction of the arrow in the vicinity

of h.

In the vicinity of point n of the tigs. 2 and 3 S is negative (we

imagine for instance in tig. 2 triangle Fb^i in the vicinity of side

BC); as A Pj is positive, it follows from (16) that in both figures

the pressure must ino-ease, starting from n.

Consequently we find : in a terminatingpoint of a saturationcurve

under its own vapourpressure, situated between 6' and i/, the pressure

decreases on addition of a third substance, when the threephase-

triangle turns ils side solid-gas towards BC (tig. 2) and the pressure

increases when the threephasetriangle turns its side solid-liquid

towards BC.

As, therefore, at temperatures lower than 7V (ügs. 2 and 3) the

pressure always increases, starting from n, and increases or decreases

starting from h, we tind the following. When we trace curve nh,

the pressure increases continually starting from n towards h (fig. 2),

or we come starting from n first in a point of maximumpressure,

after which the pressure decreases as far as in h (fig. 3) or we come,

starting from n first in a point of maximum- and afterwards in a

point of minimumpressure. after which the pressure increases up to /^

As in point h of fig. 5 (XI) the pressure decreases starting from

h, consequent it is assumed here, that the threephasetriangle turns

its 'side solid-gas towards BC. (Cf. fig. 2 and fig. 4 (XI); in this

last figure vve imagine however curve h^n^ on side CA). In the point

h of fig. 6 (XI) is assumed that the threephasetriangle turns its side

solid-liquid towards BC.

Let us consider now the terminatingpoint /? of the saturationcurve

in fig. 5 (XI) and fig. 6 (XI). iVs /i is situated between F and H.

L Fj is negative, when the threephasetriangle turns its side solid-

gas towards BC, then is ,S> .'\ and it follows from (16) that the

pressure increases on addition of a third substance. We then have

the case of fig. 5 (XI). When, however, the threephasetriangle turns

its side solid-liquid towards BC, then 6'<.t'i and it follows from

(16) that the pressure decreases on addition of a third substance.

We then have the case represented in fig. 6 (XI).
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When we consider the saUiralionourve going tliroiigli the point

F in fig. 5 (XI) and fig. 6 (XI), then for Ihis point ?/ = j?, conse-

quently, according to (15) S= oo. From (13) follows also A \\= '/).

Therefore we take (12); from this follows for y ~ i^

(f] ^^ (I'l

As fig. 5 (XI) and fig. 6 (XI) are drawn for Y^v. the pressure

must increase starting from F along the saturationcurve going

through F.

As the pressure increases starting from F along the saturation-

curves under their own vapourpressure of fig. 6 (XI) and decreases

starting from a point //, situated in the vicinity of H, somewhere

between F and n must consequently be situated a point, starting

from which the pressure neither increases nor decreases. This point

is, therefore, the point of maximum- or of minimumpressure of a

satui-ationcurve, and is not situated within the componenttriangle,

but accidentally it falls on side BC. It follows from the tigure that

this point is a point of minimumpressure; we shall call this the

point m.

The limitcurve (viz. the geometrical position of the points of

maximum- and minimunqiressure) goes consequently through the

points m and R; it represents from m to R points of minimum-

pressure; starting from R further within the triangle, it represents

points of maximumpressure. This latter branch can end anywhere

between H and 6' on side BC.

The terminatingpoint of a limitcurve on side BC can be situated

between i'^ and 6', but cannot be situated between 7^ and i^. A similar

terminatingpoint is viz. a point of maximum- or a point of minimum-

pressure of the saturationcurve, going through this point. Consequently

in this point along this saturationcurve clF^O; from (16) it follows

that then must be satisfied :

S= x, or /it + (/y-/i) .^^ = (18)

Herein .f and a\ are infinitely small; their limit-ratio is determined

by (5). As .r and .i\ are both positive, it follows from (18): y <dt
The leruiinatingpoint of a limitcurve must, therefore, be situated

between F and C (fig. 6) and it cannot be situated between F and

B. In accordance with this we found above that one of the ends

of the limitcurve is situated in fig. 6 (XI) between n and F.

Now we must still consider the case mentioned sub 4 (XIV), viz.

that the solid substance is one of the conqionents. A similar case
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occurs for instance in tlie systems: Z -\- waiev -\- alcohol, wherein

Z represents an anhydric single, salt, which is not-volatile.

For fixing the ideas we assume that B is the component, which is

not-volatile (fig. 1), so that .1 and 6' represent tiie volatile components.

Now we imagine in fig. 1 curve pq to be omitted, so that the

curves ed and rs rest only, ed is the licpiidcurve of the region /> — 6-',

?'.s' is the saturationcurve under a constant pressnre of the snbstance 7^.

We can, in order to obtain the different diagrams, act in the same
way as we did before in the general case, or as in communication

XIII. For this we consider the movement of the curves ed and rs

with respect to one another on decrease of pressure.

As wo assume that B is not volatile, these considerations are

not true, therefore, for points situated in the vicinit^^ of i?. Equilibria

situated in the immediate vicinity of B have viz. also always the

substance B in their vapour, so that the considerations of com-

munication XllI apply to these.

When we decrease the pressure, the liquidcurve ed (fig. 1) shifts

further into the triangle towards the point B, so that under a definite

pressure the curves ed and rs meet one another. Now we distinguish

three cases.

1. We assume that the curves ed and rs meet one another first

in a point on one of the sides of the triangle; when this takes place

on side BC, then consequently the points e and ? coincide in fig. 1,

while the two curves have no other point in common further. On
further decrease of B, this intersecting point shifts within the triangle

and it disappears at last on the side AB, when in fig. 1 the points

s and (/ coincide. Curve ed is situated then inside the sector Brs

and curve rs inside the region CedA.

From this follows that the saturationcurve of B under its own
\'apourpressure can be represented bj' curve hahii in fig. 4, in which

the arrows indicate the direction, in which the vapourpressure increases.

The corresponding vapourcurve is the side CA; the liquid h viz. is

in equilibrium with the vapour C, liquid n with the vapour A and

with each liquid {a and h) of hn a definite vapour {a^ and b^) of CA
is in equilibrium. It follows from the deduction that the threephase-

triangles {B<ia^, Bbh^) turn their sides solid-gas towards the point It

and their sides solid-liquid towards the {)oint ti.

This fig. 4 is a peculiar case of fig. 2 (XIII); when we suppose

viz. that the substance B does not occur in the vapour, curve A//i/;i«i

of fig. 2 (XIII) must coincide with the side CA of the triangle and

fig. 4 arises.



Fig. 4.

2. Now we assume again that the curves ed and rs (fig. 1) meet

one another fii'St ir) a point of the side BC ; this point of inter-

sei'tioii siiift.s then on further decrease of P into the triangle. Under

a definite pressure we want a second point of intersection to be

formed by the coincidence of d and s (fig. 1). The two points of

Fig. 5.

Intel-section approach one another on further decrease of pressure,

in order to coincide at U^st in a point m. It is evident that m is a

point of minimumpressure of the saturationcnrve under its own
vapourpressure-, it is represented in tig. 5 by curve iiambv, tlie

corresponding vapourcurve is the side CA. It is evident that tiie

vapour 7;ii , which can be in equilibrium with the liquid ?/?, is

situated on the line Bin.

3'''. We can assume also that tlie curves ed and rs ^fig. 1) meet

on decrease of pressure first in a point M, which is situated within

the triangle. On further decrease of pressure then two points of
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intersection arise; tlie one disappears on BC by the coincidence of

e and r, tlie otlier on BA by the coincidence of d and s (tig. 1).

It is e^"ident that J/ is then the point of maximnm-pressure of the

satnrationcurve of B nnder its own vapoui'pressnre, the corresponding

vapourpoint M^ is situated of course on tlie line BM.
One can understand the occurring diagram with the aid of fig. 5

;

lierein we have to give an opposite direction to the arrows and we
have to replace the points of minimunipres&ure m and ni^ by the

points of maximumpressure M and M^ ; further the triangles Baa^

and Bbb^ are to be drawn, in such a way that they turn their

sides solid—gas towards the line BMM^.
We shall consider some points in another way now. In order to

find the conditions of equilibrium for the equilibrium B -\- L -\- G,

when the vapour consists of A and C only, we equate in the

relations (i)—(8) ii = 1 ; in the general values of ^ and C (II)

we put a ^ 0, ji = J and ?/i
= 0. The condition for tlie occurrence

of a point of maximum- or of minimumpressure {dP=0) becomes then :

..=z(l -y).v, ........ (19)

This relation also follows from (9), when we put [3 = 1. This

means : the point of maximum- or of minimumpressure of the saturation-

curve of B under its own vapourpressure and the corresponding

vapourpoint are situated with point B on a straight line (fig. 5).

In order to determine the change of pressure along a saturation-

curve under, its own vapourpressure in its ends on the sides .5C and

BA (tigs. 4 and 5) we put in (16) i3=zl. We then find

7^1 =^(l-^)-^ (20)

In this S and A Fj are determined by (13j and (15), when we

put herein /9=rl. Consequently >S is always positive. When we

apply (20) to the figures (4) and (5), tlien we see that the change

of pressure is in accordance with the position of the sides solid-gas

and solid-liquid of the threephasetriangles.

Now we have treated the case that either the binary compound

F (figs. 2 and 3) or the component B (figs. 4 and 5) occurs as solid

phase. When F and B occur both as solid phases, then the two

saturationcurves under their own vapourpressure can either intersect

one another or not. We only consider the case, drawn in fig. p, that

the two curves intersect one another in a point; the vapour, being

in equilibrium with the liquid s, is represented by .s^ {.s-., or s\j.

A similar case may occur for instance in the system Na2S04 -f-

water -]- alcohol, then curxc cs is the saturationcurve under its own
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vapoLirpressiire of Na.^SO^ . 10 H^O [F], sa tlie saturatioiicurve uf the

anhjdric Na2S04 {B). Tlien there exists a series of solutions, saturated

under their own vapourpressure with Na^SO^ . 10 HjG (curve cs)

and one seiies saturated with Na.^SO^ (curve sa) ; the equilibrium

Na^SO^ . 10 H^O -|- NajjSO^ -J- Lg + ^s occurs only under a definite

pressure Pg. The solution L, has then a delinite composition s and

the vapour, which consists only of water and alcohol has a definite

composition s^

.

Ifi (he binary system Na^SO^ -[~ ^"^'^^^i'' the equilibrium Na^SO^ . JO

HjO -f- Na^SO^ -j- vapour exists only under one definite pressure; we
shall call this pressure P„ . In the ternary system NajSO^ -f" water -\-

alcohol the equilibrium Na.SO^ . 10 H,0+Na,SO,-|-L,-l-G, exists also

only under a definite vapourpressure Pg. This pressure Ps is infiuenced

Fig. 6.

by the watervapour and the alcohol-vapour together; now we may

show that the partialpressure of the watervapour herein is also equal

to Po and that the pressure of the alcohol vapour is consequently

In order to show this, we consider the general case that in the

system .4 + ^ + ^- (^igs- ^

—

^) the substances A and C are volatile

and that a compound F of B and C occurs.

The binary equilibrium B -\- F -{- G^, wherein the vapour consists

of C only, occurs under a single pressure P^ only.

The ternary equilibrium B -\- F -\- G, wherein consequently the

vapour consists of A and C, can occur at a whole series of vapour-

pressures.

When we represent the $ of B and F by ^ and ^^ , then the

condition of equilibrium is true

:

?x -/??= (!

'K^^~^'^ë)
(21)
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Hence follows

:

[

dV
V, ~ /i. - (I - ,i)

{
V, - ..,

^J ,//'4-(l —ii).v^iYh, = 0. (22)

When we assume tluil tlie gas-laws hold for the vupoiir ^', then :

dV^
^ RT-— =zO and ^=-— (23)

From (22) now follows:

[(1 —^)V,-v,-\- ^v] dP= -^ RT . dx, . . . (24)1— x^

The coefficient of dP repi'esents the change of volume when 1 Mol.

F is decomposed into ,i Mol B -\- {1 -^ /i) quantities of G ; this is

very nearly (1 — p?) \\. As at the same time Fl\ = R7\ we can

write for (24);

(1 -.v,)dP=Pd.v, (25)
B>om this follows:

p=rT <2*''

When we call the partial pressures of A and C in the vapour Fa
ajid F(, then Pa=vJ' and Pc = (1 — .i^,) i^; I'roni (26) now
follows :

Pa=^^^Po and Pr = P, (27)
l~x,

This means that in the ternary equilibrium B-\-F-{-G the partial

pressure Pc of the substance C is equal to the vapourpressure of

the binai-y equilibrium B -\-
P"

-\- G^.

Wiien we bear in mind now that in a system the pressure and

the composition of the vapour do not change, when we add to this

system still a liquid, which is in equilibrium with all phases of this

system, then follows:

In the ternary equilibria B -\- F -\- G and B -{- F -^ P^^ -{- G^, {\\q

partialpressure of the substance C in the vapour is equal to the

vapourpressure of the binary equilibrium B -\- F -\- Go-

The first equilibrium (viz. B -\- F -\- G) exists at a whole series

of pressures; both the others occur under a definite pressure only.

The binary equilibrium Na^SO . 10 H^O -|- Na^SO^ + watervapour

has at 25° a vapourpressure of 18.1 ra.m. when we add alcohol,

then, when the gas laws hold iji the vapour, in the equilibrium

Na.SO, . 1011,0 + Na.SO, + G and Na.SO, . 1 OH,0 + Na,S(), + L+ G
the partialpressure of the watervapour will also be ecpial lo 18.1 m.ni.

Now we will put the question, whether we can also deduce some-
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thing about the change uf pressure starting tVoni ,s along the curves

m and sc {Cig. 6). In communication V we have deduced the following

rule. When the equilibrium solid -|- ^ c^" be converted with increase

of volume into solid -{- L' -f- G' (in which L' differs extremely little

from L) then of a threephasetriangle solid—liquid—gas the side

solid— liquid turns on increase of pressure towards the vapourpoint

and it turns away from the vapourpoint on decrease of pressure.

When we assume now that .y (tig. 6) is not situated in the vicinity

of B or F (the equilibrium B -\- L and F -\- L converts itself into

B -\- L' -\- G' and F -\- L' -{- G' with increase of volume) we can

apply the above-mentioned rule. We distinguish now according as

the vapour is represented by .Vj, s^ or .v.,, three cases.

1. The vapour is represented by s^.

First we consider the threephasetriangle Fss^. When the side Fs

turns towards c, then conse(piently it turns towards its vapourpoint

ó\ ; the vapourpressure increases, therefore, starting from s along sc

towards c.

Let us consider now the threephasetriangle Bss.^. When the side

Bs turns towards a, it turns, therefore, away from its vapourpoint

.s'l ; coJisequently the vai)Ourpressure decreases starting from 0' along

sa towards a.

Consequently we tin' I that the vapourpressure starting from .v

increases along sc and that it decreases along sa. It is evident that

this is oidy true for poinis in the vicinity of .y ; the occiwreiice at

a greater distance of s of a point of nuiximumpressure on sc and a

point of miniinumpressure on sa, is viz. not excluded.

2. The vapour is i-epresented by s.^.

It follows from a consideration of the threephasetriangies Fss^

and Bss^ that the vapourpi-essure starting from s increases as well

along sc as along sa.

3. The vapour is i-epresented by .^3.

It follows from a consideration of threephasetriangies Fss^ and

ii.y.s'g that the vapourpressure starting from s decreases along sc and

increases along sa.

We can obtain the previous results also in the following way.

Between the four phases of the equilibrium i^ -f i'^-f- Z5 -f- vapour

(.y,, .y, or ,yj a phasereaction occurs on change of volume. We choose

this reaction in such a direction that vapour is formed, we call the

change of volume A V.

The point s (fig. 6) is a point of the quadruplecurve B -^ F -\-

-\-L-^G; A F is positive for each point of this curve. When,

however, a point of maxim umtemperature H. occurs on this curve,
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then A K is negative betweeji this point H and the terniinatingpoint

of the curve on side JJC. It is apparent tVon» the |)osilion of the

cnrves sc and sii (tig. 6) that point s is chosen on that part of the

qnadrnplecnrve, where £\V is positi\e. We distingnish now again

the same tiiree cases as above.

1*'^ The vaponr is represented by .s\.

It is apparent from the position of the points F, B, s and Sy witli

respect to one another that the fourphase-reaction :

F+ L,:^JJ + Gs.dxVyo)

F-\- L^ G (Curve sc)

F-\-B-\- L
B-{- L-\- G (Curve sa)

F-^B^G
takes place; it proceeds from left to right with increase of volume

Hence it follows that the equilibria written at the right of the

vertical line occur under lower pressures, the equilibria at the left

occur under higher pressures. In accordance with the above we find,

therefore, that starting from s (fig. 6) the pi'essure increases along

sc (equilibrium F -{- L -\- G) and decreases along sa (equilibrium

5 + Z + G).

2'^^ and 3"^ Also in these cases we find agreement with the

previous considerations.

When a point of maximumtemperature if occurs on the quadruple-

curve B -\- F -{- L -\- G, then two points of intersection s occur at

temperatures a little below Tjj. When we consider now a point

of intersection s between H and the terminatingpoint of the qua-

druplecurve on side BC, then A I'' is negative. This involves that

above in 1**^— 3'^' increase of P is replaced l\y decrease of F and

reversallj. We find also the same when we consider the threephase-

triangles solid-liquid-vapoiir. To be continued.)

Chemistry.— " On ike quaternari/ s//stem -. KCl—Qu Cl^—Ba Cl^—H., 0."

By Prof. ScHREiNEMAKERS and Miss W. C. de Baat.

(Communicated in the meeting of October 31, f914).

In a previous communication ') we have already discussed the

equilibria occurring in this system at 40° and at 60°
; the results of

the analysis on which these considerations are based, we have hitherto

not yet communicated. Now we will communicate the re^iulls of the

analysis ; all the points, curves etc. quoted in this communication

apply to the two figures of the previous communication (1. c). We
want to draw the attention to the fact that fig. 1 represents the

equilibria at 40° and fig. 2 the equilibria at 60°.

1) These Communications (1912; 326.
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TABLE I.

Composition of the solutions in percentages by weight at 40° (fig. 1. I.e.).

Point



Table lï.

Composition of the solutions in percentages by weight at 60° (fig. 2 I.e.).

iPoint
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Physics. — ''Dn the theory of the stri?ic/ i/a/vanotiiet<'r of ^{^iTHOW.ti."

By Di'. L. S. Ornstkin. (Couiiiiunicak'd by Prof. H. A.Lohkntz.)

{Gommunicatt'd in tlie meeting of September 2G, 1914).

§ 1. Mr. A. C. Crehore has developed some considerations in

ilie Phil. Mag. of Aug'. 1914'), on the motion of the string galvano-

meter, which cause me to make some remarks on this subject.

For a string, immersed in a magnetic Held H, and carrying a

current of the strength J, the differential equation for the elongation

in the motion of the string is

a^+'^ö^^^ d^^ + V ^'^

in which x is the constant dampinu' factor, a'' = — , 1\ is the tension

Q

and Q is the density. The direction of the stretched string has been

chosen as the r-axis. For .r == and ,r — / the string is üxed, so

// = 0. In deducing the equation the ponderomotive force is supposed

to be continually parellel to the elongation //, which is only approxi-

mately true, since the force is at every moment perpendicular to

the elements of the string (perpendicular to ./ and H) ; but if y

may be taken small, then the e(iuation (1) is valid. The approxi-

mation causes a parabola to be found for the state of equilibrium

witli constant H and ,/, instead of the arc of a circle, as it ought

to be; however, the parabola is identical with a circle to the degree

of approximation used.

Dr. Crehore now^ observes, that the equation (1) may be treated

after the method of normal coordinates by putting

1/ = ^
(f^ nv \^)

Besides the equation 1, he deduces a set of equations, the "circuit

equations", which give a second relation between (fs and J (from

{1) there originates in the well-known way an equation for every

coordinate ^/,). The obtained solutions will be independent, when

the circuit equation is true, and again their sum is a solution of the

problem. However, from the deduction of the circuit equation it cannot

well be seen whether this is the case, since not entirely exact

energetic considerations underlie this deduction. Now supposing the

string to be linked in a circuit with resistance R, and self-induction

L, the circuit-equation may be easily found by applying Maxwell's

1) Theory of the String Galvanometer of Einthoven. Phil. Mag. Vol. 28, 19U, p. 207.
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indiictioneqiiation. For in consequence of the motion of the string

in the magnetic field the number of lines of force passing through

the circuit changes to an amount proportional to

Expressed in the units used by Dr. Okkhoke, the induction-equation

now takes the form :

/

dJ rdu
^ ==''' +"-1^ +

"J i''^ («)

vv^here E is an external electromotive force acting on the circuit.

§ 2. The problem of finding the vibrations governed by the

equations (1), (3) and the condition y = for .i' = and x = I,

can be easily solved. First, let E be 0, and so the question of free

(damped) vibrations may be put. Suppose that

where (^ is a function of ./; and 1 is a constant. Then the equations

change into

dV/) HI— oi //) -[- wixtp — a" -— 1=

I

=zRl -\- LimI + iBto I (f dx .

Hence

/

(a>^ — iox.) (f
-\- cr

d'cp HH(o

^x' (>{E+L

o r
I (f dx .

Putting at'' — iuix in the first member ?r and =: n we
Q{R^Li(Jt))

have

cf + a'— =pj <fdx.

This equation may be satisfied by

. n ^ n
(f

=z A cos ~ X -\- B sin — x -{- C
a a

provided that

52*
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fa hl a f )il\ \
v' C = p Asiu +-Bil— cos -f C l . . (4)

\n a n \ a J J

whereas, because of the bouiidar}- conditions, we must liave

A + 6'=i:0

nl nl ^
A cos ^ 4- B siu - + C= 0.

a
'

a

TJiis gives for the frequency the transcendental equation

j
1 — cos —

7}. z= p I srn -j- I

n a n . td
sin —

or

nl ( .
nl a / )i I

v"^ sm — = /' ^
'"^ '^1 ^

'~ '-'^'^
~

a \ a n \ a

From this it appears immediately that we must have

nl
siji — = (5)

2a

or

nl / )il 2a . nl\
n^ cos — ^ p { I cos sin — 1 (b)

2a '^ V ^« " 2«/

(5) can be satisfied by

~ = k^ (7)
2a ^

'

or, hence

CO" — itoy.

I

As is immediately to be seen, these are the damped vibrations of

even order, which the string' can perforin in the absence of the

current. It is evident that the presence of current and field have

no influence on the vibrations of even order. If the resistance is

infinitely great, the constant /> in the e<(uation (6) is zero. In this

case the equations can be satisfied by yi = 0. or tu = 0, i.e. the

string is at rest ; and further by

Hence

nl
cos— 3= 0.

2a

nl ÜT

01'
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O)' — nox ^ /(2/4-l).-Ta
Y

The frequencies arrived ut are those of odd order. aUered by

current and field. For large values of R an approximate value of

n can easily he expressed in the form /?^ -| . From (B) follows

'iPvi, ice

^ ()R H.J I

s being an odd number. / being taken zero, while for to and ??, their

values for R = oc must be put. Taking x = 0, i.e. neglectijig the

air-damping in comparison with the electrical damping, we tind

jt sa 4H^U

In the solution, therefore, there is a damping factor of the form

The influence of the damping is the less, the greater the value of

s is. This is directly evident, for if .s- is great, the string vibrates in

a great number of parts with opposite motion. The electromotive

force generated by those parts Therefore is annulled.

In case R is small, the i-oots of the equation (B) are those of the

transcendental equation

?il 2a
.

nl
I cos sin— =

2a n 2a
"

or

2a nl

~7*^w- = ^ (10)^)
nl 2a

nl -r

The quantity — approaches to odd multiples of -. For small values

of R an approximate form n^-\-aR can be easily indicated. Taking

again L=0 and x = 0, we tind

2aRQ
,

Us = /is- H /.

where iis is an arbitrary root of (10). In case the resistance is small,

all vibrations suffer the same damping.

For ff we find

nl .
n (I—x)

. nx
sin sm ——

—

sin —
2 a a

(p
—

.

nl
sin —

(I

1) Compare for instance Riemann-Weber, Partielle-Differeulial Gleichungen, II,

p. 129.
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hence for y
nl , n [l—x) . no;

si7i sin sin—
,v,/ a a a

y='
-nl • • •

<"'

sin —
a

The real and imaginary part of this expression satisfy the equations

and the boundary conditions. A sum of solutions for different values

dy
of to satisfies the equation. If y and — are aiven for ^ = 0, we can

^ ^

dt

with the aid of the given functions find the solution. The found

proper functions are not orthogonal, but by an appropriate linear

substitution orthogonal functions can be obtained. If y is known, I

can be calculated from (^3).

§ 3. It is useful to work out the problem. Using the assumption

(2) of CRpmoRE, we obtain for (fs the following set of equations

(taking k and / zero)

:

4.HJ
(ps + ns^ ffs =— (12)

and

RJ^ JS-^^O (13)
jr s

where
sjta

Here .s^ is an odd number; for even values the second member

of (12) is zero, and the even vibrations are therefore unchanged.

Now putting

and
4.HI 1

SÜÏQ lis to

we find

2/ H^io) ^tts
RI -}-— ^- = 0.

jr s

The frequency-equation therefore is

8Z HHoi _ 1 ^
R-\ — 2 = {Qa)

This frequency-equation has the same roots as equation (6), which

if x and / have been taken 0, takes the form
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2a Ru
( Oil 2a

. a)l\
I
cos sin — 1

.

V 2a loy 2a)

The identity of these frequency-equations can l)e easily shown.

Fut —-— i = k, then (6a) takes the form

8 ,_ 1 8 nJü)
1 —k. — 2 L/,.._v i_ _ o

The sum of inverse squares of odd numbers is — . Further.
8

/is^ =z —-—, therefore the tirst member amounts to

k ^ a' 1
1 \-Sk— ^ = 0.

CO Po) Hs^— tO^

For tg z we have

2z

tgz = -:E
1 -(?)'

where s is again an odd number, therefore we obtain

k 2a 0)1l-- + -—ktg-=0 (14)
tt> (o I 2a

The equation (6) takes the form

Oil f k 2a o)l\
aicos-(l-~ + —ktg-] = i) .... (15)

2a \ a% lio' 2a

J

The equations (14) and (15) have the same roots, for the vectors

tol

oi and 6'(M' — do not contribute roots to (15).

Having found the roots of (14), we can determine y. Each root

sJTa
yields a Fourier series. In the case that (A* = oo), i^ln — must be

e

combined witli one frequency only. For our case we have

^ Ay, ico/t . sjTx

y =. 2 s ^f. ;
. e sin

s(ns^—fJi"^) I

1 simx Ay icDy.t

2s - sin —— Sr
.,

e (16)
s I ng'— lOy

iiOyt

The Fourier series which is the vector oï A e must be equal

to the function which in § 2 appears as the vector of the same

exponential. This can be shown by dii'ect development. It is ai)pareut

that by a given frequency all the original normal coordinates are
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set into motion. For very great and very small values of R, the

constants A in the expression (16) can easily be determined.

We can also use (9) and (11). Let us write (11) in the form

nl xn
cos

y -=2 eI'M I

.

2a a

cos
il

27*

and let ns introduce the value of n from (9), we then find

4:HH

where ög

y =e

2HH''

R^js^jt'

4HH

JX{Jf> JZ II ^Qg —_ — ^ __
R , nsx\— sin

I

ds a J

Separating the real and imaginary parts, we find

= '2&e Rqs^nH\(^_l U - cos "^^ cos n, t +

I
— 1 — cos

sm sin nut | Af,

a )S<' I -^^s

I --SI ^.S'^' \ . . ^S'^ ^ 7-,

-|-
I
—

(
1 — cos

I
sin Ug t — sin cos ngt 1 Bg

For the time t =z

Id,/ ns.v\ .
ngx

^0 = -^s p I
1 — cos ] As —sm ±(s

a a

and

-f =r JS", lis sin ^s + D
dtj^ I a R

I

dtj,
I

utting ji

I

ƒ

Bs -\ Bs
Ros'' 71^

S7TX ly sjrx

y^ sm d,v =zas and I
—-— ax = bs we have

_ 2(fs I

1 2ns _ „ 4ZÏ^/

as =ns-As^~^2ösBs+ —^- Eg .

2 R ÜQs'ns

For R=(X> we get bs= — - Bg, a, =z-^Ag. Therefore Bg—-- bg

and As=. — ag . Putting
Ugl

2 as
As=-— as + —

Znc R

Bg = --bs +
^s

11^
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we have

— A V ^^_ i ^*^ Rl^ Hs 2 R

= — — -VT^ -2< ??s ds 6s —R IR Ros'n.

These series are convergent, if the conditions for the ordinary

Fourier series are fulfilled. We can therefore calculate «« and /?s with

the help of the given formulae.

§ 4. In the case ^ is a given function of the time, our equation

can also easily be solved.

a. First if E is constant, we have

I

E=RJ-\- H fij dw.

The current J and ?/ can he divided into two parts, the one

depending on /, the other not ; we indicate those parts by the indices

1 and 2. For the first part we have

= a» -^ -4
'-

E = R,

therefore

E = RJ,
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(f
z=z Acos — X -)- B sin — x -\- C

a a

01' according to the above

^. ^ ay p
ff= I

— cos — X — sin ~ X -\ \ \ . (17)
'' -

,
pi a

sin —
a

Introducing this result into the second equation, we obtain

E cos pt =^ RIcos {pt f /i) -| sin (pt -f ^)
QP

j
1-cos—

]
a pi a K a J- -sin"-- -^ f + / .(18)pap pi

sin—
a

Now take

('-"^?)HU I a , pi ^ ..^

(jpR
\ p a pi

sin —
r

then w^e find

1 / r. .
(l—cos^lX

I / H' / a p a\ a J yEcospt—J \ R^ -] sin- I ^ ^ 4- I cos{pt+ii-a)
1/ q'p' y p a p

, p J
J sin — I

a

From this we find for the retardation of phase, ji = « ; and for

the amplitude of 1

E
/ = -

r

where r represents the square root in the second member. The

current / being found in this way, ?/ can be determined from (17).

When L does not vanish, we can suppose y and I to depend on

e'P'-
; and finally taking the real part, and following the above method

we find the values of y and /.

If we express y by (2), the solution can also easily be found. We
then have

4HJ
ffg= .

s:;T{n/—p'-)

Substituting this into tfie second equation of § 3 (where zero has

been replaced by Ecospt) we find
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n' 1 1

E cos pt = EI cos (pt -\- ^) 5T7<r" ^ *^"^* (P^ + ^) -^ -
p8H"-I '^ '^^ s^(n/_p2)

from which / can be found. The sum in the second member can

be put in a wa}' analogous to that of § 3, into a form identical

witii (18). Our result does not agree with that of Crehore (compare

p. 214). In our solution the retardation of phase is the same for all

vibrations, which is not the case in Crehore's paper.

It may be observed that in our problem we have to do with a

system of an intinite number of variables in which a dissipation-

function couples the variables; for eliminating J from (12) and (13),

we obtain

ffs -\- ns' */ = ^—* •

sjzqR s

The dissipation F takes the form

8//^ / (fs

Groningen, Sept. 1914.

Physics. -— ''Accidental deviations of density and opalescence at

the critical point of a single substance." By Dr. L. S. Ornstein

and F. Zernike. (Communicated by Prof. H. A. Lorentz.)

(Communicated in the meeting of September 26, 1914).

I . The accidental deviations for a single substance as well as

for mixtures have been treated by Smoi.uciiowski ^) and Einstein ")

with the aid of Boltzmann's principle ; by Ornstein -') with the aid

of statistical mechanics. It appears as if the considerations used and

the results obtained remain valid in the critical point. Smolücho\\ski

has applied the formula found for the probability of a deviation

to the critical point itself, and has found for the average deviation

of density

_ 1.13
6=

He has used this formula to express in terms of the mean density

^) M. Smolughowski, Theorie Cinétique de I'opalescence. Bull. Crac 1907 p. 1057.

Ann. der Phys. Bd. 25, 1908, p. 205. Phil. Mag. 1912. On opalescence of gases in

the critical state. W. H. Keesom, Ann. der Pbys. 1911 p. 591,

2) A. Einstein. Ann. der Phys. Bd. 33, 1910, p. 1276.

3) Ornstein, These Proc, 15, p. 54 (1912),
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the accidental deviations in a cube, the side of whicli is equal to

the wave-length of the light used in the experiments on opalescence.

Now there is a difficulty with this formula, to whicli, indeed,

lead also the considerations of Einstein as well as statistical mecha-

nics when worked out in an analogous way for the critical point.

In all these cases the mutual independence of the elements of

volume is presupposed. Now, let there be given for the element of

volume V the mean square of deviation viz. {n— ?iy. Consider p
equal contiguous elements of volume Vi,h\,etc., in which n^,n^, etc.

particles are situated, n^, n^ etc. indicating the mean values of these

numbers.

Hence in the volume }'':^i\-\-v^-\-... there are X^=n^-\-n^-\-...

particles.

For the mean value of iV we have

ÏV = ïï; + ÏÏ", + . .

.

subsequently

{N— Ny = {{n, - nj + (n, - n,) + . . f =/, (n - n y

since, the elements of volume being supposed independent of each

other, the means of the double products vanish. So we tind for the

deviation of density that the product of volume and mean square

of deviation must be a constant.

Indeed the above-mentioned formula of probability for the devia-

tions of density is so far inexact, as the terms of higher order

appearing in it are at variance with the mutual independence of

the elements of volume, which underlies the deduction of the fre-

quency-law. In fact this deduction is only valid for such large elements

of volume that these terms are no more of any influence. It is

easily seen that this limit, above which the formula is valid, in-

creases indefinitely in approaching the critical point. This explains

also mathematically the wrong dependence on c found for the mean

deviation in the critical point itself.

Now one could try to deduce the formula to a farther approxi-

mation. However, also the supposition of independence of the ele-

ments of volume is inexact in case these are small, and it would

thus be impossible to ascertain how far the formula would yet differ

from reality. ^)

1) A deduction of the inequalities in which the inexact terms of higher order

do not at all appear, is given by Zeenike in his [thesis, which will shortly

appear. As this deduction too uses the independence alluded to, the objection men-

tioned holds here also.

The remark of Einstein (I.e. p. 1285) that there would be no principal dilFiculty
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2. Now, ill order to avoid the difficulties mentioned, it is necessary

to take into account the influence of deviations in the one element
on the state in another. Let ns divide the system into infinitely

small elements of volume. A molecule is considered to lie in the

element when its centre is situated in it. We consider an element
dv,, in the origin of coordinates. Around this element we imagine
the sphere of attraction i.e. the region in which a molecule must
lie when it is to have any influence on the state in dv^. We determine

the numbers of molecules for the elements of the sphere of attract-

ion in giving the deviations v^,v^ etc. from the mean number of

molecules per unit of volume.

We suppose the mean value of the density r„, when \\ etc. are

given, to be a linear function of the deviations i\ etc., i.e. we put')

Taking the mean value of r„ over all possible values of r,, it

appears immediately that 6'==0, hence

ï'o =/i»'if^y, + /;M''2 + • •.-... (2)

The coefficients ƒ denote the coupling of the elements, they only

depend on the relative coordinates, i.e. here, on x y z. That the in-

fluence of an element, when the density is given, must be propor-

tional to its size is immediately seen by considering the influence

of uniting two elements in (2).

We shall now write the sum (2) as an integral. For the density

in the element dx dy dz we put v_,y~; further, we can dispose of ƒ
in such a way that / [0,0,0) =zO. Then for (2) we get

ih>,:f{'V,y,z)(hvdydz (3)-ƒƒƒ'
The integration may be extended here from — oo to -|- oo, ƒ

being zero outside the sphere of action *).

in extending his deduction to a further approximation, is therefore mistaken. On
the contrary, the consideration of higher terms so long as the independence is

made use of, will not lead to anything.

1) Putting things more generally, we could write a series in v^ etc. instead of

(1). However, for the purpose we have in view, (1) is sufficient.

') The quantity v can only take the values 1

—

adv and —adv, hence r is a

discontinuous function of the coordinates. One might be inclined therefore, to continue

writing a sum instead of the integral (3) and to solve the problem dealt with in

the text with the aid of this sum. In doing so one gets sum-formulae which are

wholly analogous to the integrals we used. However, we prefer introducing the

integral, as the discontinuous function v has entirely disappeared from formula (6)

only the function g appearing in it, which is continuous when the function f is
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On the cojitrary, it' v„ is given, v lias another value for the

surround ing' elements, than if r„ = 0. Be in the element at xyz

v.rj/z=9{'i', y,^,v^dv^) (4)

and let us try to determine the function g, the function ƒ being

given.

Now take the mean of formula (3), a fixed value I'l being ascribed

to V in a certain element dx-^dy^ dz-^.

In X, y, z, according to (4)

Vxi,z—9{iv—''Vi,y—y^,z—z^,v^dx^dy^dz;). ... (5)

For the first member we therefore get

9{^h,yv -1' v.dx^dy^dz,)

as ƒ and y do not depend on the direction of the line joining the

elements. In the integral, (5j cannot be applied to the element

dx^ dy^ dz^ ; however, this element gives

v,fix„y,,z,)d.x^dy,dz^

Further taking g {0, 0, 0) zero, as it may arbitrarily be chosen,

we get

J 00

g{x^,y,,z,,v^dx,dy,dz^) = \ \ jg{.v-.v„y-y,,z-z,,v,diV,dy,dz,)f{a,'yz)dxdydz-{-

00

+ rj'{^,,y,,z,) dx,dy,dz,.

This is true for all values of v^ dx^ dy^ dz^, hence g must contain

this quantity as a factor, and we obtain

g{'V,,y,,z^) —
j

I L(.f— ,/;,, y-y„ z—z^)f{xyz)d.vdydz=f{a;,,y,.z^)

00

Now put X—x^ =1 §, y— z/, = 1], z—z^ = S, and omit the index,

then for g we get the integral equation

g{'^,yA -JjT/^'^'-^-^'
^+ '^' ~^+ ^)^^^(^'^i^) dld,id^^j\xyz\ . (6)

— »

For g we have

Vxyz — y{xyz) \\dv^ (7)

from which it appears immediately that

Vxyz Vo= .9(^2/4 »^o' ^ï'o (^)

continuous. The integral-formulae obtained in this way are easier to deal with

mathematically, and besides the integral equation (6) has been solved, this being

not so easily found from the analogous sum -formula.



Now let us consider more closely the coefficient of g in (8).

Let a molecules be present in the unit of volume, then the mean
]iumber of molecules in dv is equal to r/(//\ If we take c/r very small,

there may be no or one molecule in it. The chance for one molecule

is, therefore, adv ; for none 1 — adv. In the first case r =i a,
dv

in the latler it is — a, thus

— a

dv

or

v^dv = a (9)

Introducing this into (8), we find for the two elements x^yrjZ^ and

a\y^Zr

Vr;V- =. ag[x^—XT;, yr;—y^., z^— z.^) (10)

This result can be used to indicate the values of (A^

—

JSfy =z h N^
for any volume.

We have

hN — ivdv

AN^ = t iiy^^ dv^ dvr -\~ 11 iviv t/.?v dyr; dz, d.i'r dy-^ dz^

vv vv

from which applying (9) and (10)

AA^^ = rt K -)- a I \g (eiv— .t'r, y,j—y^, z^—z-^) d.v^ dy^ dz, dx^ dyr dzr .

VV

This holds for every size and form of V. Elaborating it for a

cube with side / the dependence on V is seen more clearly. Putting

A'^ — ,v- = 5, i/^ — y- = 11, z^ — Cr — ?, and integratuig only for %^^

positive, by which 7» ^f tlie integi*al in question is found then, we get

/ / / / / /

LN^ = N + 8a j77 ./ {1,1^) j ffdr, dy, dz.

u (t

/ / I

iv+ 8a r0(P-/M5+^i+S) ^-i{^n+n^^m-%n^)9dldnd^'

Hence



AN^= 1 +N — i —i
I I \ 9 i'^ll^) <^'^(^yd:: — 3 111^5' (Ixdydz

'' \\\^9d<''<^y dz— \\\ ^g dx dydz.+ 3 I I I
—

,a c?A- dy d

— l
^ — /

Every integral in this formula is always smaller than the prece-

ding one. If / is large with respect to the distance for which g has

an appreciable value, there remains only the first integral. For

any great volume we have

^

+^^ = 1 + fffgdx dydz (11)

— x

3. In trying to determine the function ƒ by means of statistical

mechanics, we meet with difticulties. Still something may be found

about the quantities i\v^ by applying the statistic-mechanical method

to oui- problem. Indeed statistical mechanics permit to introduce a

mutual action of the elements of volume.

We will avail ourselves of a canonical ensemble. We suppose the

molecules to be spherical and rigid, and to attract each other for

distances which are great with respect to their size. Elements small

with respect to the sphere of attraction therefore may still contain a

great number of molecules. But now we drop tlie supposition of the

sphere of attraction being homogeneously filled for all systems (or

at least for by far the greater part of them) ^).

In calculating the number of the various distributions, we
must, for the potential energy of attraction, take into account the

mutual action of the elements ; whereas, in calculating the exclusion

of definite configurations of centres, we may neglect the fact that

there is some correlation on the borders of the elements. For the

dimensions of the elements have been supposed large with respect

to the molecular diameter.

The mutual potential energy of the r -j- t molecules contained in

an element dv, will be represented by

dv

in this formula v represents the number of molecules contained in

the volume dv for the most frequent system. In this system the

distribution is homogeneous.

) Gf Ornsteix, Toepassing der Statistische mechanica van GIbbs op molekulair-

theoretische vraagstukken. Diss. Leiden 1908, p. 43 and p. 110.
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Of course, tlie potential energies will not strictlv be the same for

different configurations within the elements, but we shall neglect this

complication. Further we will represent the mutual potential energy

for the two elements a and o by

— {v + r,) (v + T.) (f^,

dv

all elements of volume being put equal.

For the total potential energy we find, in this way

Zciv

For the frequency ^ of a system with the given distribution of

molecules we find

(r+TJ/(^'+TJ.^.> ' ^ ^ ' ^

Here to is the function defined in the quoted dissertation on p. 48.

Supposing r <^ 1' and developing, we get,

1 ,,^ ^ ^ /^ 1 1 ^ d log io «)„„ ~\— na:S,(p,, + iJSJS"
\

a"' ^- + ^^ r,^4-

g=(7 tt>" a-'^e'^®
'

V ï^ V da da &dv J

+ ^^^'^,= + (12)
0dv

The number of molecules per unit of volume represented there

by n, has been put a in this paper. The function w and the faculties

are developed in the same way as in the quoted dissertation. The

double sum in the exponent gives the forms ^^r^jTcT-p and -^'r.r-S'ryp,.

These forms are identical, as they consist of the same terms differ-

ently arranged, further ^ffp^ is the same for all molecules and

St^ = 0, consequently both sums vanish.

The constant 6' contains the factor Ne^^'l® along with quantities which

do not de[)end on the volume by summing up ('J 2) over all possible

Values of r (and taking into account that ^r-, = 0) we get ^V, the

total number of systems in the ensemble. So we find

llie quantity A being the disöriminant of the quadratic form in the

exponent.

dip
When we write -S';7';7 = «, we find for the pressure w = — —

-

53

Proceedings Royal Acad. Amsterdam. Vol. XVII.
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p n dloffo) a 7i^

A—V-2 heilig very siiicall with respeot to the other factors, we may

iieo-lec't its influence in il' '). The equation of state has the same

form as nan dv.r Waals' equation. However, the correlation is sensible

in the accidental deviation; for it changes the value of t'
;
and

tW,, which vanish if tiio correlation is neglected, obtain values

deviating from zero.

Denotin» bv A-, and by A^- the minors of the discriminant,

we have
— A„

where /.• is the number of elements into which the volume is divided.

dp
The condition A =: is equivalent to the condition -— = 0. For

ar

if we write down the determinant in some arrangement, and if we

add all rows to the tirst row, we get a determinant of which all

terms of the tirst row have the form

1 1 (/ db/w 1 _
1? 1' da da &dr

Strictly speaking, this is not true for some terms at the end of the row,

but as we have neglected the action on the boi-ders, we may neglect

this fact too. In reality our considerations are ojily true for an infini-

tely great volume, where this difficulty disappears, as A is then an

infinite determinant.

Now if

then A = 0.

Or if A =*0

1 1 dfay 1 _
- + - a* ~

\

2 (f,,=
I' V dfi Gdv

d dfoi a

da da &

dp
which therefore agrees with —

dv

1) Of. 1. c. p. 129.

~) Gf. Ornstein, Accidental deviations in mixtures. These Proceedings 15,

p. 54 (1912).
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The quantities T:;rp etc. liere found arc related to those mentioned

above. And though a statistical deduction of the function ƒ enter-

ing into details may lead to difficulties, jet it is clear that

statistical mechanics yield a correlation analogous to that expressed

in cj.

If we should wish to continne the deduction of the conditions of

the critical })oint, we should have to nse higher powers of t_, which

can be done without difticnlty; we then tiiid for the second condition

— = 0.

If we drop the supposition that the sphere of attraction is large,

we can use the function i>-, defined iji the quoted dissertation. In

order to take into account the correlation, we must suppose the

integrals

} Ch\ . . dZn Ty ^= d- (Hy)

defining Ö-, to depend on ??x- for the element in question and also

on the numbers of molecides in the surrounding elements. Therefore,

in general, the numbers of molecides of all elements will appear in

{)ny. , but the influence of distant elements is so small that —

—

can be put zero.

By considerations analogous to those used in the quoted disserta-

tion, we can show that i^iuy') has the form

lly Vy,

Vy (o) iix, c/, n/')

in which n/ n/- denote the densities (molecular), in the elements

with which Vy is in mutual action. The values of all n^ are equal

for the most frequent system.

Now we find for C

g^ C F" (to n, n, n, n . . .)" e~P

where P is a quadratic form in the deviations for the various

elements, containing squares as well as double products. The form

might be easily indicated, but we will omit it, as it is only our

purpose to show how in general the statistic-mechanical considera-

tions, changed in the sense of a correlation of elemejits of volume,

lead to formulae analogous to those given in § 2. Here too the

mean square of deviation and the means of double products are

represented by quotients of minors of the discriminant of F and

(//'

this qnanlitv itself. Here too for — =zO the discriminant vanishes.
dv

53*
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4. The above considerations can be applied in oalonlating the

oritical opalescence. For that piiij>ose we use the simple method

indicated by Lokentz'), which consists in superposing' Ihe iiglit-

vectors caused b}' the inthience of every individual molecule in a

])oint at great distance.

Consider in the substance through which a beam of light passes,

a volume I" great with respect to the wave-length, and take a distant

point P, the direction VP forming an angle (4 with the incident

ray.

All molecules lying in one plane perpendicular to the line which

bisects the angle <i
, will cause equal phase in P. Take therefore a

system of axes with the Z-axis parallel to this line, then the con-

tribution of one molecule will be

j? sin— {d -\- 2z cos i
(f)

(i).

where /? depends only on the kind of molecules, on / and on the

distaiu'C V P, jLi being the index of refraction.

The number of molecules in d.rdii dz amounts to

((( + V) d,i; ill/ dz.

The total light-vector in P thus becomes

r 2.T

I? I
(«-| Ï') •*""'' — {ct-\-2z cox

}^(f)
da: di/ dz.

V

and the intensity

^'— I dt
I

l{a~\ V,) [a f iv) sin ^ {<i+ 2z, cos i
(f)

VV

sin — {cf-j- -^r cos i
q)

d.v^ di/^ dz^: d.v- dy- dz-.

Integrating with resp. to /. we get

— ,i'^ I
I
[a- -\-a (iv-j- V-) -\- I'jrrj ens \— (r,

—

S-) cos \ f
f |

d.^^.y^jlz-dx-dy-dz..

V\'

The mean value of this must be calculated. The term with r^ + iv

vanishes, and that with a'^ yields no contribution proportional to V.

We introduce the value of v^Vz from formula (10), and for = t

from form. (9). This gi\'es

1) H. A. LoRENTZ, On the scattering of light by molecules. These Proceedings 13

y. 92 (1910).



803

1 1 /T 4rr— ^^aV -^ ~ ^-a I I >/ {.(,— .Vr, !/^—!h, --—~r) cos -^ {z^—z-) d.v, . . . dt/r

V V
liX

For a great volume one integration over V can he performed

(compare the deduction of formula (11)); further we put (iVz=zN
4rt

and for the sake of bre\itj —- cos \(f ^= C, then we get

1 —- ^r N 1 + jjfcos Cz g {.c, y, z) d.cdydzA ... (13)

The integral appearing here will he represented l)v Gv, that of

formula (li) hy (t. It will be seen that the deductions criticised in

§ 1 yield an opalescence proportional lo r-, a quantity which accord-

ing to the above is proportiojial to 1 -}- G, whereas the opalescence

is proportional to 1 -\- G,-

With the aid of the integral-equation (B) we can express (t and

G,: in the corresponding integrals of the function ƒ. which we will

indicate by F and F,.

Integrating (6) with resp. to .vyz from — oc to -|- oo. we tind

JJJ'j'<-'y')
^"^'^y^' -jjjtl{^^l^)'l'idHdC,jJjjlv.^l;,-\-,l,Z H)dxdl,dz=

+ 00

ƒ {xyz) dndydz

or

G (14)1—/'

Multiplying (6) by cos Cz and again integrating, we get

-|- CO -j" ^

Or — i ii'Ahi^) dldnd^i ^^\cos C (.-4-?) COS C7S+ sin C {z -\-C) sin Cgj

ƒ(.«+ §, .'/ + >2, ^~+?) d.cdydz = F,.

The integral with the sines disappears because ƒ and </ are even

functions; we find

G,.=
Fr.

\-F.
(1

In order to apply the results ol)tiiined and to lest them experi-

mentally, one might try to deduce ƒ from molecular theory. This

would at best be possible under very simplifying suppositions and
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even then only an approximaUon can be obtained. Therefore we

will take another way. As remarked in § 1, the exact value of v'

for verij yrent voUunes was already known. In our notation we have

_ RT a'

N dp
V —
dv

where N is the number of Avogrado, v the molecular volume.

According to formula (4) we have

Putting these results equal, we get

v'^ dp

^ ~ ^ ~~R7'd^'

In the critical point F=l.^)
The formula of opalescence tirst arrived at by Keesom and Einstein

1) There appears to exist a closer correspondence between the given slatistic-

mechanical method and the method using general considerations of probabihty, than

perhaps might be expected. The elements of the discriminant (which is an infinite

determinant in the former) agree with the function f in the latter. The former finds

from this the value of v^ vr as the quotient of a minor with that discriminant,

the latter deduces this value from an integral-equation. In the critical point the

discriminant vanishes, corresponding to tliis the Fredholm determinant of the

integral-equation is likewise zero. That this is the case when F= 1, appears by

more closely studying tlie equation

g (§7i?)
— X ig (5>jC) ƒ (,^+ §,//+ % ~ + ?) d^dyid^ =

which only permits appropriate solutions if ). = --, (i e. this is the only proper

value). For F= 1 this is therefore the case ^w'dh. the equation (6) without second

member.

From the formula (15) it will be seen that form. (G; can be solved by a Fourier

integral. Putting

+ ^,

I 1
I
cos m.v cos ny cos lzf{.vyz) dxdydz =^ cf [m, n, I)

we have

1 rrr cf{m, n,i)
i , , v

g [xyz) z=. I I I cos nuv cos ny cos iz amancU.
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/on 2n'VRT '^^'

[dvj

ƒ i)'' A' dp
^

^
'

dv

in which represent

D distance of observation

ft index of refraction,

tf^ angle of electric force in incident light with direction of

observation,

will likewise be 'found by using in (13) the value found for A' instead

of Fc. The exact formula then will result by inultiplying by

the factor ^- =
—^^ .

Developing the cosine in Fc we tind

F — Fe =
^JJJ'^-

M'^) ^^-^''^/y^-

— y.

Representing this integral by e^ and introducing the value of C,

we get

F — F, = ijt' (1 + cos ff)

The formula of opalescence then will be:

V RT /dnY

/o„. B' N ' UvJ
I dp RT /8

dv v^ \HA

In the critical point itself it therefore is

(17)

l^dixY

--^= -^

—

A--'. . . . (18)^)
I D- m^{\ + cos(r)

The greater exactness of form. (17) as compared with (16) is

contirmed by the measurements of one of us (Z.)- According to these

measurements, which however bear upon a mixture of liquids the

') According to tliis formula the pi-opoilioiialily of Ihc opalescence to /—
<,

which holds for higher temperatures, changes continuously in the immediate

neigbourhood of the critical point, into proportionality witii >-2. 'riiis re«? "getting

whiter" of the opalescence should not be confused with tiie apparent changing of

colour which is always observed much I'artiier from the critical point. The latter

indeed is only a result of the method of observation, as is clearly proved by the

measurements of one of us (cf. Zernike thesis).
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reciprocal value of a quantity proportional to the opalescence changes

linearly ^^i^'' tlie difterence of temperature T— 71, but b}^ extrapolation

does not vanish fur T= 1\ but for T— 7i.= Ó;012. When
therefore for this value of T— J/,, the denominator of (17) is equal

to zero, we can find from this, using van der Waals' equation, an

estimation for ^/a- The calculation yields :

- = 0,0022 or f = 1,2.10-' cm.
;.

The quantity c is a measure for the size of the sphere of attraction. For

g= z= -
I 1 (

?' fi^y-) dxdydz

CO

(o distance to origin) whereas in the critical point

+ <

W'f{xyz) dx dy dzzzul.

If ƒ were constant within a sphere with radius R, then £* would

be Vs ^^^> ^"d tlie above estimation would give

R=:2,l .
10-' cm.

S U M M A R Y.

1. The known formulae of critical opalescence give an infinite

value at the critical point. Efforts to escape fVom this diificulty have

furnished formulae for the deviations of density with a dependence

n))on the volume, at variance with the assumed mutual independence

of the elements of volume.

2. In order to obtain formulae applicable in the critical point, it

is found necessary to take into account the mutual intluence of the

elements of volume, it being shown that near the critical point this

influence is sensible for distances large in comparison with the radius

of the sphere of attraction.

3. Two functions are introduced, one relating to the direct inter-

action of molecules, the other to the mutual infiuence of two elements

of \olume. An integral equation gives the relation between the two

functions.

4. Corrected values are found for the mean deviations, and in

the formula of opalescence a correction is introduced. The latter

depends upon the sphere of attraction which can thus be calculated

fi'om observations.

5. Further it is shown that the same results may be arrived at

by taking into account the mutual influence of the elements of

volume in the deductions of statistical mechanics,

Groningen, Sept. 1914.





A. A HUMANS VAN DEN BERGH and J. J. DE LA FONTAINE SCHLUITER. „The identification of

traces of bilirubin in albuminous fluids."

Bilirubin from human bloodserum (Chloroform-method).

Bilirubin from human ascites fluid

(Aether-method).

Bilirubin from human ascites fluid

(Chloroform-method)

Proceedings Royal Acad. Amsterdam, Vol. XVII.
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Physiology. - '"The idcntijication of traces of bilirubin in albu-

minous jluuUy liy Prof. A, A. Humans van den Bergh

and J. J. DE i;A Fontaine Schluiter. (Communicated by

Prof. H. J. Hamburger).

Several investigators have tried to demonstrate the presence of

slight quantities of bilirubin in albuminous substances, for instance

in normal human bloodserum. Most of them did this by adding

various oxidizing substances, either directly (o the serum or to an

alcoholic extract of the latter. The tirst oxidation-stages of bilirubin

having a green or a blue colour, the presence of bilirubin was

regarded as established if an addition of these oxidizing substances

gave rise to a green or a blue colour (Obermaijer and Popper, Steiger,

Gilbert^) and others). Auche^) employed a much more reliable

method based on the fact that bilirubin, in alkalic solution in the

presence of oxide of zinc, is changed, by careful oxidation with

iodine, into a substance with a characteristic spectrum. This reaction

had already been described by Stokvis, but Auché, who mentions

Stokvis' Avork, owns the merit of having stated accurately the con-

ditions required if the reaction is to take place with absolute cer-

tainty, so that it may be used to demonstrate the presence of bilirubin.

undoubtedly the reaction of Stokvis-Auche can be used with success.

Only the spectrum-line is very slight in the case of the small amounts

of bilirubin dealt with in this treatise : if the presence of bilirubin

is to be demonstrated in normal human serum by means of this

method, the layer of fluid intended for spectroscopic investigation is

to have a thickness of ten centimetres. And even then the result is

not always a positive one. For quantitative determinations this method

cannot be used.

BiFFi extracted the serum at once with chloroform and carried

out his reactions with this ^).

The reaction of Ehrlich has supplied us with an excellent means

of tracing bilirubin in bloodserum and other albuminous fluids and

of determining it quantitatively "). The ciiaracteristic difference in

colour between an alkaline and an acid medium increases its relia-

bility, whilst the reaction is an extremely sensitive one. It must,

1) Obermaijer u. Pcppf:R. Wiener Klin. Wochenschr. 1908.

Steiger. Dissert. Zurich 1911.

Gilbert. See for his works the bibliography in: Cliniquc médicde 1910/1911,

~) AucHÉ. Compt. rend. Acad. d. Sciences 1908.

8) BiFFi. Folia Haematolog. 1906 III. 189.

+) Humans van den Bergh and Snapper. Deulsch. Arch. f. klin. Med. 1913.
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however, be admitted that neither tliis nor any other colour-reaction

enables us to identify the presence of bilirubin with absohite certainty.

Tlie possibiHty of other substances contained in the serum giving

the same reaction with the diazo-body may be esteemed less probable,

it cannot with absolute certainty be denied.

As far as we know it has hitherto been found impossible to

isolate bilirubin from normal human serum, which would have

afforded an incontestable proof of its presence. Hammersten has

attempted it ^). But though in a great majority of cases he obtained

tine bilirubin-crystals from horse-serum, lie never succeeded in ob-

taining them from normal human serum. From the terms used in

the latest edition of his Handbook of Physiological Chemistry we

gather that this investigator is not quite convinced yet of the presence

of biluribin in normal human serum.

With a view to researches on anhepatic bilirubin-formation we

needed a method which would enable us to identify with absolute

certainty the presence of small quantities of bilirubin in bloodserum,

exsudates and transsudates, if possible by obtaining the pigment in

the form of crystals. After some experiments we have succeeded in

this, starting from the property of bilirubin — which we have not

found mentioned anywhere — of dissolving readily in acetone.

To 10 cm', of bloodserum 20 cm', of pure colourless acetone are

added. An albumen precipitate is formed, which is centrifugalized.

The fluid at the top, coloured more or less intensely yellow, contains

all the bilirubin and only traces of albumen. This liquid is evaporated

in vacuo at the ordinary laboratory temperature.

If one has a good vacuum-pump at one's disposal the liquid soon

begins to boil ; after some minutes the acetone is evaporated. A watery

fluid remains in which, besides other serum-substances, all the bili-

rubin is dissolved. Then the fluid is shaken 2 times or more with

aether to remove the fatty bodies as much as possible-

These pass into the aether which is pipetted. The last traces of

aether are removed in vacuo. The aether may of course also be

removed by means of a separatory. Then a certain amount of chloro-

form e.g. 2 cm', are added, the fluid is slightly acidified with HCl

and shaken. The bilirubin then passes into the chloroform. By centri-

fugalization the watery fluid can easily be separated from the chloro-

form. The chloroform is washed thoroughly with water to get rid of

all the hydrochloric acid and centrifugalized once more, the water being

removed by means of a separatory or by pipetting. Traces of water,

however, remain mixed with the chloroform, which sometimes renders

1) Hammarsten. Maly's Jahresber. 1878 II. 119.
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the fluid sliglitly troubled. These traces of water are removed by

shaking with glowed sulphate of sodium. The latter is removed bv
filtration. The result is a very pure solution of the yellow pigment

in chloroform (solution A). It may be easily proved that this yellow

pigment is bilirubin.

1. If the chloroform solution is shaken with diluted KOH or NaOH
the pigment passes into the latter, while the chloroform loses its

colour (solution B).

2. If now some acid is added till the fluid reacts distinctly as an

acid, then the fluid at the top loses its colour, the pigment passing

into the chloroform at the bottom.

3. If to the alkaline solution (see sub 1) HNO^ containing some
HNO3 is added, the result is the well-known colour-play of the reaction

of Gmelin.

4. If a slight quantity of a diluted iodine-solution in alcohol

(1 : 100) is carefully poured on to the alkaline solution, a l^lue ring

is formed.

5. If to the alkaline solution first an equal volume of alcohol is

added, and then i of the original volume of the diazo-raixture ot

Ehrlich, a red colour is the result. An addition of a few drops of

concenti-ated HCl changes the red colour into blue.

All these reactions together, prove conclusively that the pigment

obtained in the above way is indeed bilirubin.

Crystals of bilirubin can be easily obtained from the pure chloro-

form-solution (sol. A) in the following manner. The latter is poured

out into a watch-glass which is covered with another watch-glass

and placed in the ice-safe. Tiie chloroform evaporates slowly and

on the watch-glass the microscopically visible, pretty, yellow bilirubin-

crystals are left. When HNO.„ containing HNO^ is added, these

crystals present under the microscope the reaction of Gmelin,

We can also dissolve the yellow crystals again in some solvent

(chloroform, dil. NaOH etc.) and carry out the above-mentioned

reaction with them.

If one has no good vacuum-pump at one's disposal the method

can also be applied with the following modification suggested by

Dr. Snappkr.

10 cm^ of bloodserum are precipitated with 20 cm" of acetone.

The albumen-precipitate is centrifugalized. To the pipetted upper-

fluid some drops of water are added; then this fluid is washed

carefully with aether a few times, to remove the fatty substances

as much as possible. These volumes of aether are removed with

the pipette every time. Then some drops of ice-vinegar and 1 cm"
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of aether are added to the fluid. All the bilirubin passes into the

mixtui'e of ice-vinegar and aether, which separates entirely from

the fluid underneath. If this yellow-coloured aether is pipetted and

placed in an ice-safe in a loosely covered watch-glass, we likewise

observe that crystals are formed.

The accompanying picture is a micro-photograph of bilirubin

crystals which we obtained from the ascites-fluid of a heart-patient,

and from normal human serum.

Attempts to produce bilirubin-crystals by the above-mentioned

method from the intensely yellow-coloured serum of two icterus-

patients, led to a remarkable experience. If namely we placed the

chloroform-solution which, as appeared from various reactions, con-

tained much bilirubin, in the ice-safe, for the purpose of a slow

evaporation, the yellow colour at a certain moment Avhen, owing to

the evaporation of the solvent the concentration had reached a certain

value, suddenly passed over into a green one, evidently by a change

of the bilirubin into biliverdin. The same phenomenon occurred

when we evaporated the chloroform-solution in vacuo. It must be

distinctly understood that this occurred only with the solution obtained

from the serum of patients suffering from obstructive jaundice. We
cannot give an explanation of this phenomenon. Most likely the

icterus-serum contains substances promoting the oxidation of bilirubin

into biliverdin.

Botany. — '^Gummosis in the fruit of the Almond and the Peachal-

mond as a process of normaUife." By Prof. M. W. Beijerinck.

(Communicated in the meeting of September 26, 1914).

It has hitherto been generally accepted that the formation of gum
in the branches of the Amygdalaceae always is a process of patho-

logical nature. I have found that this opinion is erroneous, and that

gummosis occurs normally in the fruits of the Almond {Amygdalus

communis) and the Peachalmond [Amygdalus amygdalo-persica)

DUHAMEL DUMONCEAU. ^)

1) In some Dutch nurseries the peachalmond is simply called "Almondtree".

The difference is in fact very slight as it consists only in the drying up of the

almond fruit before the epicarp opens, and tlie position of the flowers in pairs,

whereas the fruit of the peachalmond remains fleshy even at the dehiscence, and

its flowers are mostly single. Between leaves, flowers and branches no con-

slant differences are found.

Grenier et GoDRON (Flore de France T. 1, Pag. 512, 1848) call the peach-
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Conlmry to what ini^»iit be expected the i)heiionieiion is the more

obvious iis I he trees tire belter fed and more vigoi-ons. In s})ec'imens

on sandv m'l'ounds i( can only be obser\ed widi the microscope.

As gummosis is the eHect of a wound slimuhis, it is of import-

ance that this process also takes place in the normal development

of the healthy plant. The subject is moreover of practical interest.

All the chief facts I'elating- to gum formation can almost unchanged

be applied to the production of gums in general, of gum resins,

and of resins, among which are substances of great medical and

technical value. As the study of the iidluence of parasitism has made

it j>ossible to {>roduce gum, and no doubt many of the other sub-

stances mentioned, in a more rational way than has been done till

now, a short review of the whole subject seems not supertluous.

Woïüid stiimdus as cause of (/ummosis. Poisoning, and

parasitism also causes of this stimulus.

Gummosis in the Amygdalaceae is a process of cytolysis, whereby

young cells, freshly sprung from cambium or procambium, and

sometimes also young parenchyma, are more or less completely

dissolved and converted into canals or intercellular spaces, filled

with gum. In dissolved parenchymatous tissues usually remains of

not wholly disappeared cell walls are found; the gum of tlie phloem

bundles is more homogeneous, but always the microsomes of the

dissolved protoplasm are found. The nitrogen of the gum springs

from the dissolved pi-otoplasm.

Formerly we proved ^) that by such different causes as poisoning',

parasitism and mechanical wounding gummosis may be experimentally

almond Amygdalus communis var. amygdalo-persica. At present the name

Amygdalus persicoides (Koch, Seringe, Zabelj is also used, as in the Hortus

of the University of Leiden. The opinion that it is a hybrid is not sufficiently

founded. When grown from seed the tree seems constant (see Meijer's Gonver-

salionslexikon. Articles "Mandef" Bd. 11. p. 853 and "Pfirsich" Bd. 13, p. 782, 1896)

and identic with tlie "English almond", of which Darwin reproduces a stone

(Domestication, 2nd Ed., Vol. 1, p. 858, 1875). The fruit is fleshy and bursts

open, the kernel is edil)le, not bitter. At Delft sowing experiments have been

going on a long time already, but under unfavourable circumstances. The root

cannot resist the winter temperature of the soil, hence, grafting on the plumtree

is required.

1) M. W. Beijerinck et A. Rant. Excitation par traumatisme et parasitisme, et

écoulement gommeux chez les Am.ygdalées. Archives Néerlandaises, Sér. 2, T. II,

Pag. 184, 1905. — Gentralblatt f. Bakteriologie, 2te Abt., Bd. 15, Pag. 366,

1905. — A. Rant : De Gummosis der Amygdalaceae. Dissertatie Amsterdam,

BüSSY, 1906.
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provoked in many Aniygdalaceae, as almond, peachalraond, apricot,

peaph, plum, cheiTV, and bird's cberrj.

But these tliree groups of causes may all be considered from one

single point of view, by accepting that gummosis is always the effect

of a wound stimulus, proceeding from the slowly dying cells, which

are found as well in every wound, as at poisoning and parasitism.

These dying cells may change into gum themselves, but besides, exert

their influence on cambium tissues to distances of some centimeters.

This distance-inlluence is the principal effect of the wound stimulus.

But poisoning by sublimate or oxalic acid, introduced under the bark,

can as well excite gummosis as an incision or a wound by burning

or pricking. Neither the dead cells nor the poison are the active

factors here ; the stimulus proceeds from the slowly extinguishing cells,

so that gwnmosis is essentially/ a necrohiotic process. Probably the

dying cells, after the death of the j)rotoplasm, give off an enzyme

or enzyme-like substance, a lysine, fixed during active life, but, which

being freed b}' necrobiosis and absorbed by the young division j)roducts

of the cambium causes their cytolysis. This reminds of the cytolysines

of the animal body, originating ^vhen foreign cells are introduced,

which liquefy the corresponding cells, for example the haemolysines

which dissolve the red blood-cells. Furthermore of the bacteriolysines

and of cytase, the enzyme of cellulose.

If the hypothesis of the existence of a "gumlysine" is right, — and

I think it is, — this substance must be of a very labile nature, for

when bark wounds are infected with gum, quite free from germs

of parasites, no more abundant gummosis is observed than at

mechanical wounding only. But a difference, however slight, will

certainly exist.

Gummosis produced hy loound stimulus.

The influence of this cause is best studied in the following experiment.

A deep wound, penetrating into the cambium of a branch of

almond or peach, commonly soon heals completely, but it maj' be

tliat gum flows from the wound. This is the case when the trees

are in sap. thus in February or March at tempei-atures above 20° C.

and below 33° C. The experiment succeeds best with cut branches

in the laboratory. When the wounds are made in the open air in that

season no gummosis ensues, the temperature then being too low. ^j Tn

^) If the wounds ave infected with Cori/neum, an extremely copious gum production

follows in spring, as the parasite then finds abundant food in the branches. There

is, however, no season when wounds, infected with Coryneum, do not sooner or

later yield gum.
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Slimmer the camhium of' the still h)ngitiKliiiaIl)- growing' pari of

young green hranclios may be caused to form giim by |)un('liires or

incisions, bul these wounds lieal <|ui('kly, exceni when "'kepi o|)en"

by Coripieuni or other jtai-asites.

As to thicker branches, wounded in spring, the microscope shows

tlie following.

Around the wound a great number of gum canals are formed in

the cambium, aboul parallel witii the axis of the branch, some centi-

meters long, which become the thimier and shorter as they are

more remote from the wound. The canals are separated by the

medullary rays, which are with more difficulty converted into gum than

the phloeoterma. All the gum canals together form a kind of net-

work, whose meshes are filled by the medullary rays. The whole

network has the shape of an ellipse, the "gum ellipse", the wound
lies in the lower focus towards the base of the branch. The stimulus

extends over the ellipse, evidently farthest in the direction of the

branch, less far towards the base and sideways. So it may also be

said that the w^ound stimulus extends farthest opposite to the "de-

scending" current of nutrient matter, following the phloem bundles,

or along with the "ascending" water-current, following the wood.

Evidently the gum canals are more easily formed in the better fed

cells above the wound than in those beneath it, where the nutrition

must be worse. This is especially obvious in ringed branches. Wounds
in the cambium, directly above the ring produce much more gum
than those immediately below. ')

Under ordinary circumstances the branches, after simple mechanical

wounding, are soon completely healed, and if the cambium at the

outside of the gum canals then again begins to produce normal

secondary wood, the gum canals may later be found back in the

wood itself. ^) Evidently the healing takes place as soon as the

stimulus ceases, and so it is not strange that when it continues

by poisons or parasitism the gum production also continues.

1) The nature of the power, by which the food transmitting, "descending"

sap current moves tln-ough the phloem bundles, is not known. It is thus not

impossible, that if the cause of gummosis is of a material nature, a lysine, moving

through the tissues, it is able to run in opposition to the "descending" current.

I think, however, that the extension of the stimulus does not go along the phloem

but along the xylem bundles and the young wood, with the "ascending'' sap.

~) I have never seen dislinct gum canals in the secondary wood, but accord'ng

to the descriptions they occur eventually.
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Parasitism as cause of (jiunmosis.

The connection between loounding and parasitimi.

Wounds ill peach bmnclies trealed with poisoiioiis substances,

such as sublimate, produce gum much longer and more copiously

than the like wounds without sublimate. Other poisons have quite

the same effect. Now it is clear that the direct intluence of para-

sitism on the organism must be sought in the action of some

poisonous substance. Hence it seems certain that what these three

causes have in common, namely necrobiose, or the slowly dying of

the cells surrounding the dead ones, is the base of gummosis, and

that parasitism, where neci'obiose lasts as it were endlessly, must

be the most powerful instigator of the process.

That this simple view of the question has not yet taken root in

science is proved by the most recent treatise on our subject by

MiKOscH, ^) illustrated with beautiful anatomical figures. After the

publication of Dr. A. Rant and myself of 1905, he described the

relation of mechanical wounding to gummosis. But he did not think

of poisoning experiments, nor has he any belief in the intluence of

parasitism on gum formation. Wiesner, in his recentl)- published

paper on gums in the new edition of his "Rolistoffe des Ptlanzen

reichs", is also of the same opinion as Mikosch.

For my object a short discussion of a few examples of parasitism

will suffice.

The little caterpillar Grapholitha weberiana makes borings into the

bark of plum and apricot, and if the outermost corklayer is removed

by shaving it off, the butterfly finds so many fit places for deposing

its eggs, that the larvae creep in by hundreds and make new borings

from which later the gum flow^s out. These holes are coated with

a layer : of slowiy dying cells, whence the stimulus extends, which

produces thé gum canals in the contiguous "cambium". By cambium

I simph' understand the not yet differentiated division products,

"young wood" and young phloeoterma. The necrobiotic cells, clothing

the continually extending holes in the bark, and the great numbers

of new individuals of the caterpillars, make the gum production a

chronical process.

To explain the formation of the enormous quantities of gum
produced in this way, it seems only necessary to think of mechanical

wounding and not of emy special excretion from the animal. But it

must be noted that the space, where the caterpillar lives during its

1) Untersuchungen über die Entstehung des Kirschgummi. Sitzungsber. d. Kais.

Akad. d. Wiss. in Wien. Mathem. naturw. Klasse. Bd. 115, Abt 1. Pag. 912, 1906,
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'gi*owth, namely a vertical narrow canal in the innerbark, very neat*

to the cambium, could not possibly be imitated artificially.

Fig. 1. (Natural size). Gum producing peachalmond in September, whose

summit is cut off; the gum from the gum canals is after drying, swollen by

moistening with cold water.

Much more common and interesting than the animal parasites are

the gum producing Fungi of the Amygdalaceae, five of which are

found in our country. ') The commonest and most vigorous is Cor-

1) Coryneum bevjerinckii Oudemans, Gytospora leucostoma Persoon, Monilia

cmerea Bonorden, Monilia fructigena Bonorden and Botrytis cinerea Persoon

(see Rant, 1. c. p. 88). German authors also mention bacteria as instigators of

gummosis, I never found them.

54

Proceedings Royal Acad. Amsterdam. Vol. XVII.
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yneum heijermcUi Oüdemans fClastcrosporium carpophilum AderhJ.')

Piirc cultures of Coripieum iu biii'k wounds of aluioudj peaclial-

uioiid, peac'li, chcn-v, plum, bird's cherry, sloe, virginiau jiluni, develop

with remarkable quickness and soon make the bark die off, evidently

in consequence of the secretion of a poison. Ai-ound the dead cells

the necrobiotic are found from which the stimulus issues, which,

penetrating into the cambium in the usual way, forms gum

canals in the yoiuig wood. Many mycelial threads of the parasite

itself are then cytolised and converted into gum. I thiidv this fact

remarkable and a strong argument for the material nature of the

stimulus.

Undamaged branches are with dilïiculty infected by the parasite, but

it is easy, even by very slight ;W0unds and artificial infection, if

only the wounds be numerous, to obtain great ((nantities of guni.

This circumstance explains why nui'sery men dread wounds in the

trunks and branches of stone-fruit trees.

In the green shoots, especially of the peach, the formation of

anthocvan is observed in the enfeebled tissue around the wounds

infected with Cori/neinn when exposed to sunlight. -J

The supposition that secretion products of the parasitic catei'pillar

or the Fungus could be the direct cause of the stimulus, is contrary

to the j)Ositively existing relation between mechanical wounding and

gum'mosis.

Gum canals in the fruitjiesh of almond and peac/ialmond.

To the preceding facts, long since stated, I wish to add the following.

Already in my tii'st paper of 1883 I called attention to the circum-

1) Betjerinck, Onderzoekingen over de besmettelijkheid der gomziekte bij planten.

Versl. d. Akad. v. Wetenscli. Amsterdam, 1888, — Contagiosité de la maladie de

gomme chez. les plantes. Archives Néerlandaises, lé Sér., T. 19, Pag. 1, 1886. .

—

G. A. J. A. OuDEMANS, Hedwigia, 1883, N". 8. — Saccardo, Sylloge Fungorum,

Vol. 3, Pag. 774, 1884. — Aderhold, IJeher Clastero82)orium carpophihmi (LÉv.)

Aderh. nnd dessen Beziehung zum Gummifluss des Steinobstes. Arbeiten der

Biolog. Abt. am Gesundheitsamte zu Berlin. Bd. 2, Pag. 515, 1902. Aderhold

has experimented with pure cultures of Goryneum, which I had made and sent

him. He himself has not executed any isolations of gum parasites. His determination

as Clusterosporium amygdalearuni (Lev.) is thus founded on the imperfect de-

scriptions from the older mycological literature, in which Oüdemans was no doubt

better at home than he. Like Lindau I reckon Clusterosporium to another family

than Goryneum.

~) The apperance of anlhocyan in the light is commonly a token of diminished

vitality and often a consequence of necrobiose in the adjoining cells. Hence, wounds,

poisons and parasitism cause anthocyan production in the most different plants.
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stance, that in the frn it-flesh of the peachalmond, and as I may add

now, also in that of the almond itself, there is a system of gnm
canals, precisely corresponding to that of the vascnlar bnndles. Of

these the phloem bnndles are converted into gnm canals by cytolysis,

either entirely or with the exception of the onter protophloem ; the gum
canal (gp Fig. 2 and 3) thns, is always immediately contiguons to

the woody bundle xl.

Fig. 2 (3). Gum canals in the transvei'se

section of the fruit-flesh of a peachahnond :

ha hairs on epidermis; Aw dermoidal tissue;

bp chlorophyll-parenchyma; xl xylem bund-

les; ph phloem bundles; gp gum canals

sprung from phloem bundles.

Fig. 2 and 3 are reproductions from my

above mentioned treatises of 1883 and 1886.

The presence of gum in the canals of the fruit is easily shown.

In August or September the summit of a peachalmond fruit is cut

off and the fruit, or the branch wilh the fruit, is placed in water.

After some moments all over the section droplets of gum are seen

evidently issuing from the vascular bundles. As these bundles

are distributed through the fruit-flesh, running longitudinally and

transversely, and are partly reticulated, the number of droplets is

very great and they are of different size. In particular near the stone

they are big. If in August the gum is allowed to flov/ out in cold

water it dissolves completely or nearly so. In September the dissolving

is no more complete. By drying the gum, its solubility in cold

water gets almost lost, but it continues in hot water.

From lateral incisions also much gum flows out. In Fig. 1 the

drops are represented after drying, followed by swelling up in cold

water.

Although this gum does not only consist of dissolved wall material

54*
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but also of cell contents, the uiicrosfope can only detect line granules,

evidently corresponding to 'the microsomes of the protoplasm, which

are not dissolved during the cylolysis I could not find back the

cell nuclei in the gum. but in the cells of the not yet cytolised

phloem bundles, they are neither perceptible. As under normal cir-

cumstaiu'cs the gum does not tlow out, its volume must be about

as great as that of the phloem bundles which are cytolised. It is.

however, certain that the capability of the gum to swell up by

imbibition is much greater than that of the cell-tissue which gave

rise to its formation. It seems thus certain that imbibition with

Fig. 3 (360). Gum canal with surrounding

;

g2J gum; xl xylum bundles, unchanged; j)/? non-

dissolved cells of the phloem bundles; cd thread-

shaped cells in a gum canal, originating from the

phloem bundles.

safticient access of water must lead to a pei-ceptible ])ressure and

also some thickening of the fruit-wall. This must promote the

opening of the fruit as well as the remarkable detaching of the

stone, although the required mechanical power for these processes

must, no doubt, chietly be the tension of the tissue of the paren-

chyma of the fruit-wall existing independently of the gummosis.

Finally the stone is found quite loose within the fleshy shell, which

mostly opens like a bivalvate mollusk. but sometimes shows three

or four fractui-es. The vascular bundles, which pass from the fruit-

llesh into the stone, are thereby torn off clear from the stone. At

the base the separation seems provided for by an intercepting layer,

as at the fall of leaves.
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The portion of the phloem bundles within the stone of the peachal-

mond is never converted into gum ; in the almond itself such gum
is found in rare cases inside tlie shell.

Wound gain In the fniit-tnall as a consequence of mecltanlcal

stress of the tissue, (kiinnii/u/ almonds.

In many cases real wound gum is found in the fruits of the

almond and the peachalmond, not proceeding from the gum canals

but from fractures in the parenchyma of the fruit-flesh. Its origin

must undoubtedly be sought in the tension or stress of the tissue,

which causes the opening of the fruit. An additional circumstance,

however, is required, namely a loss of vital strength, by which the

regenerative power of the tissue that coats the fi'acture is annihilated.

The therefrom resulting incapability of regeneration is associated

with the ripening of the fruit in a way not yet explained and

should rather be attributed to superMuous than to poor nutrition.

Parasitism is wholly absent in the production of wound gum from

the parenchyma of the fruit.

The fractui-e is mostly at the side where the two edges of the

carpels are grown together and the fruit later opens. Not seldom

in this case is wound gum seen to flow spontaneously from the

base of the fruit along the short peduncle. In other cases the wound
is at the side of the middle nerve of the carpel. Always the edges

of the fracture are coated with cells in a condition of necrobiose.

which is evident by their quickly colouring brown at the air, which

noi'mal living cells do not. These n«crobiotic cells and the adjoining

tissue produce gum. With the microscope not quite dissolved cell-

walls may be found in the gum, showing that the cells were about

full-grown when the process began.

In common almonds gum is sometimes found within the hard

shell, ^) and eventually part of the kernel itself is then also changed

into real wound gum with still recognisable remains of the cell-

wall. In such almojids the phloem of the vascular bundles, which

run through the stone to the funiculus, is always changed into a

gum canal, so that the gum can reach the surface of the young

seed.

If we suppose that gummosis originates by the action of a cytolysine.

it seems very well possible, that the lysine which has flowed inward

together with the ''canal gum", is able to attack the developing

^) The small quaulily of gum found, especially in "liaid almonds", at the

surface of the shell, proceeds from tlie gum canals of the fruit flesh. The sugar

layer which covers the shell of the "soft" species is dextrose.
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seed and is yet too labile to be demonstrated by infection of bark

wounds with gnm. Experiments in this direction may perhaps be

effected with the peachalniond.

Wound stimulus as factor of development.

Formerly I thought that tiie presence of gnm canals in tlie fruits

was accidental and should be explained by parasitism, although I

could not find any parasites.

In later years, with better knowledge. 1 again examined the gum
canals in the peachalmond and their surroundings repeatedly. Never

did I find a fruit without them, but they were not equally developed

in different trees from diftei-ent gardens. In specimens of sandy

grounds they can sometimes only be found with the microscope.

Neither microscopically nor by experiments has it been possible

to detect gum parasites. This makes it quite certain that in the

formation of gum canals parasitism is excluded. ^)

The great ease wherewith mechanical tension causes wounds in

the fruit-fiesh of the peachalmond, gives rise to the supposition, that

the normal gum canals may be the product of some hidden wound
stimulus.

If this supposition is true, we cannot think of wounding in

the common sense of the w^ord. When the flowers fall off, a

ring-shaped wound forms around the base of the young fruit,

but this is a normal process, taking place in an intercepting

layer and soon followed by complete healing. In the flowers of

peach, plum, apricot, cherry,, we observe the same without any

formation of gum canals in the fruit-fiesh. Moreover, although the

peculiar structure of the layer between the woody peduncle and

the stone, along which the ripe fruit detaches, reminds of rent

tissue, no gum is formed at that spot and the layer also exists in

the other stone-fruits, where no gum canals occur.

So long as nothing else has been proved it must therefore

be accepted that in the phloem bundles of the fruit of the peachalmond,

where cytolysis takes place, the same factor of development is active

as that, which gives rise to the pathological gum canals in the cambium
of the branches. This leads to the conclusion, that the wound stimulus

belongs to the normal factors of development of this fruit, although

nothing is seen of external wounds. When considering, that the

phloem bundles are built up of extremely thin and soft-walled cells,

') The supposition, sometimes met with in literature that the gum oftheAmyg-
dalaceae should consist of bacterial slime is quite erroneous. Tliat parasitic bacteria

eventually occur as gum parasites, as is stated by some authors, 1 do not tliink

impossible, although till now I only found caterpillars and Fungi as active agents,
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it is conceivable, tliat by great leiisioii ofllie (issue in tlie suiToundiiig

parenciiynia, they undergo strain and pressure causing mechanical

rupture and necrobiose, centre and prey of the wound stimulus

being the pliloem bundles themselves.

This conception is in accordance with the tact that the gum
canals are broad in the fruits of well-fed trees on rich grounds,

which have a hard and solid tlesh, wherein stress and strain are

certainly very great. Oidy here and (here remains of the protophloeni

along (he gum canals are s(ill to be found in such fruits. But in the

softer fruits of sandy soils, along the much narrower gum canals

not only the protophloeni is still [)resent, but also stripes of the

secondary phloem.

Summarising we come to the following conclusions.

xA'Iechanical wounds in growing tissues of Amygdalaceae will some-

times heal dii'ectly, sometimes after previous gummosis.

The chief tissue, which is transformed into gum is the young
secondary wood newly spruiig from the cambium and not yet

ditfei-entiated. By the wound stimulus a netwoi-k of gum canals

is formed around the wound. In thick l)ranches, with a bark wound,

this network has an elliptical circumference, the wound being in the

lower focus of tlie ellipse,

If the stimulus is removed by the cure of the wound, the cam-

bium again continues to produce normal secondary wood, so that

aftei'wards the gum canals may be found in the wood itself.

If the stimulus continues (he gum formation also becomes lasting.

The stimulus issues from the cells that die slowly by wounding,

poisoning or parasitism. Probably a cytolysine flows from these cells

into the young wood or the procambium ; these bind the lysine and

liquefy to gum. Hence, gummosis is caused by necrobiose.

Young medullary rays and phloembundles are with more diftlculty

converted into gum than the young secondary wood. But in the

fruit-tlesh of the almond and the peachalmond it is the phloem

which changes into gum. The protophloem of the bundles often

remains unchanged.

Although gummosis in these fruits belongs to their normal develop-

ment, a wound stimulus is nevertheless active. This stimulus springs

from the strong tension in the parenchyma of the fruit-wall, which

gives rise to tearing, necrobiose and gum formation in the delica(e

tissue of the phloem bundles. Consequently the wound stimulus is

here a iiormal factor of development.

It might also be said that the almond and the peachalmond are

pathological species, but thereby nothing would be explained.
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Chemistry. — ''Tlie allotropy of Lead.'' I. By Prof. Ernst Cohen

and W. D. Helderman.

(Communicated in the meeting of Oct. 31, 1914.)

1. Indications concerning tiie existence of allotropic forms of

lead are found not only in the earlier chemical literature. Fourteen

years ago Ernst Cohen ^) pointed out in his studies on tin a clause

in Plutarch's (50—120 A.D.) Symposiaca (VI, 8) in which allusion

is made ^) to the fact that lead is sometimes disintegrated spontaneously

at low temperatures.

This clause runs as follows: "No, the craving for food is not caused by the

cold, but in the body something takes place similar to that which happens with

metals in a very strong winter. There it is seen that cooling not only causes

congealing, but also melting, for in strong winters ctxovai [loU^öov (pieces of

lead) occasionally melt away, consequently something similar may be supposed to

take place in the intestinal process, etc. . .

.'"

Moreover Theophrast (390—283 B.C.) mentions such phenomena in his book

rrfoi ctvoó^: ^'^y.arrir^Qov yiio (paol y.ai [lóXiiSöov V^ér^ TayS]V(a iv rto

nóvTCi rtdyov y.ai yfj/icuro»^ orrog vsaviyov, x^(?.y.ov öè Qctyr^vai.

(It is told that tin and lead melled sometimes in the Pontos when it was very

cold in a strong winter, and that copper was disintegrated.

2. Sainte-Claire Deville 'j stated that the density of lead is a

function of its previous thermal history. He gives the following

figures (water at 4° — 1 ; Temp. ?)

After quick cooling of molten lead 11.363.

slow „ „ „ „ 11.254.

In a second experiment he found

:

Density of lead electrolytically deposited 11.542.

After melting and rapid cooling 11.225.

About the value 11.542 he says:

"Mais telle est la rapidité avec laquelle se carbonate a Fair ce plomb extrême-

ment divisé, qu'il a fallu le transformer en sulfate pour en deduire ensuite le

poids de la matière employee. Cette complication introduit- elle quelque incertitude

sur le premier nombre, ou ne doit on pas plulot I'admettre comme représentant

la densité de ce plomb parfaitement cristaUisé?"

3. These values as well as others given in earlier literature have

to be accepted with reserve as generally no data are given about

1) Proceedings of the meeting of Jan. 26, 1901, p. 469. Zeitschr. f. physik.

Chemie 36, 513 (1901).

2) PLUTARcm Chaeronensis varia scripta quae moralia vulgo vocantur. Lipsiae,

ex officina Gar. Tauchnitii 1820. Tomus IV, 389.

3) C. R. 40, 769 (1855).
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Fig. 1.

Fie. 2.

Fig. 3,
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the purity of the material experimented on and as there often

exists some uncertainty concerning the method whereby the density

has been determined.

4. Kahi.baum, Roth and Siedlkr ^) found the density of a pure

20°
specimen of lead prepared by distillation in vacuo to be r/ -^ 11.34J.

5. The values given by different authors for the specific heat of

lead vary within wide limits, as may be seen from the table given

in Abegg's Handbuch der anorganischen Chemie.^) Moreover it may

be called to mind that Le Verrier') stated, that the specific heat

of lead is a function of its previous thermal history.

6. The facts mentioned above as well as the investigations of

Stoiba, *) and those of Otto Lehmann *) render a new investigation

of the subject very desirable.

7. A year ago we carried out some experiments in this direction.

As the results were negative we experimented with other metals,

which yielded a more favourable result. Since a fresh investigation

on lead has given positive results, as will be proved below, we
give here also a short description of our earlier experiments, which

taken together with the new experiments furnish a confirmation of

the results obtained by us in the case of other metals (bismuth, cad-

mium, copper, zinc, antimony).

8. Our experiments have been carried out with lead which

contained only 0.001 per cent of copper and 0.0006 per cent of

iron (Blei-"KAHLBAUM"-Berlin). ")

The metal was turned into shavings on a lathe and washed with

dilute nitric acid, water, alcohol and ether. After this it was dried

in vacuo over sulphuric acid.

9. The density of this material was found to be

25°
d —- a. 11.328«

b. 11.330,

We put the metal into an aqueous solution of PbCl, and kept it

for 48 hours at 100°. After washing and drying it, we found :

1) Zeitschr. f anorg. Chemie 29, 177 (1902).

2) Bd. 3, 2le Abteilung, p. 633 (Leipzig 1909).

3) Gomp. Ernst Cohen, Proceedings 17, 200 (1914).

4) Journ. f. prakt. Chemie 94, 113 (1865): 96, 178 (1865).

5) Zeitschrift f. Kristallographie und Mineralogie 17, 274 (1890).

Ernst Cohen and Katsuji Inouyi, Zeitschr. f. pliysik. Chemie 74, 202 (1910).

6) MvLius, Zeitschr. f. anorg. Chemie 74, 407 (1912),
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25°
d — c. 11.329,

4°

d. 11.328,

i\.iiother part of the original material was melted and chiiied in

a niixinre of alcohol and solid carbon dioxide. The determination

of the density gave the following result :

25°d^ e. 11.330,

ƒ 11.333,

10. As onr determinations had been carried out with an accui-acy

of 3 or 4 units in the third decimal place, it is evident from the

experiments described above that we had not been able to detect

any transformation in the lead experimented with.

11. However, some months ago Mr. Hans Heller at Ijeipzic was

kind enough to call our attention to some phenomena which he

described in the letter which follows :

"Gelegentlicli eines Voriesungsversuches, der einen sogeiiannlen "Blcibaum"

ZLir Daistellimg bringen sollte, bercitete ich eirie Lösung von 4U0 gr. Bleiazetat in

1000 cc. Wasser unter Ziisatz von 100 cc. Salpetersauie (spez. Gew. 1.16), die

als Elektrolyt bei der Bleiabscheidung diente. Als Elektroden dienten bei dem

Versucli Stiicke aus reinem Blei. Diese Bleistiicke blieben nach der Eiektrolyse

etwa 3 Woclien in der Lösung stehen. Als ich sie alsdann lierausnehmen wollte,

bemerkte ich, dass sie ihre weiche, debnbare Bescliaft'enheit völlig verloren batten

und eine spröde, bröckelnde Masse gewoi'den waren. Der Gedanke, es hier mit

einer stabilen Modifikation zu tun zu haben, erschien mir um so wahrscheinlicher,

als das spröde Blei ganz dem grauen Zinn gleicht, beide Melalle zu der gleichen

Gruppe des perlodiscben Systems geboren und Metastabililat unserer Metalle nacb

Ibren Forscbungen nichts Befremdlicbes mehr ist.

Kurze Zeit darauf braclite mir ein Kollege ein Bleikabel, das an verscbiedenen

Stellen eine weisse pulvrige Beschaffenheit zeigte von ganz ahnlicher Art, wie ich

sie an den vorbergenannten Bleistücken bescbrieb. Wir machten darauf' den Ver-

such reine Bleistiicke unler konzentrierte Salpptersaure zu bringen und sie mit ein

wenig unseres spröden Bleios zu impfen. Der Erfolg blieb nicht aus: nach

wenigen Tagen batten sich betrachtliche Teile der Bleistücke zu der bröckligen

Modifikation verwandelt."

iVIr. Heller kindly invired ns to continue these investigations;

repeating his experiments with our pure lead we were able to corro-

borate his statements.

12. The lead was melted, chilled in water and cut into small

blocks (3,5 X 2 X 0,5 cm.). We pnt them into glass dishes which

were filled up with the solution mentioned by Heller. The dishes

w^ere covered with glass plates. The temperature of the solution was
15°—20°. The addition of some nitric acid has the effect that the

surface of the metal, remains bright during the experiment.
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In this way the electrolyte is in constant contact with the metal

and the inocnlation which occurs can go on undisturbed.

The photographic reproductions (natural size) which accompan}-

this paper illustrate the development of the phenomenon. Fig. 1

sliows a plate of pure lead in its original condition. Fig. 2 represents

the plates after having been in contact with the solution for some

days ; there are to be seen deep cracks, which show that the material

has shrunk locally. In consequence of this an increase of the density

was to be expected which was proved by means of the pycnometer

(comp. § 'J 9). Fig. 3 shows the plates after three weeks in the same

conditions : the metal has been disintegrated.

Repeating the experiment with 15 or 20 blocks we got in all

cases the same results.

13. We shall prove below that the phenomenon is not a chemical

one ; the following experiment may give already an indication in

this direction. Ojie of the blocks (=t 40 -grams) was put into a cali-

brated tube which had been tilled up with the solution mentioned.

This tube stood in a small dish containing the same solution. After

three weeks no evolution of gas had occurred, either at room tem-

perature or at higher temperatures.

14. After this the phenomena described above were investigated

by means of both the pycnometer and the dilatometer.

A. Measurements irith the Pi/cnometer.

15. We exclusively used the instrument (Fig. 4) described by

Adams and Johnston'), following the indications given by the authors.

Moreover we took the precaution of dipping the pycnometer inlo

water before weighing (empty) and wiping the

water off with a dry cloth. If this is omitted a

slight error occurs, as the surface of the pycnomeler

is then not in the same condition as at the sub-

sequent weighings, after it has stood in a (water)

thermostat.

All determinations were cari-ied out in duplicate

with two pycnometers (C and D) which contained

±25 ccm.

16. Our investigations on bismuth, cadmium etc.

had shown that the pycnometer measurements have

to be carried out with special care. The volume

changes which accompany the transformation of the
Fie. 4.

1) Journ. Americ. Ghem. Soc. 34, 5ü3 (1912).



826

different modifications are, it is true, not inconsiderable, but they

maj' be partially compensated in consequence of the simultaneous

presence of different forms. In order to detect the remaining volume

changes, very accurate determinations of the density must be made.

We shall see below that special precautions must also be taken

with lead. Evidently it is to be ascribed to such compensations that

these phenomena have escaped the attention of earlier authors.

J7. We used toluene as a liquid in the pycnometer.

Its density was found to be

:

25°
d —^ 0.86013 by means of the pycnometer C.

0.86013 „ „ „ „ „ D.

The quantity of lead used for each determination was 40-60
grams. The thermometers (divided into 0.05 degrees) had been checked

against a standard of the Phys. Techn. Reichsanslalt at Charlotten-

burg-Berlin. The weighings were carried out on a BuNGE-balance

with telescope. The weights had been checked by the method

described by Th. W. Richards ^).

18. In the first place we determined (at 25°.0) the density ot

the lead immediately after its preparation for the experiments.

It was melted, cliilled in Avater and filed to powder. It was then

treated with a magnet in order to remove traces of iron from the

file. We washed the powder with dilute nitric acid, water, alcohol

and ether, and dried it in vacuo over sulphuric acid. Its density

was now

:

25°
d-^ 11.325s (Pycnometer C).

The metal was then washed and dried again in the same wa}'

;

,25°
d—-' 11.322i (P^'cnometer D). After treating again in this way we

25°
found d ^^ 11.324, (Pycnometer D).

19. We brought the metal into the solution of the acetate (temp.

15°). After standing for 3 weeks the material was washed and
25°

dried. Its density was now d —^ 11.340^ (Pycnometer C)

11.342, (Pycnometer D).

Zeitschr. f. physik. Chemie 33, 605 (1900).
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Tlie fio-iii'cs show that there has occiin-ed at 15° an incrensa ofo

17 units in the third (h^cinial ))hi('e.

20. We put the metal again into the solution whieli was kept at

50° (in a thermostat) for J 20 hours. We found after wasiiing and

drying

•25°

(/— 11.3J3, (Pvcnometer 6')

11.312, (Pycnomeler D).

Tiie density had di'crfiisi'd 28 units in the third decimal place.

21. The experiment was re[)ealed again, this lime at 25°. (in a

thermostat) toi' 144 hours.

25°
We found: d 11.327- (Pvcnometer (')

11.329, (Pycnometer D).

An uici'i'iis(' (tf 15 \iints in the third decimal place had occurred.

22. Our table I contains the results of these determinations:

T A B L E I.

.25°

Without any previous treatment
\

11.324

After treatment at 15°
j

11.341

„ 50° 11.313

„ 25° 11.328

B. Measurements loitli the dilatometer.

23. This investigation was carried out in the same way as has

been described in the case of cadmium ^).

Some kilograms of lead were melted in a spoon and poured out

into an iron form. The metal cooled in contact with the air. After

fding it we treated it with a magnet and put it into the solution of

the acetate. Here it remained (at 15°j for 15 X 24 hours. After this

it was washed and dried in the way described above. We used

± 600 grams in the dilatometer. (Bore of the capillary tube 1 mm.).

1) Proceedings 16, 485 (1913); Zeitschr. f. physik. Chemie 87, 409 (1914).
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At 50°.8 the decrease of the level was 700 mm. (34 hours).

„ 74°.4 „ rise „ „ „ „ 275 „ ( 27, „ ).

Whilst the first preparation (§ 20) had shown at 50^ a decrease

of density, we now find an increase. From this result we may
conclude that there are more than two allon'opic foims simultane-

onsly present.

24. Special attention may be paid to a phenomenon which we
observed with all our preparations and which stands in close con-

nexion with the fact that lead as it has been known up to the

present, forms a metastable S} stem containing simultaneously several

allotropic modifications of this metal.

It is generally known that when a bar of any metal which is

more electro-negative (resp. electro-positive) than lead is suspended

in a solution of a lead salt, the lead is thrown out of solution and

a lead tree is formed.

We found that the same phenomenon occurred when our pure

lead was placed in the solution mentioned above or in a (neutral)

solution of lead nitrate (30 grams of nitrate, 70 grams of wate»-).

Both at room temperature or at higher temperatures (50°) a lead

tree was formed in a few days.

25. We are in the case of lead in specially favourable circum-

stances for the observation of this phenomenon. The galvanic current

which is generated between the stable and metastable modification

decomposes the solution. The metal which is electrolytically deposited ^),

shows in this case a characteristic form (lead tree) so that the

phenomenon is very striking ^).

26. We hope to report shortly on the different pure modifications

of lead and their limits of stability.

Utrecht, October 1914. van 't Rofy- Laboratory.

^) That the phenomenon is not to be attributed to the presence of iron (^0.0006

per cent) or copper (0.001 per cent) is proveJ by the investigations of Oberbeck

[Wied Ann. 31, 337 (1887)] and by tliose of Königsberger and Muller [Physik.

Zeitschr. 6, 847 and 84'J (1905)].

~i We also carried out an experiment with tin: white and grey tin were put in

contact in a sokition of SnCl^ (Temp. 15^). After some time a great many

beautiful crystals of white tin were deposited by electrolysis upon the white metal.

[Gomp. Ernst Cohen and E. Goldschmidt, Zeitschr. fur physik. Chemie 50, 225

(1905)].
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Mathematics. — ''On on integral formula o/' Stieltjes." By Prof.

J. C. KlXVVER.

(Cominunicaled in the meeting October 3i, 1914).

Ill the Proeeediiigs, and Comiminieations, Physical Section, series

3, 2. 1886, |). 2 JO, Stieltjes treats of detiiiite integrals, referring-

to the function

.t (//) =—
,

—-—= ^ r-I— If' „=i\aj

In this ftmction a stands for a positive odd integer without qua-

dratic factors, and (- lepresents LegendiïI'/s synd)ol with the ex-

tension given to it by Jacobi.

As poles of tlie function /'(//) only the points i/ ^ e " are to be

taken into consideration, and for the residue, belonging to such a

pole, one finds

1 " 2:: i \ e

a fi=\ \a

Fioni the well-known fundamental equation

/-?)
(3 ..

-ik

it follows, that a pole is only to be found in those points y=r 6^ «
,

in which / is jtrinie to a. Consequently // = 1 is not a pole of the

function, and we have.

1 /'=^'-i rh\
ƒ(!) = -- V __ U

a /,=i \a J

from which it follows that — '(/'(I) is ecpial to the sum of the

jiumtters smaller than a, for which ( J=-j-l (residues), diminished

with the sum of the numbers smaller than a, for which
( )=

—

i

i^ (non -residues).

In the paper cpioted, Stiicltjes considers the definite integrals

0(3 OO

J'

,, ^ .
dt'^

, , C atx
J (^~') -s"*

2^
^•'' •'"'^

I J {^-'') cos — chv,
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and he calculates the value of the first integral for the case

a = 4tw -j- 1, the value of the second integral for the case

a =: 4:tu — 1

.

In the following I give a shorter deduction for these results.

I suppose that the two positive, otherwise arbitrary numbers ,?

and 7 have a for product, that / is a positive parameter and now
consider the integral

-1- 00
J,

( -~)
J1= \ f^e ^ 'e^^^"^d,v .

In order to calculate (his integral, it is not necessar\ , as Stieltjks

does, to fall back on an integral Ibrmida treated hy Lkgkndre and

by Abkl. It need only be obsei-vcd that in the upper half of the

complex ,r-|)laiie for increasing values of r^ the modulus of the

integrand approaches sufficiently rapidh' to zero, to permit us to

equate the integral / to the sum of the residues in this upper half

plane, multiplied bv 2.~i

The poles ot the integrand are the i)oles ot /^e '^ '
, that is to

say the points .v = — {k = 0, 1, '2, . . .), where k is prime to d. The

residue of such a i)ole is

« •/ 2 I ] e '• z= (- // - ' Va \ -\e /

2jr7 h^\

hence

/

{h\ ""^
1 r^\ fk\

We ought to distinguish now between the tw^o cases a = ^w -\- 1

and a = 4?(; — 1

.

•

For a = 4?f -|- 1 we have

I
—

J

= + I I and conseL;uently f \e 'M = — / I « ^ j ^

so that it follows from the result found for /, that

\f\f^)sinl3ttxdx — \^-f\^^\. {a — A:XO-\-\) . . (I)

On the other hand for a = 4iv — 1

I
—

I

= — f —
J
and consequently fie ^ )::=-{- f I e P],
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so that ill lliis case it may be concluded from the integTal formula that

I
ƒ (

e T
j
cos 2jit:v d.v = h ' — ƒ (

g~ T
J

. (« = iw — 1) . . (H)

As may be proved the equation (II) remains true if we suppose

t=zO, and if the expansion in series

is made use of, we get in this exceptional case

:£ =— /(1)= -~ 2 i~]h. {a=:4:W—l)
m = \ \ (-t J tn \/a' ay « h=\ \a/

The results found by Stiklt.irs have been derived with this, the

equations (I) and (II) may now, however, be used, to find other

results less known in the theory of numbers.

B'or real values of (ü the function ƒ (^'-='') has the properly of approach-

ing rapidly to zero for positive and negative values of .i' of increasing

modulus. This leads to the conclusion that Fourier's general sum-

mation-formula

" v"' F{^-j-7i) = if (,v) cbj + 2"^"
(f(,v) cos 2jin (y-^) dy

— 1

may be applied, if we write

•2nx

'

F{.v)=f\e'T),

and if we suppose ^ 5 <^ 1.

Distinguishing again the cases a= 4,}i)-\-\ and (7 = 4?/'— 1, the

value of the integrals in the righ(-hand member may be determined

by means of the equations (I) and (II). It should be taken into

consideration in the summations in the left-hand member, Ümtf (e~''-^)

changes its sign together uith ,r or not, according as a is eqnal to

4:1V + 1 or to 4:W — I

.

In this way the two following general equations are deiived from

the summation formula.

,
(III)

= 2 I— :E sill -Jitiifl e V
) ,

(rt = iw + 1) )

7 .=1 V J
55

Proceedings Royal Acad. Amsterdam. Vol. XVII.



83^

27rf , , 2-0!+; K / 27r(n-0

.=,1 V y V , . ^

^j^^
2-x.

_ rA
j ^(1) + 2 'Vc-0.5 'Innlfio. /

j
,
(a,=:4/r— 1)

r r «=i V /)

If ill both members of these equations the functions /'are expanded

into series, the summations indicated are to be executed still further.

1 shall, however, [)erform these reductions onlj for special values

of the parameter ^, in consequence of which the general results are

simplified.

In the equation (III) I substitute therefore S = i, at the same

time I replace ^ by -- and accordingly y by 2y. I further write

e /^ = 9, e 'i =. q'.

The numbers q and q' are then positive and smaller than 1;

they satisfy the relation

jt'

lop qXiogq =— ,

a

but are for the rest arbitrary.

In this way the equation (III) passes into

"^"(-1)" ƒ('?-"+') = '
-^"^"(—1)" /('?''"+'),

)i=o y '(=0

and if the functions ƒ are expanded into series, we shall tind

^
g m=i V«;i4-?-'" 9 >n=i \ajl+q'-^»^

In the equation (IV) I substitute 5 = 0. We have then in the

first place

/(I) + •/l/C'z^'O = '^- !/(i) + 2'5/(7'2")
j,

71=1 r (
«—1 )

and if again use is made of the expansion into series of the functions

ƒ we find

q { >„=i \a J 1—92»*

=:hoa~^^\,m + 2 2 (-)^-^i {a = iw~l). (VI)

The equations (V) and ^VI) completely symmetrical with regard

to 7 and q' are again conspicuous for the remarkable properties of
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the arithuietieal symbol )• For the rest the}' show some similarity

with formulae in the theory of the »>-fiinctions, and point to a

certain connection between the functions Ö
|

v, —
j
and i) { r.

So it may be observed, that, from the equation

^3 0' - P-4 0' - —-^-^ = 1 f 4 ^ —^ cos 2jr 7nv

in the case a^=4iW-\-l, ensues

/A i

and the equation (V) proves that the expression

'A i

.-/.("7)»<%)r^'^
' '

^^ ^3 ( 0, -
I
^, ( 0, -

I
i ' fl^—^^-^ (a .= 4i6- + 1)

•e-f)
^J -

remains unchanged, if ;i is replaced by y.

In a similar way we conclude from

=1 jt cot V :i: 4- 4: JT S — s/» 2jt mt
I 1 o .,,

v', y,
—

for the case a = 4:w — 1 to

We can prove now, that

:S {-]cot— = 2[/af{l)
h=i v«y «

consequently it ensues from the equation (VI). that the expression

/A i

1 /'=^-i /A\ ^' \a' 3 ,^ [
_

)
^^ 'l^ (a = 4it'— 1)

holds its value, if 3 is changed into y.

55*



834

iPhysiCS. — "On immhrinij in a hinary .'ii/stem /<>r w/i/'rh the three-

phase pressure is t/reafer than the sum of the vapour tensions

of the tiuo components." By Dr. F. E. C. Scheffer. (Commu-

nicated by Prof. J. D. VA^ der Waaj.s).

(Communicated in the meeting of Sept. 26, 1914).

1. In my investigation on the sy.stcm liexane-water the remarkable

phenomenon presented itself that the three-phase tension of tlie two

liquid layers by the side of gas appeared to be greater than the

sum of the vapour tensions of pure hexane and pure water ^j. When

the tensions of the pure substances at a definite temperature are

denoted by P, and P,. the three-phase pressure by P, then for

temperatures which are not too far from the critical end-point

If we could speak of "partial pressures" for such an equilibi'ium,

this result would be impossible. A proof of this is found in van dkr

\Vaai.s--Kohnstamm's "Thermodynamik", which however is only

valid when the gas-laws") hold for the saturate vapours. When the

gas-laws do not hold for the gas phases, in other words if the gases

possess surface layers, the proof is not valid, and the statement that

the three-phase pressure must always be smaller than the sum of

the vapour tensions of the components, holds therefore only for

rarefied saturate vapours.

In my papei- on the system hexane-water I have shown that the

contradiction with the second law of thermodynamics, which at first

sight may be supposed to exist in the observed phenomenon, is only

an apparent one. We might, namely, be incHned to reason as

follows: If tlie three-phase mixture possesses such a high pressure,

the pressure exerted by the water and hexane molecules, or at least

that of one of them will have to be greater than the pressure of

water vjipour, i-esp. hexane vapour over the pure components. If we
therefore bring the three-phase mixture I)v means of a semi-permeable

membrane into contact with pure hexaue and with pure water

under their own vapour pressure, hexane or water will pass through

the semi-permeable meuibranes from the three-phase mixture towards

the pure liquid. We should then get splitting up of the three-phase

mixture, whereas just on the contrary the so high three-phase pressure

sets in of its own accord from pure water and ))ure hexane. This

is in contlict with the second law of thermodynamics.

1) These Proe. 16. i04. (1913).

2) Thermodynamik. II. S. 476.
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I have shown in the cited paper that the conclusion that the

three-phase mixture will expel water througii a niembrane permeable
to water, is reallj correct, and that probably mutatis mutandis the

opposite thing will apply to hexane. Tiie error in the above reasoning

lies therefore only in the very last conclusion. 1 have pointed out

loc. cit. that it is, indeed, possible that two liquids, each under its

own vapour pressure, mix to a three-phase mixture that possesses

the property to get unmixed again into the pure components through

semi-permeable membranes; that this is not in contradiction with

the second law of thermodynamics, but that on the contrary this

jihenomenon will I)e tVequently met with in my opinion, also for

systems which do not present the special behaviour mentioned at the

head of this paper. Thus solutions of gases which are but sparingly

soluble in water will certainly expel water, when they are osmotic-

ally brought in contact with pure water of the saturate tension. The
observed phenomenon is therefore not in contlict with our theoretical

considerations.

2. To get an answer to the question whether the system hexane-

water presents an exceptional behaviour in the appearance of a

three-phase pressure which is greater than the sum of the vapour

tensions of the components, I have investigated a number of other

systems in the hope of tindiug the remarkable phenomenon there too.

First of all I have chosen the system pentane-watei-. The pentane

wdiich I had at my disposal, was however Kahlbaum's "normal

pentane", which is no pure normal pentane, but a mixture of iiormal

and isopentane, wdiich can only be separated with great loss of

substance and time, as the boiling-points of the two substances lie

near room-temperature, and differ only little (slightly more than

8 degrees). This slight difïerence of boiling-point involves that the

pentane mixture behaves pi'etty well as a pure simple substance;

the isothermal pressure ranges for condensation are slight. I have

therefoie given up the separation of the two pentanes, and compared

the vapour tensions of the pentane mixture and of pure water with

the three-phase tension of a pentane-water mixture. It is clear that

both the pentane mixture and the three-phase mixture must possess

a tension dependent on the \olume at constant temperature, but

also the three-phase tension appeared to be only little dependent on

the volume. To execute this comparison of the pressures as exactly

as possible 1 have determined the pressures for tinal condensation

and for about equal volumes of gas and liquids both of the pentane

mixture and of the three-phase mixture.
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TABLE I. TABLE IL
—

Pentane mixture.
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The values for the vapour tension of water have not been derix ed

from earUer observations, but determined by myself to prexcnt an

eventual deviation of the thermometer from vitiating the comparison.

All the observations have been carried out; with a normal thermo-

meter, and with an Anschützthermometer vcrilied by the boiling

point of pui-e aniline.

We draw the conclusion from the last column of table 'A that

the three-i)hase tension is again greater than the sum of the vapour

tensions of the pentane mixture aji<l of pure water. The difference

appears again to be greatest at the critical endpoint - in all the

tables the critical values are piinted in bold type — ; with decrease

of temperature the difference decreases rapidly, and according to

the theory it must reverse its sign at temperatures where the saturate

vapours follow the gas laws.

The abo\'e described example shows therefore again a case of

very high three-phase pressure. Though these e.xpei-iments would

have to be repeated with the pure substances to get perfect certainty

about the behaviour of the binary systems, the conclusion that the

pentanes and hexane behave analogously with respect to water,

seems yet sufticiently certain to me. Also the relative situation of

the critical end point with respect to the critical points of tiie com-

ponents is the same as for the hexane-water mixtures.

Finally 1 will still point out that the abo\e only i)rovcs that there

exists a pentane-water mixture that possesses the repeatedly men-

tioned remarkable property, and this suffices also for my purpose;

other proportions of pentane mixture and water will probably give

rise to some change in the three-phase tensions because the pentane

mixture is not a simple substance; for the solubilities of the two

pentanes in water will probably not be in the same proportion as

the quantities of the pentanes in the pentane mixture ; the difference

in the fifth column can therefore undergo some modification for

another ratio of the two "components".

§ 3. The experiments of § 2 confirming my supposition that the

abnormal value of the three-phase pressure would be a phenomenon

of frequent occurrence, 1 thought I had a great chance to find the

same peculiarity also for other binary systems. I have therefore

looked for binary systems of which it was known that for low

temperatures the threephase pressure lies higher than the vapour

tensions of the pure components separately and is about equal to

the sum. Dr. Büchner drew my attention to the systems carbon

tetrachloride- water and benzene-water, which possess three-phase
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tensions according to Regnaui.t, which deviate little from the sum

of the vapour tensions of the pure substances. Regnault even asserted

that the tension of carbon tetrachloride-water mixtures is somewhat

hio-her than the sum, and thought he had to ascribe this to slight

contaminations; Gernez has shown later that the three-phase tension

is really slightly smaller than the sum of the vapour tensions, which

is therefore in harmony with the theory. I have now tried to inves-

tigate the two systems at higher pressure ; I haxe, however, not

succeeded in doing so with the system carbontetrachloride-water, as

the components act on each other at higher temperatures. The inves-

tigation is possible for the system benzene-water, and also this system

appeared really to furnish an example of the remarkable phenomenon.

Benzene free from thiophene (negative isatine reaction) was distilled

from phosphorus pentoxide; the boiling point under normal pressure

was 80°.2, and was therefore in perfect concordance with the value

given by Young. The vapour tension line of this benzene was deter-

mined, and then the three-phase tensions of a benzene-water mixture

were measured and compared with the vapour pressure line of water,

which was also determined by the aid of the same thermometers.

To avoid corrections I have measured the three pressure values

TABLE IV.

•
i

Temperature
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alwa.ys at tlie same teiiiperatiires ; it' a slight error should occur in

the absolute value of tlie given temperatures, this has no intluence

on the pressure differences. The tiiermometers which I used in this

investio-ation, have been tested bv a resistance thermometer, tiie

resistance of which was determined for boiliiig water, naphthaline,

benzophenon, and sulphur. The obtained results are given in table 4,

the pressures are gi\en in atmospheres.

It appears from the last column of table 4 that the difference at

150° to 200° is only slightly greater than the errors of observation,

that the three-phase tension becomes appreciably greater than the

sum of the vapour tensions at 2 HP, and that this difference rapidly

increases with ascending temperature.

4. When we combine the results of the system hexane-water

and those of § 2 and 3, it appears that in the three systems the

three-phase tension is always greater than the sum of the vapour

tensions of the components in the neighbourhood of the critical

endpoint. Moreover these three systems present the same shape of

the plaitpointline in the 7^-.i-projection ; the ui)per critical endpoint

always lies lowei' tha)i the critical points of the two components;

the plaitpoint line presents therefore a minimum temperatui-e in the

2-.i'-projection (homogeneous double plaitpoint). Though in my opinion

it is probable that the systems will behave perfectly analogously, a

further in\estigation would have to decide whether for all this

homogeneous double plaitpoint lies in the metastable region ; 1 have

shown this for the system hexane-water in my cited paper. It is

remarkable that in the system ether-water the homogeneous double

plaitpoint appears in the immediate neighbourhood of the ether axis

or would perhaps lie outside the figure, so that the critical endpoint

in contrast with the above discussed systems lies between the critical

points of the components. In this system the said peculiarity does

not occur. Accordingly I think 1 have to conclude that the systems

which present critical endpoints which lie lower than the critical

temperatures of the two components possess three-phase pressures

which are higher at high temperatures than the sum of the vapour

tensions of the pure substances, whereas the opposite is the Case for

systems for which the critical endpoint lies between the critical

temperatures of the components. Perhaps this conclusion may contribute

to account for this remarkable phenomenon.

^^ ,,,, ,
Anon/. Cheni. Laboratoru of the

June 2o, J 914. / ^ a
',

Universiti/ oj Amsterdam,
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Physics. — ''Contribution to the theory of corresponding states''

By Mrs. T. Ehreïsfest-Afanassjewa. D. Sc. (Communicated by

Prof. H, A. LoRENTz).

(Communicated in the meeting of September 26, 1914).

^ J . Meslin ^) has tried to demonstrate that every equation of

state which contains the same number of material constants as

variables, is to be reduced to a universal shape (i. e. to such a form

that no parameters occur any more which vary with the substance),

if the variables are replaced by their relations to suitable special

values, which may be designated as "corresponding" for different

substances.

On closer investigation it appears, however, that the equality of

the number of the parameters and that of the variables is neither

necessary nor sufficient for the existence of corresponding states.

A method will be given here to decide whether a given equation

allows the existence of corresponding states. This method furnishes

at the same time the possibility to calculate the eventually corre-

sponding values of the variables for different substances.

§ 2. In the first place we shall define the term "corresponding

states" in a somewhat more general form. Let an equation be given

between a system of n variables: x^,.i\,...Xn and a number m of

such parameters: C\, C^, . . . Cm that they can vary with change of

definite circumstances {for example of the substance).

Let an arbitrary system of special values: x\' , ,i\' , . . . x,,' (we shall

briefly denote it by xi') of the variables .iv be known, which satisfies

this equation for definite special values d' of the parameters Ci.

Let us introduce the following new variables:

lh=—, ' 3/2
=—'••• ^« =—, • • • • (1)

All the constants Sj of the thus transformed equation can be

calculated as functions of the former constant coefficients, of the

values Ci' and of the values Xh'.

When the parameters d assume other special values Ci", other

systems of special values of the variables will satisfy the original

equation.

The case may occur that there is among them such a system of

values

;

^) Meslin: Sur l'équation de van der Waals et la demonstration du theorema

des états correspondants CR. 1893, p. 135.
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that on the substitution of

y^=^, (2)
•</

for ,vi, the constants of the transformed equation assume exactly the

same numerical values Sj as in the first case. We call such values

ci'i", .i\", .... ,r„ corrfispondent to the values .u/, x^, .i-,,, and the

state defined by the values xï' , correspondent to that defined by the

values X! (or corresponding to it).

The form to which the given ecjuation is reduced in this case

Xi Xi
by the substitution yi = ^_, resp. i/i^~y^, will be indicated by the

Xi Xi

word universal.

§ 3. When for the system x/ the system x/' corresponding to it

has been given, the system xn" can be easily calculated, which cor-

responds with every other system xn' of xi values, which satisfies

the equation in the first case, by the aid of the follow^ing equations:

Xi^^xT^
I II

'

Xil Xti

Indeed the values Xi' resp. xi" satisfy the original equation, when
the parameters Q assume in it the values d' resp. Q". When now
the substitution

!/i^^ (3)
X ii

has been carried out, the constants Si which w^e have calculated,

assume other values, e. g. Sn, and we must now find the values .^vi",

which keep the quantities Sii invariant on substitution of 6V' for 6'/',

when the substitution:

Xi

yi=—i (4)
-Vil

is carried out.

The values x/, however, satisfying the given equation,

ya ——

,

Xii

satisfy the transformed equation. The constants of the transformed

equation do not change, when

is substituted for yn'.
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The fraction

:

Xl Xi

Xii" Xil'

belongs therefore to the corresponding values .a", hence -r,,' corre-

sponds to .Vi[''.

Hence it is proved that in the case of a system of vohws corre-

sponding to a system of solutions, there also e.rists a sys/tm corre-

sponding to every other system of solutions (when C'/ ha\e been

replaced bj G").

§ 4. To find a system .Vi", if the system d',' has been gi\en, we

take into account every product of powers of the variables:

Fi^z.r^an xf^'-i x,,ain (6)

which appears as separate argument in the given equation. We
shall therefore write the given equation as follows:

<P{K,P,,K\P, K,,Pj,;L,,L,....Lt) = 0. . . (7)

Ki and Li are constants with relation to .r,, L; are those constants

which do not occur as factor of P, , but in any other way. Among
the Ki and Li are therefore also included the variable parameters

(for their functions).

Let us put that the constants Ki , Li in the first, resp. second case

have the special values

:

AV, L/', resp. Ki",Li"

(those among them which are independent of Q , have the same

values in both cases); they are to be considered as given. We can

write every \ariable also in tiie following way :

. _ .'-'''' _ ..'
Xi — Xi — Xi yi

.

If we put them in this form in the equation (7), it assumes the

following form :

<P{Q,'P,{y),....Qf:Pk{y);L,' Li') = . . . (8)

in which

Qi' =Ki'Pi' (9)

Pi' = .t-/«'i .i-;«r2 .... ..;"'« (10)
'

^dy) -= i/x"'^ J/."'- .
• .

.
^«"'" (11)

Now it is evidently the question to tind such values .tv" that when
Ci' is replaced by d" and .r,' by Xi", all the constants Qi and Li
— eventually with the exception of one factor, by which all the

terms of the equation can be divided — assume the same values.
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When we carry out this division — let the factor in question be

R (it can be both one of the (2i and one of the Li) in all/?.-!-/—

1

constants remain, which can have four different forms:

The required .17" must now satisfy the following equations:

Qf' = Qf"
]

R' E!' } (12)

R "^
R"

and besides the following equations must hold :

'L,: = Li:' (13)

The number of equations (12), in which .i/" occurs, is quite,

independent of the number of ni of the variable parameters Q.

When all equations (13) are satisfied, and all those among the

equations (12) which do not contain a'l", the three following cases

can occur.

1. Equations (12) ai-e in conflict with each other (a group of s

of the sought values is defined by n)ore than 0- independent equations.

2. They have one, or a finite number of systems of solutions. (It

is required, though not sufficient for this that the number of independent

equations in which xi" occurs, is equal to n. Hence m must not be

greater than n).

Which of the systems of solutions corresponds with the given

system xi', has to be decided by a further investigation in e\'ery

separate case.

This is the case in ivhich lue have corresponding states.

3. They have an infinite number of systems of solutions. (It is

required for this that n is greater than the number of the equations

that are mutually independent). In this case we may speak of corre-

sponding states for the same conditions (e.g. for the same substance).

§ .5. We shall now examine how Meslin has come to another

conclusion. Meslin starts from the conviction that all the constants

of an equation are independent of the choice of the unities, when

every variable in the equation has been divided by a special value

of it. This is perfectly correct. It is also true, as we have seen, that

every equation can be reduced to a form as meant here.

It is however not true that those constants that do not change

through exchange of the unities, ivou/d also have to be unive sal.
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Meslin seems to be not quite free from a confusion, which is indeed

pretty widely spread : between the change of a number occurring

in an equation through change of unities, ("formal" change) and its

change through transition to other conditions (to other specimens of

the quantities which are measured by this number) ("material"

change).

In connection with this the assertion that in case of an equal

number of variables and parameters the latter can always be com-

pletely expressed in the former-, is to be rejected.

§ 6. We shall illustrate what we have discussed l\y examples,

which though fictitious, are as simple as possible. Their claim to

physical signification, can indeed always be vindicated in this way

that they are interpreted as equations for the geometric shape of

some physical system.

1. y = ax^ -\- X -\- b {n = 2, ?7i = 2).

a. Introduction of special values of the variables

y

2/o

+ .^0 - + ^
a;.

b. Division by

c. Determination of the numerical values of the special values

of the variables satisfying the equation and of the coefficients

:

I

ax.

2/o

1 = 1

a

1

ab

1

ab

y
' = b

d. Determination of the system of corresponding values

:

ax„ 1

2/o'
^^

b' = 1

yo = ^'

b'
I

ab

' _ a'b' _ 1

a'^b" ab



from which would follow that a'b' = ah, which would be possible

only when we have really but one independent parameter.

It follows, however, from the thesis of § 3 that if for (»?(? system

of solutions there is not to be found a corresponding one, there

does not exist one for any other system of solutions.

Hence the given equation cannot be i-educed to a universal form.

2. yz= a\v' + ab.v -f-
6" {n = 2 , m = 2)

H r
yo ^0 V'^'o/ yo -'^0 2/(

.Vo
= — o' ; .t-„

—
a

\v' X, b'
-^z=l ; ab- =^1 : _ — - 1

yo 2/(

yo — -^
; •'-o =—^^

•

3. ^ = <^'^'^ H~ ''^' {n zzr. 2 , m = 1)

.,.'"•
a, yo^— «'^'o - + '^'o

—
yo \^oJ '^-o

V ax J' f X \ .?;„ X

?/o yo K^oJ 2/o'^'o

1 2
C. X, =:-

; t/o = -
a a

77""2 ' ^= 2

4'). pv=A -{- BT ^ CT' (» =rr 3, m = 3)

cz. Po^o=Po\' ; ^ = ^'
; bi\ = b't: ; C2Y = C'tj\

B C
As — is independent of — 7V, the two last comparisons are contra-B C

dictory, so that even if A = A' , we should not have corresponding

states.

Leiden, August 1914.

1) This example fails in the Dutch text.
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Chemistry. - "The riüraiion of t/te tuired dilialogen henzenes^\

By Prof. A. F. Holleman.

(Communicated in the meeting of Oct. 31, 1914).

When in benzene are present two snbstituents and a third

is introduced, the snbstitution velocity caused by tiie two groups

already present is unequal. From the data given in the literature

it may be deduced that those velocities for the snbstituents pointing

to the p-o-positions decrease in the subjoined order:

OH > NH, > halogens > CH,.

The question now aiose how to expi-ess those velocities also in figures.

Dr. Wii?AUT has done this for chlorine and methyl by determining

in what proportion the isomerides are formed in the nitration of

o-chlorotolueue. In this compound the positions 4 and 6 are occupied,

under the influence of methyl, by a nitro-group, the positions Sand

CHs 5 under the influence of chlorine. If now we determine

Qi the proportion in which the mononilro-chlorotoluenes 4-1-6

are present in regard to the isomerides 3 -|- 5 in the

nitration product, this is then also the proportion of the

substitution velocities caused by methyl and chlorine, because they

can exert their action in this o-chiorotoluene independently of each

other; for the positions which are substituted under the influence

of methyl are different from those that are substituted under the

influence of chlorine. For this proportion was found CH, : CI = 1 : 1.475.

Dr. VAN DEN Arend had previously determined the proportion in

which the nitro-p-chlorotoluenes are formed in the nitration of p-chloro-

toluene. If now, with the above mentioned ratio, w^e calculate the

relative quantities, those calculated figures appear to agree approxi-

mately with the obser\'ed ones.

These researches, carried out in my laboratory, have now been

continued, partly by Dr. Heineken, so as to determine also the ratios

of the halogens. The method followed previously for the quantitative

determination of the isomerides, namely by means of the solidification

curves, could, however, not be applied here as the two nitro-p-

chlorobroinobenzenes give a continuous series of mixed crystals and

because it was to be expected, on account of the fact that the

properties of the nitrodihalogen benzenes present a strong mutual

resemblance, that this would occur in other cases also.

Hence, for the quantitative determination of the isomerides present

in the nitration mixtures, we made use of the property that a halogen

in nitrohalogen benzenes is taken from the nucleus by Na-methoxide
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only then wlieii it is placed in tlie ortho- or the paraposition in

regard to a nitro-ftronp. Of the isomerides

Cl VI Cl I I (.1 CI

sX(X, X\ /\bi /\l5r / NBr NO.,/ NBr

XOo
III

xo..
IV

NO.,
VI

Br Br NO.^

I, IV and VI only cliloriiic, of II, 111 and V only bromine will be

replaced by OCH3. Hence, if we determine the proportion in which

chlorine and bromine are split off from the nitration prodnct of

^?-chlorobromobenzene and from that of o-chlorobromobenzene, we
get at once the proportion wherein in the first nitration product

I and II are present in the second one IV -|- VI on one side. Ill -f-

V

on the other side. This method has also the considerable advantage

that all the isomerides for the construction of the fusion lines

now need not be prepared individually and that in the nitration

products the various isomerides need not be separated ; this latter

attempt in particular would, presnmabh, have failed owing to

insuperable obstacles.

The results obtained are as follows:

j^itrationproduct of p-ddorobromobenzene contains 45.27o of the

Cl

/i\nOo

compound
3

Br

and 54.87o of the isomeride 1,3,4.

Cl Cl

jSilr. product of o-chhrohenzene consists of o5.57o of

Br NOi

+
Br

NO.^

and of 44.57„ of

Cl Cl

Br

+
NO.. NO.,

; or in molecular proportion 1 : 0.80»

The substitution velocity caused by chlorine and bromine when

present together in the benzene nucleus is therefore as 1 : 0.80.

When calculating this pro|)ortion from the composition of the nitration

product of />-chlorobromobenzenc it must be remembered that in the

nitration of chlorobenzene there is formed 30.1°
„ of the c-compound,

but in that of the broinobenzene 38.3"/o of the same. If we call

.7' the ratio of the xelocities caused by chlorine and bromine we have

30.1 : 38.3.^' = 45.2 : 54.8,

5(3

Proceedings Royal Acad. Amsterdam. Vol. XVil



848

from which .v = 0.96. Hence, the result is here CI : Br = 1 : 0.96.

The mean result of these two experimental series is therefore:

CI : Br :^ 1:0.88.

The nitra'.ion oï p-chloroiixlolx'iizi'iw caused the separation of large

quantities of iodine with forinati(Mi of /v-chloronitroben/ene. Hence,

for my purpose it was unsuitahle.

In the nitration oï o-cliloroiodohtnizene, there was also some separation

of iodine, but the formation of o-chloronitrobenzene did not amount

to more than about 37u- When determining' the proi)ortion in whicii

CI and I were separated from the nitration product by NaOCH^ a

correction for this must therefore, be applied. For the velocity ratio

CI : I was thus found the mean value of 1 : J.84.

It uow^ became interesting to also investigate the nitration product

of o-bromoiodo benzene quantitatively as to its components. For, as

CI: Br was found =1:0.80 and CI : I = 1 : 1.84, Br : 1 should

be = 1 : 2.30, if indeed the two halogens present, act (piite indepen-

dently of each other.

Also in this nitration a little separation of iodine took place; the

content of o-bromonitrol)enzene in the nitration |)roduct was in

this case 4.47o- Applying a correction for this the mean ratio

Br : I =: 1:1.75 was found, which rathei- ditfers from the calculated

tigure. If, however, we calculate the percentages of the isomerides

with the ratios 1.75 and 2.30 the theoretical value gives 69.77o of

the isomerides Br, I, XO^ ^ i, 2, 3 -]- 1, 2, 5, and the experimental

value 63.6"/,, which may i)e considered as a suflicient a[)proximation

if we bear in mind the difliculties of these (piantitative determinations.

The conclusions from the above ai-e obvious. Since it has

appeared that two substituents simultaneously present in ortho- and

in parapositions do not sensibly interfere with their respective

actions in legard to a third enteiing group, we shall be able to

calculate from the ligures now found \\'\{\\ sufticient probability in

what proportion are formed the isomerides of other conq)Ounds, for

instance in the nitration of o- and of p-bromotoluene.

The above mentioned order of the substituents towards the decreasing

substitution velocity caused by the same now becomes :

OH > NH, > I > CI > Br > CH,.

Hence, the ratio OH : NHj and NH., : I still remains to be deter-

mined. As, however, in the nitration of the iodoanilines great difli-

culties may be expected, A. F. H. IjObry dr Bruyn has taken

in hand a quantitative research of the nitration of o- and /;-chloro-

aniline in the aljove direction. As a preliminary result of his experi-
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ments it may be mentioned thattlie I'ulio CI : NHj is very large.

The above velocily series inust, therefore, be resolved into two parts

:

OH a)id NH.^ which cause a great substilulion velocity and \vhich

are presuiuably of (he same order of magnitude; on the other side

the halogens and CH, with a lessei- velocity, also of the same order

of magnitude. A more detaded description of the above experiments

will be published iji the Recueil.

Oct. '14. Oiy. Client. Lab. IJnlüewnty Amsterdam.

Physics. — '''The reduction of arooxUlr ketones. III. Contribution

to the knowledije of the photocheiuicd/ phenomena." By Prof. J.

BöKSEKEN and Mr. W. D. CV)iien. (C-ommunicated by Prof. A.

F. HoJJ-KMAx\).

(Gommnnicated in tlie meeling of October ol, 1914).

I. The reduction of the aromatic ketone.'^' in a perfectJi/ neutral ineditim.

In our former communicati(jns ') we have shown that the reduction

of the aromatic ketones does not proceed any further than to pinacone,

which is presumably formed from the primary generated half pina-

cone molecule !)y rapid polymeiisaiion. Tiie fact tliat in an alkaline

medium hydrol is always obtained, must be attributed to the rapid

transformation of the pinacone, undei- the influence of the hydroxyl-

ions, into an equimolecular mixture of hydrol and ketone, the latter

of which can be again reduced to pinacone.

This explanation was confirmed by the study of the reduction of

ketones by means of aluminium amalgam.

Here is formed a mixture of pinacone and hydrol ; the pro[)ortion

in which these two substances are formed differs from ketone to

ketone and now it appeared that the quantities of hydrol ran strictly

parallel to tlie velocities with which the diverse pinacones are con-

verted into a mixture of ketone and hydrol under the influence of

sodium ethoxide.

Hence, alumininm amalgam in SO"/^ alcohol may by no means

be considered as a neutral reducing agent.

The only modus operandi that gives the necessary guarantee that

complete neutrality would prevail during and after the I'eduction is

the action of the aromatic ketone on an alcohol under the cooperation

of sunlight. The original intention of this part of the research,

1) Proc. XV! p. 01 and 962 (1913).

56*
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namely tlie tracing of the progressive change of the reduction, was

soon attained by applying tliis method.

A series of ketones dissolved in u great variety of alcohols and

a few othei' substances, was exjmsed lo sunlight (or to the light of

the quartz-lamp) ; 'in nil cast's irherc induction set in. not a trace of

Injdrol mas ohtahicd.

The ketone was usually quantitatively converted into pinacone ;

occasionally, namely with benzylalcohol and a prolonged exposure

to sunlight a cond)ination ol" the half pi]iaconc molecule with a

group of the benzylalcohol, namely tri])henylglycol was obtained as

a by-product. ^).

When to the alcohol some etlioxide was added hydrol was formed,

as was to be fully expected.

Hence, we arrive at the result that in the reduction of aromatic ketones

the h) drogen unites exclusively with the oxygen.

The experiments were carried out as follows :

Ouantities of 5 grams of the ketone were dissolved in 50 cc of

alcohol rendered carefully anhydrous ') and ex|)Osed in sealed tn.bes

of common glass to direct snnlight.

The drying of the lower terms was pei-formed by snccessively

boiling with CaO, allowing to lemain over metallic calcinm at 0°,

and distilling ; the Ingher ones were purified l)y distillation and both

were then immediately sealed into the tube together with the ketone.

After exposnre to the light for some time, during which the conrse

of the reduction conld be traced by noticing the deposition of the

sparingly soluble pinacone, the tube was opened, the pinacone was

tillered off, the tiltrate distilled, the residue united with the pinacone

and in the distillate the aldehyde or ketone was tested and in

some cases determined quantitatively.

The exact details will be published elsewhere by one of ns, a

few remarks may snffice here.

First of all was investigated the behaviour of benzophenone in

regard to methyl, ethyl, «-propyl, .sy^c-propyl, wo-bntyl, ;i-heptyl,

sec.-OQ,iy\ and cetylalcohol. The latter only was not attacked, not

1) This had already been noticed by Ciamician and Silber (B. 3(5,1577(1903));

the formation thereof is moreover a confirmation of our conception that as the

first reaction product the half pinacone molecule is formed.

~) Water acts in this reaction in a remarkable manner as a powerful negative

catalyst ; in 80 "/„ alcohol no reduction takes place after exposure for months,

whereas in absohjte alcoliol in the same conditions, about two grams of pinacone

are formed during ten hours' action of sun-light.



even al liigliei' temperatures ; tlie mixture liowexer, was of a tairly

strong yellow colour.

The other alcohols reduced the l)en/.opheiioiic in some sujin^'

spring days, with the exception of methylalcohol which recpiired a

much longer time.

The research was then continued with allylalcohol, gej-aniol, cf/cio-

hexanol, benzylealcohol, [dienylinelhylalcohol, l»en/.hydrol and ciniia-

mylalcohol. Of these, the saturated alcohols reduced rapidly and

quantitatively ; the allylalcohol was attacked more slowly with form-

ation of acraldehyde (even after two months' exposure to light, the

acraldehyde was unchanged, thus showing that the light alone does

not exert a polymerising influence on this mobile substance).

The geraniol was also oxidized very slowly, the cinnamylalcohol

remained unaffected (we will refer to this behaviour later).

A few tertiary alcohols were also inxestigated ; it was expected

that these would remain unaffected and indeed this was the case

with the dimethylethylcarbinol after two months' exposure; during

that period, diaethylmethylcarbinol had generated 0,3 gram of pina-

eone ; with methyl-di-n-propylcarbinol the separation of pinacone

started after a few days and after tw^o mouths 0.7 gram had formed.

From this we notice that when the chain becomes longer, the

activity of the hydrogen of tertiary alcohols gets eidianced, which

enables it, with the cooperation of sun-light, to attack an aromatic

ketone; what gets formed from the alcohol has not been investigated

by us.

From observations of Ciamician and Silber^) it is known that the

hydrogen of some hydrocarbons, such as toluene, is already active

enongh to cause this reduction. We ha^'e been able to show that

also the hydrogen of the rijclohe.iuwe is transferred to the ketone,

on the other hand, hydrogen itself was not capable of acting.

Besides benzophenone some other ketones — particularly those

that were previously sul)jected l)y us to the action of aluminium

amalgam — were subsecpiently exposed in alcoholic solution to

the light.

Nothing i)ut pinacone was ever obtained, but the phenomena

occurring in these photo-reactions induced us to systematically repeat

a large part of these purely f|ualitati\ o obsei\ atioiis in such a manner

that on using a verv sim[)le modus oi^ii'vandi a relatively-quantitative

result was still obtained.

1) B. 43. 1537 (1910).
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II. The photo-reaction : ketone -\- ]iyclrogen\=zj)inacone.

In order to obtain a relatively-quantitalive resuU wc could make

nse of a constant source of light and allow this to act on the differ-

ent solutions under the same conditions; for this purpose a small

7 cm. quartz-mercury lamp was at our disposal. Yet we ha\e em-

ployed this method but rarely, for instance in continuous dark

weather, because on account of the unequal distribution of the liglit,

at most two little tubes could be placed in front of the lamp in

such a manner that it might be assumed that they existed under

equal conditions.

When it had been ascertained by us that the reduction took place

quite as well in ordinary white glass as in quartz, from which it

appeared that a very large part of the aclinic rays was situated in

the visible spectrum, the experiments intended for comparison were

carried out as follows:

A number of equally wide tubes of the same kind of glass and

having walls of approximately the same thickness were filled with

the same quantity of solution, and all placed at the same distance

in front of a white screen, which was placed close to a large labora-

tory window.

In this manner it was attained that the quantity of light that

fell in the same time on each solution was practically the same,

and perfectly comparable results were thus obtained.

It speaks for itself that even then only the figures of a same

experimental series were mutually comparable. ^).

A photo-reaction is distinguislied from a reaction in the dark by

two points.

It is of a lower and frequently of the order in regard to the

substance which is being activated and the temperature coefficient

is small. ^)

As we found that the active light was situated in the visible

spectrum and that the alcohols do not absorb visible rays, the

ketones are in this reaction the sensitive substances, and so we could

expect that the quantities of pinacone would be independent of the

^) Also comp. 0. Gross Z. phys. Cli. 37, 168 (1901) and E. Goldberg Z phys.

Gh. 41, 1 (1902).

~) The first property is due to the activation occurring in the outer layer; from

the sensitive substance only a limited number of molecules can be raised by the

same quantity of light to the same degree of activity; even at a moderate dilution,

the reaction becomes, on this 'account, independent of the concentration óf the

sensitive substance and therefore of the order. This applies to slowly progress-

ing reactions where the sensitive substance can be rapidly supplied by diffusion

from the dark interior to the fight zone.
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ketone concentration (in regard to the sensitive snbstance a reaction

of the order).

By selectinji,- the alcohol itself as a solvent the change in con-

centration thereof conld be elirninaled. (Table 1).

In order to determine the oi'der of the reaction in regard (o the

alcohol, benzene was chosen as being a general, non-absorbing and

non-redncing solvent. (Table \a) (Chronologically these last experiments

were made after tlie position of the active light in the spectrum

had been ascertained; we, however, state them here becanse thej

enabled ns to give a complete image of the course of the reaction.)

We notice that this reaction is indeed independent of the con-

centration of the ketone, but not independent, however, of the con-

centration of the alcohol. As the rpianfities thereof had been chosen in

snch a manner that they were amply sufHcient even at the slightest

concentration, it follows from the tigiires ol)taine(l that the velocity

of the pinacone formation is pro])ortional to the concentration of

the alcohol. ')

Thns we may represent the reaction by the kinetic equation :

'^"^= KL.[AlcoL\

With a constant light-quantity, t!ie velocity of the pinacone foima-

tion thus becomes proportional to the alcohol concentration ; how
many molecules of the ketone act simultaneously carinot be ascer-

tained in this manner. As, however, pinacone and aldehyde are

formed and as according to the above equation one molecule of

alcohol is attacked simultaneously, the reaction scheme becomes:

C,H,OH + 2(C,HJ,C0 = C\H,0 + (C,HJ,(C0H), •^).

Tn order to learn the temperature coefticient the ordinary tubes

(16 mm. diameter) were enclosed and sealed into a second tube

(24mm. internal diameter); the intervening space was tilled with

conductivity water and now two of these tubes were exposed to

light as described, one of them being kept at 25°— 28° and the

other at 75°— 78°=').

^] Here we have assumed that the change in concentration of the alcohol duiing

eacli of tlie I'our experiments was so slight that it. could be regarded as l)eing

constant; this, of course, is not coirect and we really ought to Jiave taken each

time a portion from larger apparatus. In that case, however, the experiments

would become much more complicated, l)ecause the liglit-quantily did not then

remain constant during the experiment, llencc, we have rested content with the

above niudas optrandi which is sufticiently accurate for our purpose.

~) For a mixture of ketone and benzhydrole we have proved this reaction scheme

yet in another manner (see next communication).

3) Compare R. Luther and F. Weigert, Z. phys, dh. 53, 400 (1905).
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TABLE I.

NO.



855

More accurate experiments were not considered necessary as we
did not care for the absoliile value, but only for the order of mag-

nitude of the temperature coefticient.

Adjacent to the jacketed tube was also suspended an ordinary

tube to ascertain whether the presence of the jacket had any influence

on the pinacone formation.

The subjoined table II gives a survey of some series of experiments.

From these results it follows that the method is sufficiently accurate

for our purpose, the ketone reduction is indeed a photo-reaction

with a small temperature coefficient; this still' falls below the mean

stated by PlotiNikow^ ) of 1,17 per 10°.

TABLE II. Time of exposure 2—3 days.

NO. Contents of inner tube
temp,

interval
pinacone

K,
^-flO

AT.

1st Series

1

2

3

2 gr. (C6H5)2 CO in 25 cc. alcohol
\

25°—28°
without jacket

with jacket

75°—78°
4- 50°

0.45 gr.

0.76 „

1.02 „

1.06

2nd Series

1

2

3

without jacket 25°—28°

with jacket „

75°—78°
+ 50°

0.44 gr.

0.70 „

0.96 „

1.065

3rd Series

1

2

3

2 gr.(CiC6H4)2CO in 25cc. alcohol

without jacket

with jacket

25°—28^

75^—78
50-

0.27 gr.

0.35 „

0.55 „

1.095

4th Series

1

2

3

without jacket 25^-28-

with jacket

75'^- 78°
+ 50°

0.24 gr.

0.30 „

0.50 „

1.10

JoH. Plotnikow. Photochemische Versuchstechnik. p. 273 (1912),
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That the temperature coefficient for or^A^^chlorobenzophenone is

really somewhat higher than for benzophenone seems to ns rather

probable, but this can only be ascertained by more delicate measu-

rements ^).

The independence of the concentration and the very small tempe-

rature coefficient now enables us to continue followiiif»- tliis very

sfmple method in the quantitative investigation as to the influence

of the ketone to be reduced as well as of the reducing alcohol.

Influence of the alcohol.

Tlie alcohols, as described above, were carefully dried o\er calcium

and, after distillation, poured at once into the tubes containing two

grams of ketone. These were then sealed and exposed to the light.

These tubes were suspended at such a distance that they could

not interfere with each other.

The subjoined table gives two series of experiments, the first series

was exposed for three and the second one for six days : particularly

during the first days it was sunny spring weather.

What strikes us here in the first place is the agreement in the

action of the alcohols 2—B; the secondary propyl alcohol gets

oxidised somewhat more i-apidly. the amyl cilcohol a little more

slowly. In the latter case a strong yellow coloration sets in.

Very much smaller is the velocity of the pinacone formation in

the case of methyl and allyl alcohol; as no interfering yellow

coloration occurred here and as the conditions were moreo\er quite

equal, this ditferent behaviour must be attributed to the particular

position these alcohols occupy.

Although Ave cannot yet enter here into an explanation of the

process, it is obvious that the reduction of benzophenone will proceed

all the more readily when in the conversion of alcohol ijito aldehyde

(or ketone) more energy is set free.

The absolute extent of this energy is unknown to us, but still

some thermic data point to the existence of a parallelism in the

1) The remarkably greater leduclion velocity in the jacketed as compared with

that in an ordinary tube, must be attributed to the larger quantity of light which,

owing to refraction in the jacket filled with water, falls on the inner tube. In fact

nothing could be noticed of this inner tube when the tube was entirely filled ; it

looked as if the alcoholic solution has the width of the outer tube. In harmony

with this observation, it appears that the ratios of the velocities in the four series

namely 76:45, 70:44, 35:27 and 30:24 do not greatly diverge and are about

equal to the proportions of the sections of the outer and inner tube 24 ; 16.

(Compare Luther and Weigert 1. c. p. 391).
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TABLE III.

,s. ^eriesk- benzophenone in 25 cc. Q-'i'y.f
i
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TABLE IV.

(A)

0) <*:
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TA'BLE V.

No.
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group, because 4-phenjlbenzophenone (14) and the two phenjl-

riapbthylketones (J 5 and 16) are not reduced.

Halogen atoms and metlijl groups do diminish the single substitution,

but (with one exception) do not prevent the same. Para substitution

has the least influence, ortho the greatest; this, howevei' does not

apply to the cidorobenzophenones (3), so that we can hardly speak

of a universal rule.

The symmetry of the molecide seems to accelerate the velocity.

Whereas the 4-methjlbenzophenone has a smaller velocity than

the benzophenone (5), the 4.4'-dimethylbenzophenone has a somewhat

greater one. The fairly considerable decrease in velocity in the

4-chlorobenzophenone (4) is not continued in the 44'-dichlorobenzo-

phenone (9). In connexion with the considerable decrease in the

2-chlorobenzophenone (2) that in the 2.2'.4.4'-tetrachlorobenzophenone

(10) is unexpectedly high.

A remarkable fact is the slight influence of the methyl group on

the meta position (18) in regard to the great one of the chlorine atom (3).

2"^^. Of more importance is the fact that the alcohol, the reducing

agent, is of very secondary significance as regards the ratio of the

reduction velocities; this is shown from the comparison of tables

V and VII. The ratio of the velocities in ethyl and amy! alcohol

is practically the same. We have completed these observations with

a few on methyl and propyl alcohol, selecting methyl alcohol because

the velocities therein are generally much less, whereas o-chloro-

benzophenone with benzophenone were compared as ketones, because

the velocities in ethyl (and amyl) alcohol diffei' strongly.

The subjoined table VIII gives a surv^ey of the results.

TABLE VIII.



First of all it follows from this constant ratio that the ketone is

prominent in the photo-reaction, that this passes into a photo-active

condition. Further, that the diverse ketones are activated in a
perfectly analogous manner in such a way that either a nnmber of

molecules (the same for all ketones) become photo-active, which molecnles
then react with the alcohol with a velocity specitic for the ketone;

or, a number of molecules specitic for each ketone becomes
activated which, with a definite velocity which is independent of

the ketone, dehydrogenises the alcohol.

A choice from these alternatives can only be made by a further

study of the photo-reaction.

The active lu/ht of the ketone reduction.

The first attempt to ascertain the position of the active light in

the spectrum has been made by Ciamician and Silbek ^). They in-

vestigated, for instance, the reduction of benzophenone and alcohol,

employing two photo-filters.

As a red photo-filter was used a cold saturated solntion of flno-

rescein in alcohol (thickness of layer 15 mm.) which extino-uishes

all light to 0.510,u; by adding gentian-violet the absorption could

be raised to 0.620 fi.

As a blue filter served a i07„ solution of cobalt chloride in alcohol

which transmits rays of a wavelength less than 0,480 ft; a green
band at ±0,560 ft and a red one at ±770fi remain, however,
unextinguished. They arrive at the result that all the reactions with

which they were engaged, took place under the infiuence of blue

light. We have used a larger number of photo-filters and carried

out the research in jacketed tubes; the inner tubes were those which
were used by us in the other experiments; the intervening space

was '15 mm. Above the liquid in the jacket the outer tubes were
covered with black lacquer, so that none but filtered light could

penetrate into the inner tube.

As photo-filters were selected

:

I. lied : aqueous solution of chrysoidin ').

II. Green : ,, ,, ,, potassium dichromate
-f- acid green

B. extra.')

Blue and violet.

III. i07„ alcoholic solution of CoCl,.

IV. Cold saturated aqueous solution of crystal violet 5 B. 0. ').

V. ,, ,, ,, ,, ,, acid violet 4 B. N. ').

VI. Solution of iodine in CCl^.

^) B. 35, 3598 (1902)

2} Colouring matters from the "Geselischafl f. chem. Ind. Basel".
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in agreement with that found by Ciamician and Silber for the red

fluorescein filter we found that the filters I and II which only

transmit red (690— 598 /ii/i) or red and green (^500 ,uf/) absorbed

all actinic rajs.

Also V, which besides red ivajs of about 700 (iii still transmitted

blue and violet ^ 433 uft, completely prevented the rednction in the

inner tube. On the other hand an important reduction took place with

the filters III, IV, and VI which ti-ansmifted i-avs to the extreme, visible

violet ± 400/<;7.

The series of experiments were conducted in this way that a set

of four jacketed tubes with photo-filters were exposed to sun-light

for some days in front of the white screen: the results are contained

in the subjoined table.

TABLE IX.



Now with this method we can only get a very rougli delenninatioii

of the position of the active region, still it appears that the active

ravs are presumably situated in the violet and have a wavelen<>th

smallei' than ±430;tj[<. In order to sec whether in the beginning

of the ultraviolet active rays were still present, a small jacketed

tube was constructed from quartz, the alcoholic benzophenone solution

was put into the inner tube and in the jacket a cold saturated

solution of nitrosodimethylaniline ^) which absorbs all visible violet

and blue rays and transmits ultra-violet ones of 400—'iSOfiji.

Neither in sun-light, nor in front of the quartz lamp did any

reduction set in
; from this we could conclude that the active rays

were not situated in the ultra violet, but in the visible spectrum

<430 and > 400 fifi.

A fortunate incident now came to our aid when we were engaged

in determining the correct position of the active light.

We had noticed that the ketones were converted with compara-

tively great rapidity into pinacones by means of the Heraus quartz-

mercury lamp.

The mercury spectrum must thus contain a great quantity of the

chemically active rays. This spectrum exhibits a very intensive blue

Jine at 436—434 fxfi and two violet ones at 407,8 fift and 404.7 pf*')*

Photo-tilter V completely removes the violet lines and leaves the

blue ones unchanged ; as this tilter in sunlight as well as in front

of the quartz lamp prevents all conversion of benzophenone as well

as of o-chlorobenzophenone, and as we have noticed that the ultra-

violet light of the lamp is inactive we may conclude that the active

light for the photochemical reduction of the aromatic ketones is

situated in the extreme end of the visible violet.

The fact that the nature of the source of light has no principal

influence on the reduction process is shown from the subjoined table^

in which are given the ratios of the quantities of pinacone that are

formed from diverse ketones when exposed either to sun-light or

mercury-light.

The exposure to mercury-light was carried out by placing a solution

of 0.5 gram of ketone in 15 cc of ethyl alcohol at a distance of

5 cm from and parallel to the quartz lamp and exposing these for

10 hours ; hence, the quantity of light was approximately the same

for all ketones.

I'he close agreement of these ratios also renders it probable that

1) Compare Plotnikow etc. p. 19.

2) Lehmann, Phys. Zeitschr. 11, 1039 (1910).

57
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TABLE X.

No.



.%5

B. As soon, however, us ravs for the one ketone are also eon-

snmed by the otlier one. the quantity of pinacone will be less than

the sum in qnestion and, moreover, the proportions of concentrations

will no longer be a matter of indifference.

For in the layer where the photo-reaction takes place each molecule

of the one ketone requii-es a i)art of the li*ilit-enei-g\v also wanted l\y

the second ketone, so that the liindrance experienced by the latter

will become greater when its relative concentration gets less.

C. The extreme case would be that both ketones i-equire just

the same rays; we should then obtain a quantity of each of the

ketones which in equimolecular concentration is equal to half the

quantity that forms in the tube with the separate ketone (always

supposing that no other ol)stacles occur).

The phenomena recorded by us are now best understood from

the su|)position B: a ketone does require specitic rays from its

neighbour. Some of the observations ap|n-oach to A. others to C,

some even exceed this extreme case, showing that the action is

more complicated than was at first supposed, as will appear from

the subjoined tabulated survey.

TABLE XI.

Series
No.
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We notice that when one of llie ketones does not get reduced it

exerts a very powerful retarding action on the reduction of the

other ketone.

This action, particularly with phenyl-«-naphtylketone is much

more important than we should expect even in the extreme case C;

besides the elimination of the chemically active rays, the molecules

of the naphtylketone must cause an impediment, which may, perhaps

be put on a par with the obstruction caused by oxygen in the

photo-halogenations.

TABLE XII.

N=.



RO'

in ItU'ge excess (^i'^^ series N'\ 3) and tlial in siicli a case that [)resent

in tlie smallest anionnt is the most strongly impeded. Much more

pronounced is the iiindi-ancc observed with mixtures of l^enzoplienone

and p. CI- or p. Br-t)cn/>ophenone ; the sum of the pinacones remains

here far below the calcidated quantity. The halogen ketone has as

a rule a stronger impeding action than benzophenone. for even in

smallei' quantities than the molecular ones fN". 2 of the three series)

the halogen pinacone in the mixture is predominant. Only with a

considerable excess of benzophenone the halogen pinacone is repelled

and mostly so in the cases where the greatest hindrance is present

(compare N". 3 of the three series).

We thus find in rough traits what we could expect; there occur,

however, particularly when one of the ketones is not reduced

separately, such great hindrances that they cannot be satisfactorily

TABLE XIII.
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explained in the above cited mannei\ There seems to l»e a connexion

here between the extent of the impediment and the non-appearance

of the photo-reduction.

Now, in order to eliminate the hindrance wliich might eventually

take place owing to the mixing, the oft-qnoted jacketed tubes were

filled in such a manner that in the inner tube was aUvays inserted

a definite ketone and in the jacket diverse other ketones.

The light then first traversed a ± 2 mm. thick layer of a ketone

then to exert its action on the benzophenone ; in this way we could

form a better opinion as to the absorption of rays of light by the

one ketone (in the jacket) which were needed for the other ketone

(in the inner tube).

There exists no doubt that all ketones absoi'b actinic rays intended

for the benzophenone; the degree of this absorption is certainly

very different and specific.

The ketones which were attacked in the jacket were, during the

experiment, reduced in concentration, so that the conditions for the

reducing of the benzophenoiie in the inner tube gradually became

more favourable; this causes, however, that we can only consider

as fairly comparable the expei-iments where no reduction lakes place

in the jacket. Hence, a few ketones have been placed in the jacket

in benzene solution whilst in the inner tube was again present a

solution of 2 grams of benzophenone iu 20 cc. of absolute alcohol;

the following result was thus obtained

:

TABLE XV.
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a light-screen, thus cansiiig I lie absorption effect to be greater than

when the ketone had been present in alcoholic solution.

In each case a ciicnnistance occnis owing to which the phenomenon

becomes more complicated, so that from these last experiments we
maj at most draw the conclusion that rays of light are indeed always

absorbed by the one ketone, which the other required for the oxidation

of alcohols.

The most powerful absorbing ketones appear mostly — but not

always — to oxidise the alcohol slowly or not at all, so that w^e

gain the impression that a liberal absorption does take place, but

that the possibility of the setting in of a reaction and its velocity

does not only depend on the alcohol, but in a great measure on

the ketone.

It speaks for it'^elf that the exjjeriments on this almost quite

nnexploi"ed region can only bear a veiy provisional character; still

we believe we have attained, with very simple means and methods,

some i-esults which will prove of importance for the insight into

the photochemical reactions.

For the moment, howe\ er, we wish to refrain from an attempt to

explain the phenomena observed until more accurate spectrophoto-

metric data are at our disposal.

SUMMARY.

I From aromatic ketones and alcohol are formed, in the light,

exclusively pinacones ; these latter are, therefore, the products

to be first isolated in the i-eduction. Hydrols are, in the reduct-

ion of the aromatic ketones, always formed secondaiily (see

Proc. XVI 9i and 962) either from the pinacones or from

the primarily formed half pinacone molecules.

II 1. The photo-reduction of the ketone by alcohols was studied

by exposing simultaneously to the light a set of tubes of

equal dimensions and filled w-ith equal quantities of liquid,

thus cansing the light-quantity (i . t) for each object of a

serial experiment to be equal.

2. The velocity of the pinacone formation appeared to be inde-

pendent of the concentration of the benzophenone and propor-

tional to the concentration of the alcohol. Hence, it satisfied

the equation :

d pinacone r^, r i -i i i /•=: IvL. alcohol and, therefore, the reaction scheme:
dt

^ ^

2 ketone -|- alcohol := pinacone -\- aldehyde.
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3. The temperafnre coefficient was small: 1.06— 1.11 for 10°.

4. The velocity of the pinacone formation is greatly dependent on

the alcohol; for instance, tiie methyl alcohol and the ally]

alcohol were oxidised much more slowly than other primary

and secondary alcohols.

5. The velocity of the pinacone formation is greatly dependent

on the ketone, Ihe benzophenone is attacked rapidly, most of

the ketones as yet examined less rapidly, many not at all.

6. The ratio of these velocities in different alcohols is constant.

7. The active light of ihe ketone reduction is sure to be situated

in the specti'iun between 400 and 430 mi and very probably

in, or adjacent to, the rays 404.7 and 407.8 of the mercury

quartz lamp.

8. The ratio of the velocities of the pinacone formation in sun-

light and in mercnry light is the same.

9. When two ketones are present simultaneously one of them

absorbs a part of the i*ays recpiired by the other ketone; this

also appears when the light passes through a solution of the

one ketone and falls on that of the other.

Particularly in the case of the powerfully absorbing ketones

the hindrances are stronger than was to be expected.

Delft, October 1914.

Physics. — ''Simplified deduction of the formula from the theory

of comhinatioiu ivhich Planck uses as the basis of his radiation-

theory."" By Prof. P. Ehrenfest and Prof. H. Kameriingh Onnes.

(Communicated in the meeting of Oct. 31, 1914).

We refer to the expression

V' {N-l-\-P)f

p Ff{N-iy ^ ^

which gives the number of ways in which X monochromatic reso-

nators R^, R,^, . . . Ry may be distributed over the various degrees

of energy, determined by the series of mnltipies 0, f, 2e . . . of the

unit energy e, when the resonators together must each time contain

the given multiple Fe. Two methods of distribution will be called

identical, and only then, when the first resonator in the one distri-

bution is at the same grade of energy as the same resonator in the

second and similarly the second, third, .... and the Xth resonator

are each at the same energy-grades in the two distributions.

Taking a special example, we shall introduce a symbol for the

distribution. Let ^Y=4, andP= 7. One of the possible distributions
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is the followino-: resonator /?, lias reached the energv-grafle 4f (7?j

contains the energy 4f), R.^ the grade 2?, R^ the grade Op (contains

no energy), R^ the grade e. Our s^niibol will, read from left to right,

indicate the energy of R.^, R.^, R^. /?, in the distribution chosen, and

pai'ticnlarly express, that (he total energy is 7f. For this case the

symbol will be:

or also more simply :

f f f f 0"00^I
With general values of .V and P the symbol will contain /^ times

the sign g and (^V— 1) times the sign O ^). The question now is,

how many dijjerent symbols for the distribution may be formed in

the manner indicated above from the given number of e and O?
The answer is

(iV-l + P)/^—^ (1)

Proof: first considering the {X— 1
-f- ^) elements e . . . f , O... O

as so many distinguishable entities, they may be arranged in

(.V - 1 + 7^) / (2)

different manners between the ends T[]T- Next note, that each time

(A' ^)!P! (3)

of the combinations thus obtained give the same symbol for the

distribution (and give the same energy-grade to each resonator), viz.

all those combinations which are formed from each other by the

permutation of the P elements 8 ^) or the {N— 1) elements 0. The

number of the dijf'erent symbols for the distribution and that of the

^) We were led to tlie introduction of the (N — \) parlilioiis between the N
resonators, in trying to find an exph\nalion of the form {N — 1)/ in the denomi-

nator of {A) (compare note 1 on page 872). Planck proves, that the number of

distributions must be equal to the number of al! 'combinations with repetitions

of N elements of class P" and f.-r the proof, Ibat this number is given by the

expression (.4), he refers to the train of reasoniug followed in treatises on com-

binations for this parlicular case. In these treatises the expression {A) is ari ived

at by the aid of the device of "transition from n to n -\- 1", and this method taken

as a whole does not give an insight into the origin of the final expression.

2) See appendix.
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distributions themselves required is tlms obtained bv dividing- (2) by

(3) q. e. d.^).

APPENDIX.
Tke contrast between PiiANCK'.s' lujpotlie.^'is of the ener(/>/-(/f(((/es (ind

EiNSTEiis'.v Jijipothexis of ener()i/-fjuanta.

The permutation of the elements e is a purely lormal tlevice, ju.st as the per-

mutation of the elements is. More than once the analogous, equally formal device

used by Planck, viz. distribution of P energ-y-elemenls over N resonators, has by

a misunderstanding been given a physical interpretation, wliich is absolutely in

conflict with Planck's r'adialion-formula and would lead to Wien's radiation formula.

As a matter of fact Planck's energy-elements were in that case almost entirely

identified with Elnstein's light-quanta and accordingly it was said, thai the difference

between Planck and Einstkin consists herein that the latter assumes the existence

of mutually independent energy-quanta also in empty space, the former only in

the interior of matter, in the resonators. The confusion which underlies this view

has been more than once pointed out -). Einstein really considers P similar quanta,

existing independently of each other. He discusses for instance the case, that they

distribute themselves irreversibly from a space of N^ cm'^ over a larger space of

Nz cmS and he finds using Boltzman's entropy-formula: S = klog W, that this

produces a gain of entropy 3)

;

S — S^=klogi-~-\ (a)

1) It may be added, that the problem of the distribution of N resonators over

the energy grades corresponds to the following: On a rod, whose length is a mul-

tiple Pd of a given length ••, notches have been cut at distances s, 2t, etc. from

one of the ends. At each of the notches, and only there, the rod may be broken,

the separate pieces may subsequently be joined together in arbitrary numbers and

in arbitrary order, the rods thus obtained not being distinguishable from each other

otherwise than by a possible difference in length. The question is, in how many
different manners (comp. Appendix) the rod may be divided and the pieces distri--

buted over a given number of boxes, to be distinguished horn each other as the

1st 2i\d, .... A^th, when no box may contain more than on*; rod. If the boxes,

which may be thought of as rectangular, are placed side by side in one line, they

form together as it were an oblong drawer with {N— 1) partitions, formed of two

walls each, (comp. the above symbol in its first form, from which the second

form was derived by abstracting from the fact, that each multiple of t forms one

whole each time), and these double partitions may be imagined to be mutually

exchanged, the boxes themselves remaining where they are. The possibility of this

exchange is indicated by the form of the symbol chosen.

As a further example corresponding to the symbol we may take a thread on

which between P beads of the same kind, (A^— 1) beads of a different kind are

strung, which divide the beads of the first kind in a 1st, ^nd . . . iVth group.

2j P. Ehrenfest, Ann. d. Phys. 36, 91, 1911, G. Krutkow, Physik. Zschr. 15,

133, 363, 1914.

») A. Einstein, Ann. d. Phys. 17, 13^, 1905,
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1. e. the same increase as in the analogous irreversible distribution of P similar,

indopendent gas-molecules, for the number of ways in which P quanta may be

dislrihuted fust oven' iVj, llien over iV., cells in space, are to each other in the ratio

iV>
:
A^.^ 0^)

II' with Pr-ANCK the object were to distribute P mutually independent elements

£ over N resonators, in passing from N^ to N.;, resonators the number of possible

distributions would in this case also increase in the ratio ( ) and correspondingly

the entropy accord.ng to equ .tion (a). We know, however, that Planck obtains

the totally dilYerent formula

(.V,-l+P)/ (iV,-l+P)/

(N^-l)! P! ' {N^-iy P!
•••••• u)

(which only coincides approximately with (/?) for very large values of P) and a

corresponding law of dependence of the entropy on N. This can be simply

explained as follows : Planck does not deal with really mutually free quanta t
,

the resolution of the multiples of e into separate elements f, which is essential in

his method, and the introduction of these separate elements have to be taken

"cum grauo salis" ; it is simply a formal device entirely analogous to our permut-

ation of the elements r or 0. The real object which is counted remains the number

of all the different distributions of N resonators over the energy-grades 0, e, 2 , ...

with a given total energy P.. If for instance P = 3, and N—2, Einstein has to

distinguish 2' = 8 ways in which the three (similar) light-quanta A, B, C can be

distributed over the space-cells 1, 2.




