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nets N,** and N,** arise from N;* and N,*. Evidently n = |N**|,
ny = |N{**|, no = | No**|. We now show, that

n=2n-+2n. . . « . « .« ... (4

for which we have to consider two different cases.
Case A (fig. 3). The paths starting from R lead to different junctions

>

N % N1“=N2* *
Fig. 3

The four paths thus respectively lead from R to P, from R to Q, from S
to P, and from S to Q.

Now N** consists of the junctions P, Q, R, S, with the roads PR, PS,
QR, QS, RP, RQ, SP, SQ. This net admits four different complete walks.
N {** consists of only two junctions P and Q, with roads PP, PQ, QP, QQ.
This net admits only one complete walk. The net Ny** is equivalent to
N**. Thus we have obtained n =4, n; = 1, n, = 1, and (4) holds true.

Case B (fig. 4). The paths starting from R lead to one and the same
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N’. - N2& »
Fig. 4

junction, say P (the same obtains for Q). We now have the four paths
RP, RP, SQ, SQ.

Now N** consists of the junctions P, Q, R, S, with roads PR, PS, QR,
QS, RP, RP, SQ, SQ. This net admits four complete walks. N;** consists
of two junctions P and Q, with roads PP, PP, QQ, QQ, and so it is not
connected. No** consists of P, Q, with roads PQ, PQ, QP, QP, admitting
two complete walks. Now we have n = 4, n; = 0, n, = 2, and hence (4)
holds also true in case B.

Formula (4) being proved for any admissible system of four paths, the
truth of (3) is now evident,.

Our theorem is an immediate consequence of (3). Namely, N; and N,
being nets of order m — 1, our assumption of induction yields

| Ny* [ =2m=2| N, |, |N"p | =2m=2| Ny |,
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and by (3) and (2) we now have
IN*| =2|N*|+2|Ny*|=2m"-1|N;|+ 2" | Ny | =2"-1|N|.

3. The theorem of the preceding section provides a proof of POSTHUMUS'
conjecture. For n =2, N, be the following network of order 2". As
junctions we take the ordered n-tuples of digits O or 1, and we connect two
n-tuples A and B by a one-way road AB, if the last n—1 digits of A
correspond to the first n—1 digits of B. Fig. 5 shows the nets N, and Nj.

On “doubling” this net N, we obtain the net N..;. Namely, any road
AB of N (see N, in fig. 5) corresponds to an ordered (n + 1)-tuple,
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Fig, 5

consisting of the digits of A, followed by the last digit of B (or,
what is the same, the first digit of A, followed by the digits of B). Two
(n 4 1)-tuples P, Q, turn out to be connected in N, if the last n digits
of the first one correspond to the first n digits of the second one, since
these n digits characterize the common finish and start of the roads p and
g of N.. Hence No* = Nay .

A complete walk of N, leads to a Pu.-cycle in the following way. If
such a walk consecutively goes through the roads AB, BC, ..., ZA, we
write down consecutively, the first digit of A, the first digit of B, ..., the
first digit of Z. This sequence, considered as a cycle, is a P, -cycle.
Namely, on taking the first digits of n + 1 consecutive junctions A, B, C, ...
of the walk under consideration, we obtain the (n + 1)-tuple, belonging to
the road AB. The walk in N, being complete, it is now clear that any
(n + 1)-tuple occurs exactly once in our cycle.

Conversely, any Py -cycle arises from a complete walk in N, by the
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described process, and different complete walks lead to different Pn. -
cycles. Hence the number of Pa,;-cycles equals | N |.

We now prove POSTHUMUS' conjecture by induction. For n =1, 2, 3 its
truth is already established in section 1. Now take n = 3, and suppose the

number of P,-cycles to be 22"7'=n | whence | Na_; | = 22" '=n, The order
of Nn_, being 27-1, the theorem of section 2 yields

i Nn*—l | = 22n_l—l . I Ny 1.
and it follows
| Ky [ =221 g —n e 2P

The number of Pn.,-cycles equalling | N.| POSTHUMUS' conjecture
turns out to be true.

4. Another application of section 2 is the following one. We call a
n-tuple of digits 0, or 2 admissible, if no two consecutive digits are equal;
the last digit, however, may be the same as the first one. The number of
admissable n-tuples is easily shown to be 3.27-1. As a Qn-cycle we now
define an ordered cycle of 3.27-1 digits 0,1 or 2, such that any admissable
n-tuple is represented once by n consecutive digits of the cycle. For instance
twelve Q4-cycles exist. Two of them are 012010202121 and 012020102121,
whereas the other ten are found by applying permutations of the symbols
0.1 and 2.

For general n > 1, the number of Qq-cycles amounts to 3. 23
A proof can be given completely analogous to that in section 3.

Eindhoven, June 1946.
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