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1. Statement of the problem. 

The aim of a statistical treatment of data, obtained by biological routine 
work, is very of ten to establish significant differences in two samples. In 
order to do so, tests of significance have to be applied, most of which 
impose certain laws on the frequency distributions of the populations from 
which the samples are supposed to be taken. 

In certain instances, the biologist has the advantage of being able to 
make some predictions on the frequency distributions of the data collected. 
This is especially so, when he is dealing with countings of bacteria, blood~ 
corpuscles, pollengrains &c., these being cases based on alternative vari~ 
ation. The two frequency distributions that may arise in this way, are the 
so called binomial and the Poisson series. 

Special tests have been designed for the treatment of data following 
such frequency laws. These special tests, however, are far from being in 
common use. It is, on the contrary, a remarkable fact, that the development 
of modern statistical science mainly pertains to the so called 'normal' 
frequency law. 

Biologists are only too of ten inclined to take for granted that variability 
of organisms will normally follow th is law. Several authors, however, have 
emphasized, that this cannot possibly be a general rule. This becomes 
evident, if we investigate the length and the volume of organs of equal 
shape. In case one of the two frequency distributions will appear to be 
'normal' the other will consequently be skew and hence not 'normal' (cf. 
KAPTEYN, 1916). 

Nevertheless we have to reMise, that in many cases, living beings might 
still yield 'normal' distribution. We are quite unable, however, to decide a 
priori, wh ether a certain characteristic will follow this law, since our know~ 
ledge of organic variation is absolutely insufficient to do so. In order to 
obtain any information empirically, we may apply a so called test for 
goodness of fit. Only in the special case, in which the available data do 
not show a significant departure from 'normality', we may apply the usu al 
methods. From this, it is evident, that the biologist needs statistical methods, 
that are valid for any frequency distribution. 

Considerations on non~normal distributions. 

The subject of treating frequency distributions, not following the 
'normal' law, has been approached along several lines. 
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A general formula, applicable to the specification of any type of distri~ 
bution, has been given by K. PEARSON. In this formula we find several 
constants, so called parameters, characterising properties of the population, 
from which a sample is supposed to be taken. An estimate of a parameter, 
as computed from a sample, can be denoted as a statistic, thus being a 
characteristic of a sample. In case we compute a statistic from different 
samples, taken from the same population, we are not likely to arrive at the 
same values. This variation may be considerable in small samples. 

Since in PEARSON' s method, statistics have to be used as a substitute for 
parameters, it is clear, that it should not be applied, wh en only small 
samples are at hand. Moreover, this method has not been especially 
designed for the detection of significant differences in samples. 

As in some other theories, the general frequency function of PEARSON 
is not intended to throw any light on the causalorigin in frequency distri~ 
butions. A different trend, however, has been followed by another group 
of workers, of whom we may mention EDGEWORTH (1898-1900) and 
KAPTEYN and VAN UVEN (1903-1916). Their considerations have been 
based on assumptions, concerning the causes of variation. The former 
au thor started from the idea, that if some variate is distributed according 
to the normallaw, a function of this variate will in general not follow this 
law. IE reversely, a variate does not follow the 'normal' law, we can seek a 
function of this variate, that will follow the normal law. 

Independently, KAPTEYN and VAN UVEN (1916) have developed a 
graphical method, based on the same principle. In this method, the ogive 
curves of two samples can be compared, by testing the differences in the 
frequency classes one by one. Each value of x is graphically converted into 
a value of z, which is normally distributed. The probable error for different 
expectation values of z can be deduced from a tabIe. 

By plotting z against x, several properties of the distribution can be 
conceivably demonstrated, but the method has not been designed for the 
treatment of small samples. 

A test for significanee in difference in average of small samples with 
any frequency distribution, has been given by BEHRENS (1933). To th is 
purpose the values of the pooled samples are arranged in order of 
magnitude. From the distribution of the specimens of one sample in the 
pool. this au thor arrives at a decision concerning significanee. Since 
BEHRENS does not even make any allusion to the theoretical basis of his 
working recipe, it is difficult to estimate the merits of this method. In 1947 
MANN and WHITNEY have published a test, based on a similar starting 
point. The method is tabulated for samples up to 8. As is easily under~ 
stood, this method is especially meant for small samples. 

About ten years ago, a special test for significant differences has been 
given by PITMAN (1937). In this test the absolute value of the difference 
of the arithmetic means of the two samples is used as a measure of dis~ 
cordance. The result cannot be read, however, from a tabIe, and for each 
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case calculations have to be made from the very beginning. An approx~ 
imation for large samples is also given by the same au thor. Though the 
work of PITMAN deserves serious attention by experimental workers. the 
application of his tests seems to be too complicated for extended use. A 
general aspect of these derivations is. that the arithmetic mean is used as 
an average. 

From the preceding survey. it is clear. that the subject of significance in 
continuous frequency distrib,utions of unknown form. has been explored 
from several points of view. The current use of the tests. however. is still 
marred either by limitations or cbrnplexity. A simple test. equally valid 
for small and large samples. would be of more practical value for 
experimental workers. 

Generally speaking. we may say. that similar frequency distributions 
may display two kinds of differences. 

In the first place th ere may be a general shifting along the x~axis. the 
whole lot of individu al specimens being smaller or larger in size. according 
to the shift. In this case it will suffice to state a significant difference of 
some average. i.e. a statistic. characterising the position or location of the 
distribution on the x~axis. 

In the case of 'normal' distributions. the well-known t-test is applied. in 
order to detect a shifting of the arithmetic mean. 

In the second place two distributions may show different dispersion 
about their average. 

In the case of 'normal' distributions. FISHER's Z-test is applied. in order 
to detect a significant difference in standard deviations. 

In these methods. pertaining to the 'normal' law. the position of the 
distributions is characterised by the arithmetic mean. When designing 
methods, that are valid for any frequency distribution. we have to recon~ 
si der. which kind of average will be most suitable for our purpose. 

To this end. we have to realise, of what nature an average should be. 
and what desirabie properties it should possess. In whatever way an 
average is defined. it is merely a certain value of the variabie. its com~ 
putation being based on all the observations made. It should enable us. 
to renderconfusing series of observations readily comprehensible by 
defining quantitatively the characteristics of the frequency distribution as 
concisely as possible. Finally. it should not be affected too much by 
fluctuations of sampling. 

Choosing statistics. 

The following consideration may serve us to arrive at a choice. In case 
we have to deal with data. that might have arisen from any frequency 
distribution. we cannot offer many views on its properties. We can say. 
however. that the chance for the variabie in any specimen to be found to 
be within a certain definite range. must have a definite. though not 
ascertainable value. Clearly. the same argument is valid for the chance. 
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that the variabIe will, or will not. in any specimen exceed a certain value. 
Any continuous frequency distribution can hence be specified by 

determining (or estimating) for which values of the variabIe. the chance 
of exceeding or not exceeding. will have certain fixed values. e.g. t. 1. 1· 

Keeping in mind. that we are searching for some kind of average. 
characterising in some way the position of the central part of a distribution. 
we will choose p = 1. so that we finally arrive at the median 1). 

Hence in a frequency curve. the median M may be defined as that value 
of the variabIe. the vertical through which divides the area of the curve 
into two equal parts. 

In a finite sample (taken from a population with a continuous variation). 
we can only make an es ti mate of the median of the population. If there 
be an odd number of different values of the variabIe. ranged in order of 
magnitude. the middlemost value is accepted as estimate. But if there be 
an even number. the mean of the two middlemost values is accepted as 
such. As long as we keep to this rule. the median of the population is the 
expectation value of its estimates. 

When all the values of the variate are given. and the total frequency is 
small, the estimate can be determined merely by inspection. When the 
data have been classified and given as a frequency distribution. the estimate 
of the median is obtained by arithmetical interpolation. If the total fre~ 

quency is large. it is not too crude to assume that the va lues in each class 
are uniformly distributed throughout the interval. This assumption can be 
avoided. however. by applying graphical interpolation to the smooth ogive 
curve. Samples from populations with discontinuous variation. are con~ 
ventionally treated. as if the data had been classified. 

The choice of the median has the advantage. that the extreme values do 
not heavily bias the determination of our average. as is the case with the 
arithmetic mean. For the biologist th is can only be favoured. since extreme 
dimensions might possibly have come into existance by pathological causes 
or other disturbing influences. which might fade out the phenomenon 
concerned. if the extreme values are too heavily biased in the determination 
of the average. 

It is all in the way of this reasoning . to determine a set of values of the 
variabIe. for which the chances. not to exceed. will amount to tand 1 
respectively. 

These two values. Ql and Q3 are termed the lower and the upper 
quartile respectively. The quartiles and the median thus divide the area 
of a frequency curve into four equal parts. 

In finite samples. estimates of the quartiles are computed in a way. 
similar to that. described above for the estimation of the median. 

1) After the present paper had been written. the publication of MATHISEN (1943) 
became available to me. The method. proposed in th is paper. is likewise founded on the 
median and the quartiles. The treatment of the samples. however. is unsymmetrical. 
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The range between Q1 and Q3' the 50 called interquartile range, may 
be used as a measure of dispersion in any continuous frequency distribution, 
the type of frequency distribution not coming into play. 

So the parameters Q1 and Q3 are characteristics of the populations and 
usually not known to the student. From the samples we can compute 
estimates of these unknown parameters, the so called statistics. Now we 
will endeavour to ascertain, how from observed differences in the statistics, 
we can arrive at conclusions concerning differences iIi the parameters. 

Our tests will be directed to the following aims: 
I. The detection of a shifting of the median along the x~axis. 
11. The detection of a difference in the interquartile range, indicating 

a difference in scattering . 

Test [or difference in median. 

We may imagine all of the N specimens of the first sample being 
arranged along a scale according to increasing vafues of the variabie x, 
and the median MN[ of this sample being inserted in the scale. 

We may imagine the same to be done with all of the N specimens of 
the second sample, and again the same with the collection of specimens, 
that can be obtained by pooling the two samples. 

Finally the value M 2N, the median of the combined sample, can be 
inserted in the scale of the first, as weIl as in the scale of the second 
sample. 

Suppose for instance, we find the first sample to be richer in specimens 
smaller than MlN. Let the number of those specimens be !N + 6. in the 
first sample. In the second sample we will then find iN - 6. specimens 
of this smaller size, because otherwise, there would not be N specimens of 
the smaller size in the combined sample. So the difference in number of 
specimens smaller than MlN, found in the two samples amounts to 26.. 
We will now proceed to examine whether 6.,50 great or greater, as found 
in our set of samples, can possibly have arisen by random sampling from 
one single population. In case our 6. exceeds a value, that might have 
arisen by random sampling from one single population, we are led to 
conclude, th at our samples display a significant difference, i.e. that the 
population from which the first sample was taken, must have been richer 
in specimens of the smaller size. 

We have thus reduced our subject to a problem, that already has been 
solved by R. A. FISHER (1935). 

The chance for .any specimen to be smaller than MlN, can be put equal 
to p. Since we do not know the composition of the whole population, this 
pis unknown. 

Still we can state, that in a sample of N specimens, the chance for n 
specimens to be smaller than M 2N is equal to 

NI 
Pn = nl (N-n)!· pn. (l_p)N-n. 
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Similarly the probability for n + I::::. specimens in such a sample to be 
smaller than M 2N is 

NI 
Pn+6. = (n + 6)! (N _ n -.0.) I· pn+6. • (1- p)N-n-6. 

and for n - I::::. specimens this probability is 

NI P - n-6. (1 )N-n+6. 
n-6. - (n-6)/(N-n + 6)( p . -p . 

The probability of the simultaneous occurrence of these two independent 
events, or rather of the occurrence of a difference d( = 21::::.) with fixed 
va lues of n, N and p will therefore be 

P _ (N!)2 2n (1 )2N-2n 
6.;n,N,p - (n + 6)/(N-n-6)! (n-6)1 (N-n + 6)1· p . -p . 

No matter what the value of p might be, the probability of a certain I::::. 
with fixed values of N and n can be proved to be 

(Nl)2 
(n + 6)/(N-n-6)/(n-6)!(N-n + 6)! P 6.; n, N = --'-----'----'-------;-:;;:---;-';;-;-;---'---'-------'-----=---

(2 N)I 
(2n)! (2N-2n)1 

(See WESTENBERG, 1947) 

In our problem n has the value iN. Carrying out ihis substitution, we 
arrive at 

(N l)2 
(~N+6)f2 (tN-6)/2 

(2 N)! 
. (N J)2 

The present form allows us to calculate in what proportion of cases, any 
value of I::::. will not be exceeded. Hence we can arrive at the minimal 
values of d, for different levels of significance. In carrying out these 
calculations, we may treat P 6.; n, N as if it were a continuous function, 
which does not, however, affect our final conclusions in any way. 

The values of I::::. are tabulated for different values of N. For the lower 
values of N, we have only to copy the last column of the tables on 
p. 641-642 in the preceding publication. Together with some supple~ 
mentary calculations, they yield the following tabIe. 
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Tail 

I 
N=6 10 

I 
20 

I 
50 100 200 500 1000 2COO 

error 

T'li 0/0 L1=3.0 3.8 . 5.3 8.1 11.4 15 .9 24.9 35.0 49.3 

~% 2.7 3.4 4.6 6.9 9.5 13.3 20.8 29.3 41.2 

1% 2.5 3. 1 4.2 6.3 8.7 12 . 1 18.8 26.5 37.2 

2% 2.2 2.7 3.7 5.6 7.7 10.7 16.7 23.4 33 .0 

3% 2.1 2.5 3.4 5.2 7.1 9.9 15.4 21.5 30.2 

4% 2.0 2.4 3.2 4.9 6.7 9.2 14.3 20.0 28.1 

5% 1.9 2.3 3.1 4.6 6.3 8.7 13.5 18.8 26.5 

The relation between N and L. is graphically represented 'in fig.land 
2, for the gi~en levels of significanee, N being plotted logarithmically 
along the horizontal axis. In fig. 1, N < 80, and Jn fig. 2, N> 50. 

Fig. 1. 

At the lower ends of the tail error lines, the extreme values are 
determined by 

PiN; i N,N = Tail error 
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Fig. 2. 
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By graphical interpolation we Eind 

lil" 0/0 N=6.0 3010 N=3.i 

lOfo i.8 i 010 3.2 

1010 i.3 5010 3.0 

2010 3.6 

Test [or difference in interquartile range. 

As in the previous chapter we can imagine all of the N specimens of the 
Eirst sample, to be arranged along a scale, according to increasing value 
of the variabie and that the two quartiles are to be inserted in the scale. 

The same can be imagined to be done with the second sample, and 
again the same with the combination of the two samples. 

Fina11y, the quartiles of this combination can be inserted in the scale of 
the first, as we11 as in the scale of the second sample. 

Suppose, we find the first sample to be richer in specimens within the 
range between the two quartiles of the pool. Let the number of those 
specimens be iN + t::. in the first sample. In the second we will th en find 
iN - t::. specimens of this middle~sized type, because otherwise, there 
would not be N specimens of the middle~sized type in the combined sample. 

Sc, the difference in number of middle~sized specimens found in the two 
samples, amounts to 2t::.. We have thus reduced our second test to the 
same mathematical basis as the previous one. Hence the same t::.~table 

can be used for bath tests. 

Limitations of the proposed test. 

The test, developed in this paper, is only intended to be a crude one, 
but because of its simplicity, it might still be of practical use in many a 
case, where the form of the frequency distribution is not known. Although 
the mathematical base has been given by FISHER f~r the general problem 
of unequa11y sized samples, the present working recipe has only been given 
for equa11y large samples, in order to avoid a more extended tabulation. 
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