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Physics. - "The rectilinear diameter of helium" 1). By E. MATHIAS. 
C. A. CROMMELIN. H. KAMERLINGH ONNES and J. C. SWALLOW. 
(Communication from the Physical Laboratory at Leiden). 

(Communicated at the meeting of March 28. 1925\. 

§ 1. Our investigatons of the density-curve and the diameter of helium 
cover the temperature range between the critical point (5°. 19 K.) and 
the boiling-point (4°.22 K.) of th is substance ; they are the continuation 
of our determinations concerning the density-curves and diameters of 
oxygen. argon. nitrogen. hydrogen and neon 2). 

§ 2. We have made use of a helium cryostat in which the helium 
bails under a pressure greater than atmospheric. In this way the critical 
point can be reached without danger to the apparatus. as the critical 
pressure anly amounts to 2.26 atm. 

The temperature was determined by means of vapour-tensian measure­
ments. while of course the pres su re measurements gave na difficulties at 
all . The helium originated from the evaporation of liquid helium and so 
cauld be cansidered perfectly pure. 

We have adopted for th~ weight of a litre of gaseous helium under 
normal conditions the value of RAMSA Y and TRAVERS. 0.1787 grammes. 

§ 3. In the following table we have given the numbers obtained for 
the densities eliq. and evap. of the liquid and of the saturated vapour 
respectively in grammes per cM3. at the same temperature IJ (thermody-

namic scale) and far the ordinates of the diameter y = eliq. i evap.; we 

have included some liquid densities at and below the boiling-point deter­
mined by Dr. BOKS and ane of us (H. K. 0.) 3); we have calculated 
the vapaur densities by means of the isotherms at law temperatures. alsa 
determined by Dr. BOKS and one of us 3). 

In calculating the linear formula of the diameter by the method of 
least squares we have neglected the measurements at the temperatures 

1) A detailed communication about th is subject will shortly he published as NO. 172b 
of the Comm. from the Phys. Lab. Leiden. 

2) These Proceedings Febr. 1911. Oct., Dec. 1912, Jan. 1913; Vol. 17 p. 953. Vol. 23 
p. 1175. Ann . de physique (9) 19 (1923), p. 231. 

3) 4th Int. Congress of Refrigeration. Travaux de la preinière commission internationale 
p. 215 . Comm. Leiden NO. 170b. Thesis for the doctorate J. D. A. BOKS. Leiden, July 1924. 
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& (Celsius '" 
o- e l 

c '" 
scale i ·!3 ~ o-e 

'" '" '" y(W) y(R) ,o liq. p l.1ap . in Kelvin 
::,:::_"1:1 

abs. in % ~nl 

degrees) h~i 
'" ::.::: 

-268° .38 4 . 71 0 . 11391 0.02699 ~ 0 .07045 0 .0701 5 +0 .0003 +0.43 

268° . 50 4.59 l165~ I) 2389 I) 702 7035 - 15 - 0 .21 

268° .86 4.23 1253 1637 7085 710 - 15 -0.21 

268° .87 4.22 1255

1 
:::: 1 

7085 710 - 15 - 0 .2 1 

269° . 19 3 .90 1311 7145 7155 - 1 -0 . 14 

269° .79 3 . 30 1395 06435 7295 7265 + 3 +0.41 

270° . 53 2.56 "57\~ 02079\'1 739 7395 - 05 - 0 .07 

270° . 72 2.37 1466 01368 

I 
740 

270°.79 2 . 30 1469 01159 7405 

I I 

2°.30 and 2°.37 K. The curve of the liquid densities shows a maximum 
at about 2°.30 K.. 50 that the linear relation no longer applies to the 
continuation of the diameter. 

The formula of the diameter becomes : 

y = - 0.40263 - 0.0017616 (J. 

The inclination coefficient of the diameter is thus: 

a = 0.0017616. 

The above mentioned formula gives for the critical density at the 
critical temperature - 267°.90 C. (5°. 19 K.) 

ek = 0.06930. 

I) Va lues experimentically determined (MATHIAS. CROMMELIN . ONNES. SWALLOW). 

2) Values experimentically determined (ON NES and BOKS); these observations were 
relative. as the normal volume left something to be desi red. They have been corrected 
therefore by means of the numbers under 1) (of which the normal volume was determined 
much more accurately). 

3) Va lues calculated from the formula 

_ kp 
e vap - AA /1 + E(p) p + Op) p21 

k = weight in gr. of 1 cm3 of helium at normal circumstances. 
p = pressure in international atmospheres. 

B(P) and elp) are the coefficients in the series 

pV A = AA /1 + E(p) p + O p) p2 + ..... I 
The va lues of B(p) and elp) have been calculated from the isotherms of helium at helium 

temperatures of ONNES and BOKS l.c . 

35* 
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The critical coefficient becomes: 

Ki = R T k 
ek = 3.270 

Pk 

a value al most equal to th at of hydrogen (3.276). 

§ 4. The deviations of the rectilinear diameter are small (though greater 
than for hydrogen and neon). So we can conclude that helium obeys 
the law of the rectilinear diameter in the same way as the other sub­
stances investigated. The deviations all being smaller than '/2 %, are 
somewhat too great to be considered as . experimental errors; besides. 
the systematical character of these deviations is indisputable. This syste­
maticaI character is of the same sort as that of argon. neon and nitrogen. 
that is convex to the temperature-axis at low temperatures and concave 
at higher temperatures. 

This investigation has been made with the aid of financial help of 
the Caisse des Recherches out of which the Académie des Sciences at 
Paris placed a subvention at our disposal. For this subvention we return 
our cordial thanks. 



Physics. - " Helium in earth-gases of (he petrol sourees" . By Dr. J. CLAY. 

(Communicated by Prof. H . KAMERLINGH ONNES). 

(Communicated at the meeting of March 28. 1925). 

Both from a geological and a technical point of view it is of import­
ance to know wh ether helium occurs in the earth gases of the petrol 
sources in India. In other places namely sources have been found 
containing so much helium that the balloons of large airships can be 
lilled with it. 

The Bat. Petrol. Company was so kind to take carefully considerable 
quantities of gases from their sources and to present these to the physical 
laboratory of Bandoeng for our researches. 

Some samples were first freed from their and expediated in shut drums 
of 5 L. but most samples were transported in large drums of 100 L. or 
in steel high pressure tubes. 

In all cylinders care was taken for a suffl.cient over pres su re (shut by 
water) so that no air could enter. 

In order to investigate spectroscopically the presence of helium in the 
gas. we had to be su re that it did not contain traces of hydrogen. as the 
hydrogen spectrum can render that of helium imperceptible. This was 
the greatest difficulty with most samples. 

The absorption of the hydrogen by palladium proved to be insufficient. 
As the only method to get rid of the hydrogen we mixed the gas with 
a considerably surplus of oxygen and then burned the hydrogen in a 
Drehschmidt capillar tube. 

Thereto we mixed the gas with live times its volume of oxygen and 
made it flow through the capillar so of ten till no longer a decrease of 
volume was observed. 

Then the remaining oxygen was taken away by pyrogallol solution. 
while the carbonic acid was absorbed by a potassium solution. Finally 
the remaining gas was led into a reservoir of known volume. while the 
pres su re could be read. Then the gas was let into that part of the ap­
paratus wh ere at the temperature of liquid air it comes in contact with 
cocosnutcoal. Here all gases were absorbed except helium. Though at 
atmospheric pressure the absorption of helium at the temperature of Iiquid 
air amounts to 20 0/ 0, it may be neglected at the low pres su re we finally 
had in the apparatus (surely below 1 mmo mercury). the absorption being 
proportional to the gaseous pressure. The latter could be measured in a 
MAC LEOD vacuummeter. In order to treat a large quantity of gas the 
reservoir was generally filled 5 times. while the new quantities were 
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introduced while it contained still the gas left when the coal is regene­
rated by heating and evacuation by the air pump. 

The finally obtained gas rest was th en collected in a fresh tube with 
coal and brought at the temperature of liquid air. 

Each time the nature of the gas was examined in a spectral tube by 
means of a HILGER spectrograph (of constant deviation) the spectrum 
being compared with that of pure helium. In this way helium was stated 
in the samples from 

Ledokput 

Ledokput 

Banjoeasin 

Ojerigi put 

Tg. Lontar 

158 Tjepoe Java 

135 

17 

15 

I. V . VI Pladjoe Sumatra. 

The following gases contain small traces of helium. probably still less 
than the given percentages. The latter reserve must be made as very 
small traces of other gases might be present. though these have not been 
stated spectroscopically. Always the mercury spectrum was visible. The 
pressure of the mercury vapour however is not measured in the MAC 

LEOD vacuummeter: 

Gaboes 0.0014 Ofo Tjepoe Java 

Semanggi 66. 0.0013 Ofo 
Semanggi 62. 0.0017 Ofo 
Banjoebang 15. 0.0020 Ofo 
Nglabo 0.0033 Ofo 
Zuid~Perlak 0.0030 Ofo Pankalanbrandan Sumatra 

P . Soesoe 0.0015 Ofo 
Papa Orien 0.0006 Ofo 

Bosscha Laboratory Techn. Highschool 
July 1924. Bandoeng (Java). 



Physics. - "Electric phenomena in the atmosphere" . By Dr. J. CLAY. 
(Communicated by Prof. H. KAMERLINGH ONNES). 

(Communicatcd at the meeting of March 28. 1925). 

§ 1. All investigators of the electric phenomena in the atmosphere 
ag ree that in the flrst place we want observations at different places 
and of long duration. as we have not yet a sufficient insight in thesè 
phenomena. 

It seemed to me of importance to make observations at aplace. where 
the meteorological states vary more regularly than in the temperate 
regions where until now most data have been collected. Especially I 
intended to investigate the different parts of the phenoma at the same time. 

The different phenomena to be investigated are : 
Ist . the value and the variation of the electric charge of the earth. 

which can be determined by the potential gradient. 
2nd. the charge and the conductibility of the atmosphere and their 

variation. 
3rd. the percentage of emanation in the air and in the earth. 
4th. the penetrating radiation of the earth and of cosmic origin. These 

two latter phenomena cause the ionisation of the air. 
5th. the electric charge of the rain . 
These are the electric phenomena that have been put on the preli­

minary working program me of the Bandoeng laboratory . 
Since a few months we have started a photographic registration of 

the potential gradient. as weil as also determinations of conductibility 
and number of ions. while preliminary experiments are made on the 
percentage of emanation. on the penetrating rays and on the electric 
charge of the rain. 

§ 2. As to the potential gradient. this is determined by means of a 
ionium collector projecting 75 cm. above the top of the physical institute 
while the ridge itself is earthed by means of two thick iron wires. 

The collector is isolated on amber. which has been dried by means 
of sodium brought into its immediate neigbourhood in a glass tube. 

The connecting wire of the electrometer is lead through a glass tube; 
through the roof and the ceiling. it directly goes to the electrometer. 

The electrometer has been made in the Bandoeng laboratory ; it is a 
binant electrometer of the C URIE type but it has a flxed and a rotating 
cylinder instead of a box with a needie. Further it has 'the advantage 
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that by means of a mirror the rotation of the cylinder can be registrated. 
while quite independently a second mirror makes continuous • direct reading 
on a fixed scale possible. 

In order to fix the absolute value we compared during several days 
the obtained values of the 
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Fig. I . Potential gradlent and conductivity 
of the air . 

The dotted line in this figure indicates the value 
of the potential gradient while the value of the 
conductivity is given by the uninterrupted line. 

o 

potential gradient with those 
found at different places of 
the open land belonging to 
the Technical Highschool. 
The reduction factor proved 
to be 2.2. This means that 
the value of the potential at 
the roof has to be divided 
by this factor. 

From fig . 1 we see the 
most striking feature of the 
diurnal variati.on of the poten~ 
tial gradient. It is a highly 
developed maximum at 81

/ 2 

a .m. local time. This maxi~ 
mum is ab out 2 to 2.5 times 
as high as the mean value 
over the day and about 4 
to 5 times as great as the 
immediately preceding and 
following values. 

The mean value is about 
90 volt. the maximal value 
250 volt pro meter. 

A second much smaller 
maximum is found at 81/ 2 p.m.. while the weak minimum lies of at about 
4 a .m. 

On the whole the variation curve resembles very much that found by 
KÄHLER in July at Potsdam. The only difference is that at Bandoeng 
the a .m. maximum is much stronger developed. 

The time of this maximum does not agree with the results of the 
investigations of S. J. MAUCHLY 1). who compares the data collected on 
the cruisades of the .. Carnegie" through different oceans and also those 
found at the coast stations. He comes to the conclusion that the diurnal 
variation has a maximum which occurs for all stations at about the same 
time viz. at about 17 G .M.T. For Bandoeng this would be at about 
midnight local time. 

The theory of EBERT explains the negative charge of the earth. 

1) S. J. MAUCHLY. On the diurnal variation of the potential gradlent. Terr. Magn. a. 
Atm. Electricity Vol. 28. p. 61. 1923. 
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According to it the high potential gradients should occur after the falling of 
the barometer. which does not agree at all with the Bandoeng results. 

How to explain then the high maximum? 
Tó this purpose we shall want in the flrst place other simultaneous 

data f.i . on the conductibility and the number of ions. 
We have tried whether the great variation of the gradient is connected 

with the change of the degree of moisture. During the time of the 
measurements (dry season) the amount of water vapour varied from 6- 9 
in the morning on an average from 11.5 to 14.5 that is by 25 Ofo. This 
might reduce the mobility of the ions somewhat. but not enough to explain 
the change of the conductibility. 

In the meantime the relative degree of moisture feil from 900f0 to 50%. 

§ 3. Finally we may remind that recently from different sides a con­
nexion has been sought between the value of the potential gradient and 
the solar activity. H UNTINGTON's "Earth and Sun" (published in the 
beginning of 1924) gives a detailed account of these investigations. He 
wants to prove that it is of great importance to investigate the variation 
of the gradient in order to have a measure for the solar activity. which 
again strongly influences all meteorological factors . 

March 1924 L. A . BAUER I) published a calculation according to which 
during the two last sun spot periods 1901-1923 a variation of the 
sun spot number by 100 corresponds to an increase of 20 to 35 010 of 
the mean potential gradient. For the correlation coefficient he gives 
0.75. which suggests an inti mate connexion. 

§ 4. The e1ectric state of the atmosphere was determined by two 
different methods. First by measuring the dispersion of the electricity by 
a conductor of 14,4 cm. capacity connected with a bifllar Wulf electro­
meter. According to theoretical considerations of SWANN 2) the form of 
the electrically charged body is of no importance. while the charge. 
emitted by a body with charge Q is given by 4 :n Q n ev. where v 
denotes the mobility of the e1ectric charges. e the charge and n the 
number of charges pro cm3. When we write for the capacity of the 
conductor as far as it is surrounded by air C . for the capacity of con­
ductor and electrometer together Cl' for the potential V. we have 

dV 
- Cl Tt = 4:n CVn e v. 

or integrated 

Cl 19 ~: = 4:n n e VCT. 

I) L. A. B AUER. Correlations between solar activity and atmospheric electricity. Terr. 
Magn. a . Atm. Electr. March 1924 p. 23. 

2) W . F. G . SWANN. The theory of electrical dispersion into the free atmosphere. Terr. 
Magn. a . Atm. Electr. Vol. 19. p. 81 1914. 
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when V, is the initia I potential and V 2 the potential af ter T seeonds. 
By means of this formula n e v can be calculated. This quantity is 

called the conductibility of the air. Both for positive and negative charges 
it was determined during several days with intervals of a few hours. so 
that the diurnal variation could be found . This conductibility too was 
proved to vary strongly. 

From fig . 1 we see. that at four o'dock in the night a strongly defined 
maximum occurs. which is shortly followed (at about half past si x) by a 
minimum. Generally the potential gradient has a maximum. wh en the 
conductibility shows a minimum. as might have been expected. It is of 
importance to find out which of the two is primary and perhaps the 
cause of the other. It is most suggestive that the variation of the potential 
gradient is caused by that of the conductibility. 

It is interesting to investigate which is the cause of the variation of 
the conductibility as we have two factors that may undergo a change 
viz. the number of charges pro unit of volume and the mobility. 

T 0 this purpose i~ is desirabIe to determine at the same time both 
conductibility of the air and the number of ions pro cm3 •• which may 
be done by the method of EBERT. We took a cylindrical tube of 1 m 
leng th and 15 cm. diameter in which an isolated tube is suspended. 

The air is pumped through this tube. which is kept at a potentialof 
200-300 volt. so that all charges of the same sign are driven towards 
the rod. which is connected with a binant electrometer. The capacity 
of rod and electrometer as a whole is 75 cm. The sensibility of the 
electrometer is 120 mmo pro volt. Generally the charge is measured up 
to 200 mmo Before the natural leakage has been determined. The quan~ 
tity of air pumped through the tube is sufficient to eau se a charging of 
the electrometer to 1,66 volt in 1-2 minutes. The velocity of the air 
is controlled by a tested venturimeter. 

In this way the charge of a definite kind of ions pro unit of volume 
of the air is determined directly. so that the quantity ne is known. 

On different days the conductibility does not vary in the same way 
exaetly as the number of ions. though these two quantities of ten corres~ 
pond very weIl. So we found f. i. on one day for the ratio between the 
conduetibilities at no on and at 8 a . m. 1.30. and for the ratio of the 
number of ions at the same moments 1.29. 

From these data we find for the mean number of positive ions pro 
cm3• 260 and for that of negative ions 220 both at noon. 

Several recent researches suggest that the different variation of the 
mobility on different days is due to the different degree of moisture of 
the air. As has been found by J. J. THOMSON and stated by a recent 
research of NOLAN ') the ions are bound to small dumps of 14-36 
water molecules. which give a mobility of resp. 1.87-2.24 cm. sec. pro 

') J. J. NOLAN. The constitution of gaseous ions. Physical Review July 1924 p. 16. 
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unit of potential gradient. The above mentioned value of 260 ions gave 
a mean mobility of 2.4 cm.. which can be explained partially by the 
higher temperature and the lower pressure. compared with those used 
by NOLAN . 

A better insight will not be possible before numerous other observations 
will have been collected. 

§ 5. Further we must investigate by which ionising actions the ionisation 
of the air is maintained. 

A few observations have been made already on the percentage of 
emanation of the air. 

Through a second cylinder equal to the flrst one air was pumped 
during 2-3 hours. while the rod was kept at 1500 volt. 50 that the 
emanation settles down on the rod. Afterwards the 1055 of charge of 
the rod is measured. The quantity of air passed through the tube was 
known. while the 1055 of charge could be compared with that found. 
when a known quantity of emanation from a standard solution of RUTHER· 

FORD was introduced into the tube. For the emanation we found in this 
way 3.10- 19 Curie pro cm3• This is a rather low value. which ag rees 
with the small number of ions that was found. 

§ 6. Incidentally the potential gradient and the conductibility were 
measured at some mountain tops of Java. from which th en the number 
of ions was derived. We were struck by the exceedingly high gradient 
as weil as by the fact. that the number of negative ions sometimes 
exceeded that of the positive ones. 

On the Tjikoray (2824 m.) we found in October as 7 a. m. 400 volts 
pro meter. at noon 700 volt pro m. at 5 p . m. 800 volt pro m. Thus 
the variation is quite different from that on the plateau of Bandoeng. 

In May we found on the Pangerango (3025 m) 350 volt at 7 a. m. 
gradually rising to 450 volt at 5 p. m. Both here and on the Tjikoray 
it was impossible to measure during the night because of the condensation 
of watervapour on the supporting rod by the strong heat radiation. For 
the number of ions pro cm3• we found : 

+ 
October Tjikoraj 2824 M. 347 425 
May Pangerango 3024 M. 207 365 
June Patoea 2400 M. 85 151 
May Weltevreden 10 M. 212 179 
Aug. Bandoeng 760 M. 260 220 

These detached data do not yet allow many conclusions. It is only 
evidentthat generally the number of ions is smal!. 

September 1924. Bosscha Laboratory of the Technical 
Highschool. Bandoeng. Java. 



Physics. - "Magnetic researches. XXVII. Magnetic properties of some 

paramagnetic chlorides at low temperatures." By H. R. WOL TJ ER. 

(Communication N°. 173b from the Physical Laboratory at Leiden). 

(Communicated by Prof. W. J. DE HAAS.) 

(Communicated at the meeting of May 30. 1925). 

§ 1. Introduction. The strong increase at low temperatures of the 
specific magnetic susceptibility X. according to the law of CURIE xT C. 
had raised. as soon as further researches on this subject were undertaken 
(first oxygen. t~en powdered salts) the question whether such substances 
on sufficiently continued cooling would show ferromagnetism. I) It then 
soon appeared 2). that obedience to the law of CURIE only means a special 
case of obedience to a more general relation X (T + Ll) = C. iJ being 
an individual constant for each substance. which at first was always 
found to be positive. For ferromagnetic substances above the CURIE~ 
point a similar law holds. the law of WEISS X (T - ()) = C deduced by 
him from his theory. So. as () is ascribed to the appearance of a mole~ 
cular field. i l may be connected with a negative molecular field. as already 
mentioned by WEISS and FOËx in their research on the magnetisation 
of ferromagnetic substances above the CURIE~point. 3) 

It is evident that substances with a positive iJ cannot be cooled 
down to the CURIE~point; moreover the later so ca lied cryomagnetic 
anomaly 4) appears. The substances with negative iJ form a different 
group. to which. as found by CABRERA 5). nearly all chlorides belong. 
Now. a negative value of J is in itself not sufficient argument for 
expecting ferromagnetic phenomena at temperatures below - ,1. e. g. 
one has to be prepared for the appearance of the cryomagnetic anomaly. 
This circumstance is left out of consideration by THEODORIDES 6) in his 

I) H. KAMERLINGH ONNES and A. PERRIER. these Proceedings 12. p. 799; Leiden 
Comm. NO. 116. 

2) H. KAMERLINGH ONNES and E. OOSTERHUIS. these Proceedings IS. p. 322; Leiden 
Comm. NO. 129b. 

3) P. WEISS and G. FOËx. Arch. des Sc. Phys. et Nat. 31 (1911) pp. 4. 89. 
1) H. KAMERLINGH ONNES. Rapport 3e Cons. de Phys. Solvay 1921. Leiden Comm. 

Suppl. NO. Ha I. 
5) J. de Chim. Phys. 16 (1918) p. 442. cf. p. 490. 
6) Diss. Zurich 1921. p. 83. 
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conclusion that one may presume a real CURIE-point for the chlorides 
as their molecular field is positive. The researches of ISHIWARA I) showed 
however. that the cryomagnetic anomaly for anhydrous CrCI3 • CoCl2 

and NiCl2 has not yet appeared in the temperature domain of liquid 
air. So it was important. as CABRERA had already pointed out. to 
investigate those substances at very low temperatures. 

In 1921 KAMERLINGH ONNES 2) was able to communicate as a preli­
minary result of this research that the cryomagnetic anomaly appeared 
indeed for these substances in the temperature region of liquid hydrogen. 
but at the same time other anomalies appeared in so far as the suscepti­
bility became dependent on the field streng th 3). Since th en the problem 
has been investigated at helium temperatures also. This research confirmed 
the particular shape of the magnetisation curves of CoCl2 and NiCl2 and 
pointed out more clearly how far ferromagnetism can be spoken of for 
CrCI3 • These results will be treated in a following communication. Here 
we deal with the measurements undertaken in order to confirm and to 
test the results of the preliminary investigation of the substances mentioned 
down to the triple point of hydrogen. 

§ 2. Materiais, method etc. Prof. VAN ITALLIE and Miss Dr. STEEN­
HOUWER of the Pharmaceutical Laboratory have been so kind as to 
furnish us with pure anhydrous CrCI3 • CoCl2 and NiCI2• In order to 
avoid hydration the substances were transferred to the experimental tubes 
in an atmosphere of dry CO2• Moreover the tubes that served for the 
final experiments were heated for some time bdore being sealed off. 
The preliminary experiments were carried out according to the .. rod­
method"; as at hydrogen temperatures the succeptibility appeared to 
become dependent on the field strength. the final experiments we re 
carried out by measuring the attraction experienced by a .. sphere" in 
an inhomogeneous magnetic field. In the following we mention the results 
of the final series only. In this the attraction was measured by electro­
dynamic compensation 1) except for CrCI3 in liquid hydrogen. as here the 
forces became too large for th is method. For the corrections to be applied 
we rder to a previous communication 5). Here we mention only that 
the temperature determination of the liquid bath was considerably im­
proved as compared with previous measurements. a stirrer 6) and a resistance 
thermometer being used. 

I) T. ISHIWARA. Tähoku Sc. Rep. 3 (1914), p. 303. 
2) l.c. § Se footnote. 

3) If the susceptibility depends on the field strength one can only speak of cryomagnetic 
anomaly. if the results for a given value of the field streng th are compared. 

'I) H . KAMERLINGH ONNES and A. PERRIER. these Proceedings 16. p. 689; Leiden 
Comm. NO. 1398. 

5) H. R. WOLT/ER. these Proceedings 26. p. 613 ; Leiden Comm. NO. 167b. 
6) A. PERRIER and H. KAMERLINGH ONNES, these Proceedings 16, p . 901; Leiden 

Comm. NO. 139d. 
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§ 3. Results and discussion. 

a . Above hydrogen temperatures. 

T 

288° .0 K 

285.9 

285 .0 

248 .3 

239 .2 

224 .3 

211.1 

199 .2 

199 . 1 

170 .7 

153 . 1 

136 . 1 

M .2 

\ 

TABLE I. 

CrCI3 anh. 

I06 X 

41.0 

40 .6 

40 .0 

47 .8 

49 .3 

54 .0 

56. 8 

60.7 

62 .2 

74 .0 

85 .0 

99 .6 

294.7 

I 105 X (T - 32.5) 

1048 

1028 

1010 

1031 

1018 

1035 

1015 

1013 

1036 

1023 

1025 

1032 

934 

For CrCl3 (tabie I) down to the lowest ethyl ene temperature the 
relation X (T - 8) = C holds. 

8. determined graphically from a 'Ix. T-diagram. equals 32°.5. The CURIE 

TABLE 11. 

CoCI2 anh . 

T 
\ 

106 X 
\ 

105 X( T - 20) 

2880 .7 K 90 .8 2441 

287 .9 90 .8 2433 

249.6 105 .0 2411 

195 .5 139.7 2452 

169.7 163 .3 2444 

137.2 206 .5 2420 

77.5 421.1 2423 

64.0 544 .9 2396 
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constant th en becomes 0.01025 corresponding to 17.9 magnetons. From 
ISHIWARA's measurements we derive: 8 = 44°.2, C=0.01l02, n (number 
of magnetons) = 18.53. Usually the ion Cr' " is supposed to have 19 
magnetons. I) 

For CoCI2 (tabie 11) down to liquid nitrogen the relation X (T - 8) = C 
holds. 

8, determined graphically from a IIx. T~diagram, equals 20°. The 
CURIE constant th en becomes 0.02432 corresponding to 24.93 magnetons. 
From ISHIWARA's measurementswederive: 8 = 33°, C = 0.02401. n=24.77 . 

THEODORIDES (determinations above 0° C.) 2) gives 8 = 47°.2, 
C = 0.02426, n = 24.96. 

To explain by moisture the difference between THEODORIDES and us 
as regards 8 a water content of 9 0J0 (if additivity holds) in our salt 
must be supposed. As tra ces of moisture change the colour of CoCI2 to 
violet and our salt was slatish blue, this explanation seems to be excluded 
and the difference remains as yet unexplained. 

T 
I 
I 

291°.9 K 

291 . 2 

291.1 

289.6 

288.7 

249.7 

249.0 

230.0 

211.0 

195.2 

194.7 

169.7 

137.6 

77.6 

63.9 

TABLE 111. 
NiCI2 anh. 

1()6 X 

42 .2 

42.3 

43 . 1 

44.0 

44 . 1 

51.8 

53 .6 

59 . 1 

67 .6 

76 .0 

77 . 1 

94.2 

136 .5 

414.1 

600 . 1 

\ 

I) P. WEISS. J. de Phys. et Ie Rad. (4) 5 (1924) p. 129. 

105 X (T - 67) 

950 

949 

966 

980 

979 

947 

976 

963 

973 

974 

985 

968 

963 

438 

-

2) Diss. Zürich 1921 ; Paris CR. 171 (1920) p . 948 ; J. de Phys. et Ie Rad. (4) 3 (1922) 
p . I. 
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For NiCl2 (tabie lIl) down to the lowest ethyl ene temperature the 
relation X (T - 8) = C holds. 

8. determined graphically from a Ilx. T~diagram. equals 67°. The 
CURIE constant then becomes 0.00971 corresponding to 15.7 magnetons. 

From ISHIWARA's measurements we derive: 

above220°K. 8 = 94°. C=0.00933 n=15.4 
below 8 = 70°. C = 0.01100 n = 16.7. 

THEODORIDES (determinations above 0° C.) gives 8=77°.6. C=0.01004. 
n = 16.00. 

b. In the tempera tu re region of liquid hydrogen. in which these th ree 
substances are below their 8~temperatures. all of them show the anomaly 
that the susceptibility (calculated from the attraction in the ordinary 
manner) becomes dependent on the field strength. At higher temperatures 
nothing is to be seen of this. except perhaps for CoCl2 at 64°.0 K. and 
5 amp. through the magnet coils. in this case however the force is very 
small and the result of the measurement uncertain. Table IV and figs. 
1-3 show the susceptibility as a function of the field streng th at different 
temperatures: for CrCl3 not X. but xT has been plotted. as otherwise 
the diagram would have become too large. 

TABLE IV. 

I Ho 
105 X CrCI3 105 X CoCI2 105 X NiCI2 

640 .2 1 20° .3 1 11° .6 640 
• 0 1 200. 1 1 11°.1 630.91200.11110.2 

5 3.3 - 116 1) 915 19.1 152 138 - 63.1 61.3 

10 6.6 - 120 712 51.5 182 168 59.3 70 .3 69.6 

15 9.9 29 .3 387 611 51 . 1 200 191 60.6 73 .1 71 . 1 

20 12.9 29 .1 360 510 51 .3 208 201 59 .7 77 .3 77 .0 

30 17 .3 29.1 321 162 51 . 1 217 213 60.0 81.0 81.1 

15 20.2 29.6 299 113 51 .9 223 - 60.1 82.6 82 .7 

60 21.6 29.1 288 389 51.9 225 - 60.0 83.1 83.7 

70 22 .2 - 282 378 - - - - - -

The first column of table IV gives the current in the magnet 
coils. the second the field streng th in the middle of the interferrum in 
kilo~gauss; at the place of the samples H is about 0.8 Ho. The 
hydrogen va lues for CrCl3 are corrected for demagnetisation 2). The 

I) In the whole of the determinations concerning CrCl3 th is point is exceptional and in 
drawing the curve of fig. 1 it has been left out of account. 

2) H. R. WOlT/ER. I.c . § 3b. 
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diagrams and table IV show. that for CrCl3 the dependence on the field 
streng th is opposite to that for CoCl2 and NiCl2 and. as corresponds to 
ferromagnetism. X decreases with increasing field strength. In this sense 
it can be said. that CrCl3 below 32°.5 K shows ferromagnetism. The 
magnetisation curves will be given at the same time as those for CoCl2 

and NiCl2 in the following communication. For the latter substances the 
susceptibility increases with increasing field strength. This is a very 
uncommon feature. For CrCl3 the dependence of the susceptibility on 
temperature is in the liquid hydrogen region still strong and. as regards 
the sign. normal ; the susceptibility of CoCl2 decreases though. slightly. 
with falling temperature ; the susceptibility of NiCl2 is independent of 
temperature except for weak fields in which the same phenomenon appears 
as for CoCI2• 

If the inverse initial susceptibilities are plotted as functions of tempe~ 
rature. the curves are. at higher temperatures. rectilinear for these three 
substances and in the nitrogen reg ion convex to the T~axis . for yet 
lower temperatures those of CoCl2 and NiCl2 show a minimum. 

§ 4. Summary. 

1. For anhydrous CrCI3• CoCl2 and NiCl 2 as instances of substances 
with negative J . the susceptibility has been investigated for dependence 
on field streng th and temperature. 

2. For all of them down to the temperature region of liquid nitrogen 
the susceptibility is independent on the field strength. Down to the 
lowest ethylene temperatures all of them satisfy the relation X (T -f)) = C 
in which f) is found to be 32°.5. 20° and 67° resp. 

3. In the temperature region of liquid hydrogen for all of them the 
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susceptibility depends on the field streng th ; for CrCI3 it decreases, for 
CoCI2 and NiCI2 it increases with increasing field. 

4. With a given field streng th the susceptibility of CrCI3 increases 
with falling temperature, for CoCI2 it decreases a little, for NiCI2 the 
initial susceptibility decreases a little. 

I have pleasure in thanking Prof. KAMERLINGH ONNES very heartily 
for his invitation to th is research and his continued interest and Mr. 
E. C. WIERSMA for his strong support in the final experiments and the 
calculation of their results. 
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Physics. - "Further experiments with liquid helium. Z. Magnetic 
researches. XXVIII. Magnetisation of anhydrous CrC/3• COC/2 

and NiC/2 at very /ow temperatures." By H. R. WOL TJER and 
H. KAMERLINGH ONNES. 

(Communicated at the meeting of May 30. 1925). 

§ 1. Introduction. In the preceding communication the magnetic ano­
malies shown by anhydrous CrCI3 • CoCI2 and NiCI2 at the temperatures 
of liquid hydrogen have been pointed out. It seemed to be important 
to extend this research to the very low temperatures obtainable with 
liquid helium. The following questions came to the foreground : as regards 
CrCI3 whether the initial susceptibility would increase with decreasing 
temperature as strongly as in the liquid hydrogen region and whether 
in strong fields saturation phenomena would appear; for the other 
substances whether the dec rea se of the susceptibility with decreasing 
temperature that seemed to be indicated by the measurements in liquid 
hydrogen would be continued. 

§ 2. Method. With the same samples to which the preceding com­
munication refers. the magnetisation was determined from the attraction. 
exerted on a sm all quantity of the substance in an inhomogeneous magnetic 
field following exactly the method described in full in connection with 
the investigation of gadoliniumsulphate I). 

§ 3. Resu/ts. For CrCI3 two series of measurements in helium have 
been carried out an.d three in liquid hydrogen; for each of both other 
substances one series in liquid helium followed in each case by a mea­
surement in liquid hydrogen. 

It seems superfluous to give here all the figures concerning CrCI3• 

In table I we give part of the series of 12 and 15 July 1922. These 
observations have been plotted in fig. 1. The curves in that diagram 
have been obtained by smoothing the who/e observational material. 
This smoothing was performed thus: with the aid of the preliminary 
isotherms the curves H = constant have been drawn in a o. T-diagram 
(0 is the specifk magnetisation. H the field strength af ter correction for 
demagnetisation) (fig. 2) and from this the finalo. H-diagram has been traced. 

In table 11 are given the forces (in grammes) exerted on the samples 
of CoCI2 and NiCI2 (resp. 0.2990 and 0.2515g.) at different temperatures 

I) These Proc. 26. p. 614 ; Leiden Comm. NO. 167b. 
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T ABLE I. CrCI) 

T 20°.3 KI 14° .6 I 4°.23 I 2°.36 I 1° .23 

H 
I 

rr I H 
I 

rr I H 
I 

rr I H I rr I H 
I 

rr 

2.6 Kg . 11.5 2.5 25 .2 2.3 35 .2 2.3 36 .0 2.3 36 .3 

5. 1 22.5 5.0 38 .2 4.8 47 .3 4.8 48.6 4.8 49 .4 

7.7 31.1 7.5 49 . 1 7.4 57 .3 7.4 58 .6 - -

\0 . 1 38.3 9 .9 57 .4 9 .8 66.5 9.8 66.9 9.8 67.2 

13 .7 45 .4 13.5 65 .3 13.3 77.1 13 .3 78.0 13 .3 78.8 

16 .3 49.4 16 .0 68.2 15.9 83 .0 15 .9 84 .2 15.9 85 . 1 

17.5 51.7 17 .3 69.9 17 . 1 86 .3 - - 17.1 88.5 

18. 1 52.7 17 .9 70 .6 17.7 88.0 17.7 89.5 - -

80 

14.6 

CrCI
3 

17:2 

60 
19~0 

40~----~~--+r--~--~~~~~-------+-----

•.• --+. H 5000 10000 

Fig. I. 

15000 
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cr 
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Fig. 2. 

TABLE 11 . 

1 3 
1

4 
15 IlO 115 

1
20 

1
30 

1
45 

1
60 

1
70 

CoC12 

20" .4K - - 0 .9 3.91 9.91 17.9 31.9 41.9 45 .4 -

14 .0 - - 0.8 3.8 9.6 17.6 31.6 41.6 45.2 46 .8 

4.2 - - 0.8 3.7 9.5 17.7 31.8 41.8 45.4 47 . 1 

2.31 - 0.4 0 .7 3.7 9.5 17.7 31.7 41.8 45.4 47.1 

1.48 - - - - - - 32.2 - 45.9 -

NiC12 

20.4 - - 0.3 1.3 3.0 5.4 9.6 12 .5 13.8 -
14.6 - - 0.3 1.3 3.0 5.4 9 .7 12.5 13.8 -
4.22 - - 0.3 1.2 3.0 5.3 9.5 12.6 13 .7 14.3 

2.30 0.11 0.18 0.3 1.2 3.0 5.2 9.6 12 .5 13 .8 14.3 

1.48 - - - - 2.9 - - - 13.8 14.3 
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and different currents in the magnetcoils. It shows that the change of 
the susceptibility is very small for CoCI2 and entirely out of the experi­
mental accuracy for NiCI2• The magnetisation being sa slightly dependent 
on temperature. in table III and in figs. 3 and 4 only one magnetic 
isotherm is given. that for 2.°3 K. I). 

TABLE 111. T = 2°.3 K. 

NiCI2 
I 

CoCl2 

H 
I 

(1" 

I 
H 

I 
'7 

1.6 1.1 - -

2.2 1.3 2.2 2.6 

2.7 1.6 2. 7 3. 5 

5.2 3.6 5.2 9.1 

7. 7 5.7 7.7 15.8 

10 . 2 7.9 10.1 22.5 

13 .7 11.3 13.6 31.3 

16.2 13.6 16 . 1 38 .0 

17 .4 14.9 17 .3 41.2 

18 .0 15.6 17 .9 43 . 1 

45 ~------~-------+-------i----~--r-

ct'~~----~-----1~O~O~O~O----~1~5~O~OO~' ------~--
..... >---.,..~ AOOO 

Fig . 3. 

') lf (1" over H is taken. values for Xv are found slightly different from those given in 
table IV of the preceding communication for COCl2 and NiCI2 at 14° .2 K .. even if the 
circumstance is taken into account. that in table III of the present communication corrections 
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§ 4. Discussion . The magnetisation curves show soine resemblance to 
those found by WEISS and FORRER I) for nickel in the neighbourhood 
of the CURIE~point. but there are also striking differences: there is no 
question of saturation magnetisation and the slope of the isotherm for 
large fields is at helium temperatures even greater than at hydrogen 
temperatures 2). WEISS's theory of ferromagnetism does not seem to be 
applicable here. The highest specific magnetisation attained by us is 
89.5 e. m. c.G.S. corresponding to 12.6 magnetons. and the saturation 
would correspond to 18 magnetons. Neither for CrCl3 nor for the other 
chlorides have we found hysteresis or residual magnetism. 

For CoCl2 and NiCl2 the magnetisation curves are for smaller fields 
convex to the H~axis. for larger on es nearly linear; the susceptibility 
approaches asymptotically a limit for large fields. Formally. this feature 
may be explained th us : the magnetisation may be considered to be a 
result of two components. one proportional to the field streng th (in the 
diagram it would be represented as a straight line through the origin 

for the demagnetisation are applied. Nearly as large differences are found. if. not the 
calculated susceptibilities, but the values of the attraction at hydrogen temperatures found 
here are compared with those on which the x-values of table IV on the preceding 
communication are based. The present observations have been made by means of a different 
apparatus and on another occasion to those of the preceding paper. The latter are no 
doubt more accurate, but the former are better comparable with the observations in liquld 
helium. since they are taken withln a small interval of time. using the same method and 
the same apparatus. As regards NiCl2 the differences remain nearly within the accuracy 
of the experiments (about 2%), for CoCl2 they are larger (above 40/0) and not yet quite 
explained. 

I) Paris C.R. 178. p. 1046. 
2) This remark only holds if the large magnetisation of the CrCl3 does not influence 

the distribution of the lines of force and the calibration of the large magnet remains 
valid. 
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parallel to the straight part of the curve); and a second in the opposite 
direction to the field. which develops under influence of the field from 
zero to a maximum amount. However it seems difficult to see the physical 
meaning of this last component. As regards CrCl3 the measurements do 
not favour the conclusion that there is a limit to the susceptibility ; there 
seems to be no reason for replacing the last parts of the curves for 1 °.23 
and 4°.23 K in fig. 1 by straight lines. If there was a limit. one could 
perhaps think of a superposition of paramagnetism and ferromagnetism. 
as recently found by PESCHARD I). 

For CrCl3 it seems important to investigate the magneto-caloric effect 
in order to ascertain whether there is yet a spontaneous magnetisation 
notwithstanding the absence of saturation phenomena 2). 

§ 5. Summary. 
1. For anhydrous CrCI3 • CoCl 2 and NiCl2 the magnetisationcurves 

have been determined at the temperatures of liquid hydrogen and helium. 
at which temperatures these substances are bel ow their "CuRI E-tempe­
rature" 3). 

2. CrCl3 shows ferromagnetism in so far as the susceptibility decreases 
with increasing field strength; saturation spontaneous magnetisation. or 
hysteresis has not been found . 

3. NiCl2 and CoCl2 show an unusual type of magnetisationcurve. first 
convex to the H-axis. then linear for higher fields . At low tempe­
ratures the law connecting magnetisation and field streng th seems to 
approach asymptotically to a definite form (different for CrCl3 and for 
CoCl2 and NiCI2) and so to become independent of temperature; for 
CoCl2 and NiCl2 this form has been reached nearly at hydrogen tem­
perature; for CrCl3 there is only a small change in magnetisation on 
cooling from 4°.23 to 1 °.23 K. 

I) Paris CR 180 (1925) p. 1836. 
2) The lines T = ct in a H . T-diagram from which . as shown by W EISS and FORRER 

for nickel . the spontaneous magnetisation also may be derived. do not give much informa­
tion in our case. mainly on account of the tempera ture gaps above and below the liquid 

hydrogen region [note added in the translationJ . 
3) Here by .. CURIE-temperature" the temperature 6 in the relation XJT - 6) = Cis meant. 



Mathematics. - "Representation of the Pairs of Points that are 
Associated relative to a Conic. on the Points of Space". (Second 
communication). By G . SCHAAKE. (Communicated by Prof. JAN 
DE VRIES). 

(Communicated at the meeting of May 30. 1925). 

In these Proceedings. XXVIII. p . 267. the au thor has treated a repre~ 
sentation of the pairs of points associated relative to a conic. on the 
points of space. In the following paper we shall indicate a way of 
producing the same representation which differs from the one given l.c. 

§ 1. The system of the pairs of points of a plane a is a system of 00 4 

individuals. the same as that of the straight lines of space. Both systems 
have moreover the property in common that we may define their figures 
by six homogeneous coordinates between which th ere exists a fundamental 
relation. For the straight lines of space these are PLüCKER's coordinates. 

In order to find the coordinates of a given pair of points (PI' P 2) of 
a we remark that the two . pencils of rays that have PI and P 2 as 
vertices. form a degenerate c1ass~conic. i.e. that these two pencils form 
together a degeneration of the system of straight lines which envelop 
aconic. The product of the first members of the equations of PI and 
P 2 in line coordinates gives the first member of the equation of the 
aforesaid c1ass~conic k2• Hence this equation has the form : 

2 2 2 ( ) 
PIl ~I + 2PI 2 ~ I ~2 + 2p13 ~ I ~3 + P 22 ~2 + 2P23 ~2~3 + P33 ~3 = 0 1 

Now we consider the six coefficients P ik as homogeneous coordinates 
of the pair of points (PI ' P2). As k2 is degenerate they must satisfy the 
relation : 

PIl 

P 21 

P 3 1 

PI 2 

P 22 

P32 

P 13 

P23 = 0 . • (2) 

P33 

It is obvious that inversely six quantities P ik which satisfy the relation 
(2). define a pair of points of a, the pair of the two points into which 
the c1ass~conic represented by equation (1). degenerates. 

If the homogeneous coordinates of PI and P2 are resp. XI ' X2 ' X3 and 
X / 1' X'2 t and X'3' we have : 

P ik = t (Xi X~ + X k X ;). 

hence: 

Pii=Xi X i · 



, 
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§ 2. IE we consider P •••...• P33 as homogeneous coordinates of a 
point Q in Rs. (2) is the equation of a cubic variety of Rs. IE we 
associate to each other the pair of points (P •. P 2) of (1 and the point 
Q of Vi which have the same homogeneous coordinates. we find a 
one-one correspondence between the pairs of points of (1 and the points 
of Vi and accordingly a representation of the system of the pairs of 
points of (1 on the above mentioned cubic variety .). 

This representation has neither singular points nor singular conics. 
By transformation to another system of coordinates in (1 the formulas of 
transformation for the p's are also Iinear. We see. therefore. that the 

' geometry of the pair of points in the plane is identical with that on a 
cubic variety in Rs. 

§ 3. If we have two conics : 

S. == ~ aik Xi Xk = 0 and S2 ~ bik Xi Xk = 0, 

and if Alk is the minor of aik in the discriminant of the form S .. 

~ Aik b,k = 0 

is the condition that must be satisfied if the con ic S. = 0 is to be 
harmonically inscribed in S2 = O. 

The A's are the coefficients of the c1ass-equation of the conic S. = O. 
Hence 

~ Pik aik = 0 

is the condition that must be satisfied if the conic P: = 0 is to be 
harmonically inscribed in a; = O. 

Accordingly a linear four-dimensional space Ri in Rs represents all 
the conics P~ that are harmonically inscribed in a given conic P . The 

intersection with Vi is the representation of the system of the pairs of 
points that are associated relative to k2

• Por if we choose apolar triangle 
of k2 the conics inscribed in this triangle which have degenerated into 
a pair of points. always consist of an angular point of this triangle and 
a point of the opposite side. Accordingly the conics harmonically 
inscribed in P which have degenerated into a pair of points. always 
consist of two points associated to each other relative to this conic. and 
obviously the inverse also holds good. 

Consequently the system ~ of the pairs of points associated relative 
to a conic k2

• is represented on the cubic variety V 3 in which Vi is 
cut by Ri' On this variety lies the curve of the image points of the 
coincidences of ~. for which p. and P2 coincide in a point of k2• 

The order of this curve is equal to the number of points of inter-

.) Cf. CAYLEY: On the curves which sa tisfy given conditions. Philosophical Trans­
actions of the Royal Society of London. vol. 158. p. 75. where the representation is 
treated of the pairs of lines of a plane on a cubic variety in Rs. 



552 

section with another linear four-dimensional space R'4 ' of which the 
points on V 4 are the images of the pairs of points whkh are associated 
to each other relative to another conic k'2 . The points that are common 
to R4' R' 4 and V 4 are the images of the pairs of points which are as­
sociated to each other relative to k2 as weIl as relative to k' 2 and which 
define. therefore. aquadratic involution in a . This involution contains 
four coincidences. to wit the points of intersection of k2 and k'2; hence 
the locus on V 3 of the images of the double points of I is a biqua­
dratic rational curve k4• This appears also analytically if we substitute 
for XI' X2 and X 3 in the equations 

expressions that are quadratic in a parameter t. 
A straight line of V 3 represents a tangential pencil of conics of which all 

the individuals have degenerated into two plane pencils. The vertices 
of these pencils form in the flrst place the associated pairs of points of 
a line I. which define an involution ),. The image line k of À is a chord 
of k4 as each system À contains two coincidences. If these coincidences 
lie in the points AI and A 2 of k2

• k is the line which joins the image 
points KI and K 2 on k4 of these coincidences. As each pair of points 
associated relative to k2 belongs to one system À. we find: 

The variety V 3 consists of the chords of k4
. 

Further we have systems Tt of which the pairs con sist of a fixed point 
Pand the points of the polar line p of P relative to k2• These are 
represented on straight Hnes s of V 3 • which. as a system Tt does not 
contain any coincidence. do not have any point in common with k1• 

The transition between the systems Tt and À is formed by the systems r 
which consist of a point T of k2 and the points of the tangent t to k2 
at T. To a system r there corresponds a tangent to k4

• 

A straight line through a point of k1 is the image of a special tangential 
pencil of conics. For an arbitrary straight line the image points of the three 
degenerations of the corresponding tangential pencillie in the points of inter­
section of this line with V 3 • In the special case which weconsidered. one of the 
conics of the tangential pencil has degenerated into a double point. As 
we know that this double point counts for two degenerations of the 
tangential penciI. two of the points of intersection of a line cutting k4 

with V 3 coincide in the intersection of the line with k4
• and k 4 is 

therefore a double curve of V 3• 

§ 4. We choose a point K on k4 and we project V 3 out of K on a 
three-dimensional spa ce R1 of R4' The projection S of a point Q of V3 

on R1 may be considered as the image point of the pair of points (PI' P 2) 

of a corresponding to Q. In this way we have found a representation 
of the pairs of points associated relative to k2 on the points of R1. The 
projection P of k4 out of K on R1 consists of points that are singular 
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for the representation. For if we choose S on P. the whole line KS lies on V 3• 

Consequently S is the image of all the pairs of points of the line BP that 
are associated relative to P if the coincidences lying in the points Band 
P of P are resp. represented on K and the other intersection of KS and kl. 

The curve P is the locus of the singular image points. P always 
contains the image point of one of the (X>2 pairs of points of which the 
carriers pass through B. 

As k 3 is the projection of k 4 out of K on R1. P is in particular the 
locus of the image points of the coincidences among the pairs of points 
associated relative to k2• 

An arbitrary R3 of R4 cuts V 3 in a cubic surface Q which has four 
conical points in the points of intersection of this R3 with k4• The 
projection of this surface. a cubic surface Q' with four conical points 
lying on k3

• is the image of the system of the pairs of points that are 
associated relative to the conics of a pencil and which form . accordingly. 
aquadratic involution . lf we have a space which touches k4 at K. two 
of the conical points of Q coincide in a biplanar point of this surface. 

The tangent plan es are the planes through the tangent k at K to k4 

and the other two conical points. For an arbitrary plane through k cuts 
Q along k and a con ie which touches k at K. For each of the two 
above mentioned planes this conic degenerates into two lines lhrough K 
one of which passes through another conical point of Q. Hence any 
line through K in such a plane has three points of intersection coinciding 
in K with the intersection of Q and the plane. so that the pencil in 
this plane which has K as vertex. consists of tangents of Q . 

The quadratic hypercone of the tangents of V 3 at K is accordingly 
cut by an R3 touching k 4 at K along the two planes through k and the 
two points of intersection outside k of the R3 with k4

• lf k cuts the 
space R~ in the point A on k3• these planes are projected out of k on 
R1 in two generatrices of the cone Y. which projects k3 out of A. 

To the coincidence in B there corresponds on V 3 the point K . For 
the projecting ray we may now choose any tangent to V 3 at K. 

Consequently the representation of the pairs of points (PI. P 2 ) asso­
ciated relative to k2 on the points S of R~. contains one cardinal pair 
of points. the one for which PI and P 2 coincide in B. To this pair the 
points of the quadratic cone K are associated. 

lf a point Q of V 3 approaches to the point K of k\ the chord of 
k4 through Q approaches to the chord KL of this curve which lies in 
the plane through k and the tangent q at K to the curve along which 
Q approaches to k4

• The pair of points (PI' P2) corresponding to Q 
approaches to the coincidence in B. so that the line PI P 2 approaches 
to the join of Band the point P of P which corresponds to the point 
L of k4

• The tangent q which is the limiting position of the projecting 
line KQ. cuts R1 in a point of the generatrix of Y. which joins A to 
the point of P that corresponds to P. 
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To a pair of points for which PI and P2 coincide in Band PI P2 is 
defined. there correspond accordingly the points of a generatrix of x. 

This generatrix joins A and the point of P which corresponds to the 
point different from B where PI P2 cuts P . 

§ 5. The intersection of a space touching ki at K with V 3• the surface 
Q . has the line KKI which joins the biplanar point K to a conical point 
KI' as torsal line. By making two conical points of an arbitrary surface 
Q approach K we can easily see that the plane through KKI and k 
becomes a tangent plane to Q at all points of KKI ' 

In the same way the intersection of V i with the space through KKI 
which touches ki at KI ' has the line KKI as torsal line. and the plane 
through KKI and the tangent kl to ki at KI becomes a tangent plane 
to the surface. Hence V 3 has the same tangent space along a chord of 
k1, the space which is defined by the tangents to ki at the points where 
this chord cuts ki . 

The tangent spa ces of V 3 along the generatrices of this variety through 
K cut R~ along the tangent planes of x through A. 

To a system of 00 1 pairs of points associated relative to P containing 
a pair for which PI and P2 do not coincide and the carrier passes 
through B. there corresponds a curve on V 3 which cuts a generatrix 
of V 3 through K. The projection of this curve must touch x at 
the projection on P of the point of intersection. 

If the image curve in R~ of such a system cuts P but does not touch 
x at this point of intersection. this point is the image of a coincidence. 
For the point of the curve which corresponds to this curve on V 3 of 
which the aforesaid point of intersection is the projection. must neces­
sarily lie on the double curve of this variety. 

Analogous remarks may be made about the image surface of a system 
of 00 2 pairs of points that are associa ted relative to P. 

§ 6. A system À of the 00 I pairs of points of a line I associated 
relative to k2, is represented on a chord of k1 which is projected out 
of K in a chord of P . 

Accordingly the system À of the 00 I pairs of points of a line I which 
are associated relative to p , is represented on a chord of P. 

A system 7l which consists of the pairs of points associated relative 
to P for which one point lies in a given point Pand the other. th ere­
fore. on the polar line p of P. is represented on a straight line of V 3 

that does not cut k1• This line cuts a generatrix of V 3 through K in 
the image point of the pair that consists of Pand the intersection of 
BP and p . Consequently its projection s on R3 touches x on P at the 
point which corresponds to the point of intersection outside B of the 
line BP and k2

• 

A system 7l is represented on a line s which touches x on P. 
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§ 7. The representation of the pairs (PI' P2) on the points S of R~ 
mayalso be brought about without more-dimensional considerations. We 
consider the one-one correspondence between the points of k2 and those 
of F The image point S of (PI' P2) must lie on the chord k of P 
corresponding to the system .{ of PI P 2 and on the two lines s which 
correspond to the systems n that are defined by PI and P2 • The chord 
k joins the points of P which correspond to the points of intersection 
of PI P 2 and k 2 . The lines s lie in the tangent planes of Po at those points 
of P that are associated to the points of intersection outside B of BPI 
and BP2 with F 

The image point S is a common point of the two above mentioned 
tangent planes and the chord k. 

If k2 is the projection of P on a plane a out of a point A of P 
and if the corresponding points of Pand k2 always lie on a projecting 
ray. hence on a generatrix of Po. the projections of the lines s on a are 
the tangents to k2 at the points of intersection outside B of BPI and 
BP2 with k2• The intersection of these tangents· lies on PIP 2• Por the 
pairs (KI' K 2) of these points of intersection which may be derived from 
the pairs (PI' P2) of the involution defined on PIP2 = I by k2• form an 
involution on k2 of which the double points lie in the points of inter­
section of I with k2 and which. accordingly. has I as axis . 

The point S. i.e. the intersection of the lines s. has the intersection 
of the two aforesaid tangents as projection and lies moreover on the 
chord k of P corresponding to PI P 2• i.e. the chord k of P that does 
not pass through A. lying in the plane through A and PI P2• 

In this way we have come back to the way of producing our rep re­
sentation which has been treated in the paper mentioned at the beginning. 



Mathematics. - "An Involution in the Rays of Spaee thraugh whieh 
a Quadratie Serail is Associated to a Plane Pencil". By G. SCHAAKE. 

(Communicated by Prof. JAN DE VRIES). 

(Communicated at the meeting of May 30. 1925). 

§ 1. We start from a linear complex C. a straight line m which does 
not belong to C. and a straight line n Iying in C. By the aid of these 
we can associate to any line I of space a line I' in the following way. 

We consider the scroll e defined by I. mand n. This has one more 
straight line 0 in common with C besides n. We associate to I the 
generatrix I' of e which is harmonically separated from I by mand o. 
The 00

4 pairs of rays (l.l') deflne an involution I in the rays of space. 

§ 2. If I is chosen in n. there are 00
3 scrolIs e. hence 00 3 lines 1'. 

Accordingly a complex N of lines n' is associated to n in our involution 
of rays I. 

In order to flnd the number of generatrices n' of N in a given plane 
pencil (T.1). we remark that a straight line n' lying in (T. r) belongs to 
a scroll e which has the transversal t( of mand n through Tand the 
transversal t 2 of mand n Iying in r as directrices. as t( and t2 must 
cut at least three straight lines in e. 

Consequently the straight line 0 corresponding to n'. which is at the 
same time a generatrix of e. must lie in the plane pencil which has as 
vertex the point T' which is harmonically separated from the point t(m 

by Tand the point tIn and of which the plane passes through t2 • As 
this line 0 must belong to C . the pencil in question contains only one 
line o. which corresponds to a straight line n' of (T. r). Accordingly 
(T. r) contains only one line n' of N so that N is a linear complex. 

In order to find the plane pencil of N that has an arbitrary point T 
of spa ce as vertex. we consider the transversal t( of mand n through 
Tand we determine the point on t( that is harmonically separated from 
the point of intersection of t( and m by Tand the intersection of t( 

and n. The plane of the pencil of C that has this point as vertex. 
contains the transversal t2 of mand n. The plane through Tand t2 is. 
therefore. the plane of the pencil of N that has T as vertex. 

If we have a straight line n' which cuts n. the scroll through mand 
n containing n' must degenerate into a plane pencil V' containing n and 
a plane pencil cp containing m which has one ray in common with "1" 
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If "P does not belong to C. 0 lies in cp but not in "P and the same 
holds good for the line nl. that is harmonically separated from 0 and m 
by the line CP"P. so that in this case we do not get a straight line 
cutting n. 

H. however. "P belongs to C. all the compiex rays in "P may be 
considered as lines 0 and also as lines nl. as each line n l is harmonically 
separated from n by 0 and the line that is common to cp and "P. 
Accordingly N has all the plane pencils containing n in common with C. 

The line nis. therefore. for J a singular line of the third rank .). 
To n there corresponds a linear complex N which contains the special 
bilinear congruence J' of the lines of C that cut n. 

To any line I of a plane pencil !p containing n. there corresponds 
as line l' the generatrix of the plane pencil cp corresponding to "P which 
is harmonically separated from the lines mand 0 in cp by the line cp!p. 
As there are 00 2 plane pencils "P containing n, we find 00 2 singular 
lines, which all cut mand. as they also correspond to n in J, belong 
to N. 

Accordingly the bilinear congruence B of the lines of N that cut m, 
consists of straight lines that are singular for J. To each of these lines 
a plane pencil containing n is associated. To each line cutting n there 
corresponds a line of B. 

For a straight line I which belongs to a plane pencil "P of C con~ 
taining n, all the lines of "P are lines 0, hence also lines l'. 

Consequently the lines of the special bilinear congruence r of the 
rays of C which cut n. are also singular for our representation. To 
each line of r there correspond as lines l' all the lines of the plane 
pencil of this congruence which contains I. 

H we choose I in m there are 00
3 scrolIs (! , but on each of these 

scrolIs the line l' which is harmonically separated from I by mand 0 , 

coincides with I. 
Hence the line m is an isolated double ray of our involution and C 

consists wholly of double rays. 

§ 3. For the rays I belonging to a given plane pencil (T,1') the scroll 
e always has as directrices the transversal t. through T of mand n 
and the transversal t2 of these lines Iying in 1.. Hence the scroll 2 
associated to (T, r) belongs to the bilinear congruence that has t. and t2 

as directrices. As (T,1') has one ray in common with the linear complex 
N and contains one line. which cuts n, n is a generatrix of 2 and this 
surface has one line in common with the bilinear congruence B. The 
lines 0 corresponding to the lines I of (T,1') form the scroll :Jl of C that 
has t. and t2 as directrices. 

Through a point of t. there passes only one generatrix of 2, the genera~ 

.) A singular straight line of the rank n is a straight line to which 00" rays are 
associated. 

37 
Proceedings Royal Acad . Amsterdam. Vol. XXVIII. 
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trix of the scroll e which is defined by I. mand the line of :n: passing 
through the point of ti that is harmonically separated from the inter~ 
section of ti and m by Tand the chosen point. 

Suppose that through a point of t2 there pass x lines of l; in this 
case this scroll is of the order x + 1. the same as the surface that is 
associated to the plane pencil which has a point on t2 as vertex. which 
surface has t 2 as single and ti as x~fold directrix. The two scrolls have 
(x + 1)2 - 2 x = x 2 + 1 generatrices in common. These are in the first 
place the line n and further the line l' which is associated to the common 
line I of the two plane pencils. Hence x 2 + 1 = 2 or x = 1. 

Consequently to a plane peneil of lines I there eorresponds aquadratie 
seroll of lines l' whieh eontains n and has one line in eommon with 
the bilinear eongruenee BI). 

If (T. r) contains one line of B. a plane pencil containing n splits off 
from the associated seroll and there remains a plane pencil that has one 
line in common with B. 

For a line I cutting m e degenerates into a plane pencil cp containing 
mand a plane pencil 'lP containing n. The line 0 lies in cp the same as 
l' . which line is harmonically separated from I by mand o. A plane 
pencil with vertex on m. which accordingly contains one line of B. is 
therefore transformed into a plane pencil that has the same vertex. In 
the same way it appears that to a pencil in a plane through m. there 
eorresponds a pencil in the same plane and that a plane pencil con~ 
taining m is transformed into itself. 

If (T. T) has a straight line in common with r. the plane pencil of r 
which eontains th is line. splits off from l. n belongs to this pencil and 
it has a line in common with B as it lies in the linear complex N 
together with B. Accordingly th ere remains a plane pencil that has no 
line in common with B but th at has a line in common with r. This 
line lies in the plane pencil of ' r which contains the common line of 
(T. r) and r. 

We saw that to a line I cutting n th ere corresponds a line which 
passes through the point of intersection of the plane (n. I) with mand 
which lies in the plane through mand the point In. H. therefore. we 
have a plane peneil with vertex on n, a pencil of B corresponds to it 
which lies in the plane through mand the vertex on n and of which. 
aceordingly. the vertex lies on the line m' which is associated to m 
relative to the complex N. On the contrary to a pencil of lines I of 
which the plane passes through n. there corresponds a pencil of B of 
which the vertex lies in the intersection of mand the plane through n. 
and which lies in a plane through m'. 

1) Another involution of rays. which transforms a plane peneil into aquadratic scrol!, 
has been indieated and investlgated by Prof. JAN DE VRIES. these Proc .• XXII. p. 462. 
In this involution. however. the image of a sheaf is not a bilinear eongruenee. but a 
eongruenee (3.1) . 
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§ 4. To a sheaf of lines I with vertex P there corresponds a congru­
en ce ~ of lines l' that has the transversal p of mand n through P as 
directrix, as this line is a directrix of all the scrolIs e of the lines I of 
the sheaf P. For a line I through P of which the associated line l' 
passes through a given point Q, the scroll e must also have the trans­
versal q of mand n through Q as directrix. Hence such a line I must 
lie in the pencil that has P as vertex and of which the plane passes 
through q. One generatrix of the scroll ). corresponding to th is pencil 
passes through Q. The sheaf-order of ~ is accordingly one. 

In the same way the pencil that has P as vertex and which lies in a 
plane through the transversal b of mand n in a plane {J, must contain 
each line I through P for which the associated line lies in {J. One 
generatrix of the scroll ), corresponding to this pencil lies in {J. Accord­
ingly the field-order of ~ is also one. 

The congruence ~ contains n, as th is line is associated to the plane 
pencil of lines I which the sheaf P has in common with the complex N . 
As further the sheaf P contains a pencil of lines I in a plane through n, 
~ has in common with B a pencil with vertex in the intersection M 
of pand m in a plane through m' . ~ also contains the plane pencil 
of r which contains the line of l' through P. 

To a sheaf P there corresponds accordingly a bilinear congruence ~ 
which contains n, has a pencil in common with B that has its vertex on 
mand lies in a plane through m' , and has a pencil in common with r. 

The lines of ~ through P form the plane pencil of double rays 
belonging to C which has th is point as vertex . The directrix of ~ 
different from p is the transversalof n and m' Iying in the plane of 
th is pencil. 

If P lies on n there corresponds to the sheaf a pencil of singular 
lines belonging to B in a plane through mand P of which the vertex 
lies on m'. 

As to a line cutting m there corresponds a ray which cuts m in the 
same point, a sheaf with vertex on m is transformed into itself. 

If P lies on m' there splits off from the corresponding bilinear con­
gruence the sheaf of which the vertex S lies in the intersection of n 
with the plane through mand P. as this sheaf corresponds to the plane 
pencil which the sheaf P has in common with the congruence B. Cön­
sequently there remains a field of rays that must have a pencil in common 
with B in a plane through m'. so that the plane of this field is the 
plane (5, m'). 

From the field-order of the congruences ~. i.e. the number of pairs 
of the involution of which one line passes through a given point and 
the other lies in a given plane. it ensues that to a field of rays a there 
corresponds a congruence cp with sheaf-order one. For the pairs of rays 
(I. 1') of which I lies in a and l' in a plane {J , the scrolIs e have the trans­
versais a and b of mand n in these planes as directrices, · so that I lies 

37* 
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in the plane pencil in a which has the intersection of b with a as vertex. 
The plane f3 through b contains one generatrix of the scroll corresponding 
to this pencil. Accordingly the field-order of qJ is also one. 

qJ contains again n and the plane pencil of r to which the ray of r 
in a belongs. But a contains a plane pencil with vertex on n, sa that 
qJ has a pencil in comman with B in a plane through m of which the 
vertex lies on m'. The plane of the latter pencil passes at the same time 
through the point of intersection of a and n . 

Consequently to a field of rays a there corresponds a bilinear con­
gruence qJ containing n which has a pencil in common with B with 
vertex on m' and Iying in a plane through m, and which has a plane 
pencil in common with r. 

The rays of qJ in a are double rays of our involution and farm the 
pencil of C in this plane. The transversalof mand n through the vertex 
of this pencil is the directrix of qJ different from a . 

If a passes through n th ere corresponds to the field a plane pencil of 
singular lines belonging to B . The vertex of the pencil lies jn the point 
of intersection of mand a, its plane passes through m'. 

A field containing m is transformed into itself because to a line I 
cutting m there corresponds a ray in the plane (m, I). 

If a passes through m' there splits off from the associated bilinear 
congruence the field of rays of which the plane 0 is defined by n and 
the point of intersection of a and m, as this field corresponds to the 
pencil of B Iying in (1. Accordingly there remains a sheaf of rays which 
must have a plane pencil in cam man with B of which the vertex lies 
on m' , sa that the vertex of the sheaf associated to a lies in the point 
of intersection of this line with o. 

§ 5. As a linear complex L has two straight lines in comman with a 
scroIl À, the corresponding complex A contains two generatrices of any 
plane pencil. Hence A is quadratic. The complex A contains n, as this 
line is associated to all the lines which L has in cam man with N. 
Accordingly a plane pencil containing n to which there corresponds a 
line of B, generally outside L, does not contain any line of A besides n. 
sa that n is a double line of this complex. 

As L has one line in cam man with any plane pencil containing n 
and with any plane pencil of r: the congruences Band r belang 
wholly to A. 

The lines of A issuing from a point P of n, farm the plane pencil of 
r which has P as vertex, and the plane pencil corresponding to the 
line which L has in comman with the pencil of B in the plane (P, m). 

To a linear complex L there corresponds a quadratic complex A 
which contains the congruences Band rand which has n as double 
line. 

If L contains the line n, the linear complex A containing n, Band r 
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splits off from N and, accordingly, th ere remains a linear complex to 
which n belongs. 

A linear complex containing B or r always becomes such a complex. 
If L is a special complex with axis a, A consists of congruences I 

as weil as of congruences <P. The directrices of the congruences I form 
two scrolIs of which the first has a, mand n as directrices, the second 
a' , m' and n, if a' is the straight line associated to a relative to C . In 
this way the directrices of the congruences <P form two scrolIs of which 
the first has a , mand n, the second a' , mand n as directrices. 

§ 6. We consider a scroll x of the order ft which has n as v~fold 
line and which contains resp. f3 and y lines of Band r. This has in 
common with the quadratic complex A corresponding to a linear complex, 
2 ft- 2 v-f3-y lines that are not singular for the involution, which number 
indicates the order of the scroll x' corresponding to x . As x , has 
ft- v-f3-y lines outside Band r in common with N , x ' contains the 
line n as ft-v-f3-y~fold generatrix. The number of generatrices of " 
that are not singular for our involution, i. e. the number of these lines 
which belong at the same time to the special linear complex with axis 
n, is ft- 2 v-y. Further there corresponds to any common line of x and 
r a line of , x' which belongs at the same time to r. 

To a. seroll of the order ft whieh has n as lJ~fold line and whieh 
eontains resp. (I and y lines of Band r, there eorresponds a serail of 
the order 2ft- 2v-f3-y whieh has a ft-v-(l-y~fold generatrix in n 
and whieh has ft-2v- y lines in eommon with Band y lines different 
fram n in eommon with r. 

Accordingly to an arbitrary scroll of the order ft there corresponds 
a scroll of the order 2 ft which has a ft~fold generatrix in n and which 
has ft lines in common with B. 

Let us now examine the congruence lP' corresponding to a congruence 
P (s, v) which has a p~fold line in n, which has a scroll in common 
with B of which m is an a~fold , m' a b~fold directrix and which contains 
e generatrices of any plane pencil of r, 

P has resp. s + v - p - a- e and s + v - p - b - e non~singular gene~ 
ratrices in common with a congruence I and a congruence <P. Hence 
a plane pencil of B with vertex on m, to which there corresponds a 
field of rays containing n, contains v- p- e, a pencil of B in a plane 
through m, to which a sheaf with vertex on n is associated, contains 
s-p -e lines of P' . 

Through a point of n there pass b non~singular lines of lJP, in a plane 
through n there lie a non~singular Hnes of the congruence, as a sheaf 
with vertex on n and a field through n correspond resp. to a plane 
pencil of B with vertex on m' and a plane pencil of B with vertex on m. 

Consequently to a eongruenee lJf with sheaf~order s and field~order v 
with a p-fold line in n whieh has a seroll in common with B for whieh 
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m is an a-fold. m' a b-fold directrix. and which contains c generatrices 
of any plane pencil of r. there corresponds a congruence 'P' with sheaf­
order s+ v- p-a- c and field-order s+ v-p-b-c which has a scroll in 
common with B that has m as v-p-c-fold. m' as s-p-c-fold 
directrix. which contains c lines of any plane pencil of rand has an 
s+v- p-a-b- 2c-fold line in n. 

rp' has as many plane pencils in common with r as 'P contains lines 
of r that are not singular for the involution. hence s+v-2p. 

Accordingly to an arbitrary congruence 'P (s. v) th ere corresponds a 
congruence rp (s + v. s + v). which has a scroll in common with B that 
has m as v-fold. m' as s-fold directrix. and which has an s + v-fold 
generatrix in n. 'P' has s + v plane pencils in common with r. 

Finally we examine the complex K' which corresponds to a complex 
K of the order x of which the rays of the congruences Band rare 
resp. 15- and E-fold lines. and which has n as n-fold line. 

The complex K contains 2x-n-d generatrices of a scroll À.. A plane 
pencil containing n has Ö lines of K' besides n. so that n is a 2x-n-2ö­
fold line of K'. A plane pencil which contains a line of Band to which 
such a plane pencil is associated. has x-d lines in common with K 
which are not singular for I. Hence the lines of Bare x-n-fold lines 
of K' . In the same way it ensues from the fact that a plane pencil 
through a line of r contains X-E lines of K. non-singular for J. that 
the lines of rare x-n-Ö + E-fold lines of K' . 

Accordingly to a complex K of the order x that has n as n-fold 
line and of which the rays of the congruences Band r are resp. 15-
and E-fold lines, there corresponds a complex K' of the order 2x- n-d 
which has n as 2x-n-2d-fold line and of which the rays of Band 
r are resp. x-n- and x-n-d+E-fold lines. 

Hence an arbitrary complex K of the order x is transformed into a 
complex K' of the order 2x which has n as 2x-fold line and of which 
the rays of Band rare x-fold lines. The lines of K' passing through 
a point of n form. therefore. besides a plane pencil of r. a cone of 
the order x. 

§ 7. The involution of rays examined in this paper may e.g. be applied 
to determine the numbers of scrolIs À that contain a given line n. have 
a line in common with a congruence Band which satisfy besides a five­
fold condition. 

Let us try to find e.g. the number of the scrolIs À which contain a 
line land which pass through two given points. By means of our involu­
tion these scrolIs are transformed into the plane pencils through a given 
line l' which have a straight line in common with each of two bilinear 
congruences Z land Z 2' We find the number ~f these plane pencils by 
considering the correspondence on l' which arises in the following way. 
Through a point P of I ' we draw the line s\ of Z \. To P we associate 
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the point P' wh ere I' is cut by the generatrix of I 2 in the plane (l'.s.). 
The (1.1) eorrespondenee (P.P') has two eoincidenees. 
Accordinglg there are two scralls which contain two given straight 

lines. have one rag in common with a bilinear congruence. and pass 
thraugh two given points. 

We ean also try to find the number of the serolls ). which eontain a 
line 1 and have a straight line in eommon with a plane peneil w. . The 
eorresponding plane pencils must pass through I' and have a straight 
line in eommon with the seroll ).. eorresponding to w.. Their vertices 
lie in the points of intersection of I' and ). •. 

Consequentlg there are two scralls with two given generatrices which 
have one line in common with a bilinear congruence and with a plane pencil. 



Chemistry. - "Equilibria in systems in which phases. separated by a 
semi~permeable membrane" X. By Prof. F. A. H . SCHREINEMAKERS. 

(Communicated at the meeting of June 27. 1925). 

Systems with several semipermeable membranes. Double~membranes. 

We now take the osmotic equilibrium: 

I I 
E = EI I E 2 I E3 (1) 

in which the separate systems EI and E 2 and also E 2 and E3 are 
separated from one another by a semipermeable membrane. Of the many 
possible cases we now shall consider only the case. that the two semi~ 
permeable membranes all ow to pass one substance only viz. the same 
substance W (water). We find the equations for equilibrium by expressing : 

a. that the phases of the system EI are in equilibrium. taken for them~ 
selves ; also those of E 2 and those of E 3' 

b. that the O . W . A . of EI is equal to that of E2 and that of E 2 

equal to that of E3 ; consequently the three separate systems have the 
same O. W.A. 

Consequently we get the same equations for equilibrium. independent 
which of the three separate systems in (I) is situated between the two 
membranes. Therefore. if one of the th ree osmotic systems: 

forms an osmotic equilibrium. then both the ot her ones do also. 

In fig . 1 in which only a part of triangle W XY is drawn. the Iines 
drawn represent iso tonic curves. We now take into consideration the 
osmotic system. 

LI I L 2 I L3 (2) 
I I 

in which LI L 2 and L3 are liquids. represented by the points 1. 2 and 3. 
It is apparent from the situation of those points that 

O.W.A. or LI < O.W.A. or L2 < O .W.A. or L3' 

Consequently we may write for (2): 

I I LI ~ L2 ~ L3 
I I 

(3) 

in which the arrows indicate the direction in which the substance W 
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water) diffuses. Consequently in fig. 1 the liquids LI and L3 move in the 
direction of the arrows. drawn in the points 1 and 3; we shall refer 
later to the movement of L2 • which takes place of course along the 
line 2W. 

At last a definite osmotic equilibrium shall be formed from system (3); 
th en the three liquids are situated on an isotonic curve. It may be con~ 
verted f.Î. into one of the osmotic equilibria; 

I Lc Lb L. or Lh 
I 

Lg I Lr .. 
I 

(4) 

and accidentally also into; 

I I 
Le L 2 Ld 

I I 
(5) 

so that liquid L 2 at the finish of the osmose is again the same as at 
the beginning. 

H. besides the compositions. 
still also the quantities nl' n2 and n3 

of the liquids LIL2 and L3 are 
known. then we know also the 
quantities n'l n'2 and n'3 and the 
compositions of the liquids L'I L'2 
and L'3 which arise at last. We 
represent the composition of LI by 

XI X + YI Y + (l-xI-YI)W 
W X that of L'I by 

X'I X + y'l Y + (1 -X'I - y'I)W 
Fig. I. those of the other liquids by 

substituting the index 1 by 2 and 3. As the quantity of water in the 
whole system must remain constant and also the quantities of X and Y 
in each of the three separate systems. we find the equations; 

nl XI = n'l X'I 
-, , 

nl YI-n I Y I 

n2 X2 = n'2 X'2 

n2 Y2 = n'2 y'2 

Further we still have the two equations; 

rp'l = rp'2 = rp'3 

in which 

àC àC 
rp=C- x - -y - ; 

àx ày 

n3 X3 = n'3 X'3 

n3 Y3 = n'3 y'3 

(6) 

(7) 

they express that the three liquids L'I L'2 and L'3 are in osmotic equi~ 
librium at last. We now have 9 equations for the definitions of the 9 
unknowns which occur in (6) and (7); the quantities and compositions 
of L'I L'2 and L'3 are defined. therefore. From this app~ars also that the 
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result of the osmose depends not only on the composition of the original 
liquids. but also on the ratio of their quantities. 

The quantity of a substance W . which diffuses in a definite time by 
a membrane. depends not only on the difference of the a.W.A. of the 
two liquids. but also on the active surface of the membrane. By changing 
this surface. we may. therefore. regulate also the quantity of water. 
which diffuses in a definite time through this membrane. 

Let us assurne now that the system : 

LI ~ L 2 ~ L3 is converted into E=Lc I Lb I La (fig. 1). 
I I I I 

As LI only gives water and L3 only takes water in. those two liquids 
shift during the osmose always in the same direction viz. LI from point 
1 towards c and L 2 from point 3 towards a (fig. 1). Although liquid L2 

arrives at last from point 2 in b. we vet may distinguish different cases. 
a . L 2 goes without change in direction from 2 towards b. 
b. L2 goes starting from point 2 firstly in the direction towards g. 

returns then towards point 2 and goes further towards b. 
c. L2 goes starting from point 2 firstly towards point b. then a little 

further in the direction towards Wand returns then towards b. 
In both the latter cases we shall say that the liquid varies or swings; 

in case b it swings over point 2. in case c over point b. 
The case. mentioned sub b. , may be realised when we regulate the 

surface of the two membranes in such a way. that at the beginning 
more water diffuses from L 2 towards L3 than L 2 takes from LI' The 
case mentioned sub c can occur when the membrane between LI and L 2 

is very large and the quantity of LI is large with respect to the quantity 
of L2 • Corresponding phenomena can occur. when system (3) is converted 
into one of the other equilibria (4) and (5) . 

If we let the liquids change places in system (2) th en we get: 

(8a) (8b) 

in which the arrows indicate again the direction in which the water 
diffuses at the beginning of the osmose. With a single example we shall 
show that the liquids in those systems may swing during the osmose. 
Let us assurne that in (8a) the osmose between LI and L3 takes place 
extreme1y slQwly. but that between L 2 and LI extremely quickly. As the 
osmotic equilibrium between L 2 and LI is reached then practically almost 
immediately. we th en get a system: 

(8c) 

in which L' 3 differs only very little from L3' L' 2 and L'I now have 
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al most the same O.W.A.. which is larger than that of LI but smaller 
than that of L2• also smaller than that of L3 or L' 3. therefore. Water 
now shall diffuse. as is indicated in : 

(Bd) 

viz. firstly from L ' 1 towards L' 3 and afterwards from L' 2 towards L' I' 
The liquid L 2 in (Ba). therefore. takes water in at the beginning of the 
osmose. but later it gives water again. 

The equations (6) and (7) are valid not only for the convers ion of 
system (3) but also for the systems (Ba) and (Bb). Consequently for the 
end-equilibrium it is indifferent which of the three liquids is between 
the two membranes ; this has influence only on the way in which th is 
equilibrium is formed. 

In the osmotic system: 

(9) 

we have n liquids and n- l membranes. We are able to show also that 
the osmotic equilibrium which arises at last from this. depends only on 
the quantities and the composition of the liquids. but that it is independent 
on their series. The way, in which the equilibrium sets in is dependent, 
however, on the series of the Iiquids and also on the surface of the 
membranes. 

Let us assume that the O .W.A. of the liquids in (9) increases, according 
the index of the liquid being larger . We then have: 

I I . "1 Ln- I "1 Ln . (10) 

in which the arrows indicate the direction in which the water diffuses. 
We now may imagine that LI and Ln during a long time change their 
O.W.A . only imperceptibly or not; this can take place f.i. when both 
liquids are present in a very large excess. This may be the case also when 
LI is f.i. water and Ln watervapour under a very low constant pressure. 

While LI en Ln then remain unchanged, the other liquids change their 
composition until the same quantity of water diffuses through each mem­
brane in the same time. As soon as thi~ stationary state has established 
itself. all liquids have a definite composition and O .W.A. This stationary 
state depends not only on the original composition and quantities of the 
different liquids. but also on the surface of the different membranes. 

A similar stationary state shall occur also wh en the liquids L2 L3" .Ln- I 
have the same O .W .A . at the beginning ; further. of course it is indifferent 
whether those liquids have the same composition or not and which sub­
stances they contain. 
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Double~membranes. 

IE we compare the two osmotic systems: 

I I I L. L2 and L. D L2 
1 1 1 

(11) 

with one another. th en we see that in the first one the two liquids L. 
and L 2 are in osmotic contact with one another with the aid of a single 
semipermeable membrane; in the second one the water. in order to 
diffuse from L. towards L 2• must pass through two semipermeable mem~ 
branes. between which a phase (or system) D is found. 

We now may consider the two semipermeable membranes with the 
included phase D as to form together a new semipermeable membrane; 
we caU this "double~membrane with the phase D" or only "double~ 
membrane" and we shaU represent it by : D: or : : . 

We now may say that the liquids L. and L 2 in the second system 
(11) are in osmotic contact with one another with the aid of a double~ 
membrane. Further we shaU see that a double~membrane sometimes may 
play quite a different part as the single membrane. 

We now take the osmotic system : 

L. 1 Y 1 L 2 fig . 1 Comm. lIl. 
I I 

(12) 

in which L. and L2 are separated from one another by a double~ 
membrane with the solid substance Y . The liquids L. and L 2 are represented 
by points within the field WwvX of fig . 1 Comm. 111. Further we 
shaU see that system (12) may pass into one of the osmotic equilib~ia: 

E = L'. I L I L'2 
1 1 

(13a) E = L' 1 Y + Lw I L' 
• I I 2 

in which all liquids are isotonic. therefore. or into the complex 

K = L'. I Y I L'2 
1 1 

(13b) 

(14) 

in which the two liquids are not isotonic. In the latter case, therefore. 
the double~membrane plays the part of a wall. which is impermeable 
for water. 

As the result of the osmose depends on the composition of the liquids 
L. and L 2 we distinguish three cases. 

1. L. and L2 are situated both within the field Wwm fig. 1 Comm. 111. 
The O.W.A. of the solid substance Y is. therefore. greater than that of 
the liquids L. and L 2 ; at the beginning of the osmose water shall diffuse. 
therefore. as weU from L. as from L 2 towards the solid substance Y. 
Consequently th ere arises a system: 

(15) 



569 

It depends on the ratio of the quantities of LI L2 and solid Y what 
shall occur further. Wh en the quantity of solid Y is very large (in ratio 
to the quantities of LI and L2) then equilibrium (13b) is formed; L'I and 
L' 2 are represented then by points of the isotonic curve wm. 

When however the quantity of solid Y. is so small that a liquid is 
formed between the membranes. then an equilibrium (13a) arises; the 
three liquids are situated then anywhere within the region Ww m on 
an isotonic curve; liquid L is situated anywhere hetween wand W. 

2. LI and L2 are both situated within the field w m X v. fig. 1 Comm. 111. 
As the O .W.A. of the solid substance Y is smaller now than that of 

both the liquids. neither from LI nor from L2 water can diffuse towards 
Y. therefore. Consequently the double-membrane prohibits the diffusion 
of water from LI towards L2 and reversally; consequently it behaves 
itself now as a membrane. which checks water. Consequently the osmotic 
system (12) remains unchanged. 

3. LI is situated in the field Ww mand L2 in the field w m X v of 
fig . 1 Comm. 111. 

Now water diffuses from LI towards the solid substance Y. so that 
the system Y + Lw arises between both the membranes ; water now 
diffuses from Lw towards L2• In the beg inning of the osmose is formed. 
therefore. the system: 

(16) 

It depends on the ratio of the quantities of LI L2 and solid Y what 
shall occur further . We now may distinguish three cases. 

a . An equilibrium (13a) is formed; then the three liquids are situated 
on an isotonic curve with the field Ww m. 

b. The equilibrium (13b) is formed; the th ree liquids are situated on 
the curve w m. 

c. The osmotic complex (14) is formed ; th en L' I is situated in curve 
w mand L2' anywhere within the field w m Xv. Consequently no water 
diffuses more from L'I towards L'2. notwithstanding the O.W.A. of L'2 
is greater than that of L'I' Consequently in the beginning the double­
membrane allows water to diffuse. but it behaves itself afterwards as a 
membrane. which prohibits the diffusion of the water. 

This case can occur when the quantity of LI is small with respect to 
the quantities of L2 and solid Y. 

Till now we have discussed only which osmotic system is formed 
from· (12) at the end of the osmose; in similar way as in the beginning 
of this communication. die reader can examine for each case. which 
changes the liquids shall undergo viz. whether they will shift continually 
towards their state of equilibrium or will swing. 

As is apparent from the previous. we may distinguish th ree cases for 
the osmotic action of the double-membrane. 
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1. The water diffuses through the double-membrane. so that an osmotic 
equilibrium is formed. The double-membrane behaves itself with respect 
to the water-diffusion as a single membrane. This is the case wh en both 
the liquids are situated within the field Ww mand may take place also 
when the liquids are situated on different sides of the curve w m. 

Yet there is a difference between the equilibrium which is formed with 
the aid of a single membrane and that which is formed with the aid of 
a double-membrane; sometimes this difference can be very great. 

When Ll and L 2 are situated in the field Ww m. then the result of 
the osmose is. that both liquids are situated also within the field Wwm; 
the one vlz. shifts away from point Wand the other towards point W. 
till they arrive on the same osmotic curve. 

H. however. we use the double-membrane : y: with a large quantity 
of Y. then. as we have seen above. both liquids shift at last towards 
the isotonic curve w m. (fig. 1 Comm. III). 

2. The double-membrane prohibits the diffusion of the water; it behaves 
itself. therefore. as a wall. which checks the water. notwithstanding the 
two liquids have a different O.W.A. 

This is the case. when both liquids are situated in the field w m X v 
(fig. 1 Comm. III). 

3. The water diffuses firstly through the double-membrane; then the 
diffusion stops. although the O .W.A. of both the liquids is still different. 
This case may occur. wh en both liquids are situated on different sides 
of curve wm . 

We now take the osmotic system 

L l y l L fi IC V 1 I I 2 g. omm. . (17) 

in which Ll and L 2 represent liquids of the field Wa e b. Also here for 
(17) is valid. what is deduced above for system (12); of course we now 
have to replace the isotonic curve w mand the fields Ww mand wm Xv 
of fig. 1 Comm. 111 by the isotonic curve a mand the fields Wam and 
am be of fig. 1 Comm. V. 

H the double-membrane contains the solid substance X. then we have 
the osmotic system: 

L I X I L fig . 1 Comm. V 
1 I I 2 

(18) 

then the isotonic curve b d and the fields W bda and bed play a 
corresponding part. 

Hence is apparent that the solid substance. which is present In the 
double-membrane. may have great influence on the osmose. The double­
membranes : X: and : y: are viz. 

both permeable for water of liquids of the field Wam; 
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both impermeable for water of liquids of the field b de; 

but \ X \ is permeable and : Y : is impermeable for water of liquids of 

the field a mbd. 
When therefore. L. and L 2 represent. two liquids of the field am bd. 

then system (17) remains unchanged. also when the two liquids are not 
isotonic. system (18). however. passes into an osmotic equilibrium. 

If we take in the double~membrane a mixture of solid X and Y. then 
we have the osmotic system: 

I I . 
L. ~ X + Y ~L2 fig. 1 Comm. V . 

I I 
(19) 

in which the double~membrane is permeable for water from all liquids 
of the field W b ca. 

As the O .W.A. of solid X + Y is equal to that of liquid Le and. 
therefore. greater than that of the liquids of the field W b ca. in (19) 
the water shall diffuse in the direction of the arrows. It now depends 
on the composition of the liquids L. and L 2 and on the ratio' s of the 
quantities of X Y L. and L 2 which equilibrium shall be formed from (19). 
If we represent this by : 

I I E. D E 2 . 
I I 

(20) 

then E. D and E2 can be one of the equilibria : 

X + Y + Le. X + L', Y + U or L"'. (21) 

Herein L' represents a liquid of the saturation~curve b c. Lil a liquid 
of the saturation~curve ac and Lil an unsaturated liquid. 

System (20). therefore. can represent a .o. the osmotic equilibrium : 

(22) 

in which three unsatured liquids. represented by points of an isotonic 
curve ; it can represent also the osmotic equilibrium : 

fig. 1 Comm. V . (23) 

liquid L then is situated on the isotonic surve e f It can represent also 
an osmotic equilibrium: 

L i l I 
X + 9 L X + L9 or L X + L9 

I I I 
X + L9 fig . 1 Comm. V (24) 

in which L is a liquid of the isotonic curve, going through point g. In 
each of the two osmotic equilibria (24) two identical liquids L9 occur ; 
even it is possible that an osmotic equilibrium is formed with three 
identical liquids. f.L 

fig. 1 Comm. V. (25) 
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This is possible only then, when the liquids L 1 and L2 of system (19) 
are situated both in the field W b c and when the complex X + Y 0 

the double~membrane is represented by a point between X and c' 
(imagine c' to be the point of intersection of the si de XY with the 
line W c, which is not drawn). 

In the osmotic system 

L 1 : X : L 2 fig . 1 Comm. IX. (26) 

L 1 represents a liquid with the components W + X + Y and L 2 with 
the components W + X + Z. Consequently liquid L 1 is situated in triangle 
W X Y and L 2 in triangle W X Z of fig. 1 Comm. IX. 

If L 1 is situated within the field W d'l and L 2 within the field W d ' 2 

then (26) passes into one of the osmotic equilibria: 

L' 1 I L I L'2 (27a) L'1 I X + Ld I L'2 
I I I I 

(27b) 

When in (27 a) L is represented f. i. by point q th en L' 1 is situated 
on qq1 and L'2 on qq2. Wh en the double~membrane contains much 
solid X then the equilibrium (27 b) is formed, L' 1 is situated then on 
curve d'l and L'2 on curve d'2. 

The osmotic system 

I I Ls X LIV fig . 1 Comm. IX 
I I 

(28) 

may pass into an osmotic equilibrium (27 a) with three unsaturated isotonic 
liquids; it can form also one of the systems: 

E = Lt I X + Ld I Lv 
I I 

K = Lt I X l Lu 
I I 

(29) 

The first is an osmotic equilibrium; the latter is a complex in which 
Lu has a greater O .W .A. than L, . The diffusion of water, however, 
is also prohibited by the double~membrane. 

The reader may easily deduce the other cases, also when we use the 

double~membranes : Y: or : X + Y:. I only wish to draw the attention 

to the fact that the double~membrane : X: is impermeable for water 

from liquids of the fields d'l ab and d'2 Z g, the double~membrane : Y : 

for water from liquids of the fields ac band eh Zg and the double~ 

membrane : X + Y : for water from liquids of the field fiZg. 

(To be continued). 



Chemistry. - "The fictitious heats of solution of enantiotropic modific~ 
ations at their transition point" . By Prof. ERNST COHEN and 
Mr. H. L. BREDÉE. 

(Communicated at the meeting of April 25. 1925). 

Introduction . 

1. In his "Recherches expérimentales et théoriques sur les Equilibres 
Chimiques" I) LE CHATELIER. a long time ago. has pointed at a highly 
interesting relation which must exist at the transition point of enantiotropic 
modifications. If we caB these two modifications. which are in equilibrium 
with each other at the temperature of transition To• a and (3. the temper~ 

ature coefficients of the solubility at To (:~). and (:~);, respectively. 

the fictitious heats of solution Q" and Q ,3. then. according to LE 
CHATELIER we have at To: 

(:~} 
(

dC-) - Q ,3 
dT (l 

(1) 

About this point LE CHATELIER ob serves : "11 serait intéressant de 
vérifier cette conséquence de la formule . qu'au point de transformation 
Ie rapport des tangentes est égal au rapport des chaleurs de dissolution: 

dc 
dT L .. 
dc' - C' 
dT 

Only recently P. MONDAIN MONVAL 2) has taken up the testing of 
this "Law of Tangents". choosing for his object those modifications of 
ammonium nitrate (the (3~rhombic and the a-rhombic. which we shall 
indicate by the names of modification III and IV) which have their 
transition point 3) at 32°.3 C. From his experiments he deduces: 

0" 
-Q =1.158; 

,3 

I) Paris 1888 ; pag. 165. 

(:~} - 117 

(:~)(l - .. 

2) C. R. Paris 177. 175 (1923); Thèses. Paris 1924 ; Ann. de Chimie 3. 72. 121 (1925). 
3) ERNST COHEN and J. Kooy. These Proceedings 27. 65 (1924) ; also Zeitschr. f. 

physik. Chemie 109. 81 (1924) . 
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Here he observes : "Si nous rapprochons les valeurs de ces rapports 
nous voyons que l'écart qui existe entre dIes est d'environ 1 0 /0' Cet 
accord excellent tient évidemment en partie à une heureuse coïncidence. 
En égard à la difficulté des mesures et à la précision respective avec 
laquelle dIes ont été effectuées, un écart de 4 à 5 010 n'aurait rien que 
d'acceptable", and his flnal conclusion is : "Les mesures que no us avons 
effectuées sur les modiflcations allotropiques du nitrate d' ammonium aux 
environs de 320 vériflent donc plus exactement qu'on ne pouvait l'espérer 
la loi du rapport des tangentes" . 

2. We cannot agree with this oplnlon. For, the agreement which 
MONDAIN MONVAL assumes from his measurements, does not really exist. 
It seems to exist, because he chooses quite arbitrary values out of his 
experimental data. Here again we have a case as is so of ten found in 
the literature, when we have to test thermodynamic rdations. MOESVELD I) 
has already directed attention to this fact, and w~ wish to point out here, 
that it is of great importance to trace the cause of this non agreement, 
when it seems that there is a discrepancy between theory and experim~ 
ent, as such an investigation of ten leads to the discovery of new 
phenomena. For instance, during our investigations on the metastability 
of matter 2), new phenomena have been brought to light, and these could 
be studied quantitativdy, because we chose for our starting~point the 
divergencies between calculation and experiment which had appeared, 
when the equation of CLAPEYRON~CLAUSIUS was applied to the modiflc~ 
ations 111 and IV of ammonium nitrate. 

3. While, in an investigation by COHEN and HELDERMAN 3), the curves 
of the intermediate heats of solution of the two forms of ammonium 
nitrate mentioned, had been accurately determined, we have very carefully 

measured the va lues of (~~)" and ( :~).3 at the transition temperature 

(320 .3 c.) in order to test the relation of LE CHATELIER. In the present 
paper we describe the investigation referring to it, and in conjunction 
with it, a discussion of the results of MONDAIN MONVAL. 

A. The Ma te ria Is used. 

4. The ammonium nitrate which we used in our investigation was 
obtained by recrystallizing an already pure commercial preparation several 
times out of carefully distilled water. An analysis, to show the degree 
of purity flnally attained was made, according to the method, described 

I) The Testing of BRAUN 'S Law. Utrecht 1918, page 7, 
2) These Proceedings 27, 65 : 28, 1 (1924); Zeitschr, f. physik. Chemie 109, 81; 113, 

145 (1924). 
3) These Proceedings 28, 2 (1924); Zeitschr. f. physik. Chemie 113, 145 (1924). 
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in KRAUCH "Die Prüfung der Chemisch en Reagentien auf Reinheit" I). 
No impurities were found . 

5. We have also ascertained the purity of our material by determining 
the solubility of crystals prepared by successive crystallizations. according 
to the method described hereafter. In this way a certain crystallization 
gave at 20".00 the values of 65.24 and 65.24. Crystals of the next crystal~ 
lization gave the va lues of 65.25; 65.24 and 65.26. 

B. The solubility determinations. 

1. General observations. 

6. The greatly divergent values which are found in the literature for 
the solubility of ammonium nitrate at one and the same temperature 2). 
prove al ready that it is very difficult to carry out reliable determinations 
for this highly soluble salt. For this reason we have taken very great 
pains with these measurements. and have succeeded in carrying out the 
determinations with an accuracy of 0.02 to 0.03 0 / 0 , in which equilibrium 
was always reached. starting from unsaturated as weil as supersaturated 
solutions. Great accuracy is required. as . wh en LE CHATELlER's equation 
is to be tested. it is just the point to fix the differential quotients. which 
from their very nature are very susceptible to slight errors in the values 
of solubility. All the determinations were carried out in triplicate. while 
the weighings (on a BUNGE balance. which allowed an accuracy of the 
weighings to 0.1 mgr.) were reduced to vacuum. Our weights were 
calibrated according to the weil known method of F . KOHLRAUSCH. The 
thermometers used were compared with an instrument graduated in tenths 
of a degree. and calibrated by the Physikalisch-Technische Reichsanstalt 
at Charlottenburg. the zero point of which we have controlled. In our 
thermostats. in which the equilibrium of solution was attained by shaking 
water with excess of salt. was always a BECKMANN thermometer. divided 
into hundredths of a degree. The regulation of the temperature was 
brought about by a regulator according to OSTW ALO (capacity of the 
bulb about 500 cc). which we filled with tetrachlorethane. a liquid which 
has the advantage over toluene in being non~inflammable. which is very 
convenient wh en filling the bulb. The time of shaking va ried between 
4 and 48. hours. The temperature variations of the thermostat during a 
short period we re not greater than 0.01 degree. at 5° and 10° two 
hundredths of a degree at most. The shaking of the solutions in the 
thermostat was done by means of the acatène~apparatus. which has 
been described by COHEN and BRUINS in a former paper 3). 

I) Berlin. 1896. Dritte Auflage. S. 32. 
2) A synopsis is found In MONDAIN MONV AL. See note 2 page 377. 
3) Zeitschr. f. physik. Chemie 93. 13 (1918). 

38* 
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7. In the analysis of the saturated solutions, which, also at the higher 
temperatures, had to be carried out without loss of liquid (owing to 
evaporation) the method was followed which had been indicated by 
COHEN and MOESVELD 1): the curve was determined which represents 
the specific volume of aqueous solutions of ammonium nitrate as function 
of the concentration (at a definite temperature). The concentration of 
the saturated solutions is then found by determining their specific volume 
(at the temperature for which the curve mentioned has been fixed) and 
by calculating the concentration from the equation which represents the 
relation between specific volume and concentration. 

8. As the temperature coefficient of the solubility of ammonium nitrate 
is very great, the pyknometer, into which the saturated solution is pressed. 
must. during this manipulation, be totally immersed in the thermostat in 
which equilibrium of solution is reached. For particulars of this technique 
we refer to the paper by ERNST COHEN, WILHELMA A. T. DE MEESTER 
and A. L. TH. MOESVELD 2) on the influence of pressure on the solu~ 
bility of substances V, especially par. 11. 

2. The determination of the solubility of Ammonium nitrate IV. 

9. The range of stability of modification IV lies 3) between - 16° and 
+ 32°.3 C. 

Our determinations of solubility have been carried out at 0°.00; 5°.00; 
10°.00; 15°.00; 20°.00; 25°.00; 30°.00 and 32°.00 C. 

In order to determine the concentration of saturated solutions between 
0° and 32°.3 C. we might actually have used the equation previously 
found by COHEN, HELDERMAN and MOESVELD 1). which represents the 
relation between specific volume and concentration of solutions of ammo~ 
nium nitrate at 32°.3 C. : 

(Vch2".3 = 1.00507- 0.00392087 c + 0.0000051003 c2-O.00000000566c3• (2) 

Meanwhile we have again determined this relation. 

10. For this purpose we prepared solutions of accurately known con~ 
centra ti on by weighing (in flasks, similar to those which were used for 
the determinations of solubility) salt (which had been strongly dried under 
particular precautions which have previously been described 5) and water 

1) Zeitschr. f. physik. Chemie 94, 482 (1920) . 
2) These Proceedings 28, 108 (1924); alse Zeitschr. f. physik. Chemie 114. 321 (1924). 
3) ERNST COHEN and J. Kooy, These Proceedings 27, 65 (1924); alse Zeitschr. f. 

physik. Chemie 109, 81 (1924) . 
1) See these Preceedings 27, 565 (1924), especially par. 9. Aise Zeitschr. f. physik. Chemie 

112, 135 (1924), especially par. 9. 
5) See these Proceedings 27. 565 (1924). Aise Zeitschr. f. physik. Chemie 112. 135 (1924), 

especially par. 9. 
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the specific volume of these solutions was then determined at 32°.3 C. 
in the way described in par. B. Great care was taken that no eva por­
ation . could .take place during the solving of the salt. which was brought 
about by heating: the flasks were closed during the heating. 

The results thus obtained are given in table 1. 

TABLE I. 

Temperature 32°.3 C. 

Concentration in gr. Spec. vol. found Spec. vol. calculated Spec. vol. calculated 
per 100 gr. C. and B. C. H . and M. 
of solution C. and B. equation (3) equation (2) 

25 .00 0 .91012 0 .91011 0 .91015 

31.99 0 .87377 0 .87375 0 .. 87387 

11.98 0 .83829 0.83830 0.83850 

51 .98 0. 80371 0 .80372 0.80398 

61 .98 0 . 77003 0 . 77002 0.77028 

70.65 0.75125 0 . 75129 0.75152 

According to the method of least squares we find from the values in 
the first and second columns: 

(Vch20 ;= '-:00529":"::0:00392915 c+ 0.00"O0049640c2- O.OOOOOOOO 333·c3 . . (3) 

From the second and third columns of table 1 we see that this 
equation describes the observations. Further we observe that the differ­
ences in concentration which the equations (2) and (3) yield for a given 
specific volume. attain at most an amount of O.OB per cent. 

11 . The results of the solubility determinations of modification IV are 
suminai'ized in tabie' 2.- By means of the method ' of least squäreswe fiild 
from it for cIV = f(tJ : 

CIV = 54.241 + 0.6106 t- 0.00297 t2 (4) 

_ Columns 6, 7 and Bof table 2 proye that Ihis equation holds _ go.od. 

3. The determination of the solubility ot Ammonium nitrate IJl. 

12. The range of stability of this modification (111) lies between 32°.3 
andB4°.2 C. Our solubilitY 'determinations withinthis range have been 
made at 33°.00; 36°.00; 39°.00 ; 42°.00 ; 45°.00 and 4Bo.00 C. 

The curve which represents the specific volumes of solutions of 
ammonium nitrate as function of the concentration. has been fixed for 



TABLE 2. 
Solubillty of Ammonium nitrate. Modllkatlon IV. in water. 

Cl 
.9 Solubllity: gr. of salt per 
~ lil 

..c ~ 100 gr. of solutIon 
Temp. -ä,g Vc found Vc mean C calc.-cfoIlDd 

'8 .9 found 

I 
mean I calculated 'S from Vc found 

Po. 

51h 0.80630 54.23 

0°.00 41h 0 .80627 *) 0.80629 54 .24 54 .23 54.24 + 0.01 

41h 0.80630 *) 54.23 

4 0 .79605 *) 57.23 

5°.00 5 0.79608 0.79605 57 .22 57.23 57.22 - 0.01 

5 0.79603 57.24 

I 41h 0 .78656 *) 60.04 

10° .00 5 0 .78650 0.78651 60.06 60.05 60.05 ± 0.00 

51h 0 .78646 60 .07 

41h 0.77710*) 62.77 

15°.00 51h 0 .77738 0 .77711 62.77 62 . 76 62.73 - 0 .03 

51h 0.77715 62 .75 

1 0 . 76917*) 65.24 

1 0.76916 *) 65.21 

20°.00 24 0.76910 0.76914 65.26 65.21 65.27 + 0.03 

1 0.76912*) 65.25 

18 0.76911 65.24 

21 0.76123 67.63 

25°.00 24 0.76118 0.76122 67.64 67.63 67.65 + 0.02 

5 0.76125 *) 67.62 

21 0.75375 69.90 

30°.00 24 0 .75377 0.75371 69.89 69.90 69.89 - 0.01 

5 0.75370 *) 69 .91 

21 0.75087 70 .78 

32°.00 24 0.75090 0.75090 70 .77 70.77 70.74 - 0.03 

24 0.75092 70.76 

*) slgnilles: startlng from supersaturated solutIon. 
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50°.00 C. so that the saturated solutions which we re formed at die 
highest temperature investigated (48°) could never crystallize during the 
determination of their specific volume. 

The equation of the curve (Vc)50000 = [(cl was obtained by determining 
the specific volume at 50° of solutions which contained 15. 25. 35. 45. 
55. and 75 Ofo of salt respectively (sum = 100). and which had been 
prepared by weighing. as is described in par. 10. Table 3 contains the 
results of the determinations of the specific volume. 

TABLE 3. 
Specific Volume of Ammonium nitrate solutions of different concentrations. 

Temp. 50°.00 C. 

Weight of salt Weight of Concentration 
Vc calc.-found solution grms of salt in Vc found Vc mean 

Vc caJc. in grms in grms 100 gr. of sol. found X 105 

5. 1247 34 . 1904 14.99 0 .95527 
0.95525 0.95532 +7 

5. 1247 34.1904 14.99 0.95522 

10.8391 43 .3554 25.00 0 .91826 
0.91828 0.91822 -6 

10.8391 43 .3554 25 .00 0 .91830 

15.1917 43 .4148 34.99 0.88206 
0.88207 0.88192 - 15 

15 . 1917 43.4148 34 .99 0 .88208 

19 .9609 44.3810 44 .98 0 .84626 
0 .84630 0.84631 +1 

19.9609 44.3810 44 .98 0.84634 

24.9593 45.3964 54.98 0 .81123 
0.81122 0.81136 +14 

24.9593 45.3964 54.98 0.81120 

28 .4039 43.7149 64.98 0 .77708 
0.77710 0.77708 -2 

28.4039 43 .7149 64 .98 0 .77712 

32 . 1572 42.8859 74.99 0.74346 
0.74348 0 .74341 -7 

32.1572 42.8859 74.99 0.74350 

By means of the method of least squares we find: 

(vc}sO".oo= 1.01227-0.0038565c+O.000003855c2-O.00000000319c3• (5) 

From columns 5. 6 and 7 of table 3 we see that the equation des cri bes 
the experimental data. 



580 

13. We have also controlled the equations (3) and (5) mutually. by 
determining the specific volume of the solution. saturated at 32°.3. at 
that temperature as weil as at 50 ).00 C. and by deducing from it the 
concentration of the solution by means of the equations (3) and (5). 

In this way we found from the determinations of the specific volume 
at 32°.3 C. the va lues 70.87 

and 70.88 
and from the determinations of the spec. vol. at 50').00 C. the va lues 70.87 

and 70.86. 
in other words: complete agreement. 

14. As regards the determinations of solubility of modification 111 
itself may be observed that they were done in the very same way as 
those of modification IV. The results are found in table 4. By means 
of the method of least squares we find for CIII = f(t) : 

CIII = 57.861 + 0.4384 t - 0.00111 t2 (6) 

From columns 6. 7 and 8 of table 4 we see that this equation 
describes the observations. 

C. Calculatian af the Transitian temperature. 

15. The point of intersection of the curves. represented by the equa.., 
tions (4) and (6) gives for the transition temperature 

t = 32°.27 C. 
while .cIV = CIII = 70.85. 

So there is complete agreement between th is result and the fact that 
COHEN and Kooy 1) have found the temperature of transition IV ~ 111 
at 32°.3 C. We wish. however. to observe that too great a value must 
not be attached to this agreement. as for t = 31 °.8 or 32".8 the two 
equations give a difference in the solubility of only 0.025 per cent. a 
difference which lies within the errors of the measurements. 

D. Calculatian af (;~)and(;~) at the Transitian temperature. 
IV 111 

16. lf we call the values 

(~~)and(~~} LandL' 

from LE CHATELlER's equation (see above par. 1) in our case. where 
they refer to the modifications IV and III of ammonium nitrate 

(;~) and (;~). respectively QIV and Q111. we find: 
IV 111 

1) These Proceedings 27, 65 (1924); Zeitschr. f. physik. Chemie 109, 81 (1924) . 
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TABLE 4. 

Solubility of Ammonium nitrate. Modi/kation III. in water. 
c:> 
c:: m~" -1 So'"hili'y , ,' ol ~" P" 
~ V} '" ... 100 gr. of solution ..<:: ::s 

Temp. V> 0 ve found ve mean ccalc. - cfound 0"<:: 
"1:l c:: 

cfound fr . Ve l C mean I c calcul-o ._ 
.;:: 

found ated '" c.. 

33". 00 IS 0 . 75638 *) 71.11 

18 0 . 75636 0 . 75636 71.12 71. 12 71.12 ± 0.00 

18 0 . 75635 71.12 

I 
12 0 . 75268 *) 72.22 

36°. 00 18 0 . 75272 0.75271 72 . 20 72 . 21 72.20 - 0 .01 

18 0 . 75272 72.20 

12 0 . 74915 *) 73 . 27 

39°.00 18 0 . 74913 0 . 74914 73 . 28 73.27 73.27 ± 0 .00 

18 0.74913 73 . 28 

--

12 0.74564 *) 74 .32 

42" .00 18 0 . 74563 0 . 74563 74.32 74.32 74.32 ::l~ 0.00 

18 0 . 74562 74.33 
I 

4 0 . 74222 *) 75 . 35 I 
45° .00 5 0.74225 0.74223 75 . 3,1 75.34 75 .34 ± 0.00 

5 0 . 71223 75.34 
I I I 

12 0 . 73885 *) 76.36 

48". 00 24 0.73887 0.73886 76.35 76.35 76.34 - 0.01 

24 0 . 73887 76.35 

*) signifies : starting from supersaturated solution. 

From equation (4): 

(
de) = 0.61 06 _ 2 X 0.00297 X 32.27 = 0.4189 U!!:i_ght °10. 
dT IV . degree 

From equation (6): 

(
de) = 0.4384 _ 2 X 0.00111 X 32.27 = 0.3668 weifLhtOfo. 
dT III degree • 
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0.4189 -11A.2 
0.3668 - ."J: • 

Calculation of Q/v at the Transition temperature: 
Qm 

17. By means of an adiabatic. electrical method for the intermediate 
heats of solution of modi/kation IV and 111 at their point of transition 
(32°.3) ERNST COHEN and W. D. HELDERMAN I) have found: 

(Qi)/V= - 5910 + 83.057 C - 0.73476 c2 + 0.00224 c3 • (7) 

and 
(Qi)m = - 5510 + 83.057 Cl - 0.73476 S + 0.00224 c1 (8) 

in which c. respectively Cl. represents the concentration of a solution of 
ammonium nitrate (sum = 100). in which one molecule of the modification 
in question is dissolved. 

For the transition temperature 2) C = Cl = 70.93; by means of the 
equations (7) and (8) we then find: 

and 

so: 

QIV= - 2917 gramcalories 

Qm = - 2517 gramcalories 

Q IV _ 2917 - 1159 
Qm -2517 - . 

F. Experimental praof of the relation of LE CHATELIER. 

18. Whereas in par. 16 was found: 

we find in par. 17 

(~t =1.1i' 

(dT )m 
Q/v = 1.159 

Qm 

which proves experimentally the e~actness of LE CHATELIER's relation. 

I) These Proceedings 28. I (1924); Zeitschr. f. physik. Chemie 113. 145 (1924). 
2) We take here 32°.27 G. the point of intersection of the curves of solubility. therefore 

the value which was found in par. 15. instead of 32°.3. the value determined by COHEN 
and Kooy by dilatometric way. 
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G. MONDAIN MONVAL'S investigation. 

1. The solubility determinations. 

19. The results of his solubility determinations are given in table 5 

TABLE 5. 

Solubility of NHi N03 at different temperatures (MONDAIN MONVAL). 

Temperature Gr. NHi N03 in Molecular concentration C. 
100 gr. of water (sum = 1) 

26°. 7 215 .0 0.3257 

28 .6 223.6 0.33H 

29.4 227 . 1 0 .3379 

30.4 232.5 0.3431 

30 .8 234 .5 0.3450 

32.2 241.2 0 .3515 

32 .9 244 .4 0.3544 

33 .8 248.3 0.3581 

35.3 255 .6 0.3648 

36 .0 259 .0 0.3679 

39.2 274.5 0 .3814 

By means of these experimental results, which give a point of inter~ 
section of the solubility curves of modification IV and 111 at 31 °.8 
MONDAIN MONVAL calculates (without further explanation) for the quotient 

the value of 1.17, at the temperature mentioned. 

By means of the method of least squares we find, however. Erom 
columns 1 and 3 in table 5: 

CIV = 0.3354 + 0.00472 (t-28.8) (9) 
and 

Cm = 0.3664 + 0.00429 (t-35 .7) (10) 

Table 6 proves that the equations (9) and (10) are in very close 
agreement with the results of MONDAIN MONVAL. 
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TABLE 6. 

Temperature cfound ccalculated I (ccalc. -cfound) X 104 

26° .7 0.3257 0 .3255 -2 

28 .6 0 .3344 0.3345 +1 

29.4 0 .3379 0.3382 +3 

30.4 0 .3431 0 .3430 -I 

30.8 0 .3450 0. 3448 -2 

31.8 0.3500 0.3496 -4 

32.2 0.3515 0.3514 -I 

32.9 0.3544 0.3544 :±: 0 

33 .8 0.3581 0.3582 + 

35.3 0.3648 0. 3647 

36.0 0 .3679 0.3677 -2 

39.2 0 .3814 0. 3815 +1 

The point of intersection of the curves (9) and (10) is 31 °.8. while. 
by means of these equations we find: 

( :f!}~ = O .OO~?~ = 1 10 

( 
de ) 0.00429 . 
dT IJl 

and not 1.17. which figure is given by MONDAIN MONVAL. 

20. We are of opinion that it is superfluous to trace the reason which 
has led to such a great divergence from the figure (1.14) found by us. 
We only wish to observe that MONDAIN MONVAL finds va1!les for the 
solubility at all the temperatures investigated by him. which lie far 
below ours. and as we have always attained equilibri4m ~f solution 
with highly different periods of shaking. from above as weil as from 
below. at which we found identical values. whereas he. with far shorter 
periods of shaking (during which the temperature was but a short time 
above the temperature of equilibrium) thought to have reached equilib~ 
rium. it is very probabk that in his investigations this has not been 
the case. 

The way in which MONDAIN MONVAL prepares the saturated solutions 
for analysis (filtering the excess of salt through a previously heated 
funneI. during which crystallisation is not excluded) mayalso have been 
one of the causes of his too low results. Then he has been experimenting 
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within too small ranges of temperature. so that the values of (~~) / v 

and ( ~~ )111 are doubtful. 

2. Determination of the (ictitiou s heats of solu tion Q/V and Q111. 

21. Now that we have obtained our results we will not enter into a 

discussion of the particulars of M ONDA IN M ONVAL's method to find QQ /V. 
111 

and only wish to observe. that the way. in which he has measured the 
intermediate heats of solution of the two modifications in solutions of 
different concentrations. has been a rather rough one. COHEN and HELDER­
MAN I) have determined those values by means of a highly . perfected. 
calorimetrie method. with an accuracy of 0.3 per cent. Tables 7 and 8 
show that the divergencies between the values of MONDAIN MONVAL 
and those of COHEN and HELDERMAN are not inconsiderable. 

MONDAIN MONVAL calculates the quotient QQ/ v by means of the va lues 
111 . 

found by him Q/ v = - 2.93 and Q111 = - 2.53. whereas the investigation 
by COHEN and HELD ERMAN has given the va lues - 2.91 7 and - 2.5F. 

The value of QQ/v. calculated by MONDAIN MONVAL happens to be 
111 

the same as the value furnished by the much more accurate figures of 
COHEN and HELDERMAN . viz. 1.16. 

TABLE 7. 

Intermediate heats of solution of Ammonium nitrate. Modiflcation IV. according to 

MONDAIN MONVAL and according to COHEN and HELDERMAN. at 28° and 32° .3 respectively . 

Intermed. heat of solution in Kgr. 
c Initia l conc . Fina l conc . Mean conc. ca l. per mol. 
E 

in gr. p. \00 Dilference .~ in gr. p. 100 in gr. p. 100 

I 
I 

~ gr. of solut. gr. of solut. gr . of solut . MONDAIN COH EN-

I 
MONVAL 

I 
HELDERMAN 

1 0 2.23 1.11 - 5 .. 90 - 5.819 + 0 .08 

2 20 22 .03 21.01 - 4 .62 - 4 . 468 + 0. 15 

3 50 50.91 50 .16 - 3.33 - 3 . 302 + 0.03 

4 56 .9 57.53 57 . 22 - 3.19 - 3.114 + 0.05 

5 66 .6 67 . 18 66 . 89 
I 

- 3.02 
I 

- 2.972 
I 

+ 0 .05 

I) These Proceedings 28. 1 (1924) ; Zeitschr. f. physik . Chemie 113. 145 (1921). 
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TABLE 8. 
Intermediate heats of solution of Ammonium nitrate. Modilicatlon 111. accordlng to 

MONDAIN MONVAL and according to COHEN and HELDERMAN. at 36° and 32° . 3 respectively. 

c Initial conc. Final conc. Mean conc. Intermed. heat of solution in Kgr. 
Ë in gr. p. 100 in gr. p. 100 ingr. p. 100 cal. per mol. 

. ~ 

I 0. gr.of solut. gr. of solut. gr. of solut. MONDAIN COHEN-.n MONVAL HELDERMAN 

1 0 2.57 1.28 - 5.35 - 5.405 

2 34.8 35 .94 35.37 - 3.44 - 3.392 

3 57 .0 57.71 57 . 36 - 2 .86 - 2.741 

4 70 .0 70 . 37 70.19 - 2 . 54 - 2.525 

22. Prom the investigation of MONDAIN MONVAL results: 

(~t=1.1O 
(dT )l/I 

en 
Q/V 
-Q = 1.16. l/I 

Dilference 

- 0.06 

+ 0.05 

+ 0.12 

- 0.01 

A satisfactory experimental testing of the "law of tangents" is there~ 

fore out of the question. 

Summary. 

In the above paper was shown that the experimental testing of the 
"Law of Tangents" of LE CHATELIER by MONDAIN MONVAL has led 
to unsatisfactory results. in consequence of insuffkient accuracy of the 
data necessary for such a pro of. An agreement between theory and 
experiment. satisfactory in every respect, was found by employing more 
accurate methods. 

Utrecht, April 1925. VAN 'T HOFF Laboratory. 



Geology. - .. The Palaeothermal Problem in the Light of the Giant 
and Dwarf Theory of Stellar Evolution". By Prof. EUG.DuBOIs. 

(Communicated at the meeting of May 30. 1925). 

In all geographical formations with weil characterized faunas or floras. 
starting with the Cambrium. these up to the upper division of the Ter­
tiary give evidence of a hotter climate than at present. pliothermal con­
ditions. at high geographical latitude. Though the distribution over the 
Earth was never perfectly uniform. it is not until the beginning of the 
Tertiary era. and then at first locally restricted. gradually more circum­
polarly. that palaeontologic witnesses appear. testifying to gradual and 
progressing cooling. till at last in the Plistocene period evidence is found 
of the present distribution of heat. 

Some of the surest palaeontological proofs of a hot ter climate at high 
geographical latitude and more uniform qistribution of heat over the 
Earth may be mentioned here. with a view to defining the palaeothermal 
problem. 

In the Cambrian reef-building corals. which anthozoa now-a-days scarcely 
reach further than beyond the 28th degree of latitude at a single 
point. because they are physiologically-chemically restricted to hot seas. 
the secretion of lime being actually a function of the temperature. are 
met with up to 76° 1/2 N. lat. in the New-Siberian Islands. and as far 
as beyond the Antarctic circle in Antarctica (Weddell-Sea). 

Especially in the Upper Silurian formation coral reefs are known of 
all latitudes; in the extreme North. of the peninsuia of Kanin. at 68° N . 
lat .. and of the New-Siberian Islands and the Arctic-American Island of 
North-Devon. at 75° N . lat. The general hot climate throughout the 
period appears moreover from the cosmopolitan character of the faunas. 
In the Southern Hemisphere the Graptoliths in the South-Orkney Islands. 
found at 61 ° S. lat., bear witness to the same facto 

Also in the Devonian formation reef corals are found inside 
the Artic circle. The Upper Devonian floras of Ellesmere Land as weil 
as of Bear Island at 78° N. lat. give evidence of the great uniformity 
of the vegetable world of the time. Likewise the marine Devonian fauna 
of the Falkland Islands and the Cape show the more uniform distribution 
of heat. 

That the luxuriant Carboniferous flora. which is very uniformly of character 
over the whole Earth. must be considered as a lowland flora of a moist warm. 
i.e. tropical climate. appears beyond all doubt. In Spitsbergen reef corals 
are found in the Upper Carboniferous (chronologically equivalent to our 
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coal-measures). and in the Lower Carboniferous of this group of islands 
and of Greenland. here even at 81 0 N. lat .. the same flora as was 
widely spread at much lower latitude. 

The Permo-Carboniferous Glossopteris flora of the Southern continents 
and India. which was found at 51 0 S. lat. as far as the Falkland 
islands. and in thE' Antarctic continent at 85° S. lat.. i.e. fiv ede 9 ree s 
from the pole. but also in Mongolia and China. and mixed with the 
northernhemispheric Permian flora. in Siberia and N orth Russia (at 
61 0 N. lat.). had likewise the character of a flora of a hot and humid 
climate. as was recently set forth by GOTHAN I). This mayalso be 
derived from the fact that it occurs mixed with the Lepidodendron flora 
in South America and South Africa. 

In the Triassic formation of Alaska the same fauna of reef-corals oecurs 
at 600 N . lat. as in California at 41 0 

1/ 2 N . lat.. and in the Alps up to 
450 N . lat. 

Among the most reliable palaeontological evidences of a tropical 
climate are large forms of Reptiles. As cold-blooded animals the Reptiles 
are entirely dependent on the temperature of their surroundings as regards 
metabolism and consequently in all their functions. For this reason their 
life is minimum in our winter; in recent times only smaIl forms. 
which can hibernate hidden. can exist at high geographicallatitude. The 
general presence at high geographical latitudes of large Theromorpha in 
the Upper Carboniferous. the Permian and the Triassic formation. of large 
Dinosauria throughout the Mesozoic era. from the Triassic up to the upper 
Cretaceous formation. prove with perfect certainty that the climate there 
was without any winter. i.e. tropical. 

In the Permian period th ere lived in Russia. at 61 0 N. lat.. large 
Theromorpha (Pareiasaurus. Inostranzewia and others) which were closely 
related to South African forms. belonging to a widely-spread fauna found 
also in India. Europe and North America up to the Triassic period. 

Toa hot climate at high geographical latitude point also the large 
Stegocephalic Amphibia in the Triassic formation of Spitsbergen. 

Already in the Triassic period there existed large forms of Dinosauria 
in North America up to at least 430 N . lat.. in Europe up to at least 
53 ) N . lat.. in South Africa. India. Australia. Large Dinosauria also 
occur in the Jurassic formation of North America. Europe. South Africa. 
The time at which these landreptiles really flourished is. however. the 
Cretaceous period. From the beg inning till the end of this period there 
existed the rich fauna of gigantic Dinosauria in North America and 
East Africa. in India. Central Asia. and Europe. as weIl as in South 
America and Australia. We know it of Sl o N.lat. in Canada. of 700 N . lat. 
in Greenland. of SI o N. lat. in Belgium.. of 450 N. lat. in Mongolia. 
and of 39' S. lat. in North Patagonia. That of East Africa (Tendagu-

I) W . GOTHAN. Palaeobiologische Betrachtungen über die fossile PBanzenweit. Berlin 1924. 



589 

ru). at 10' S. lat .. presents close resemblance to the famous fauna of the 
Como beds of North America. Compare Kentrurosaurus with Stegosaurus!. 

The flora of the Jurassic is more uniform than that of any other 
period. On the east coast of Greenland. at 70° N. lat. . it had the same 
tropical or sub-tropical character as in England at 54° N . lat.. and of 
the species of Ferns. Equisetaceae and Cycadeae found in West Ant­
arctica at 63° IS' S. lat. . at least as many occurred also in Europe as 
in India. 

Also the angiospermian Cretaceous flora of the west coast of Green­
land had a sub-tropical character at 70° 1/2 N . lat. ; it shows to be allied 
to the Dakota-flora of western North America known to beyond 56° N . 
lat.. which for the greater part resembied the hot-temperate angiosper­
mian Cretaceous flora of South Patagonia at 51 ° S. lat. 

Coral reefs of the Jurassic period are known in Europe up to 52° N . 
lat .. in North America to 38° N . lat .. and in South America to 40° S. 
lat. Those of the Cretaceous formation reach 47° 1/2 N. lat. in Europe. 

Important indications of a formerly hot c1imate are also given by 
fossil Palms. The general boundary lines of the present palm zone do 
not extend further than 38° N . lat. and 32° S. lat. ; only a single palm 
species in the Pacific islands is found as far as 45° distant from the 
equator. The Middle Eocene flora of South England at 51 ° N. lat. 
contains a number of palm species. This flora presented on the whoie. 
according to GARDN ER. the appearance of the forests in the Malay Ar­
chipelago and tropical South America. The Middle Eocene flora of 
North America at the same latitude gives evidence of a much less 
hot c1imate than there. lt contains but few palms. a deviation of the 
same nature as in the present temperatures of those places. At 
present the ave rage temperature there in North America is in January 
15 ' C. and in J uly 6° lower than in South England. The Eocene num­
mulites. which bear witness to the presence of hot sea-water. reached 
Zeeland in Holland. Sou th England and even Bremen (53° N . lat.). 
The Eocene marine flora of Alaska (at about ten degrees higher latitude) 
was. indeed. only subtropical. In the Oligocene period coral reefs lay 
off the north and the south borders of the Alps. and as late as the 
Lower Miocene the tree flora of Europe contains some palm species by 
the side of a diminished number of other tropical forms to beyond 
50° N . lat . 

. On the Pacific coast of North America. from Oregon northwards. 
only a cool-temperate c1imate prevailed in Miocene times. This difference 
in temperature between North America and Europe compared with the 
Arctic regions. which is constantly met with. corresponds to the present 
distribution of heat. and unless a consequence of a more America, ward 
position of the North Pole. it might be caused. just as at present. by 
hot North Atlantic ocean currents. which. undoubtedly. had preponder­
aHng influence in the Pliocene period. 

39 
Proceedings Royal Acad. Amsterdam. Vol. XXVIII. 
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The Arctic Tertiary floras. famous by the work of HEER. and now 
almost universally placed in the Eocene. have already long been consi­
dered of great significance for the palaeothermal problem. The most northern 
finding places are Grinnelliand at 81 ° 45' N. lat. and Spitzbergen at 78° 56' 
N . lat. The richest finding-place lies on the west coast of Greenland. at 70° 
N . lat. Such floras of from uniformly temperate to a hot-temperate 
climatic character are now-a-days found 20 to 30 degrees more south. 
An equally mild climate as that of Greenland at 70-' N . lat. must have 
been that in which existed the Eocene flora of Alaska between 55° 
and 62° N . lat. On the other hand. judging from the fossil flora. the 
Miocene climate of Japan. at about 33° N . lat .. was slightly cooler than 
its present climate. But this seems to be compatible with a circumpolar 
hot condition. when by strengthening of the hot North Atlantic ocean­
currents. the Arctic lowlands. especially in winter. were favoured. and 
Japan. in consequence of a more pronounced monsoon climate. in winter. 
was in a less favourable condition as regards heat. 

In the Southern Hemisphere the fossil flora of Coronel in Chili. which 
is Lower Miocene or older according to Berry. bears the character at 37° 
S. lat. of a tropical rain-wood flora . At present the temperature is there 
on an average 15° C. in January and 10° C. in July. The Eocene flora 
of the northern island of New Zealand. at about the same latitude. is 
described as only temperately-subtropical. The present temperature 
is there almost 20° C. in January and 10° in July. The formerly 
more favourable thermal condition on the coast of Chili than in 
New Zealand may probably be explained by the at the time less 
cold polar current along this coast. as a necessary consequence of a 
general pliothermal condition. The so-called Fagus flora of the reg ion 
round the Strait of Magellan. between 51 ° and 53° 1/ 2 S. lat .. which 
was hesitatingly placed in the Lower Miocene by D US ÉN. suggests 
a formerly hot-temperate. and in opposition to the present. a humid 
climate. In our times ' it is much cooler there. the average temperatures 
being 10° C. in January and 5° C. in July. Of the highest southern 
latitude is .. the fossil flora of Seymour-island in West Antarctica. at 
64°15' S. a place now buried under ice. which flora was placed in the 
Tertiary by DUSÉN. lt gives evidence of a subtropical climate. These 
South-American and Antarctic floras are considered as Plistocene by 
IRMSCHER I) in connection with the hypothetical place of the pole 
according to WEGEN ER. The subtropical Seymour flora th en remains. 
however. at at least 50" S. lat. WEGENER himself places it at 45° S. lat. in 
the Upper Tertiary. If the indeed not sharp. but at any rate older 
estimations of the geological age of these floras by BERRY and DUSÉN 
are accepted. they fit into the frame of the Tertiary floras of the Northern 
Hemisphere. which bear witness to a hotter condition throughout the 

I) E . IRMscHER. PBanzenverbreitung und Entwicklung der Kontinente. Hamburg 1922 
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Boreal Earth, with temperatures diminishing from the beg inning to the 
end of the Tertiary era. Disturbances in the zonic climate system, as in 
Europe through hot ocean-currents, in Japan through the monsoon­
climate could locally retard or accelerate the, on the whole gradual. 
cooling, in the former case cause the temperatures even to ri se above 
the earlier ones, in the latter case cause them to fall below the present 
ones. T 0 the latter the Miocene glacial deposits in Alaska seem also 
to testify. 

Of the orders of Reptiles extant af ter the Mesozoic era large forms 
are now-a-days found only in hot climates, at low geographical latitude. 
In the Tertiary of Europe Crocodiles and large Tortoises - not seldom 
of genera identical with those living at present - and also large Snakes 
are met with at high latitude. Thus Tomistoma, the Malay Gavial. up 
to 48°10' N . lat. in the Miocene of Lower Austria, a gigantic Testudo 
as far as 42 )1/ 2 N . lat. in the Pliocene of South France, large Pythonides 
in the Eocene of England, Belgium, France, Switzerland. In North 
America, on the other hand, Alligator is found only 5 degrees more 
northern than at present, in the Lower Pliocene of Nebraska, a little 
above 40 0 N . lat. 

In the Miocene of Central France (Allier) a Parrot was found of the 
present tropical African genus Psittacus. 

Anthropoid Apes are found in the Miocene and earliest Pliocene of 
Europe. The best-known are the large Dryopithecus and the small 
Pliopithecus. Dryopithecus was found in the south and the south-east 
regions of France up to 45°1

/ 2 N. lat., also in Spain, on the southside 
of the Pyrenees at 42°20' N . lat., in Upper-Swabia at 48° N . lat. and 
with Pliohylobates in Rhine-Hessen at 49°40' N. lat. Pliopithecus is 
known from south, south-east and central France up to 48° N. lat., 
from northern Switzerland ad 4TI /2 N. lat. , from Upper-Swabia at 
48°1

/ 2 N . lat., from Styria at 47°1
/ 2 N. lat., and from Silesia (Oppeln) 

at 50' 40' N . lat. As all present-day Anthropoid Apes are confined to 
the tropical rain-wood zone, the sm all forms (the Hylobatides) are met 
with only at a latitude 25 ° degrees lower in Burma, and the large forms 
in Sumatra, Borneo, and in Africa are found only to 5 degrees distant 
from the equator, it may be assumed that the Miocene and Old Pliocene 
climatic condition in the regions of Europe ag reed with that in the 
present tropical rain-wood zone. Certainly the occurrence of a number 
of large Anthropoid Apes, among others Dryopithecus-species, in the 
Siwalik beds of the same time, to 33° N. lat., point to a climatic condition 
as is now-a-days to be found only at a few degrees' distance from 
the equator. The same may be said of the South African Australo­
pithecus, which was found at a distance from the equator 23 degrees larger 
than the Gorilla and Chimpanzee of these times, to which this fossil. 
probably Lower Plistocene Anthropoid Ape is certain.Jy closely allied. 

Homunculus, an Ape of the family of the Cebidae, which family is 
39* 
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now~a~days confined to the tropical rain~wood zone of America. was 
found in the Upper Miocene of Patagonia. at 500 S. lat .. hence its 
testimony goes to prove the same. 

Of the family of the Cynopithecidae only a single species hardly 
reaches. under particularly favourable circumstances (in Japan). the 41 st 

degree of latitude. but in the Lower Plistocene (or Upper Pliocene) of 
Europe representatives of this family are found in different places of 
higher geographical latitude (in South France. Hungary. Wurtemberg. 
England). The most northern finding~places are the Heppenloch at 
Kirchheim in Wurtemberg. at 48 40' N . lat .• and the Cromer Forest~ 
Bed. at 52 ~ 1/2 N . lat. In those times Hippopotamus in Europe was 
found to beyond the 50th degree of latitude (Cromer. Tegelen). 20 degrees 
more to the north than it lived in historical times (in the Nile delta 
and the Jordan valley). 

In the same way the Lower Interglacial fauna and flora of Tegelen. 
which may be referred to the upper Pliocene. at 510 20' N. lat.. and 
the rich Megalonyx~fauna. which is met with in the Lowest~. Pliocene or 
Aftonian Interglacialof North America. to 41 0 N. lat .. testify to warm~ 
tempera te. humid climates. 

Af ter this time it has never been considerably hotter anywhere at 
higher geographical latitude. than at present. It had generally become 
50 much cooler here that with slight intermittant fall of the temperature. 
which also manifests itself in earl ier formations. glacial periods could 
now begin to interchange with interglacial times. Before the Upper 
Pliocene. unless it be in the Miocene of Alaska and possibly Northeast 
Siberia. no traces of such an alternation of glacial and interglacial periods 
with comparatively small differences of temperature. are found. eVidently 
because then it was still too hot on our plan et for this. 

To this short enumeration of some of the surest palaeontological pro.ofs 
of a formerly warmer climate at high geographicallatitude a ge 0 log i c a I 
testimony may be added. i.e. the occurrence in old formations of such 
products of weathering as laterite and beauxite. The Plistocene or older 
laterite in the Kalahari of South Africa. probably also the laterite of 
West Australia. the Cretaceous beauxite of South France. the Pliocene of 
the Vogelsberg in Germany and the Eocene of Antrim in Ireland testify. 
like the beauxite of Alabama in North America. to a former tropical climate. 

Of equally great significance in the palaeothermal problem as the 
palaeontological proofs of former hot ter conditions at high geographical 
latitude are the geological proofs of former cold conditions at compara~ 
tively low geographical latitude. the palaeozoic and proterozoic ground 
moraines or tillites. We know most about the Permo~Carboniferous "Ice 
Age". the glaciation of South Africa. India. Australia. and South America 
which took place at the transition of the Carboniferous in the Permian 
period. This glaciation has been proved with as much certainty -
especially through polished and striated rocks under the tillites which. shown 
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by MOLENGRAAFF in South Africa for the flrst time with certainty. have 
now been found everywhere - as the Plistocene glaciation of Europe 
and North America. South America. Australia. Tasmania and New­
Zealand. In some places viz. in New South Wales and West Australia. 
in North India and South West Africa, glacial deposits were formed in 
the sea by floating ke. 

In Sou th Africa the traces of this Permo-Carboniferous "lee Age" are 
found from 33c 1/2 S. lat .. in Cape Colony, to 8° S. lat .• in Katanga I); 
in India from 20'" N . lat. . in Central India. to 32° 1/2 N. lat., in the 
Salt Range; in Australia from 21 ° S. lat .. in Queensland. to 43° S. lat .• 
in Tasmania; in South America from 23° S. lat .. in Brazil. to 52:> S. lat .. 
in the Falkland Islands. 

The great prevalence of its ground-moraines does not distinguish the 
Permo-Carboniferous glaciation from the Plistocene. for this extended 
in the Cordilleras of Sou th and Central America over 70 degrees of latitude 
and in fact over all the continents at the same time. But in contrast 
to the Plistocene the Permo-Carboniferous glaciation seems to have no 
bipolar character. for in the Northern Hemisphere unmistakable and 
extensive Permo-Carboniferous traces of ice have not been found except 
at comparatively low latitude. only in and near India. At any rate the 
extension in the Northern Hemisphere was comparatively restricted. 
Nor is a shift of the pole conceivable with the present situation of the 
continents. through which bipolarity of the known Permo-Carboniferous 
ice-traces would be obtained. Besides the general direction of the 
movement of the ' ice-sheets in South Africa is towards the South pole, 
in Australia and India away from the pole. hence at least partly inde­
pendent also of the South pole. even if its position had been different. 

It is further in contrast to the Plistocene glaciation that most traces 
of the Permo-Carboniferous ice age occur at c 0 m par a t i vel y I 0 w 
1 a t i tud e ; even the marine glacial deposits are found at only about 
33°. in India north of the equator and in Australia south of the equator. 
and at 27° S. also in South Africa. 

Still in another respect does the Permo-Carboniferous glaciation greatly 
differ from the Plistocene, i.e. in this th at the climatic character of the 
fossil flora immediately under and above the tillite and wh ere two 
successive ground-moraines are found. in New South Wales. also 
that of the interglacial flora . presents mor e 0 r 1 e s s a t rop i cal 
hot. not 0 n 1 y tem per a t e 0 rat mos t hot tem per a t e 

I) It has not been established beyond doubt that the tillite of Katanga is equivalent to 
the Dwyka tillite. possibly it is older. There is still less certainty about the age of the 
tillite found by KOERT in Togo. at 7° N . lat. That discovered by BALL and SHALER in 
the upper river basin of the Kongo. between 3° and 5° S. lat. is without doubt Triassic. 
Possibly some of the tillites found at very low latitude are the ground-moraines of local 
old 9 I a c ier s. (Cf. E. HENNlG In : Geologische Rundschau. Band VI. p. I Si. (Leipzig 
1915)). 
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c har act e r. EVidently the glaciation in the Permo~Carboniferous period 
cannot have been the consequence of a few degrees' lowering of the 
general temperature. as in the Plistocene period. 

From the fact that everywhere the Glossopteris flora appears af ter 
the Permo~Carboniferous glaciation. while in Australia and South Africa 
the Carboniferous Lepidodendron flora preceded this glacial period. it 
was. indeed. inferred that the new flora arose under the influence of the 
cold. aIid being adapted to cold. replaced the thermophile Lepidodendron 
flora . But this view must be relinquished now that the Glossopteris flora 
has been found in South Africa also u n der. even in the Dwyka tillite. 
and immediately ab 0 v e this Permo~Carboniferous ground~moraine. just 
as immediately above the Orleans tillite of South America (Brazil). a 
m i x e d Glossopteris~Lepidodendron flora . A fact of the same signi6cance 
is the mixture of the Glossopteris flora with the flora of the Siberian 
and N orth Russian U pper Permian testifying to heat. together with 
which flora large Theromorphous reptiles lived. Nor have traces of ice 
been found th ere anywhere. Besides the plants of the Glossopteris flora 
are partly huge trees. partly large~leaved herbs; with GOTHAN it may 
be assumed that this flora physiognomically certainly did not present any 
differences worth mentioning from the Permo~Carboniferous flora of the 
Northern Hemisphere. Hence the Glossopteris flora did evidently not 
arise under the influence of glacial cold ; on the contrary. it required 
heat. like the Lepidodendron flora. 

But while these latter lowland floras existed under high temperatures. 
the immense ice~masses which transported the material of the Permo~ 
Carboniferous tillites. were accumulated in the mountains. 

There have been found convincing proofs of some glacial periods 
older than the Permo~Carboniferous one. In Sou th Africa the existence 
of a lower Devonian tillite at Griquatown at 29° S.lat.. and of a Silurian 
or Cambrian (perhaps even Algonkian) tillite at Clanwilliam at 32° S.lat .. 
and at Capetown at 34° S.lat.. established by ROGERS and others. 
According to H OL TEDAHL the tillite discovered by REUSCH at 70° N.lat. 
on the Varangerfjord. in the most northern part of Norway. is Lower 
Silurian and was probably supplied by alocal glacier. The Arctic seas 
of the whole Silurian period were. however. undoubtedly hot. Upper 
Algonkian tillites have been found in China on the Jangtsekiang at 
31 ° N.lat. by BAILEY WILLIS. and in Sou th Australia at Adelaide at 
35° S.lat. by HOWCHIN. The very extensive tillites in the Canadian 
province of Ontario between 46° and 50° N .lat. discovered by COLEMAN 
are dated in the Middle Algonkian period. Still perhaps somewhat 
doubtful is the Permo~Carboniferous glaciation discovered by WEIDMAN 
in Oklahoma at about 34° 1/2 N . lat. Also the Permo~Carboniferous 

tillite of Boston at 1/2 42 ' N.lat .• described by SAYLES. 
Of a more local character is probably the Triassic tillite discovered 

by BALL and SHALER in Centra I Africa. between 3° and 5° S.lat. 
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On the ground of all this evidence it may be assumed that during 
the Proterozoic and Palaeozoic eras. which judging from the lead~content 
of uranium minerals may be estimated at from three to four times the 
whole later geological time. at least now and th en the conditions were 
present for ex ten s i ve accumulation of ice in the mountains. which 
conditions were absent thereafter. In view of the spa ce of time they 
occupy. these events constitute a very important side of our problem. 
which might make us inclined to con si der the condition in that long space 
of time as "normal" and miothermal (Iess hot), just as the present and 
Plistocene condition. in contrast to the Mesozoic~ Tertiary "abnormal" 
and pliothermal (hotter) interval. in which no ex ten s i v e glacial traces 
were found. We might also think of such very long pliothermal times 
as the latter. occupying from a fourth to a third of the whole space of 
time. in the Proterozoic and Palerozoic eras. interglacial periods of the 
highest order. which have alternated with the glacial periods. proper. 
Judging from the best documented of these latter. the Permo~Carboni~ 
ferous glacial period. pliothermal conditions were. however. present also 
then even in the neighbourhood of the ice. The circumstances that have 
led to ice accumulation in the Permo~Carboniferous period must at all 
events had been entirely different from those in the Plistocene~period. 
This renders it impracticable to continue the line from those earliest 
c1imatic conditions to the present times. 

But still many geologists see no essential difference between the Permo~ 
Carboniferous and the Plistocene glaciation. Both events are considered 
to be caused by an extension of a niveous polar c1imate on to the rainy 
reg ion of a tempera te zone, in consequence of an only slight temporary 
lowering of the temperatures during a miothermal condition already 
existing over the whole Earth. WILHELM RAMSAY 1) and others have 
rendered it plausible that miothermal times are periods of vigorous 
mountain formation. in which extensive parts of the Earth's crust are 
raised to a considerable height. which th en cause the mean temperature on 
the Earth to fall through stronger loss of heat by radiation. lively vertical 
circulation in the atmosphere and increased condensation of water vapour. 
Such a miothermal period is the time in which we live. Anorogenetic 
periods. as the whole Mesozoic era. with lower and levelled continents 
and mountains. were, on the contrary. pliothermal times. Then glacial 
deposits were formed nowhere. not even at high latitude. 

However the variations of the assumed conditions of heat on the 
Earth and those of its relief do not a I w a y s run parallel. The climatic 
mechanism described by W. RAMSAY can. evidently. be suppressed by 
more powerful factors thaIi an elevated or low relief of the Earth. In 
an "anorogenitic phase" the Lower Silurian tillite on the Varangerfjord 
was deposited. the Lower Devonian in South Africa. the Triassic in 

1) WILHELM RAMSAY, Oro;}enesis und Klima. Helsingfors 1910. 
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Central Africa. On the other hand the orogenetic Tertiary period was 
not miothermal. and it is inconceivable that millions of years of oroge~ 
nesis were required for the development of the Plistocene miothermal 
effect. Besides. if there is a foundation of truth in the contraction theory. 
which is too much neglected at present. the relation between orogenesis 
and climate may possible be opposite to what RAMSA Y and others sup~ 
pose it to be. and the long Mesozoic anorogenetic phase may be the 
result of the universally ackowledged pliothermal condition of that time. 

Apart from the "generally hotter or less hot conditions" on the Earth. 
we have apparently only to do with another localisation of the same 
climatic types as those existing at present. In fact the characteristics of 
these are absent in none of the geological formations considered here. 
- with the exception of glacial deposits in the Jurassic, the Cretaceous. 
and the greater part of the Tertiary periods. Besides the characteristics of 
a hot climate at high latitude and of accumulation of ice at compara~ 
tively low latitude. also those of the dry regions are found in the different 
formations ; deposits of rock~salt. gypsum. desert sand. far from the 
places were they are found in recent times. They are all geographically 
distributed quite differently from the present distribution. 

Was this distribution in every geological formation. not quite irregular. 
af ter all. and possibly a n alo 9 0 u s to the present distribution of the 
types of climate? 

A priori it seems that the answer to th is question can only be affirm~ 
ative. In virtue of the spheroidal shape of the Earth the heat received 
from the Sun by any point of itssurface must always have been function 
of the geographical latitude. Hence not even in the hottest geological 
period can a perfectly uniform climate have prevailed over the whole 
Earth. There must always have existed a system of cl i mat i c zon e s 
analogous to the present one with anomalies of a corresponding nature 
as in the present climatic system. which are to be attributed to the 
distribution of water and land. the height of the land, and the presence 
of meridional mountain~chains. In this the Sun. practically the only source 
of heat of the Earth ' s surface. is assumed to be i n var i a bie. T 0 

account for the constantly modified localisation of the climate types it 
is then natural to assume dis placement of the equator and the pol es 
during the whole geological past. Under for the rest equal telluric cir~ 

cum stances. as considered by RAMSA Y, and taken in general. the climatic 
zones must have been distinguished from each other th en in the same 
degree and the irregularities of the zonic system must have been com~ 
paratively as sm all as they are at present. 

W. KÖPPEN and A. WEGENER ') see the climatic conditions of the 
geological past from this point of view. considering them in the light 
of WEGENER's hypo thesis of the continental drift. On the maps of the 

') W . KÖPPEN and A. WEGENER. Die Klimate der geologischen Vorzelt. Berlin 1924. 
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world glVlOg the different geological formations constructed by WEGENER. 
are indicated in the flrst place the two dry climatic zones. necessarily 
to be expected at about 30° then northern and southern latitude. from 
the deposits of rock-salt. gypsum. and desert sand. and between them 
the large circle of the equator is traeed. along which the coal is situated 
of the equatorial rainy zone. Outside the dry regions are found the rainy 
regions of the temperate zone equally characterized by coal deposits. 
The ground-moraines of a niveous polar climate are of ten absent. A 
glacial period can certainly. in KÖPPEN and WEGENER's opinion. be 
suppressed by extensive transgressions in the polar region. It may. 
however. be stated. that for a con tin ent as Antarctica with the earlier 
annexes the required extensive covering with water is always improbable. 
Besides they assume the polar climate to have been comparatively mild 
during the Mesozoic and Eocene time. This. like other "disturbances" in 
the climatic system of their maps is chieAy ascribed by them to the 
varying distribution of land and water. and the ocean- and air-currents 
dependent on them. They now see the situation of these climatic zones. 
which have been thus empirically determined. change from formation to 
formation. The pol es have. therefore. shifted. though only within certain 
narrow limits. and the continents have drifted. Hence the history of 
the climate of a place is very nearly the history of its position with regard 
to the pole and the equator. 

KÖPPEN and WEGENER consider that in this way they have shown 
systems of climatic zones. in main lines equal to the present system and 
with irregularities of the same nature. for all formations from the Car­
boniferous to the Plistocene. For the Quaternary period the shift of the 
poles accounts for the lee Age. but they ascribe the alternation of glacial 
and interglacial periods to the secular variations of the eccentricity. the 
perihelium. and the obliqueness of the Earth's orbit. with which the 
solar radiation received by the Earth varies and in consequence the 
summer heat. 

They consider the Sun itself as a souree of heat constant throughout 
the whole geological past up to the present time. Already on account 
of an earl ier greater "solar constant" their explanation of the varying 
distribution of the climatic types would call for a modiflcation. in as 
much as disproportionately more heat than at present was transported 
from low to high latitudes with the then greater atmospheric circulation 
and sea currents. But when besides the greater energy of solar radiation 
had another spectrum maximum. the heat received by the Earth might 
have been distributed more uniformly or less uniformly over its surface 
than at present on account of the different behaviour of the atmosphere 
and the hydrosphere of our planet towards solar radiation of different 
wave length. Then also the difference of temperature between high and 
low might have been smaller or greater. and the "disturbances" might 
in general have been comparatively smaller or more important than at 
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present. Moreover with very considerable apparent size of the Sun. the 
heat directly received at any pi ace of the Earth will. according to 
BLANDET' s hypothesis. have been less dependent on the geographicallatitude. 

Under certain states of evolution of the Sun. in which it possibly 
may have been in the geological past. the climatic zonic system may. 
therefore. have been less pronounced. and th ere may have been disturb­
ances of more importance than at present. If the Sun's radiation itself 
has changed during the Earth 's past. the history of the climate of a 
place is not chiefly the history of its situation with respect to the equator 
and the pole. plants and animals of a hot climate may have lived at 
comparatively short distance from a former pole and also from highlands 
covered with ice. and ice may have been accumulated at comparatively 
low latitude. isolated. and without polar connection. 

Actually the following floras and faunas testifying to a hot climate 
existed at high latitudes on KÖPPEN and WEGENER's maps. also when 
there was ice at those places : 

The prae-, inter-. and postglacial Permo-Carboniferous flora in South 
Africa at 70° to 80° S. lat., in Australia at 70° S. lat., in South America, 
in the Falkland-Islands. and in the Antarctic continent between 60° and 
70° S. (Gangamopteris was also found in the Dwyka tillite). 

The Permian large Theromorphous reptiles : Pareiasaurus. Dicynodon 
and others in South Africa at 55° to 60° S. lat. (Their nearest relations 
lived at 30° N . lat. in N orthern Russia. like other Theromorpha : Dime­
trodon. Naosaurus and others in Texas. The fresh-water reptile Mesosaurus. 
which is indeed only 70 cm. long. is found immediately on the Dwyka tillite). 

The Triassic reef corals in California and Oregon near and beyond 
60° N. lat. to Alaska at 75° N . lat. 1) . 

The Triassic large Theromorpha : Cynognathus and others in South 
Africa at 60° S. 

The Lower Jurassic large Dinosauria in South Africa at 60° S. lat. 
The Jurassic flora in West Antarctica at 68° S. lat. 
The large Dinosauria of the Lower Cretaceous T endaguru fauna in 

East Africa at 53° S. lat. 2) and the closely allied Como fauna of the same 
time. and also the Upper Cretaceous large Dinosauria in North America 
at about 45° to 50° N . lat . 

The Upper or Middle Cretaceous large Dinosauria in North Pa tag on ia 
at 60° to 70° S. lat. 

The Under Cretaceous flora of Uitenhage in South Africa at 67° S. 
lat. and the Upper Cretaceous flora in South Patagonia at about 65° S.lat. 

The Eocene hot-temperate leaf-tree flora in Alaska at 60° to 70° N. lat. 
The probably Tertiary hot-temperale Fagus flora of the reg ion about 

1) In KÖPPEN and WEGENER's text p . 63. Triassic coral reefs in Oregon erroneously 
at "fast 40°". 

2) In KÖPPEN and WEGENER's text p. 92 "daroals 35° S .... propably printer's error. 
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the Strait of Magellan at 60° to 70° S. lat. (if however Plistocene at 
only about 30° S. lat.) and the probably Tertiary subtropical flora in 
Seymour island at 70° to 75° S. lat. (if Plistocene yet higher than 50° S. lat.) . 

The Eocene nummulites in the northern part of Madagascar to 
67° S. lat. on the west coast. 

The Miocene and Lower Pliocene Anthropoid Apes in Europe: Dryo­
pithecus and Pliohylobates to about 37° N . and Pliopithecus to about 
38° N . 

The Upper Miocene Santa-Cruz fauna in Patagonia with Homunculus 
and Nesodon and others at at least 50° S. lat. 

The Pliocene (or Lower Plistocene?) marine warm-water fauna of 
Nome in Alaska at at least 67° N . lat . 

The Upper Pliocene (= Lower Plistocene) flora and fauna of Tegelen 
at 57° N . lat. and the simultaneous fauna of Cromer at 59° N. lat. 

The Upper Pliocene (= Lower Plistocene) Megalonyx fauna in North 
America to 65° N. lat. 

This palaeontological evidence. which might easily be added to. may 
suffice to prove that the shift of the poles and the drift of continents 
alone are not sufficient to solve the palaeontological problem. KÖPPEN 
and WEGENER acknowledge this for the Mesozoic and Eocene periods. 
but it applies equally weil to the Palaeozoic and the Neogene period. 

At comparatively low latitudes of KÖPPEN and WEGENER's maps ice 
is actually found accumulated outside polar connection. The Triassic 
tillite discovered in Central Africa between 3° and 5° S. lat. lies. on 
their map. at 38" S. lat.. i.e. at a greater distance from the Triassic 
pole and too much isolated to have arisen through polar cold c1imate. 
The same thing holds for the Boston- and Oklahoma tillites. which 
however perhaps somewhat dubious. lie at about IS" N . lat. and 
22 ' N . lat. with regard to the Permo-Carboniferous north pole. Nor do 
the directions of movement of the Permo-Carboniferous ice-sheets in 
South Africa. which are independent of the hypothetical Permo-Carboni­
fe rous (and the present) south pole. testify to polar glaciation. If circum­
polarly glaciaI. the Upper Algonkian tillites on the Jangtsekiang would 
require much greater displacement of the pole than KÖPPEN en WEGEN ER 
assume from the present to the Carboniferous period. From the Cretaceous 
to the Carboniferous period. this point always was under or close to the 
equator of their maps. 

However meritorious in details. the hypo thesis of the shift of the 
poles and the drift of the continents. therefore. leaves the palaeothermal 
problem at bottom for the greater part unsolved. As further all the other 
attempts at telluric explanations have proved inadequate. as far as the 
essential part of the problem is concerned. the solution apparently must be 
found in the changes indicated above. of the quantity and the quality 
of the energy radiated by the Sun. in its evolution. to our planet. during 
the geological time. The successive genesis of the geological formations 
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and the development of the vegetable and the animal world on the 
Earth must th en have kept pace with th is evolution. 

According to the giant and dwarf theory of stellar evolution drawn 
up by HENRY NORRIS RUSSELL in 1914. the principle of whieh had 
already been acknowledged by EJNAR HERTZSPRUNG in 1905. who also 
introduced the names of "giants" and "dwarfs" .our Sun at first was in the state 
of a giant star of great dimensions but slight density. of rising temperature 
and with a maximum of the energy of radiation and colour shifting from 
red to yellow and further in the spectrum. Af ter a certain maximum 
of temperature and certain smallest wave~length of maximum energy 
of radiation in the spectrum had been reached. the Sun entered 
the phase of a shrunken but dense dwarf star of descending temperature. 
The maximum of the energy of radiation in the spectrum and the colour 
now shifted in the opposite direction. towards the red. so that our 
yell ow dwarf sun has passed its present temperature and spectral stage 
al ready once. viz. as a giant ' star. In the giant stage the dimensions 
gradually diminished, but at the same time the temperature rose so that 
the total intensity of radiation remained the same throughout this whole 
phase. In the dwarf stage. on the other hand. the Sun became smaller 
with descending temperature. so that the total intensity of radiation 
steadily diminished. 

The highest temperature reached in the giant phase and the smallest 
wave~length of the maximum of radiation in the spectrum reached 
corresponding to it. depends on the mass of the star. The maximum 
temperature is comparetively low in a scarcely middle~sized star like the 
Sun. and the displacement of the maximum energy of radiation in the 
spectrum from the red. has been comparatively small. At present the 
Sun is in the condition of a yellow dwarf star. in the middle of the 
G~class of the Harvard~classification. and its effective temperature is 
about 5900° abs. The temperature maximum at the transition from the 
giant~ to the dwarf phase was calculated at 6600° abs. by EODINGTON 
(1922). It may have been still less high. At such a maximum temperature 
the Sun as giant star has probably never reached the stage of the 
F~class. With the Harvard classes A and B following in the 
ascending series of the temperatures. this belongs al ready to the First 
class. of the "White Stars". according to the earlier classification of 
SECCHJ. During its giant phase the Sun first belonged to the M~class. 
corresponding to the Third class. of the "Red Stars" of SECCHI. then to 
the reddish yell ow K~stars. ""hieh with the G~stars constitute the Second 
class. of the "Yellow Stars" in the earlier classification. and to all the 
Iransitions between the M~ and the K~stage and between the K~ and 
the G~stage. till the highest point of the giant phase above the G~stage 
was reached. According to WIEN's law a displacement of the maximum 
of energy in the spectrum to a wave~length about 0.9 times the value 
from about 570 ftft in the yellow to 510 ftft in the green corresponds 
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to a change of temperature from 5900° ot 66000 
, and according to 

STEFAN'S radiation law a total intensity of radiation al most one and a 
half times the value I). But these are probably ex trem es. If the maximum 
of the temperature in the Sun's evolution curve lay close above the 
G-points, the total intensity of radiation in the giant phase was not 
m u c h greater than in the present condition of the Sun, and the spectral 
radiation has changed only little since the highest temperature had been 
reached. 

The views about the sources of the stellar energy of radiation and 
the cause of the change of the giant phase into the dwarf phase, hence 
about the internal nature of stellar evolution, have undergone important 
modifications and extension since the new theory was drawn up, especi­
ally of late years, through the work of EDDINGTON, JEANS and others, 
and chiefly in connection with the results of modern physics. These 
views themselves are still in a state of evolution, but to all probability 
the conception of the co u r s e of stellar evolution, which we owe to 
HERTZSPRUNG and RUSSELL, will remain unaffected. 

Por the Sun's evolution ages are calculated hundreds of times greater 
than the geological past considered here. It seems, therefore, to be 
entirely inadmissible to connect this evolution with the palaeothermal 
events discussed in this communication. But in the calculations of the 
Sun's age there is still so much uncertainty, chiefly on account of in­
suf/kient knowledge of the internal nature of stellar evolution, that the 
pos s i b i I i t Y at least remains that the whole or a large part of the 
giant phase of the Sun and the part of its dwarf phase passed through 
up to now, coincide with the geological time 2). This possibility becomes 
pro b a b i I i t Y when we consider the palaeothermal problem in the light 
of the giant and dwarf theory. 

If it is an established fact that the Sun was still a giant star compar­
atively shortly ago, it must have passed the greater part of its past as 
a reddish yell ow giant star of the M- and K-classes. The total radiation 
was then greater, just as in the whole giant stage, but not very much 
greater than the present radiation, but the maximum of energy lay in 
or near the red, and on the whole the radiation was of greater wave­
length than at present. Besides the volume was really gigantic, especially 
in the M-stage, and the apparent size very considerable. 

The long time of the Sun' s past as much less hot red or reddish 
giant star, or at least a large part of it, may be considered in connection 

I) According to the same law about 350 C. (against 30 C. now) is found for the Earth's 
mean effective temperature under the hottest sun, ceteris paribus. The calculated tempera­
ture at the surface of the Earth would have been still higher. The real temperatures must 
have remained far below this on account of the much greater albedo. 

2) Cf. the end of J. H. JEANS's article : On the Masses, Luminosities, and Surface­
Temperatures of the Stars. Monthly Notices R . Astron. Soc. Vol. 85, January 1925, 
p . 211. 
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with the long Protero~ and Palaeozoic time. in ~hich "Ice Ages" 
occurred more than once. Then the Earth received. indeed. more solar 
radiation than at present. but of lower temperature. and also of another 
quality as regards its relation to the atmosphere and the hydrosphere. 
It should be remembered that the atmosphere acts in two ways on the 
solar radiation that passed through it. First through its water~vapour 
and carbonic acid it absorbs all the solar radiation and also the dark 
radiation emitted again by the heated Earth at certain places in the 
red part of the spectrum and far beyond it: selective absorption. 
Secondly it absorbs more or less of the energy of the whole radiation. 
on account of internal reflections at the air~molecules and other small 
particles which scatter them in all directions. This makes the atmosphere 
itself source of light and heat. the great signiflcance of which has only 
been realised quite recently. The "diffuse daylight" and "the blue shy 
light is at the same time radiation of heat. Lord RAYLEIGH has shown 
that this diffuse reflection is in inverse ratio to the fourth power of the 
wave~length; hence it is slight for red and yellow. great for blue and 
violet rays. Also in water the short~wave rays undergo strong dispersion. 
and return to the atmosphere for the greater part. the red and ultra~red 
rays. on the other hand. are absorbed. Thw; the energy of radiation of 
short wave~length is chiefly communicated to the high atmospheric layers. 
those of great wave~length. on the contrary. to the lower atmospheric 
layers. which are rich in water~vapour and carbonic acid. and to the 
hydrosphere. 

It is. therefore. easy to see that where in the Protero~ and Palaeo~ 
zoic eras there were extensive highlands even at comparatively low 
latitudes. as there certainly were at the end of the latter period in the 
Southern Hemisphere. large ice~masses must have accumulated on the 
strongly radiating highlands in the badly heated upper air. more isolated 
also on mountains of the lowest latitude; we see the latter even as 
late as the Triassic period. The lowlands and the sea being weil 
heated. th ere was strong vertical circulation in the atmosphere. conse~ 
quently sufficient supply of water~vapour towards the highlands for 
accumulation of snow~ice . For the rest the niveous circuit is many 
thousands of times slower than the pluvial circuit. and large ice~sheets 

can al ready be formed with slight snowfall during thousands of years 
(examples of this are Antarctica and Greenland). In the lowlands and 
in the sea. which were hot to the highest latitudes on account of the 
strong currents. caused by the high "solar constant" and the strong 
absorption of the red radiation. hot~climate plants and animals could 
live. even near the ice~covered highlands. Possibly the considerable 
apparent si ze of the th en giant sun also contributed to making the 
climate hot at high latitude. 

As the different conditions of the Sun's development gradually passed 
intó' each other. just as the geological formations do. this long flrst period 
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cannot be sharply defined in ei t her wa y. Probably it was m u c h 
longer than the whole period succeeding it. for the temperature rose to 
double its value in the giant phase from the M~stage to the G~stage. 
and af ter it to the highest point of the giant phase only still about 
a tenth. In this respect the Mesozoic period may probably be brought 
in connection witQ the G~giant stage to the maximum of the Sun's 
evolution. With an intensity of radiation or "solar constant" of the 
same value the distribution of energy over the spectrum was the 
same in the G~stage as at present. Further with maximum of energy 
shifted still more away from the red. the wave~lengths of the spectrum 
were on the whole at the highest temperature smaller than ever before 
or af ter. In this period the rays of short wave~lengths obtained 
more and more importance compared with the long~wave ones. ultimately 
even more than they have in the present condition of the Sun. The 
upper atmospheric layers were more heated at the time than before. 
and air masses charged with great quantities of entropy in equatorial 
regions and capable of radiation were now carried to high latitudes by 
the general circulation of the atmosphere operating especially powerfully 
in winter; they thus contributed greatly to the more uniform distribution 
of the heat over the earth. in the way as has been shown for the present 
time especially by EMBDEN. This mechanism must have been more 
powerful than at present on account of the greater "solar constant". in 
consequence of which a much more uniform climate must have prevailed 
over the whole Earth. at the same time the differences of tempera tu re 
between high and low were much smaller than before. and in general 
the highlands could not become sufficiently cold for accumulation of ice. 

But in the dwarf phase the temperature feIl and the maximum of 
energy in the spectrum was displaced in the direction towards the greater 
wave~lengths. At the same time the total intensity of radiation. the 
"solar constant". decreased. and ultimately the present condition of a 
dwarf star which is in the middle of its G~stage. was reached. At this 
maximum of the giant phase a new epoch in the Sun's life does, therefore, 
really start. The effect of the low temperature on the intensity of radiation 
has no longer been cancelled since th en by certain (insufficiently known) 
factors. which kept the intensity of radiation equal in the giant phase, 
and this while the heating of the upper atmospheric layers and the 
diminution of the want of uniformity in the distribution of the heat over 
the Earth caused by it. decreases. If this dwarf period is assumed to 
run parallel with the Neozoic period. it becomes comprehensible that 
climatic zones began to take definite form. and that at last the whole 
Earth got into a really miothermal condition with rea I general glacial 
periods. 

Wh en this view is held. great revolutions in the biosphere. the causes 
of which remain else perfectly unaccountable. are still more easily 
accounted for than in the light of the earlier views about the evolution 
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of the Sun. Already shortly af ter the beg inning of the Cretaceous period. 
i.e.. according to the synchronisni assumed. still before the turning~point 
in this evolution. the new epoch of the vegetable world sets in. in which 
the Angiospermal leaf trees predominate. which in contrast to the Mesozoic 
Gymnospermal flora. which was th en for the greater part dying out. 
possess a very great total leaf-surface. This great revolution in the 
vegetable world may now be considered as an adaptation to the quantity 
of red radiation. which was th en becoming minimum. For it is this 
radiation. to which the principal absorption band of the chlorophyl 
corresponds. th at chiefly brings about the carbonic acid assimilation at 
the slight light intensity under which the leaf operates according to 
WIESNER's researches. It is also available already in the early morning 
and still late in the evening . The chlorophyl of this time is eVidently 
the same green colouring matter as in the oldest carbonic~acid assimilating 
plants. 

The greatest revolution in the animal world occurs somewhat later. 
The largest forms of the c1ass of Reptiles. a number of orders. die out 
at the end of the Mesozoic era. This is accompanied at the beginning 
of the Neozoic era by the rapid and rich development of the c1ass of 
MammaIs. which was only represented by a few smal!. scarcely changing 
forms from the Triassic period to the end of the Cretaceous period. In fact 
the predominance in the animal world passes from the Reptiles to the 
Mammals. The N eozoic period is the Age of MammaIs. as the 
Mesozoic period was the Age of Reptiles. It is natural to seek a 
connection between this revolution and the general diminution of heat 
in the high latitudes starting at the turning-point of the Sun's evolution. 
Large Reptiles. being animals entirely dependent on the heat of their 
surroundings. could no longer in general exist th en at high latitude. 
MammaIs. on the other hand are in a high degree independent of the 
temperature of their surroundings on account of their own heat. This 
cia ss could. therefore. not but occupy the places in the biosphere left 
vacant by the extinct Reptiles. as we actually see in many convergent 
developments. 

The new stellar evolution-theory th us throws a c1ear light on some 
of the most important problems met with in the investigation of the 
Earth's crust. 

May the discussed. weil established geological facts contribute to 
the further development of this theory! 



Microbiology. - .. The catalytic transference of hydrogen as the basis 
of the chemistry of dissimilation processes." By A. J. KLUYVER 
and H. J. L. DONKER. (Communicated by Prof. G . VAN ITERSON Jr.). 

(Communicated at the meeting of Pebruary 28. 1925) . 

§ 1. Introduction. 

As far back as 1876 PASTEUR 1) expressed the opinion. that the ferment­
ation processes of anaerobic organisms must be considered as a sub­
stitute for the respiratory process of aerobic organisms. Later researches 
have convincingly proved the correctness of this view. It appeared from 
these researches that the significance of both fermentation and respiration 
lies in the fulfilment of the energetic requirements of the living cell. for 
which reason both processes can be collected under the general term: 
dissimilation processes. In addition it was shown. that the similarity in 
physiological function expressed itself also in the chemical reactions 
brought about. Numerous investigations have made it in a high degree 
probable. that wh en sugar functions as substrate of respiration. with 
aerobic organisms. both animal and vegetabIe. as a rule the free oxygen 
intervenes only af ter the sugar has undergone an anaerobic transforma­
tion. 2) 

Although the discovery of the anaerobic phase in the respiration 
process has removed the contrast between the processes of oxidative 
and fermentative dissimilation of sugar to a remarkable extent. still this 
does not take away the gulf still existing between these two ways of 
providing energy. as long as the final phases apparently differ so much. 

Here and there in more recent literature some remarks are already to 
be found which also point to the similarity of certain partial changes in the 
aerobic phase of respiration and some reactions occurring in fermentation. 
It is the aim of this communication to demonstrate that in reality the 
same chemica I process lies at the basis of both aerobic and anaerobic 
respiration processes. 

§ 2. The chemistry of the oxidation processes in 
aerobic respiration. 

With a view to subsequent considerations it is desirabie first of all to 

1) L. PASTEUR. Etudes sur la bière. Paris 1876. pag . 229 et seq. 
2) Reference may he made in th is connection to: Q. MEYERHOP. Ueber den Zusammen­

hang von Atmung und Gärung. Die Naturwissenschaften vol. 7. p. 253. (1919) ; also : 
Q. MEYERHOP. Chemica! Dynamics of Life Phaenomena. Philade!phia. !924. Chapter 111 
and to : S. KOSTYTSCHEW. Pflanzenatmung. Berlin. 1924. 

40 
Proceedings Royal Acad . Amsterdam. Vol. XXVIII. 
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study more closely the chemistry of the oxidation processes occurring in 
aerobic respiration. As is weil known. these are oxidations which do not 
proceed of 'their own accord at ordinary temperatures and which take 
place in the organism under the catalytic influence of the living proto­
plasm of the cells. It is obvious that biologists have tried to get a better 
insight into the mechanism of th is catalysis. A number of investigators 
are of the opinion that the action of the living cell consists before all 
of an activation of the oxygen necessary for combustion. Opposed to 
this. a theory has been put forward by H. WIELAND. according to which 
the catalytic action of the protoplasm will depend on an activation -
eventually af ter a preliminary hydra ti on - of hydrogen atoms present 
in the substrate. which atoms in this active state are then ab Ie to com­
bine with the oxygen. I) 

WIELAND finds strong support for this opinion in his researches on 
the catalytic oxidation of organic compounds under the influence of 
inorganic catalysts such as palladium black. With the aid of this 
catalyst WIELAND was able to oxidise alcohol to acetaldehyde and the 
lat ter in the presence of moisture to ace tic acid. That we have to do 
here firstly with a hydrogen removing action of the catalyst. is made 
very acceptable. because the oxygen used for the o~idation can be quitt~ 
succesfully replaced by other so-called hydrogen acceptors such as me­
thylene blue or quinone. Besides this the hydrogen activating action of 
the catalyst is especially evident from the fact that in the absence of 
any hydrogen acceptor the splitting olf of hydrogen can be established 
without doubt. By showing that acetic acid bacteria are ab Ie to oxidise 
alcohol to acetic acid by making use or methylene blue instead of oxygen. 
WIELAND extended his dehydrogenation theory to the chemistry of 
biological oxidations. 

In the meantime O . WARBURG has advanced quite another theory on 
the chemistry of the oxidation processes in aerobic respiration based 
upon an extensive series of extremely important experiments. 2) In these 
investigations WARBURG showed that traces of iron present in an unknown 
organic combination are able to transfer catalytically free oxygen to a 
number of substances. amongst which several biochemical oxidation sub­
strates are to be found. It is easily to be understood that WARBURG 
wants also to ascribe the catalytic action in the respiratory process to 
iron. which element is always present in theliving cello A further proof 
of the correctness of this view is seen by WARBURG in the fact that 
hydrocyanic acid inactivates the oxidative action both of the "carbon 

I) See : H. WIELAND. Ergebnisse der Physiologie, vol. 20, pag. 477, (1922) ; idem 
Ber. vol. SS, p. 639, (1922) and also WIELAND's Synopsis in OPPENHEIMER's "Hand-
buch der Biochemie" 2nd Ed .. Tena, 1923. vol. 11. p. 252. . 

2) Compare: O . WARBURG, Biochem. Zeitschr. vol. 119. p. 134, (1921); Ibid. vol. 136, 
p. 266, (1923) ; ibid. vol. 142, p. 518, (1924); ibid. vol. liS, p. 461. (1924) ; ibid. vol. 
152. pag . 479, (1924). 
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model" and of the living cell in stoechiometric relation to the iron 
present. 

WARBURG criticizes WIELANO's theory of hydrogen activation very 
strongly, as may appear from his statement: .. Da es keinen Versuch 
gibt, der die Theorie begründet und kei ne Consequenz der Theorie die 
zutrifft. so soli sie in der Folge nicht mehr berücksichtigt werden." 

Lack of space forbids us here to enter into the polemics carried on 
in various places by WARBURG and WIELANO. We will content our­
selves by giving as our opinion that both theories in their present mode 
of representation are untenable, yet on the other hand both contain 
elements with the help of which the observed phenomena can be ex­
plained in a completely satisfactory way. I) The experiments of WARBURG 
make it most highly probable that in biological oxidations molecular 
oxygen is intermediately attached to an organic iron compound by which 
means the oxygen is converted into an active state. 2) However, the 
opinion of WARBURG, that oxygen taken up by the iron compound 
should be able to oxidise the oxidation substrate straight away and that 
the catalytically acting iron compounds should be the only agents acting 
in respiration, is not in agreement with the facts. 

Against this, among many arguments, is the replaceability of molecular 
oxygen by reducible sub stances like methylene blue or quinone, in which 
case the living cell is likewise indispensable as a catalyst and the catalysis 
is possible without the cooperation of an iron compound, since the 
process is insensible to cyanides . . Further the selective action of the living 
cell towards different oxidation substrates cannot be easily brought in 
agreement with WARBURG's theory. 

On the other hand, if we assume with WIELANO that the action of 
living protoplasm as a catalyst in the respiratory process consists of a 
dehydrogenation of the respiration substrate and a transference of the 
activated hydrogen to a hydrogen acceptor, th en the observed pheno­
mena find an easy explanation, if we also introduce the secondary hypo­
thesis, that in opposition with other acceptors, free oxygen can onlyact 
as a hydrogen acceptor af ter combination with iron . 

The theory of the hydrogen activating action of protoplasm finds its 
strongest support in the fact, that - as will be seen below - it puts 
us in a position to obtain an insight into the chemistry of anaerobic 
dissimilation processes, by which the apparently essential difference in 
the chemistry of aerobic and anaerobic dissimilation processes is reduced 
to a gradual one. 

I) After this communication was in the press, it ca me to our notice that this opinion 
was expressed earlier a nd made probable on experimental grounds by A . v. SCENT-GYÖRGYI. 
See: Biochem. Zeitschr. vol. ISO, p. 195, (1924). [Note Bdded during correctionj. 

2) The earl ier well-known researches of ENGLER and WEISZBERG on the autoxidation of 
various organic substances, in which it was shown conclusively that molecular oxygen 
reacts in the first instance only with the formation of moloxides, supports this view. 

40* 



608 

§ 3. The chemistry of fermentative dissimilation processes. 

As we have set forth in a previous communication 1). it appears that 
on doser examination the fermentative sugar dissimilation processes of 
microbes may be reduced to a number of coupled dehydrogenation and 
hydrogenation reactions along with intramolecular changes and condens­
ation reactions. 

We will now fix our attention on the first mentioned type of reaction 
which can be brought back to a catalytic transference of hydrogen. 

In the paper mentioned above we were satisfied in giving a repre­
sentation as if the dehydrogenation simply existed in the formation of a 
compound. of protoplasm and hydrogen from which the protoplasm was 
regenerated ei th er spontaneously or by the transference of the hydrogen to 
other compounds (hydrogenation). Meanwhile this conception is too simple 
and it is necessary to consider this catalytic process more particularly. 

We may suppose. that during the first part of the ca ta lysis : the de­
hydrogenation. the protoplasm exerts an influence on the substrate. 
leading to an alteration in the lat ter substance. which is termed by 
BÖESEKEN in his discussions on catalysis 2) as "dislocation". 

The consequence of this alteration is. that one or more hydrogen 
atoms present in the substrate become less firmly bound. or in other 
words: become activated. 

This dislocation is undoubtedly a result of the chemical affinity of the 
catalyst for the dehydrqgenation substrate or more precisely for the 
atoms present in th is substrate. 3) Since a portion of the affinities of these 
atoms is saturated by the affinities of the catalyst the bonds between 
the atoms in the molecule are weakened. 

We now have to con si der how this dislocation leads in certain cases 
to an activation of hydrogen. Therefore it should be pointed out. that 
undoubtedly the affinity of the protoplasm for the dehydrogenation sub­
strate may be brought back more especially to the affinity of the proto­
plasm for the hydrogen and oxygen atoms of the substrate. It must be 
understood that the affinities for hydrogen and oxygen are not independ­
ent properties. but that these properties are so connected that a large 
affinity for oxygen always means a small affinity for hydrogen and vice 
versa. as is also shown in the behaviour of metals towards these elements. 

That an affinity of the protoplasm for hydrogen can give rise to an 
activation of the hydrogen atoms present in the substrate can be illustrated 
as follows. The saturation of a part of the affinity of the hydrogen by 
that of the catalyst. which in itself is unsaturated. will have in con-

1) These Proceedings vol. 28, p. 297. (1925). 
2) Compare e. g. : J. BÖESEKEN. These Proceedings. vol. 25, p. 210. (1922). 
3) Compare also : H . J. PRINS. Bijdrage tot de kennis der katalyse. Proefschrift Delft 

1912 and .. Over het verband tusschen katalyse en affiniteit". Chemisch Weekblad. vol. 11. 
p. 63. (1917). 
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sequence. that the hydrogen remains bound to the substrate rest with a 
smaller affinity and so this rest will be brought to a state of unsaturation. 
Meanwhile this condition has the immediate result that the affinity set 
free tries to neutralize itself somewhere e1se in the molecule. As this 
tendency is more or less fully satisfied. or in other words in proportion 
as more definite translation of atoms in the molecule occurs. the hydrogen 
will remain bound with a smaller affinity to the rest of the molecule. 
which means activation. In the extreme case th is will lead to the trans~ 
formation of the remainder of the molecule into a completely saturated 
compound whereby the hydrogen will be completely liberated by 
th is remainder. In this connection it is to be borne in mind that the 
amount of hydrogen activation is at the same time dependent on 
the affinity with which the protoplasm combines with the hydrogen. 
If th is last mentioned affinity is too small only a small activation of 
hydrogen will occur because the hydrogen remains too firmly attached 
to the rest of the molecule; if the affinity in question is too big. ·there 
is neither an optimum activation. because the hydrogen is now fixed 
firmly. it is true no longer to the rest of the molecule. but to tbe 
protoplasm. In this case. as PRINS remarks. the catalyst as a catalyst 
exceeds its aim . 

Hence it is obvious that the optimum hydrogen activation in different 
substrates will be smaller in proportion as the hydrogen. which is activated. 
was bound more firmly in the substrate. while. to obtain the optimum 
activation a greater affinity of protoplasm for hydrogen is necessary. 
On the other hand this brings along with it. that a protoplasm with 
relatively small affinity for hydrogen will be able to activate hydrogen 
only from dehydrogenation substrates with relatively weakly bound 
hydrogen. and yet in that case the resulting activation will be much 
larger than in the case of hydrogen activation from such a sub~ 

strate under the influence of a protoplasm with a greater affinity for 
hydrogen. 

Meanwhile not only can the activation of hydrogen be the result of 
a predominent affinity of protoplasm for hydrogen. but the affinity of 
protoplasm for oxygen may similarly give rise to hydrogen activation. 
This can be illustrated as follows. Let us consider firstly those dehydro~ 
genation substrates in which the activated hydrogen is in a hydroxyl 
group. In this case. on the grounds of similar considerations as set forth 
above. it will be seen that saturation of a portion of the affinity of the 
oxygen of the hydroxyl group by that of the unsaturated catalyst. will 
have the consequence. that the oxygen is combined with hydrogen with 
a smaller affinity. or in other words. the hydrogen will be activated. If 
now the extreme case occurs. where the remainder of the molecule 
completely releases the hydrogen atom. these atoms of hydrogen are set 
free and combine to gaseous hydrogen. in contrary to what is the case 
if the activation is caused by the affinity of protoplasm for hydrogen. 
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Now it still remains for us to explain how the affinity of the proto~ 
plasm for oxygen can lead to the result that in oxygen containing 
dehydrogenation substrates other hydrogen atoms than those. which are 
situated in hydroxyl groups. are activated. As the protoplasm grasps a 
part of the affinity of the oxygen there will be a weakening of the bond 
between the oxygen and the remainder of the molecule. and so the atom 
of this remainder to which the oxygen is bound will become unsaturated 
and will try to compensate the loss by taking up affinity from some other 
part of the molecule. In consequence of this there can be activation of 
hydrogen somewhere else in the molecule 1). 

It will be dear that. at any ra te in oxygen containing dehydrogenation 
substrates. the activa ti on of hydrogen will always be the result of both 
the affinity of the protoplasm for hydrogen and that for oxygen. Both 
influences will act supplementary; yet since a large affinity for hydrogen 
always brings along with it a small affinity for oxygen and vice versa. 
as a rule one will have to do only with one of these factors 2) . 

Considering now the second part of the process of the catalytic 
transference of hydrogen. eVidently only these sub stances lend themselves 
to act as hydrogen acceptors which are more or less easily reducible. 
It will be quite dear that the protoplasm will also take up (parti~lly) 

affinities of the hydrogen or oxygen atoms of the molecule acting as a 
hydrogen acceptor. As a sequence. centres of unsaturation will be produced 
in the part of the molecule which binds these atoms. leading to 
an activation of the acceptor. which increases the tendency for 
hydrogenation. 

H. and with what velocity. a particular hydrogen transference will 
take place. is exdusively dependent on the reduction tendency of the 
activated hydrogen acceptor. and on the degree of hydrogen activa ti on 
in the dehydrogenation substrate. which activation - as we saw above -
is in its turn a function of the streng th of the bond between the hydro~ 
gen to be activated and the dehydrogenation substrate. and of the degree 
of affinity of the protoplasm for hydrogen and oxygen respectively. 

Let us now direct attention to the intramolecular changes and con~ 
densation reactions mentioned at the beginning of this paragraph. A 
doser examination shows that also these parts of the chemistry of fer~ 
mentative dissimilation processes are in reality nothing but changes in 
which hydrogen is catalytically transferred. To elucidate this view we 
may refer in the first place to the following scheme. 

1) This idea is in agreement with thc views of H . J. PRINS, who describes in his study 
"The Mechanism of Reduction" Rec . trav. chim. vol. 42. p. 473. (1923), how the affinity 
of a catalyst for oxygen can lead to the activa tion of hydrogen. Compare also § 4 
p. 617 of this communication. 

2) An analogy of this situation is found in the hydrolysis of esters which is accelerated 
by both hydrogen ions and hydroxyl ions. In an acid medium only the action of the former 
ions, in an alkaline medium only that of the latter ions, is of practical importance. 
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SCHEME 1) 

I. Initial change. 

CH20H . CHOH . CHOH. CHOH . CHOH . CHO ~ 
H 

/ 
~ CH20H .CHOH . C-CHOH.CHOH .CHO ~ 

'-O-H 
OH 

/ 
~ 2 CH20H.CHOH.CHO ~ 2 CH20H.C CHO ~ 2 CH3. CO . CHO ~ 2 CH3. CO. COH. 

A '-
H 0 H 

'-
H 

11 . ConlJersions of the hypothetic interrnedia te product. 

OH OH 
/ / 

I1a. CH3.CO .COH ~ CH3.C.CO- H ~ CH3.CHOH .COOH. 

" ~ " H 0 " H 
OH 0 OH 

/ ;y / 
lIb. CH3. CO .COH ~ CH3.C .CO- H ~ CH3.CHO + HCOOH. 

" '-H H 

OH OH 0 
/ / ;y 

lIc. CH3.CO .COH ~ CH3.CO .CO- H ~ CH3. CO .COOH ~ CH3. CO .CO-H ~ 
'- '-H H H H 

acceptor 

111. Condensationreactions. 

OH OH 
;y " ;y '-

lila , CH3. C + C.CH3 ~CH3' C + C . CH3 ~CH3, CO . CHOH.CH3 ' 
'- ;y " ;y 

HO HO 

H H H H 
/" /" IIIb. CH3.C + HC .CHO ~ CH3.C + HC.CHO ~ CH3. CHOH .CH2.CHO ~ 
~ / ~ / 
OHO H 

OH H OH 
/ / / 

~ CH3 ·CHOH . CH2· COH~CH3· C , CH2.CO- H ~CH3.CH2 . CH2. COOH. 
'- '- '-H OH H 

OH H OH H OH 
/ " /" / 11k CH3.C + HC . COOH~CH3'C + HC.COOH~CH3. C.CH2 . COOH~ 
~ / ~ / '-
OHO H OH 

o 
;y 

~ CH3·CO .CH2·COOH ~ CH3·CO .CH1 ·C ~ CH3·CO .CH3 + C02' 
'-O-H 

1) This scheme gives the reactions taken under the same headings in Table 11 of our 
paper cited previously. Only it must he pointed out. that the reaction given under Hc 
has been newly added. which has to do with note 1 p. 306 of the previous paper. 

An H printed in heavy type denotes an activated hydrogen atom. 
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As follows directly from this the particular intramolecular transforma­
tions are to be explained by assuming that the protoplasm exerts an 
activating influence on hydrogen atoms in the reacting substances. This 
dislocation of the molecule brings in its train a displacement of the affini­
ties in the remaining part of the molecule, leading to the formation of 
a centre of unsaturation elsewhere in this molecule. 

This centre will have the inclination to attract the activated hydrogen 
to itself or in other words to act as a hydrogen acceptor. In most cases 
when the hydrogen is transferred in this way. it leads to a rupture of 
the molecule and in others only to the transmigration of hydrogen and 
to consequent further changes of affinity within the molecule. 

The peculiarity of th is type of èoupled dehydrogenation and hydro­
genation is found in the fact that it is in a much less degree sensitive 
to an alteration in the affinity of the protoplasm for hydrogen or oxygen 
respectively. While in int e r molecular transference of hydrogen a greater 
affinity of the protoplasm than the optimum has an adverse effect on 
the catalysis. as set out above. this is the case to a much smaller extent 
in int r a molecular transference of hydrogen. because a protoplasm with 
greater affinity certainly fixes hydrogen to itself more firmly. yet on the 
other hand th is stronger combination also brings along with it a more 
intensive unsaturation of the remainder of the molecule. which in this 
particular type of reactions itself acts as hydrogen acceptor. or in other 
words: simultaneous powerful activation of the acceptor takes place. 

Finally it appears from the scheme given that also the condensation 
reactions can be reduced to the catalytic transference of hydrogen. Here 
the activated hydrogen is accepted by a second molecule of the same 
substance. which always contains an unsaturated group. while the affini­
ties set free in such a molecule lead to the production of a new C-C 
bond. 

Though we have limited ourselves here to a consideration of the 
fermentative sugar dissimilation processes of microbes. we will now 
indicate that the catalytic transference of hydrogen apparently also is at 
the basis of the chemistry of the fermentative sugar dissimilation processes 
of higher organisms. Also it is found again in dissimilation processes in 
which substances other than sugars form the substrate. 1) 

§ 4. The aerobic and anaerobic dissimilation processes as 
a function of the a{finity of the living protoplasm 

for hydrogen. 

While it appears from the previous paragraph that the catalytic trans-

1) In th is connection it may he pointed out in particu\ar. that the process of fermentative 
dissimi\ation of amino acids by bacteria of the Proteus-group e\ucidated by NAWIASKY 

readily fits into the framework of the cata\ytic transference of hydrogen. See: Archiv für 
Hygiene. vol. 66. p. 209. (1908). 
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ference of hydrogen forms the nucleus of all fermentative dissimilation 
processes. we saw in § 2. that the oxidation processes which form the 
characteristic element of aerobic respiration. can also be made under­
standabIe with the assumption of such a transference. Considering 
the incontestable fact of the activation of hydrogen in a number of an­
aerobic dissimilation processes (evolution of gaseous hydrogen). the 
corresponding explanation of aerobic dissimilation processes finds its most 
powerful support in the unmistakable gradual passage of aerobic and 
anaerobic modes of life in each other. We will only rder here to the 
extremely numerous micro-organisms which in the absence of free oxygen 
provide for their energy requirements by a fermentation process. yet 
which in the presence of free oxygen derive the necessary energy from 
oxidative processes. which proceed with the absorption of oxygen. 

We th en come to the conclusion that the whole of the dissimilation 
processes of aerobic as well as anaerobic organisms in all their diversity 
may be brought back to the catalytic transference of hydrogen under 
the influence of the protoplasm present in these organisms I). In this way 
then the observed diversity in dissimilation reactions is only a conse­
quence. following logically from the laws of chemical catalysis, of the 
gradual variation in affinity of the different kinds of protoplasm for 
hydrogen. 

We shall elucidate this view further below, where we limit ourselves 
however to a very short discussion of those dissimilation processes in 
which a hexose occurs as a substrate. 

J. Aerobic organisms with strong oxidative powers. 

Examples: several kinds of moulds and ace tic acid bacteria. The 
protoplasm of these organisms is characterised by a very great affinity 
for hydrogen. Wh en oxygen is present as a hydrogen acceptor. glucose 
undergoes a direct dehydrogenation and gluconic acid is formed. Under 
optimum conditions gluconic acid as a rule is not found as a metabolism 
product but following on this change there takes place a whole series 
of further dehydrogenations and finally water and carbon ic acid are 
produced. 

Besides oxygen only such other powerful hydrogen acceptors as 
methylene blue (WIELAND) appear to be effective. 

IJ. Aerobic organisms with weaker oxidative powers. 

Examples: higher plants. (muscular tissue of the) higher animaIs, many 
aerobic spore forming bacteria. The hydrogen affinity here is so much 

I) In this connection it is weil to remember a statement of T . THUNBERG (see for 
example : Die Naturwissenschaften. vol. 10. p. 417. 1922). who concluded af ter a 
closer discussion of a er 0 bic respiration processes th at "der Wasserstoff als das elemen­
tare. gemeinsame Brennmaterial der Zeilen zu betrachten ist" . 
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smaller that the direct dehydrogenation of glucose with oxygen as hydrogen 
acceptor is not possible. yet instead of this int r a-molecular dehydrogenation 
and hydrogenation occurs. which causes the sugar to break down into 
compounds of the C 3-type. In the presence of sufficient oxygen the methyl­
glyoxal formed will be dehydrogenated. Under anaerobic conditions the 
methylglyoxal is converted by muscular tissue of higher animals into 
lactic acid by an intramolecular change. The lactic acid can undergo 
further dehydrogenation if oxygen is re-introduced I). 

More or less the same situation is met with in the higher plants. in 
which however methylglyoxal. under anaerobic conditions. is converted 
chiefly in the same direction as in alcoholic fermentation . 

Although in this group of organisms the affinity for hydrogen is al ready 
reduced so far that fermentative dissimilation under anaerobic conditions 
is very noticeable. the changes brought about do not quantitatively 
provide for the need of energy. which need is normally met with by the 
larger energetic effect of the transference of hydrogen to oxygen. 

lIl. Organisms which cause alcoho/ic (ermentation. 

Examples : alcohol yeasts. moulds such as Mucor racemosus. The 
affinity for hydrogen of these organisms is again smaller. so that all the 
methylglyoxal can be dehydrogenated to pyruvic acid with relatively 
weaker hydrogen acceptors. The pyruvic acid produced then undergoes 
an intramolecular change into carbonic acid and acetaldehyde and the 
latter then acts further as a hydrogen acceptor in the process of the 
dehydrogenation of methylglyoxal 2). 

In all the groups discussed below. the affinity for hydrogen is too 
small to make a dehydrogenation of methylglyoxal to pyruvic acid 
possible with the relatively weak acceptors formed by the splitting up 
of the sugar. In the place of this change an intramolecular rearrangement 
takes place in which methylglyoxal is converted into formic acid and 

I) The fact that glycogen is converted into lactic acid by muscular contraction. and 
that th is acid again disappears on the restoration of the oxygen supply, (see for example 
O . MEYERHOP, Die Energieumwandlungen im MuskeI. Die Naturwissenschaften, vol. 
12 .. p. 181, 1924) may not be considered as a proof of the idea - as many ot hers 
including MEYERHOP are inclined to do - that also in the .. Ruheatmung " i.e. under 
conditioDS of more complete aeration, lactic acid will be produced intermediately from 
glycogen. On the contrary under these conditions. in all probability, direct dehydrogen­
ation with oxygen as the acceptor will occur for the greater part with the methylglyoxal or 
with one of the other preceding intermediate products in the formation of lactic acid 
under anaerobic conditions. 

2) Meanwhile, as long as acetaldehyde is not yet formed, this view requires an intro­
ductory acceptor. Free oxygen will occur as such in most cases. Herein we see an explan­
ation of the fact that yeast - contrary to the organisms treated below - is unable to 
lead a perfectly anaerobic existence, a feature, which is always taken into account in all 
fermentation industries, as appears from the preliminary aeration of the mash before 
fermentation. 
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acetaldehyde. Along with this there always remains the possibility of 
the conversion of methylglyoxal into lactic acid. Both intramolecular 
dehydrogenations and hydrogenations are. because of reasons given 
previously. to a large extent insensitive to a decrease in the hydrogen 
affinity of the protoplasm. 

IV. The bacteria of the colon-group. 

The hydrogen affinity is again smaller than in group III and decreases 
in the order of the three sub-groups considered . 

a. Sub-group of B. typhosum. Lactic acid. formic acid and acetaldehyde 
are formed in the way indicated above. The hydrogen affinity is too 
large. however. to allow of the formie acid being decomposed catalytic­
ally without an acceptor. The acetaldehyde is not suitable for this purpose. 
because it itself undergoes a powerful dehydrogenation. in which hydrogen 
is transferred to a second molecule. whieh leads to the formation of 
alcohol and acetie acid. 

b. Sub-group of B. coli. In many respects the situation here is the 
same; only the somewhat smaller affinity for hydrogen makes the 
catalytie decomposition of formic acid into carbon dioxide and free 
hydrogen possible. Besides the acetaldehyde is dehydrogenated to a 
smaller extent. so that this substance can act more or less as a hydrogen 
acceptor in the dehydrogenation of formic acid. Also the dehydrogen­
ation of acetie to succinic acid occurs to some extent. 

c. Sub-group of B. aerogenes. The formation of lactic acid is here 
pushed into the background. which doubtless depends on the effective 
way in which the acetaldehyde disappears from the fermentation medium. 
This is a consequence of a still smaller affinity for hydrogen. whieh 
certainly brings along with it a less rapid dehydrogenation to acetie acid. 
but which is just the optimum for the incomplete dehydrogenation of 
the acetaldehyde. which leads to the formation of acetylmethylcarbinol. 
Both this carbinol and a portion of the acetaldehyde then act as acceptors 
for the more activated hydrogen formed in the catalytic decomposition 
of formic acid. which situation leads to the formation of 2: 3 butylene 
glycol and ethyl alcohol. 

V. The group of true lactic acid bacteria. 

The affinity for hydrogen is again smaller than with the organisms of 
the foregoing group. While in the previous groups the hydrogen affinity 
was always so large that the corresponding oxygen affinity. although 
increasing from group to group. was of no account as regards the ac ti­
vation of hydrogen. the hydrogen affinity in the true lactie acid bacteria 
is so much smaller that in this case the oxygen affinity is also of im­
portance for the activation of hydrogen. We consider that a clear in di­
cation of this may be seen in the facto that with this group we meet 
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for the first time with organisms which. contrary to all I) organisms 
belonging to the previous groups. lack the power of bringing about the 
catalytic decomposition of hydrogen peroxide into water and free oxygen. 
This decomposition of hydrogen peroxide is. as WIELAND also remarks. 
undoubtedly due to a catalytic transference of hydrogen from one molecule 
to a second molecule. While now this investigator similarly accepts the 
general opinion. that the reaction in question proceeds under the influence 
of an independent enzyme: catalase. we must point out here that there 
is every reason for seeing in the reaction in question only a special 
manifestation of the general agent bringing about dissimilation. With the 
so~called catalase~negative organisms the catalytic decomposition of hy~ 
drogen peroxide will not take place for the simple reason that in this 
case the oxygen of the hydrogen peroxide remains fixed on the proto~ 
plasm. That the protoplasm in these organisms does indeed possess a 
noticeable affinity for oxygen. appears conclusive1y from the fact that 
all these organisms are characterised by a smaller or greater sensitivity 
towards free oxygen. which sensitivity in catalase~positive organisms is 
entire1y lacking. 

a . Sub~group of the heterofermentative lactic acid bacteria. The con~ 
siderably decreased hydrogen affinity on the one hand and the re1ative1y 
small oxygen affinity on the other hand. cause even easily dehydrogenated 
compounds as formic acid and acetaldehyde to be dislocated to only a 
small degree. This appears from the fact that free hydrogen is scarce1y 
if at all met with among the dissimilation products and that the hydrogen 
from the compounds mentioned above is only transferred to acceptors. 
In the fermentation of glucose acetaldehyde functions especially as acceptor. 
while in the fermentation of laevulose this substrate itself is a good 
acceptor. Without doubt this depends on the activation of the laevulose 
caused by the noticeable oxygen affinity. The small power of dehydro~ 
genation leads further to the pronounced occurrence of lactic acid forma~ 
tion. because the hydrogen of the methylglyoxal is insufficiently activated 
to bring about the rapid fission into formic acid and acetaldehyde. 

b. Sub~group of the homofermentative lactic acid bacteria. In this 
group the dehydrogenation powers are still smaller. so that here practic~ 
ally only lactic acid is formed. 

VI. The group of propionic acid bacteria. 2) 

The hydrogen affinity is again smaller than in the previous group and 

I) Af ter the above had been printed a species of acetic acid bacteria was isolated which 
so far appears to be unable to bring about the catalytic decomposition of hydrogen 
peroxide. Also in the meantime a paper by KNORR [Münchener medizin. Wochenschrift 
p. 1381. (1923)] reached us. according to which the "echte Ruhrbazillen" which are gene rally 
assigned to the Colongroup, are quite catalase negative. On account of th is a closer investi­
gation will he instituted on the exceptions of a rule which appears to hold in hundreds 
of cases. 

2) It must he stated that the placing of the propionic acid bacteria hetween our groups 
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consequently the oxygen affinity becomes more pronounced. On the one 
side this again leads to a somewhat increased dehydrogenating power 
which among many things is evident from the reoccurrence of the dehy~ 
drogenation of acetic acid to succinic acid. On the other hand the oxygen 
affinity gives rise to a noticeably more powerful acceptor activation. 
even to such a degree that lactic acid functions as an acceptor and is 
converted into propionic acid. 

VII. The group of butyl alcohol and butyric acid bacteria. 

a. Sub~group of butyl alcohol bacteria. The hydrogen affinity has now 
become so small that it has no longer any significance for hydrogen 
activation. Meanwhile the dehydrogenating action has again become 
considerably greater on account of the considerably increased oxygen 
affinity. which also brings along with it a powerful activa ti on of the 
acceptor. The considerable affinity for oxygen shows itself very strikingly 
in the great sensitivity towards free oxygen. small quantities of which. 
as a rule. cause the death of the organism. The particular nature of the 
hydrogen activation caused by an affinity for oxygen appears from the 
fact that both in acetaldehyde and in acetic acid it is notably a hydrogen 
atom from the CHrgroup which is especially activated. This leads to 
the condensations previously mentioned. The schematic representation 
below iIlustrates this for acetaldehyde: 

H"'- /H 
H - C-.. -.... C~O 
H ·· ··· 

Protoplasm. 

The particularly powerful acceptor activation is evident from the power 
of reducing products such as butyric and propionic acids. which are 
only reduced with great difficulty in the ordinary ways. 

b. Sub~group of butyric acid bacteria. This sub~group differs from the 
foregoing only because the oxygen affinity is somewhat greater. which 
leads to a still greater sensitivity towards oxygen. Consequently also the 
hydrogen activation is again somewhat greater. The reason. that practic~ 
ally all transference of hydrogen on acids as acceptor remains in abeyance. 
is the greater acid~sensitivity. which causes the organisms to die off 
before the concentration of the acceptors is sufficiently high to cause 
any appreciabie transference of hydrogen. These reasons combined lead 
to the result that only carbon dioxide" hydrogen. acetic acid and butyric 
acid occur as chief dissimilation products. 

V and VII is at first quite speculative and is based only on the incomplete data which 
can be found regarding th is group of bacteria in literature. If the observation of SHERMAN 

(Journalof Bacteriology Vol. 6. p. 379. (1921)). according to which the propionic acid 
bacteria he examined showed astrong catalase reaction. is confirmed. a revision of this 
grouping will be necessary. 
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§ 5. FinaL considerations. 

While in the previous section we have limited ourselves to showing 
how by the help of the theory of activa ti on and the catalytic trans­
ference of hydrogen. an insight may be obtained into the various 
dissimilation processes in which a sugar functions as substrate. it may be 
pointed out that this is equally the case for all other dissimilation 
processes. In this connexion we ment ion only the dissimilation of 
denitrifying. sulphate reducing. methane producing and amine acid 
fermenting microbes. 

A logical consequence of our theory is that it is no longer necessary to 
have recourse to the assumption of a large number of separate enzym es 
to explain the partial reactions of the dissimilation process. In the light 
of the foregoing discussion it will be obvious that the changes which 
are ascribed to separate enzymes such as catalase I). reductase. zymase. 
lactozymase. alcoholoxidase. carboxylase. carboligase. glyoxalase. aldehy­
domutase. SCHARDINGER's enzyme etc .. are actually only manifestations of 
a definite degree of affinity of the protoplasm for hydrogen. The question 
as to how far one will think of the affinity of prot op la sm itself for 
hydrogen or of the action of a single hydrogen transferring enzyme. 
has no significance here. 

Finally let it be expressly stated that while. in the previous sections. 
we have represented the affinity for hydrogen of the protoplasm of a 
definite organism as constant, this affinity in reality varies to a certain 
extent with the hydrogen ion concentration in the protoplasm. From a 
number of concordant examples we are of the opinion that we may 
conclude. that within the reg ion of hydrogen ion concentrations. which 
are harmiess for the organism. a decrease of the concentration brings 
about a decrease in the affinity of the protoplasm for hydrogen. In con­
nexion with the fact that every dissimilation of sugar practically always 
goes parallel with the formation of acid. and on the other hand every 
dissimilation of the hydrolytic decomposition products of proteins gives 
rise to ammonia. organisms. which are more adapted to action on car­
bohydrates. have a region of development situated at higher hydrogen 
ion concentrations than organisms more suited for acting on protein 
decomposition products. From all this we may conclude. that the dissi­
milation of every living cell is determined only by the limits of the 
allowable hydrogen ion concentrations on the one hand and the affinity 
of the protoplasm for hydrogen within these limits on the other. 

We intend to return to the above considerations e1sewhere in greater 
detail. 

Delft. February 1925. 

I) Here we mean only the insoluble cata lase. the so ca lied "-catalase of Löw. 



Ophthalmology. - "On Enlargement of the "Optie Foramen". By 
Prof. J. VAN DER HOEVE. 

(Communica ted a t the meet ing of April 25. 1925). 

In normal persons the size of the optic foramen shows only very 
little individual variations. WHITE·s anatomie research showed that the 
diameters of the canalis opticus ranged from 4-6.5 m.m. GOALWIN 's 
averages varied from 4.26 to 4.5 m.m. 

My own observations are chiefly based on röntgenograms of the 
foramen . 

The method of photographing the foramen opticum by Röntgen rays 
has first been suggested by RHESE. This author. who tried to find and 
actually did find in his method an excellent means to photograph the 
the accessory nasal cavities. did not realise himself the significanee of 
his invention. It was A. DE KL EY N who pointed to the great use of 
this procedure for ophthalmology. In collaboration with STENVERS he 
slightly modified RH EsE's method. so that the op tic foramen and the 
fissura orbitalis superior could be observed more distinctly and these 
authors showed that in cases of accident: fractures. fissures and later on 
callus formation could be found in the bony environment of these holes. 

Since the first announcement of their experience. nine years ago. I 
had Röntgen photos taken of the foramen opticum as often as opportunity 
offered. From the results of my rather extensive experience I learnt that 
at a distance of 75 c.m. from the Röntgentube to the photographic 
plate the diameter of the foramen va ried from 4-6 m.m. A foramen 
of 6 m.m. looks a bit suspicious. one of more than 6 m.m. I consider 
to be decidedly too large. 

The form of the foramen on the röntgenogram is perfectly circular. 
oval. or slightly angular. GOALWIN considers them as quadrants. 

What we really see on the photographic plate. is not the foramen 
opticum. but a projection of the lumen of the canalis opticus. Obviously 
a wrong position of the patient' s head may give a projection that is too 
small but not one that is too large. For th is reason greater precaution 
should be exercised in diagnosing too small a foramen than an abnormally 
dilated one. If an abnormally large image is found on the röntgenogram. 
the foramen is certainly too large. 

Of late I have given special attent ion to the possibility of an en large­
ment of the optic foramen. being convineed that it might occur just 
as weil as an enlargement of the meatus auditivus internus sometimes 
wi\1 occur. Like the op tic foramen the meatus is also an opening encircled 
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on all sides by bone which affords a passage for a nerve; tumours of 
the auditory nerve or its environment may enlarge this hole. The study 
of this enlargement on the röntgenogram is of great significance for the 
identification of these tumours. 

The enlargement of the meatus auditivus internus is occasionally 
observed in RECKLlNGHAUSEN'S disease, in which pontile tumours (occur~ 
ring most of ten bilaterally in this disease) may occasion deafness and 
dilatation of the inner auditory canal. 

Now considering that this discase mayalso be attended with blindness 
or weak eyesight caused by atrophy of the optic nerve, I suspected th at 
this blindness in some case might be attributed to tumours simular to 
those occurring along the auditory nerve or to diffuse neurofibromatosis 
of the optie nerve itself. Both processes might possibly eng end er dilatation 
of the optie nerve canal to such an extent, that it might be imaged 
on the röntgenogram. 

The first patient that I examined to ascertain this, was blind at the 
right eye and had a markedly reduced visual acuity at the left eye. The 
application of Röntgen rays proved that the right optie foramen was 
far wider than normal. while the right optic foramen was much wider 
still. (See fig. bi and b2 as compared with · the normal optie foramen a). 

An acute deterioration of the eyesight necessitated operation. It was 
performed by Prof. ZAA VER. We then observed that th ere were no 
definitely marked tumors in the foramen opticum, but that the two optie 
nerves were much thieker than normal. which was presumably owing 
to neurofibromatosis. 

Prof. ZAA VER removed the roof of the optie canal and slit the dura 
mater, so that the optic nerve was relieved of pressure. The result was 
very satisfactory: visual acuity and field of vision improved considerably, 
and at the present time, two years af ter the operation, patient still 
enjoys a fairly good eyesight. 

This, then, went to show that a long~continued swelling of the optic 
nerve can induce a marked widening of the foramina. 

In another patient the widening was generated by a tumour growing 
out from the orbit towards the cranial cavity. When two years old this 
patient had been brought to me for glioma retinae of the right eye. 
At the time the parents objected to having the eye enucleated 
immediately. Af ter ten months the child was brought to me again in 
a sorry plight; the eye was blind, excessively dilated, while it gave an 
impression as if there was tumourous mass also in the orbit. Being con~ 
vinced that the optie nerve was affected, I had photos taken of the 
foramina. It appeared now that the diameter of the foramen at the 
diseased si de equalled about twice that at the healthy side (fig. Cl and 
c2). Besides this a small portion of the wall of the enlarged foramen 
optieum had been corroded. 

Af ter the whole orbit had been evacuated, it appeared that the op tic 
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nerve had thiekened considerably, so that the area of the section equalled 
about four times the normal surface. This goes to show that in young 
individuals a thickening of the optic nerve, which has originated from 

Röntgen pictures of the Optie Foramen. 

\\ .f, I te .c I c ~ 4' J f -t' f f 

~ '{J '1) 199 ~ ~ \9 V \!-' 
~t ,.cl' 

~ 
("-

\J\ 
I 

Se Ua Turciea 

a. normal ; b. enlargement by neurofibromatosis diffusa ; cl norm al and c2 diseased 
side in glioma retinae. d . dila tations in hydrocephalus. e. normal condition in hydro­
cephalus ; f. dilatation and destruction in glioma of the chiasm, all on the same scale. 

a tumourous growth, can give rise to enormous dilatation of the optic 
foramen . 

A third case tended to show that also tumours growing out from the 
cranial cavity towards the orbit can expand and affect the optie foramen. 
A female patient was brought to me from the neurological ward, because 
she had lost the visual acuity of both eyes in a short time. The left 
eye was still slightly sensible to light . 

From the ophthalmoscopie picture I learnt that we had to do here 
with primary atrophy of the optic nerve as well as with choked disk. 
This led me to make the presumptive diagnosis glioma of the chiasm 
and the optie nerves, as recently described by MARTIN and CUSHING. 

In this case I expected a change of the sella turcica and incidentally 
also of the foramen opticum. As will be seen the röntgenogram really 
revealed a marked dilatation and an al most complete destruction of the 
sella turcica (fig. f3), while on the side of the eye that had still retained 
some perceptive power, the foramen opticum had merged into the fissura 
orbitalis superior (fig. [I), and at the blind eye only the lower part of 
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the wall of the enlarged optie foramen was still present (fig. f2). The 
line of the base of the skull was al most completely destroyed. whieh 
could also be seen on stereoscopie röntgenograms. During the printing 
of this article I observed a quite similar case in a less advanced stade. 

Since it has been proved by the above that tumours. developed 
along the optie nerve. can induce dilatation of the foramen optieum. I 
suspected that mere overpressure in the fluid of the cranial cavity might 
genera te also th is dilatation; with a view to this I examined various 
cases of hydrocephalus. 

One of them concerned a patient of 10 years of age. In th is case I 
observed the dilatation. the sella turcica being considerably enlarged 
(d 3). Figs. dl and d 2 illustrate the enlargement of the foramen opticum. 
while the wall remained smooth. 

Figs. el and e2 present a foramen and sella turcica of normal size in 
a child of 8 years. also with hydrocephalus. Further investigation will 
perhaps settIe the question in what cases of hydrocephalus enlargement 
of the foramen opticum occurs and in what cases it does not. 

It has been seen that the expansion is easily brought about in young 
patients. So long as the causative agent is confined to the sheaths of the 
optie nerve. the wall will retain its smoothr:e~s ; as soon as the tumour 
affects also the environment of the optie nerve. there is a chance of the 
walls of the optie nerve-canal being corroded. as was shown in the 
cases of glioma retinae and glioma of the chiasm. 

Various problems still remain unsolved. i.a . if the enlargement of the 
foramen opticum will also occur with other affections that cause over­
pressure in the skull of young patients, e.g. microcephalus through pre­
mature closure of the cranial sutures. 
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Chemistry. - .. On a Qualitative Resemblance between the Velocity 
of Hydration of Acid Anhydrides and the Velocity of Hydro­
lysis of Diacylperoxides". By Prof. J. BÖESEKEN and H. GELISSEN . 

(Communicatcd at the meeting of May 30. 1925) . 

BRODIE I). the discoverer of the organic peroxides. or more in parti­
cular of the acylperoxides (which are derivatives of H 20 2 in which one 
or both H atoms have been replaced by an acyl rest) already found 
that they are decomposed by water into free acid and oxygen. 

A considerable time later v. PECHMANN and VANINO 2) observed that 
phtalylperoxide was comparatively rapidly changed into phtalic acid and 
hydrogen peroxide by alkalies and their carbonates. 

Neilher BRODIE nor V. PECHMANN and VANINO entered any further 
into the mechanism of this decomposition. 

VON BAEYER and VILLIGER 3) found that phtalylperoxide. on careful 
treatment with alkali-hydroxides in the cold. flrst changes into the alkali­
salt of phtalylmonoperacid. These investigators also observed that the 
two-sided substituted H 20 r derivatives by no means act rapidly oxidizing. 
but only become active when they have been converted into the one­
sided substituted derivatives by hydrolysis 1). 

The difference in velocity of hydrolysis between acetylbenzoyl-. 
diacetyl-. and dibenzoyl-peroxide observed by these investigators. was 
no further accounted for by them. 

From the fact that VON BAEYER observed the formation of hydrogen 
peroxide when the phtatylperoxide was heated with alkali-hydroxide. in 
connection with what precedes. follows the course of the reaction 
between diacylperoxides and water. 

The reactions that take place when H 20 acts on phtalylperoxide. are 
n our opinion the following : 

= 0 OH C - O- O- H COOH 
- C6H1< C + I ~ C6H1 + H20 2 

= OOH H COOH 

2 H 20 2 ~ 2 H 20 + O 2 
- - ----

I) An. 1863. III Supl. 211. 
2) Ber. 27. 1511. 1894. 
3) Ber. 34. 765. 1901. 
1) The action of dibenzoyl- and acetylbenzoyl-peroxide on a solution of indigo-blue 

(disulphonic acid-indigo dissolved in H20 is discoloured with formation of isatine) or on 
a KI solution is ascribed by v. BAEYER (Ber. 33. 1569. 1900) to the action of the per­
acid formed intermediarily. 
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(Remark. The structure formula of the phtalylperoxide given here. was 
proved by us (see Chem. Weekblad 22. 187. 1925) ; we also point out 

at once that the splitting up takes place in the bond C- - 0 and not in 

the bond 0 - - - 0 -). 
VON BAEYER I) succeeded in converting benzoylperoxide. which can 

resist cold alkali . into benzoyl hydroperacid-Na and benzoic acid ethyl­
ester through careful saponiflcation with sodium ethylate. 

The reaction : 

C 6H sCOOOCO C 6H s + C 2H sO Na -- C 6H sC=0 - 0 - 0 Na 

+ C 2H s COO C 6Hs 

shows that on hydrolysis of the diacyl peroxides not the - O - O-bond 

is broken. but the - C:o 
__ o bond. since in C 2H sONa not the - ONa group 

combines with a C 6H sCOO-part. but the Na combines with the C6H sCOOO­
part of the benzoyl peroxide-molecule. as one of us will show more in detail. 

Through an aqueous alkali-solution VON B AEYER could change diacetyl 
peroxide into aceto peracid and acetic acid . 

We shall see presently that the difference between benzoyl peroxide 
and acetyl peroxide towards aqueous alkalies consists simply in a differ­
en ce in velocity of hydrolysis . 

FREER and Novy 2). who examined the oxidizing action and the 
behaviour towards certain bacteria of benzoyl acetyl- and of diacetyl 
peroxide. agreed with VON BAEYER that benzoylacetyl peroxide as such is 
no direct oxidizing substance. 

They write : "Pure benzoylacetyl peroxid is not an oxidising substance. 
nor has it any odor. a fact which was also observed by BAEYER" . 

These investigators found further that on hydrolysis of benzoylacetyl 
peroxide in aqueous solution a precipitate of dibenzoylperoxide is formed. 
which they represent by the following equation : 

C6H sC=000C=oCH 3 + C 6H sCOOH -- C 6H sCOOOCOC6H s + 

+ CH3COOH. 

(in other words the primary product of hydrolysis C 6H sCOOH of the 
benzoyl acetylperoxide acts on unchanged benzoylacetyl peroxide). 

Also these investjgators observed the insensibility of dibenzoylperoxide 
to water; for they write : "On the other hand. benzoylperoxid is diffi­
cultly soluble. does not undergo hydrolysis. has no oxidising action. and 
is wholly without effect upon bacteria" . 

Accordingly FREER and N ovy have entered again somewhat more 
deeply into the process of hydrolysis of the diacylperoxides. and on the 
ground of this they could furnish the proof that symmetrical acylperoxi-

I) Ber. 33. 1569. 1900. 
2) Am. 27. 161. 1901. 

41 * 
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des are inert towards definite bacteria. whereas the peracids are strong 
poisons to these same bacteria. 

The hydrolysis of the diacylperoxides has been most successfully 
studied by CLOVER and R1CHMOND I) . 

These investigators came to the following conclusions : 
1. Diacylperoxides are completely hydrolysed into acid and peracid 

by water. 
The duration of the reaction is dependent on the solubility in water 

and on the nature of the peroxide. 
The reaction : 

ROOR + H 20 ~ ROH + ROOH (R = acylrest) 

is not reversible according to these investigators. and proceeds therefore 
quantitatively in the direction towards the right. 

In mixed peroxides the hydrolysis goes in two directions : 

ROORI + H 20 ~ ROH + R.OOH. 
or 

ROORI + H 20 ~ ROOH + RIOH. 

2. Peracids hydrolyse into acid and hydrogen peroxide. 
According to CLOVER and R1CHMOND this reaction is not reversible 

either; it proceeds more slowly than the hydrolysis of the diacylperoxi~ 
des and is accelerated by acids. 

They found that a 5 010 solution of diacylperoxide was completely 
hydrolysed according to equation 1 in 24 hours. that buterie acid peroxide. 
and also crotonie acid peroxide. hydrolysed much more slowly. and that 
"with benzoie peroxide it is so slow as to be scarcely detected in the 
course of several days··. 

We shall discuss this difference in velocity of hydrolysis of these 
diacylperoxides more in detail later on. and only state now that C. and R. 
do not enter any further into this matter. 

When we compare the reaction of hydration of the acid anhydrides 2) 

RC"o 
,, 0 + H 20 ~ RCOOH + RCOOH (I) 

RC<o 

and the reaction of hydrolysis of the diacylperoxides. 

RC = o 0 

I + H 20 ~ RCOOOH + RCOOH (11) 
RC = o 0 

we observe: 

I) Am. 29. 180. 1903. 
2) According to VERKADE (Diss. Delft) the two successive reactions for fatty aCidanhy-

drides are ; Anhydride + H20 ~ addition product ; 
addition product ~ 2 mol. acid. 
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I. that in both cases a C-O-bond is broken up through the action 
of the water. 

2. that the reaction products are two acids in both cases. 
3. that both land 11 are accelerated through alkali hydroxides. car­

bonates. and bicarbonates. as was found by ORTON and JON ES 1) for 
the hydration of acid anhydrides. and by VON BAEYER (Ioc. cit.) for the 
hydrolysis of the diacylperoxides . 

4. that both reactions are catalytically affected by acids. whieh was 
observed by CLOVER and RICHMO ND (Ioc. cito p. 184) for the diacyl­
peroxides. and by O RTON and JON ES (loc. cito and Dissertatie VERKADE 
p . 17) for the hydration of the anhydrides. 

These facts have led us: 
I to consider the diacylperoxides as anhydrides of peracids and acids; 

11 to draw up the rule : 
Diacylperoxides derived [rom acid anhydrides which have a small 

hydration constant, do not hydrolyse. or they hydrolyse exceedingly slowly . 
This rule . which expresses a qualita tive relation between the velocity 

of hydration of the acid anhydrides. and the velocity of hydrolysis of 
the diacylperoxides. enables us therefore to derive the properties of the 
diacylperoxide from those of the corresponding anhydride. in which it 
appears that the velocity of hydrolysis of the diacylperoxide is always 
smaller than that of the corresponding anhydride. which follows from a 
comparison of the reaction constants in question . 

V ER KAD E (Diss. Delft. p. 56) found that the hydra tion reaction of the 
lower acid anhydrides (up to Cs) satisfies the equation of a mono-mole­
cular reaction (excess of H 20). and CLOVER and RICHMOND observed 
that the hydrolysis of the diacylperoxides likewise takes place according 
to the equation: 

I a 
K = - log . - - hence also as a reaction of the first order. 

t a- x 

VERKADE observed that the velocity of hydration of the anhydrides 
of acetic acid. propionic acid. and butyzic acid decreased from the left 
towards the right ; it may be concluded from CLOVER and RICI-IMOND's 
investigations that the velocity of hydration of the peroxides of acetie 
acid. propionic acid. and butyzic acid likewise greatly decreases from the 
left towards the right. 

CLOVER and RICHMO ND found two peroxides that do not hydrolyse 
at all. viz. crotonie acid peroxide and benzoylperoxide. About crotonie 
acid peroxide they say (Ioc. cito p. 196). "The slowness with which it 

hydrolyses. however. renders it suitable for such study". and about 
benzoylperoxide "with benzoie peroxide it (i.e. the hydrolysis) is so slow 
as to be scarcely detected in the course of several days" . 

1) J. Chem. Soc. 101. 1708. 1917. 
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Striking is the agreement in the behaviour of the corresponding acid 
anhydrides in question towards water resp. towards hydrolysing agents . 

Of benzoic acid anhydride we find stated (V. MEYER and JACOBSON 
II 547). "Es ist sehr beständig gegen Wasser und wässerige NatronJauge", 
while VANINO (Handbuch II. 612) says that it "selbst gegen heisse Soda­
Jösung mäszig beständig ist", and it moreover follows from CLOVER and 
RICHMONO's researches that crotonic acid anhydride is not converted to 
crotonic acid by soda solution (p. 194 Joe. cit.). We see from this that 
this agreement in velocity of hydration of the two anhydrides that are 
insensible to water corresponds to the velocity of hydrolysis of the per­
oxides that are likewise insensible to water: both velocities are very 
smalJ. As was stated above, the velocity of hydrolysis of the diacyl­
peroxides is smaller than the velocity of hydration of the anhydrides. 

In order to show this agreement in velocity of hydration further we 
have made a few new diacyl peroxides, derived from acids whose anhy­
drides are insensible to water. These peroxides appeared likewise insen­
sible to the action of water. 

Theyare : 
Cinnamoylperoxide. Melting point 144° C. (fine needies from acetone). 
Phenylpropionic acid peroxide. Melting point 38°.5 (shiny leaflets from 

diluted alcoh~l). 
Trichloracrylic acid peroxide. Melting point 49° C. (fine leaflets from 

ethylalcohol). 
These peroxides are all as insensible to water as the corresponding 

anhydrides of the acids. 
Inversely it is found that the diacylperoxides, in which the correspond­

ing acid anhydrides are more easily hydrolysed than the acetic acid 
anhydride, become more and more sensible to water in the same succession. 

Acetic acid anhydride hydrates rapidly, the anhydrides of the chlorine 
substituted ace tic acids are more sensible to water according as more 
chlorine has been substituted. Thus BUCKNEY and THORNSON J) say of 
trichloracetic acid anhydride "der Körper geht bei Anwesenheit der 
geringsten Spur von Feuchtigkeit in die Säure über". 

The analogy to the corresponding diacylperoxides is again great. The 
acetylperoxide is again completely hydrolysed in aqueous solution within 
24 hours (CLOVER and RICHMONO loc. cit.). The monochloracetylperoxide 
prepared by VANINO and UHLFELOE 2) is al ready decomposed when 
exposed to moist air ; while trichloracetylperoxide, which FICHTER 3) had 
fruitlessly tried to find, and which we had succeeded in pre paring by 
the application of an artifice, lasts only a few minutes, and wh en exposed 
contrivance to air is among others converted to phosgene, probably 
according to the following reactions ; 

I) Ber. 10, 698, 1877. 
2) Ber. 33, \OH 
3) He1v. 1923, 503. 
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CCI3COOOCOCCl3 + HOH ~ CCI3COOOH + CCI3COOH 
CCI3COOOH ~ CO2 + HCI + COCI2• 

The agreement found by us does not only hold for the diacylperoxides 
of the carbonic acids. but also for those of the sulphonic acids. at least 
for the only one known. benzene sulphonic acid peroxide. 

This peroxide 1) is very unstable. does not dissolve in cold water. on 
account of which it can be washed in ice~water. but it gives a separation 
of iodine in a neutral iodine~iodine potassium solution. as a sign that it 

is rapidly hydrolysed. 
Benzene sulphonic acid anhydride 2) is likewise insoluble in water. but 

is very rapidly hydrolysed in aqueous solvents and by moist air. 
As it is stated of some substituted sulphonic acid anhydrides. that they 

are very stabie. this might be attributed to their exceedingly small solu~ 
bility in water. If it should. however. appear that their velocity of 
hydrolysis is much smaller than that of the non~substituted sulphonic acid 
anhydride. a corresponding small velocity of reaction is to be expected 
in the substituted sulphonic acid peroxides. 

Delft. May 1925. 

1) WEINLAND and LEWKOWITZ. Ber. 36. 2702, 1903. 
2) MEYER and SCHLEGL. Monatshefte 31. 561. 1913. 



Chemistry. - "Contrrbution to the Knowledge ot the Higher Fatty 
Acids of Peanut Oil" . By W . D . COHEN. (Communicated by 
Prof. BÖESEKEN). 

(Communicated at the meeting of May 30. 1925). 

Introduction . The constitution of the fatty acids from peanut oil has 
already repeatedly been studied I). and for this reason there would perhaps 
have been no occasion to return to th is subject. if it had not appeared 
from a publication by EHRENSTEIN and STUEWER 2) that there still prevails 
diversity of opinion about the constitution of the higher fatty acids. 

Till thc appearance of the communication of these last~mentioned 

investigators it had been considered as proved that the higher fatty acids 
(i.e. the acids above C~ 18) from peanut oil consisted of a mixture of 
arachidic acid. i.e. the normal C~20 acid and the so~called lignoceric 
acid. i.e. a C~24 acid considered by MEYER and his collaborators - in 
my opinion on debatable grounds - as an iso~acid. while other investi~ 
gators (JAMIESON c.s.) do not pronounce an opinion about the structure. 
but confine themselves to the proof that we have to do here with a 
C~24 acid. The quantity of each of these two acids would amount to 
2-4 Ofo of the total quantity of fatty acids. 

Totally discrepant conclusions are arrived at by EHRENSTEIN and 
STUEWER 2). who had been struck with the fact that the methyl~ and 
ethyl ester of arachidic acid separated out of peanuts. would not fit 
into the series of melting points of the esters of palmitic acid. stearic 
acid. behenic acid. lignoceric acid. The same irregularity would apply 
to the alcohol made from this arachidic acid with respect to the alcohols 
C~16. C~18. C~22. and C~24. By means of KOH~melt of erucic acid 
they prepared the unquestionably "genuine" arachidic acid. which really 
yielded esters and corresponding alcohols of the expected melting point. 

EHRENSTEIN and STUEWER prepared their "arachidic acid" by isolating 
it from the peanut oil via the methyl esler. In what way this had been 
done. is not clearly stated. It may. however. be assumed that fractionated 

I) SCHWEIZER. Ar. 222. 757 (1884) . 
MEYER and BEER. Sitz. ber. K. Akad. der Wiss. (Wien) 122. 28. 567 (1913) . 
MEYER. BROD. SOYKA. ibid . p. 485 (1912) . 
HEIDUSCHKA and FELZER. Z. Unt. Nahr. u. Genussm. 38. 241 (1919). 
JAMIESON. BAUGHMAN. BRAUNS. Journ. Am. Chem. Soc. 43. 1372 (1921) . 

2) EHRENSTEJN and STUEWER. J. pro N .F. 105. 199 (1923). 
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distillation of the esters under reduced pressure has been applied. Now 
it has been proved with great certainty among others from still unpublished 
observations in our laboratory that the separation of a natural fatty 
acid mixture by means of fractionated distillation of the methyl or ethyl 
esters of the fatty acids with the usual moderate vacuum of the wet 
air~pump is exceedingly difficult. and that this method practically yields 
results only for the lower fatty acids (to C~ 14 inclusive) from cocoanut 
fat and palmkernel fat. A proper separation of the higher fatty acids is 
hardly possible 1). and there is a great chance of getting a constant­
boiling mixture of two different esters. which on analysis makes the 
impression of being a simple substance. EHRENSTEIN and STUEWER have 
undoubtedly been victims to th is misconception, and it is owing to this 
that they consider the natural arachidic acid as a C~22 acid. not identical 
with the behenic acid. hen ce of another configuration. 

They have tried to support th is conception by a comparison with a 
synthetic acid. in which it appeared that the melting points corresponded. 
Particularly with regard to the higher fatty acids. however. the de ter:.. 
mination of the melting point has comparatively little value, because 
tra ces of impurities undetectable by analysis. can considerably affect the 
melting point. which MEYER has already pointed out. Moreover. the 
presence of acids with branched chain is very improbable in the natural 
fats. and the occurrence of iso~acids has. strictly speaking. never been 
proved as yet with certainty (not by MEYER either for lignoceric acid; 
this cannot be discussed in detail here) . 

The investigation described below shows. in my opinion. once more 
that the fatty acids separated from peanut oil following af ter stearic 
acid are C~20 and C-24 acid. C-22 acid being absent. or at most can 
be present in a quantity so exceedingly small that its presence escapes 
observation. Of the separated C-20 acid the norm al structure has been 
proved. while the general properties of the C~24 acid render the normal 
structure the most probable. 

I stated above that the usual vacuumdistillation with moderate rare~ 
faction of the air is not adapted to effect an efficient separation for the 
esters of the higher fatty acids. Fortunately. however. the distillation on 
extreme vacuum appeared to present an entirely different image. and 
leads very easily to the end in view. at least in the case in question. 

Experimental part. The fatty acids are separated out of 2 kg. of 
peanut oil. dissolved in 2 litres of 96 Ofo alcohol. and left alone for a 
long time at about 6). The crystals that had separated. were sucked off. 
washed on the funnel with about 200 cm 3 of alcohol. and then twice 
recrystallized out of the just sufficient quantity of alcohol. Thus were 

I) For th is reason not much value can be a ttached to the experimental data of }AMIESON c.s. 
though there is no doubt that their conclusions are right . and in perfect agreement with 
mine. 
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obtained: 80 grammes of fatty acid. melting point 70". iodine value : 1. 
average Mol. Weight 337 1). 

These fatty acids we re esterized by boiling for 12 hours with 300 cmJ 

abs. ethylalcohol. in which 3 Ofo Hel had been dissolved. On cooling 
the esters crystallized for the greater part. They were twice remelted 
with water af ter sucking off and then twice recrystallized out of little 
alcohol ; they practically contained no free fatty acids any more. Quantity 
83 grammes. 

The esters were distilled in a simple distillation flask. in which however 
all the connections were effected by the aid of ground pieces. Between 
distilling apparatus and pump (make : "Pompe double à Palettes" of 
Gaiffe-Gallot et Pilon at Paris) there was placed a vessel in a vacuum 
glass filled with liquid air. With this arrangement a vacuum could be 
reached and maintained. which always remained under 0.001 mmo Hg. 

The distillation (or rather sublimation. for practically no phenomenon 
of boiling is observed) yielded the following results: 

Temp. airbath 210-215° Quantity I Melting point 

Fraction I temp. < 165° 21 .5 gr. 41 ° 

11 < 181° 25 .0 45° 

111 < 187° (then the distillation suddenly 11.0 48° 
stopped) 

.. IV Residue 24 .0 .. 52° 

lt was first tried to determine the saponification va lues of these fractions ; 
of the higher fatty acids. however. the potassium salts are so strongly 
hydrolytically split up. that a c1ear change of colour is not to be observed; 
for this reason the Mol. Weights of the separated fatty acids were 
determined by titration in alcoholic solution with alcoholic potassium 
hydroxyde. 

Thus the following va lues were found : 

Mol. Weight acids from fraction I : 315.0 
II: 331.7 

III: 353.8 
IV : 367.8 

This so far favourable result was an inducement to continue the 
fractionated distillation . 

1) When left for a long time at 0° a good deal still crystallizes out from the collected 
mother-liquids : .part of the crystals were centrifuged olf. and dried on filter paper. Melting 
point 52°. Average mol. w. 274. This is probably a mixture of about equal parts of 
palmitic acid and stearic acid. which are present in pretty large quantities (compare 
HEIDUSCHKA loc . cito and JAMI ESON c.s. Ioc. cit. ). 
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Fraction Hand III together distilled again : 

Quantity I Melting point 

I 
Fraction la boiling point < 165° 11.0 gr. 41 ° 

Ha 1750 21.0 47° 

lila Resid ue 10 .0 .. 52° 

Fraction Ha rectified anew : 

Quantity I Melting point 

Fraction Ib boiling point 155° 4.0 gr. 41 ° 

IIb < 175° 11.0 .. 46° 

IIIb Residue 5.0 .. 51 ° 

The middle fraction was rectified a few times more (in a smaller and 
smaller apparatus). th us practically splitting up into two fractions. of 
which one distilled up to about 155°. melting point 41°. while as residue 
a substance remained behind with a melting point of 51_52°. Of these 
two fractions about equal quantities were obtained and combined with 
the fractions I and Ia etc. resp. with the residues (fractions A and B) . 

The fatty acids were liberated out of both. and then recrystallized 
many times out of alcohol. at last out of petroleum ether. till the melting 
points changed no more. At flrst the C~24 acid showed an entirely 
different crystalline form. but af ter it had once been recrystallized with 
addition of a sm all quantity of "Norit". the crystalline form characteristic 
of this series of acids. shiny leaflets. presented itself. 

Fraction A gave an acid with the following properties : 
glistening crystal leaflets (outwardly perfectly the same as palmitic and 

stearic acid) . Melting point 74.5_75°. 
Melting point of the ethyl ester: 42.5°. 

Mol. Weight calculated for C~20 : 312.3 ; found 313.1. 
C calculated: 76.85 %; found: 76.80 and 76.89 %. 
H calculated: 12.90%; found: 13.01 and 13.10 % , 

Through KOH melt of erucic acid lobtained. in excellent yield. an 
acid with a melting point of 75°. the ethyl ester obtained from it melting 
at 42.5°. Mixture with the preparations from fraction A did not bring 
about a change of the melting points. Recently ADAM and DVER 1) have 
synthetized arachidic acid by building it up out of stearic acid. they 

1) ADAM and OVER. Soc . 127. 70. (1925) . 
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found melting point 75_75.5°. melting point of the ethyl ester 42.5°. 
which is. therefore. in excellent harmony with my values. 

Fraction B. shiny crystal leaflets (outwardly not to be distinguished 
from the preceding acid). Melting point 80_80.5°. 

Melting point of the ethyl ester 53.5-54~ . 

Mol. Weight calculated for C~24: 368.4; found: 367.7. 
C calculated: 78.18 0J0; found : 78.10 and 77.98 0J0. 
H calculated : 13.14 0J0 ; found: 13.20 and 13.25 0J0. 

Collecting the values found for the melting points of the two acids 
and ethyl esters in a tabie. to which the most probable values are added 
for palmitic acid. stearic acid. and be hen ic acid (from the hydrogenated 
ethyl ester of erucic acid. with the corresponding ethyl ester. we see: 

Acid Melting point Difference 
Melting point 

Difference acid ethyl ester 

C-16 62 .6 24 I 
7 9.3 

C- 18 69.6 33 .7 
4.9 8.8 

C-20 74 .5 42 .5 
5.0 6 .0 

C-22 79.5 48 .5 
1.0 5.0 

C-24 80 .5 53 .5 

It is seen from this that the course of the melting points of the homo~ 
logous acids and the corresponding esters. with the exception of the too 
low melting point of the C~24 acid. is perfectly regular; the differences 
in melting point become smaller and smaller when we ascend in the 
series. 

MEYER. BROD. and SOYKA 1) have built up the normal C~24 acid with 
the aid of the malonester synthesis from the C~22~iodide. The observa~ 
tion that this acid showed a melting point some degrees higher than 
the natural acid. renders the conclusion that we should have to do with 
another isomer. by no means justified. The observation of these investi~ 
ga tors themselves on p. 500 of their above cited treatise admonishes to 
great caution. and makes the value of their melting point diagrams 
exceedingly dubious 2). 

Now that the normal structure of the C~20 acid has been ascertained. 
it is for the present the most consistent assumption to assign the normal 

1) Loc. cito 
2) The presence of iso-acids in the natural fats is af ter all as improbable as the presence 

of acids with an odd number of carbon atoms. All the communications to th is effeCt. 
which now and then erop up in the literature. have been refuted with certainty. Compare 
in this connection the very instructive publication of HEIDUSCHKA and FELZER, which 
investigators prove that the supposed Cl7 acid from peanut oil was nothing but an 
equimolecular mixture of paImitic acid and stearic acid. 
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structure also to the C.24 acid from peanut oil. I hope however to 
return to this point on a future occasion. 

Summal'y. 
The higher (saturated) fatty acids from peanut oil contain: 
1. a . a C. 20 acid. 

b. a C.24 acid. 
2. the quantity of each of them is 3-4 010 of the total quantity of 

fatty acids. 
3. C·22 acid is absent . 
4. the C.20 acid is the norm al acid and identical with the arachidic 

acid described so far in the literature. 
5. the general properties of the C.24 acid present ren der it probable 

that th is likewise belongs to the same homologous series of fatty acids. 

Delft. May 1925. Laboratory fol' Ol'ganic Chemistl'y of the 
Technical Univel'sity. 



Physiology. - "Concerning the supposed In{luence of Fructose and 
the Action of Mg-salts on the Coagulation of Citrate- and 
Phosphate-blood." 1) By Miss E. SLUITER. (Communicated by Prof. 
G . VAN RIJNBERK) . 

(Communicated at the meeting of May 30. 1925). 

When blood has been made incoagulable by recelvmg it in a solution 
of sodium-citrate. it will coagulate af ter the addition of fructose . The 
same obtains with citrate-plasma. So for in stance 

1 cc. citrate blood + lee. fructosesol. 10°/0 causes coagulation af ter 10 min . 
2 + 15 .. 
3 
4 
5 
6 
7 
9 .. 
1 .. 

I 

+ 
-r 

I 

-r 

+ 
T 10f0 did 

15 
15 .. 
20 
25 
25 
25 .. 

not produce coagulation 

af ter 45 minutes: but af ter addition of one more e.c. fructose-solution 
1 °10 coagulation appeared af ter 2 minutes. 

My experiments with citrate-plasma yielded the following data : 

1 cc. 
2 
3 .. 
4 

5 
6 

citrate-plasma T 1 cc. fructosesol. 20°/0 gave coagulation af ter 15 min . 
T 15 

+ 
-r 

-I 

15 
30 

.. 100 
4 hrs. 

Blood that has been made incoagulable by receiving it in oxalate. Mg 
sulphate. or by defibrination. does not dot af ter the addition of fructose 2). 
Neither can the phenomenon be evoked by any other sort of sugar. 
for which I examined glucose. lactose. maltose. and saccharose. 

I) From experiments in the Laboratory for Physiology at the Amsterdam University. 
2) Commercial fructose con ta ins traces of calcium: determination by DE WAARO's 

method made out that I cc. 100/0 fructose contained 0.01'1 mgrs. Ca; I cc. 200/0 fructose 
contained 0.027 mgrs. Ca. (the average Ca-content of 1 cc. of bloodserum is 0.1 mgr.). 
This calcium is not responsibJe for the coagulation. for when an equivalent quantity of 
CaCI2-sol.. or an equivalent quantity of CaCI2. is added to another sort of sugar. no 
c10tting ensues. Occasionally I also worked with a fructose-solution. to whlch first a 
quantity of oxalate. suflkient to bind the calcium had been added. af ter which the Ca­
oxalate had been centrifugalised. 
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Citrate is one of the few salts that does not precipitate the calcium 
of the blood. but combines with it in one way or other. a combination 
thus far only partially known. According to SABBATANI I) the anti~clotting 
action of Na~metaphosphate is due to such a combination . From chem~ 
istry we know. in facto that citrates and alkaline metaphosphates inhibit 
the precipitation of calcium through the act ion of oxalates. or render it 

less complete 2). This naturally induced us to 6nd out the coagulative 
action of fructose on phosphatic blood . It thereby appeared that af ter 
about half an hour I c.c. fructose-solution 20 010 produced coagulation 
in 2 e.c. phosphatic blood or plasma (100 mgrs of metaphosphate to 
100 c.C. of blood). 

When trying to 6nd an explanatioll for this phenomenon. I simpli6ed 
the experimental conditions by making a fibrinogen~solution with which 
I made the following solutions : 

I fibrinogensol. in distilled water + fructose 
2 in Ringel' sol. + citrate + fructose 
3 in Ringer sol. 
4 in Ringel' sol. + citrate 
5 in Ca~free Ringel' sol. + fructose 
6 in Ca~free Ringel' sol. 

( thro:bi~ 
~ nogen ; 

a few drops of oxalate plasma were added as thrombinogen . 
Aftel' a short interval clotting ensued in the tubes 2 and 3. while the 

contents of the other tubes we re stillliquid aftel' 30 hours. The assumption 
is warranted . therefore. that the fructose liberates the Ca from the 
calcium~citrate compound. We know different fructose~calcium compounds; 
the most probable in this case seemed to be the combination C 6H I 20 6CaO 

Ca 

or CH20H(CHOHb 000 CH20H. in accordance with the place 

C 
where oxida tion of fructose with HgO + baryta-water occurs . 

When adding 6rst a little fructose and then some oxalate to a mixture 
of CaCl 2 + Na~Citrate . or CaCl2 + metaphosphate. which does not give 
a Ca~reaction with oxalate. a precipitate will be observed aftel' some 
time. which a ppears to be calcium. Con trol solutions were an .equal 
quantity of fructose solution and the Ca-citrate or Ca-phosphate mixture. 
both with as much oxalate as the Ca-citrate~fructose mixture contained. 
This. then . seems to show that through the action of fructose on the 
complex calcium~compound Ca~ions have entered into the solution . 
Some time afterwards I came upon chemically pure. beautifully crystal~ 
lized fructose (made by KAHLBAUM from inulin). A solution of this pre~ 
paration did not produce any coagulation . neither in citrate~ . nor in 
phosphate-blood . nor in plasma. 

I) Arch. ital. de Biologie T . 39. 1903. 
2) Vide FRESENIUS. Quantit . Analyse Bd. I. e. 157. 6 AuH. 
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There were two possibilities: either the behaviour of fructose prepared 
from inulin is other than the behaviour of the commercial fructose 
prepared from saccharose or. besides the Ca. whose quantity had proved 
to be insufficient for coagulation. the fructose contains still ' another 
impurity influencing the c1otting. 

The plausibility of the first assumption is supported by the researches 
of KARRER. of IRVINE and of HAWORTH 1). They derived the methyl~ 
compound from disaccharid, and split it up. This process localized the 
methylgroup. consequently also the anhydrid compound. as these workers 
assume that the anhydrid from a disaccharid is the main constituent of 
a polysaccharid. This method showed HAWORTH that the fructose~residue 
in the canesugar molecule has another grouping of atoms than the fructose 
that can be isolated in a permanent form . Now according to IRVINE 
inulin is derived by polymerization from fructose anhydrid. which as 
so-called y-fructose has the same structure as in cane~sugar. So it seems 
improbable that the permanent product from cane~sugar should be of a 
different grouping from that derived from inulin. Besides th is the rotatory 
and reducing power of the two kinds of fructose is approximately alike. 

As regards the possibility of another contamination of the fructose. 
e.g. by Ca. I wish to refer to the research by KARPMAN 2). who studied 
the effect on coagulation of citrateplasma of a series of organic substances. 
aliphatic as weil as aromatic compounds. of various alkaloids and of 
some inorganic substances. without being able to demonstrate a c10tting 
action of any of these bodies. 

Now. an analysis of the ash of the commercial fructose (the pure 
fructose left no ash) yielded the singular result that the ash contained. 
besides an inappreciable quantity of Ca.. also MgCI2 in a quantity of 
0.64 grms to 100 fructose (as MgCI2 + 6 aq. 1.456 grms). Control-experi­
ments showed that a solution of MgCI2• to this amount really causes 
coagulation in citrate-blood and phosphate-blood. or~plasma, not however 
in oxalate-blood. MgS01 in a solution equivalent to that of MgCI2 has 
a similar effect. Likewise the experiment with the Ca~Ci-mixture. as 
described in the experiment with fructose. yielded distinctly a positive 
result with MgCI2 : It appears that Mg liberates Ca from the combi­
nation Ca-Ci. which was indicated as such. Of the other alkaline earths 
Sr gives coagulation in citrate~. and phosphate~plasma. as weil as in 
oxalate~plasma. So its action is similar to that of Ca. This is also borne 
out by the fact that. from a Sr-Ci mixture. which does not give a 
precipitate with oxalate. Sr can be expelled by means of MgC12• a 
precipitate of Sr~oxalate is obtained. For control~experiment I used a 
tube with Sr - Ci + water. and a tube with MgCh + water with the 
amount of oxalate present in the Sr - Ci + MgCI2 mixture. Such an 

1) Journ. of the Chem. Soc. (London) 117. 118 (1920) 121. 122 (1922) . 
2) Amer. Journ. of Physiol. 53. (1920) . 
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experiment cannot be carried out with Ba. because the Ba~salt of citric 
acid is extremely insoluble. The clotting action which Iascribed to the 
power of fructose to liberate Ca from its complex combination. in the 
form of ions. appears to be based on a similar action of Mg~salts. This 
fact might furnish a small contribution to the solution of the problem 
as to in which form Ca is acting in the coagulation~process. bul this 
paper does not bring forward any evidence regarding the phase in which 
it happens I). 

I) Concerning the origin of the abnormal quantity of MgCl2 present in the fructose no 
explanation could he given by the factory of SCHERING at Berlin. where the fructose had 
been prepared . 

Proceedings Royal Acad. Amsterdam. Vol. XXVIII. 



Geology. - "Tertiary Rocks {rom North~ Western British Borneo and 
{rom Berau (E. Borneo)". By L. RUTTEN. 

(Communicated at the meeting of June 27, 1925). 

In the last few months I was in a position to investigate a good 
number of partly fossihferous tertiary rocks. collected by Dr. W . HOTZ 
at BaseI. and by the late Dr. G. NIETHAMMER in the north~western part 
of British Borneo. and a larger collection made by Dr. F. WEBER in 
Berau (E. Borneo). A full description of these collections will be given 
elsewhere 1); wh at follows here are only some results of my investigation . 

Rocks (rom British Borneo. 
1. The clastic material occurring in the tertiary rocks is nearly always 

derived from "old" rocks: the chief component fragments are much 
worn quartzes and grains of red and green radiolarite. besides much 
scarcer pieces of slate and intensely weathered fragments of green igneous 
rocks. Only in two rocks did we find fresh. angular felspars. implying 
the occurrence of a badly developed tertiary effusive period in this part 
of Borneo. 

2. Tertiary limestones are scarce in British Borneo. however. they 
occur far into the interior: wh en we draw a line parallel to the west 
coast from the G. Kinabolu. which consists chiefly of an acid intrusive 
rock. we find localities of tertiary limestone to the north as weil as to 
the south of the highest mountain of the island. 

3. It is next to certain th at the neogene limestones represent only the 
very oldest part of the Neogene. as is indicated as weil by the total 
absence of Miogypsina as by the regular occurrence of large Lepido­
cyclinae. 

4. In four domains of the Kudat- and Bengkoka peninsuia old~neogene 
and eogene rocks occur intimately bound up with each other: the former 
with Lepidocyclina. the latter with Orthophragmina. 

5. In three rocks from the peninsuia of Kudat- and Bengkoka we 
could recognize distinctly Orthophragmina in association with Lepidocy~ 
clina. while in three other rocks this occurrence seemed very probable. 
Inquiries by VER BEEK. MARTIN. DOUVILLÉ. VAN DER VLERK and myself 
showed that in the Archipelago Orthophragmina rocks representing the 
Eocene. and Lepidocyclina rocks. representing the Oligocene and the 
Neogene. are as a rule completely separated. so that up to the present 

1) Por Br. N. Borneo see : Verh. Geol. Mijnb. Genootschap Nederl. en Kol. Geol. Serie 
VIII. 1925. p. 115-128. 
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nobody ever succeeded in flnding the two subgenera of Orbitoides in 
one and the same rock. Stratigraphically the two genera are. as far as 
we can see. absolutely separated also in Europa. In America. where. 
indeed. the development of the tertiary Foraminiferal fauna differs in 
many respects from that in Europe and Asia. Orthophragmina and 
Lepidocyclina are found in association in one and the same rock. Now 
this contrast is partly done away with by the discovery of Orthophrag­
mina and Lepidocyclina in the same rock in British Borneo. It might 
still be imagined that in the rocks of British Borneo perhaps only 
Lepidocyclina is autochthonous. and that Orthophragmina has been infused 
from older rocks. This supposition may be dismissed as highly improbable 
in virtue of various considerations. In the flrst place such an infusion 
could be probable only in a region. where a great many older limes 
occur. and wh ere younger limestones occur in the neighbourhood of 
older. upheaved limestones. This might still be deemed possible for 
Kudat peninsuia. where limestones are not exactly numerous. but not so 
very rare either. For the peninsuia of Bengkoka. however. where lime­
stones are very rare. such an infusion-hypothesis would require the 
assumption of too many fortuitous circumstances. Moreover. the assumption 
of such an infusion might concern one single case. but three occurrences 
have been demonstrated. and there are probably th ree more. where 
Lepidocyclina and Orthophragmina occur together. We cannot but con­
clude. therefore. that there are in the Archipelago - though they may 
be ever so scant - transition strata from Eocene to Oligocene. charac­
terized by the joint-occurrence of Lepidocyclina and Orthophragmina . 

Rocks from Berau. The rocks investigated are derived from North 
Sangkulirang. from the basin of the Kelai river between Muara Lasan 
and Tg. Redeb. from the basin of the Lasan river. and from the Sidoöng. 
Tambalang and Birang. tributary rivers of the Segah or Makam-river. 
Basing on the literature on Berau. and on the investigation of the rocks 
we are safe to conclude that tertiary deposits in Berau east of the line 
Sg. Lasan-Birang-Keburau lama (Bulongan) have a very wide distribution. 
whereas to the west of that line they are few and far between. and 
occur probably as relicts. Very likely the tertiary de po sits have a thick­
ness of several thousands of meters and can be arranged stratigraphic­
ally as follows : 

Young Neogene. Limestones with Orbiculina and Alveolinella Boscii in the littoral zone 
of North-Sangkoelirang near Tg. Domaring; Limestones and lime-sandstones from P. 
Maratua ; brown coal formation of P. Sepinang on the Berau river with carbon containing 
30 Ofo-water (HOOZE). 

Middle Neogene. Coal-sandstone-shale formation of the Lower Kelai- and Makam-rivers 
with c.a . 14 0/0 water in the pitch-coal (HOOZE). probably occurring also on the Lower 
Blrang (SPAAN). with few fossiliferous banks ; on the Kelai river with Miogypsina poly­
morpha var. spiralis. Lepidocyclina angulosa and Lep. Ferreroi. It may be that limestones 
and marls of Tg. Domaring . found in the interior, belong to the same level of the Neogene. 

42* 
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Limestones from the MIddie Sg. Birang are helieved to he somewhat older. They contain 
heside numerous Miogypsinae (M. alf. Dehaartll) scanty remalns of large Lepldocycllnae. 

Old Neogene. Llmestone formatton. characterlzed by the occurrence of large reef-Iike 
limestone hills (Lower Kelai). always with Lepidocycllna formosa. most of ten with splro­
clypold Heterosteglna. with small Lepldocyclina. and numerous other Iittoral Foraminifera 
and Corallinaceae. Only once dld we find Miogypslna in th Is formation (Lasan). Wldely 
distributed ; Basin Lasan. Lower Kelai, Sg. Sidoöng. and the Interlor of North Sangkulirang. 
The limestones helonging to th is level. of ten contain boulders of radiolarite and quartz. 
potassium felspar. and plagioclase. which must have orlglnated from young. acid tulfs. 
Rhyolite-. and Dacite-tuffs are perhaps somewhat older than the limestone-formation. 
Their crystals. as stated above. can of ten he recognized in the rocks of the Iime-formatlon ; 
they are found in situ in different localities in the basin of Lasan-river. 

Young Eogene. Limestones with reticulate Nummulites. Alveolina s. str .• Lepidocyclina 
and large Operculinae occur in the Lasan territory and in the limestone hills to the south 
of Tg. Redeb (Kg . Lianglangup) . There Is apparently an Intimate sedimentary relation 
between the old neogene limes. the most recent eogene Iimestones under consideratIon. and 
the somewhat older. but still young eogene Iimestones. whlch occur especially on the 
Upper Lasan. and which are characterized by the absence of Lepldocyclina. and by the 
frequent occurrence of reticulate Nummulites. Alveolina s. str., large Operculinae and 
Sorites. Orthophragmina and Assilina are still entirely lacking In these deposlts. so that 
they are to he referred to the young-Eogene. 

This stratigraphical table suggests the following remarks. In the flrst 
place it strikes us that in North Sangkulirang, in the younger as weIl 
as in the older layers of the Neogene, limestones and marls have a wide 
distribution. We may even call the whole of North Sangkulirang a lime~ 
stone~marl region, while in the parts of the inland round about Tg. 
Redeb the Y oung~, and the Middle~Neogene on the contrary is very 
poor in limestones. but rich in coal~layers, which seems to show that 
the facies has become more continental. I think it probable, though not 
at all a proved fact , that this phenomenon has a similar origin to that 
of the modiflcations of the facies in the Tertiary of North-East Kutai. 
where towards the peninsuia of Sangkulirang we note a gradual increase 
of the marine character of the various sections of the Neogene from 
W. to E.1). 

There are a number of facts indicating that in Berau the condition is 
certainly more complicate than that along the coast of Kutai, where the 
tectonic of the tertiary littoral hills is always very simpie. only poorly 
folded anticlines being found there. whereas towards the interior the 
folding becomes intenser. so that eogene deposits in Kutai begin to 
appear only far into the inland. and the Pre-tertiary still farther. Already 
at Tg. Mangkalihat eocene limestone occurs very near the coast. 2) to 
the south of Sg. Pantei quartzite is known to occur before the coal~ 
bearing Neogene of Tg. Redeb and before the calcareous Neogene of 
the zone of Lasan~Lower Kelai 3). MOLENGRAAFF has pointed out that in 

1) L. RUITEN. Thls Proceedings 1916. 
2) L. RUTIEN. Samml. Geol. Relch~mus. Lelden. (1) X. 1915. p. 3-10. 
3) J. A. HOOZE. Jaarb. Mijnw. Ned. Indië. 1886. Techn. Adm. Ged. 
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some pi aces the" mesozoic radiolarites trend eastward from the Lower 
Sg. Kelai I); in the Sg. Galong KetjiI. a tributary of the Lasan river 
serpentine-breccia and diabase occur eastward from the zone of old­
neogene limestones. and lastly also the eogene limestones from the moun­
tain track of Sg. Binai in South Boulongan are located comparatively 
close to the coast. 2) It is evident. therefore. that in Berau there are un­
doubtedly no anticlines that are folded upwards gradually to greater 
depth. if one is proceeding to the interior. With the altered strike of the 
mountains - which is still N.N.E. in North Kutai. and becomes N.W. 
in Berau. as shown clearly by the topographical map. 3) the geological 
aspect has apparently entirely changed. the due importance of which 
cannot be assessed as yet. It is not impossible that the analogues of the 
less sharply folded littoral anticlines in Kutai are in part Iying. in 
Berau and Bulongan. in the territory covered by the sea. Tarakan and 
P. Bunju with their oil fields. and incidentally the zone on which P . 
Maratua is situated. lend support to this view. 

In the foregoing we have endeavoured to make up the stratigraphy 
from the data furnished by the investigation of the Foraminiferal fauna. 
We feel justified to ask whether we should not exercise special precau­
tion in determining the boundaries on the basis of tertiary Foraminifera. 
since it becomes more and more evident that th ere are all sorts of 
transitions. never thought of before. This wilt be readily understood if 
we consider that Lepidocyclina and Orthophragmina have been recognized 
in British North Borneo in one and the same rock. that remains of 
Lepidocyclina formosa appear in rocks from Birang territory in typical 
Miogypsina-deposits. whereas conversely a limestone from the Lasan 
territory contains remains of Miogypsina together with numero us speci­
mens of Lep.-formosa. It seems to me that the exceptions alluded to 
imply that the sedimentation in the Malay region - at all events in 
various localities - has been effected very evenly and uninterruptedly. 
but that they do not take away from the significanee of the Foramini­
fera with reference to the stratigraphy of the Indian Tertiary. That the 
stratigraphical schemes produced by VERBEEK-FENNEMA. H. DOUVILLÉ. 
VAN DER VLERK and the present writer are usabie. is indicated by 
the very fact that the "anomalous fossil-associations" appear as rare 
exceptions and that in most cases fossil-associations are met with that 
are in good adjustment with those schemes. As regards the Berau-territory. 
I think I may therefore be allowed to say that in view of the material 
examined. it is an established fact that the rocks represented comprise 
the Young-Eogene up to the Young-Neogene. and that all transitions 
probably occur within those limits. 

It is remarkable that probably old-neogene effusiva occur in the region 

I) G. MOLENGRAAFF. Verslagen Geol. Sectie Geol. Mijnb. Genootschap I. 1914. p. 175-179. 
2) L. RUITEN. Samml. Geol. Reichsmus. Leiden (I) . X . 1915. p. 3-10. 
3) See also P . KRÖKEL. Samml. GeoJ. Reichsmus. Leiden. (1) . X. 1923. p. 141 etc. 
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under examination. and seem to have a wide distribution there: traces 
of them were found from Sg. Sidoöng as far as the Upper-Majung over 
a distance of above 40 km .. from the Sg. Sidoöng as far as the interior 
of Sg. Domaring over a distance of above 100 km. In this connection 
it is interesting to state that also west of Sangkulirang-Bay rhyolite tuffs 
have been recognized 1). though it be in very thin layers. It is moreover 
possible that the more basic effusiva from Bulongan. as described by 
KRÖKEL (I. c.). have taken origin in the same period. 

In fine I wish to caU attention to one thing more. In many tertiary 
rocks of Berau pebbles or sandy grains of radiolarite have been found. 
Exactly the same can be stated for numerous tertiary rocks from British 
North Borneo. Now. from a recent publication by WANNER 2) we gather 
that W. HOTZ refers the radiolarites of British North Borneo in part 
to the Old-tertiary. This induced WANNER to discuss the genesis of the 
radiolaria-bearing deposits. Concerning this problem the material investi­
gated does not yield conc1usive evidence. However. I am inc1ined to think 
th at the fact that the earliest known fossiliferous tertiary sediments in 
Borneo invariably contain rounded radiolarite. implies that the folding of 
radiolaria-bearing rocks must have taken place in the Pretertiary. and that it 
is not very likely that the radiolarites should still have developed in Borneo 
in the T ertiary. This can be assumed only if the radiolarian deposits may be 
considered as sediments in a shaUow sea. the upheaval of the seabottom. 
necessary to bring the radiolarites to the surface. then having been only very 
inconsiderable. and perhaps only local. so that they could be re-deposited 
in a rounded condition a little further. H. however. we agree with 
MOLENGRAAFF and WANNER that the radiolarites are pure deepsea forma­
tions. so that they can be deposited again as c1astic rocks only af ter 
due folding. it wil! he hard to deny the necessity of assigning to the 
radiolarites of Borneo a pretertiary age. In that case it is of great 
interest that according to HOTZ an "ultra-alpine tectonic" must be 
assumed for British North Borneo. 

Utrecht. June 1925. 

1) L. RUITEN. These Proceedings. 1916. 
2) J. WANNER . N. J. f. Miner. Beil. Bd. 45. 1921. p . 149-213. 



Geology. - "Concerning some Erratics of Southern ongln in the 
Dutch Diluvium" . By J. H. DRUIF. (Communicated by Prof. 
L. RUTTEN). 

(Communicated at the meeting of June 27, 1925). 

In his "Bijdrage tot de kennis der Zuidelijke Zwerfsteenen in Neder­
land en omgeving" 1) CH. OOSTINGH reports the occurrence of ferruginous 
sandstone from the Upper Oligocene and of loose shells from the same 
formation (resp. p. 101 and 103). 

A short time ago on my visit to the railway-cut near Mook I came 
by chance upon a ferruginous sandstone, which on c10ser inspection 
appeared to contain distinctly recognizable cores of Pectunculus obovatus 
Lamark. On further inquiry I was informed by the station master that a 
few days previously a fragment of th at rock. measuring about 40 X 20 X 15 
cm. had been found. and that it contained a good many similar impreg­
nations. But. alas. the workmen. out of curiosity. had knocked it to 
pieces. The fragment I found was a part of this stone. It is now present 
in the collection of the Geological Institute of Utrecht. Similar fragments 
were of ten found there, as I was told, 50 that I asked my informant 
to preserve such finds in future and to communicate with me. which he 
promised. 

On p. 89 of the publication referred to. the occurrence is discussed 
of the familiar siliceous oolites. T 0 the number of localities mentioned 
there. I can add one more. viz. "de Stompert" near Amersfoort. where 
I found a specimen. small but c1early distinguishable, right at the top 
of the hilI. A few days later Mr. R. IJZERMAN brought home more 
specimens from a visit to the railway-cut at Maarn. 

Neither in Dr. OOSTINGH's publication. nor anywhere else to my 
knowiedge. mention is made of an erratic block found in 1884 by 
LORIÉ near Zeddam. now present in the Utrecht collection. On re­
examining that part of the collection . I was struck by a peculiar green 
mineral enclosed in it. 

The rock under consideration is a common white dyke-quartz. coloured 
yellow here and there. while a grass-green mineral can be recognized. 
distributed in irregular aggregations. mostly in spots. sometimes more or 
less spherical. not in distinguishable crystals. 

A chemical examination made out that it contained Cu and P. while 
on treatment with acid initially some CO2 is emitted. On heating some 

I) Mededeelingen der Landbouw Hoogeschool. Dl. XIX. Wageningen . 
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water is given olf. It is highly probable. therefore. that we have to do 
here with one of the minerals from the Lunnite~group I). 

The habitus is most like Pseudo~Malachite. 
The micro~chemical exami na ti on confirmed the presence of P. 
Now. it is a known fact that in the basin of the Rhine such minerals 

consisting chiefly of copperphosphate. occur. namely at Ehl near Linz. 
We may safely conclude. therefore. that the rock originates from that 
district. Since nothing is known ab out the occurrence of si mil ar rocks in 
the basin of the Meuse. we seem to have hit upon a new erratic block 
characteristic of the Rhine. 

I) DOELTER : Minera1chemie 111. I. p. 437. 1918. 



Palaeontology. - "AContribution to the knowledge of the Pleistocene 
Flora of the Netherlands" . By F . FLORSCHOTZ. (Communicated 
by Prof. L. RUTTEN). 

(Communlcated at the meeting of June 27. 1925). 

In the summer of 1924 a boring was performed for the waterworks 
of Velp. municipality of Rheden. in the vicinity of the pumpingstation. 
The bore-hole lies in the domain of the munidpality of Rozendaal. 
31.30 M. + O. D. (= New Amsterdam Ordnance Datum). On sheet 470 
(Rozendaal. edition 1911) of the Government chromotopographical map 

1 
25000 it is localized by the eastern intersection of two cirdes. drawn 

with radii of 36 and 25 m.m.. respectively from the tower of the castIe 
Rosendael and the Rozendaal watercornmill. 

The nature of the bored layers was discussed by Dr. J. F. STEENHUIS. 
geological adviser in the Government Office for the Drinking-water­
supply, in a treatise entitled: .. Eenige geologische opmerkingen over de 
in de winplaats der gemeentewaterleiding van Rheden verrichte diep­
boring, benevens beschrijving der aangeboorde aardlagen" (Some geolo­
gical observations on the deep-boring in the source of supply of the 
municipal waterworks of Rheden with a description of the bored layers). 
which treatise appeared as an annex to the .. Rapport inzake de ver­
grooting van het vermogen der waterwinplaats te Velp" (Report on the 
raised capacity of the source of water-supply at Velp), made in 
December 1924 for the municipal corporation of Rheden by the Director 
of the Office just mentioned. 

Down to a depth of 7.80 M. - O. D. the layers consisted of more 
or less coarse-grained sand, mixed with fine or coarse gravel. Lower 
down the sand was generally finer, the gravel thinly scattered, while 
day- and loamlayers appeared. containing from 28.50 to 28.80 M. - O .O. 
scales of dark brown peat. In the deepest deposit (85.50 to 90.45 M. 
- O. 0 .) Dr. STEENHUIS met with indeterminable sheIl-fragments. which 
according to him may indicate that the marine tertiary has been reached. 
This presumption may be confirmed by the fact that I found in the 
same layer numerous glauconite-grains and Foraminiferae (especially 
representatives of the Rotaliidae and of the Nummulinidae). 

An examination of the day revealed that the layer between 23.00 and 
28.50 M. - O. D. contained plant-remains. of which I shall give an 
enumeration lower down as far as I could determine them. Besides the 
botanical remains I found a couple of fragments of the elytra of a beetIe. 
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My farmer teacher Dr. ED. EVERTS of the Hague. wh om I showed one 
of these fragments. kindly informed me that it had belonged to a beetJe 
of the genus Donacia. 

This fossiliferous layer. 5.50 M. thick. consists. according to the 
description by Dr. STEENHUIS. of a firm. darkgrey. faintJy sandy to 
plastic. calciferous day. 

The outcome of a further inspection revealed that the clay was mixed 
with scales of a dark-brown. limeless, fibrous mass. turning black when 
moistened. and consisting chiefly of fragments of mosses. 

The available day with the fibrous scales was washed and sifted . In 
the vegetable residue I could demonstrate : 

a. Anthophyta: a single or few seeds of Polygonum. Batrachium. 
Comarum (?). Hippuris. Myriophyllum. Menyanthes. Potamogeton and 
Carex; 

b. Archegoniatae: a large quantity of parts of stems and branches 
with leaves and single leaves of Musci. 

Since the latter appeared to have constituted the chief part of the 
vegetation. it may not be amiss to look at them more dosely. 

The first thing that struck me was the predominance of the genus 
Drepanocladus C. Müll. (syn. Harpidium Sulliv.). identifiabIe by the 
falcated tips of the stems and the branches, by the unidirectionalleaves. 
most of ten curved in a similar way. and by the generally well-developed 
and differentiated angular cells. 

The moss-rests had been so beautifully preserved that all particularities 
of the leaves. which are of systematic importance (e.g. si ze and form 
of the cells. notably of the angular cells). could be observed. 

Af ter more than a hundred separate preparations in canadabalsam had 
been made. the leaves of the stems and the branches being stripped off 
to increase their transparency. I could reasonably anticipate. in virtue 
of the marked differentiation of the shape and the size of the leaves. 
that I should succeed in identifying them with recent Drepanodadi. In 
facto the presence of typical species. su eh as Drepanodadus Sendtneri 
(Schpr.) Warnst .. could readily be established. 

On further examination of this genus and the relative literature. 
however. I resolved for the present to stop my efforts in the deter­
mination of the single species. considering that. even if we have entire 
plants at our disposaI. the determination of Drepanodadi entails great 
difficulties arising from the manyfold morphological varieties. This will 
readily be understood, if we reflect that the leaves. which are the main 
criteria in systematization. may vary considerably in:_ one and the same 
specimen. not only as regards form and dimensions. but also with 
reference to leng th and thickness of the nerve. the structure of the cells 
etc. Outward circumstances seem to be of great influence here. 

Sa long as the students of the systematization of this genus confined 
themselves to the examination of herbarium-material. the number of 
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species and varieties increased ad infinitum. until their attention was 
given to the biological side of the problem. Experience in the study of 
the ecological factors ca lied for a revision of the adopted system. but 
did not facilitate a general view of the whole genus. The new idea of 
collective species may perhaps obviate the difficulties. In face of these 
facts I think it safer to consider the fossil moss.flora as one whole and 
to confine myself to deducing a few conclusions from their general 
characteristics. Among these are in the first place the falcated tips of 
stems and branches. which seems to be typical of plants emerging partly 
above the water. Submerged specimens. e.g. of Drepanocladus Kneifii (Schpr.) 
Warnst. and of Drepanocladus fluitans (L.) Warnst .. lack that peculiarity. 
We may therefore presume with good reason th at the mosses had been 
growing in a shallow bog. The presence of the above·mentioned Antho­
phyta does not go against that hypo thesis . 

Another characteristic is the absence of Sphagnaceae. Wh en we corre­
late this with the lime·content of the clay. it points to what the German 
plantgeographers call a "Grünlandmoor". in contradistinction to a "Heide­
moor". and what in Dutch would be designated by the name of "Laag. 
veenmoeras" . 

However. peat.formation has apparently not been attained in this 
case. The pleistocene river soon covered up the plants with silt. sub. 
sequently buried them beneath a layer of sand and gravel and clay of 
about 50 M. thickness. where they remained hidden. until thirsty man 
disturbed their rest. 

Velp (G.) (Holland). May 1925. 



Physiology. - "On Cathode~rays as . Substitutes of Potassium". By 
Prof. H . ZWAARDEMAKER and T. P. FEENSTRA. 

(Communicated at the meeting of June 27. 1925.) 

When the heart has been deprived of all the free. diffusible potassium 
and also of part of the permanent potassium. it comes to a standstill. 
The pulsations will recommence spontaneously as soon as potassium or 
any of its radio~active substitutes are administered. This re sult was 
achieved with rubidium. thorium. ionium. radium. emanation. Neither the 
kind of corpuscular radiation. nor its velocity causes any difference in 
the primary effect. The nature of the effect depends on the inherent 
physiological disposition of the organ. and further on the dosage. ieaving 
aside a minor adventitious influence of previous condition and accessory 
circumstances. 

Instead of the radio~activity of the radio~active elements added to 
Ringer' 5 solution we mayalso apply external radiation. We managed 
to do this with mesothorium. radium. polonium. In this instance also the 
kind of radiation did not matter. The effect was the same in all cases 
examined. The dosis alone was of importance. Too small a dosis proved 
entirely ineffectual. At a given moment a certain threshold is passed and 
the effect is achieved. This cannot be attained before a certain latent 
period is gone through, in which a summation of radiation takes place. 
A prolonged radiation will again generate a standstill (super~radiation). 
When the source of radiation is removed an after~effect will be noticed. 
The speed of the corpuscule is of significance in so far as it determines 
the amount of radiation that penetrates the pericardium. 

In the last few months we have tested the cathode~rays. We procured 
a cathode~tube with a Lenard window of aluminium. say 9 ft thick. The 
vacuum we allowed to range between 0.15 and 0,01 mmo Hg .. and the 
current in the secondary circuit of our inductorium between 0,1 tot 0,5 
mA. The primary current was drawn from a battery of 8 volts, and 
the voltage in the spark~gap that was employed as a shunt, may 
presumably have amounted to 700 volts. The inductorium was of an 
old construction and not very large. 50 that we could go on working 
without the risk of heating the cathode~tube too much. Of course, af ter 
some time the aluminium window was burnt through, but it was imme~ 
diately replaced by a new one. The vacuum was maintained by a rot. 
Cenco hyvac pump. In the interval between two experiments the amount 



651 

of cathode-rays we worked with, was ascertained by roughly estimating 
their effect upon photographic paper. In the space of ten minutes a 
distinct blackening was obtained provided that the vacuum was kept 
lower than 0,03 mmo Hg. 

A con trol experiment proved that a very powerful radiation, such as 
wa.s used by W. E. PAULI and A . HARTMANN 1), was completely nega­
tive. Not until we remained within the limits stated just now, did we 
obtain positive results. A current of 0,3 mA. in the secondary circuit 
and a vacuum of 0.03 mmo Hg. were the conditions we had in view. 

At flrst frogs were the animals we experimented with but when the 
hot weather suddenly dried up the waters in the province of North­
Holland, and flshermen found the frogs dead in their nets, we worked 
with eel's hearts. The smaller specimens served our purpose better than 
the larger ones, because with them weaker rays could be taken to 
penetrate to the nodus atrio-ventricularis. 

The frog's heart was attached to a glass Kronecker cannula. Af ter 
some time the rhythm is noted during 15 minutes' perfusion with normal 
Ringer's solution. The ligature that held the cannula in its place, was 
applied as near as possible to the sulcus atrio-ventricularis. 

The eel's heart was attached to a simpie, straight, glass cannula, held 
fast by a ligature on the junction between sinus and atrium. Again we 
waited for regular pulsations during 15 minutes' perfusion with Ringer' s 
solution. 

Next we proceeded to Ringer's solution, from which the 100 mgrs of 
potassium-chloride per liter that it contained at the beginning, had been 
left out. The water of these fluids had been freshly distilled in glass, 
and · the chemicals had been tested for the absence of potassium (cobalt­
nitrite-method). We now looked for the arrest of the cardiac action 
consequent· on the deprival of potassium. Subsequently the organ was 
suspended at a distance of 6 m.m. from the aluminium window of the 
cathode-tube, so as to enable the pencil of rays to reach the atrio­
ventricular junction in due time. 

Af ter a complete standstill of 15 minutes on an average the cathode­
radiation was begun and we waited for the pulsations to recommence. 
If this did not happen within half an hour, the mechanical excitability 
was ascertained at different intervaIs. It seemed to us that it was chiefly 
the powerful rays (the kind that produced in 10 minutes astrong 
blackening on the photographic paper) that caused inexcitability for 
mechanical touch. 

In a series of experiments with 15 hearts 4 negative cases occurred 
(the latter only when intense radiation was applied). The el even positive 
results are given in the following tabie. 

Even strong hearts cannot stand a long-continued potassium-free per-

I) W . E. PAULI und A. HARTMANN. Arch. f. mikrosk. Anat. Bd. 103. p . 95, 1924. 
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TABLE 1. 

Revival of the pulsations in a heart that Is radiated while it is constantly perfused 

wlth potasslum-free Rlnger's solution. 

-g ~ I 

1::: Go) Q"I 
! 

Previous ~-= ~~ Vacuum Af ter- Partlculars 
Data Animal standstilI _ u ..... 

m.m. Hg. Recovery effect about the 
(mln.) ë:g~..§. after -effect 

~= ..... Ol ., 

...:I -

8 May frog 10 20 3 times no 

20 .. .. 10 18 2 .. .. 

" June eel i8 18 0 .08 1 time yes 

8 .. .. 5 17 0.09 1 .. .. in groups 

8 .. .. 6 3 0 .08 1 .. no 

9 .. .. 30 3 0 .08 In groups .. 
10 .. .. 7 15 0.09 1 time yes .. .. 
10 .. .. 30 3 0 .09 1 .. .. 
12 .. .. 7 25 O.Oi I .. no 

13 .. .. 7 3 0.02 I .. yes 

15 .. .. 5 9 0.02 I .. .. .. .. 

Average 15 12 0.07 

. . . Na+K 
fusIOn . It would seem that a prolonged unbalanced condltJon Ca 

is inconsistent with a lasting automaticity. In order to ensure an inde6nite 
space of time. between the beginning of the standstilI and the cathode~ 
radiation. about 50 mgrs. of Caesium~chloride per liter we re added. 
Under the control of Prof. W. E. RINGER this caesium~chloride had been 
puri6ed of the tra ces of a radio~active admixture present in the com~ 
mercial preparation. In two years' time the inactivity of this salt had 
not changed at all . In 40 minutes the scale of the very sensitive qua~ 
drant~electrometer did not shift more than three division marks with 
74 grms. of CsCI in a large flat ionization~chamber. So it can be con~ 
sidered to be absolutely inactive. and did not. of itself. make any heart 
resume its beating when it was added to potassium~free Ringer's solution. 

Four hearts were subjected to these experiments. On an average 19 
minutes were allowed to e1apse belween the complete arrest of the 
heart' s action and the commencement of the cathode~radiation. Three 
hearts gave positive results. one negative. In all probability the radiation 
had been taken too weak in respect to the size of the heart. 

Table 11 illustrates the positive cases : 
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TABLE 2. 

Recovery of the pulsations in a heart that Is radiated while it is constantly perfused 

with potassium-free Ringer's solution to which is added per liter 50 mgrms of 

purifled. consequently non-radio-active caesium-chloride. 

>1 
i - .... ... 

"'- - l- V 0 '" v 
-; :s=_ ~; § Vacuum 

~ Ol Cl 
~ Particulars 0- • Cl." 0 

Data 8 ·;;~ .5 Recovery i '\' oo+:: '\' about "E ... ;:..c co 
Ol Cl e j.g ~ mm.Hg. Ol 10-'" ... 

.:( 1-10- J:: :;r9-a J! af ter-effect 
c..ti t.,?! .:( Cl 0- .:( . . 

16 June eel 6 10 0.03 I in groups yes 18 249 in groups 

18 20 17 0.02 flrst 195 66 .. .. continuous .. .. .. 
19 .. .. 30 17 0.02 continuous .. 51 150 

I 
continuous 

Average 19 I 15 I 0.02 

The recovery of the heart~function generally appeared suddenly. 
without any previous intimation. af ter a latent period. in which a sum~ 
mation took place of averagely 12 min. in table land 15 min. in 
table 11. 

Af ter some time. however. the restored heart comes to a standstill 
(super~radiation). Then the cathode~radiation was discontinued and we 
waited. In half the cases an after~effect revealed itself. which was some~ 
times of short duration. but at other times could persist even for hours. 

The type of recovery is not always the same. In Fig. 1 we have 
pictured a case of an eel's heart that has been deprived of potassium. 
and has subsequently been left alone for half an hour. Af ter this long~ 
continued absolute immobility it was exposed to cathode~rays. as above 
described. while at the same time the permanent potassium~free perfusion 
was continued. The vacuum measured 0.014 mmo Hg .. the secondary 
current 0.15 mA. During the radiation the vacuum decreased to 0.022 
mmo Hg .. consequently the secondary current rose to 0.4 mA. Af ter a 
latent period of 17 minutes. which was attended with a few spontaneous 
contractions. the latter were resumed very regularly. and gradually at 
first. These beats continued for 15 minutes. Then the current was inter~ 
rupted and an after~effect remained. which was originally of a continuous 
nature. but eventually became grouped. 

In Fig. 2 we give another type of recovery. On the left the gradually 
vanishing pulsations as a result of the deprival of potassium. Af ter waiting 
6 minutes the cathode rays were inserted. Af ter 10 minutes the contrac~ 
tions we re resumed. and continued. also af ter cessationof radiation. 
until far into the night. Meanwhile due care was taken to maintain a 
perfusion entirely free from potassium. 

The penetrating power of the rays differed slightly . . In table I the 



654 

vacuum averaged 0.08 mmo Hg .• in table II 0.02 mmo Hg. We en­
deavoured to conform the penetrating power of the rays to the size of 
the heart. but we sometimes failed in our effort. 

In spite of this uncertainty the result was positive in the large majority 
of cases (J 4). In the remaining 5 negative cases either the radiation 
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had been too penetrating and too profuse (3 cases). or the heart was 
covered by a layer of water (1 case). or the penetrating power was too 
weak in proportion to the si ze of the organ (1 case). The latter suppo~ 

si ti on proved to be true. when in a case that was negative at first. the 
heart (that had first been restored on normal Ringer's solution) was 
again brought to a standstilI by deprival of potassium. and was finally 
restored again by a kind of rays of greater penetrating power. 

We may. therefore. be justified in concluding that. provided that the 
circumstances are favourable. also cathode rays are competent to resto re 
the automaticity of a heart that has been brought to a standstill by 
deprival of potassium. 

So besides the mesothorium~. and the radium-rays. the cathode-rays 
are also to be considered as a physiological agent. The electrons emitted. 
though they vary as to speed (in the above series their penetrating power 
decreases 1/2 c., t c .. n- c.). carry the same charge (1 unit) . On the other 
hand polonium radiation has a smaller speed h~ c.) and a positive charge 
(2 units) . 

The manner of revival was in every case determined by the organ . 
not by the stimulant. 

For the present we are unable to say to what amount the radiation 
reaches the nodus atrioventicularis. 

EXPLANATION OF THE FIGURES. 

Fig. 1. Recovery of the automatic movements by cathode-rays. Vacuum ranged between 
0.014-0.022 mmo Hg. in second circuit 0.15 to 0.10 m.A. 

Fig. 2. First standstill. then recovery by cathode-rays in the interval between the two 
white points. 

Vacuum ranged between 0.01 and 0.05 mm o Hg. ; in second circuit 0.3 m.A. Af ter 
cessation of the radiation af ter-effect (continues until far into the night). 

43 
Proceedings Royal Acad. Amsterdam. Vol. XXVIIi. 



Pbysics. - "Further experiments with liquid helium. X. On the electric 

resistance of pure metals, etc. XIV. lnfluence of elastic deforma~ 

tion on the supraconductivity of tin and indium". (Comm. N°. 

174 from the Physical Laboratory at Leiden). By G . J. SI ZOO and 

H. KAMERLINGH ONNES. 

(Communicated at the meeting of June 27. 1925). 

§ 1. Introduction . 
As no satisfactory theoretica I explanation of the supraconductive state 

of metals has been given yet. which might serve as a guide for further 
investigations. it seems desirabie to try. by changing the external condi~ 
tions. to discover the factors which play a roll in the appearing of the 
phenomenon. These considerations led to the institution of an inquiry 
into the influence which elastic deformation exerts on the appearing of 
the supraconductive state. The results of this investigation are published 
here. 

In the first place the influence of the elastic extension on the "vanishing~ 
point" was traeed with tin. and then that of elastic compression with 
tin and indium. 

A. Extension . 

§ 2. Method of the experiment. 
In the Heliumcryostate I) a tinwire (fig. 1. A) is placed. stretched 

vertically between two small tinblocks Band C. The lower one is kept 
in place by the glass tube D. which is 6xed with sealing wax into the 
cap of the cryostate and the lower brim of wbich 6ts exactly in the 
circular incision in the tinbloek. The upper bloek is carried by a small 
copper cylinder soldered to the glass tube E. This tube is suspended by 
means of a similar cylinder on the spiral F. 

The length of the spiraI. which is a measure of the applied tension. 
is read on a millimeter scale placed on the glass tube. In the tube D 
some holes are made so that the liquid may enclose the wire completely. 
The wire was made (drawn out) from "KAHLBAuM~tin" . 

The leads necessary for the resistance~measurements are soldered to 
the tinblocks. Two of them. isolated with glass tubes. pass through holes 

I) Leiden Comm. NO. 121c (1911) fig . 1. 
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in the tinolocks (for clearness these tubes are not shown in the figure) . 

I 
o 

The method of resistance~measurements was always that 
of the balancing of the potential at the ends of the unknown 
and the known resistance, with the aid of a compensation 
apparatus of DIESSELHORST, free from thermo~effects . Even 
below the "vanishing~point" the found potentials were cal~ 
culated to resistances as if OHM' s law held. 

The vapour pressures of the heliumbath were read with 
a cathetometer on a closed mercury manometer. The tem~ 

peratures were calculated therefrom by aid of the formula 
of Leiden Comm. N°. 147b (1915) p. 33 1) . 

Por this purpose use was made of an accurately con~ 

structed curve which represents this formula in the tempe~ 

rature reg i on required. 

§ 3. The measurements. 

The first measurements were made on March 28, 1924. 
As on the 4th of April following, it was possible to make 
a more complete series, the re su lts of the first are not com~ 

municated here. They were however sufficient for it to be 
concluded that : 

stretching of the tinwire was conducive to the appearing 
E of the supraconductive state. 

Namely, we repeatedly ascertained that at a temperature, 
below that at which the resistance begins to disappear, the 
resistance of the wire in the stretched was less than in the 

- C unstretched state. 
On the 4th of April 1924 the measurement was repeated 

with a new wire of a length of 16.5 cm. and a diameter of 
o A 0.30 mmo The resistance of this wire at room~temperature 

was 0.30 Q. The results of these measurements are given in 
table I. and represented by fig . 2. 

The resistance~measurements were carried out in the order 
indicated by the Roman figures. Those indicated by 11, 111. 
IV, V, VI form a determination of the "vanishing point" 

B of the unstretched wire; those by VI. VII. VIII, IX, X , 
XI. XII a similar determination of the stretched wire. The 

Fig. I . applied ' tension amounted to 197 grams, i.e. 2.52 k.g. fmm2
• 

Af ter this the wire was stretched and unstretched alternately, at different 
temperatures and every time the resistance determined (XIIIb and XIIIa, 
XIVa and XIVb and c XVb and XVa and c). 

In the measurement XV the current was maintained through the wire 

I) See a150 Leiden Comm. NO. 167a (1923) p . 4. note I. 
43* 
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TABLE I. Measurements of April 4. 1924. 

Tension Tension in Phelium W No. 
kg./mm2. 

T 8n-1924 sp in G. in mmo Hg. 

u 
11 0 0 484.9 3.774K. 0.000181 n 
III 0 0 473 .4 3.753 0 .000176 
IV 0 0 463 .6 3.735 0.000072 
V 0 0 453 .6 3.716 0 .000000 
VI 0 0 442.6 3.696 0 .000000 
VII 179 2.52 442 .6 3.696 0.000000 
VIII 179 2.52 453 .5 3.716 0.000000 
IX 179 2.52 463 .7 3.735 0.000029 
X 179 2.52 467 .9 3.743 0 .000072 
XI 179 2.52 473 .3 3.753 0 .000165 
XII 179 2.52 483 .4 3. 771 0 .000187 
xma 179 2.52 477 .6 3.760 0.000190 
xmb 0 0 477 .6 3. 760 0.000176 
XIVB 0 0 473.7 3.753 0.000183 
XIVb 179 2.52 473.7 3.753 0.000172 . 

X1Vc 207 2.92 473 .7 3.753 0 .000172 
XVa 207 2.92 468 .4 3.744 0 .000090 
XVb 0 0 468 .4 3.744 0 .000133 
XVC 214 3.02 468 .4 3.744 0.000086 

20 X 10-5 n 

.. 

.. t------t-----+-----7f--+----+-~---_l 

ho with tension 

o without te:~j __ __I'--_+_t__--- -+_---___l 

I 

w 

I VI 

.40 Vii 
V 

400 Vii i "" 480 .ou 

---- - -. PmmHo 
Fig. 2. 
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during the stretching and unstretching. and the galvanometer was read. 
It was observed that the latter was displaced about 8 mm.. namely 
during the stretching in the direction corresponding to the diminishing 
of the resistance. during the unstretching in the opposite direction. 

Fig. 2 shows clearly how the "vanishing-curve" is displaced by the 
stretching of the wire to the side. of the higher temperatures. At the 
place wh ere the resistance has half disappeared. the displacement amounts 
to 3.5 mm. Hg .. corresponding to 0.007 degrees Kelvin. 

In the reg ion of normal conductivity a small increase of the resistanee 
is to be observed. 1) 

During these measurements the electrical current through the wire was 
always 13 mA. The highest tension with which was measured amounted 
to 3.02 k.g.Jmm2 • By trying to increase the tension still a little more. 
the wire broke. Thus the breaking load had been almost reached. 

B. Compression. 

§ 4. Method of the experiment. 

The result. stated in § 3. gave rise to the supposition that compression 
of a tinwire would cause a displacement of the "vanishing-curve" to the 
side of the lower temperatures. To try this supposition an experiment 
was planned in which it would be possible to determine the "vanishing­
point" of a tinwire. while this was subjected to a hydrostatic pressure. 
The amount of · th is pressure would. from the results found with the 
extension. have to be of the order of 200 kgJcm2

• 

Tbe experiment was arranged in the following way: 
The resistance to be measured is wound round a small glass tube. The 

windings are separated from each other by silk thread . Round the resist­
ance coil a second glass tube is slipped. The whole is placed in a 
copper cylinder (fig. 3. A) 2). with an inside diameter of 7 mm. and an 
outside one of 11 mm.. closed at the bottom and at the top by a heavy 
head (screwed and soldered). Two german-silver capillaries pass through 
the upper. The first one serves for the admission of the helium gas and 
is connected with the compression apparatus. Through the second the 
copper wires. necessary for the resistance measurements are led. These 
wires leave the capillary outside the cryostate by a connecting-piece D. 
in which the packing has been replaced by a little ebonite block. The 
four little holes. through which the wires are led outside. are afterwards 
filled up with piceine. 

In order to produce the required pressure on the resistance. the cylinder 
A . whilst under the liquid helium. and the leads are first filled from a 
cylinder with compressed helium to a pressure of about 60 atmospheres. 

1) See however § 5. 
2) Compare also Leiden Comm. NO, 132b (1912) fig . I. 
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In the cylinder A and in a part of the capillaries liquid helium is formed 
then. Af ter this. with the aid of a hydraulic press. the pressure is increa~ 
sed to the desired amount. This press is 8 filled with glycerine. 

B c 

IJNR-- A 

which. in two communicating pressureboxes. 
is separated by mercury from the heliumgas. 

Por the determination of the pressure two 
E metal~manometers were used with ranges of 

measurement from 0-150 k.g/cm2 and from 
0-1500 atmospheres. Both were. af ter the 
measurements. calibrated with the small pres~ 
sure~balance of the Physical Laboratory of 
Amsterdam. We wish to express our gratitude 
to Dr. A. MICHELS for his valuable help in 
th is connection. 

The resistance~measurements were made in 
the same way as set out in § 2. Also for the 
measurements of the vapour pressures and the 
determination of the temperatures reference 
may be made to § 2. 

§ 5. The measurements with tin . 

The measurements were made with the 
resistance Sn~ 1924~A. wound from a drawn 
tinwire of diameter 0.24 mm o The material used 
was "KAHLBAuM~tin". They were carried out on 
Oct. 24. Oct. 30. and Nov. 14. 1924. On the 

3 cm first two dates they had to be stopped. because 
Fig. 3. of the appearing of a leak in the joint~piece 

D (fig. 3). A pressure of 300 atmospheres seemed scarcely admissable for 
the pressure installation. especially for this joint~piece. The last time. 
however. the measurement could be carried out undisturbed. The current 
through the wire always amounted to 4 mA. 

The results of the measurements are contained in the Tables 11. lIl. 
IV. They contain de ter mina ti ons of the "vanishing~point" at 4. 95. 193 
and 300 kg. /cm2 hydrostatic pressure. As it was not possible to give 
all the points in one figure. fig. 4 represents. as an example. the vanishing~ 
curve" at a pressure of 95 kg .. whilst in fig. 5 the four curves are 
given. omitting the measured points. J) 

I) In constructing the graphs we always started from the idea that the line representing 
the disappearance of the resistance ("vanishing-curve") should he a continuous curve. Some­
times. however. by the position of the measured points the suspicion was raised that this 
supposition was wrong. and th at the curve should show one or more discontinuities. To 
definitely settIe down th is question. however. a great numher of measurements would have 
to he made and an exceedingly high constancy of the temperature of the heliumbath 
would he required . 
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T ABLE 11. Measurements of October 21. 1921. 

Pressun: Phelium 
W Sn. 1921 A T 

in kg./cm2• in mmo Hg. 

0 
i 183.5 3.771 K. 0 .001310 

171 .3 3. 751 0.00123 
168.1 3.711 0.00077 
161 .1 3.736 0 .00018 
166.6 3.710 0.00017 
158.5 3.725 0.00000 

95 158.6 3.725 0.00000 
161 .2 3.736 0.00039 
166.6 3.710 0 .00078 
168.5 3.7-41 0.00097 
171.5 3.751 0 .00126 
183.0 3.770 0 .00131 
191 .0 3.790 0 .00131 
166.1 3.710 0 .00068 

\93 171 .6 3.754 0.00128 
168.6 3.711 0.00105 
166.5 3.710 0.00092 
161 .0 3.735 0.00052 

TABLE III. Measurements of October 30. 1921. 

Pressure Phelium 
WSn . I921A in kg./cm2. 

T 
in mmo Hg. 

0 
i 760 1 .2 K. 0.001320 

193 .5 3.788 0 .0013\ 
183 .1 3.770 0 .0013\ 
179 .1 3. 763 0 .001 30 
479.\ 3.763 0 .00129 
478 .2 3.761 0 .00129 
475 .8 3.756 0 .00126 
473 .5 3.753 0.00116 
466 .6 3.710 0 .00015 

463. 4 3.734 0.00008 
460.5 3.729 0.00000 

95 491 .4 3.790 0.0013\ 

481 .1 3. 772 0 .00131 
473.7 3 .753 0.00126 
168 .2 3.713 0 .00100 
461 .8 3.737 0.00051 
161.0 3.730 0.00008 
158.'1 3.721 0.00000 
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TABLE IV. Measurements of November 14. 192-4. 

Pressure Phelium 
WSn . 192-4A in kg./cm2• 

T 
in mmo Hg. 

4 -483 .9 
0 

3.772 K. 0 .00131 n 
-473 .7 3.753 0.00122 
467 .8 3.7-42 0.00071 

-463.) 3. 73-4 0.00011 
-462 .0 3. 732 0.00000 

300 483.3 3.770 0.00131 
473 .2 3.752 0.00127 
469 .4 3.745 0 .00110 
4M.0 3.736 0.00056 
457 . 1 3.722 0.00000 

193 484 .5 3.773 0 .00131 
473 .8 3.753 0.00126 
469.7 3.746 0.00112 
466 .4 3.740 0.00089 
463.1 3.734 0.00041 
460 . 1 3.728 0.00007 

95 483 .7 3.772 0.00130 
473.7 3.753 0.00126 
469.0 3.744 0.00\08 
4M .9 3.736 0.00050 
-460 .6 3.729 0.00007 

4 473.9 3.753 0.00122 
468 .8 3. 740 0 .00076 
4M .3 3.736 0 .00014 

The measurements show the correctness of the supposition mentioned 
in § 4. The "vanishing~cul've" is shi{ted by the application of the 
pl'eSSUl'e to the side of the lowel' temperatul'es. 

The displacement at the place where the resistance has half disappeared. 
for 300 kg. /cm2• amounts to 2.4 mmo Hg .. corresponding to 0.005 degrees 
K ELVIN . It is noteworthy that the displacement with increasing pressure 
soon seems to have reached a maximum value. The displacement. corres~ 
ponding to an increase of the pressure from 193 to 300 kg. is scarcely 
outside the experimental error. 

That the e1astic limit is not exceeded by the application of the pressure. 
is c1ear from the return of the normal "vanishing~point" wh en the 
pressure is released. Also the resistance of the wire at 0° c.. which was 
determined several times before. between. and af ter the measurements 
had not changed. It amounted to 2.0199 Q . 

It is noteworthy that in the region of normal conductivity no change 
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due to the pressure could be observed within the experimental accuracy. 
This is in agreement with what might be expected from the measure~ 
ments of KAMERLINGH ONNES en BENGT BECKMANN 1). who found only 
a small pressure effect at hydrogen temperatures. which. besides. diminished 
with temperature. It is understandable that this result has caused some 
doubts about the reality of the increase of the resistance in the region 
of normal conductivity found with stretching. 

Perhaps th is increase. which. besides. is only just outside the experi~ 
men tal error in this region. is to be ascribed to very small fractures in 
the wire. produced by the stretching. 

150 X 10-5 n 

" 
~ 

/'I' 

V I 

125 

25 

1 I 

J >~ 21 X 1924 I G:. 30 X • 
014 XI • _J 

--. 

I 
- I 

V I 

100 

75 

50 

450 460 470 480 UO 0 !5 0 
-pmmHg 

Fig . 4. 

§ 6. The measurements with indium. 
In order to decide the question whether . the phenomenon me'ntioned 

above is to be regarded as a special property of tin rather than as a 
general property of the supraconductors. it was considered desirabie to 
repeat the experiment with at least one of the other supraconductive 
metals. The most suitable for this purpose was indium. as it may be 

1) Leiden Comm. NO. 132b (1912). 
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drawn into wire (in opposition to mercury), as it does not oxidise too 
fast in the air (in opposition to thallium), whilst besides the situation of 
the "vanishing-point" is suitable (in opposition to lead). 

150 X 1O- 5,n 

125r-------4-------~~~~-4--------+_------~ 

7 5~------~--~~L+--------~------~------~ 

5ÓI-------+------jfH-+--t--------j-------+_------~ 

25~------+_~~---+--------j_------+_------~ 

w 

470 4 80 490 500 

Fig . 5. 

The resistance Ind.- 1924-A, with which the measurements were carried 
out, was made of the same wire as that of the resistance Ind.-1922-A, 
used by W . T UYN I). The resistance at 0° C. was 2.2862 Q. 

The measurements were performed in the same way as those with 
tin. Although the great value of the resistance at the temperatures of 
liquid helium favoured accurate measurements above the "vanishing-point" , 
it hindered the measurements in the region of the great decrease of 
resistance ; namely, very small temperature changes in the heliumbath 
cause th en very considerable changes in the resistance to be measured. 
Therefore in this reg ion the measurements were made with a current of 
only 0.4 mA; .above the "vanishing-point" a current of 4 mA. was used. 
The results follow in the tables V and VI and are represented by fig . 6 . 
The applied tensions were 4.100 and 200 k.g./cm.2. respectively. 

I) DiM. Leiden (1921) p . 29. 
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TASLE V. Measurements of December 12. 1924. 

Pressure Phelium 
WInd. 1924 A I T 

in kg./cm2. in mmo Hg. I 
0 

4 760 4.2 K. 0 .07668 fl 
319.1 3.438 0.07647 
313 .5 3.424 0.07647 
308 .4 3.412 0.07584 
305.4 3.405 0 .0042 
306.6 3.408 0.0338 
306.6 3.408 0.0375 
304 .8 3.404 0.0000 

100 319.5 3.439 0 .07646 
313.2 3.423 0.07646 
308.0 3.411 0.07636 
307 .5 3.410 0.07614 
307.8 3.411 0.0757 
305.9 3.406 0.0515 
305.0 3.404 0.022 
305.5 3.405 0.0520 
303.2 3.400 0.0000 

TASLE VI. Measurements of December 19. 1924. 

Presssure Phelium 
WInd. 1924 A in kg./cm2. 

T 
in mmo Hg. 

0 
200 317.9 3.434 K. 0.07648 fl 

313.0 3.423 0.07627 
308.1 3.411 0 .07608 
306.8 3.409 0.07592 
305.2 3.405 0 .0732 
304.8 3 .404 0.0643 
304.0 3.402 0 .005;) 

304 .2 3.403 0.0206 
304 .5 3.403 0.0284 
304.4 3.403 0 .0248 
304 .9 3.404 0.0543 
305 .5 3.405 0.0704 
305.2 3.405 0.0637 
304.0 3 .402 0 .0034 
303.2 3.400 0 .0000 

The results show that the behaviour of indium is the same as that of tin. 
The displacement of the "vanishing~curve" at the point where the 
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resistance has half disappeared. for a pressure of 200 kg./cm2 amounts 
to 2.1 mmo Hg .. corresponding to 0.006 degrees KELVIN. thus only slightly 
different from that with tin. 

soo x 1O-i n 
- -,----

I I 

IR I 
00 

00 

0 4 kg/cm2 

8 100 . 

D 200 . 

00 

00 

o<i 

w 

1 0 
290 300 '0 32. 3:10 

--~·~P·",,,, H9 · 

Fig. 6. 

§ 7. Discussion . 

If the extension and the compression of the supraconductive metal 
may be considered as equivalent to an increase and decrease respectively. 
of the distances between the atoms, th en the results communicated above 
may be considered as supporting the hypothesis which has been stated 
in the report of KAMERLINGH ONNES to the IVth Conseil-Solvay. based 
on the drawings of Dr. H . A. KRAMERS contained therein; namely. that 
a relatively large space between the atoms is favourable for the appearing 
of lhe supraconductive state. when the further special conditions. shown 
only by the class of supraconductors. are present. 



Physics. - "On the measurement of verg low temperatures. XXXIl. 
The thermal expansion of Jena-glass. 16111" . By F. P. G. A. J. 
VAN AGT and H. KAMERLINGH ONNES. (Communication N°. 176a 
from the Physical Laboratory at Leiden). 

(Communicated at the meeting of June 27. 1925). 

1. /ntroduction. 
Some years ago KAMERLINGH ONNES and HEUSE (Comm. Leiden N°. 85) 

and KAMERLINGH ONNES and CLAY (Comm. Leiden N°. 95b) carried 
out measurements for determining the expansion of Jena-glass 16111 in the 
temperature domain from + 160 tot - 1820 C. As data of the behaviour 
of Jena-glass below this domain we re missing. for the volume-determi­
nations at lower temperatures. which were continuously necessary. the 
above-mentioned results had to be extrapolated to the temperature of 
liquid hydrogen with the aid of the relative measurements of LINDEMANN 1) 
of a rod of an unknown glass. assuming that these measurements would 
reproduce the character of the linear expansion of glass. As more accurate 
determinations of the thermal expansion of Jena-glass 16111, of which for 
example all our gasthermometers are constructed. were necessary. they 
have been carried out by us to the temperature of liquid hydrogen. 

Also. these new measurements are a beginning of a more extensive 
investigation of the thermal expansion of solid substances at very low 
temperatures. by which. for example. it should be possible to test the 
crystal theory of BORN 2) and the law of DEBYE 3) from the observations. 

2. Apparatus and method. 
The change of leng th was measured in the following manner. The 

inner wall of a vacuum tube. ± 1 M. long. was cooled to the boiling 
point of ethylene. oxygen. and hydrogen. respectively. the outer wall 
remaining at room temperature. The movement of the inner wall with 
regard to the outer wall could be measured accurately by observing. 
with a microscope. the alterations of position of the platinum points 
(C and C'). which were sealed into both the bottom and the top of the 

I) eH. L. LINOt!.MANN. Ueber die Temperaturabhängigkeit des thermischen Ausdehnungs­
coefficienren. Physik. Z. XII 1911 p. 1197 en XIII 1912 p. 737. 

2) M . BORN. Zur thermodynamik der Kristallgitter. Z . f. Physik. VII 1921. p. 217. 
M. BORN. Ueber die Temperaturabhängigkeit der Pyro-electrizität. Physik. Z. XXIII 1922, 
p. 125. 

3) DEBYE. Vortrag auf dem Wolfskehl-Kongresz. Göttingen 1913 (B. G. TEUBNER. 
Leipzig 1913). 
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inner and outer walls. The observations were made through the plane 
glass windows (B and B'). The tubes and the microscopes were f1xed 

K 

A t 
N 

M 

Fig. I. 

rigidly on a stone pillar. a bad conducting. elastic support (F. G) being 
inserted to prevent osdllations of the long freely hanging inner tube. 
whkh would have made measurements impossible. The micrometer 
eyepieces of the microscopes were calibrated by repeated measurements 
of sOme mMo divisions of a standardmeter. 

Ouring the measurements the vacuum was maintained by a charcoal 
tube (N). cooled in liquid air. which as weil as the vacuum glass had 
previously been completely exhausted through the tap M. That part of 
the outer jacket, which was used for the measurement. was kept 
at constant temperature by running water. 
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Before and af ter each experiment at low temperature one or more 
measurements were made. with the inner tube kept at room temperature. 
in order to ascertain whether the tube had returned to its originallength. 

Before fllling tbe tube with liquid hydrogen. the tube was flrst cooled 
by blowing through it for long time hydrogen. cooled with the aid of 
liquid air. The apparatus could stand this great cooling to 20° K. but 
the bottom of the inner tube burst at a flrst measurement at 100° C. by 
fllling the tube with boiling water. 

The temperature measurements were made as follows : from the 
pressure in the gass-reservoir the boiling point at the surface of the 
bath could be determined. The temperature-difference between the 
highest and the lowest point could be calculated from the height of the 
liquid-columns. 

Because of the uncertainty of the bOiling point of the ethylene it was 
considered advisable to read the temperature on a goId-resistance­
thermometer. which was calibrated with the platinum-thE;rmometer Pt23 1) . 

Also some measurements were made at ± 100° C. This temperature 
was obtained by circulating boiling water. supplied by vacuum pipes. 
through the inner tube. The temperature was read on a mercury-ther­
mometer. divided in hundredths of degrees . 

3. Results. 

The Iength of the inner tube. measured between the two p!atinum 
points. at 13.1 ° c.. was 893.64 mM o ± 0.02. By means of a simple 
calculation the Iength-difference between inner and outer tubes. both from 
point to point. could be determined from the measured distances of the 
points. Af ter having applied some corrections for small temperature­
differences we obtain the following results. (See the table on the 
following page). 

From the foregoing the Iinear expansion of 1 M . of Jena-glass 16I11 
follows : 

4. Remarks. 

T emperatures : 

from 13.1 to 97°.8 C. 
-102.8 
-182.5 
-252.8 

Linear expansions: 

0.671 10-3 M. 
-0.770 
-1.176 
- 1.294 

The accuracy of the micrometer-measurements may be supposed to 
be about 2 à 3 /Jo. The results however do not possess this accuracy. 
as the points did not come back exactly to their original place. Still 
the differences are but smalI. as the foregoing tables show. 

1) The calculations and the temperature-observations for these and following measurements 
are done by Miss H. V. D. HORST. whom we thank very much for her accurate 
assistance. 
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Date I Temp. inside I Temp. outside I L inner -Louter I Number of 
determinations 

Measurement in liquid hydrogen. 

6.2 . 23 13 . 1 9 . 1 I 0 .068 mms. 12 

6.2 . 23 - 252 .8 . 9 . 1 I 1. 226 5 

2nd filling - 252.8 9.1 1. 224 5 

7 . 2.23 13 . 1 9 . 1 0.073 5 

sa that the contraction is 1.157 mms. at a temperaturefall from 13°.1 
to - 252°.8 C. 

Measurement in liquid oxygen. 

10.2.23 13.1 9 . 1 0 .071 5 

10 . 2 .23 - 182.5 9 . 1 1. 132 9 

2nd filling - 182 .5 9 . 1 1.129 9 

12 . 2 . 23 13 . 1 9 . 1 0.089 5 

20 .2.23 13 . 1 9 . 1 0 .076 6 

20 . 2.23 - 182 .5 9 I 1.126 6 

21.2.23 13 . 1 9.1 0 .073 6 

so th at the contraction is 
10.2 . 23 : 1.051 mms. 
20 .2.23 : 1.051 .. 

at a temperaturefall from 13° . 1 to - 182°. 5 C. 

Measurement in liquid ethylene. 

27.3 . 23 14 . 1 14 . 1 - 0.081 6 

28.3 . 23 - 102 .8 14 . 1 0.613 15 

14 . 4.23 14.1 14 . 1 - 0 .084 6 

from which follows contraction of 0.695 mms. Erom 14° . I to - 102°.8 C. 

Measurement at the bailing-point of water. 

30 . 11.23 13.1 13.1 0.070 10 

6.12.23 13 . 1 13 . 1 0.053 5 

6.12.23 97 .8 13.1 - 0.532 10 

10.12 . 23 13 . 1 13.1 0.076 4 

sa that a tempeIature-increase from 13°.1 to 97°.8 C . causes an expansion 
of 0.599 mms. 
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The values obtained for the contraction at ethyl ene- and oxygen-tempe­
ratures are ± 3 and ± 6 Ofo smaller than those. that follow from Comm. 
No. 95b from measurements of the expansion of a rod of Jena-glass 16II1. 
As the measured vacuum tube was al ready more than ten years old. it 
was our intention to repeat the measuruments with new Jena-glass in 
order to observe. how far the age of the glass influences the thermal 
expansion. Because of lack of time this intention. as weIl as a measurement 
with a bath of liquid helium still waits completion. 

5. Repl'esentation of the obsel'vations by a fOl'mula . 
As it appeared to be impossible to represent the results by a third 

degree equa.tion of the form : 

_ [ ~ t ( t ) 2 (t) 3 1 -6J I - 10 1 + ~ a 100 + b 100 + c 1 00 ~ 10 

as was the case in Comm. No. 95b. and as it was also impossible to 
obtain another formula with 3 coefficients which would better represent 
the results. we calculated the coefficients of an equation of the form: 

_ [ \ _ t (_t)2 (_t)3 (_t )41 -6J I - 10 1 + t a 100 + b 100 + c 100 + d 100 \ 10 

and obtained for them and for the corresponding coefficients of the formula 
for the cubical expansion the following values : 

a = 716.8 kt 2150 
b = 48.33 k2 = 136 
c = 9.02 k3 = 27 
d= 10.9 k1 = 33. 

6. Gl'aphical l'epl'esenta tion of the thel'mal expansion . 
t'C~ 

. 00 - - - -

~ I 
, ~-

I 

.~ 
c-- - -- c-

n 

~ 

''0 

--
.o~e ~ 

~ r-

i ~~ 
~ __ _ L __ _ ~_~._________ r---

-v -110 0 

Fig. 2. 

Proceedings Royal Àcad. Àmsterdam. Vol. XXVIII. 
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With the aid of the foregoing formula the expansion of 1 M. between 
13°.1 and 0 ° C was calculated and af ter that the length~change from 
0° C. downward. Fig. 2 represents the length~change above and below 
0° C. and shows. how small this change still is in the hydrogen domain. 

7. The expansion coefficient. 
Though the number of the observations is too small to deduct from 

them the expansion~coefficient accurately. the general values can still 
be represented graphically. 

We have: 

t. 
6. I = 10 • rat dt . 

t I 

at being the expansion coefficient. 6. I the length~extension from t) ° to 
t2 ° . 10 the leng th at 0° C. 

Also is 

the mean expansiqn coefficient between t) and t2 being a tl t2; and so 

'2 

J'lI t dt = ~tll2 ('t2- t)) . 

tI 

So the curve. which represents at in an at. t~diagram. must be drawn so that 
the left and the right terms of the foregoing equation represent the same 
areas. 50 we derive the curve of fig. 3 from the following mean expan~ 
sion coefficients: 

t'e-
&0 -z 

- -- -

r \, 
11 ~ -.:\~ ---- : 

r-----+-----~-----+----~r_----+_--+_I\ " • 
). 

t,----'-- -- ~---- ~.:,~ 
Fig. 3. 
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97.8 - 13.1 
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13.1 - (-102.8) 
102.8 - (-182.5) 
182.5 - (- 252.8) 

6 -
10 atl'l 

7.93 
6.64 
5.10 
1.65. 

It is clear that. at low temperature. at does not vary linearly with the 
absolute temperature. but shows the character of the specific heat. 

In the last mentioned figure there is also represented the relative 
expansion coefficient of the unknown kind of glass of LINDEMANN with 
re gard to quartz. derived from his observations. Fröm a comparison with 
our results it appears. th at this curve actually almost represents the 
character of the glass-expansion. If we suppose that the same is the case 
for the other substances. of which LINDEMANN has measured the expansion 
with regard to quartz. we may conclude from fig . 4 in which the 

---- ~ - -- -_.- - 3()(1 

Pb 

---1-- ----j zoo 

Fig . 4. 

expansion coefficient for several solid substances af ter their results are 
represented graphically as accurately as possible. that for most substances 
the form of the curve of the expansion-coefficient is the same as for 
glass. 

Though a further investigation is desirable. our observations. just as 
those of LINDEMANN. agree·; better with the law of DEBIJE. af ter which 
at sufficiently low temperatures. the expansion-coefficient is proportional 
to T 3. than with the law of BORN af ter which at the temperatures in 
question the expansion-coefficient would be proportional to T. 

44* 



Physics. - "Isotherms of mon-atomie substanees and their binary mix­
tures. XXV. The same of di-atomie substanees. XXXI. The 
eompressibility of hydrogen- and helium-gas between 90° and 
14° K. " By F . P . G. A. J. VAN AGT and H . KAMERLINGH ONNES. 
(Comm. N°. 176b from the Physical Laboratory at Leiden). 

(Communica ted a t the meeting of lune 27. 1925) . 

§ 1. Introduetion. The investigation of the compressibility of hydrogen­
and helium-gas at the boiling-point of hydrogen made by PALACIOS 
MARTINEZ and KAMERLINGH ONN ES (Comm. Leiden N°. 164) has been 
continued by us particularly at lower temperatures. Also some measure­
ments have been made at the same and at higher temperatures. All the 
measurements were differential. a method which unexpectedly did not 
succeed in the first mentioned investigation , as the pressure difference 
between the hydrogen- and the helium-sides for the high densities appeared 
to be too great for simultaneous pressure-measurements of both gases. 
Finally the contents were interchanged in order to investigate if possible 
asymmetries in the apparatus could influence the results. 

The new experiments were especially made for the purpose of deter­
mining accurate values for the second virial-coefflcient in the empirical 
equation of state 

pv = A + Bd + Cd2 + Dd1 etc. I) 

in order to verify and extend the determinations of the same quantity 
of KAMERLINGH ONNES and DE HAAs. (Comm. Leiden N°. 127). 

In the case of the smaller densities, which were used in our measure­
ments (dA -= 12) the influence of the coefflcients from C on could be 
neglected. so that our method was particularly adapted for accurate 
determination of the B's. 

With the B-values obtained it was possible to calculate the corrections 
for reducing the scales of the international hydrogen- and helium-thermo­
meters to the A vogadroscales of these gases. 

§ 2. The apparatu.s. 
This was practically the same as that used by PALACIOS MARTINEZ 

and KAMERLINGH ONNES. discussed in their above-mentioned communi­
cation. Only the couplings in the capillaries connecting the pipettes to 
the thermometer were removed, and the ends of the capillaries soldered 

I) Comm. Leiden NO. 71. 
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together. Though this made it somewhat less easy to dismount the 
apparatus. we decided to do it. af ter the lead~packing in these couplings. 
af ter having kept weil c10sed for some time. began to leak at the most 
unsuitable moments. The new thermometer Ta took the place of T 3• 

which was accidentally broken. Later thermometer T7 was replaced by 
T9 for the measurements bel ow the boiling~point of hydrogen. for. as 
al ready mentioned in § 1 PALACIOS MARTINEZ and KAMERLINGH ONNES 
did not succeed in measuring differentially the third and fourth densities 
because of the great pressure difference in the thermometers. By replacing 
one thermometer by a somewhat smaller one of a volume previously 
accurately calibrated. we succeeded in measuring. differentially. the four 
densities for hydrogen and helium at the same time. 

The volumes of the new thermometers we re : 

T9 = 103.195 cM3 

Af ter the whole apparatus had been dismounted. new measurements 
of the dead space volumes were necessary. For these we obtained : 

v'. =0.762 

v' m = 0.066 

v. = 0.772 

vm =0.067. 

A thermo~regulator. filled with methyl~chloride. was first used. to maintain 
a constant temperature in the waterbath containing the pipettes for the 
pressure determinations at room~temperature . Later the same result was 
obtained by surrounding the water~bath with a thick mantie of very 
porous rubber wich did not allow the room~temperature . differing only 
slightly from the bath~temperature . to change too much . In this way 
the use of the regulator. generally a difficulty. could be avoided. The 
following figure represents the result of the method. 

,,'::f l a I t1 
1 I.JO 2 2.30 3 3.30 

Fig . 1. 

§ 3. Measurements and calculations. 

These were made in the same way as communicated in detail in 
Comm. N°. 164. 

In the case of the determinations at the boiling~point of hydrogen the 
thermometers and pipettes we re filled with ± 1000 mMo hydrogen and 
helium (zero~pressure) whilst for the measurements below the boiling~ 
point it was necessary to reduce this pres su re to about one half in order 
to avoid condensation of the hydrogen. This made it possible (see fig . 2) 
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to measure at ± 18° K. with 4. at ± 16,5° K. with 3. at ± 15,°5 K. 
with 2 densities, and even at 14.°5 K. a measurement with the smallest 
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density (dA = ± 0.7) could be made. which could be combined with a 
determination at about the same temperature with the international 
hydrogen thermometer. of about twice the density . 

Because of the size of the apparatus a smaller zero~pressure was not 
possible. 

Afterwards measurements with the contents interchanged were made 
with the same zero~pressure and at ± 18° K. so that here also 4 densities 
could be worked with . The thermometers and pipettes were very care~ 
fully exhausted and washed before filling with the new and interchanged 
gases. The measurements could again be made simultaneously for both 
sides to the greatest density included . 

For the calculation of pressures. virial~coefficients and densities we refer 
to Comm. N°. 164 (pag. 22). 

The following data underlie the calculation of the virial~coefficients at 
the temperatures of the waterbath. 

H ydrogen ') 

A AOO c. 

B A O' c. 

AA 100°.20 c. 

BA 1000.20 c. 

') Comm. Leiden NO. 100b. 
Z) Comm. Leiden NO. 102b. 

I 
0.99942 I 
0.000580 

1.36626 

0.000863 

Helium 2) 

AAOO c. 0.99970 

BA OO c. 0.000512 

A A 100° .35 c. 1.36667 

BA 1000.35 c. 0.000673 
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From these data and with aA= 0.0036618 the corrections to be applied 
to the Celsiusscales of the international hydrogen- and helium-thermo­
meter in order to reduce these scale onto the Celsius-Avogadroscales 
of hydrogen and helium. based upon (lA =0.0036618. could be calculated. 
by means of the relation 

The temperature-determination will be discussed in detail in the 
foUowing Communication. 

§ 4. Results of the measurements. 

I . The temperature of the waterbath. The readings of the mercury­
thermometer P. T. R. N°. 46371. corrected af ter several determinations 
of its zero-point. were repeatedly controled with the helium- and hydrogen­
thermometer. The results were very satisfactory. Some of them are given 
in the following tabIe. 

Mercury-therm. 
I 

Helium-therm. 
I 

Hydrogen-therm. 

15 . 531 15 . 540 -

15 . 527 15 . 532 -

12 .753 12.755 12 . 752 

12.758 12 . 764 -

2. The gasquantities . 

Date 
I 

Measurements 
I 

H 2 

23 . 1.23 in waterjacket 667.91 

29 . I. 23 at 18°,14 K. -
.. at 15°,67 K. -

31.1.23 in waterjacket 667 . 85 

7.2 . 23 at 90~ , 23 K. -
12.2.23 in waterjacket 667.89 

I) Comm. Leiden Suppl. NO. 23 pag . 904 . This equation ag rees with Suppl. NO. 51 a 
equation (25). 
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Of another 611ing: 

Date I Measurements I H2 I He 

17.6.24 in waterjacket 690 . 29 741.44 

19.6.24 at 69°.85 K. - -

21.6.24 in waterjacket 690.33 741 . 43 

24 .6.24 at 16°.67 K. - -
25 .6.24 in waterjacket 690 .29 741.44 

26.6.24 at 14°.54 K. - -

8.7 .24 in waterjacket 690 .28 741.42 

Of the interchanged fillings: 

Date I Measurements I H2 I He 

I 

17 .7.24 in waterjacket 686 . 30 686 . 19 

18.7 .24 at 18°.22 K. - -

19.7 . 24 in waterjacket 686.44 686.32 

In this case both gasquantities appear to have increased. from which 
one might çonclude to a small leak at each side. This leak. however. 
should be just as large for the helium-side as for the hydrogen-side. 
Hence it seems more probable that for one of the two measurements 
the temperature has been read incorrectly. 

3. Values of PVA. 

a. the left side (movable point-tube) is filled with hydrogen. the right 
side (stationary pOint-tube) with helium. 

For the sake of completeness the results of PALACIOS MARTINEZ and 
KAMERLINGH ONNES I) at the same temperature. recalculated with the 
same virial-coefficients at 0° C. and 100° C. and using the same expan­
sion of J ena-glass 16III that unterlies all the present results. must be 
included here. 

I) PALACIOS MARTINEZ and KAMERLINGH ONNES. Comm. Leiden NO. 164. 
The results communicated there were calcu1ated for helium with AAO = 0.99950 and 

B AO = 0.000499. with the temperature correction for the expansion of glass obtained by 
extrapolating LINDEMANN's measurements. and 50 these differ somewhat from those 
given here. 
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Hydrogen I Helium 

NO. 

dA I pVA I O.-G I dA I vPA I O.-C. 

Measurements at 90".23 K. I) 

I 0.71898 0.33011 + 0 .00001 

2 2. 11256 0.32991 - 3 

3 3.55674 0.32977 + I 

Measurements at 69°.86 K. 

1 0.7i379 0.25551 + 0 .00003 0 .7i31O 0.25582 + 0 .00003 

2 2.19020 0.25518 - 2 2.2150 0 .25591 - 3 

3 3.68698 0.25487 - 4 3.7153 0.25607 - 2 

1 6.64996 0.25436 + 3 6.6706 0.25641 + 2 

Measurements at 20°.55 K. 

I 1.32349 0.074561 +0.000001 1.32680 0.075229 1+0.000037 

2 6.42783 0.072163 + 2 6.68009 0 .775170 I 0 

3 8.98884 0.070957 0 9.36906 0.075158 - I 

4 11.4336 0.069804 - 4 11.98147 0.075148 0 

Measurements at 20°.53 K. 

1 1.33822 0 .074449 - 0.000075 1.33583 0.075149 - 0.000001 

2 3 .84188 0.073332 - 5 3.99821 0 .075127 - I 

2- 4.00075 0 .075137 + 9 

3 6.4228 0.072124 + 10 6.70706 0.075094 - 8 

4 11.5316 0 .069687 - 5 12.0625 0 .075056 + 2 

'l- Il. 5322 0.069678 - 14 

Measurements at 20°.51 K. 2) 

I I 1.33622 0.075153 + 0.000083 

2 3.95905 0.075046 + 0 

3 6.62529 0.075021 + 2 

4 11.8983 0.074973 - I 

I) The helium measurements were discarded as later an impurity was found in the 
filling . 

2) The hydrogen-thermometer was broken at the beg inning of the measurements. 
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Measurements by PALACIOS MARTINEZ and KAMERLINGH ONNES : 

Hydrogen 
I 

Helium 

NO. 

dA I 
pVA I 

O .-C. 
I 

dA 
\ 

pVA I O.-C. 

Measurements at 20",51 K. 

I 1. 32857 I 0 .074442 + 0 .000046 1. 28965 0.074987 + 0 .000002 

2 3 .81226 0 .073214 + 5 3 .82072 0 .074984 + 18 

2· 3 .81205 0 .073202 - 7 3 .82048 0 .074945 - 21 

3 6 . 37529 0.071990 + 6 6 . 39307 0.074949 4- 2 

4 11.4486 I 0.069555 - 4 11.48163 0.074906 - 3 

Measurements at 20°,49 K. I) 

I 1.36628 0 .074323 - 0 .000005 I 
2 6 . 43773 0.071937 + 3 

3 9.00150 0 .070728 + 4 

4 11. 4495 0.069566 - 3 
--

Measurements at 20°,49 K. I) 

I 1.31556 0 .074350 + 0.00004 

2 6 . 37416 0.071930 - 8 

3 8 .93236 0 .070725 + 5 

4 11 .4188 0 .069538 + I 

Here follow again the results of our own measurements. 

Hydrogen 
I 

Helium 

NO. 

d A I pVA 
I 

O .-c. 
I 

dA I 
pVA 

I 
O.-c. 

Measurements at 18°, 16 K. 2) 

I 0 . 72114 0.066140 + 0.000032 

2 2 . 13567 0 .065380 - 5 

3 3.59389 0 .064624 - 32 

4 6.48021 0.063202 + 4 

I) On the helium side only the first density was measured . 
2) See note for the measurements at 90°.23 K. (note I p. (679). 
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Hydrogen Helium 

NO. 

d A I PIJA I 
O.-c. d A I 

plJA I 
O .-c. 

Measurements at 16°.65 K. I) 

1 0.74516 0 .060743 0.000197 0 . 74442 0 .060897 - 0 .000045 

2 2 . 20766 0.059776 0 2 . 23038 0.060905 0 

3 3.71491 0 .058982 0 3.73868 0 .060868 0 

Measurements at 15° .64 K. 2) 

1 0 . 72123 0 .056851 

2 1. 33022 0 .056514 

Measurements at 14°.50 K. 3) 

1 0 .74508 0 .052630 

I 
2 1 . 32974 0 .052284 

2· 1.32014 0 .052297 I 

b. Interchanged fillings. The left side (movable point-tube) is filled 
with helium. the right side (stationary-point-tube) with hydrogen. (See 
table following page). 

Before stating the coefficients calculated from these data. for which the 
corresponding differences bet ween observed and calculated pv A • S are 

I) If one tries to represent these 3 points by an equation. one finds impossible B-values. 
anà improbable values for O.-c. It seemed better therefore to give little weight to the 
first density which a t these low temperatures is measured with pressures of but a few cm 
of mercury. and to draw a straight line through the points 2 and 3. The con trol which 
wou1d have been given by more points. is lacking in th is case. 

2) At first we found at 15°.67 K.: 

1. 0.721228 0.056829. 
2. 2.136585 0.055871. 

The very large value for BA which results from these. renders it probable that there is 
an error in one of the two measurements. Therefore values for d A and pIJ A were calcu\ated 
from a measurement of CATH and KAMERLINGH ONNES (Comm. Leiden NO. 156, table 
Ib) at a somewhat lower temperature. with the differential thermometer filled with helium 
and hydrogen. Combination of this pIJ A with measurement NO. 1. both reduced to the same 
temperature. gives a BA' which is in complete agreement with all the others. whilst 
NO. 2 does not give that agreement. 

3) A second point is obtained from the measurements of CATH and KAMERLINGH 
ONNES mentioned in 2). Here two determinations could be used. one at a somewhat lower. 
the other at a somewhat higher temperature. 
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Helium 
I 

Hydr~en 

NO. 

dA I pVA I 
O.-C. 

I 
d A I pVA I 

O.-C. 

Measurements at 18",22 K. 

1 0.74063 0 .066770 + 0.000099 I) 0.74035 0 .066294 + 0.000005 

2 2.1940 0.066635 + 1 2.21855 0 .065536 - 7 

3 3.6909 0 .066599 + 1 3.71861 0.064787 + 2 

4 6 .6472 0.066523 0 6.68772 0 .063282 - 4 

4· 6 .6581 0 .066526 - 3 

already given in the foregoing tab les, we can make the following 
remarks : 

1. The measurements at 20°,50 K. may certainly (see PALAC10S 
MARTINEZ and KAMERLINGH ONNES) be supposed to have an accuracy for 
the pv A' s of 1/10000 ' The same is true for the measurements at 70° 
and 90° K. For the other measurements, at which the zero-pressure was 
always 500 mM., this accuracy is reached for the normal-volumes. but 
not for the pv A' s, as here pressures of 2 à 3 cM. of mercury had to be 
measured. Moreover once or twice abnormal errors appeared, which are 
seen in the columns O-C, and which are possibly due to the still too 
narrow tap-openings, which perhaps we re filled up with tap-grease, so 
that with very small pressure differences there was not a free passage. 

2. The accuracy of the B-values is seen best from the complete 
agreement of the results at 20°,53 K. and 20°,55 K. as weil as from the 
agreement with the B's of PALACIOS MARTINEZ and KAMERLINGH ONNES 
at these temperatures. 

Also at 18°,2 K. the measurements with normal and with the inter­
changed fillings gave the same values. 

With the B-values. derived from only two points, one has to be very 
careful in drawing conclusions, as appears c1early from the measurement 
at 15°.6 K., but particularly wh en the two points are not measured 
isothermly. The BA 's Iying on a smooth curve. (see below) inspire 
confidence. 

The smaller B-values at 70° and 90° K. are proportionally less accurate 
for the greater values pv A . The same is true for these of helium at 
70° K. and more so for the ver)' small B-values in liquid hydrogen. 
Still we obtain as the average of three determinations at about the same 
temperature 

- 0.0000072 

1) This point has been discarded for the calculation of BA ' 
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whilst PALACIOS MARTINEZ and KAMERLINOH ONNES obtained: 

-0.0000075. 

3. Af ter the fillings were interchanged. no deviations. but exactly the 
same results were obtained. so that there is no reason to suppose any 
asymmetry. 

4. The measurements. including those with interchanged fillings confirm 
the conclusion. which PALACIOS MARTINEZ and KAMERLINOH ONNES 

drew. concerning the possible presence of quanta~influences in the form 
of a term Qd 2

/3 in the equation of state. We also find that the measu~ 
rements do not necessitate the interpolation of such a term in the equation 
of state. 

5. The B~values of KAMERLINOH ONNES and DE HAAS at 20°,6 and 
11'),8 K. differ about 2 and 4 °10 with those. determined here. whilst the 
value at 16° K. differs completely. 

4. Virial~coefficients of hydrogen . 
At the measured temperatures following coefficients were obtained: 

I T I AA I BA 

90° .23 K 0 .33019 - 0.0001202 

69 .86 0 .25562 1939 

20.55 0 .075182 1700 

20.53 0.075158 1710 

18 . 16 0.066472 5053 

16.65 0 .060938 527 

15 .64 0 .057250 5533 

11 .50 0 .053063 581 

interchanged fillings : 

18.22 I 0.066663 I 5055 

Prom PALACIOS MARTINEZ and KAMER-

LINGH ONNES : 

20.51 0.075031 - 0.000178 

20 .19 0.071973 172 

20 .19 0.071972 176 

Fig. 3 represents the B~values obtained. and also the results of 
KAMERLINOH ONNES and BRAAK I) and of KAMERLINOH ONNES and 
DE HAAS (resp. indicated by 0 and .6.). 

I) Comm. Leiden NO. 100a. 
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From the B-values result the following corrections. to be applied to 
Corrections of the international hydrogen-thermometer 

onto the Celsius-Avogadroscale. 

(a A - (1 jH2 = - 0,000 0009) 1) 

T I t I ..lA = t A ,,-tH2r< 

90 .23 K. - 182 .86C + 0.067 
69.86 203 .23 72 

20.55 252 .54 12 1 

20 . 53 252 . 56 122 

18.16 254 .93 131 

16.65 256 . 74 137 

15.64 257 .45 146 

14.50 258.59 155 

1) The numbers given here are somewhat different from those given in Comm. Leiden 
Suppl. NO. Sla Table XI. owing to the somewhat changed value of ZA -2iH2' 
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the temperatures on the Celciusscale of the international hydrogen­
thermometer, in order to reduce these temperatures onto the Celsius­
Avogadroscale of this gas. (Fig. 4). 

\ 
I\. 

~ I 
~16 

. 1 

• 
~ 

"'-4 

'b-.. 
~ .'3 

.ó A . lA - lH I .... ---
~ 0( 20( 

16 17 16 
" 

2 0 

Fig. 4. 

5. Virial-coefficients of helium. 

T I AA I BA 

69 .86 0.25572 + 0.0001003 

20.55 0.075198 - 0.0000042 

20 .53 0.075162 90 

20 .51 0.075082 91 

18.22 0.066689 244 

16.65 0 .060960 245 

From PALACIOS MARTIN EZ and KAMER-

L1NGH ONNES : 

20 .51 
I 

0.074963 
I 

- 0.0000071 
--

We obtain from this graphically the BOYLE-point of helium at 22°,1 K. 
From the foregoing results can be calculated the following corrections 

for the intern. helium-thermometer. (See table following page). 
In fig. 5 the results of KAMERLINGH ONNES 1) are also given, indicated bYD . 

1) Comm. Leiden NO. 102b. 
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Corrections for the international helium-thermometer onto 
the Celsius-Avogadroscale. 

(aH - aiHe = 0,000 000 31
) 

T I t I .:lA = tAu - tH'l~ 

69 .86 K. - 203 . 33C. + 0.031 

20.55 252.54 41 

20 .53 252.56 42 

20.51 252.58 H 

18 .22 254.87 46 

16.65 256.44 46 

\ 
I ~ ~ 1++ ~ ---k 

===+=t i : ! I ----IJ 

----1--- . ---t- -
Il.l -l b 

I " "'" He", 

I:J.", 

t 0 10 20 

-+T 
30 .0 &0 10 70 .. 0 0 

Fig. 5. 



Physics. - "/satherms af di~atamic substances and their binary mixtures. 
XXXII. On the behaviaur af hydrogen according ta the law 
af correspanding states." (Camm . N°. 176c from the Physical 
Laboratory at Leiden). By F . P. G. A. J. VAN AGT. (Communicated 
by Prof. W. H . KEESOM). 

(Communicated at the meeting of June 27. 1925). 

In order to see how far hydrogen deviates from the law of corres~ 
ponding states the va lues of BA and T given in the previous communi~ 
cations are converted into the reduced magnitudes 1). 

The following table is obtained where 

T 

90.23 

69.86 

20.55 

20 . 53 

18 .22 

18 . 16 

16.65 

15 .64 

14.50 

B, = B A 

AA 

~= tTk . B' 

T 
t = Tk 

Hydrogen 

I I 

2 . 7194 

2 . 1055 

0 .6194 

0.6187 

0 . 5491 

0 . 5473 

0 . 501 8 

0 .4714 

0 .4371 

I ~ 

0.03835 

0 .07991 

0 . 6586 

0.6644 

0.7981 

0.8008 

0 .9111 

1.018 

1.1535 

From PALACIOS MARTINEZ and 
KAMERLINGH ONNES : 

20.51 0 .6181 0.6712 

20.49 0 .6175 0.6633 

20.49 0.6175 0 .6689 

1) Comm. Leiden Suppl. NO. 23. Die Zustandsg1eichung. Math. Enz. V . 10. p. 116. 

45 
Proceedings Roya1 Acad. Amsterdam. Vol. XXVIII. 
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In the first place these va lues can be compared with the values of Q) 

from the "mean reduced equation of state" of KAMERLINGH ONNES in 
the form VII 1 : 

103 y; = 117 796 _ 228,038 _ 172,891 _ 72,76.l. _ 3.l78.§. 1) 
" , t t 2 ti t6 

obtained from the observations: 
of AMAGAT for hydrogen, oxygen, nitrogen and ether ; 
of RAMSAY and YOUNG for ether; 
of YOUNG for fsopentane . 

• ool-------c''-f--f------l--------j 

. ooo l---~~--f------l----

,.31?1 

t 
.800 L-.-----!-------=------,J 

waterstof = hydrogen 
Fig . I. 

It seems valid to consider the Q;~values bel ow 20,°50 K. and above 
69,°86 K. in fig . I, as lying on the same curve. 

The diagram becomes more remarkable when besides the ~~values of 
hydrogen, those Q) 's are represented, which can be calculated from the 
B/~values, which CATH and KAMERLINGH ONNES derived from their pro~ 
visional corrections on the experimental Avogadroscales of hydrogen, 
oxygen, argon and neon (See table following page). 

It then appears from fig. 2, that at temperatures above t = 1 the ~~ 
values form a regular series almost corresponding with the increase of 
the critical temperature. Here again the general rule, given by KAMER~ 
L1NGH ONNES and KEESOM 2) is proved, that for substances, for which 
association is excluded, the critical temperature has an important influence 
on the whole network of isotherms with regard to the law of corres~ 

1) Comm. Leiden Suppl. NO. 23. p. 117. 
2) Comm. Leiden Suppl. NO 23. § 34c. 
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Argon I Nitrogen 

T I t I 103 ~\ I T I t I 103~ 

249.04 1.653 - 81 .61 241 .40 1.916 - 55 .90 

230 .03 1.527 111.4 208 .88 1.658 97.29 

207.57 1.378 147 .9 189 .31 1.502 129 .2 

191.06 1.268 180 . 1 170 . 17 1.350 172.8 

170.81 1.134 235 .8 157.59 1.251 201 . 1 

161 .64 1.073 261 .9 145 .58 1. 155 238 .9 

150.30 0 .998 303 .7 132 .99 1.055 294 .8 

139 .95 0.929 350 .6 120.75 0.958 373 .9 

125.01 0.830 464 .6 109 .65 0.870 456.7 

109.69 0.728 591.6 90 .65 0 .719 628.0 

90.63 0 .602 862 .2 84 . 19 0 .668 718 .8 

87.56 0. 581 943.1 76.37 0 .606 871.2 

94 .55 0 . 561 989 .2 71.53 0.567 1009 .2 

81.32 I 0.540 1056 .3 69 . 57 0.552 1060 

Neon I Oxygen 

T I t I 103 ~\ I T I I I 103 'lj 

230 . 15 5. 144 + 59 .0 243.51 1.578 - 126.0 

208 .86 4.668 54 . 1 214 .46 1.390 159.8 

185 . 16 4. 145 42 .6 180 .76 1.171 239.8 

170.96 3.821 36. 1 170 .36 1. 104 284.9 

157.77 3.526 31.2 157 .87 1.023 316-.2 

145.58 3.254 23 .0 145.83 0 .945 371.0 

133.19 2.977 14 .8 133.10 0.863 437.0 

120.73 2.698 1.64 120 .20 0.779 531.7 

90.69 2.027 - 55.8 90 .58 0 .587 912.2 

82.28 1.839 75.5 87.09 0.564 999.1 

72.71 1.625 116.6 84.15 0 .545 1085 .9 

64.15 1.434 162 .4 

55 .91 1.249 224 .8 

ponding states. At least for hydrogen. neon. nitrogen and argon this 
relation exists. Oxygen on the contrary. which for clearness has ' not 

45* 
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been included in the figure. was al most coinciding with nitrogen. Hence 
for this substance the rule does not hold . . We also see the same difference 
noted by KEESOM 1) in a diagram of CATH and KAMERLINGH ONNES 2) 
of their vapour pressure determinations. 

0 '--- -- - ---, 

0) 

1 

l 

I 
- I 

.• ~----+---.~.H------+----~------+---~ 

'" 
11 

Î .., 
0> 'p 

--+.J 

Fig. 3. 

It cannot be said how far the method of determination influences the 
accuracy of the B~values . CATH 3) has already remarked. that the B' ~values 
of argcn determined by him. are generally somewhat greater than those. 
which result from the measurements of KAMERLINGH ONNESandCROMMELIN. 

Also some ~~values of hydrogen. derived from the determinations of 
KAMERLINGH ONNES and BRAAK are included in the figure; they lie 
somewhat higher than our values. 

On inspecting this diagram the question arises whether. for all this 
substances. the Q)~1ines would or would not interseet at ab out r = 1. 
Also in regard to this we regret that the time was too short to determine 
the B~values of neon below the critical temperature. 

Finally we can complete with our B~values the diagram of CATH and 

KAMERLINGH ONNES 1). which indicates the changing of d(l.'l) with the 
d~' 

temperature for the same substances. 

1) Memorialvolume presented to H. KAMERLINGH ONNES 1922. p. 123. 
2) Comm. Leiden NO. 152b. 

3) Thesis for the Doctorate, Leiden 1917 P.' 77. 
i) Comm. Leiden NO. 156. p. 31. 
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Here use is made of the relation: 

~=J. d(plJ)=B' =K4' Q) I) . 
. d ,' IJk dp IJk 

In this way is obtained: 

Hydrogen 

T 
I 11 r I 

d (Cl · ) 
d;-

90.23 K. 0.3677 - 0.12645 

69.86 0 .4749 0.26349 

20.55 1.6146 2.1715 

20 .53 1.6162 2 . 1907 

18.22 1.8211 2.6314 

18 . 16 1.827 2.640 

16.65 1.993 3 .001 

15 .64 2. 121 3.358 

14.50 2.288 3.803 

I 

I-------+-~-,~~ 

i I 

I 

Dg~--------~--------~~------~~------~. 
[] [] O,!5 ',~ 2p 

-+t 
Fig. 3 

I) Ibid. p. 29. 
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For reducing the results to reduced magnitudes. use is made of the 
following data : 

I P k I 
Tk I V k 

Hydrogen I) 12.751 33.18 0 .002909 

Neon 2) 26.86 H.74 

Nitrogen 3) 33 .490 125.96 0.004027 

Argon 4) 47 .996 150.65 0.003357 

Oxygen 5) 49.713 154.27 0.003324 

') Comm. Leiden NO. 15k 
2) .. 151 b. vk is not known sufficiently . 
3) .. l45c. 
4) .. 1318. 
5) .. 117. 



Physics. - "On the measurement ot very [ow temperatures. XXXIII. 

The comparison of the constant volume hydrogen- and helium­

thermometers with various zeropoint-pressures.·· (Communication 

N°. 176d from the Leiden Physical Laboratory). By F. P. G. A. J. 
VAN AGT and H. KAMERLINGH ONNES. 

(Communicated at the meeting of June 27. 1925). 

1. Introduction . 
The experiments made with the constant volume differential thermo­

meter. described in the Communication N°. 176b. enable us to compare the 
hydrogen- and helium-scales with each other directly and with very 
different zeropoint-pressures. for it was possible. using pipettes. to 
increase considerably the density in the thermometers. The hydrogen- and 
helium-thermometers were placed side by side at the same height in the 
[ow temperature bath. whilst the pressures of both gases were read on 
the same manometer 1). 

The B-values previously mentioned enable the corrections. necessary 
to reduce the temperatures of the hydrogen- and helium-scales for various 
zeropoint-pressures onto the Avogadroscales of these gases. to be 
calculated. so that afterwards the latter could be compared. 

During the same time Prof. BEATTIE . has carried out in the Leiden 
Laboratory his research 2) on the comparison of the hydrogen- and helium­
thermometers with various pressures in quartz reservoirs. The fact that 
the results thereby obtained are not in agreement with those that have 
been obtained for hydrogen- and helium-thermometers in glass reservoirs 
certainly raises the importance of both determinations. 

2. The temperatures of the hydrogen- and helium-thermometers on the 
Celsiusscale. 

If no direct measurements of the zeropoint-pressure had been made. 
we calculated from the known density (dA ) of the gas in the thermometer 
at the time of the measurement at the low temperature the pressure 
which this quantity of gas would exert if it occupied the same volume 
at 0° c.. use being made of the. empirical equation of state at 0° C. 

1) See further in Comm. Leiden NO. 156. 
2) Rapport NO. I première Commission 4ième Congrès International du Froid, Londen. p . 3. 
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with the same coefficients th at were the basis of the calculation of the 
quantity of the gas. 

The thus found values of Po could then be used. together with the 
directly measured values of the gas pressure in the thermometers at the 
low temperature (pt) and with the help of the weil known relation 

t~ = Pt - Po 
poa 

to calculate the temperatures on the Celsiusscales of the hydrogen- and 
helium-thermometers I). The coefficients of expansion on which these scales 
are based were calculated in the following way: 

CATH and KAMERLINGH ONNES adopted for the coefficients of expan­
sion of the international helium- and hydrogen-thermometers the respective 
values 

aiHe = 0.0036614. resp. (J. i H2 = 0.0036627. 

The provisional international temperaturescale is derived from the 
scale of the international helium-thermometer. based on 0.0036614 with 
the help of the provisional correction-table given in Comm. N°. 156a 
table V. col. 2 2) . An Avogadroscale is thus formed for helium based 
on 0.00366174

• 

As KEESOM and KAMERLINGH ONNES 3) remark. the scale of the inter­
national hydrogen-thermometer. on the other hand. with the help of the 
corrections calculated with the B-values of KAMERLINGH ONNES and 
BRAAK. reduces to an Avogadroscale based on 0.00366168• This has the 
consequence that. extrapolating to - 2730 C. the Celsius-Avogadroscale 
for hydrogen should lie 0.003 degrees lower than that for helium (the 
provisional international scale). 

We have preferred to evaluate the Celsius-Avogadroscales for helium 
and hydrogen on such a basis that. if ext11lpolating to - 2730 c.. they 
both give the same value. 

For th is purpose the expansioncoefficient was calculatcd in each case 
for a determined zeropoint-pressure from the expression : 

AAO'C X 0.36618 + (BAloooc- BAO'c) dA 1) 
rt =--"-.c.::.....=--:c=o-:--;-----'-:--'-::::..:.c..:c..::.....:;:-;--;-7"'--"-'--~ 

100 (AAOOC + BAooc X d A) 

which is in agreement with 

a=0.0036618 + (~~O-1.36618 ~oo)I~O - (~~O-1.36618 ~:)~: 1~0 S) 

where for short 

I) Compare the definitions of the temperaturescales in Comm. Leiden Suppl. NO. 51a. 
2) Since reprinted in Suppl. NO. 51a. table Xa. 
3) Suppl. NO. 51a. p. 31. 
1) Comm. Leiden NO. IOlb. 
S) The last term is neglectable except at high densities such as appear here . 
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B loo = BAIC)OOC 

Bo = BAooc 

Ao = AAO'C 

d = d A . 

The value of aA = 0.0036618 is thus used as a basis, whilst, with the 
al ready mentioned values of the virial-coefficients, the following values 
of the expansioncoefficients for the international he1ium- and hydrogen­
thermometers were obtained 

aj He = 0.00366146 

flj H. = 0.00366273 . 

The results were still corrected for the small temperature-differences 
between the different points of a measurement, besides for the first 
point of some measurements, also for the probable error in the read 
pressure at the low temperature (Pf), which caused the abnormal deviation 
(O-C) in the pv A 's, as this error could be calculated from this ~eviation . 

§ 3. The temperatures on the Celsius-Avogadroscales of hydrogen and 
helium based on aA = 0.0036618 . (tA ~ ). 

The values found could be used to calculate the corrections onto these 
scales. For this purpose the following expression was used 

tA -Po [B' 100(1 + aA.I00)-B'0 _ B' T(1 +aAtA,,)-B'oll) 
6 A= tA"-t,, A . 

AOOC aA 100 tA f< 

h B
' BA . 

w ere = AA 

and where for aA and the virial-coefficients at 0 and 100° C. the already 
mentioned values were used. 

In the following tables (p. 698-700) the so found temperatures and 
also the corrections for the hydrogen- and helium-thermometers are given . 
In order to make the results c1earer, the temperatures, which alllie be10w 
-140° c., have been reduced from the Celsius-Avogadroscales onto the 
(Kelvin) A vogadroscales of both gases using 

1 2) 
tAx= TA. - ­

aA 

and these are shown under (TA. ). 

Finally each isotherm furnishes a direct temperature determination on 
the Avogadroscale "36618", if they are extrapolated : to the density 
dA = 0, for which condition the equation 

I) Comm. Leiden Suppl. NO. 23 p. 904 . This equation is in agreement with Suppl. 
NO. Sla eqn. (25). 

2) Comm. Leiden Suppl. NO. Sla p. 9 . 
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TA~ AA I) 
T AOOC - AAOoc 

still furnishes a value for TAft . 

§ 4. Ditference in the indication between the Celsiusscales of the 
helium· and hydrogen.thermometers with different zeropoint.pressures. 
(See the tables on the following page). 

When the here obtained differences between the helium· and hydrogen. 
scales were graphed against the zeropoint.pressures (Fig. 1). it was seen 
that for the same density they increase with decreasing temperature. 
which is in agreement with earlier measurements. 

At the same time it appears that at each temperature they 
decrease to zero proportionately with the zeropoint-pressure . 

. " ,-------,---

,4. 1--------+-- - - - -+--- - ·-+ --""----1 

, 4 ~ I-------~ 

.30 I------ --li---

" 
Fig. 1. 

I) Comm. Leiden Suppl. NO. 51a p. 6. 



Hydrogen I Helium 
NO. 

Po I f" I Po I f " I f He% - f Hz" 

Measurement at 69°.86 K. 

I 0.71369 - 203 .272 0.74316 - 203.243 + 0.029 
2 2. 19171 203 .357 2.21682 203 .287 0 .073 
3 3.69274 203.426 3.72128 203.301 0 . 129 
4 6 .67180 203.559 6 .69134 203.305 0.254 

Measurement at 20°.55 K. 

I 1.32374 - 252.668 1.32730 - 252 .589 + 0.079 
2 6 .H806 253 . 134 6 .70094 252.751 0.383 
3 9 .03050 253.367 9.41120 252.835 0 .532 
i 11 .50279 253.589 12 .05136 252.913 0.676 

Measurement at 20°.53 K. 

1 1.33849 - 252.675 1.33634 - 252.598 + 0.077 
2 3 .84811 252.908 4.00520 252 .685 0.223 
3 6.H297 253.1H 6. 72808 252.771 0.373 
4 11 .6020 253.615 12.1334 252.943 0 .672 

Measurement at 20~.51 K. 1) 

1 1.32882 - 252.709 1. 29011 - 252.643 + 0.066 
2 3.81848 252.942 3.82704 252 .720 0.222 
2· 3.81826 252.945 3.82681 252 .729 0.210 
3 6.39516 253 . 182 6.41208 252.802 0.380 
4 11. 51797 253 .647 11. 5457 252 .964 0.683 

Measurement at 18°.22 K. 2) 

1 0.74069 - 254.888 0.740232 - 254 .945 + 0.057 
2 2.19580 254.953 2.22011 255.097 0 . 144 

3 3.69676 255.000 3.72452 255.243 0.243 
4 6.67883 255.105 6.70978 255.536 0. 431 
4· 6.67879 255.104 

Measurement at 16".65 K. 

1 0.74505 - 256.517 0.7H48 - 256.474 + 0.043 
2 2.2092 256.663 2.2322 256 .500 0.163 
3 3.7209 256.816 3.7448 256.562 0 .254 

Measurement at 14°.50 K. 

1 0 .7H97 - 258.676 0.7H52 - 258 .612 + 0.094 
2 3) 1.3156 258.546 1.3181 258.H2 0. 104 
2e3) 1.3177 259.085 1.3189 258 .974 0.111 

1) Prom PALACIOS MARTINEZ and KAMERLINGH ONNES. 2) Different 611ing . 
3) Calcu1ated from CATH and KAMERLINGH ONNES. Comm. Leiden NO. 156. 
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§ 5. Temperature~measurements on the Avogadroscale of hydrogen 
and helium based on aA = 0.0036618. 

Hydrogen I Helium 
NO. 

I I I I I PO ..lA 1) T A x Po ~A 

Measurement at 90", 23 K. 

1 0.71886 + 0.036 90.232 

2 2 . 11393 0 . 106 90.226 

3 3.56201 0 . 179 90.217 

I extrapolating to d A = 0 : 90 . 221 

Measurement at 69°,86 K. 

1 0 .74369 + 0 .040 69 .859 0.74316 + 0 .018 

2 2.19171 0.117 69.842 2 .21682 0.054 

3 3.69274 0 . 201 69.841 3 .72128 0.090 

4 6 .67180 0 .363 69.858 6 .69134 0 . 159 

extrapolating to d A = 0 : 69 .848 

Measurement at 20°,55 K. 

1 1.32374 + 0 . 122 20.544 1.32730 + 0 .041 

2 6 .44806 0 .592 20.548 6.70094 0.207 

3 9 .03050 0.829 20 .552 9 .41120 0.290 

4 11 .50279 1.056 20 .557 12 .05136 0 .372 

extrapolating to d A = 0 : 20 .538 

Measurement at 20°,53 K. · 

1 1.33849 1- 0 . 128 20 .540 1.33634 + 0.043 

2 3. 84811 0 .359 20.541 4.00520 0.125 

3 6.44297 0.600 20 .546 6 . 72808 0.208 

4 11.6020 1.081 20 .550 12 . 1334 0.374 

extrapolating to d A = 0 : 20 .536 

Measurement at 20 .51 K. 

1.33673 + 0 .043 

3 .96589 0.127 

6.64578 0.213 

11.96723 0.382 

extrapolating to d A = 0; 

1) In all these tables Ll A signifies : t A x - t H o Eor heliuin. 

and t A .. - tHzx for hydrogen. 

TA" 

69.864 -

69.849 

59.855 

69 .890 

68.855 

20.542 

20 .546 

20.545 

20.549 

20.542 

20.535 

20 .530 

20.527 

20.521 

20.532 

20.515 

20.511 

20 .511 

20.528 

20.510 
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Hydrogen I Helium 
NO. 

I I I IA I Po AA T A« Po A TA" 

Measurement at 20°,51 K. 1) 

1 1.32882 + 0.125 20.506 1. 29011 + 0.041 20 .488 

2 3.81848 0 .358 20 .506 3.82704 0.122 20 .492 

2'" 3.81826 0.358 20 .503 3.82681 0 . 122 20 .483 

3 6.39516 0.600 20.508 6 .41208 0.204 20.492 

4 11. 51797 1.081 20.524 11. 5457 0.367 20.493 

extrapolating to d A = 0 : 20 502 I 20.488 

Measurement at 20°,49 K. 1) 

1 1. 36657 + 0 . 125 20.483 

2 6 .45804 0.593 20.492 

3 9.04328 0.830 20.495 

4 11. 51885 1.057 20.498 

extrapolating to d A = 0: 20.487 

Measurement at 20°,49 K. 1) 

1 1.31581 + 0. 123 20 .493 

2 6 .39403 0 .595 20 .487 

3 8.97346 0.836 20.491 

4 11. 4878 1.070 20.491 

extrapolating to d A = 0; 20 .486 

Measurement at 18°,16 K. 

I 0.721025 + 0.070 18.164 

2 2 . 13708 0.213 18.164 

3 3.59932 0.359 18.154 

4 6.50035 0 .646 18 . 166 

extrapolating to d A = 0: 18 . 163 I 
Measurement at 16°,65 K. 

1 0.74505 + 0.078 16.651 0 .74148 + 0.024 16.650 

2 2.2092 0 .231 16.658 2.2322 0.071 16 .661 

3 3.7209 0 .380 16.654 3.7448 0.119 16 .648 

extrapolating to d A = 0: 16.651 16 .6-43 

1) From PALACIOS MARTINEZ and KAMERLINGH ONNES. 
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Hydrogen I Helium 
NO. 

I I I I I Po ~A TA « PO ~A TA « 

Measurement at 14°.50 K. 

I I 0.7H96 1+ 0.088 1 1i .502 I 0.74452 1+ 0.026 1 1i.504 

Measurement at 18°.22 K. (different filling) 

1 0.74023 + 0.074 18 .219 0 .74069 + 0.027 18.229 

2 2.22011 0.222 18 .215 2.19580 0 .078 18.215 

3 3.72452 0 .372 18 .219 3.69676 0.130 18.220 

4 6.70978 0.671 18.225 6.66783 0.236 18.221 

4*. I 6.67879 0.236 I 18.222 

extrapo1ating to d A = 0: 18.215 I 18.218 

The method of temperature~measurement followed here thus gives 
practically the same temperature results. even with very divergent zero~ 
point~pressures and even with densities many times the density of the 
international gas~thermometers. wh ere the corrections of the Avogadro~ 
scale exceed one degree (for hydrogen). This is true for each gas 
individuaIly. as weIl as for the comparison of the two gases. 

If only those measurements are considered which have a zeropoint~pressure 
of 1000 mM.. or where these are lacking those with densities lying 
immediately above and below it. then only the following differences remain 
between these experimental Avogadroscales of hydrogen and helium: 

T Po T A «H. - T A.Hz 

69.86 ± 0.74 + 0.005 

2.19 + 
20 .55 1.32 2 

20.53 1.34 5 

18.22 0.74 JO 

2.21 0 

I 

16.65 0 .74 

2.23 + 3 

ti .50 0.74 + 2 
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Chemistry. - ERNST COHEN and W . D . J. VAN DOBBENBURGH: "The 
influence of minute traces of Water on Equilibria of Solution". I. 

(Communicated at the meeting of June 27. 1925) 

I ntroductory. 

In the course of our investigations on the metastability of matter made 
in co-operation with Messrs MOESVELD, HELDERMAN. BRUINS and Kooy 1). 
our attention has been drawn to salicylic acid. as. from more than one point 
of view. it is of importance to get better acquainted with the relations of 
stability between the modifications in which this substance can appear. 

During this investigation. to which we hope to return later on. we have 
become acquainted with phenomena so very remarkable. and. as we found 
out. unknown up to the present. that we have suspended our intended 
investigation for the moment, in order to study these new phenomena 
quantitatively. This paper contains a description of the results obtained 
up to this time. 

Por the sake of lucidity we do not dweil on the relation between the 
investigation treated in this paper. and of the metastability of matter which 

has led to the measurements which are to be described. Por us the thing 
was to determine the solubility in benzene of salicylic acid which had been 
recrystallized from different solvents. All the solubility determinations 
have been carried out at 30°.50 C. 

A. The Materials used. 

§ I . a. Salicyl ic acid. The material with which we started our work was 
obtained from different factories. When it was found that the different 
p"reparations gave identical results. we have. in most cases. used a prepar­
ation of KAHLBAUM at Berlin ("für kalorimetrische Bestimmungen"). and 
af ter recrystallizing it from the solvents which will be mentioned later on. 
taken it for our investigation. 

b. Benzene. A preparation which had been supplied as not containing 
thiophene. really answered this requirement. Por some days it was left in 
contact with an ample quantity of phosphorous pentoxide. and then slowly 

I) Zeitschr. f. physik. Chemie 9·t. 450. 465. 471 (1920); 108. 81. 97. 100. 109 (1924); 
lU. 145 (1924); 115. 151 (1925). 
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distilled 1) by means of an electric lamp which was used a's heatèr. ' The 
fIask in which the distillate was collected, was p~otected from moisture by 
a tube, filled with CaCI2• It was closed afte~ards with a glass stopper. 
The stock of benzene obtained in this way was in contact with the air only 
wh en the liquid was poured out of the fIask. 

C. Ether. This substance was treated like the benzene. The fIask in 
which it was kept was closed with a cork. 

d . Water. This liquid was slowly distilled out of a heavily tinned 
apparatus. 

B. The Preparations o[ Salicylic Acid. 

§ 2. The two preparations, mentioned under A. ' a. in § I, were cryst­
allized either from water, or from dried ether, in the way as is described 
hereafter, and then dried as indicated in every different case. 

I. Preparations recrystallized [rom water. 
a. To a certain quantity of solid salicylic acid so much water is added, 

that at about 100° all is dissolved, then it is filtered through a hot water 
funnel. By heating the filtered solution the acid is again completely 
dissolved. Then the fIask which contains the solution, is quickly cooled 
in water of room temperature. The crystallized acid is sucked off on a hard 
filter, first dried in air between filter paper, and then dried ,in vacua over 
P205 (for 48-72 hours). 

b. The same method, as is described under a. is followed, but the 
crystallization is allowed to be very gradua1. 

C. Again the same method as under a. is applied, but the crystallization 
is very rapid, by pouring the solution on ice ("chilled" ). 

Wh en the preparations had been kept in vacua over P 20 5 for 48-72 
hours they were sufficiently dry. This was controlled by investigating the 
change of weight of a few grammes of the preparation, dried in this way, 
after keeping it in the dessicator in vacua for a longer period. In th is way 
it was seen that drying for 24 hours longer did not lead to any perceptible 
change of weight. 

2. Preparations recrystallized [rom ether. 
A solution of salicylic acid in dry ether, saturated at room temperature, 

was put into a conical filtering fIask, the tube of which is connected with a 
water- jet vacuum pump. The neck of the fIask is closed with a rubber 
stopper. through which passed a rather wide glass tube. The latter is 
connected with three washing bottles, filled with strong sulphuric acid, care 
being taken that specks of the acid cannot enter the filtering fIask by 
interposing an empty absorption bulb. When the water- jet vacuum pump 
is set going a (rapid) current of dry air passes through the solution. In 

I) SIDGWICK. Journ. chem. Soc. London 117. (2) 1340 (1920). 
TH. W . RICHARDS. E. K. CARVER and W . C. SCHUMB. Journ. Am. Chem. Soc . 

••• 2019 (1919). 
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th is way some 50 grammes of dry acid can he obtained in a few hours. This 
preparation was likewise kept in vacua in a dessicator over P 20s. 

C. The Solubility determinations. 

Experimental. 

1. General Remarks. 

§ 3. The salicylic acid was shaken with the benzene in flasks A, as is 
K shown in fig. 1 (capacity about 50 c.c.) 

L 

A 

B 

D 

G. 

Wh en the solid and the solvent had been 
put in by means of a funnel with a wide 
stem, the flasks were sealed, and then 
placed into the acatene shaking 
apparatus, previously described by ERNST 
COHEN and H. R. BRUINS 1). In our 
thermostat, in which th is apparatus was 
placed, was always a BECKMANN thermo~ 
meter, graduated in 0.01°. The thermo­
meters used were compared with an in­
strument graduated in 0.1 0 , which had 
been calibrated by the Physikalisch Tech­
nische Reichsanstalt at Charlottenburg, 
and of which we had controlled the zero 
point. The temperature regulation was 
done by means of an OSTW ALO regulator 
(capacity of the reservoir about 500 c.c.) 
which we filled with tetrachlorethane 2). 

The temperature fluctuations of the 
thermostat were, during short periods, 
never greater than one or two hundredths 
of a degree. 

§ 4. The tapping of the saturated Fig. 1. 
solutions was done by means of the 

apparatus shown in Fig. 1. Wh en the shaking apparatus had been stopped, 
the solid was allowed to settle, the top part of the long neck of flask A was 
cut oH, and the tube BeD, previously heated and containing a piece of 
cotton wool W at its lower end, was placed into it as quickly as possible. 
By means of a rubber bulb the filtered, clear, saturated solution is pressed 
into the flask E, which is immediately closed with a carefully ground glass 
stopper S. The flask is placed for a moment in cold water, in order to 
lessen the vapour tension over the solution, then it is completely dried and 
the flask with its contents is weighed. 

1) Zeitschr. f. physik. Chemie 93, 43 (19181. 
2) Zeitschr. f. physik. Chemie 117, 143 (1925), § 6. 
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Of every saturated solution two samples were tapped out óf the same 
Bask; for every sample we used a separate tapping tube (8 CD in Fig 1) 
which had been previously heated to the temperature of the experiment. 

All the weighings (up to 1/10 milligram) were carried out on a BUNGE 

balance. The weights were calibrated according to the weIl known method 
of F. KOHLRAUSCH . 

2. Analysis of the saturated solutions. 

§ 5. The technica I part of the determinations was as follows : Af ter 
weighing the saturated solutions in the flask E, which is closed with the 
stopper S, (which had been weighed beforehand) the benzene is removed 
by passing a dry current of air over it. 

ror th is purpose we place the glass stopper with the tubes G and F on 
the flask, conneet the tube G with the water~ jet vacuum pump, the tube F 
with a battery of absorption bulbs, ' filled with strong sulphuric acid, 
interposing an empty fIask, in which, eventually, specks of the acid can 
collect, and set the pump to work. In this way it is possible to remove 15 
grams of benzene in about 6 hours. 

§ 6. Different experiments have proved that this method gives accurate 
results, viz. that salicylic acid is not volatile in benzene vapour at temperat~ 
ures below 25°. H, in the way we described, the benzene is evaporated 
from solutions of a concentration as we have in our actual series of experim~ 
ents, we Eind back the quantity of salicylic acid which had been weighed 
into the flask. as is seen from the following determinations : 
a. Wt"ighed into the flask 0.4140 gms. of acid with about 15 gms. of benzene. 

Found 0.4140 gms. of acid. 
b. Weighed into the flask 0.3380 gms. of acid with about 15 gms. of benzene. 

Found 0.3383 gms. of acid. 
It may be pointed out here that in these determinations as weU as in the 

later deEinite ones, the flasks E, af ter the removal of the benzene, were, for 
further control, kept for one night in the desiccator in vacua, over phos­
phorous pentoxide, beside a dish filled with dry salicylic acid, so as to keep 
the desiccator filled with saturated vapour of this acid 1). Change of weight 
could not be ascertained. 

§ 7. In order to form an opinion about the possibility of reproducing 
the solution equilibria, and about the accuracy of the analyses, we set to work 
as follows : We put two parts of the same preparation of salicylic acid 
into two separate quantities of the same preparation of benzene, shook both 
flasks for the same period at the same temperature, and analysed the 
saturated solutions thus obtained, every solution in two separate parts a, b, 
respectively c and d. 

1 See also A. L. TH. MOESVELD, DissertatioD, Utrecht 1918 page 27. 



In this way we found : 
Solution 1: a. 

b. 
Solution 2: c. 

d. 

D. 
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l.04l 1.04 gms. of salicylic acid in 
1.04 100gms. of the saturat-
1.04 ed solution. 

Pinal Determinations. 

§ 8. All our solubility determinations have been inserted in Table 1. 
Some measurements which were made simultaneously for another purpose. 
have not been induded. This is the reason why a few numbers in the 
first column are wanting. (See table next page. ) 

For further explanation of the Table we wis~ to observe: 
The previous treatment of the solution saturated at 30°.50 C. is called 

normal. when solution equilibrium is reached from a lower temperature . 
. The asterisks. placed behind the solubility figures in the last column. 

indicate that of the solutions in question two separate flasks have been 
shaken. In all other cases the figures refer to two separately tapped 
samples of the same saturated solution. 

§ 9. On doser consideration of the tab Ie we observe : 
A. When the acid is crystallized from ether it never reaches a solub­

ility in benzene greater than 1.11. neither with the normal previous treatment 
of the saturated solution. nor af ter reaching equilibrium from a high 
temperature. Under these circumstances we find va lues lying between 
1.03 and 1.11, The highest figures (1 .10 and 1.11) are found when 
equilibrium is reached from a higher temperature. 

B. Preparations. crystallized from water. give. for the solubility in 
benzene. va lues lying between 1.04 and 1.38. the highest figures appearing 
when the solutions in contact with solute have been heated to a higher 
temperature. Preparations. rapidly crystallized from water. give. in general. 
higher .values than those which have slowly crystallized from water. 

C. IE the acid is first crystallized from ether. and then from water. 
the solubility rises very markedly. (f.i. from 1.05 in experiment 3. to 
1.35 in experiment 4). H. on the other hand. we crystallize first from water. 
apd th en from ether. there is a marked decrease in the solubility. (f.i. from 
1.38 ~n experiment 31. to 1.06 in experiment 32). 

§ 10. In experiment 32 we wish to call attention to the following : 
VI/hen experiment 31 had been made. we removed as much as possible 
of thc saturated solution. by withdrawing it in a pipette from the shaking 
flask. This is laid in a horizontal position. the tube BeD is inserted. K is 
connected with the water- jet vacuum pump. D with a battery of absorption 
bulbs conÜlining sulphuric acid. and dry air is sucked over the solute. 
until the benzene is totally removed. Then the solute is completely 
dissolved in dry ether which is then removed in the same way as the 
benzene. Then the solubility in benzene of this preparation is determined. 



707 

TABLE 1. Temperature 30°.50 C. 

'ö~ê: Preparation crystal- Previous treatment of the Period of Solubility gms. of W., 
. 8 saturated solution at shaking solute in ·100 gms. o ., .- Iized from ; Z.c .. 30°.50 C. in hours of saturated solution 
-~ 

1.03· 
3 ether normal 20 

1.06· 

i 
ether, then 1.36· 

normal 23 
Erom water 1.31· 

first shaken for 3 hours 1.18 
9 water 3 

at i8°, then at 30°.50 1.18 

10 
first shaken for 3 hours 

24 
1.22 

water 
at 48°, then at 30°.50 1.23 

1.08 
11 ether normal 3 

1.08 

12 ether normal 21 
1.09 

1.09 

first shaken for 3 hours 1.33 
13 water 3 

at 65°, then at 30°.50 1.33 

first shaken for 3 hours 1.31 
H water 21 

at 65°, then at 30°.50 1.31 

first shaken for 3 hours 1.10 
15 ether 3 

at 65°, then at 30°.50 1.10 

16 ether 
first shaken for 3 hours 

at 65°, then at 30°.50 
73 1.11 

1.09 
17 ether normal 286 

1.06 

1.08 
18 ether normal 290 

1.07 

1. 11 
19 water normal 264 

1.12 
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TABLE 1. Temperature 30° 50 C. (Continued). 

'ö>c d 
Preparation erystal-

Previous treatment of the Period of SolubUlty gms. of 
. t1l ä saturated solution at shaking solute in 100gms. o ~ .~ \ized Erom : Z-'= .. 30°.50 C. In hours of saturated solutlon ~~ 

1.04 

1.04 
22 water slowly normal 3 

1.04 

1.04 

1.05 

23 water slowly normal 48 
1.06 

1.06 

1.06 

water 1.12 
24 ehilled on iee normal 3112 

1.13 

25 water slowly normal 
1.06 

4 
1.06 

1.07 
27 water slowly normal 12 

1.08 

water 1.14 
28 ehilled on lee normal 3 

1.14 

water 1.10 
29 normal 6 ehilled on lee 1.09 

water first shaken for 3 hours 1.13 
30 ehi11ed on lee at 70°. without solute. 3 

then at 30°.50 C. 1.13 

water first shaken for 3 hours 1.38 
31 ehiiled on lee at 70°. with solute. 3 

then at 30°.50 C. 1.38 

Solute from 
experiment 31. first shaken for 3 hours 1.06 

32 aher recrystallizing at 70°. with solute. 3 
1.06 Erom ether in the then at 30°.50 C. 

shaking-Hask 

first from ether. 1.07 
34 then slowly from normal 3 

water 1.07 
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TABLE 1. Temperature 30°.50 C. (Continued). 

'0><5 Preparation crystal- Previous treatment of the Period of Solubility gms. of 
. tl.l 8 saturated solution at shaking solute in 100 gms. o Ol .- lized from: Z..<:: .. 30°.50 C. in hours of saturated solution ... & 

water first shaken for 3 hours 1.2i 
38 at 70". with .solute. 3 chilled on ice then at 30° 50 C. 1.2i 

first from ether. first shaken for 3 hours 1.23 
39 then slowly from at 70°. with solute. 3 

water then at 30°.50 C. 1.23 

In this way we found the figure 1.06. whereas th is had first 
been 1.38. 

§ 11 . An accidental çircumstance gave us at last the key to these 
very remarkable results. 

One day we had dissolved a greater quantity of acid in boiling water. 
and then had poured it on ice. in order to chill the preparation suddenly. 
After filtration. to remove the mother liquor. we placed the acid in vacua 
over phosphorous pentoxide. Though it was not quite dry the next day. we 
made a solubility determination with part of th is preparation. 

In this determination equilibrium was reached in the norm al way; we 
found the figures 1.37 and 1.38. 

When the preparation had been in vacua over P2 05 for 24 hours 
more. we found for the solubility in benzene the values 1.12 and 1.12. 

§ 12. As these experiments point to the possibility. that minute tra ces 
of water had great influence on the solubility of salicylic acid in benzene. 
our investigation was carried on in this direction. and. as will be seen 
from what follows. with good results. 

Our method was as follows : A preparation. crystallized from dry 
ether. was powdered very fine in an agate inortar. and kept in vacua 
over P 2 0 5 , 

Two shaking-flasks. carefully dried were closed with glass stoppers. 
their weight was determined. and a certain quantity of the acid (about 
1 gm.) was very carefully weighed in them. In one of the flasks water is 
put by means of a capillary pipette. it is again weighed. and then dry 
benzene (about 45 gms.) is póured into the two flasks. after which they 
are weighed with their contents; then they are sealed. Every time two 
. similar flasks (one without. the other with water) we re shaken simultan­
eously. and for the same length of time (5 to 6 hours) at 30°.50 C. Then 
the contents of both were analyzed in the way described above. 

In the solubility figures thus found. we notice the influence of the 
quantities of water added. while a (very smalI) amount of moisture (if 
present) of the identical materials used was not taken into consideration. 
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§ 13. In this way we obtained the results. summarized in Table 2. in 
which the solubility is again expressed in parts of salicylic acid per 100 
gms. of the saturated solution. 

TABLE 2. Temperature 30°.50 C. 

Solubility in w et Benzene Solubility in dry Benzene 

~ , Thousandths ~ ", 
~ .§ - -5S .... 
~ ~5 

of perc. by Analysis 1 Analysis 2 ... ·e c Analysis I Analysi! 2 weight of wa- ~ ~ ~ 
o ~ o ~ 
ZtIl ter in the benz. ZtIl 

40 4 1.01 5 1.015 40 1.003 1.009 

41 14 . 7 1.049 1.050 41 1.003 1.001 

42 37 . 4 1.091 1.097 42 1.007 -
43 68 . 2 1. 188 1.193 43 1.0P 1.011 

H 104 .2 1.308 1.310 H 1.015 1.0J! 

45 147.8 1.347 1.349 45 1.0J! 1.011 

46 217.1 1.353 1.349 46 1.0J! 1.020 

47 313 1.351 1.352 47 1.021 1.020 

48 excess 1.351 1.358 

§ 14, Before going deeper into the results. given in Table 1. by the 
li~ht of the results summarized in Table 2. we wish to call attention to 
the fact that the literature contains a few data concerning the solubility 
of water in benzene 1). The data given by TH. W . RICHARDS. CARVER. 
and SCHUMB. seem the most reliable; they found at 50 .5 c.. for the solubility 
0.036 per cent by weight (gms. of water in 100 gms. of the saturated 
solution); SIDGWICK gives the same figure. and GROSCH UFF found 0.03 % 
at 30

• and LH % at 400 C. The solubility of water in benzene in the 
presence of salicylic acid is unknown 2). 

§ 15. IE we consider the results summarized in Table 1 by the light of 
the data in Table 2 we shall see that the phenomena. described in Table 
1. can easily; be explained. if we first direct our attention to what follows. 

Whereas the method of treatment of the benzene used (previous treat­
ment and distillation with P2 0 5) gives us a practically dry product 3 ). 

from solutions of salicylic acid we obtain a preparation which always 
occludes minute quantities of the solvent used. as is generally the case when 

1) HERZ. Ser. d. d. chem. Ges. 31 . 2669 (1898); HANTZSCH and SEBALDT. Zeitschr, f. 
physik. Chemie JO. 278 (1899) ; TH. W. RICHARDS. CARVER en SCHUMB. Americ. Chem. 
Soc. 41. 2019 (1919) ; SIDGWICK. Joum. chem. Soc. London 117.1340 (1920) ; GROSCHUPF. 
Zeitschr. f. Elektrochemie 17. 341 (1911). 

2) Comp. NERNST. Zeitschr. f. physik. Chemie 8. 110 (1891). especially pag. 116. 
3) See note 1 pag. 703. 
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crystals are formed from solutions 1). The occluded water. present in 
the crystals which have been formed by crystallization from water. cannot 
be removed from the crystals in vacua over P2 0 5; sometimes af ter a very 
long period wh en the crystals are powdered. Melting or subliming is 
necessary if we wish to reach th is result quickly. 

Further it is to be borne in mind. that in crystallizing from ether. the 
crystals formed easily get moist. in connection with the consequent cooling. 
and that therefore it is possible. that traces of occluded water are formed 
during crystallization. 

§ 16. In general, the solubility figure . found by us. will be governed by 
the quantity of water which. originally present in the occlusions. passes 
from these into the benzene. when a certain amount of solid acid dissolves 
into the benzene. In the preparations crystallized from ether. we might 
think the presence of th is liquid possible. on account of the method of 
drying. and that traces of ether. passing into the benzene. increase the 
solubility of the acid in the medium thus formed. As. however. traces of 
ether can be easily recognized by the smell. and as we have never noticed 
th is smell, we have as yet no reason to believe in the influence of ether. 
However we intend to study this point at same future time. 

§ 17. Ad. § 9A. The values between 1.03 and 1.11 for preparations. 
crystallized from ether. are explained by the presence of water in the 
vacuoles. which dissolves when the solid acid dissolves in the benzene. IE 
the solid acid with the benzene is raised beforehand to a higher temp­
erature. a greater quantity of occluded water is dissolved in the benzene. 
and consequently a higher figure will be found for the solubility of the acid. 

§ 18. Ad. § 9B. It is obvious that a greater amount of occluded 
water can be present in the preparations which are crystallized from water. 
than in those which have been formed from etherial solutions. and 
correspondingly a higher solubility figure is obtained. IE solute crystallized 
from water is dissolved at a higher temperature. the benzene gets more watery 
than in the preparations formed from ether. and the solubility will consequent­
Iy be higher. IE so much occluded water has got into the benzene that the 
latter (at the temperature of the experiment. 30° .50 c.) is saturated with 
water. the solubility will not rise with a greater quantity of occluded 
water ; a constant final figure is found ( 1.36) as the experiments 
actually prove. 

§ 19. Ad. § 9C. The results mentioned here will be easily understood 
af ter our exposition given above. 

I) TH. W. RICHARDS. Zeitschr. f. physik. Chemie 46. 189 (1903) ; Also Proc. Americ. 
Philos. Soc. 42. 28 (1903); Also: Experimentelle Untersuchungen über Atomgewichte. 
Hamburg und Leipzig. 1909. Pag . 659. 
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§ 20. That the solubility rises with the increase of the water percentage 
of the benzene is in agreement with the Eigures which refer to dry benzene 
in Table 2. During the period in which the experiments 40 to 47 were 
made, the flask. containing the dry benzene, was opened frequently for a 
moment, in order to take out some of the liquid, so that water from the 
atmosphere could he absorbed. Indeed, the figures of the solubility indicate 
a slight increase. 

§ 21. In the literature we have found only one accurate investigation 
on the solubility of salicylic acid in benzene (at a series of temperatures I 
viz. of WALKER and WOOD 1). As La. they have also carried out some 
experiments at 30°.5 c., we have chosen this temperature for our determina~ 
tions, so as to have a point of comparison. As WALKER and WOOD do not 
give further particulars about purification and drying of their preparations, 
we mention only that they Eind for the solubility 0.981 gms. of salicylic acid 
in 100 gms. of the saturated solution, whereas our lowest value is 1.00. 
Since, fo~ want of data, we cannot form a notion of the accuracy which 
they attained, we shall not enter into a further discussion of their results. 

§ 22. We shall postpone a discussion of several points to a later time, 
and mention only that the matter treated above suggests a method to 
determine accurately the quantity of liquid (sometimes very smalI) in the 
vacuoles of crystals 2) . We shall return to th is subject at some 
future period. 

SUMMARY. 

It was demonstrated that very minute traces of water markedly increase 
the solubility of salicylic acid in benzene. Herein lies a method for the 
accurate determination of the quantity of liquid contained in the vacuoles 
of crystallized substances. 

Utrecht, June 1925. VAN 'T HOFF~Laboratory. 

1) Journ. chem. Soc. London 73, 618 (1898). 
2) See also ERNST COHEN and H. R. BRUlNS, Zeltschr. f. physik. Chem. 94, H3 (1920) 



Mathematics . . - "On the generalisation of the series of VACCA". By 
Prof. J. C. KLUYVER. 

(Communicated at the meeting of September 26, 1925.) 

1. Some time ago Prof. G. VACCA simplified the proof of his remark­
able expansion of EULER's constant C in a series of rational terms 1). 
His method however does not allow to arrive at my somewhat genera 1-
ised expansion 2), a simple proof of which may be conducted as follows. 

Putting 
n 

C (n) = L. ! -log n, 

1 
it is easily proved that C (n) decreases and that on the contrary C (n) - ­

n 
increases. as n tends to infinity. Therefore, a and m being integers, we 
infer that 

0 < C(am)- - - C(m)- - <- . ~ 1 ~ ~ 1 ~ a-I 
am m am 

Now we have by definition 
am-1 m-1 

~C(am)- _1 (-~C(m)-JJ= ,-, ~-a)~ ~-loga, ? am~? m ~ ~ k __ ak 
1 1 

hence, denoting by /Jk either a-lor -1 according as k is, or is not a 
multiple of a, we get 

.m-l 

~C(am)- a~~-~C(m)- !~=-L /1; -loga, 
1 

and, as we have for m ~ 00 

,~ /1k 
0=-~ k -loga. 

1) G. VACCA. Sulla costante di Eulero. Rendiconti d. R. Accad. Nat. d. Lincei. Vol. 
1. serie 6a, p. 206, 1925. 

2) These Proceedings 27, p. 3H. 
Quarterly Journal. Vol. L. p. 185, 1924. 
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it follows that 

~ 1 ~ ~ . 1 ~ L~ fh a-I 0 < C(am)- - - C(m)- - = - <-. 
am m k am 

am 

In th is equation m is changed successively into am. a2m. alm .. .. aq- 1m. 
and we obtain by adding the q equations 

EVidently at the righthandside a de6nite term fJ; occurs as many times 

as the sequence am. a2m. alm ..... aqm contains a term less than k. 
Therefore. if x is an integer satisfying the inequalities 

aqm<na<x«n+ l)a<aq+1 m. 

we may write 

~ 1 ~ ~ q ~~fJk[ kJ i·fJk ?C(aqm)-aqm)-(C(m)-m)=~k aZogm +q~k' 
am x 

wh ere [aZog k] stands for the integer part of aZog k. 
Because we have 

we have also 

I 
~ fJk I < a -1 + a-I < 2a (a-I) 
~ k x a (n + 1) aq m • 

x 

consequently. if q. and at the same time x. tends to 00, the product 

.... "':., fJk tends to zero. and we have established the result qLk 
x 

If we put here m = 1. we obtain 

C = t fJ; [aZog kJ. 
a 
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and this expansion of the constant C. in which the integer a is arbitrary. 
is a generalisation of the series of V ACCA. who only considers the case 
a = 2. fh = (-I)k . and writes 

C=(î-~ )+2(~-~+~-} )+3(~-",- /5)+ 
+ 4 (/6 -, , ,-3\ )+ ' , , 

2, It is also possible to deduce in a more direct way the corresponding 
expansions of the coefficients Ch of the power series 

that for any value of s represents the RIEMANN function 1; (1 + s), Sup­
posing s > 0 we have also 

1; (I + s)= t kI1+. 

and as evidently 

we get the identical relation 

Here we refer to the expansion 

holding for I y I < 2.n and for any value of t. in which iJ,. (t) stands for 
the polynomial 

- é' 1 é'-I BI é'- 2 B2 é'-4 B3 é'-6 
gh (t)= h!-i'(h-I)!+2! '(h-2)!-4T'(h-4)!+6T'(h-6)! 

involving the BERNOULLIAN numbers Bn ' 
For sufficiently small values of s we have therefore. putting 

y = -s log a. t = Slog k 

sk-s 1 ,., -
-a-- '- -:-1 =--lo-g-a + .:.- Sh (_I)h-l (log a)h-I gh (slog k). 

J 
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and 6nally we arrive at the equation 

L~ 1 .;~ fJk 
I+Cs+ ChSh+I= _ __ ,_+ log a __ k 

1 1 

k=oo h=oo 

+ L fJ~ L sIr (_1)"-1 (loga)h-' gh Nog k). 

k=1 h=1 

But, as the righthandside is identically equal to a power series in s, 
we necessarily must conclude to 

'" 
Ch = (-I)h (log a)h L ~ gh+1 (alog k), 

1 

and especially to 

C= t fJ~ gl (alogk)= t fJ~ (alOJlk- ~). 
1 1 

For not speci6ed values of a and k the probable value of alog k - ~ 
is [alog k]; hence remembering that we already found 

C = t fJ~ [alog k] = t fJ~ [alog kJ, 
a 1 

we may remark that the sum of the series 

t fJ~ (alOgk-t) 
I 

1 
is not altered. when alog k - 2" is replaced by its probable value. 



Botany. - " The l'esults of the tempel'atllre-treatment in summel' fol' the 
Dal'win-Tulip." First part. (Communicated N0. 17, Laboratory 
for Plant-physiolog. Research, Wageningen, Holland. ) By A . H. 
BLAAUW and Miss M . C. VERSLUYS. 

(Communicated at the meeting of September 25, 1925). 

§ 1. Introductory. material and tl'eatment. 

In the summer of 1922 and of 1921 bulbs of the Darwin-Tulip, Pride of 
Haarlem we re exposed to 65 different combinations of temperatures in all 
between lifting and replanting. The results will be communicated in three 
parts : in the first and the second part the experiments of the summer 1922, 
in the 3rd those of 1924, which were based upon the results of the 1922-
experiments. Finally in connection with the treatments in 1924 some test­
experiments were made in the summer of 1925, the results of which cannot 
be published until 1926 in a 4th part. With a view to the cultures however 
we have thought best not to delay publishing the data hitherto found. 
Besides an occasional reference will be made to the detailed description : 
"The periodical development of the Tulip" by R. MULDm, which research 
will appear in same time as communication N0. 16. 

The material supplied by C. G. VAN TUBERGEN of Haarlem, was sent to 
us directly after lifting and sorted, so that the experiments of 1922 could 
be started on J uly 20. 

What the condition of the bulb is at that time, may be read in the 
above-mentioned research of R. MULDER. Here it will suffice to mention, 
that in J uly 20, 1922 at the beginning of the different temperature­
treatments the greater number of the bulbs (save the scales with the reserve­
food) had formed 2. 2 to 3. Ol' 3 foliage-leaflets (found in 12 of the 17 bulbs 
opened) . As finally 4 to 5 foliage-Ieaves are formed, the experiments 
aftel' the lifting begin still in the leaf-fol'ming pel'iod (stage I) . This is 
quite different from the Hyacinth, where as a rule the foliage-Ieafformation 
ends af ter the lifting, the growing-point is 'raised (stage Il) and next is 
going to form the flower-cluster . (See 1920.) 

These tulips were treated simultaneously with the first series of 
experiments on the H yacinth (see 1924) and were initially considered as a 
provisionary experiment to find out , whether in a plant so closely related 
important differences might occur. 

Just as the Hyacinth they were exposed to 1 Yl o-5°-9°-13°-17°-
200 -23°-25Ylo-28°-31 ° and 35° , 10 at a time for 2, 4, 6 and 10 
weeks; af ter 2, 4 and 6 weeks they were placed in about 17° and next 

47 
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10 weeks after the beg inning of the experiments, these 11 X 4 = H groups 
each consisting of 10 experimental tulips, were planted ca 1 October. 

Besides after 2, 4, 6 and 10 weeks 10 tulips were fixed in alcohol 96 % 
in order to trace the progress of leaf- and flower- formation and of the 
young bud in the 11 different temperatures during that time. These data 
will be discussed in the second part. 

This being only an experiment for con trol and orientation, only 10 tulips 
we re planted and the effect was traced tiIl the flowering . Not until the 
third part data are given on the yield of new tulips, 

§ 2. The root-wall at the bCfJinninfJ of October. 

In the second part we shall discuss the events occurred during the summer, 
observed on bulbs fixed in alcohol. after 2, 4, 6 and 10 weeks and for 
convenience ' sake we shall discuss in th is first part, what is externally 
directly perceptible af ter those 44 temperature-treatments. 

On planting, beg inning of October '22 many points of difference were 
to be noticed in the condition of the root-whorl. The more or less advanced 
state of this root-wall was photographed and recorded by us independently, 
and from this a conclusion was drawn : 

furthest developed is the root-whorl after a treatment of 10 weeks in 13°, 
. when the roots already protrude from the root-wall. Next in progress are 
those groups, which have been exposed to 10 weeks 17°, 6 weeks }30 + 4 
weeks 17° and 10 weeks 9°. 

It is a striking fact that the root-whorl develops most rapidly in such 
low temperatures (Iow "celerrimum " , see 1924) . 

The greatest contrasts appear, as may be understood, in the series 
remaining for 10 weeks in the 11 different temperatures. An impression of 
this is given in fig . I , showing bulbs from those 11 temperatures photo­
graphed from below on one side at the beginning of October. Furthest 
developed is the root-whorl at }3o, next 9° and 17°, then 20°, 23°, 25 Y20, 
then 5° ; whilst at 28°, 31 0, 35°, the root-waIl is developed as little as at 
1 Y2 0. The dry brown scale has been removed for the greater part in 
these bulbs in order to show the root-wall. From these bulbs one average 
type has been inserted in the photo-series. While 20°, 23 ° and 25 Y2 ° are 
about equal. 25Y2° seems a little farther. 

We intentionally say that in the low temperatures 9°_}3°_17° a 
celerrimal (most rapid) development of the root-whorl takes place ; - we 
do not speak of an optimal development, for it may very weIl be, that in 
higher temperatures the development of the roots, though slower, is equally 
good or bet ter with respect to the whole plant. That indication of most 
rapid (celerrimal) development, as in this case of the root-wall. is material 
with a view to the treatment for early flowering. 

To this subject we shall revert, when oceating the development of 
other organs. 
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TEMPERATURE-TREATMENT IN SUMMER FOR THE DARWIN-TULP" . 

Fig . I. Condition of the root-wall af ter a treatment for more than 10 weeks in 11 different 
temperatures. 

Proceedings Royal Acad . Amsterdam. Vol. XXVIII . 
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. § 3. Coming up. 

At the beg inning of October 10 bulbs of each of the H treatments were 
planted in the open, 5 ems. deep and covered moreover with a layer of 4 to 
5 ems. peat-dust. Next it was observed at different points of time which 
group appeared first i.e. stretehed quiekest. The winter (1922-1923) 
had been very mild. 

Whilst the tulips, exposed to 10 weeks 5° (!) showed on January 4 
already ea 3 ems. above the peat-dust and appeared quiekest of all on 
Jan. 11, 4 of the 10 of the group 10 w. 1,!/z° (!) showed just above ground, 
9 of the 10 of 10 weeks 5° showed 4 to 5 ems. above the peat-dust, 4 of 
the 10 of the group 10 weeks 9° just appeared; a eelerrimal stretehing 
therefore in those groups whieh had experieneed an uneommonly low 
temperature in the previous summer. 

Table 1 c1early shows the eondition on Febr. 11 , 1925 after the peat­
dust had been removed . Aeeording to the description made, the 44 groups 
have been given a sueeessive number, denoting the advanee in growth in 
length, which is in aeeordanee with the order of sueeession of eoming up 
in those weeks. 

TABLE 1. Order of succession of eoming up. on February 11. 1925. 

Exposure 2 weeks 4 weeks 6 weeks 10 weeks 

Jlho 6 7 5 2 

5° 7 6 3 

9° 7 6 5 2 

]30 8 7 6 4 

17° 7 7 7 7 

20° 8 8 8 8 

23° 8 8 8 8 

25112° 6 8 9 10 

28° 8 8 9 10 

31° 6 8 9 10 

35° 8 9 10 10 

NO. 1 : 9-17 ems., NO. 2 : 9-12 ems. , NO. 3 : 7-9 ems .. NO. 4 : 4-7 ems., 
NO. 5 : 3-5 ems., NO. 6 : 2-4 ems .. N3. 7 : 1-4 ems., NO. 8 : 112-3112 ems., 
NO. 9 : 0-3 ems., NO. 10 : 0 cm., above ground. 

We eonclude that in spring on eoming up (stretehing) the celerrimum 
follows af ter an exposure . to still lower temperatures than eould be 
aseertained in Oct. with respect to the root-who rl. 

47* 
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This may be due either to the fact that sta Ik with leaves has a still lower 
celerrimal temperature than the root-system - or to the fact that celerrimum 
is found lower in the after-effect months later (February as contrasted 
with October). 

Again the necessity is feit of distinguishing a celerrimum from an 
optimum in judging these intricate processes of the whole plant. for as we 
shalJ soon observe in description and photographs these plants (celerrimal 
as to stretching) had by no means had an optima I treatment. 

§ 4. Coming into blaam. 

After coming up the appearance of thc f10wer and the coming into 
bIoom was traced. Those different data on succession of coming up and 
f10wering we re recorded in detail for weeks together. A brief survey 
concerning the f10wering will suffice here. For the progress of that 
growth and f10wering after various treatments of the bulbs in the preceding 
summer a mild winter as the one of 1922-1923 is material. When bulbs 
väriously treated are further cultivated not in a hothouse. but - as in our 
case - in the fjelds . and a long . continuous. severe winter follows. passing 
rather suddenly and late into warm spring-weather. many differences in 
more or less quick stretching and f10wering due to an earlier temperature 
treatment are effaced. because after a long restraint owing to the winter. 
growth and f10wering succeed rapidly in the various experimental groups. 
When however the winter is very mild. as was the case in '22-'23. or when 
the results of the experiments could be observed in a green house where 
the bulbs we re protected from frost, the difference of rate of growth 
and fJowering are evident. And th is is important , because they indicate 
to us the most suitable treatment for early f1owering, which may require" 
a treatment quite different from the optimum for the ordinary field-culture 
or especially for new bulb-formation. To th is shall revert later on. 
It stands to reason, that the successive numbers, judged from 10 specimens, 
are only valuable as to their strong contrasts and that to differences for 
instance of 6 and 7 cannot be attached much value ; hence little irregularities 
occur, which would not have been expected otherwise; it is doubtful 
whether they are valuable or not. But the chief points are without doubt 
directly to be read from this table 2. It should be remembered that all 
bulbs, kept in the 11 temperatures shorter than 10 weeks. were stored in 
17° for the rest of the time. Hence the shorter they were kept in one of 
the other 10 temperatures, the slighter the influence was and the smaller 
the differences are. 

10. After a 2 ~eeks' stay it may he noticed, that the lower tem-
peratures only slightly influenced the rate of f1owering, that the higher 
temperatures (above 20° ) are distinctly inhibitory. This is the af ter-effect 
of a 2 weeks' treatment af ter 8 months! 

20. Whereas the effect of 2, 4 and 6 weeks mutually shows but a very 
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Fig . 2. Photographs of a number of experimental groups on Ma rch 30, 1923 chie fl y 
i1lustra ting the earliest Ilowering groups and the different foli age. 

Proceedings Royal Acad. Amsterda m. Vo\. XXVIII. 
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T ABLE 2. Order of succession of coming into bioom. 

Exposive 2 weeks '4 weeks 6 weeks 10 weeks 

P /2° 6 6 6 3 

5° 5 6 6 2 

9° 6 6 5 

13° 5 5 '4 3 

17° 5 5 5 5 

20° 6 7 7 8 

23° 7 7 8 9 

25112° 7 7 8 10 

28° 9 10 10 10 

31° 9 10 10 11 

35° 10 10 11 12 

NO. I : April 17. all the 10 tulips f1owering . 
NO. 2 : April 17. 6 of the 10 tulips f1owering . 
NO. 3 : April 17. 1 of the 10 f1owering . 
NO. 10- 12 : May 2. still closed . 

slight difference. the treatment in the 6th to 10th week (month of Sep­
tember) is essential to the more or less rapid stretching and flowering . as 
is evident from the 4th column. 

The first to flower were the Tulips. kept in 9° for 10 weeks and then 
planted in the fields . If this treatment is applied to the Hyacinth . not a 
single flower-cluster appears. From th is the great difference between 
these closely related bulbs already appears. Even the greater number of 
those kept in 5° flowered on April 17 and must have finished their flower 
(see 2nd part § 10. fig. 3) in the ground after Oct. 1. Besides on April 
17 a few of the continuous exposure to 1 Yz 0 and 13° were already 
flowering. This as to the celerrimum of flowering; but it does by no 
means hold good for the optimum of flowering and of the plant as a whoIe. 

This we shall see in considering the results of these treatments on plant 
and flower in a short report of the notes concerning them and in con­
nection with some photos. (See fig . 2.) 

As stated above. the differences show strongest in 10 weeks ' continuo us 
treatment. Starting from a specimen from 10 weeks' 9° which was the first 
to open. we find fairly broad leaves with big flower-buds on March 30. 
whereas the experimental groups in 9° for a shorter time and especially 
in a temperature lower than 9° are Ie ss developed in a diminishing degree. 
partly as poor plants with narrower leaves and more deformed half green 
flow ers. partly not even coming up at all (e.g . after lYz° ). 
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We stated above and shall discuss later on (§ 10) that the flow ers of 
10 w . IYlo and 5° must have been formed partly (from 5° ) or quite (fr om 
IYlO) in the ground after October. Though 10 w . 5° was the first to 
show aboveground, 10 w . 9° was the first to open and excelled the poor 
plant of 5° far as to flower and leaf. The condition on March 30, '23 we 
find in fig . 2, from which it may be seen th at shorter (than 10 w.) in 9° 
was sure to give later flowering , and lower than 9° a poorer plant. 

Further the flowering fa lis the later according as the temperature in 
the previous summer was higher. This gradually decreases from 10 w. 9° 
to 20° and higher (conf. fig. 2 : 10 w . 9° and 10 w . 20° on March 30). 
But the foliage-leaves develop quite vigorously in the higher temperature, 
50 that from 1 Yl o to 25Yl o or 28° the foliage increases in breadth and 
grows more undulating ; this is most conspicuous in the 10 weeks ' 
treatment (5°-9°-20°-28° ; conf. fig. 2). At 6 w. 5°_9°_20°_ 
28° etc. (and next 17° ) the contrasts have been eHaced for a great part, 
50 that it is evident how important the treatment in the month of 
September (i.e. in the last month before planting) is with respect to the 
rate of flowering and the development of the foliage . Above 25Ylo-28° 
the foliage diminishes, 50 that af ter a treatment with 10 w. 35° it is again 
poorer and not undulating. Then the plant is not only later, but also Ie ss 
favourable ; in this case therefore we have not only passed a celerrimum, 
but also the optimum. 

The lower temperatures, as 9° and 13°, may cause a 1055 in foliage­
surface, but they promo te a celerrimal development. That is material with 
respect to early flowering. But we shall revert to th is point, because a 
more favourable combination of temperatures is possible (See 3rd part and 
the 4th part to be published next year) . 

Fig. 2 taken as early as March 30, gives a picture of the celerrimal 
treatment as to flowering (promoting early flowering) . Some weeks after 
the groups from higher temperatures (20° and higher) are flowering 
likewise. 

Several abnormal flowers , especially from highest and lowest tem­
peratures, were fixed , but they require a detailed special morphological 
description, which we cannot enter into in this series of papers. T 0 the 
kinds of abnormalities we shall briefly revert in the 2nd part (conclusion 
§ 11). 

As to flowering it is a very striking and surprising thing , that in those 
very earliest flowering specimens, exposed to 9°_17°, the number of flora I 
organs is abnormally great compared to the normal monocotyledonous 
base 6 + 6 + 3, for perianth and stamens and the whorl of carpels. A 
more detailed discussion will be found in the following §. 

§ 5. The number of foliage-leaves and floralorgans . 

We have accurately traced the number of foliage-leaves and flora I 



organs. formed in a certain temperature. First of all we accurately counted 
and recorded the figures of the specimens (planted in the field) in April and 
May 1923. Afterwards the nraterial fixed in alcohol during the treatment 
in the summer of 1922 was examined (See part 2). In so far as leaves 
or whorIs of flora I organs were ready as primordia . their number could 
be added to the figures of the specimens planted. From those numbers. 
found in April-May. only those were used. which referred to the bulbs 
that had surely formed the parts concerned in that temperature. - not 
therefore (in very low or high temperatures) . when they had formed 
those parts afterwards in about 17° (after-treatment) or in the ground. 

As mentioned before. the experiments were started on July 20. 1922 
when 2 or 3 foliage-leaves had been formed . We add various tab les on 
the number of leaves and flora I organs. arisen during treatment in the 
temperatures mentioned (I st column). exclusive1y in so far as the leaf­
series or a definite whorI of flora I organs has been finished . Behind the 
tempera tu re between brackets the number of weeks is found. af ter which 
this stage is reached. To give a direct picture of the variation in the 
number of the leaves or of the flora I organs in their different who rIs. the 
whole material is given first. i.e. how many times the number (e.g. 3. i . 
5. 6. etc.) of the organ concerned occurred. Next the number of observa­
tions (n). the average (M) and the mean error (m) have been given. 

T ABLE 3. Number of foliage-Ieaves . 

Number : 2 3 

PhO (10 w.) - 3 3 10 0 I I 18 1.78 ±0 .30 

5° (6 w .) - 7 9 17 5 1 ~ 39 1 .59 ±0.16 

9° (2 w .) - 13 15 36 8 I -

I 
73 1 .58 ±0 . 11 

13° (2 w.) 2 7 10 39 17 3 - 78 1.91 ±0 . 12 

17° (2 w.) - 15 13 28 18 2 - I 76 1.72 ±0.13 

20° (2 w.) - 11 21 38 6 - - 79 1.16 ± O. IO 

23° (2 w .) - Ii 16 48 2 - - 80 4.48 ±0.09 

25 112° (2 w .) - Ii 20 H 2 - - 79 1.42 t O.09 

28° (4 w.) - 9 29 25 - - - 63 4.25 ±0 .09 

31° (10 w.) - - 8 9 I 0 - 19 1 .79 ±0.22 

Conclusions : 

1°. after 2 or 3 foliage-Ieaves had been formed before July 20. the 
number was increased to i or 5 in al1 temperatures from I Yz0 to 31 0. 

before the flower-formation beg ins. The rate. at which this happens. is 
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very rapid with the temperatures 9°-25Y2° (within a fortnight). but 
grows much slower in the very low and very high temperatures. (See 
period in weeks between brackets. ) 

20. The temperature has a very slight influen~ on the number of 
foliage-Ieaves still to be formed on the central growing-point. In the ma in 
the average number remains 4 or 5. Considering the great number of 
observations (n) in temperatures 9°_28° and the trifling mean error 
(m) , the average values (M) may be relied upon, and it must be con­

cluded, that after 20° and higher the formation of the average number 
of foliage-Ieaves is somewhat slighter than af ter exposure to 13° and 17°. 
The slightly higher figure after 10 weeks in 31 ° we shall not take into 
consideration on account of the sm all number. 

Summarizing we recapitulate that the number of foliage-Ieaves, only 
partly formed, is influenced, but extremely little, by so diverging tempera­
tures, that if we may accept some difference, the treatment in 13° may 
be considered to be among the most favourable as to the number. This in 
connection with what now follows on the number of flora I organs. 

In counting the number of tepals inner and · outer whorl were taken 
together, as especially in the case of an increased number of floralorgans 
they cannot be distinguished with certainty. In contingent transitional 
forms between foliage-Ieaves, tepals or stamens, which, considering the 
large number (n X the number of floralorgans concerned) were not very 
numerous, the organ was added to that whorl to which it chiefly belonged 
according to its structure. 

TABLE i . Number of tepals. 

Number 6 7 8 
9 IlO lil 1

12 
11 n ~Im 

9° (6 w.) - i 5 15 9 i - 37 9.11 ±0.19 

13° (i w.) - 3 10 19 16 7 2 57 9.35 ±0.16 

17° (2 w .) 2 15 32 13 10 3 - 57 8.iO ±0.17 

20° (2 w .) 28 18 25 2 2 - - 75 7 .09 ±0.12 

23° (i w .) 26 19 H 0 0 I - 60 6.87 ±0.13 

25112° (i w.) 38 15 i 2 - - - 59 6.i9 ±0.1O 

28° (6 w .) 29 3 2 2 - - - I 36 6.36 ±O.H 

Conclusions : 

1°. Whilst the number of foliage-Ieaves still to be finished is but very 
slightly or scarcely influenced by the temperature, and the average 
number 4 or 5 is only finished in every temperature, before the growing­
point is going to form the floralorgans, the number of tepals is strongly 
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influenced by the temperature in which the bulbs are stored, so that in 
13° or 9° the average number of tepals originated is one and a half times 
the monocotyledonous base (2 X 3) . 

20. From 13° to 28° the number of tepals decreases and approximates 
more and more the normal number 6, a figure rarely found after 9° and 
13° (never in these experiments) and not prevailing until 253.1° and 
especially 28° . (Higher and lower temperatures are not given, because 
e.g. in 5° and 31 ° af ter 10 weeks the flower- formation is not advanced 
far enough yet, and is not finished before the bulbs are planted in the 
open.) 

30. From the above and from the data on the number of foliage-leaves 
it likewise appears, that the increase in the number of tepals by no means 
occurs at the expense of the number of foliage-leaves. 

We shall now mention in a similar way the number of stamens, 
combining likewise the inner and outer whorls and in the case of tran­
sitional forms adding these to the whorl which the structure of the organ 
resembles most. (See sub "number of tepals". ) Though an increased 
number of tepals and stamens makes it hard to discover, which belong 
to the outer and which to the inner whorl or may be to a third whorl, it 
may be pos si bie to decide this af ter more accurate, purely morphological 
studies. In these experimental morphological researches however, we 
have had to restrict ourselves to these conclusions. 

T ABLE 5. Number of stamens. 

Number : 5 6 7 8 9 110 1I1 11 n I M jm 
9° (6 w .) - 2 6 9 12 6 - 35 8.iO ±0.19 

13° (i w.) - - 9 1-4 2i 8 2 57 8.65 ±0.1-4 

17° (i w .) - 4 16 26 8 2 - 56 7.79 ±0.12 

20° (i w .) - 22 25 10 1 - - 58 6 .83 ±O . IO 

23° (4 w.) 1 2S 2i 9 - - - 59 6 .69 ±O.IO 

25112° (4 w .) I 29 19 3 - - - 52 6 .46 ±0.09 

28° (10 w .) - 17 3 
I 

1 - - - 21 6.24 ±0.12 

Conclusions : 

10. We find here exactly the same phenomenon as with the number 
of tepals. The largest number of sta mens is formed in 13° and also in 9° , 
though the average attained is slightly lower than in the case of the 
tepals. 

20. From 13° to 28° the average number gradually decreases, so that 
the highest temperatures approximate the monocotyledonous base 2 X 3 
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most in the average (M) and the actual number 6 is most frequent in 
this case (see especially 28° ). In 13° it is never formed; in 9° in 2 ol 
the 35 cases. 

The figure 5, so "below normal" , rarely occurs, probably without connection with the 
temperature employed, more as a "chance" deviation. Here we see it occurring twlce (in 
2 most favourable temperatures) with the sta mens. Also af ter exposure to 31 ° and af ter 
Oct. I in the ground the figure 5 was found a few times in stamen- and tepal-whorl. 

30. The whorIs of tepals and of stamens therefore are not increased 
in number of parts at the expense of each other, but the lower tem­
peratures have th is perfectly parallel effect on the whorIs of these two 
organs. 

In table 6 the number of carpels is given in a similar way. 

TABLE 6. Number of carpels. 

Number : 2 3 4 5 6 n 
I 

M 
I 

m 

9° (10 w.) 7 10 19 3 . 79 ±0 . 18 

13° (4 w.) 2 18 31 2 53 3.62 ±0 .09 

17° (4 w.) 28 28 57 3.47 ±0.07 

20° (4 w.) 34 21 56 3.36 ±0.07 

23° (4 w.) 33 24 57 3.42 ±0.07 

25112° (6 w.) 27 IS 42 3 . 36 ±0.08 

28° (10 w.) 16 5 41 3.24 ±O.IO 

Conclusions : 

1°. In this case we have only to deal with one whorI, so normally 3 
parts; hence the differences are not so striking as in tab les 5 and 4. 
Besides it is possible, that as the effect on the stamen-whorls is a little 
less than on the tepals, the influence of this 5th whorI is still slighter than 
on the whorls Iying more to the outside. Nevertheless the effect is 
perfectly parallel. It appears that the average number (sub M) at 9° and 
13° is highest, and th at considering the very slight mean error (m) of 
0.07 to 0.10, doubtlessly the higher temperatures approximate the normal 
number 3 more than the low temperatures 9° and 13° . 

20. This is still more evident in the detailed figures in the preceding 
columns. At 9° and 13° the climax of variation is found with 4 carpels, 
at 17° there are just as many with 3 as with 4 carpels, at 20° and higher 
the climax falls at (the greater number has) 3 carpels. 

30. A few cases occur with 2 carpels, i.e. below the normal base, a 
most rare feature, likewise in the other flora I whorIs. In our opinion it 

has nothing to do with the continuous phenomenon we ascertained, viz. 'a 
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great number of flora] organs in ]ower temperatures· . for it occurs here 
- in exceptiona] cases - as we]]. where the average is high (13° in 2 
from the 53 cases. where th ere a]so occur 2 cases with 5 carpels). 

It has become evident. that the greater number of flora] organs in the 
lower temperatures is neither formed at the expense of the foliage­
leaves. nor at their mutual cost. as e.g. in the case the flowers are double 
or fu]] . when the inner whorls grow Iike tepals. (See the many cases 
described by K. · ORTL. EPP 1908 and 1915. and D. J. HILL 1766.) Every 
whorl increases its own number. especia]]y at 9 ° and 13° most of all the 
outer whorls (tepa]s) . 

It was however not immaterial, to verify this parallel behaviour by 
every individual flower. For this purpose we give in table 7 a survey of 
the sum of the floralorgans . which must normally amount or approximate 
the figure 15 (5 whorls of 3 organs) . 
-.. '-,_ . ... .. . 

TABLE 7, The whole number of floralorgans. 

Number : 15116 1 17118M21M~pl M I m 

9° (10 w.) - - I I 
1 1 

2 5 0 2 3 2 17 21.591 ±0.58 

13° (4 w.) - - - 4 3 8 10 13 6 6 3 53 21 .55 ±0.26 

17° (4w.) - - 8 9 6 16 8 6 2 1 - 56 19.68 ±0.24 

20° (4;w.) 17 5 10 7 5 7 3 - - - - 54 17.20 ±0.27 

23° (4:w.) 18 8 8 9 7 6 0 1 - - - 57 17 .04 ±0 . 25 

25112° (6 w.) 18 7 12 9 1 0 2 - - - - 49 16.53 ±0.22 

28° (10 w.) 14 
31 

1 0 1 2 - - - - - 21 15.90 ±0.37 

It appears, as was probable from the preceding. that likewise in the 
aggregate number of flora I organs the same feature strikes the eye. 

So the number of flora I organs may be controlled with the temperature 
and experimentally by storing in 9 ° or 13° the number of floralorgans 
may be increased far above the morphological base, and conversely by 
storing especially in 26° or 28° the base may be c10sely approximated. 

§ 6. On the combinations of the nllmber of floralorgans 
in the successive whorls. 

As the results discussed in § 5. which never occurred in the treatment 
of the Hyacinth (cluster) may be of interest for experimental morphology. · 
we want to subject the figures in this paragraph to a c10ser examination. 
Whi]e 6 + 6 + 3 is the normal figure for the structure of the tulip, for the 
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whole family of Liliaceae, and the base for the whole group of Monocotyle­
dons, the question of the frequency of this combination presents itself, and 
Iikewise whether with a greater number of floralorgans formed by low 
temperatures, there occur combinations more frequent than whatever other 
combinations. 

For this purpose we have destined the combinations of these floralorgans 
from the base 6 + 6 + 3 up to and including 8 + 8 + 4, i.e. the pure 
tetramerous tulip-flower. This includes 18 possible combinations (see the 
table subjoined). IE we include combinations higher than 8 and 4 (carpels) 
the number of possibilities becomes much greater. Moreover the number 
of times that a certain combination occurs, becomes rarer and is restricted 
to the lower temperatures, in which a great number of varied combinations 
may occur. As to the te paIs in 75 cases we find 2 flowers with 9, 2 with 10 
af ter 20°, at 23° not any flower with 9, not any with 10 and one with 11 
in 60 cases (tab. 4). As to the stamens in 20° only one of the 58 flowers 
has 9 stamens (tab. 5) . More than 4 carpels have been found only a few 
times in 13° and 9° (tab. 6) . Quite different from all others was one 
specimen exposed to 13° with 18 tepals , 21 stamens, 10 carpels! We did 
not insert th is specimen in the preceding tables. 

Let us therefore abide by the 18 combinations 6-6-3 to 8-8-4. 
334 of the 539 flowers , (from fixations and Eield-experiments) which 

af ter 44 different temperature-treatments could be examined, belong to 
these 18 combinations. In a perfectly equal division (without preference) 
each of these combinations should have 18, 55, i.e. 18 or 19 flowers. We 
Eind however as summed up in table 8. 

Conclusions : 
Certain combinations of figures are surely more frequent in the whorls 

of flora I organs than others; conversely there are certain combinations 
rarely or never occurring . In the second column of table 8, which is the 
principal, all flowers belonging to these combinations have been recorded, 
50 not only those formed in one temperature, but also those formed partly 
in e.g. 5° and then 17°, or 5° and later outside in the field, etc. In the 7 
foJlowing columns the same has been given in detail for those flowers 
which have certainly been formed in 9° , 13°, etc. Their number amounts 
to 217 out of 334 ; no special columns have been given of the remaining 117 
formed in different temperatures (e.g. 4 w. 5° + 6 w. 17°,6 w . 5° + 4 w. 
17°, 10 w. 5° + outside in the field , etc. ) , because in that case the number 
per column would grow very low and a conclusion could scarcely be drawn. 

10. On our observing the second column, it is at once apparent, that the 
base 663 is not arbitrary, but quite frequent , that 884 is no more a 
combination as accidental as e.g. 683 or 864, etc., but that after 663 it 
has a much greater chance of originating than other combinations ; next 
773 is rather frequent; then 774 and fairly of ten 873 and 874. 

20. Some combinations as 683, 684, 864 are - at least in these H 
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TABLE 8. Number of flowers occurring in 18 different combinations of 
numbers of floralorgans. 

663 

664 

673 

674 

683 

84 

9 

15 

9 

684 0 

763 

764 

773 

774 

i83 

784 

863 
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5 

33 

27 

7 

4 

12 

864 I 
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12 

49 
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7 

6 

2 

1 
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45 

3 

11 

2 

20 

2 

temperature treatments - extremely rare or even never occurring. So we 
may communicate here (see part 3) that in 883 {lowers exposed in 65 
different modes, the combination 684 has never occurred. 

30. On our considering the frequency of these combinations further in 
connection with the temperature applied, taking into account only those 
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Îlowers, whieh have positively been formed in that temperature (9° to 28° ). 
we see how mueh the origin of a eertain eombination is due to that exposure. 
The combination 663 is the most frequent - that is only in exposure to 20° 
and higher; at 17° and lower this eombination never or very seldom oeeurs 
(see part 3). Af ter exposure to 17° the combination 884 is most frequent, 
but never or rarely oeeurs after 25 ~î o and upwards, whilst an exposure to 
13° and 9° yields figures for most of the flowers, exeeeding those of these 
18 eombinations. The intermediate eombinations 773 and 774 are most 
frequent in (17° ). 20°, 23°, 25,!.1 ° , and are rarely formed by a higher 
temperature (28° ) or lower temperatures. 

So experimental morphology teaches us, that in the case of the Tulip 
the pure monocotyledonous base (663) greatly depends upon definite 
temperatures, and that wc are capable of fairly eliminating this base through 
temperatures below 20° and of forming e.g. by exposure to 17°. a rather 
high percentage of tetramerous tulip-flowers (ca 21 % of the flowers formed 
in 17° were purely tetramerous ). 

40. In 6 of the 18 eombinations, i.e. 33 %, tepals and stamens oeeur in 
equal numbers, whieh may give rise to a very regular arrangement in the 
primordia. Now the question is, whether the number of flowers eontaining 
an equal number of tepals and stamens exeeeds 33 %. It appears, that 214 
of the 334 flowers , therefore not 33 % but 64 %, are among these 6 eom­
binations, so that there exists a preference for an equal number of stamens 
and tepals, at least with the figures 6, 7 and 8. 

§ 7. Is for instance the tetramerous flower a passing result 

of the temperature? 

The question immediately rises whether eertain eombinations, e.g. pure 
tetramerous flowers, pres erve this feature more or less in the young bulbs, 
formed by these bulbs, i. e. whether the feature is transmitted as a property 
to the lateral buds, likewise when the vegetative deseendants are exposed 
next year to a temperature-eombination, closely approximating the base 6-
6-3. 

To solve this question a erop of tulips, yielding purely tetramerous 
flowers (8-8-4) in May 1924, was lifted in J uly and from this erop 48 
bulbs of ma in buds and 124 largest bulbs of the more advaneed lateral buds 
were stored for 7 weeks in 26° + 4 weeks in 17°. The 48 main-bud-bulbs 
yielded 70 flowers. 

Several of them yielded more than one flower-stalk, whieh is rather 
striking. considering it had occurred only 5 times in the 440 bulbs treated 
in 44 modes. 

101 of the 124 largest more advanced lateral buds gave one flower-stalk. 
In May 1925 the fo]]owing combinations oecurred : 



In the 70 80wers from main-bud bulbs 

6-6-3 

6-6-1 

6-7-3 

6-7-4 

7-6-1 

7-7-3 

7-7-4 

.f8 times 

... ...... . ... .... .. 1 

.... .............. . 7 

................... 3 

......... ... ....... 2 

............ .. ... .. 3 

8-8-1 ..... . . .... ... ... . . 2 
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In the 101 80wers from the further lateral buds 

5- 6-3 

5-7-3 

6-5-3 

6-6-3 

6-6-1 

8-8-3 

8-8-1 

..... . .. . .. .... ... . 91 

................... 4 

12-10-7 ..... . ..... . . ... . . 

times 

So 139 of the 171 nowers (on bulbs. vegetatively descendant from bulbs 
with purely tetramerous nowers) showed the combination 6-6-3 and only 
3 the combination 8-8-4 af ter an exposure to 7 w. 26° + 4 w. 17°. 

It is evident. that the number af floralorgans again depends upan the 
the tempera tu re every year and there is no question at all of making the 
property permanent in the bud (the future new bulb) . This however has 
nothing to do with the question wh ether by mututal pollination. i. e. 
generatively. the tetramerous condition is more or Ie ss maintained ; th is 
however is not probable. 

Finally we mention one purely pentamerous tulip (10-10-5) in our 
grounds in 1924. The bulbs yielded by this were also exposed to 26C' 
(7 w.) and 17° (4 w.) In 1925 only the main-bud-bulb gave a nower 
purely trimerous. 

The literature cited will be mentioned at the end of the third part. 

September 1925. 



Physics. - "On a misconception in the probability theory of irrever~ 
sible processes". By Mrs T. EHRENFEST~AFANASSJEWA. 

(Communicated at the meeting of June 27, 1925). 

aften it is thought that the two following statements contradict each other: 
STATEMENT I. A given course of a mechanical system with very many 

degrees of freedom is as probable as the contrary course, and 
STATEMENT 11. From every state which is not the most probable, the 

system tends with great probability toward the most probable state. 
This impression really is false and arises from the confusion of two 

statements. both equally true, as will be shown in what follows by 
means of a simplified scheme. - Con si der a continuous series of discrete 
points lying in a plane with all integers (positive and negative) as ab~ 
scissae, and with ordinates H which comply with the following conditions : 

1. The ordinates are positive integers between Hmin=O arid Hmax=Hm . 
2. The successive ordinates always differ by 1. 
3. The various values of the ordinates have different probabilities 

(i. e., appear although infinitely of ten yet in differing proportions), and 
this probability increases from above to below. (Thus the ordinate H = 0 
has the greatest and the ordinate Hm the least probability). 

A point whose ordinate is greater than those of' the two adjacent 
ones we will call a "peak"; a point whose ordinate is less than those 
of the two adjacent ones, a "valley". - The succession of two points 
shall be called a "descending slope" whenever the point with the 
smaller abscissa (the beginning") has a greater ordinate than that with 
the greater abscissa ("the end"). In the coqtrary case we shall call it a 
"rising slope". - We shall s~y that our curve "rises" at a point P 
whenever it is the beginning of a rising slope; if the point P is the 
beginning of a descending slope we shall say that the curve "descends" 
at this point. 

Now let us ask two questions : 
QUESTION A. Given a certain height H. How great is the probability 

W (H -+ (H - 1)) that the curve descends at this point? - This proba~ 
bility, as may easily be derived from property 3 1) is greater than 1/2 

for all values of H that differ from. zero. For H = Hm it is equal to I, 
for all points at a height H = H mare peaks. But for H = 0 it is equal 
to O. for at this height all points are valleys. - Consequently it follows, 

1) Cf. PAUL und TATIANA EHRENPEST. Ueber zwei bekannte Einwände gegen das 
Boltzmannsche H-Theorem. Phys. Zschr. 8, 1907, 311. 



733 

that for points at every height H:;6:. 0 the probability W (H ~ (H + I)) 
that the curve rises there is less than t. Thus we obtain: 

THEOREM A. For all heights except H=O the probability that the 
curve descends is greater than that it rises. 

QUESTION B. To compare the probability of a descending and a rising 
slope between the same two heights Hand H - 1. - The answer is: 

THEOREM B. The probability for a descending and a rising slope 
between two particular heights Hand H - 1 are equally great. 

We see this by asking how a certain height H which just has been 
reached at a point P can again be reached at a point P'. This can 
occur if the point P is the beginning of a raising slope H ~ (H + I). 
and then necessarily the point P' is the end of a descending slope 
(H + 1) ~ H. for we consider the point P'. at which. af ter point P. the 
height H is reached for the first time. in which case the height H - 1 
is not reached at all between the points P and PI; or if point P is the 
beginning of a descending slope H ~ (H - I) and P' the beg inning of 
a rising slope (H - 1) -+: H. in which case neither of these two particular 
slopes can occur more than on ce between Pand P' . We also notice 
that point P' can not be missing from our curve. for each height between 
Hm and 0 is reached infinitely of ten. 

Thus in any finite part of our curve the count ZI of the slopes 
H ~ H - 1 and ZIl of the slopes H - 1 ~ H must be the same or 

differing by no more than one. and in the limit for ZI = 00 is ;;/ = I. 

That is to say. the probabilities for the two slopes are the same. 
What relation then exists between the two theorems A and B and 

the two statements land II? What frequently is not perceived properly 
is that statement II is a consequence of theorem A while statement I 
·is not directly connected with theorem A. but is a consequence of 
theorem B. - The two statements land II c1early are conflicting with 
each other as little as the two theorems A and B. - However. since 
the occurrence side by side of 1 and II is of ten considered a paradox. 
we shall consider further how theorem B depends on A. 

The probability of a descending slope H ~ (H-I) is the product of 
two probabilities: the probability W (H) that the beg inning lies at the 
height H. and the probability W (H ~ (H-I )). that the curve descends 
at that point. 

The probability of a rising slope (H-I) ~ H is the product of two 
others probabilities. W (H-I) that the beg inning lies at the hight H-l, 
and W ((H-l) ~ H) that the curve rises at that point. 

Thus from (3) it follows: 

and from theorem A: 
W(H) < W(H-l) 

W(H~(H-l))>t 
W((H-l)~H)) < t. 

Proceedings Royal Acad. Amsterdam. Vol. XXVIII. 
48 
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thus 

W(H~(H-I)) > W((H-I)~H). 

It is thus quite easily possihle that the two products 

W(H). W(H~(H-I)) 

and 

W(H-I). W((H-I)~H) 

are equally large. However. the topological considerations ahove must 
he taken as the rigorous proof of th is equality. 

Attention mayalso he called to the following: the quasi-periodic 
return of the ordinates of our curve to each value assumed once occurs 
only hy definition (1.2. 3) and is independent of the sort of phenomenon 
of which it is taken as an image. 

Leiden, May 1925. 



Anatomy. - C. J. VAN DER HORST: "The Cerebellum of fishes. 1. General 

morphology of the cerebellum. (Central Institute for Brain research. 

Amsterdam). (Communicated by Dr. C. U. ARIÈ'NS KAPPERS. ) 

(Communicated at the meeting of September 26. 1925). 

Concerning the general structure of the cerebellum of fishes three quite 
áifferent lines of development can be distinguished which in their final 
stages. as found in Selachians. Chondrosteans and Teleosts. deviate to such 
a degree that it makes a direct comparison of these ~erebella very difficult 
and has been the cause of erroneous interpretations. 

To comprehend the development and morphological significance of the 
different parts of the cerebellum of fishes it is necessary to begin with a 
simple shaped and yet weIl developed cerebellum like that of Ceratodus. 
This cerebellum has been fully described by HOLMGREN and VAN DER 
HORST. It has practîcally the shape of a thick plate. but for a ridge in 
its middle part which protrudes downward into the fourth ventricle, and 
extends almost the total length of the cerebellum. It is rather flat in 
10ngitudinal direction but in crosssection it is crescentshaped, which is 
especially apparent in the middle part, at the level of the entrance of the 
trigeminus. Here two longitudinal furrows, one at the side of the ventricular 
and one on the outer surface, clearly indicate the boundary between the 
cerebellum and the oblongata. The granular ma ss is found at the side 
of the ventricle over the whole breadth of the cerebellum at this level. 
whereas the outer surface wholly consists of molecular matter. 

The caudal border of the cerebellum of Ceratodus is convex. In cross~ 

section the cerebellum has here the shape of a flat plate consisting of a 
granular and a molecular layer, which covers the fourth ventricle. On both 
sides th is plate is connected with the dorsal border of the oblongata by 
means of the choroid membrane. Further frontad this plate is more and 
more curved until its edges fuse with the dorso~lateral margins of the 
oblongata. Where the fusion takes place, the granular mass curves outward 
and in this way the small but weIl defined auricles are formed. 

The granular mass of the auricle continu es in a caudal direction, though 
it can be clearly distinguished from it, into the lobus liniae lateralis anterior. 
This lobe forms the most dorso~lateral part of the oblongata and extends 
in a caudal direction to about the level where the first vagus roots leave the 
brain. I consider it better to call this nucleus which belongs to the dorsal 
root of the anterior lateral line nerve lobus liniae lélteralis dorsalis and I 
will do so in this article. At the ventral side of this dorsal lobe the crista 

48* 
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cerebellaris is found, which stretches far more in caudal direction than the 
lobe. At the frontal end it continues with the molecular layer of the 

lob.lin. {aid ors. 
IY 

Nlal anI p dors. 

v·"a. GfF" .. p . veTlt. 
Fig. 1. Cerebellum and medulla oblongata of Ceratodus Erom the lateral slde. 

After HOLMGREN and VAN DER HORST. 

cerebellum. The lobus liniae lateralis posterior is situated ventral to the 
crista, being the nucleus of the N. lateralis posterior and also of the ventral 
root of the anterior lateralis. Herefore I think it is better to call this nucleus 
lobus ventralis. 

'In the frontal part of the cerebellum on both si des of the ventricle the 
granular layer becomes considerably thicker and the molecular layer at 
the outside becomes gradually thinner. Finally the granular mass reaches 
the surface of the lateral sides of the cerebellum, so that the molecular layer 
forms th en only the dorsal surface. The lobus liniae lateralis ventralis is 
connected with this lateral granular mass, and this mass continues in a 
frontal direction along the lateral side of the midbrain to the level where 
the oculomotorius leaves the brain. 
. In the chapter about the cerebellum, principally compiled by me, 

HOLMGREN and VAN DER HORST identified th is lateral granular mass with 
the ganglion isthmi. It is possible that the frontal part, covering the lateral 
side of the midbrain, is homologous with the ganglion isthmi, but the caudal 
part of th is granular mass, situated in the frontal part of the cerebellum, 
certainly can not be identified with this ganglion. It is the eminentia 
granularis of teleosts, as will be explained later on. In the meantime I 
will call this granular mass in this article the eminentia granularis. 

Because of the fact that the dorsal lateralis nucleus is connected with 
the auricle and the ventral lateralis nucleus with the eminentia granularis, 
it follows, that these two parts of the cerebellum have a similar function. 
Especially does HERRICK call attention to this fact, but because of this 
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functional similarity HERRICK did not see the morphological difference 
between these parts. According to him the eminentia granularis is 
homologous with the auricle. 

In connection with this I should call attention to the fact , that in 
Ceratodus the two frontal lateralis roots exchange a great number of fibers , 
before they enter the brain. In th is way the functional similarity between 
auricle and eminentia granularis is still increased. The only difference 
is, that the ventral lateralis nucleus is in close connection with the nucleus 
of the N. octavus, even to such an extend that it is impossible to distinguish 
these two nuclei. 

The auricle belongs almost wholly to the area of the N. lateralis, whereas 
the eminentia granularis is not only in connection with the lateralis but also 
with the octavus. On the other hand the middle part of the cerebellum 
is principally the end nucleus of secundary tracts alising from the 
mesencephalon or which ascend from the spinal cord and the oblongata 
and which carry somato~sensory stimuli. 

Starting from such a simple and yet weil developed cerebellum, as is 
found in Ceratodus, it is possible to understand the morphological signific~ 
ance of the different parts of the cerebellum, as it has developed in different 
directions in the other orders of fishes. 

In Selachians we find th~ middle part, the corpus cerebelli, enormously 
developed and the same is the case with the auricles, as has also been 
explicitly described by VOORHOEVE for a great number of sharks and rays. 
The auricle extends frontad along the totallength of the cerebellum, so that 
the place, where the eminentia granularis might be expected, is covered by 
the auricle. In embryo's, in which the auricles are still smaller, the eminentia 
granularis is plainly visible, but during further development it is included 
more or less within the auricle. So we see. that the lobus liniae lateralis 
ventralis of Selachians is connected with the auricle. namely with the 
frontal part of it. But I wil! not enter into details here about the morphology 
of the cerebellum of Selachians. 

Whereas the cerebellum of Selachians. upon becoming too large to form 
a flat plate, curves upwards in the middle part. in Crossopterygians it curves 
downwards in the ventricle (VAN DER HORST). In the median sagittal 
plane the skull cavity deeply penetrates into the cerebellum, so that the 
two lateral halves. forming the cerebellum, are connected in these fis hes 
only by the ependyma and a thin layer of crossing fibers. 

In Chondrosteans (Acipenser, Polyodon) the cerebellum is formed 
principally in the same manner, but for a few differences, by which this 
curving inwards of the cerebellum is less striking in Chondrosteans than 
in Crossopterygians. The main difference in this respect is, that the median 
fissure which remains in Crossopterygians between the two lateral halves 
of the cerebellum, disappears in Chondrosteans for the greater part. so that 
the curved in part is almost asolid mass. The second difference is, that 
the auricles in Crossopterygians are very small or lacking altogether. 
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whereas in Chondrosteans they are very large and furthermore they are 
situated far dorsally, so that they cover the lateral surface of the corpus 
cerebelli. So when comparing Chondrosteans with Teleosts one gets the 
impression, that the corpus cerebelli is not curved inwards into the ventricIe, 
but only that the auricles are situated far dorsally. 

This dorsal position of the auricles is a result of the curving inwards 
of the cerebellum. This makes it necessary for the ventricIe to enlarge, 
and th is enlargement occurs by the stretching out of the lateral sides of the 
fourth ventricIe in a dorso-ventral direction. This becomes clear upon 
comparing fig. 2 of Calamoichthys, showing a section slightly caudal of 
the cerebellum, with fig . 3 of the same anima I showing the most caudal 

N. lat. ant. dors. 

erlsta eer. 

lob. lino lat. dors. 

N. lat. ant. ventr. 

lob. lino lat. ventr. 

VIII 

VII mot· 

Fig. 2. Calamoichthys ealabaricus. 

eminentia granularis 

plaee of auricle 
lob. lino lat. dors. 

erista eer. 

lob. lino lat. ventr. 

IV 

Fig. 3. Calamoichthys ealabarleus. 

section, in which the corpu~ cerebelli is connected with the dorso-lateral 
border of the oblongata. 

Figure '4 shows a similar section of the brain of Polypterus and here 
we see a striking difference between the two Crossopterygians. In 
Polypterus the granular ma ss reaches the lateral surface at the place, where 
the caudal border of the cerebellum unites with the dorso-lateral margin of 
the oblongata. Here a distinct, though small, auricle is present. The 
choroid plexus had been removed from th is brain, so that the lateral recess, 
that otherwise covers the auricle externally, is not visible in the sections. 
On the other hand in Calamoichthys the auricle is lacking absolutely, the 
crista cerebellaris being directly combined with the molecular layer of the 
cerebellum. 

This slight development or total absence of the auricle in Crossopterygians 
is in close relation to another remarkable facto In Chondrosteans and 
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Selachians, as in Ceratodus, the dorsal root of the lateralis anterior is much 
thicker than the ventral root. But in Crossopterygians the dorsal root is 

moleeular mass ------- -;7'".0;....--

granular mass -----f----."e 

Purkinje eells 

auricle --"""'i:<>' 

skull eavity --A~~@~""c--w.~~~r---\ 

erista eereb. --+--

Fig . 4. Polypterus bichir. 

small and the greater part of the lateralis fibers enters ventrally (fig. 2). So 
we see, that the dorsal lateral line lobe in Crossopterygians is relatively 
much smaller than in the other fishes mentioned above. And as the auricle 
is in close relation with the lobus liniae lateralis dorsalis, we need not be 
surprised, that also the auride is here very smalt or absolutely wanting. It 
is not necessary that this reduction of the dorsal lateralis root indicates, 
that the whole lateral line system in Ie ss developed in Crossopterygians, 
and as we will see still more in Teleosts, than in Chondrosteans and Selachi­
ans. As I mentioned above, in Ceratodus an important exchange of fibers 
is found between the two roots of the anterior lateralis before they enter 
the oblongata. In Crossopterygians the small dorsal root combines with 
the large ventral root directly outside the brain. It is quite certain, that 
Eibers entering dorsally in Chondrosteans and Selachians will do so 
ventrally in Crossopterygians. 

The eminentia granularis of the Crossopterygians and Chondrosteans 
h~s shifted in dorsal direction in the same way as the auride. We Eind 
this eminentia quite at the dorsal surface of the cerebellum and in 
Crossopterygians it reaches the surface even in the median fissure. In 
Chondrosteans the eminentia is more distinct than in Crossopterygians. 

A third line of development of the cerebellum is found in Holosteans 
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and Teleosts. We find the most simple condition which is easiest to be 
compared with that of Ceratodus in Amia. I was unable to obtain suitable 
material of Lepidosteus. The cerebellum of Amia shows principally the 
same structure as that of Ceratodus. It covers as a curved plate the 
frontal part of the oblongata. The caudal border is convex and forms here 
the roof of the fourth. ventricle. Also the ependyma. forming a distinct 
lateral recess. is attached in the same place as in Ceratodus. 

Whereas in Ceratodus the freely projecting caudal part of the cerebellum 
consists of an outer molecular and an inner. ventriclilar. granular layer. 
this caudal part in Amia is formed only by molecular substance (fig. 5) . 
Only at the ventricular side and especially near the attachment of the 
ependyma scattered granular cells are found between the fibers. When 
studying the brain from this level in frontal direction. we see that soon a 
real granular ma ss appears in the sections (fig. 6). not at the ventricular 
side but in the middle of the molecular mass. The molecular substance 
situated at the dorsal side of this granular mass is the same as found in 
Ceratodus. whereas the ventral molecular mass consists of crossing fibers 

mol. mass _________ ~~--_+;;.....-.--

rest of gran. mass ---------->o.o---+.-.-:. 

plex. ehor. ----------<: 
rec. lateralis 

erista eer. -------~""-:_r_ 

lob. lino lat. ventr. ------+-:::7~~~~~\\"'.; 

VII sens. ------=--ë:.i2 

N. lat. ant. -----::e~~ 

VII mot. 

Fig. 5. Amia ealva. 

arising from the crista and forming the tractus vestibulo.-cerebellaris. The 
·fact. that groups of granular cells are scattered between the fibers shows. 
that the fibers have pushed away the granular substance. which was situated 
originally at the ventricular side. 
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Running from the cris ta to the cerebellum the fibers curve in caudal 
direction to cross over near the caudal border of the cerebellum. So we 

dors. molecul. mass - -----------:7"-

granular mass --~y~---:~:-:--------:-~~ 

ventr. molecul. mass --+----t-

recessus lateralis -...,...,,---

crista cerebellaris -4---+--

lob. lino lat. ventralis -_'-:::':~-fIiri<~~: 

Fig. 6. Amla calva. 

see, that the ventral molecular layer soon splits, in the median sagittal plane, 
into two parts (fig. 6), which, running in a frontal direction, are separated 
more .and more. The two parts disappear wholly at the level, where the 
molecular mass combines with the crista cerebellaris (fig. 7). 

Because the vestibulo-cerebellar fibers run from the crista along the 
ventricular side of the cerebellum and here push away the granular sub­
stance, it goes without saying, that an auride cannot be present. Only the 
granules that are scattered through the whole ventral molecular mass, are a 
little more densely packed at the place, where cerebellum and oblongata unite 
and wh ere the auride might be expected. This accumulation of granules 
may be looked upon as a rest of the auride. In Amia only a few granular 
cells are found here, in some Teleosts, e.g. Esox, by far more. The granules 
mayalso form a small compact group like in Osmerus (fig. 9). 

As mentioned before, the dorsal root of the lateralis anterior is much 
smaller than the ventral root in Crossopterygians. This root is absolutely 
lacking in Amia and Teleosts. All lateralis fibers enter ventrally to the 
crista cerebellaris (fig. 5) . BERKELBACH VAN DER SPRENKEL mentions a 
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dorsal root of the lateralis anterior in Silurus, but this root is a bundie 
of fine lateralis fibers, forming the most frontal part of the entering nerve 

dors. molecul. mass ---------...,,,L--

granular mass -----r----~~ 

ventr. molecul. mass 

rest of auric1e ...::::=....>O.;~~---=--"-~ 

lob. lino lat. ventr. 

Fig. 7. Amia calva. 

and ascending directly to the cerebellum. The fact th at this ventral root 
consists of coarse and thin fibers , makes it apparent that the dorsallateralis 
root is inserted in the ventral root in Teleosts. 

According to SCHEPMAN in Cyclostomes the dorsal root consists only of 
coarse fibers and the ventral of th in ones, whereas in Teleosts bath types 
of fibers occur in the ventral root. 

If we continue our study of the cerebellum in Amia in a frontal direction, 
we see that the granular mass extends more and more in lateral direction, 
untill finally it reaches the lateral surface of the cerebellum. In figure 8 
the granular mass is still covered by a thin layer of molecular substance, 
but this layer disappears a few sections more frontally. Here we find the 
molecular layer only at the external surface of the middle part of the 
cerebellum or the corpus cerebelli. The lateral mass of granular substance, 
found in the same way in! Teleosts (fig. 11), has been described by FRANZ 
as eminentia granularis. In Ceratodus this lateral extention of granular 
substance occurs in quite the same way. 50 here it ought to be called 
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also eminentia granularis. The ventral lateralis nucleus passes over fnto 
this eminentia granularis. 

ventriculus cerebelli 

dorsal mol. mass 

granular mass ________ ---,I--_-.~ 

mol. mass of the frontal surface of --I----.~4-~~~=w.J/#lf.f;_~~T:'--­
the cerebellum 

eminentia gran. ---f-~r. 

mol. mass coverlng the eminentia 
granularis 

Fig. 8. Amia calva. 

In the frontal part of the cerebellum the two eminentiae granulares are 
connected by a band of granular cells. which. situated along the roof of the 
fourth ventricIe. form the most ventral part of the corpus cerebelli. In 
Amia the eminentiae can be clearly distinguished from this band of granules. 
In this fish the frontal extremity of the eminentia is seen some sections in 
front of that figured in fig . 8. whereas the band of cells above the ventricIe 
reaches farther frontally and passes over in the granular mass of the 
valvula. But in different Teleosts the two eminentiae granulares cannot 
be separated from the granular ma ss between them nor from the granular 
substance of the valvula. Moreover it is known also by the fiber connections. 
that the valvula cerebelli belongs to the acustico~lateral area. 

In Ceratodus the granular mass of the eminentia extends as a tongue far 
frontally along the lateral side, of the midbrain (fig. 1) HOLMGREN and 
VAN DER H ORST have called this part the ganglion isthmi. It is not 
impossible. that this granular mass really is the ganglion isthmi. because 
also this ganglion is related to the acustico~lateral area. But it mayalso 
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he possible, that this mass is the homologue of the valvula cerebelli which 
in this case should have extended along the lateral surface of the midbrain 
instead of curving into the ventricle of this brain part. 

In Teleosts almost the same relations are found as in Amia; what was 
still in a rudimentary state in Amia, has developed farther in T eleosts. 
This concerns in particular the ventral molecular mass. Compared with 
Amia this mass extends by far more frontally and covers the whole 
ventricular side of the cerebellum. Also the place of attachment of the 
choroid plexus, covering the fourth ventricle, has shifted frontally, so that 
the caudal part of the cerebellum projects quite independently to the 
exterior. 

In Osmerus the conditions are nearly the same as in Amia. Here also 
the cerebellum has the form of a thick curved plate (fig. 9) . The ventral 
molecular mass extends here farther frontally (fig. 10), but still it 
disappears soon, wh en the cerebellum is attached to the dorso~lateral border 
of the oblongata. But in the more specialised Teleosts this ventral molecular 
layer extends below the whole corpus cerebelli. Moreover the cerebellum 
has increased in size considerably and it shows a different form in the 
different orders of Teleosts. It may grow high up as asolid mass, as is 
of ten the case in Acanthopterygii (fig. 11) , or it remains more or Ie ss 
flat; it may be situated above the fourth ventricle as in Gadidae, or it may 
bend in frontal direction above the tectum opticum as in Siluridae. 

Also the eminentia granularis varies greatly in development. This all 
has been described bij FRANZ for a great number of Teleosts. 

I only will call attention here to the relation met with in Anguillidae (fig. 

molecular mass ---1-----

aurlcle -f-----~: 

cri~ta cerebellarls -+----,.;~--

lob. Iin. lat. ventr. --'~P+:f~~ 

VII sens. __ ~~~~ 

VII mot. ~iiiilm:!:'" 

N. lat. ant. __ -~'1jTil!:at'Jl!j 

V desc. 

VIII -----r-H 

Fig. 9. Osmerus eperlanus. 

dors. molec. mass 

ventriculus cerebelli 

granular mass -~~~~---..,,....,..;';"';'" 

emlnentia granularls 

ventr. molec. mass 

Fig. 10. Osmerus eperlanus. 
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12). Here the granular layei: reaches the lateral surface along the who Ie 
length of the cerebellum. Also the granular mass consists clearly of two layers. 
the ventral one of which is in connection with the eminentiae granulares. 
These. two layers are separated by a furrow on the lateral surfàce. According 
to FRANZ this is a primitive condition and it proves. that the cerebellum of 
Teleosts has developed from a plate-like state by curving upwards. This 
should correspond to a selachian cerebellum being so much flattened in 
fronto-caudal direction. that the ventricIe should have quite disappeared. 
Only in some cases as in Anguilla. a limit between the dorsal and ventral 
granular layer should be visible. 

In my opinion the cerebellum of Anguilla must be explained as follows: 
The eminentiae granulares are greatly developed and extend along the who Ie 
length of the cerebellum. Also the granular layer. which otherwise in . 
Teleosts connects the two eminentiae only in the frontal part of the cerebel­
lum. has enlarged in caudal direction. In th is way two granular layers are 
visible externally over the total leng th of the cerebellum. the ventral one 

dors. molecul. - - -----.,1-­

mass 

granul. mass -----t--~ 

tr. tecto-cere­
bellaris 

eminent. gran. 

ventr. molee. -~~:ëij~:;:::::-:-:::-­
mass 

v --~~c 

Pig. 11. Traehlnus draeo. 

dors. mol. 
mass 
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ventrie. eer. 
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ventr. mol. 
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N. VII. s. 

N. lat. ant. 

N. VIII ----'~~~ 

N. VII m. 

Pig. 12. Anguilla anguilla. 
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belongs to the eminentiae granulares, the dorsalone is the real granular 
substance of the corpus cerebelli. Also the latter granular substance 
reaches the surface in Anguillidae in contradistinction to the other 
Teleosts, and this may be in relation with the great depression of the 
cerebellum. 

Finally I may show, that the ventriculus cerebelli in Amia and different 
primitive Teleosts, is not homologous to the ventriculus cerebelli in 
Selachians. In Teleosts this ventricle is a very narrow ~agittal fissure , 
being a last remnant of the bilateral origin of the cerebellum as described 
by SCHAPER. If the opinion of FRANZ we re correct, we might expect a 
horizontal or a transverse fissure instead of a sagittal one. The cerebellum 
of Selachians arises by folding upwards of a plate-like rudiment which is 
found in embryo's. So the ventriculus cerebelli in these animals is a part 
of the fourth ventricle separated from the rest by the folding upwards 
of the cerebellum. The only part of this ventricle which may be conipared 
with the ventriculus cerebelli of Teleosts is the sagittal fissure between the 
two granular ridges. 
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Chemistry. - "On the Crystalstructure of Germanium~tetraiodide". 
By Prof. Dr. F. M. JAEGER. Dr. P. TERPSTRA and Mr. H. G. K. 
WESTENBRINK. 

(Communicated at the meeting of September 26. 1926). 

§ 1. In the following the results of the determination of the crystal~ 
structure of Germaniumtetraiodide: GeL, are published. of which a small 
quantity was kindly presented to us by Prof. DEN NIS 1). At the same 
time a small quantity of the corresponding optically~uniaxial Di~iodide: 
Gel2 was received. the crystals of which were. however. unsuitable for 
an investigation in its full extent. We hope. however. yet to be able 
within a short time to compare the structures of both these compounds 
in connection with the results of a study of some derivatives isomor~ 
phous with Ge/2' 

In the first instance a number of diffraction~images were obtained af ter 
the method of HULL and DEBIJE. the source of radiation in th is case 
being a copper~anticathode . The type of ROENTGEN~tube used was a 
dismantable gas~tube of cylindrical shape of the form used in Sir W . H. 
BRAGG's laboratory. and provided with an aluminium~window. The 
rad ia ti on used (at 50 K. V.; current: in mean 9 m.Amp.) consisted of 
copper~K~radiation of the wave~lengths: Ào: = 1.537 A.U. and À,3 = 1.388 

Ào: 
A. U.. ., ::;:: 1.107. Occasionally a nickelfilter was made use of; however. 

A3 

afterwards this was dropped. because of the weakening of intensity. 
especiaIly. as it appeared that the diffraction~images which belonged to 
each of these wave~lengths. could easily .be discerned from each other. 
In these experiments the very finely powdered iodide was smeared upon 
a thin silk thread stretched along the axis of the cylindrical camera. 

As an instance the values are given in the following tabie. measured 
by means of a comparator on one of the best films (N°. 18) obtained 
in th is way; the radius of the camera was 21.76 m.M. 

EVidently the line N°. lis the p~line corresponding to N°. 2; N°. 3 
that corresponding to the p~line N°. 1; N°. 6 the p~line of N°. 7; N°. 8 

• 2 () 
sm -

that corresponding to the a~line N°. 9. Moreover. __ 2 is. for Ào: equal 
I(h2) 

to: 0.00118 and for À.3 equal to: 0.00311; these numbers are. indeed. to 

each other in the proportion of (~: Y Although. if the two first values 

1) L. M. DENNIS. Journ. Amer. Chem. Soc .. H. 2856. (1922). 
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are not considered. the indices: (111). (200). (220). (311). (222). (331). (240) 
and (224) may be calculated directly from these measurements. it will 
become clear from the following determinations. that the line N°. 4 
corresponds to the second order reflection on 1111 I. If the values N°. 1 
and N°. 2 are also taken into account. it follows from these. th at I(h)2 
for them is equal to 6. and the other forms observed will then obtain 
the values indicated in the tabIe; evidently the images N°. land 2 
represent the first order images on 11121. line N°. 13 thus being the 
fourth order of them. In this connection it may be remarked also. that 
on Film N°. 12 a rather intense line was found for 0/2 =28°17'. on 
Film N°. 7a one for 0/2 = 25°16'. corresponding to the third order 
reflections on 11121 for l" en l;3; the theoretical angles are here: 
28°22'. resp.: 25°24'. On the contrary. the corresponding images of the 
second order were nowhere observed with certainty. 

Analysis of Film NO. 18. 

8 -1:1 -5 
oJL~ 

o 0 
]~ - '" ~ . Cl 

c:: 
~ '" 5 Ol Ol ':2 8 ..!! cG .-

Ol u u:l"'s . 8 a 2~ Gh sin Oh sin2 Oh Indices 
~j Ol 

1:18"<:: Ol 

~~ > ~.~] .9 cG Z .. of .- Ol ~ 
III .-

-5 0-5 

1 Ih = 7.17 À~ 
extremely 11=16°36' 8j 18' 0.IH4 0.0208 (112) weak 

2 112 = 7.88 À .. very weak G=18 14 9 7 0.1584 0.0251 (112) 

3 20.29 À;3 5 47 16 11 H 0.203 0.0412 (222) 

4 22.49 À" 10 52 4 13 1 0.225 0.0506 (222) 

5 26 .00 À" 7 60 12 15 3 0.260 0.0676 (400) 

6 33.31 À~ 3 77 8 19 17 0.333 0.1089 (HO) 

7 37.11 ) ' " 9 85 56 21 29 0.366 0.1340 (HO) 

8 39.33 À;3 1 91 4 22 46 0.387 0.1497 (622) 

9 43.85 À" 8 lOl 32 25 23 0.429 0.1840 (622) 

10 112 = 22.97 À" 3 106 20 26 35 0 .H8 0.2007 (H4) 

11 59.18 À" 3 137 0 34 15 0.563 0.3169 (662) 

12 60.92 À" 3 Hl 4 35 16 0 .577 0 .3329 (480) 

13 67.64 À" 2 156 36 39 9 0.631 0.3981 (H8) 

From these measurements it can be deduced. that here a cubic space~ 

l~ l~ 
lattice is present in the structure: from 4a2 =0.00418and 4a2 =0.00341. 

the edge a of the elementary cubic cell is calculated: 

a = 11.89 A.E. 
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As the volume V of this cell is 1679 cubic A.U. = 1679.10-21 ccm .. 
and as DENNIS 1) determined the specific weight d of the crystals (in 
sulphuric acid) at 26° C. on: 4.3215. the number N of the molecules 

Ge/i (M= 580.l8) in this celliscalculatedas:N=M . l~4~O_21=7.63; 
evidently. therefore. the cell contains 8 molecules Ge /1' and the true 
specific weight 2) of the crystals must be: d10 = 4.534. 

Besides the films mentioned here. also some photographs were prepared 
af ter HULL's method on flat films; although very faint. also in this case 
the lines of ! 112! were observed here. One of these radiograms proved. 
moreover. without any doubt. that the line N°. 3 is in deed no other 
than the line for À-, •• corresponding to N°. 4. 

Film N°. 18 was tested. moreover. by the aid of a photometer~arran~ 
gement with a thermoelectrical cell and mirror~galvanometer with respect 
to its differences in intensity. In fig. 1 the results of these measurements 
on one half of the film are plotted graphically. Besides the images already 
mentioned above. the presence of the images of the first order (for a~ 
and ,B~radiation): ! lIl!. ! 2211. ! 421 !. ! 4111.! 4321.! 731 !. etc.. although 
comparatively weak. was revealed. as weIl as that of those of ! 112 ! . 
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Fig. I. Phofomefrical curve of Film NO. 18. 

1) Loc. cit.. p.2856. As GeJ1 in contact with solvents is extremely easily decomposed. 
so it is probable. th at in reality no solvents will be without action -upon this substance. 
- the deviations in d th us being explicabie. 

2) From the measurements on the other films a value for a is deduced. not appreciably 

deviating from 12 A .U . In this case. d10 would be : 4.405. 

49 
Proceedings Royal Acad. Amsterdam. Vol. XXVIII . 
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Because of the general veil superimposed upon all these lines. it is. 
however. impossible to determine the absolute intensity of these lines. 
The most intense lines correspond to 11111. 13311 and 13111 in the 
second order ; to 1100 I. 1110 1 and I 210 1 in the {ourth order; to 1100 1 
in the eighth order etc. 

Further confirmation of this was again obtained by means of a rotation~ 
radiogram. a perpendicular to the edge of one of the triangular octahe~ 
dron~planes being chosen here as vertical axis of revolution. Besides some 
other images. those of 12221. 14441. 16221. 14401 and 16621 appeared 
to be present upon it; but there was. for instance. no indication of 

1I 00 1 or lIlOl · 

§ 2. For the purpose to obtain full certainty about the orders of the 
diffraction~images mentioned above. measurements we re made on a plate 
parallel to 11111. af ter BRAOO's spectrographic method. The crystalplates 
parallel to 1111 1 were obtained by slowevaporation of a solution of 
the iodide in carbondisulphide in a vacuum. The very thin triangular 
plates thus obtained were mounted carefully on thin glass~plates. put 
upon the X~ray~spectrometer and given a slow oscillating motion along 
the axis of the instrument by means of a clock~work. To determine 
accurately the distance between the crystal~plate and the central spot on 
the photographic plate. two photograms were made on the same film. 
th is being placed in parallel positions at two different di stances al and 
a2' The shift a2 - al = w was measured very accurately; by measuring 
also on the film the distances SI and S2 of two corresponding lines. e.g. 
that of the lines for A:.: of 1.l. in both cases. the distance x. where 
the plate stood in the first experiment. can be easily calculated; for: 

+
x =~. If (J is the glancing angle. at which the diffraction takes 

x W S2 

place. then eVidently tg 2(J = 2 s~ • so that. (J being now determined. the 

spacing d(Jll) of the reticular planes may be calculated from the formula: 
2d(JIJ). sin (J = n . ),. 

In this way for x = 45.82 mmo and for ,C = 1.54 A.U. I). SI was 
found to be: 44.10 mm.; therefore. (J" = 12°51'; in the same way. for 
Al= 1.389A.U. and x=45.40 mm .. SI was found to be: 39.09 mm .• 
(J,l thus being: 11 °39'. If these spectra be second order spectra. d(lll) 
becomes : 6.924 A.U .. resp. : 6.879 A.U .. in mean: 6.901 A.U. Indeed. 
if in a cubic space~lattice the edge a be really equal to 11.9 A.U .. 
d(Jll) = 1/3 a V3 must be: 6.90 A.U. The intensive image N°. 4 film 18 
thus corresponds really to (222). The spectrum of the fourth order must. 

1) Actually in the K-radiation of copper; : i,x) = 1,537 A.U . and )'%2 = 1.513 A .U .; on 
an average therefore. i\" = 1,510A.U. For Á.l the value: 1.389 A.U. was used ; (j is here 
equivalent to Oh in the table above. 
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therefore. be situated at a distance from the central spot (for À,,). equal 
to: 60.34 mm ., when x again is 45.82 mmo (20 = 52°48'). With an 
exposure during 10 minutes (8 to 10 milli-Amp.). this image was really 
found at its right place on the films X and X'. and that very intensive. 
For the spectrum of the first order. the distance to the central spot for 
}." should be : 10.38 mmo and for À3 : 9.31 mmo Indeed. both these 
spectra could be stated. be it extremely faint. on film 111; their intensi­
ties are incomparably fainter than those of the second and fourth order 1). 
Even if (on film 111') the spectrum of the first order was exposed during 
37 minutes. that of the second order during only 5 minutes. the intensity 
of the first image appeared to be very much smaller than that of the 
last image. 

Finally these experiments we re executed once more with a silver-anti­
cathode. which gives a radiation of À = 0.565 A.U. Now the spectrum 
of the second order appeared at: 20 = 9°24' ; the distance of both images 
to the central spot now being : 7.52 mm.. with x = 45.5 mmo (SI = 15.1 
mm.); in the same way the spectrum of the fourth order appeared at 
a distance from the central spot of: 15.52 mmo (SI = 31.4 mm.) and 
with an appreciabie intensity (20 = 18°50'). The spectrum of the third 
order must be found at: 20 = 39°6'. i. e. at a distance from the central 
spot of; 36.97 mm.. if copper-radiation of À 1.540 A. U. be used; its 
di stance from the second order spectrum (see above) therefore being : 
36.97 -22.05 = 14.9 mmo The experiment was made in such a way. 
that the spectrum of the second order was exposed only 5 minutes. but 
that of the third order 30 minutes (film VI). and notwithstanding this. 
an extremely faint image appeared to be hardly visible in the calculated 
place. 

By all these experiments it is convincingly proved. that on (111) dif­
fraction occurs in such a way. that the spectra of the first and third 
order are extremely faint. those of the second and fourth order. however. 
very intensive. 

§ 3. In trying to solve the problem : to which of the 230 space-groups 
do the crystals of GeI1 really belong? - it is necessary also to keep in 
mind. that the specific diffracting influence of the l-atoms. which are four 
times as numerous. is very different from that of the Ge-atoms. and 
also. that the absorption of ROENTGEN-rays is very different for both 2). 

1) During the prepara tion of film JII the aluminium-window of the tube appeared to 
be gradually covered with volatilized copper. Because of the unequal absorption th us 
taking place, the lines corresponding to i. l appeared now to be more intensive than those 

for }' x . 

2) The strong absorptive power of iodine in th is salt , manifested itself also in pre paring 
the radiograms after VON LAUE : it was only possible to get them, if extremely thin 
plates were made use of. 

49* 
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A first step towards this solution of the problem was the determination 
of the crystallographical symmetry. With some small crystals obtained 
from a solution in benzene. a number of very small facets were observed 
at the corners of one of the planes of the octahedron. The crystal was 
measured by means of a goniometer with two circular divisions; the 
plane (112) being taken as polar facet. The following reflex es were 
localised: 

f3 

'Y 

,u 

c 

r 

cp 

129 

o 
34 

25 

184 

204 

209 

34 

124 

114 

182 

313 

34 

p 

19° 38' 

23 57 

90 10 

34 

57 

69 

56 35 

27 

42 37 

35 

32 

37 

62 15 

34 59 

65 

31 

I 
Kind of reflection : I Index of Crystal­

plane 

sharp 

very sharp 

sharp 

faint 

very faint 

very faint 

sharp 

very faint 

sharp 

very faint 

faint 

faint 

sharp 

very sharp 

very faint 

very faint 

(111) 

(102\ 

(111) 

(211) 

(210) 

(112) 

(102) 

(021) 

(121) 

(211) 

(111) 

(OOI) 

(OIO) 

(211) 

r. ,u and ti are parts of the same facet ; cp = (112) 

A stereographic projection of the forms observed is reproduced in 
Fig. 2. EVidently is a combination present of an octahedron 11111. a 
hexahedron 1100 I. an icositetrahedron 1211 1 and a pentagonaldodeca~ 
hedron 1210 I; the zonal relations in the projection~figure make this 
sufflciently clear. 

The symmetry of the crystals can. therefore. only be that of the 
tetrahedral~pentagonaldodecahedral class (3A 2 ; 4L3; OL2 ; OIJi ; OP; Oe). 

or that of the dyacisdodecahedral class (3A 2 ; 4L3 (= 1 6); OL2) ; 3IJ2 ; OP; e). 
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Fig. 2. Stereographical P rojection of the obseeved Farms on a p lane of ! lIl ! . 

§ 4. It is a priori excluded to make a final choice between these two 
classes of symmetry by means of a LAUE-photograph of a crystal-plate 
cut parallel to (lIl); other plates were, moreover, not at our disposition. 
For, a s one of us 1), in collaboration with H . HAGA, was able to prove 
formerly, such LAuE-radiograms must always show the same symmetry 
as a similarly orientated plate of a crystal. whose symmetry is that of 
the crystal under investigation af ter a centre of symmetry has been 
added to it. But as in both classes mentioned no axes of twofold sym­
metry perpendicular to the faces of the rhombododecahedron do occur, 
these faces can never appear as plan es of symmetry in the LAUE-radio­
gram on (lIl) , if a centre of symmetry is thought to be added to the 
tetrahedral-pentagonaldodecahedral symmetry, nor will this be the case 
with a dyacïsdodecahedral crystal. because this does already possess such 
a centre of symmetry. The LAu E-radiogram obtained by radiation 
perpendicular through a plane of (111) can, therefore, in both cases 
only show an axis of threefold symmetry, without any symmetrical 
arrangement of its spots with respect to three planes intersecting along 
this axis under 1200 (60: ). Notwithstanding this fact, such a LAUE-radio-

1) H. HAGA and F. M. JAEGER, These Proceedings 17, 18, 19. 
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gram was yet prepared. because it seemed of interest for the further 
detetmination of the crystalstructure. A very th in plate parallel to (111) 
was for this purpose stuck to a thin glass~plate and a diffraction~image 

made in the usual manner by means of a MOLLER-gas-tube with a 
platinum-antieathode and an osmotie pressure~regulation (60 K. V.). The 
glass~plate was orientated as accurately as possible by means of a 
goniometer-arrangement ; the time of exposition was 5 hours (with 4 
milli-Amp.). The image appeared. however. yet to be not completely 
symmetrieal. as a consequence of a slight deviation in the direction of 
the X-rays from the normal on (111); notwithstanding this. however. it 
could be clearly shown. that the LAuE~radiogram was undoubtedly 
symmetrieally built with respect to three diameters intersecting at 120° 
(60°). The cause of this abn or mal behaviour must doubtlessly be attributed 
to the great differences in diffracting power. already mentioned, of the 
numerous iodine~atoms on the one hand. in comparison with that of the 
germaniums~atoms on the other hand. whieh are four times as scanty. 
in connection with a particular kind of mass~distribution of both atomie 
species throughout the structure as a whoie. Here. indeed. is found a 

Fig . 3. Gnomonic Projection of the LAUE-radiogram on 1111 1· 
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new instance of the al ready known phenomenon. that the symmetry of 
such LAuE-radiograms can occasionally be deceptive in so faro as sym­
metry-elements may be apparently present. which are incompatible with 
the proper crystallographical symmetry. but only manifest themselves as 
a consequence of accidental peculiarities of the atomic arrangement. 

A gnomonic projection of this LAUE-radiogram is reproduced in Fig. 3. 
The distance I of the spots from the central one and that (s = 4 c.m.) 
of the film and the . crystal-plate being known. - the indices of the 
diffracting plan es and the sinus of the angles IJ could be calculated from 
the relation : 1= s . tg 2IJ; at the same time the intensities of these spots 
were approximately estimated. As the edge a of the cubic cell (= 11.89 
A. U .) is known. the distances d between the diffracting planes (hkl) can 
be directly calculated 1) in A.U. and by these va lues for d it is possible 
to determine the product n. À in the formula : 2 d . sin IJ = nÀ or in 

2a . sin IJ V = n À. Now the voltage of the gas-tube in these experi-
h2 + P + [2 

ments was 60 K.V.; the maximal intensity of the polychromatic platinum­
radiation. therefore. must be situated in the neighbourhood of 0.4 or 
0.5 A.U.2) On this supposition it appears possible. by comparison of 
the relative intensities. to estimate with a high degree of probability the 
values of n. i. e. of the orders of the observed spots: inversely. the 
sequence of the intensities 3) for each value of À thus calculated. gives a 
control with respect to the right choice of the multiplicators n. In this 
way the data could be obtained. which are collected in the table on 
page 756. 

IE the estimated intensities are graphically plotted against the deduced 
wave-Iengths i). a graph is obtained as reproduced in Fig. 4. The sequence 
of the observed. relative intensities for the faces of the same form I hkll 
appears really to be just the same. as might be expected in connection 
with the shape of the curve for the energy-distribution in the ROENTGEN­
spectrum. if a voltage of 60 K.V. be applied to the tube. 

1) R. W . G . WYCKOFF, The Structure of Crystals , (1924), p. 452; P . P . EWALD, Ann. 
der Physik. H, (1914), p. 257 . Also here ó is equivalent to 612 in the above. 

2) In WYCKOFF's book is given a graph of the intensity-distribution for the different 
wave-Iengths }, of the tungstene-spectrum, as shown on the photographic plate, if a voltage 
of 60 K.V. is applied. The intensity increases from the shorter wave-Iengths rapidly until 
a maximum at about 0,484 A .E ., this being the characteristic limit of absorption for silver. 
As platinum in the periodic table is close to wolframillm, the energy-distribution in the 
platinum-spectrum under 60 K.V . will grosso modo show great analogy with that of the 
other metal. It is this supposition, which is made use of in the determination of the 
numbers n of the spots considered . 

3) It need hardly to be said again, that the estimations of the relative intensities (10 
for the most intensive, I for the faintest spots) can have no other significanee than as 
rough indications of the existing differences. The numbers attributed to the spots only 
will express, that one spot is darker than another. 

4) R. W . G . WYCKOFF, Amer. Journalof Science, 50, (1920), 318, P . P. EWALD, 
Krystalle Ilnd Roentgenstrahlen, p. liS. 
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Table of Diffraction-spots in the LAUE-radiogram I 
Ol •• 

-c";:g Ol ..., -5 . -c"" oaa ....., c:: .. 
'- . _ U) 

Estimated Ol 0 t: 
o ~ Ol 

n. }, inA.U . Orders n : }, in A.U. v t: sin () v J:: .- >< ~ ca intensity : 
~o~ ~,:!:ö. 
.~ 0. C ,.5" 
ClCl)~ 

-
32 .5 ~II)Î 0 .335 4.65 8 0.58 5 

26 .0 (I ~ ) ) 0 .284 3.94 8 0.49 6 
, 

34.5 (111) 0.348 4.83 8 0.60 4- 5 

25 .2 (2~i) Î 0. 278 2.98 4 0 . 74 5-6 

22.5 ~12)~ 0 .253 2.71 4 0.68 6- 7 

18 .0 (120) 0.210 2.25 4 0.56 6(+ ) 
-

26 .0 ~ IO) ( 0 .284 3 .04 4 0 .76 5-6 

20 .0 (IO~ ) 0.230 2.47 4 0 .62 7(- ) 

20.0 (021) 0 .230 2.47 4 0 .62 6-7 
- -

27 .8 0 .300 1.40 (I~~t 2 0.70 4-5 

36 .0 (~~)~ 0 .359 1.66 2 0 .83 4(-) 

29 .0 (115) 0 .310 1.43 2 0. 71 5(-) 
- .-

1.14 13.3 

~~~ ~ 
0 . 158 2 0 .57 10 

17 .5 0 .206 1.50 2 0.75 8 

11.0 (131) 0 . 134 0.97 2 0 .49 10 
-

0 .383 2.91 40 .0 (3~1) ; 4 0 .73 2 

35 . 1 ~13 ) ) 0 .353 2.68 4 0 .67 3- 4 

30 .4 (130) 0.320 2.43 4 0.61 3 
-

0.391 2.96 41.5 ~ IO) Î 4 0 .74 2 

32.4 (IO~ ~ 0.335 2.55 4 0.64 3-4 

33 . 5 (031) . 0.342 2.59 4 0 .65 3 

15.2 (586) ) 0.181 0 .39 I 0 .39 I 

13.2 (568 ) ) 0 . 158 0.34 1 0.34 1(-) 
-

9. 8 0.120 0 .66 2 0 .33 6 (I~)l 
12 .0 (133) 0.145 0. 80 2 0 .40 8(-) 

13.6 (331) 0.162 0 .89 2 0.45 8 

12 .0 (31 3) 0. 145 0 .80 2 0 .40 7- 8 
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This result may serve as an argument for the correctness of the 
calculated values of À for each sport. and consequently for those of the 
numbers n. All the sections of curves in this graph are evidently parts 

Intensities 
of the Spots. 

10 
9 

8 
7 
6 
5 

4 
3 

2. 
1 

W ave~lengths 
'--"---'----................ --'-----'"-- in A. U. o 0,1 0,2 0,3 0.4- O,S 0,6 0,7 0.8 0,9 1 

Fig . 4. Distribution of Intensities in the L AUE-ca diogram. 

of intensity-curves showing a maximum in the vicinity of 0.5 A . U. In 
connection with this, it may be, moreover. remembered. that in the 
DEBIJE-films the image of ! 201 1 has indeed but an appreciable intensity 
in the fourth order; also ! 331 I appears in it only in the second order 
with a measurable intensity. By the BRAOO-method it was found. that 
! 111 1 only shows a considerable intensity for even orders. while ! 1131 
has the greatest intensity as weIl in the DEBIJE~ as in the LAU E-radio­
gram. etc. Moreover. the results obtained in the rotation-radiogram 
mentioned before. are also in best concordance with all this. 

§ 5. If now it be considered that in the powder-radiograms a faint 
image of ! 111land of ! 1121 of the first order was found . as weIl, 
although very faint . of ! 221 I. 1441 1 and ! 432 1. while it appears now 
from the discussion just given. that among the spots of the LAuE-image 
theré is present also a first order image of ! 5861, - then it must be 
c1ear. that images of the {hst order are possible in this structure of plan es 
having three odd, two odd. or two even indices. This facto - combined 
with the evidence brought in the foregoing pages, that the spectra on 
! 1111 are very intensive in the second and fourth. but very faint in the 
first and third order. - enables us with a high degree of probability 
to make our choice between the twelve space-groups, which only are 
compatible with the two symmetries possible in this case. 
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If the three fundamental translation-groups (BRAVAlS • space-Iattices) of 
the space-groups considered are discerned as follows: re for the simple 
cubic. re" for the body-centred. and r' for the face-centred cubic 
space-Iattice. ~ th en the twelve space-groups here only of interest. can 
be tabulated as follows I): 

Symbol of the Space-
groups of dyacisdode- Number of points 
cahedral and of tetra- Corresponding equivalent to each 

hedral-pentagonal- translation-group : point of the Space-
dodecahedral group : 

symmetry 

TI re I 12 
I 

T2 r~ 
I 48 

T3 r~' 24 

Ti re 12 

Ts f' " 
' C 

24 

TI 
h rc 24 

T 2 
h rc 24 

T 3 r ' 96 h c 

Ti, r ' 96 
c 

T S r " 48 h c 

11 rc 24 

T 7 " 48 
1 ___ h_ ---'------_r_C -------'--_ _ ------' 

In the last column the number of equivalent points is indicated. cor­
responding to each arbitrarily chosen point of the group. If through 
each of these corresponding equivalents molecular plan es be passed 
parallel to each other. their sequence will appear to be such. that the 
diffraction-images of definite orders must be cut out by interference. It 
can be foreseen 2). that: 

a. if the fundamental translation.group is Tc. there will appear diffrac­
tion-images of all three kinds of planes ! hkl! in all orders ; 

b. if the translation-group is r;. there will appear in odd orders only 
images of planes ! hkl! with three odd indices; 

c. if the translation-group is r;'. there will appear in odd orders only 

I) R. W . G. WYCKOFF, The BnBlyticBI E x pcession of the Results of the Theocy of 
SpBce-groups. p. 33 and 34. 

2) R. W . G. WYCKOFF, loc. cit., IV, (1922), p . 175, 181. 183 ; W . T. ASTBURY and 
K. YARDLEY, Phil. Trans. R. Soc. London, A 224. (1924), p. 222. 
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images of plan es 1 hkll with two even indices and one odd index; in 
all these cases zero being considered as even index. 

With respect to the facts mentioned above, it must be clear now, 
that, as among the images of odd order such appear not only of 1111 I 
and 1731 I, but also of 1221 I, 1421 I, 1432!. 15681, and of 11121 
and 1411 I, the fundamental translation-group can only be re, i. e. the 
simple cubic space-Iattice. Por r:' is excluded by the first order of 1111 I 
and r: by that of 11121. while the presence of the first order spectrum 
of 15681 is in full agreement with the presence of rc. Of the twelve 
space-groups mentioned, thus only five : TI , Ti. T h

l
, T;. and T~ need 

to be further considered here. 
For each of these five groups is the relation of the consecutive val ties 

of sin 2 ; as follows I) : 

Por TI and 

Por Ti: 

Por Th
2 

: 

Por TL 

Thl: 1 : 2 : 3 : 4 : 5 : 6 : 8 : 9 : etc. 
(100) (110) (111) (200) (201) (211) (220) (221) 

2 : 3 : 4 : 5 : 6 : 8 : 9 : 10 : etc. 
(110) 111) (200) (201) (211) (220) (221) (301) 

2: 3: 4 : 
(110) (111) (200) 

6: 8: 9 : etc. 
(211) (220) (221) 

3 : 4 : 5 : 6 : 8 : 9: etc. 
(111) (200) (102) (211) (220) (221) 

In the row of observed diffraction-images there are certainly absent 
those of the first order on (100) and (110) ; for this reason the four 
groups: TI , T~, Ti and T~ are excluded. - thus only T h6 remaining. 
Por this group is true, that images of planes 1 hOI I ' in which h is even 
and I is odd. or those of I Oki I. in which k and I are both odd. cannot 
appear in odd orders 2). Indeed. among the observed images. that of 
12011 is not present; in the LAUE-radiogram the fourth order spectra 
of 12011 and 11021 have about the same intensity. which indicates that 
the diffracting power of both these planes is about identical and explains 
also the absence of the first order of 11021. so th at this absence needs 
not to be considered an argument against T h6 in this case. In favour of 
T h6, on the other hand, it may be remembered, that besides the first 
order spectra on 1100 1 and 11101, also that of 1031 I is absent, -
which follows from the powder-radiogram, where the row of consecutive 

. 2 f) 
Sin 2 was: 

3 : 6 : 8 : 16 : 22 : 24 : 38 : 40 : 48; 

I) Or of : (h 2 +k2 +12). Cf. i.a. P. NIGGLI, Zeits. f. Kryst . 57, (1922), 261: idem, 
Geometrische Kryst. des Diskontinuums, Table X, p . 482. 

2) R. W . G. WYCKOFF, loc. cit ., p. 183. 
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i.e. possesses even more scanty terms. as is postulated with respect to 
what has been said above. 

It is now necessary to fit 8 molecules Ge/i into the fundamental cell 
with its edges of 11.89 A.V .. i.e. 8 Ge~atoms and 32 J~atoms. With 
respect to their structural function. these 32 J~atoms. although chemically 
equivalent. need not be all in the same condition : in genera!. the possible 
cases would be either that they have all (32) the ,same structural function. 
or that such is the case with 16 on the one hand and 16 on the other; 
moreover. it is possible to discern 16 atoms of one kind. 8 of a second 
kind and 8 of a third function in spatial respects; or to have 24 atoms 
of one and 8 of a second kind; or finally. there would be possible four 
groups of 8 atoms. each group differing from the others by its spatial 
relation in the space~group considered. But. as is seen from the table 
on page 758. the number of equivalent points in each of the five here 
possible space~groups can be no other than 12 or 24; in no case will 
it be possible. therefore. that the 32 J~atoms will have identical functions I) 
in the structure of Ge/i' and neither will it be possible that 16 atoms 
of one and 16 atoms of a second kind are present in this structure. 
Moreover. groups of 8 equivalent atoms cannot be present in the 
space~groups TI and Ti (n = 12); in T;. Th2 and Th6 an arbitrary number 
of 8 equivalent atoms of one kind and 24 of another kind may be present. 
but no group of 16 atoms. From this also follows. that TI and Ti are 
excluded. T; also is highly improbable. because in this case no sin20/2 

will be excluded from the series of values observed. while. as was shown. 
the number of missing va lues in this row appeared to be rather great 
in the powder~radiograms obtained. As the fundamental translation~group 
now is certainly rc . and not r;. the 32 Fatoms cannot be present in 

, the structure in any other way than as: 24 + 8. Regarding all these 
arguments. there can. in every case. only be a choice, between T~ and 
T~; and this 'choice can be fixed only by consideration of the lack of 
certain diffraction~images of odd order. 

The forms 11031 and 1301 I for instance. can in T;; give spectra as 
weil in the even. as in odd orders; in Th6. however.only in even orders. 
On no radiograms. indeed. occur images of these forms in the first or 
in the third order; but those of I 6021 and 112.041 are present. (Film 
XII). On the LAuE~radiograms also 112.041 is present. This is in contra~ 
diction with T;;. but in agreement with Th6. In the same way 13301 is 
everywhere absent; but 14401 and 18801 are all observed together on the 
powder~radiograms. These facts also lead to the same conclusion with 
respect to the two space~groups considered here. 

In Th2 the reflections on 12011 and 11021 may only occur in even 
orders. in Th6 however. those on 12011 only in even. but those of 11021 
as weil in even as in odd orders. as was al ready emphasized. The facto 

I) R. W. G. WVCKOFF. The analytical Expression, etc .. p. 176. 
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that neither on ! 2011. nor on ! 1021 diffraction-images of odd orders 
are met with on the different photograms. need not be considered here 
as an argument against Th6. if the LAuE-radiogram be also taken in 
account. Summarizing all evidences. we think it highly probable. that 
Ge/" has a structure 1) corresponding to Tt . 

§ 6. The most simple supposition with respect to the arrangement of 
the eight Ge/i-molecules, which can be made in concordance with all 
data acquired. leads to the structure reproduced in Fig. 5. 

---cl 100 ----

oGEHMANIUM. 

Fig . 5. The Crystal-structure of G ermaniumtetraiodide. 

Each Ge-atom in it appears as surrounded by four J-atoms. situated 
in the corners of a regular tetrahedron ; from this it may be easily 
proved. that of the 32 J-atoms in each cell really 24 have equivalent 
positions in the structure and 8 a somewhat other structural function. 
For two GeJi-grouPs on each cube-diagonal of the fundamental cell can 
every time be thought to be combined in pairs. situated at equal distances 
of the centre to both sides of it; in such pairs evidently 6 J-atoms are 
always in equivalent positions with respect to each other. while 20thers 
have a somewhat different position. being directed more to the outsides 
of the · combination. The J-atoms of such a pair are placed in the corners 
of a steep rhombohedron. the axis of which is a diagonal of the cubic 
cell ; the nearest Ge-atoms. however. are then situated in the corners of 
an obtuse rhombohedron. coaxial with that of the J-atoms. In the com­
bined pair of molecules both the Ge-atoms are placed in the centra of 
two diametrically opposed tetrahedra. the corners of which are occupied 
by the J-atoms . In the direction of a cube-diagonal planes of J-atoms 
alternate with such as are occupied by Ge-atoms in the way indicated 
in Fig. 6. Of course. this placing of the Ge/i-molecules is somewhat 

1) R. W . G. W YCKO FF. The analytical Expression of the R esults of the Theory of 
Space-Grollps. p . 127 ; P. NIGGLI . Geom. Kryst. des Diskontinullms. p. 367. 
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arbitrary. because the f-atoms may be thought shifted more or less along 
the cube-diagonal; in th is case again 5 variabie parameters must be 

(11 1) 
I i I 

i i i I 
I I I 
I I 

I I I 
I i I 
i i I 
i I I I 

i I 
i I 
I I i 
I I I 
I i I I 
I I I I 
I i I 
I I I 

I i i i I i 
J ti gt St;I ~ ~, ;J 

+---------Q x~------... 
100 

Fig . 6. SuccessilJe malecular Planes alang a Perpendicular fa lIlI! . 

determined by comparison of observed and calculated intensities of the 
diffraction-images. - a task. which may safely be considered to be 
impractable. In how far the here adopted structure can be considered 
to be in agreement with the observed relative intensities of the diffraction­
images for the different planes on the DEBIJE-radiograms. may be se en 
from the data in the following tabie. in which the results are reviewed 
of the calculated values for a number of important crystal-planes. 

If in the formula for the intensities : 

1 + cos2 (J 2 
1= 2 ij I . 2 0l . n . I SI . cos 2' sm 2 

in which n is the number of planes of the crystal form I h k I ! and I SI 
is the absolute value of the structural factor. the function preceding 
n . 1 S 12 be ca lied : ((U/2). then the value of this function for different 
forms I h k I ! and for successive orders. may be immediately read from 
the existing tables 1). Moreover. for G e and I in the formula for I S I 

1) L. WEBER. Zeitschr. f. Kryst. 57. 402. (1923). 
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are taken the atomie numbers 32 and 53 respectively I) while the coor­
dinates of the 24 + 8 J-atoms and of the 8 Ge-atoms are the following : 

I. 32 ]-afoms ; x. y . z and v-along the cube-edges. 

o 

o 

a. the 24 equivalent a toms: 

o 

o 

o 
o 

1/2 - 1/ 4 1/2 

1/2 1/2 1/ 4 

1/ 4 1/2 1/2 

1/2 1/ 4 1/2 

b. the 8 equivalent a toms; v = 1/ 4' 

I 
1/ 4 1/ 4 1/ 4 I 3/ 4 

- 1/ 4 -1/ 4 -1/ 4 1/ 4 

1/ 4 - 1/ 4 1-1
/ 4 

3/4 1/ 4 1/ 4 

11 . 8 G e-atoms ; v = 1/ 8' 

o 

o 

1 

1/ 8 1/ 8 1/ 8 1 5/8 3/ 8 - 1/ 8 1- 1
/ 8 5/ 8 3/ 8 3/ 8 - 1/ 8 5/ 8 1 

L-_- __ �~ ___ -_I_~ __ -_I_~ ____ 3_~ ___ 5_~ ___ I_~ ____ I_~ ___ 3_~ ___ 5/_8 ____ 5/_8 ___ 1/_8 ___ 3~ _____ 1 

If these values for p, q and r for all (= m) atoms within the fundamental 
cell be substituted in: 

and if it be taken into account, that for the group Th6 all terms containing 
sinuses are equal to zero in the structural factor, -- th en it is possible 
to calculate directly for all planes 1 h klj the intensities of the diffraction­
images for all orders. 

These values are given in the table on the next page. 
It will be c1ear from this, that th ere is a fairly good agreement between 

the calculated and observed intensities from a qualitative point of view, 
especially if the difficulty be taken into account of avoiding the attribution 
of a too great relative value in the estimation of the intensities of 
images, whieh eventually are excelling by their distinctness. 

For it is easily seen, that the estimated intensities in the last column 
are placed in all cases in just the same sequence of increase, as occurs 

I) Instead of Ge and ] . also the values for G e .... and J' might have been taken ; the 
differences. however. are not very appreciabie in th is case. 
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Table of calculated Intensities 

Structural-amplitudines : Intensities 
Absolute 

Indices : Order : value Estimated on 
!st kind 2nd kind Ge- of ISl2 Calcu- DEBIJE-Film 
I-atoms : I-atoms ; atoms: lated : N O. 18 : 

(111 ) 1 0 0 64 Y 2 0 .8 1.6 - *) 

(111 ) 2 - 1272 - 424 0 287 .6 42.08 10 

(111) 3 0 0 - 64 Y 2 0 .8 0.05 absent 

(111) 4 1272 424 - 256 207 . 4 6 .3 3 

(111) 5 0 0 64 .1 2 0 .8 0 .01 absent 

(111) 6 - 1272 - 424 0 287 .6 -

(011) I 0 0 0 0 0 -

(011 ) 2 - 424 + 424 0 0 0 absent 

(011 ) 3 0 0 0 0 0 .. 
(011) 4 1272 424 256 381.0 28.1 9 

(011) 5 0 0 0 0 0 absent 

(011 ) 6 - 424 + 424 0 0 0 .. 

(OOI) I 0 0 0 0 0 -

(OOI ) 2 424 - 424 0 0 0 absent 

(OOI ) 3 0 0 0 0 0 .. 
(OOI ) 4 1272 424 - 256 207 . 4 16 . 7 7 

(112) 1 0 0 - 128 1.6 1.5 very faint 

(112) 2 - 424 424 0 0 0 absent 

(112) 3 0 0 - 128 1.6 0 . 1 .. 
(112) 4 1272 424 256 381.0 15 .2 2 

(3 11 ) I 0 0 -64 Y 2 0 . 8 0 . 4 absent 

(311 ) 2 - 1272 - 424 0 287 .6 29.0 8 

(331 ) I 0 0 64 Y 2 0 .8 0 . 2 absent 

(331 ) 2 - 1272 - 424 0 287. 6 14.5 3 

• ) If the Ime was sltuated outslde the efliclent part of the film . th IS IS 

indicated by - in the last column. 
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with the calculated values; and everywhere the calculated intensities are 
equal to zero or to extremely small values. if among the observed 
intensities they were zero in reality. The here adopted structure. therefore. 
evidently completely accounts for all characteristics of the ROENTGEN~ 
photograms of these crystals. 

With respect to the intensity-distribution of the spots in the LAUE~ 
image. which gives the iIIusion of an apparent symmetry af ter the planes 
of ! IlO!. - it may be remarked that in the adopted structure three 
planes of ! IlO! containing each time 8 ]~atoms and 2 Ge-atoms 
intersect along each cube-diagonal. In each of these planes the diffractive 
power of the ]-atoms strongly dominate that of the Ge-atoms. In the 
structure as a whoie. the other ]-atoms are situated. moreover. sym~ 
metrically with respect to these three planes. which is not the case with 
the Ge~atoms. and for the last reason. therefore. the ! IlO! ~planes are. 
in reality. na true symmetry-planes of the structure. But just because the 
diffractive power of the symmetrically distributed ]~atoms is so strongly 
predominant in comparison with that of the much more scanty Ge~atoms. 
the influence of the last is practically lost in the LAUE~radiogram. It is 
for this circumstance. that the LAuE-image on ! lIl! appears to be 
symmetrical af ter three planes of ! 110 I and is. therefore. deceptive as 
a criterion for the symmetry~determination of the crystal. 

Finally. we wish to drawattention to the facto that the results here 
obtained are in full agreement with R. G. DICKINSON's determinations I) 
of the also dyacisdodecahedral Tintetraiadide: Sn l.i' According to 
GROTH's measurements this substance. which is isomorphous with de h 
crystallizes from carbondisulphide in octahedral crystals. showing a 
combination of: !I 11 !. !Z1O!. !Z11!. 1100!. and smaller: 1110!. 
1120! and a dyacisdodecahedron of the zone [(210): (111)]. which could 
not be determined more precisely. Also NORDENSKJÖLD 3) and RETGERS~) 
investigated this compound; the last au thor observed in crystals from a 
solution in methylene~iodide also a pentagonal~dodecahedron ! 210 I. The 
structure deduced by DICKINSON is completely analogous to that adopted 
here for Ge 11 ; even the dimensions of the fundamental cell (12.23 A.U.) 
are wholly comparable with those for Ge 11 , According to the American 
author a yet better agreement between calculated and observed intensities 
may be obtained in the case of Sn h by a slight shift of the Sn~ and 
]~atoms along a cube-diagonal. 

On the contrary. the determinations of MARK and WEISSENBERG 5) 
must be considered as quite insufficient. They also observed in their LAUE~ 
radiograms a symmetry with respect to ! IlO! and. moreover. to 1100!; 

I) R. G. DJCKJNSON. Journ. Amer. Ch~m. Soc .. 45. 958. (1923) . 
2) P . GROTH. Chemische Krystallographie. I . p: 23l. 
3) N . G. NORDENSK/ÖLD. Bihang K. Vet. Akad . Förh. Stockholm. 2. NO. 2. (1814). 
1) J. W. RETGERS. Zeits. f. Kryst .. 22. 270. (1894). 
5) H . MARK and K. WEJSSENBERG. Zeits. f. Physik. 16. 18. (1923). 

50 
Proceedings Royal Acad. Amsterdam. Vol. XXVIII. 
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for this reason, they exclude the space~group T~. In the above we have 
discussed the cause of the appearance of those symmetry~planes parallel 
to 11101 and emphasized, that care must be taken not to be misled 
by this fact , as the phenomenon is solely a consequence of the predom~ 
inant diffractive influence of the numerous /~atoms, symmetrically arranged 
with respect to 1110 I, in comparison with the much less powerful 
diffraction by the not symmetrically situated Ge~atoms. The authors 
also have taken a value for the cube~edge a, which is only half 
the true one: we have fully discussed, why the fundamental distance 
a needs to be taken twice as great. The measurements and determinations 
of both investigators are, therefore in full disagreement with the sym~ 
metry of Sn /1' as determined by GROTH and others; in accordance 
with our experiences in the case of Ge h there is no reason to doubt 
the exactness of these older crystallographical data . 

Although there is no complete certainty as to the question, whether 
in the case of Ge J1 there is present a structure formed by ions or not. -
it is of interest, however, to drawattention to the fact, that throughout 
the whole structure tetrahedral groups (Ge-J1) can clearly be discerned 
as more or less autonomical units in it. In th is respect a very recent 
investigation of HANTZSCH and CARLSOHN 1) mayalso be quoted here, 
in which paper the authors, by demonstrating a number of additive 
relations between the meltingpoints of the halogenides of the elements in 
the fourth group of the periodic tabie, also arrive at the result. that in 
the crystals of these compounds not the ions, but the molecules them~ 
selves are the real structural units. 

Groningen, Laboratory (or /norganic and 
physical Chemistry o{ the University . 

1) A. HANTZSCH a nd CARLSOHN. Ber. d . d . chem. Ges., 58. 1741. (1925) . 



Physics . .. On the Excitation of Spectrum Lines by Collisions of Electrons". 
By Dr. G. HERTZ. (Communieated by Prof. P. EHRENFEST). 

\Communicated at the meeting of October 27, 1923). 

According to the theory of quanta it is to be expected that by the 
collision with an electron an atom is enabled to emit a definite spectrum 
line only when the kinetic energy of the electron is greater than a 
certain threshold value. characteristic of the line in question. The 
potential whieh an electron must pass through freely to acquire this 
kinetie energy will be called the excitation potential dependent on the 
nature of the system emitting the light. In the simplest case of PLANCK's 
oscillator. the excitation potential is determined by the frequency. and 
expressed by the equation Ve = hl!. According to BOHR's atomie theory. 
the work required for the excitation of a definite line. is equal to the 
energy which must be performed to transfer the atom from its normal 
state into the highest of the two stationary states between which a 
transition must take place to give the emission of the spectrum line in 
question. Hence the excitation potentialof a definite spectrum line is 
given by the equation Ve = Ie - h T. in whieh I represents the 
ionisation potential. and T the smallest of the two terms characteristie 
of the spectrum line. 

So far the existence of an individual excitation potential has. experi~ 
mentally. only been shown for the resonance lines of the alkali and 
earth-alkali metals. and of the metals that are in the same group of the 
periodie system with these 1). Also the value of the excitation potential 
was found to be in agreement with that whieh is to be expected accord­
ing to the theory of quanta. This furnished a proof of the quant­
ous character of this phenomenon directly from the experiment: but 
the results found could teach us nothing about BOHR's atomie 
model. because for all absorption lines of the atom in its normal state. 
hence also for the resonance lines. the excitation tension can be derived 
from the frequency (through the hv relation) both when BOHR's atomie 
model and when PLANCK' s oscillator was taken as starting-point. 
To decide experimentally whether the terms of a series must really 
be taken as definite va lues of the energy. as is the case 

1) J. FRANCK and G. HERTZ. Verh. D. Phys. Ges. 16, 512, 1914. 
J. C. Mc LENNAN and HENDERSON, Proc. Roy. Soc. 91. 485. 1915. 
J. C. Mc LENNAN and H. I. C. IRETON, Phil. Mag. 36, 461. 1918. 
P . D . FOOTE, W . F. MEGGERS and F. L. MOHLER, Phil. Mag. 42, 1002, 1921 ; 
Astroph . Journ. H , 145. 1922 ; Phil. Mag . 43, 659. 1922. 

50* 
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according to BOHR's theory, it is necessary to make observations of 
the excitation of the higher lines of the spectrum series. The possibility 
that by collisions of electrons not only quanta of energy corre~ 

spon ding to the frequency of the resonance lines can be transferred, 
but also such as correspond to the transition of the atom to higher 
stationary states, has been experimentally shown by J. FRANCK and 
E. EINSPORN I) for mercury, and by J. FRANCK and P. KNIPPING 2) for 
helium. As the energy quanta observed here are in very good agree~ 
ment with the values calculated according to BOHR's theory from the 
terms of the series, it was very, probable that also the emission of 
the lines corresponding to these terms, will start at the excitation poten~ 
ti als observed. Remarkably enough, however, al most all the observers 
who of late have investigated directly spectroscopically the excitation 
of spectrum lines through collisions of electrons, have come to an~ 

other result. RA U 3), indeed, found already before, that in helium the 
excitation potentials become greater for the different terms of a 
series with ascending number. Likewise RICHARDSON and C. B. 
BAZZONI 1) found different excitation potentials for different lines. On 
the other hand in their experiments on the excitation of light in metal 
vapours P. D . FOOTE and W. F. MEGGERS 5) come to the conclusion 
that the resonance lines from a definite excitation potential (given 
by the hl'~relation) can be excited without the other part of the 
spectrum being excited at the same time. but that all the higher 
lines of the series together do not make their appearance until the 
ionisation potential is reached. A . C. DAVIES 6) arrives at the same 
result for helium and G. DÉJARDIN for helium and mercury 7). Under 
these circumstances it seemed to me of interest once more ti:> investigate 
the excitation of spectrum lines through collisions of electrons by the 
aid of an arrangement through which surces of error were prevented 
as much as possible. 

The method used was in principle the same as is of ten applied in 
in vest igati ons in this region. The electrons emitted by an incande~ 
scent cathode are accelerated by an electric field. and pass through a 
metal gauze into a fieldfree space. in which they collide with the 
atoms of the gas or the metal vapour ; th en it is examined in what 
way the spectrum of the light emitted in consequence of the col~ 

lisions dep end on the potential which gives the electrons their acce~ 
leration. One of the first requirements is that the e1ectrons have as 

I) E . EINSPORN, Zeitschr. f. Phys. 5, 208, 1921. 
2) J. FRANCK and P . KNIPPING, Zeitschr. f. Phys. I, 320, 1920. 
3) H. RAU, Sitzungsber. Phys. Med. Gesellsch. Würzburg 1914, pag. 20. 
1) O. W . RICHARDSON and C. B. BAZZONI, Nature 98. 5, 1916. 
5) P . D. FOOTE and F . W . MEGGERS, Bur. Standards Scientif. Paper Nr. 386, 1920. 
6) A. C. DAVlES, Proc Roy. Soc., 100, 599, 1922. 
7) G . Di!JARDIN, C. R. 175, 952, 1922. 
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much as possible the same velocity. As the excitation potentials for the 
different lines of ten differ only a few tenths of a Volt. a comparatively 
small irregularity in the velocity is al ready sufficient to render its de ter­
mination impossible. Sourees of errors which may have an injurious 
influence in this respect. are : 1. Potential differences between different 
points of the souree of the e1ectrons (gradient of the ten sion in the 
incandescent wire) . 2. Wide grating instead of a fine gauze. 3 . Disturb­
ance through space charges in the observation space in consequence 
of the use of too great densities of the current. 4. The possibility 
that the pure electron discharge changes into an arc discharge. to 
which there is a tendency chiefly in potentials in the neighbourhood 
of the ionisation potential. These sourees of errors are not independent 
of each other. Thus e.g. the transition to an arc discharg eis promoted 
by the use of a wide grating. whereas on the other hand the appear­
ance of the arc discharge partially renders the error in consequence of 
too great gradient of the tension in the incandescent wire ineffectual. 
because su eh a low tension arc always takes up a position at a definite 
point of the incandescent wire. Wh en the spectrum tof a low tension 
arc is observed. it is found that under favourable circumstances we have 

p 

DJ K 00 t 
5,M 

4 

2 

to do with electron velocities which are 
pretty equal inter se; they are. however. 
eVidently not yet sufficient to bring out the 
small differences in the excitation tensions 
of the higher terms in the series. 

T 0 avoid th~se errors as much as pos­
sible an arrangement was used as rep re­
sented in fig . 1. The incandescent cathode 

o K. a thin platinum strip 6 mmo wide pro-
Fig . I. 

vided with a spot of barium-oxide on the 
upper side. is placed before a gauze N. at a distance of about half a 
mmo The plate P is in conducting connection with N. In some experi­
ments the space between N and P was enclosed on all sides with metal 
walls. with the exception of one slit. in order to obtain a perfectly 
fieldfree space; the simpIer form represented in the figure has. however. 
also appeared to be sufficient. With this arrangement there was no danger 
of the transit ion to an arc charge. even at tensions above the ionisation 
tension. at the pressures applied. wh en the meshes of the gauze we re 
taken sufficiently fine and the distance between the incandescent cathode 
and the gauze sufficiently smalI. In order to prevent any injurious influence 
of the gradient of the tension in the incandescent cathode. care was 
taken that only a narrow strip at right angles to the direction of the 
heating current emitted electrons. so that there were no potential differ­
ences of more than 0.1 Volt between the different points of the souree 
of the e1ectrons. In some experiments this effect was reached in this way 
that the oxide was added in the form of a transverse strip only 1/2 mmo 
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braad on the platinum band. The application of such a strip being. 
however. difficult. the experiment was afterwards made with a larger 
spot. and a shape was given to the platinum band as drawn in the 
figure at the bottom on the right. In consequence of the increased current 
density in the middle a pretty sharp maximum of the temperature is 
obtained th ere. In view of the exceedingly great dependence of the 
el~ctron emission on the temperature this entails that practically the 
emission issues only from a narrow strip lying in the reg ion of maximum 
temperature. 

Ta avoid disturbances through space charges the strength of the cur­
rent was never chosen higher than 10 amp. This is particularly necessary 
wh en rare gases are examined. in which case higher pressures must be 
worked with than with metal vapours on account of the slighter efficiency 
of the unelastic collisions. Already at small current densities the electrans 
which are innumerable times knocked to and fro by the gasatoms. 
cause a considerable space-charge. from which ensues that the space is 
na langer fieldfree. sa that the electrans have different velocities at dif­
ferent places. That this is actually the case may be clearly seen when a 
tension is applied which is just above the excitation ten sion of the lines 
appearing first. Then the spa ce-charge be trays itself by a dark space 
in the neighbourhood of the greatest density of the electrans (immediately 
befare the gauze). For here the electrans have a smaller velocity than 
corresponds to the applied tension as a consequence of the negative, 
space-charge. 

In experiments where an intensity as great as possible is aimed at. 
this mjurious influence of the spa ce-charges may be obviated by the 
addition to the gas under examination of a sm all quantity of another 
rare gas or metal vapour of which the ionisation tension lies below 
the lowest excitation tension of the gas under examination. If this is 
done. there are always same positive ions present. which are just able 
to compensate the space-charge of the electrans. Of course the pressure 
of the added gas must not be toa great. because else the positive 
space-charge would become toa great and toa many electrans would 
cede their energy to the atoms of the added gas. instead of to that of 
the gas under examination. It has appeared that mercury vapour with 
the vapour tension which it has at room tE':mperature. added to neon 
of a pressure of about 0.8 mmo gives exactly the required effect. In such 
a tube filled with neon and mercury it is possible to work with currents 
of same milliampères without being hampered by the space-charge. and 
then a sufficient intensity is reached to enable us to perform the experi­
ment also by way of demonstration. Particularly suitable for th is purpose 
is a tube filled with a mixture of neon and helium. to which mercury 
has been added. because such a tube enables us to observe the succes­
sive appearance of the lines of mercury. neon. and helium at the corre­
sponding excitation tensions. Also the appearance of the resonance line 
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of mercury at ab out 5 Volt can be shown with such a tube. as the 
~ppearance of this ultra-violet line becomes visible through the 'fluore­
scence of the glass wal!. In the investigation mentioned the experiment 
was made without addition of mercury. and the strength of the current 
was chosen sufficiently small to prevent disturbances through spa ce­
charge. this to avoid possible secondary effects. as e.g. action of excited 
atoms of one kind on those of the other kind . Then the intensity of the 
excited radiation was comparatively smalI ; the spectrum observations 
reproduced required an exposure of from 6 to 12 hours. 

Already a cursory visual observation taught that all the examined 
lines of the arc-spectrum of mercury. neon. and helium behave in accord­
ance with the theory of B OHR. as they appear from definite excitation 
tensions characteristic of the separate lines or groups of lines. Accurate 
measurements of the excitation tensions have not yet been carried out. 
For this it is necessary to make measurements about the dependenee of 
the intensity of the lines on the velocity of the e1ectrons. Such measure­
ments are in preparation. In the strongest lines the excitation tension 
could be measured with the accuracy of some tenths of a Volt . by 
determining the tension at which these lines suddenly appear. Though 
the results obtained thus agree very weil with the va lues that can be 
derived from the values of the terms. yet this method of measurement 
cannot be considered as reliable in every respect . 

Also without measurements of the intensity the successive appearance 
of the lines can be shown by exciting different tensions smaller than the 
ionisation tension. and examining the corresponding spectrum. Then. only 
those lines will be observed of which the excitation tension lies below 
the excited tension. If th is tension is increased by a definite amount. the 
newly occurring lines must all be lines with higher excitation tension. 

As in all measurements on collisions of electrons. the difficulty is also 
here to know the absolute value of the tension which gives its velocity 
to the electrons ; here too this tension can only be indicated with an 
accuracy of about 0.5 Volt. For the measurement of the excitation tension 
the best method is therefore to test the apparatus by means of a gas. 
the excitation tensions of which can be calculated from the spectrum 
series. as this has been done more than once in measurements of excita­
tion tensions by the e1ectric method. On account of this uncertainty in 
the absolute values. the values of the tension that corresponds with the 
actual velocity of the e1ectrons have been derived in what follows from 
the calculated excitation tensions of the occurring resp. missing lines. 
The difference between the indicated va lues and the tensions read on 
the Voltmeter was between 1.5 Volt and 2 Volt in all cases; it was 
accordingly really found through direct measurements of the velocity of 
the electrons (application of a retarding e1ectric field in vacuum) that the 
correction to be applied must lie between these limits. It may. therefore. 
be concluded from the data communicated below that the absolute values 
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agree with an accuracy of 0.5 Volt with those which are calculated from 
the ionisation ten sion and the values of the terms according to BOHR. 

In the figures 2. 3. and '4 a series of spectra have been reproduced 
excited in mercury. helium. and neon through the collisions of electrons 
with different velocities. The times of exposure in mercury and helium 
have been chosen so that the strongest lines. which also appear already 
at lower tensions. have about the same intensity on the two represent~ 
ations. The values which are put af ter the wave~lengths between brackets 
denote the excitation tensions calculated from the ionisation tension 
and the va lues of the terms. The observations with mercury (fig. 2) have 
been made at a pressure of about 0.03 mmo (the vapour tension at 
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about 60°). It is seen that at lower tension only lines with an excitation 
tension smaller than 8 Volt appear. the lines that make their appearance 
on increase of the tension all having a higher excitation tension. Parti~ 

cularly striking is the behaviour of the strong line 3650. which is by 

~~ ~ ~ ~ ~~ ~ ~ 
1/)11) <0 ~ !!! <Dr- r-
0<D '" 0 r-
r-<D til til <I" 

~ 
~ 
N 

~ 
<I" 

Fig . 3 

@ 
<Xl 

'" ,--, ,l 

+ 
~ 
~ 
en 
<Xl 
<Xl 
m 

\ 24.4 VOLT 
1 

123,6 VOLT 



773 

far the strongest line at the higher tension. and is entirely wanting at 
the lower tension. 

The helium lines behave in the same way (fig. 3). The reproduced 

spectrum photographs have been made for a pressure of 0.8 mmo From 
experiments made since then it has appeared that it is more profitable 
to work with lower pressures ; and it seems that to effect a sharp exci~ 
tation of the lines. still smaller current densities should be used in helium 
than e.g. in neon. It is impossible that here the formation of metastable 
helium atoms still plays a part. With sufficiently small current densities 
the different lines can be made to appear successively also in helium. in 
correspondence with the successive order of their excitation tensions. 
Hence here too there is a very good agreement with the values calculated 
according to BOHR. as appears from the spectograms. 

In neon fhe pressures worked with were between 0.5 and 1 mmo Fig. -4 
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gives a series of photographs which show the development of the group 
of the red neon lines on increasing velocity of the colliding electrons. 
These observations were made in the presence of a drop of mercury in 
the tube. but the phenomenon is exactly the same without mercury. 
Special attent ion should be given to the behaviour of the yell ow neon 
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line 5852, which under normal circumstances is by far the strongest line 
of the neon spectrum. According to the scheme of the series, as given by 
PASCHEN 1) for neon, this line must have an excitation ten sion which is 
0.4 Volt higher than that of the lines 6143, 6402 and 6506; and the 
yell ow line is, indeed, entirely absent at the lowest tension required to 
excite the said lines; only on increase of the tension by some tenths of 
a Volt does it make its appearance, and on further increase it soon 
exceeds the other lines in intensity. 

Within the limits of the experimental errors the absolute value of the 
excitation tensions of these lines are in harmony with the values which 
can be calculated from the terms of the series and the values found by 
the writer of this paper for the ionisation tension 2); thus the measure­
ments of the excitation and the ionisation tensions are confirmed by the 
observations on the excitation of the spectrum lines. 

Similar observations were also made with zinc and thallium vapour, 
which, however, bear a preliminary character. In order to avoid the 
difficulties met with, wh en the whole apparatus is brought to a high 
temperature, a method was applied in which the apparatus could remain 
at room temperature. For this purpose the apparatus was filled with 
helium and neon of a pressure of some mm., af ter which the metal under 
investigation was brought to evaporation in the fieldfree space between 
the plates. Thus the result was reached that both the electrons and the 
metal atoms diffuse through the rare gas, and finally arrive on the surface 
of the metal af ter numerous collisions. In this the circumstances can be 
chosen so that the number of collisions between electrons and metal atoms 
is great enough to bring about such an intensity of ,the light excited 
by these collisions that it can be observed with the spectroscope. So 
far these experiments have remained restricted to subjective observations 
with the spectroscope. With a suitable choice of the tension a spectrum 
could be obtained from zinc consisting only of the triplet 5680, 4722, 
4811, while the strong red line 6362 did not make its appearance until 
the tension had been raised by 1 Volt. 

In thallium 3,5 Volt was measured as excitation ten sion of the green 
line. This confirms that in thallium the 2p2 state is the normal con­
dition, as also GROTIAN 3) has succeeded in showing by means of absorp­
tion measurements. 

Physical Laboratory of the "N. V. Philips' Gloeilampenfabrieken" . 

Eindhoven. 

1) F. PASCHEN, Ann. d. Phys. 60. 105, 1919, 
2) G . HERTZ. These Proceedings 25, 179: Zeitschr. f. Phys. 18, 307, 923 . 
3) W . GROTRIAN, Zeitschr. f. Phys. 12. 218, 1922. 



Botany. - "The connection between lightgrowthresponse and photo­
tropical curvature of seedlings of Avena sativa." By C. VAN 

DILLEWIJN. (Communicated by Prof. F . A. F. C. WENT). 

(Communicated at the meeting of September 26, 1925). 

According to the theory of BLAAUW the phototropical curvature of a 
unilaterally illuminated organ is the result of the difference in light­
growthresponse induced in the various parts of that organ. 

H. for instance, a coleoptile of A vena is subjected to the action of 
onesided light, there will be a decrease in the quantity of light from the 
lighted to the unlighted side. As every quantity of light induces a certain 
lightgrowthresponse, the various parts of the coleoptile will respond 
differently, causing a phototropical curvature. 

As the greatest difference in the quantity of light is found between 
the proximal and distal sides, these sides will also show the greatest 
difference in growthresponse, and will be of the greatest importance for 
the appearance of the phototropical curvature. 

BLAAUW I) examined a number of objects and proved that organs 
which exhibit a phototropical curvature also show a typical lightgrowth­
response when subjected to omnilateral illumination, while organs 
which do not respond to unilateral illumination show no lightgrowth­
response. 

The sporangiophore of Phycomyces and the hypocotyl of Helianthus 
belong to the flrst, the roots of Avena and Raphanus to the second group. 
The lightgrowthresponse of Avena was flrst examinated by VOGT 2) 
and later by SIERP 3). LUNDEGARDH 1) and KONINGSBERGER : ). 

For all these objects it has been demonstrated that phototropical 
sensibility and lightgrowthresponse go together. 

If the theory of BLAAUW is correct it must be possible to deduce the 
phototropical curvature from the lightgrowthresponse of proximal and 
distal sides . 

I) BLAAUW, A. H .. Licht und W achstum I Zeitschr. f. Bot. 6. 1914. 
II 7. 1915. 
III Mededeelingen van de Landbouwhooge­

school Wageningen 15, 1918. 
2) VOGT E., Über den Einflusz des Lichtes auf das Wachstum der Koleoptile von Avena 

sativa. Zeitschrift f. Botanik 7, 1915. 
3) SIERP, H., Untersuchungen über die durch Licht und Dunkelheit hervorgerufenen 

Wachstumsreaktionen bei den Koleoptilen von Avena sativa U.S.w. Zeitschr. f. Botanik 13, 1921. 

1) LUNDEGARDH, H., Ein Beitrag zur Analyse des Phototropismu!. Arkiv f. Botanik 1922 · 
Sj KONINGSBERGER, V . J., Tropismus und W achstum, Rec. des Trav. bot. Néerl. XIX 1922. 
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BLAAUW 1) demonstrated Ihis for the hypocotyl of Helianthus and found 
that the real phototropical curvature corresponds with the curvature 
deduced from the lightgrowthresponse. 

VAN DE SANDE BAKHUVZEN 2) has tried to do the same for the col eo­
ptile of Avena. He used the lightgrowthresponses found by VOGT and 
SIERP. He assumed rather arbitrarily the proportion of 4: 1 for the 
quantities of light acting on the proximal and distal sides and th en 
calculated the curvatures which would appear on unilateral illumination. 
He compared these with the curvatures found by ARISZ. 

It will be proved afterwards that the distal side receives far less than 
I/ot of the light received by the proximal side. 

The connection between lightgrowthresponse .and . phototropical curv­
ature for Avena was examined experimentally by LUNDEGARDH, who 
op poses BLAAUW's theory because of the results he obtained. 

SIERP. who especially studied the lightgrowthresponse. has also con­
sidered the connection between lightgrowthresponse and phototropical 
curvature and with RENNER 3) declares himself in favour of BLAAUW's 
theory. 

BRAUNER i) compared the course of phototropical curvature with the 
course of the lightgrowthresponse of the proximal side. It will be evident 
afterwards that the response of the distal side has a great influence on 
the nature of the curvature and may not be neglected. 

I have determined the . lightgrowthresponse to a number of different 
quantities of light and also the lightgrowthresponse to 1/30 of these 
quantities which corresponds to the quantity of light received by the 
distal side. In each case I compared the curvature deduced from the 
combination of . these two lightgrowthresponses with the phototropical 
curvature found by ARISZ 5). 
~ brief account of the main results is given below. For further details 

I refer to a publication which will appear later. 

The distribution of light. 

The distribution of light in the coleoptile was determined with the 
photographical method, also used by BLAAUW in his study of the hypo­
cotyls of Helianthus: an oblique sagittal section is placed on a sensitive 
photographic plate and illuminated from above. 

1) BLAAUW, A. H .. Licht und Wachstum 11. Zeitschrift f. Botanik 7. 1915. 
2) BAKHUYZEN. H. L. VAN DE SANDE. Analyse der fototropische stemmingsverschijn­

selen. Diss. Utrecht 1920. 
3) RENNE.R. 0 .. Die Wachstumsreaktionen bei Licht- und Schwerkraftreizung. Zeitschrift 

f. Botanik H, 1922. 
") BRAUNE.R. L.. Lichtkrümmung und Lichtwachstumsreaktion. Zeitschriftf. Botanik H . 1922. 
5) ARISZ. W. H., Untersuchungen über den Phototropismus. Rec. des Trav. bot. Néerl. 

12, 1915. 
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The decrease of light for Avena appeared to be far greater than for 
Helianthus. The distal side receives only 1/30 of the quantity of light 
received by the proximal side. 

This is mainly due to the presence of the primary leaf. which absorbs 
the greater part of the light. (Fig. 1). 

More light passes through where this leaf ends (about 1/2 mm from the 

Fig. I . The sections from left to right are 
illuminated by increasing quantities of light. 
It is obvious that a fair amount of light 
passes when only the coleoptile is present. 
Most of the light is absorbed in the part 

apex). In this part the distribution 
of light is very complicated. which 
is mainly due to the paraboloid 
form of the apex. I have assumed 
the light proportion of 30: 1 for 
the whole coleoptile in my expe­
riments. If further investigations 
should prove that the influence of 
the apex may not be neglected. I 
will have to compare the photo­
tropical curvatures calculated from 
the lightgrowthresponse with the 
curvatures of the coleoptile in the 
apex of which the light proportion 
of 30: 1 has been caused artificial-

where the primary leaf is present. ly. This can be achieved by 
a indicates the place where the section bringing a smoked piece of glass 

begins. 
in a median incision in the apex. 

Everywhere in these coleoptiles there will actually be a lightproportion 
of 30: 1. 

The lightgrowthresponse. 

The lightgrowthresponse was determined with the auxanometer of 
KONINGSBERGER 1) by which the growth is recorded automatically while 
the plant grows in the dark. As a source of light a PHILlPS "Argenta" 
electric lamp was fixed above the plant. The light was reflected onto 
the coleoptile by three mirrors which were placed at an angle of 45°. 
The coleoptile was protected against direct light from above by a round 
piece of card-board between lamp and coleoptile. The tempera tu re of 
the darkroom was 20° C. The relative humidity varied between 65 0/0 

and 70 0/ 0 , The growth was recorded for a few hours and only af ter 
the growth remained constant for an hour or more the coleoptile was 
illuminated. 

Four series of lightgrowthresponses were determined. three with the 
intensity of 2400 M. C. and 80 M. C. and one with 80 M. C. and 

1) KONINGS BERGER. V. J .. Tropismus und Wachstum. Rec. des Trav. Bot. Néerland. 
Vol. XIX 1922. 
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2.5 M. e. The lightgrowthresponse was determined for each quantityof 
light about 6 times and the average taken. 

15 min. X 2400 M.e. 
15 min. X 80 M.e. 
Graph a in fig . 2 gives the lightgrowthresponses to these quantities. 

In all the graphs the great period is taken into consideration and only 
changes in the rate of growth. as result of the iIIumination. are repro~ 
duced. In graph a both reactions are about the same; a minimum of 
growth is reached af ter about half an hour and a maximum af ter about 
50 min. The responses differ however in the ra te of growth. On illu~ 

minating with 2400 M.e. the growth remains constantly less than on 
iIIuminating with 80 M.e. If this is applied to a coleoptile illuminated 
unilaterally with 15 min. X 2400 M.e.. the distal side will grow quicker 
than the proximal side. and we may expect a positive curvature. 

ARISZ actually found a positive curvature for this quantity (2.160.000 
M .e.S.). 

90 sec. X 2400 M.e. 
90 sec. X 80 M .e. 
These quantities give about the same re sult as the first. The only dif~ 

ference is th at the minimum and maximum are reached sooner owing to 
the shorter period of illumination. This difference becomes even greater 
in the following experiments. where the coleoptile was iIIuminated during 
10 sec. Graph b shows that the lightgrowthresponse to 2400 M.e. is 
greater than the response to 80 M.e. As the difference is even greater 
than in the first experiment we may expect a stronger positive curvature. 

ARISZ did not determine the curvature for the same quantity of light 
(216000 M.e.S.) In the case of 162000 M.e.S. and 240.000 M .e.S. he 
found a positive curvature. 

10 sec. X 2400 M.e. 
10 sec. X 80 M .e. 
Graph c iIIustrates the responses to these quantities. This experiment 

shows that the response to 2400 M . e. is totally different from the 
response to 80 M.C .. whereas in the first two experiments th ere was 
only a difference in the rate of growth. 

The response to 2400 M .C . is about the same as in the previous 
experiments except that the minimum is reached sooner (af ter 23 min.) 
owing to the shorter period of iIIumination. The response to 80 M.e. 
is quite different; the ra te of growth decreases slowly and only reaches 
a minimum af ter 78 minutes. The maximum growth is attained af ter 108 
minutes. The proximal side of a coleoptile subjected to a unilateral illu~ 

mination of 10 sec. X 2400. M.e. will give a "short" growthresponse. 
the distal side a "long" response. The result will be a faint positive 
curvature. which changes into a stronger negative one af ter t /2 hour. 

It is also possible that the difference in the rate of growth during the 
first half an hour is not great enough to cause a noticeable positive 
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in .u pro minute. The intensity of light is indicated in M .e. 
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curvature. and hence only the negative curvature would be visible. 
ARISZ found negative curvatures in response to 13500 M.CS. and 27000 
M.CS. With the same quantities of light but with very high intensities 
he found a positive instead of a negative curvature. This is easily ex­
plained as my experiments demonstrated that the "long" response only 
occurs with low intensities. The distal side will also show a "short" 
response to .high intensities and a positive curvature as in graph a and 
b would occur. 

10 sec. X 80 M.C 
10 sec. X 2.5 M.C 
Both quantities give a "long" response but the response to 80 M.C 

is greater than the response to 2.5 M.C Hence a coleoptile iUuminated 
unilaterally with 10 X 80 M .C will show a positive curvature. ARISZ 
actually found a positive curvature in responce to this quantity. 

On examining the responses in fig. 2 it will be obvious that the curv­
ature deduced from them must be positive with the smaUest quantity of 
light (d). negative with greater quantities (c). and when the quantity in­
creases again positive (b) graduaUy becoming fainter as the quantity is 
further increased (a) . ARISZ in his research about the phototropical 
curvature of Avena also found three areas of curvatures: one of the first 
positive curvature. one of the negative curvature. and one of the second 
positive curvature. according to the increasing quantity of light. 

Hence the curvatures deduced from the lightgrowthresponse of proximal 
and distal sides correspond with the real curvatures observed by ARISZ. 

ARISZ found a peculiarity in the phototropical curvatures which he 
could not explain. He observed that no negative curvature is obtained 
with low light intensities. no matter how long the iUumination lasts. 
This fact is easily explained by means of the lightgrowthresponse. as 
low intensities caU forth a "long" response of the proximaf and distal 
sides (graph d) causing a positive curvature. A negative curvature only 
appears wh en the proximal side gives a "short" response and this is 
obtained only with a certain intensity. No negative curvature wiU occur 
bel ow this intensity. 

Utrecht, September 1925. Botanïcal Laboratory. 



Pbysics. - "On the Relation of the Internal Latent Heat of Evapora­
tion to the Molecular Surface Energy, in Connection with the 
Modified Law of the Corresponding States". By Dr. J. J. VAN 

LAAR . (Communicated by Prof. H. A. L ORENTZ) . 

(Communicated at the meeting of September 26 . 1925). 

I. 

These Proceedings, 28, p. 356 contain an interesting . article by 
Mr. VAN URK on the limiting value of the above relation at the 
absolute zero. for which he theoretically finds the value 4 for simple 
substances. For oxygen. argon and nitrogen this value is about confirmed; 
for the va lues found for these substances are resp. 3.75. 4.0 and 3.9. 
But for hydrogen 2.6 is found. and for Helium a still smaller value. i.e. 
1.8. would have been found. And for the large category of the so-called 
"ordinary" substances everywhere values are found in the neighbourhood 
of 5.3 (as against 7 for T = 1/2Tk). These values already indicate that 
the relation in question is by no means constant. but that in a way. 
which will be more close1y defined later. the value will dep end on the 
family of substances that is considered. and which is characterized by 
the value of the parameter y. i.e. of the reduced coefficient of direction 
of the straight line between 1/2 do en dJ.-, when do and dk represent the 
reduced Iiquid densities resp. at T = 0 and T = Tk. 

It is. indeed. easy to derive a general formula for the ratio }.: 11-. 

from which it will then appear that this ratio with close approximation 
will be = f for T = 1/2 Th f being the so-called vapour-pressure factor 
at this temperature in the well-known vapour pressure formula 

Pk (Tk '\ log"- = f - - 1 I' 
p T / 

and that this ratio approaches to 1/2 fo at T = O. in which fo is the 
extrapolated Iimiting value of f at T = O. (For hydrogen to 0.8 fol . 

11. 

We start from the relation (va lid for temperatures. at which the vapour 
density may be neglected in comparison with the liquid density) for the 
surface tension a: 

a 
a = v2 u. 

Proceedings Royal Acad. Amsterdam. Vol. XXVIII . 
51 
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in which u (compare also Chemisch Weekbl. IS (1918). p. 694 et seq.') 
is a quantity of linear dimensions of the order of magnitude of the mean 
distance between two neighbouring molecules. Hence we may write for u: 

_~(~)1/3 
u- x N ' . 

in which v = M: D is the volume of a gramme~molecule of the liquid 
(M is the molecular weight. D the density) and N the number of mole~ 
cules in a gramme~molecule. In consequence of this 0 becomes: 

_~~ (~)1/3 
0 - X v2 N . 

hence the molecular surface energy f1. = ov213 : 

1 a 1 
f1.=~ ---;; N1/3 . (1) 

At the time (loc. cit. p. 695- 696) we found for the values of x values 
which all lie in the neighbourhood of 7. that is for ordinary sub stances 
and at T = '/2 Th. But it is clear that for other sub stances and at other 
temperatures the value of x will appear to be very different. 

Further 

). = ~(I +8) 
v 

(2) 

holds for the internal latent heat of evaporation. when the vapour density 
may be neglected by the si de of the liquid density; in which equation 
the correction quantity (j refers to the variability of a with the tem~ 

perature 2). and is a small positive quantity for all substances. except 

'. ( 1 Tda) for hydrogen and helium. For H 2 and He the value of 8 -- - 2" a dt 

is negative. because there at lower temperatures a increases with t instead 
of decreasing (see my book .. Die Zustandsgleichung etc .... p. 232-239). 
For T = 0 8 will be = O. because a will na long er vary with t at very 
low temperatures. Hence we have : 

and therefore 

). 
- = x(l +8)N1/3. 
f1. 

(3) 

). : N ).' 
For the second member VAN URK also writes (p. 354) - N 2/ = I ' in 

f1. : 3 f1. 

which ).' and f1.' represent the quantities À and f1. per molecule. 

') See also ibid. lS. 680 (1918) and 16. 3 (1919) . 
2) The variability of a with the volume is neglected . hecause else À would not he = 

a 
- X etc. 
v 
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111. 

Let us now calculate the va lues of À and ft from known formulae. 
From the general relation 

~ dp_ dp 
L - T (V2-V\) dt - TV2 dt . 

when the liquid volume VI may be neglected by the side of the vapour 
volume V2' follows 

_ T dp _ T dp 
L- - d- .pv2- RT· - d- · 

p t P t 

because at lower temperatures also PV2 = RT; so that 

. . . . . (4) 

is found for 

À = L - P (V2 - vd = L - PV2 = L - RT. 

Now from 

log ~ = f (~ - 1 )-

in which f is a slight function of the temperature. follows immediately 
(cf. also Zust.gl.. p. 228 et seq.): 

_ ~ dp __ fTh +(Th - 1) df 
p dt - T2 T dt' 

Hence 

T dp = fTh _ (Th -1) Tdf 
p dt T T dt ' 

df 1 df 
or with T: Tk = mand - = T - . dt h dm' 

T dp=L_ (~_ I) m df = L - (I - m)f:lI' 
p dt m m dm m 

As T : m = Th . (4) becomes therefore: 

À=RTd(f-m)-m(I-m)f~] . .. ... (5) 

Further we have according to the well-known equation of EÖTVÖS : 

. . . (6) 

so that equation (3) passes into 

(1 + 
Ll) _ ~_ R (f- m) - m (I-m) f:, _ l_ 

x 0 - 1 - 1 . N 1/3 • 
ft ffJ -m 

. . . (7) 

in which ffJ generally lies in the neighbourhood of 2. At low tempera-
51* 
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tures the value of x will therefore be chiefly determined by (. which 
value - as we remarked above - will be different for every category 
of subsfances. dependent on the value of the parameter r I). 

IV. 

We will now further reduce the above formuIa . For R we may write 
83.17.106 Ergs / Gr.mol. . while N 1/3= tr' 0.6060 . 1021 = 0.8462 . 108 = 
= 84.62. 106

• sa that R : N '/3 becomes = 1 : 1.0175. 
F or ordinary substances on an average 2.10 is found for cp (benzene 

2.104. CHCl3 2.013. CCI1 2. 105. Ether 2.172. etc.). while on an average 
1.98 is found for argon. nitrogen. and oxygen (argon 2.02. N 2 2.002. 
O 2 1.917). Hence cp (except for H 2 and He) may be put at 2.04. and 
as (1 : 1.0175) : 2.04 = 0.48 = 0,5 . we may write : 

x (1 + &) = 2', = 0.5 (f- m) - m (1 - m) f~ . (7a) 
ft l - m 

in which the factor 0.5 passes into 0.76 for H 2• where cp = 1.294. 

We shall now examine this formula more c10sely for the case 
m = 1/2 (T= I/2T k ) and for m = O(T = O). 

a. m = 1/2, That the formuIa for th is case leads to good results. may 

appear from what follows . 
1. In benzene. a member of the extensive family of the ordinary 

substances. f~ = Th f: lies in the neighbourhood of 562 X (- 0.0038) = -2.1 

for m = 0,5 (80 c.) (See Zust. Gl. p . 222). so that m(1 - m) f~ becomes 

= - 0,5. Consequently the numerator becomes = f - 0.5 + 0.5 = f . and 
therefore 

2' f ïl = 0,5 [5 = f (ordinary sub stances) (8) 

According to the table in Zust.GI. p. 222 the value of f is equal to 
6.8 for m = 1/2, 

If 2 is calculated directly from the vapour pressures 2) - which cal~ 
culation must of course also be made according to (4) or (5). in which 
at higher temperatures P(V2-VI) must be substituted for RT - then 6.7 is 
obtained (see the table in Z .GI. p. 259). The small difference is owing 
to this. that in formuIa (7) cp for benzene is not = 2.04 but = 2.1. so 
that 6.8 will become somewhat smaller. and that besides a slight error 
in r; appears augmented in f~ through multiplication by Th. 

2. For argon (Z.GI. p. 227) the value of f; (extrapolated) is c1early 

I) Compare about this - in extension of what VAN DER WAALS wrote about th is 
already before - my Papers in These Proc. 16 (1914) , p. 808, andZust. Gl.p. 128 et seq . 
and 140 et seq. There the whole development of this important subject will he found. 

2) I have repeated these calculations, and also those with m = 0 in V with the greatest 
accuracy. 
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negative. and greater (negative) than - 0.005. so that C, > 151 X (- 0.005) 
},' 

or > - 0.75. hence m (l - m) f~ greater than - 0.2. Here., becomes 
ft 

therefore > f - 0.5 + 0.2. i.e. > f - 0.3. As according to the table on 

p. 227 loc. cito f > 5.34. ,l.': ft' will certainly be > 5. The direct cal­
culation from the values of ,1. ' given by VAN URK yields for m = 0.5 
the value 5.3 (v. U. p. 357). 

3. According to the table on p. 228 (Z.G!.) f; is positive for hydrogen 
all through. without minimum in the values of f. For m = 1/2 (16°.6 abs.) 
f: is about + 0.043. hence f~ = 33.18 X ibid = + 1.43 .. so that the 
value 0.36 would follow for m(1-m) f~ with m = 0.5. Hence here: 

,1.' _ f-0.86_ 
ft' - 0.76 05- - 1.52 (f-0.86). 

With f = 3.88 at m = 0.5 (Z.G!. p. 228) this gives for ,l.': 11.' the 
value 4.59. The deviation from the law of BOYLE amounting. however. 
to 4% at 17°. this becomes 4.4. 

According to the values of ,1. given by VAN URK (p. 356). ,l.': ft' would 
become = 4.0. This difference repeating itself also for m = O. the values 
of ,l.. given at lower temperatures. or else the formula given for ft. may 
possibly not be entirely correct. 

b. m = o. Formula (7a
) th en passes into 

,1.' 
Xo = ., = 0.5 fo. 

ft 
(9) 

where for hydrogen (see above) the coefficient 0.76 will have to be 
substituted for 0.5. 

For the value of fo we have derived the formula (Z.G!. p. 236) : 

fo = (1'+ 1 r (8 1'- 1) ~ . 
4)' ak 

(10) 

In th is 6- 1 may be written for 81'-1. as h i. e. the value of f at 
the critical temperature. is always = 81'. Further (1' + 1)2: 4)' = 1 for 
nearly all substances [4: 4 = 1 for l' = 1 ; 3.61 : 3.60 - 1 for l' = 0.9; even 
49/ 16: 3 is only little greater than 1 for l' = 0.75]. hence in approximation 

(11 ) 

may be written. 
Only for hydrogen will the fore-factor be somewhat different . 
1. Por ordinary substances (1' = 0.9 to 1) Xo lies. therefore. between 

3.1 to 3.5 times ao : ak. The latter ratio is at least 1.6 (Z.G!. p. 251 and 
p. 255; the values given there are those of al /2: ah not those of ao: ak). 

so that Xo becomes = from 5 to 5.6. For benzene (1' = 0.97) the value 
Xo = 5.3 is found directly by extrapolation from the values of ,1. (Z.G!. p. 259). 
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2. For argon (l' = 0.75). oxygen. and nitrogen (l' = 0.8) thevalue 
Xo= 1/2 X 5 to 5.4 )< 1.5 = from 3.75 to 4. with a :ak= 1.5 and 6 = 6 to 6.4. 
From the values of A the , following va lues are actually found: 3.9 for 
argon. 4.0 for nitrogen and 3.75 for oxygen. These values are. mord~ 
ingly. close to 4. but this is in my opinion to be attributed more to 
purely accidental circumstances than to a theoretica I property. 

3. For in hydrogen everything is again different. Here with l'th , =0.61 
the value of (l' + 1)2 : 4l' = 1,06. hence Xo = 0.76 X 1.06 X 3.88 X 0.9. 
as fk = 8l' = 4.88. and ao: ak = 0.9 or still slightly less. as for hydrogen 
the value' of a below Tk at first remains about constant wh en the tem~ 
perature becomes lower. whereas at lower temperatures it gradually 
decreases. (For Helium ao: ak is already < 0.7 ; see Z.GI. p. 249 and 250). 
Accordingly we find at most Xo = 2.8. From the extrapolated value of 

Ao is found 2.6. which is again somewhat lower (see above). But at any 
rate not 4. 

Recapitulating all this. We get the following survey. in which the 
va lues of A': ft' at T k have been determined from the values of A in the 
neighbourhood of T k given by VAN URK. and as regards benzene. from 
these calculated by me in Z.GI. p. 259. 

T = O T = 1/ 2 Tk T somewhat < Th 

Ordinary substances A' : ft' = 5.3 

Argon etc. 3.9 

Hydrogen 2.8 

7 

5.3 

«) 4.4 

±50 

±30 

±10 

It follows from all this that there can be no question of a general 
limiting value 4 at T = 0 (Compare also the Appendix). 

v. 

Some Experimental Data. 

From the equation of the straight diameter dl + d 2 = do-2l'm. when 
at lower temperatures d2 may be neglected compared with dl. follows 
dl = do-2l'm . or with dl = Vk : V (for dl is the reduced liquid density): 

~=~_2l' m =~ (1-2l' Vo m). 
v Vo Vk Vo Vk 

But Vk: Vo = do. and do = 2 (l + l'). hence: 

~=~(I--l' m). 
v Vo 1+ l' 

[That do = 2 (I + l'). follows immediately from the equation for the 
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straight diameter. which becomes 2dk = do- 2)' for m = 1. hence because 
dk = 1. do will be = 2(1 + 1')]. 

If a were constant. ~ would also be ~=~(1- 1+1' m). but since a 
v v Vo I' 

is always < ao (except for H 2 and He). we get : 

~ =ao (1 - t _ 1' _ m). 
v Vo 1 + I' 

in which t is a factor > 1. except for H 2 and He. where t will be slightly 

< I. And since À = ~ (1 + 8). in which 8 = 0 for m = 0 and positive 
v 

for m > 0 (negative for H 2 and He. see § 2). it follows that with ao = .1.0 : 
Vo 

1~8=ÀO (l- t l ~ l'm} 
or 

À = lo ( 1 - t ' 1 ~ I' m} 
in which t ' will be somewhat smaller than t (for H 2 and He somewhat 
larger). 

a. From the experimental results for benzene (Z.GI. p. 259) follows 
with Tk = 561.6 : 

.1. = 12770-17 T = 12770(1-0.001332 T). 
hence also 

.1.= 12770 (1 - 0.748 m) (in gr. kal. per gr. mol.). 

Now I' = 0.973. hence 1': (1 + 1') = 0.493. so that the value 1.52 is 
found for the factor t'. which corresponds to the variability of a with t. 

For ft holds : 

ft= 2.104 X 561.6(I - m)= 1182(1 - m). 

( À) 7990 . 
so that - = 591 = 13.53 IS found for m = 0.5. 

ft 0.5 

Now ~,= ~ : NI /a (see § 2). so that we must still divide by 84.62. 106 

ft ft 
(see § 4). But in order to reduce Gr. cal. to ergs we must multiply by 
41 .863 . 106 ; hence we must finally divide by 2.0212. Therefore we find 
for benzene : 

(À' ) 13.53 
ft' 'fz= 2.021 = 6.69 = 6.7. 

And for m = 0 (;:)0 will become: 

(l') 12770 
ft' 0= 1182 : 2.021 = 5.34 = 5.3 . 
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b. From the data of VAN URK follows for argon: 

À (per gr.) = 58.06- 0.2655 T = 58.06 (1 - 0.004573 T). 

which becomes with Tk = 150.65 : 

À (per gr. mol.) = 58.06 (1 - 0.689 m) X 39.95. 

With l' = 0.745 we get 1': (1 +r) = 0.427. hence E' = 1.61. 
For f1. may be written: --

f1. = 2.02 (145.44-T) = 293.8 (1-1.036 m). 

For m = 0.5 (about 75°. hence below the triple point at 84°) the 
equation becomes : 

(À') 3~.06 
f1.' 1/

2
= 141.6 X 39.95: 2,021 = 5,31 = 5,3. 

And for m = 0 we find : 

(À') 58,06 
f1.' 0= 293,8 X 39,95: 2.021 = 3,91 = 3.9. 

c. For oxygen we find: 

À (per gr.) = 69.86- 0.269 T = 69.86 (1-0.003856 T). 

which becomes with T k = 154.17: 

À (per gr.mol.) = 69.86 (1 - 0.595 m) X 16. 

With l' = 0.793 1': (1 +1') becomes = 0.442. hence e' = 1.35. 

Further 
f1. = 1.917 (153.77- T) = 294.8 (1-1.003 m). 

Hence we have for m = 0.5 : 

(À') 49.08 
f1.' 1/

2
= 147.0 X 16: 2,021 = 5,29 =5,3. 

And for m = O: 

(
X ) 69.86 
p,' 0= 294,8 X 16: 2,021 = 3.75. 

d. For nitrogen we find: 

À (per gr.) = 72.20 - 0.3857 T = 72,20 (1 - 0.005342 T). 
or with Tk = 125,96: 

À (per gr. mol.) = 72.20 (1 - 0,673 m) X 14.008. 

With l' = 0.813 1': (1 + 1') becomes = 0,448. so that e' = 1.50. 
We find for f1.: -

f1. = 2.002 (124.29 - T) = 248.8 (1 - 1.013 m). 

This yields for m = 0.5 : 

( À') 47.90 
f1.' 112 122,8 X 14.01 : 2.021 = 5.40 =5.4. 
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And with m = 0 : 

( À' ) 72,20 
,/ 0 248.8 X 14.01 : 2,021 = 4.02 = 4,0. 

e. In conclusion hydrogen. Here 

J, (per gr.) = 114.4 - 1,27 T = 114.4 (1 - 0.01110 T). 

With T k = 33.18 this becomes : 

À (per gr. mol.) = 114.4 (1 - 0.3683 m) X 2.0154. 

Further )'th. = 0.6, hence y: (1 + y)= 0.375. through which [.' becomes 
= 0.98 (slight decrease of a wh en t becomes lower). 

For fl is found : 

fl = 1,294 (34.49 - T) = 44.63 (1 - 0.962 m). 

For m = 0.5 we get therefore : 

( J.' ) 93.34 
fl' 1/2 23.16 X 2.0154: 2.0212 = 4.02 = 4.0. 

And with m = 0 : 

( À' ) 114,4 
fl' 0 44.63 X 2.0154: 2.0212 = 2.56 = 2.6. 

And these values for benzene. argon etc. have been mentioned in § 4 
for a comparison with the values. calculated from our formula for À with 
f and fo · 

July 1925. Tavel sur Clarens (Suisse). 

VI. 

Appendix. 

Af ter I had written the foregoing paper. it has appeared to me that 
the quantity x = 1 : u occurring in (1). which at the absolute zero (extra~ 
polated) is about 5 for ordinary substances. 4 for argon etc. . 3 for 
hydrogen. is = 14 for all melted alkali~haloids. 1 shall discuss this more 
at leng th in a paper which will shortly appear in the Zeitschr. f. anorg. 
u. allg. eh. (the third of a series of three papers on the sub stances 
mentioned 1) ). and will give here only the principal results. 

With I : u = x the formula 

1 a 1 
fl - a v2/3 - _ -­- - xv N I/3 

a . 
follows. as we saw in § (formula (1)). from a = 2 u. smce I= (v : N)l /3 . 

v 

In this formula v is the molècular volume M : D. (M = molecular 

1) I in 146. p. 263-280. 11 in 148. p. 235-255. 111 in 149. p . 324-352 (all in 1925). 
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weight. D = density). As the quantity I-t. i.e. the molecular surface-tension 
has an al most linear course from T = 0 to al most T k (the difference 
between the point of intersection of this straight line with the temperature­
axis and the real value of Tk is possibly about 10°. 50 th at the error 
for the said salts will be about 10°: 3000° = 1/ 300), the coefficient of the 
temperature () will be given with great approximation by 

() _ #0 _ _ 1_ ao _1_ . ~ À! ~ 
- T k - Xo Vo N 1/3 • 27 R bk • 

27 
With À = 28' which is the value of this correction quantity in the 

formula for Tk for substances where y is about = 1 (Zustandsgl. p. 140). 
() becomes : 

() _ I 7 ao bk R 
- Xo 2 iJ; bo N I/3' 

or with R = 83.17 . 106 (Ergs). N = 0.6060 . 1024• hence N 1/3 = 0.8462 . 108 = 

= 84.62 . 106• 50 that R : N 1
/3 becomes = I : 1.0175: 

(ordinary substances) 8 > 3.44ao bk • 

Xo ak bo 
(a) 

With Xo > 5. as we have found for ordinary substances, ao : ak = 1.6 
(Zust.gl. p. 250-255). bk : bo = 2y = from 1.8 to 2. we therefore get 
for ordinary substances : 

() = 10.5 = 2.1. 
Xo 

2.1 being also found as mean value I). 
But it follows from xo ·= lo :uo = 5. that uo = lo: 5 = 2/sr,asforordinary 

substances the radius of the molecule r will be about 1/ 2 1 for cu bic 
distribution of the molecules. (For it is known that for these substances 
(v - b): v = m : {. 50 that for m = 1/ 2 (T= 1/ 2 T k ) the value (v-b): v is 
already = 1/2 :7=1 / 14 ' hence (l - r) : I = I/n). For T=O the value ris 
strictly = 1/21. 

Now it appears. however. that not only for ordinary substances. but 
also for the melted alkalihaloids 

(b) 

in which now ris. however. much smaller than 1/21. as for ordinary 
substances. If 10 = 2 r' is written. in which r' would therefore be the 
radius of the molecule if. as for ordinary substances. the elementary cubes 
are entirely filled with the molecule (thought spherical). (a) becomes quite 
generally : 

I) For H2 (with Xo = 2.8. ao: ak = 0.9. bk : bo = 1.2) () would become 
again is in harmony with the value found . 

1.3. which 
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The melted salts are all electrolytically dissociated. The values of !l 

used in practice are. however. calculated from the values determined ex­
perimentally by multiplication (see above) by v2/3 = (M : Dy/J. in which 
the so-called "normal" value is taken for M. i.e. on the supposition that 
th ere is no electrolytic dissociation. (for KCI e.g. = 74.6). But (for total 
dissociation) this is. in facto twice too great. as M should not have been 
taken for the whole molecule. but the mean value 1/2 M for each of the 
ions. In general M has been taken (1 + a)-times too great. hence ft and 
(J both (1 + ay/qimes too great. The above formula must. therefore. still 
be multiplied by (l + ay/J in order to find the "conventional" value of (J. 

(This is. therefore. found too great with dissociation. too small with 
association). In consequence of this we get quite generally : 

(J = 0,7 ao bbk .!, (1 + a)2/J • 

ak 0 r 
(c) 

and this for all cases where Uo = 2/5 r. That the latter is also fulfilled 
with the melted alkalihaloids. as with the ordinary substances. follows 
from this that for the completely dissociated cesium salts (J = 0.8. so 

that. with ao = ak (as a has been found almost independent of the tem­
perature for the great values of the valency attractions; cf. Zustandsgl. 
p . 325). bk : bo = 2 y = 1 (as according to the third paper in the Z . f. anorg. 
Ch. cited the melted sa lts behave as boundary substances. where y = 1) 
and (1 + ay/J = 22

/J = 1.59. is found: 

r 
0.8=0.7 X 1 X 2 X, X 1.6, 

r 

from which follows r: r' = 0.8 : 2.2 = 1 : 2.75 = 1 : 2.8. This latter (see 
bel ow) has actually been found by LORENZ-BoRN I), so that the supposi­
tion Uo = 2/5 rappears to be correct. 

But then Xo = 10 : Uo = 2r' : 2/5 r = 5 (r' : r) assumes also the value 
5 X 2.8 = H. as we al ready stated in the beginning. And this value is 
certainly very far from the "theoretic" value 4. which ought to be 
valid according to VAN URK (loc. cit.). We see clearly from all this. 
that in this and in allied problems a number of other factors play a 
part (as the values of ao : ak. bk : bo• r : r') than one would at first be 
inclined to suppose. 

In passing we may just point out that in case of association (for 

ordinary substan~es) the factor C ;- f3fJ must be substituted in (c) for 

(1 + ay/J. in which f3 is the degree of dissociation of the double molecules. 
Hence f3 is = 0 with complete association. so that then the value must 

I) Cf. R ICHARD LORENZ's excellent book : Raumerfüllung und Ionenbeweglichkeit. p. 
212-257. 
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be multiplied by H f3. i. e. divided by 1.6 - instead of multiplied. as 

with total electrolytic dissociation of the salt molecules. 
With melted electrolytes this electrolytic dissociation would increase 

the value of the (conventional) temperature coefficient (J. but in conse~ 
quence of the fact that ao: ak = 1 instead of 1.6. and particularly in 
consequence of the verg low value of r : r' (2.8 times less than for 
ordinary substances) (J is not found greater. but on the contrary much 
smaller than the normal value 2.1 holding for ordinary substances -
·which latter also en su es from (c) with ao: ak = 1.6. bk : bo = 1.9. r: r' = 
1 and a =0. 

That for the alkalihaloids really 

r' : r = 2.8. . (d) 

appears from what follows . The following va lues are e. g. calculated for 
Vo = M : Do for the kations of the alkalihaloids (the va lues of Do have 
been calculated by me in the first paper in the Z. f. anorg. eh. cited): 

6.94 23.00 39.10 85.45 132.8 
Vo = 0.559 I Ö24 0.904 1.631 2.035' 

or 
Vo = 12.41 22.24 43.25 52.39 65.26 (roughly 1 : 2 : i : 5 : 6). 

resp. for Li. Na. K. Rb. and Cs. Division by N = 0.606.102i yields. 
therefore. for the volume of the elementary cubes: 

hence 

or 

w = 20.48 36.70 71.37 86.45 107.7. 1O- li• 

I= t}/ w= 2.74 3.32 4.15 4.42 

r' = 1/21= 1.37 1.66 2.07 2.21 

4.76.10- 8 • 

2.38.10-8 . 

If now really r' : r = 2.75. the following va lues must be found for r: 
0.498. 0.604. 0.755. 0.804. 0.865. i. e. 

r = 0,50 0,60 0,75 0,80 0,87 . 10- 8 • 

while LORENZ~BoRN (loc. cit.) found: 

r = 0.45 0.51 0.69 0.77 0.83 . 10- 8 • 

adding that these values are all somewhat too smal!. The conformity 
could not be better ; particularly striking is the almost perfect identity 
of the value for Na . i. e. 0.604 found by us. with the value 0.605 cal~ 

culated by LANDÉ (loc. cito p. 251) from the quantum theory for the 
sodium atom. 

If in (c) the values 0.55 (which is found as average value for the 
lithium haloids). 0.68 (Na~salts). 0.74 (id. K). 0.80 (id. Rb) and 0.82 (id. Cs). 
are substituted. it appears that resp. 

(l +aY/3= 1.086 1.314 1.434 1.551 1.590. 
hence 

l +a= 1.13 1.51 1.72 1.93 2.00. 
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so that for the degree of dissociation a of the said salts resp. the values 

a = 0.13 051 0.72 0,93 1.00 

are found. 
Accordingly the melted Li-salts are dissociated only for about I/S ' 

the sodium salts about half. the potassium salts for about 3/4. and the 
rubidium and the cesium salts completely or almost completely. 

By the discussion of the said relations for melted salts (uo = 2/5 r. 
rt 

: r = 2.8 etc.) and by the derivation of the general formula (c) for B 
(about which so far nothing was known). I hope to have been of use 
to some scientists interested in this subject. 

August 1925. 



Chemistry. "An observation on the growth of crystals". By 
P . TERPSTRA. (Communicated by Prof. F. M . JAEGER). 

(Communicated at the meeting of September 26. 1925). 

In his paper .. Wachstum und AuAösung der Kristalle" J. J. P. VALE­
TON I) discusses a . o. the following case: A very little crystal is placed 
in the cent re of a spherical quantity of its slightly supersaturated solution. 
There is a device which cares that the concentration on the surface con­
stantly remains C2 , whereas the concentration very near the growing 
crystal is Cl ' Putting for the radius of the little crystal rl ' for the 
radius of the solution r 2' VALETON finds the concentration in any point: 

This question has its analogy in the discipline of electrostatics, viz. 
in the case of a spherical condenser . If the spheres have radii a and b 
and potentials Va and V b , the potential V in any point between the 
spheres appears to be : 

1 ab a 
V = -7 b - a (Vb - V. ) + V b + b - a (Vb - V a ). 

This analogy suffices to demonstrate that VALETON wrongly endeavours 
to deduce from his formula the so-called .. Kristallisationshof-bildung". 
Just as in the case of the spherical condenser a .. Hof" is out of the 
question, so in the case under discussion this phenomenon cannot appear 
in the neighbourhood of the growing crystal. 

The formula for the velocity of crystal-growing which VALETON 
deduces from his theory is one of great value. A little crystal is supposed 
to be placed in a slightly supersaturated solution, which now, however, 
in contrast with the former case, is stirred thoroughly. Even then, it 
may be assumed that in the very neighbourhood of the crystal th ere is 
a layer of liquid with thickness s , which remains in a state of rest. At 
the surface of the crystal the solution has a concentration Cl' which is 
different at the different faces of the crystaI. but is always a little more 
than the concentration of saturation Co. The velocity of growing G of 
a face of the crystal can be put k (Cl - Co). in which k is a constant 

I) Ztschr. f. Kryst . Bnd. 59. 135 ; 335 Bnd. 60. I. 
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which is characteristic for the crystal-face. Putting the concentration of 
the stirred solution C2• VALETON deduces G = R (C2 - Co). If the lines 
of diffusion are parallel to one another. as very approximately the case 
will be in points which lie opposite the middle-part of a crystal.face. 

D 
k-

s R = ----;D= (D = the constant of diffussion of the solution). 

k + -; 
This formula shows very c1early that the velocity of growing of the 

various crystal-faces and in consequence their relative importance is not 
only a function of the crystal itself. as f. i. in the case of the property 
of c1eavage : the properties of the solution also play a part. 

D 
To demonstrate in which manner the quantities k and - produce the 

s 
factor R of the observed velocity of growing . a graphical method may 
be applied which J. P LATEAU used in his work on two soap-bubbles 
in contact I). We are supposed to be given three right lines intersecting in 

B R' D the point M at angles of óOo. 
·~-:-::---/=:;"<>--+'-"-----5 Now if we choose two points 

" A and B so thatMA=kand 

MB = !2. the line connecting 
s 

the points A and B intersects 
the third line in a point C. so 
that M C = R. The figure 
illustrates that if one of the 

R ' D 
F I quantities k or - is very great ig , , s 

with respect to the other the value of R approacbes to that 
of the latter. The crystal-faces which have their characteristic 
constant k greater than M A have all a R value. which is between 
M C and M D (M D = MB) . So there is a possibility that while the 
characteristic constants k are very different. yet the observed velocities 
of growing differ but little. so that they may cause the formation of 
convex-curved parts in the surface of the crystal. In most cases. however. 
these curved parts have no chance to develop. because they are effaced 
by the faces which grow slowly. In this connection one might think of 
some cases among the minerals and of the explosive cubes which grow 
from a safured solution of ammonium-chloride. to which had been added 
a littIe quantity of Cd C12• These cubes. which are rather strongly 
endowed with the property of double refraction. have planes which are 
very obviously curved . 

In the neighbourhood of the margins of a crystal.face the lines of 

1) J. PLATEAU : StBtique expécimentBle et théorique des liquides (1873) Vol. I pag . 299. 
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diffusion form a convergent system of lines. The formula of the velocity 
of growing takes the form: 

D 
k. E. ­

S 
G = -- D (C2 - Co) in which E > 1. 

k +e-
s 

This means that in the figure with the margin of a crystal-face a 
point B' corresponds. that lies a Iittle farther to the right than B, so 
that the line AB' cuts the third line in a point C. MC heing slightly 

A 
k 

M B g' D greater than MC. the dia-
,..-,-----:"'~=~---s gram shows that in the case 

./ 

R 
Fig . 2. 

of a crystal that grows in a 
throughly stirred solution. 
there may he on the margins 
of a crystal-face a velocity 
of growing which is slightly 
greater than that velocity of 
the central part of that face . 
This increase of the velocity 
of growing will he relative 

D Me' ( MB') small if k is small relative to s whereas MC approaches to E = MB 

D 
if k hecomes great relative to - (cf. Fig. 2). 

s 
Notwithstanding the ahove mentioned effect. the faces which are 

growing slowly have. therefore. the greater chance to remain plane to 
the margin. 



Mathematics. - "On treating Skew Correlation". By Prof. M. J. VAN 

UVEN. (Communicated by Prof. W . KAPTEljN) . 

(Communicated at the meeting of September 26. 1925). 

Biological Statistics - founded by QUETELET and GAL TON - deal with 
sets of similar individuals (for instance: adult men of the same race. 
trees of the same kind in the same wood). In whatever point the 
individuals of such a set may agree with another. yet they are not 
quite equal; for instance: all the trees of the same kind in the same 
wood are not equally thick. Nevertheless the similitude of the indivi­
duais of such a set is typified i.a. by the fact that the amount of such 
a measurable characteristic (leng th of body. thickness of the trunk) varies 
comparatively little among the individuals. at least so little that it is 
reasonable to speak of a typical value. a standard value. round which 
the amounts. found in the different individuals. oscillate. 

The quantity the amount of which is measured in the different indivi­
duais being denoted by x. and the concrete values observed in deter­
minate individuals being expressed by .;,. ';2 •. .. ';n • these ';k are partly 
larger. partly smaller than a certain standard value X, whence the 
deviations Vk = ';k - X turn out to be partly positive. partly negative . 

.The total number N of individuals being large. the determinate value 
';k will appear more than once. say Yk times. This number Yk is called 

n 

the frequency of ';i;. EVidently I Y k = N. 
k= 1 

As a rule the frequency Yk of ';k is stated to be larger according as 
';k differs less from the standard value X. that is to say : according as 
the absolute value of Vk be less. so that Yk and ';k seem to be function­
nally related to each other. In a good many cases this relation is 
stated to be satisfactorily expressed by the GAUSSian exponential law 
of error. viz: Being chosen as standard value the arithmetical mean 

n 

I Yk ';k 

f = 'N of the observed va lues ';k. and being formed the differences 

Uk =';k -.;. the deviations from that mean. then the frequency Yk is 
proportional to e-h2u2k. where h is a constant. the so-called "modulus bf preci-

. " h ' h . d . h h " " - V "2 - 1 / I Yk Uk 2 b sIon . w IC IS connecte WIt t e mean error c- U - V ---~ y 

the well-known relation hcV"Z = 1. 
52 

Proceedings Royal Acad. Amsterdam. Vol. XXVIII. 
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The exponentional law. more precisely expressed. runs: 
The probability W !. that x is found between a and b. is 

b 

W ; = : ;; Je-h2 
(x-1")2 dx. 

a 

In this expression there appear besides the limits a and b two independent 
constants. viz. f and h. So. to construct the law of error. which is 
supposed to agree with a given frequency series, these two constants 
are to be derived from the given quantities ~k. Yk (k = 1;2 ... n) by 
means of the relations 

1 h=-_, 
EV2 N 

Usually the observed ~k form an arithmetic progression. The su c ces­
s i v evalues being ~1.~2 . .. ~n, th en 

~k+I- ~k= C; 

C is called the cl a s s ~ int e r val. 
The values ~k of ten being obtained by estimation. and accordingly being 

rounded results of measuring, the frequency Y k really expresses that it 
C C 

is stated Yk times th at x is found between ~k - 2 and ~k + 2' whence 

the theoretical probability of ~k amounts to 
I: C 
~ k+ 2 

C 

~k-2 

(1) 

For the given frequency series to ag ree exactly with th is exponential 
law of error. the relation 

must appear to hold good. 

Thus by comparing the empirical values of the quotients ~ = yk 

(relative frequencies) with the theoretical values Wk. we can examine 
whether the given frequency series really ag rees or not with the "normal" 
law of frequency. 

We are also able to experiment further on this agreement by tests 
which are the more valuable as they embrace the whole material of 
observations. They are founded on the following considerations: 

1°. Theoretically the mean absolute value of u. viz. I-UI =1] must equal 

V: X E; thus 1]theor. = ~ . E = 0.79788 . . . E. 
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2°. Theoretically the mean third power of u must be zero. or u3 = O. 
3°. Theoretically the mean fourth power of u must equal 3 ei, in other 

words: Ui = 3 e i . 

In order to become independent from the unit. in which x (and so 
u = x - f. and e) is expressed. we form the expressions 

resp. called Skewness and Excess. 
IYk I Uk I . 

Now. for the empirical value of 'YJ : '7omp.= N there bemg found 

1(2 IYk Uk
3 

a value little different fJ;Om V -;; . e and for Somp. = Ne3 and 

I Y k Uk
i 

Eomp . = N ei - 3 very small numbers. these statements suggest the 

idea that the given frequency distribution sub sta n t i a 11 y answers to 
the normal (exponential) law of frequency. and that the remaining small 
discrepancies between yk and Wk may be imputed to accidental 
perturbations. 

In the theory of c 0 r rel a t ion each individual of a statistical manifold~ 
ness is considered with regard to t wo or mor e measurable characteristics : 
x. x' . X " • • • . ; for instance : among adult men of the same race : length of 
body. circumference of the chest. eye distance • ... ; among trees of the 
same kind in the same wood : thickness of the trunk. height. volume of 
the trunk • . . . 

Arranging the observed values of x according to ascending magnitude 
~ I . ~2 . • • ~n (where usually ~k+ 1 - ~k = c is constant). and. equally. the 
observed va lues of x' : el' ~/ 2 ' • • en (where. as a rule. eHI - ~I = c'). 
and so on with regard to the other variables. each individual of the 
manifoldness will then furnish a set ~k. e I . em . • • • The number N of the 
individuals being very large. such a set of concrete measured values will 
occur more than once. say Yk I m. .. times. We shoud then establish a 
functional relation between Ykl m ... on one hand and ~k. ~'I. ~"m • ••• on 
the other. 

By expanding the GAUSSian exponential law of error to more than one 
variabie. BRAVAlS I) established a chance formula . according to which the 
probability Wk/m ... of the set Çk. e l. e m • ••• is proportional to e - {(uk' u'l' u"m' ... l. 

where {(u, u'. Uil . .. . ) == A u2 + Buu' + Cu / 2 + Duu" + EU'U" + FU"2 + .. . 
is a positive definite homogeneous quadratic function of the variables 

I) A . BRAVAlS . .. Analyse rnathérnatique SUf les probabilités des erreUfS de situation d'un 
point" . Paris : Mérnoires présentés par divers savants à I'Acadérnie royale des sciences de 
I1nstitut de France : T . 9 (1846) p . 255. 

52* 
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u = ~ - ~, u' = ~' - I', U H = ~H -1H
, • •• H the coefficients B, D, E, ... 

of the products uu' , uuH
, u' U H, •• • are different from zero, we may then 

conclude that the probability of a certain u, say u', depends on the 
accompanying u, U H • • • ; so the quantities x, X' x H 

• • • mutually affect their 
values, or, in other words, the quantities x , x', x" . . . cannot vary independ­
ently from each other, or, again : there exists a mutual connection, a 
"correlation" between them. 

Thus : among the trees of the same kind in the same wood, the highest 
wilt in the main , also be the thickest and have the largest volume of 
trunk. 

In the present paper we shall exclusively con fine ourselves 
variables, x and x'. In th is case the chance formula ~uns : 

to two 

~k+f ~/,+T 

W ,.,-- h h'V n l )'2 r j' . J e - (/,2u2- 2""/I ' uu '+"'2 u '2) du du' . (2) 
c c' 

X=~k-2. XI=~/ -2 

Taking a determinate value of u' . say U'i. the average concurring 

quantity u appears to be (~)i. = )'~ U'i .. So this a,'erage value is propor­

tional to U 'j, whence ~) i, - I =)' ~ {(i. - r). that is to say: (~) i. is a 
I in e ar function of ~' i . On account of this property in the above case 
the connection is called : I i ne arc 0 r rel a ti 0 n. 

Being Uk = ~ko - [, U ' = (,- f, the probability formula (2) contains, 
besides the class-intervals c and c', which occur in the limits, five con­
stants, viz. the two ave rages "[ {'. the two "moduli" h, h' and the so­
called coefficient of correlat i on y . the last having always its 
absolute value ~ I . 

H y > 0 the correlation is said to be positive. if y < 0 to be negative. 
N ow from (2) follows 

- I - 1 -, Y 
u -E;2- U 2 - IJl- E;12- U ' 2- 1- U U - c:-::-...,...,.-'-:-_= 
,- - - 2h2(I -y2)' ,- - - 2h'2(I -y2)' " - , -2hh'(I - y2) ' 

Hence the five constants mentioned above may be found empirically 
from 

where the sums are taken over k from 1 to n. over 1 from I to n'. 
In order to con trol whether a given two-dimensional frequency scheme 

~ko ~/" Yk/ agrees satisfactorily with the formula (2) or not, we might 
make some tests. e.g. by making use of the following theoretical relations : 

u3 = O. u2 u' = O. U U '2 = 0, U '3 = 0 ; 

ui = 3t:i • u3u' = 3)'ë3t:', u2 u /2 = (1 + 2y2)e2t:'2. UU '3 = 3Yët:'3, 7 1= 3t:'1. 
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where. as above. the notation [(u. u') always expresses the average value 
of [(u. u'). 50 that its empirical value is 

1[( ') I - I Ykl[(Uk. u',) 
U . U emp. - N (3) 

Desiring to get rid of the influence of the units of x and x' (so of 
u and u' and of e and e'). it is preferabie to construct the following 
expressions. which are analogous to the Skewness and the Excess in the 
case of one variabie : 

All these expressions are theoretically equal to zero. 
If their empirical values are very small. one may be convineed that 

the given frequency scheme - apart from accidental perturbations 
corresponds to the two~dimensional exponential chance formula (2). 

We now return for a moment to the frequency distribution with only 
one variabie. 

However of ten the frequency distribution offered by practice may even 
be represented by the normal law of distribution. yet it of ten happens 
that a given frequency distribution shows deviations from the normallaw 
of distribution too striking and too systematic to be considered a normal 
distribution accidentally disturbed. On drawing a diagram of such a 
frequency distribution by plotting an ordinate Yk above each point ~k of 
the x~axis. it is impossible to draw a normal frequency curve through 
the points thus obtained. but a 5 k e w frequency curve can be drawn. 

The investigation of skew frequency curves has already been carried 
on on all sides. Besides the work of the Biometric school of KARL 
PEARSON. which aims at deducing a set of formulae giving account 
numerically for the frequency distributions occurring in practice. no attempts 
have been wanting to explain the 0 r i gin of skew frequency distributions. 
A start has usually been made from the GAuSSian normal law of error. 
Several - among others the Danish astromer T. N . TH IELE 1). the Swedish 
astronomer C. V . L. CHARLIER 2) and the English statistician F. Y . 
EDGEWORTH 3). are especially worth mentioning - in deducing a more 

1) T . N. TH IELE. Theory of observations. London 1903. Ch. & E. Layton . 
2) C. V . L. CHARLIER. Ueber das Fehlergesetz . Arkiv för Matem .. Astr .. och Fysik 

Bd. NO. 8 (1905). Researches into the theory of Probability. Lunds Univ. Arsskrift. N .F. 
Afd. 2. Bd. 1 NO. 5. Lund 1906. 

3) F . Y. EDGEWORTH. The Law of Error. Transactions of the Cambridge Phil. Soc. 
Vol. XX (1908). pp. 36 and 113. 
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general law of error have attached themselves to the methods of 
LAPLACE and POlSSON. broadening the basis of their theory. So the formula 

e-h2u2 (A + Bu3 + Cui + ... ) 
is established. which is derived by several authors. and is ca lied by 
CHARLIER: the law of frequency type A. CHARLIER 1) too has deduced 
quite a different formula (law of frequency type B) starting from the 
POISSON law of distribution. 

It is. however. possible to start from another point of view. Both the 
above mathematician EDGEWORTH 2) and the Dutch astronomer J. C. 
KAPTEYN 3) have pointed to the possibility that the normal law of 
frequency may be maintained in the most general case. provided it be 
granted. that the quantity which is normally distributed is not necessarily 
the äirectly observed quantity x. but rather a function f{x) of this quantity. 
EDGEWORTH admitted . that this function answers to the form f{x) = 
A + Bx + Cx2. On the other hand KAPTEYN. in his first publication: 
.. Skew Frequency Curves in Biology and Statistics" • has adopted the 
form f{x) = (x + ,,)q. The special merits of KAPTEYN are - in my 
opinion - that he derived the normal distribution of a f u n c t ion of 
x from very simple suppositions concerning the growth conditions of 
the x directly observed. viz. by admitting that the elementary increment 
of x depends on the value al ready reached. 

While both EDGEWORTH and KAPTEYN. in tracing the function f{x) 
which is really distributed normally. have confined themselves to a 
concrete type of function. the present writer i) has tried. in the 2nd part 
of KAPTEYN's "Skew Frequency Curves". to determine this function 
without any premised supposition with regard to its analytic structure. 
It was only necessary - in order to make the problem determinate -
to introduce some simplifying suppositions up on finiteness. continuity. etc. 
By modifying some of these suppositions it moreover appeared to be 
pos si bie to account for particular irregularities in several frequency 
distributions 5). 

Sin ce the method of treating s k e w correlation (i. e. non~normal fre~ 
quency schemes of two. or more. varia bles) suggested in the following 
paper will depend on the method of analysing skew frequency curves. 

1) C. V. L. CHARLIER: Die zweite Form des Fehlergesetzes. Arkiv för Matem .• Astron .• 
och Fysik. Bd. 2 NO. 15 (1905). Researches (see above). 

2) F. Y. EDGEWORTH: On the Representation of Statistics by Mathematical Formulae. 
Joumal of the R. Statistical Society. Vo\. 61 (1898) p. 670. Vo\. 62 (1899) p. 125. p.373 
and p. 534. Vo\. 63 (1900) p. 72. . 

3) J. C. KAPTEYN. Skew Frequency Curves in Biology and Statistics. Groningen. 1903. 
Noordhoff. 

i) J. C. KAPTEYN and M. J. VAN UVEN : Skew Frequency Curves in Biology and 
Statistics. 2nd Paper. Groningen. 1916. Noordholf. 

5) M. J. VAN UVEN. Skew Frequency Curves. These Proceedings 19. p. 670. 
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last mentioned. this method will be sketched here in its principal outlines. 
referring the reader for further details to the original paper. 

n 

Given the frequency scheme ~Ic • Yk (I Yk = N). the meaning is. that 
1 

c C 
Yk va lues of x lie between ~k - 2" and ~k + Z. or. putting 

(4) 

between Xk-I and Xk . 
k 

So. with YI + Y2 + .... + Yk = I Yj individuals x lies beneath Xk . 
j= 1 

The theoretica I lower limit Xo ought not to be equal to ~I - f' but 

may be smaller. since the theoretical frequencies may sink beneath the 
empirical minimum value 1. For the same reason the theoretical upper 

limit X n may surpass ~n + ~. 
We next consider a function Z = f(x) normally distributed round the 

mean 0 and u nim 0 d u I a r (i. e. with h = 1). and require that the cor­
responding intervals Xo ~ Xk and Zo = f (xo) ~ Zk = f (Xk) be equally 
probable. 

Besides. we admit - as a simplifying supposition - that the (uni­
modular) variabie Z is a continuous. univalent. ever increasing function of x. 
Then Zo is the theoretical lower limit of the variabie Z normally dis­
tributed. th us zo ' - 00 ; likewise we have Z n = + 00 • So the Zk conjugate 
to Xk is determined by 

k 
IYj Zk 

- YI + Y2 + ... + Yk - j=1 - 1 J - . 2 d - Q ( ) 
Pk - N - N - V; e Z - 1:7 Zk . (5) 

-00 

The values Xo and Xn. conjugate to Zo = - 00 and Zn = + 00 being 
indeterminate. we obtain n - 1 equations Pk = e (Zk) (k= 1. 2 ... n-l). thus 
n-l pairs (XI' ZI)' (X2' Z2) ... (Xn- I • Zn- I) . So n-l values of the function 
z = f(x) are known. 

Representing the pairs (x. z) by the coordinates x. z. the problem. 
translated into geometrical language. runs: to draw a (curve) line through 
n-l points. 

Hence the problerp. proposed is indeterminate in a high degree. N ever­
theless it is possible in a good many cases to draw a simple line (cor­
responding to a simp Ie function Z = f (x)) through these points. 

Then the analytical expression of the curve is a suitable solution of 
the function required. In choosing f (x) we also have particularly in mind 
the obtaining of a simple form for the so-called "reaction function" 

d f(x) 
'YJ = 1 : dx' H. in particular. the n-l points lie in a straight line. we 



may conclude from it that the given frequency distribution is a norm al 
one. So this method furnishes a criterion for the being normal of a 
frequency distribution. 

Likewise the frequeney seheme of a set of two variables of ten shows 
deviationsfrom the ideal distribution (aecording to (2)) so striking. th at 
these deviations eannot reasonably be imputed to accidental perturbations 
of a linear correlation seheme. 

On drawing a spatial diagram of such a non-normal ·two-dimensional 
frequency distribution by plotting above each point (';k. ';/1) of the (x. x/)­
plane a third eoordinate Ykl • it is impossible to lay a normal frequency 
surface through these points. but a "skew surfaee" can be put. 

The spine of the normal frequeney surface having a reetilinear pro­
jection on the (x. x/)-plane. the spine of sueh a skew frequency surface 
has a eurvilinear projection on the (x. x /)-plane. In this case the squares 
of the frequency table which eontain the highest frequencies. lie in a 
eurved row; henee we introduee the denomination "skew eorrelation". 

Investigations on skew correlation are comparatively rare. An important 
one is due to N. R. J0RGENSEN I) . who in his paper .. Unders0gelser 
over Frequensflader of Korrelation ". treats correlation of two variables . 
making use of CHARLlER's two types A and B. 

The aim of this paper is to analyse skew correlation of two variables. 
x and x / aeeording to the principle of EDGEWORTH-KAPTEYN. by reducing 

x .;; .;; 
---- - - --

';1 Yu Y I2 
--------

';2 Y 21 Yn 
--------

------ - -

- - - - ----

';k Y kl Y k2 
---- - - --

-- - - - - - -

I 
';n Y nl Yn2 

.;; 
------

Y ll 

------

Y21 
------

-- - - --

- - ----

Ykl 
- - -- - -

- - -- - -

Y nl 

~~ , 
--

YIn ' 
- -
Y2n, 
--

--

--
Ykn, 
--

- -

y"", 

it to a linear correlation between 
two funetions tand t/. which in 
general may depend on both x 
and x' . 

As we have already pointed 
out. we shall make use of the 
method. which in the case of one 
variabie has given us an idea of 
the funetion z = f (x) normally 
spread. 

We may formulate the data in 
this way: 

Both quantities x and x / are 
observed with eaeh of N indivi­
duals. For x are found n aseend­
ing values: ';1' ';2 • ... .;k ... .;n . for 
x/ n/ aseending values : .;'1' .;'2 •... 
. " .;' [, ... ';/ n'. The combination 

I) N. R. JpRGENSEN. Unders~gelser over Frequensflader og Korrelation. Kpbenhavn, 1916. 
Am. Busck. 
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~k , ~' I is stated Yk l times. These frequencies are c1early summarized by the 
frequency scheme; of the variabie x the ascending va lues are tabulated 
downwards, of the variabie x' the ascending values run to the right. 

Usually the values ~I' ~2"" ~k ... ~n increase by the same interval c 
(so that ~k + 1 = ~k + c), the values e I ' ~' 2' .•. e ... en" by the same 
interval c' (so that ~';+I = ·el + c'). 

By denoting the rounded numbers ~k, ~'I we 

found between ~k ~ ~ and ~k + ~, and that x' 

really mean that x is 
c' 

lies between ~' I - -
2 , 

d ' c an ~ I +Z. 
SO, representing x and x' by rectangular coordinates, the combination 

(~k ,el) indicates, th at the "point" (x, x') lies 
within a rectangle the sides of which are 

x' 
, 

I: C I: + c , 1:' cd' X="k - Z' X=<;k Z' X =<; I -Zan x = 
I I 

C' 
~' I + Z. Hence Yk/ points (x, x') are found within 

this rectangie. Only this proposition must be less 
_;--_______ x_ positive at the extreme limits. 

If D (x, x' ) be the theoretica I probability func­
tion, so that the chance that the point (x, x') lies within the infinitesimal 
domain (~, ~ + dx, e,~' + dx' ) is 

dW = D (~, n dxdx', 

then we have for the frequency Ykl corresponding to the probability 

Ykl 
Ykl = N 

X=={k +f x
l ==4' / + f x==sk +~ x' =;I , +~ 

Ykl = N . Ykl = N ·.r .r D(x,x'). dx.dx'= N J J dW . (6) 

C I_v / c' x=;k - 2 x - ; /-2 

We have now to bring the probability function D (x, x') into a form, 
which corresponds to a positive linear correlation between two u n i­
m 0 d u I a r functions t (x, x') and t' (x, x'); that is t~ say ; to determine 
two functions tand t' in such a way that 

being 

D ( ') - V 1 ~ -(,2-2')',,'+,'2) à (t, t') (7) 
x x - e à ( ' ) n ~x 

à (t , t') 
à (x. x') 

at 
ax 
at 

at' 
àx 

at' 
ax' àx' 

and y the eoe f f i c ie n t of co r r ~ I a t i o· n (0 -=:: y -=:: 1). 
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It is easy to understand. and. moreover. it will appear from the 
following reasoning that the problem. put in full generality. is indeter~ 

minate. 
We can therefore only succeed in solving it by introducing limiting 

(if possible simplifying) conditions. 
We shall next transform the infinitesimal probability 

dW = VR e-(t2-2'Ytt'+t'2) ~((t. tI) . dx. dx'-+ VI=? e-(t2- 2'Yt t'+t'2) dt . dt' 
n u~x n 

into a canonic form. This may be done in several ways: 
JO. Putting 

so that 

a (t. t') 1 
a (z. e) - VI-r 2 ' 

we find 

or. introducing 

ç 

~Je-v2 dv= e(z)=s. J;;-Je-V2 dv = e (e) = a (8) 

- 00 -00 

dW=ds.da . (I) 

2°. Putting 

V 1-1'2 . t' = z' • t - I' t' = C'. 
we obtain 

1 _%'2 _ 1"'2 

dW= - e- (z'2+Ç'2) dz' . de' = e
V

- dz' . eV' de'. 
n n n 

or, introducing 

z' ç' 

J;;-Je-v2 dv = e (z') = s', ~Je-.2 dv = e (e') = a', 
-00 -00 

dW = ds' . da' . . (11) 

3. A third manner suggests itself by introducing tand t' as non~ 
rectangular coordinates. the positive axes of which include an angle 
n-w, m being given by 

cos w=r. · 
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/ 
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~/ 
/ 

4J ~ 

/ 

/ 
I 

/ 

/ 
/ 

/ 

I 

Denoting the radius vector OP of the point (t. t') hy T. we have 

T2 = (l - 2 cos 0) • t t' + t'2 = (l - 2" t t' + t'2. 

The element of area dS. i. e. the elementary parallelogram on dt, dt', 
with included angle n-O). is found to he 

dS = dl . dt' . sin (n-O)) = sin 0) • dt. dt' = V 1-,,2. dt. dt' ; 

whence 
e- r2 

dW= - dS. 
n 

We next pass on to polar coordinates. The polar axis of the argument 
8 may coincide with the hisector of the positive axes (t) and (t'). 

Then from 

n-O) n (0) ) L POQ=8+2 - =I- 1-8 , 

L OPQ=n-O) - L POQ=~-(1+8). 
results 

t t' T 

cos ( 1 + 8 ) cos (1- 8 ) - Sin 0) 

or 

t = -;-~ cos (~+ 8). sm 0) 2 
t' = _._T_ cos (~_()). 

sm 0) 2 
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Inversely from 

, 2l' . w . r sin 8 , 2r w l' cos 8 
t - t = -- sm - sm8 = -- and t + t= -- cos - cos8=- -

sin w 2 w sin w 2 . w 
cos 2" sm 2" 

we derive 

t' - t w t' - t 1 / 1 + r 
tg 8 = t' + t cot 2" = t' + t r 1- r' 

r being found from 

l'2 = t2 - 2r t t' + t' 2. 

At present the element of area comes out at 

dS = r . dr . d8, 
whence 

or, putting 
r 

e- r2 

dW = - r . dr . d8, 
:Tl 

2 fe-V
2 V dv = 1 - e- r2 = ep 

o 

dW = dep. d1p (lIl) 

So we have separated the two-dimensional differential dW in th ree 
different ways into a product of two one-dimensional differentials. 

These th ree products not being equal to each other, the three differ­
entials dW are no more equal. Yet each of them may be used as 
two-dimensional element of the chance W . 

We meet the same state of things in expressing the element of area 
in different systems of coordinates. x, x' being a system of rectangular 
coordinates, r , 8 a system of polar coordinates, we may note for 
the area I increment both dx . dx' and l' . dr . d8 , without being dx . dx' = 
r . dr. d8. 

We shall indicate this equivalency in representing the two-dimensional 
differential in a double integral by ~. Thus dx. dx ' ~ r . dr . d8. The 
meaning of the latter is therefore 

à (x, x ' ) 
à (r . 8) = r. 

So, from 

dW = D (x, x ' ) . dx . dx ' ~ ds . do ~ ds' . do' ~ dep . d1p 

may be concluded 

D ( ' ) _ ~~ (s. a) _ à (s', a' ) 
x , x - a (x, x ') - à (x, x ' ) 

à (ep, 1p) 
à (x. x ' )' 

If the frequency distribution we re known to the minutest details , the 
function D (x; x') would be wholly known in its dependency on x and x'. 
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So the frequeney seheme ean by no means furnish more than the fune­
tion D (x. x'). 

Admitting D (x. x') to be known. the equation 

o (s. a) _ os oa os oa 
o(x,x') -ox' àx'-àx' . ox = D (x. x'). 

allows us still to dispose arbitrarily of one of the funetions s and a 
(save its being limited to the interval between 0 and 1). H. for example. 
s is ehosen . then a derives from the above differential equation; henee 
in determining a. a eertain freedom is still left. 

Having so obtained s and a, the functions z and i; are known too. 
Then we must yet as s u m e a value of y for determining tand t'. 

A similar reasoning may be held eoncerning s' and a'. likewise with 
regard to cp and 'Ijl. An unimodular set t. t' onee being fixed. it is easy 
to derive a whole group of new unimodular sets I . t ' , submitting t. t' 
to the transformation group leaving invariant the form r2 = t2 - 2 y t t' + t'2 
and the areal inerement. 

These transformations. interpreted in the above non-rectangular eoor­
dinates. just are the rotations about the origin. the point P (r. (1) being 
carried to the point 'll (r. 'I~) (19 = (J + T) . 

So we find 

t' r 
--------- ---- - ---- ---

(
w ) - (W )- Sin W cos 2+{) cos 2-{} 

or 

t t' 

eos (1 + (J + l) - cos (-1- (J-- l) 
whence. by eliminating rand (J. 

sin (l + w) sin l , 
t = --- --- t- --- t 

sin w sin w 

, sin l sin (l - w) , 
t = --- t - t 

sin w sin w 

(eos w = y) 

r 

sin w 

(9) 

Thus: the functions t. t' may oeeasionally be transformed by the 
continuous group T having one parameter. Further we may apply the 

(
t = t') refleetion S t ' t étgainst the internal biseetor of L.. (tOt'). Iikewise 

(
t -- t') the refleetion S' t' -t against the external biseetor of L.. (tOt') . 

SS' ('t = - t) tI: f henee also their product t ' -7 which ellects a rotation 0 :Tl 

about O . This rotation being also furnished by a transformation T 
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(with I = n). we may build up all the transformations con si de red out of 
the continuous group Tand the finite (cyclic) group S of order 2. 

In future we shall not make any use of this reflecting transformation. 
which only implies a change of names. 

Thus it has been proved that -- even if the function D (x. x') were 
completely known -- it is impossible to determine the functions tand t' 
without adding new arbitrary data. The question is now to choose these 
data in such a way that the solution should be of some practical value. 

The following example shows clearly that "to establish a linear cor~ 
relation" becomes an indeterminate problem as soon as functions of both 
variables are admitted. 

If between two quantities tand t' there exists linear correlation. with 
the unimodular formula 

dW= ~ 1 ,.2 e-(t2-2r t t'+t'2) dt. dt' • 
n 

then by substituting 

T-T' 
t = V 2-

T + T' 
t' = V 2 dt . dt/~ dT . dT' 

we obtain 

dW= V I ,.2 e- JI2[(T- T')2-2r(T2-T'2)+(T+T')2] dT. dT' = 
n 

= VI=? e- I(I-r)T2+(I+r)T'2)]dT . dT
'
. 

n 

Hence between the new (not unimodular) variables Tand T' there 
exists linear correlation with a coefficient of correlation zero ; that is to 
say: Tand T' are wholly independent. In this case no one will prefer the 
variables Tand T' to tand t'. as the really existing correlation between 
the original varia bles tand t' suggests a dependenee between these 
variables. It is just this property of suggesting a certain dep enden ce 
that makes correlation so important. 

If the original variables x and x ' are not linearly correlated. the 
frequency scheme yet pointing to some dependence. we will firstly try to 
establish a linear correlation between a function t only of x, and a 
function t' only of x'. Should this prove to be impossible. we shall try 
to obtain at least one variabIe t (resp. t' ) depending on only one vari~ 
able x (resp. x ' ). If this attempt also fails. we shall try to introduce one 
function t (resp. t') which varies but little by the influence of x' (resp. x). 
and, at the same time, to obtain a correlation as "large as possible. since 
just a high degree of correlation in interpretation will give interesting 
results. Moreover it will appear from the following reasoning that. 
though we have found two functions of x and x' linearly correlated. we 
shall yet continue our investigations in order to obtain functions giving 
more palpable results in biological interpretation ; at the same time we 
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shall be mindful of raising - as far as circumstances allow - the degree 
of correlation (measured by the value of the coefficient of correlation). 

In discussing the canon ic forms we have taken this point of view that 
D (x. x') is fully known as function of x and x'. But in reality it is not 
so. The real data are several values of the integral 

Thus we shall have to resort to these integral-values. 
As we always have to operate with the class-l i mi t s. we shall intro­

duce them into the notation. So we put 

C 
~k + T=xk . 

, c' , 
~, +T=x1 (10) 

hence 
C 

~k -T=Xk-l, 
I , c ' 

~I-T=XI-I 

It will be easy furtheron to designate the class-c ent r e s ~k • ~' 1 by 
broken indices. So we put at the same time 

(1 Û") 

c 
The lower limit Xo (resp. x' 0) need not coincide with ~1 - T' 

(resp. ~' 1 - ~). nor the upper limit X n (resp. x' n') with ~n + ~ . 

(resp. e'n' + ~} 
Hence 

Xk xii 

J J D(x,x/).dx.dx' = ~ 
""k-I """_I 

In order to arrive at an exponential function of the form e-(t2-2r tt'+t'2) -

starting from this rectangular integral -. we shall next examine the 
case of linear correlation. 



Chemistry. - .. Equilibria in systems in which phases. separated by a 
semipermeable membrane." XI. By F. A. H. SCHREINEMAKERS. 

(Communicated at the meeting of September 26. 1925). 

Systems in which a substance different to water diffuses 
through the membrane. 

Although the preceding considerations are valid generally. also when 
substance different to water is diffusing through the membrane. yet we 
shall consider a single case more in detail. Firstly we take the osmotic 
equilibrium 

(1) 

of two liquids; we shall represent the composition of LI by xIX+YI Y ... 
. : . + (l-xl - YI .... ) W. that of L 2 by substituting the index 1 by 2. 
If water (W) is the diffusing substance. then. when c5n quantities of 
water diffuse from L 2 towards LI' the thermodynamical potentialof LI 
increases with : 

(IP I)W, c5n in which (IP I)W = (, - x ~~ - y ~~ . .. }. 

that of L2 decreases with: 

(1P2)W , dn in which (1P2)W = (, - x ~~ - y ~~ ... \ 
and that of the total system increases. therefore. with: 

[(IPI)W - (1P2)W] . c5n (2) 

IE the component X is (he diffusing substance. then. when dn quanti~ 
ties of X diffuse from L 2 towards LI' the thermodynamical potentialof 
LI increases with : 

[ 0' 0' ] (IPI)X . dn in which (IPI)X = ,+ (1 - x) ox - y oy . .. I 

that of L2 decreases with: 

[ 0' 0' ] (1P2)X, dn in which (1P2)X = ,+ (I-x) ox - y oy ' .. 2' 

50 that the thermodynamical potentialof the total system increases with : 

[(IPI)X - (1P2)X ] . dn (3) 
If other components diffuse. corresponding equations are valid then. 

of course. 
Previously we have seen that (2) deflnes in which direction the water 

diffuses in system (1) ; viz. tbe water goes towards that liquid which has 
the smallest lP. For that reason we have said that (IPI)wand (1P2)W deAne 
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the osmotic water-attraction (0. W .A.) of the liquids LI and L 2 and that 
the O . W.A . increases with decreasing T . The same is also true for the 
osmose of the substance X. 

If viz. (~I)X = (tp2)X then (3) is zero for all values of (~n; consequently 
system (I) is in osmotic equilibrium with respect to the substance X ; 
we may say. therefore. that the O.X.A. (osmotic X-attraction) of both 
liquids is equal. 

If (lJ)dx > (T2)x then. as the thermodynamical potentialof the total 
system can become only smaller. J n in (3) must be negative; consequently 
X diffuses from LI towards L2 • We may say. therefore. that the O.X.A . 
of liquid L 2 is greater than that of LI' 

If (tp l)X< (/f'2)X then in (3) () n must be taken positive ; consequently X 
diffuses from L2 towards LI ' Now we may say. therefore. that the O.X.A . 
of liquid LI is greater than that of L 2• 

Consequently. as the substance X diffuses towards that liquid. which 
has the smallest T. we may say. therefore. that tp defines the O.X.A. 
of the liquid and that the O.X .A . of a liquid increases with decreasing cp. 

If in the osmotic equilibrium: 

J 

E = L JLI ' (4) 

in which Land LI are two ternary substances. the component Y is the 
diffusing substance. then must be satisfied: 

C_ x OC + (I - y) ~f= [t;_xOC + (1 - y) OC] ox oy ox oy I 
(5) 

lf we take in (4) a definite liquid for LI f.i. Lp . represented in fig. 1 
by point p . th en the second part of (5) has a definite value. The liquids 
L. which are isotonic with Lp with respect to the substance Y. are 
represented. therefore, by a curve PI P P2 going through the point p . 
Consequently this curve is an iso tonic curve with respect to the diffusing 
substance Y; therefore. all liquids of those curves have the same O. Y.A. 
(osmotic Y-attraction). We shall call the isotonic curves with respect to 
the substance W the "isotonic W-curves" and those with respect to the 
substance Y the " isotonic Y-curves". 

If we take in (4) for LI the liquid Lq . represented by point q (fig. I), 
then all liquids which are isotonic with Lq with respect to Y. are re­
presented by a curve ql q q2' All liquids of th is curve have the same 
O . Y .A . therefore. 

The same is true for the isotonic Y-curves. which go through other 
points f.i. through r or s. 

Consequently all liquids of curve PI P P2 are isotonic with respect to 
the substance Y ; the same is true for all liquids of curve ql q q2' 

etc. Liquids of different curves are not isotonic. however. f.i. liquid 
p not with q or with rl or with S 2 etc. 

53 
Proceedings Roayl Acad . Amsterdam . Vol. XXVIII . 
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In Communication 11 we have deduced several properties of the 
isotonic W~curves; they are true 
also for the isotonic Y~curves. 

Consequently we have: 
I . Each isotonic Y~curve hás 

two ends; the one is situated on 
the side WY. the other on the 
side XY of the triangle. 

_ ' j . 2. Each straight line. drawn 
......... " (JI/ 

, ..... ," .. • .. • ~.z, through the point Y. intersects the 
..... _,..---. 'Zo' Y I ... - - - -- 1/1. isotonic ~curve in one point on y. 

- -;:'- ... - 1. - - - - ~V 3. Two different isotonic curves 
1\ never can intersect or touch one 

Fig . I. another. 
4. The isotonic Y~curves are straight lines in the vicinity of the 

point Y. 
5. The O. Y. A. is equal in all liquids of an isotonic Y~curve; it is 

greater. however. the further th is curve is remoted from point Y. 
We have deduced the properties of the isotonic W~curves in Com~ 

munication 11 with the aid of the '~surface; in exactly the same way 
follow the properties of the iso tonic Y~curves. mentioned above. Of 
course they may be deduced also in another way. The O. Y. A. of a 
liquid Lq is viz. defined by : 

cp= [ , - x ~: + (I - y) ~~l. . (6) 

The O. Y. A. of a liquid L~. the composition of which differs infinitely 
little from that of Lq is. therefore 

I àcp àcp 
cp = cp + 6.cp = cp + àx 6.x + ày 6.y (7) 

or: 
6.cp = [- ex + (l-y) s]q 6.x + [- sx + (l-y) t]q 6.y (8) 

Of all liquids L~ which differ infinitely little from L q we now take 
that liquid which arises from L q by solution of a little Y. If ~n quanti~ 
ties of Y dissolve in one quantity of Lq. then we have: 

. _ x.~n _ _(I-y).~n_ 
6.x- - 1 + ~n - - x . àn 6.y - 1 + ~n - (I-y). dn (9) 

so that (8) passes into: 

6.cp = [x2e - 2x (I-y) s + (l_y)2 t] . ~n (10) 

The stability requires th at the coefficient of bn is positive; conse~ 
quently 6.cp is also positive for positive · values of ~n. With solution of 
Y in the liquid L q the cp of this liquid increases therefore and its O. Y.A. 
decreases. 

In a similar way we may deduce the general rule: 
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if a little of a substance dissolve!) in a liquid. th en its osmotic attrac­
tion with respect to this sub stance becomes smaller. 

As is al ready said above. this rule is true. however. only for stabie 
liquids. Later we shall see in systems. in which dimixtion into two or 
more liquids can occur. that this rule is valid no more for liquids. which 
are unstable. in itself. 

Hence follows. in accordance with the Tule. mentioned above sub 5. 
that the O. Y. A. of liquids of curve ql q q2 is greater than that of curve 
rl r r2 and smaller than that of curve PI P P2' Consequently the O. Y. A. 
increases in the direction of the arrows. drawn in fig. Ion the sides 
YWand YX. 

We now assume that the diffusing substance Y can OCCUf as solid 
phase; its saturation-curve is represented in fig. 1 bij a bed. Consequently 
this is defined by 

(11) 

in which i;y represents the thermodynamical potentialof the solid sub .. 
stance Y. As the O. Y. A. of an arbitrary liquid Lq is defined by (6). it 
follows from (11) that all liquids of curve a bed have the same O. Y.A. 
This is in accordance with the rule. deduced in Communication 11. 

All liquids. which are saturated with asolid sub stance. are isotonic 
with respect to this substance. 

The saturation-curve abc d in fig. lis an isotonic V-curve therefore; 
the isotonic V-curves. in the vicinity of curve abc d. must have. there­
fore. a corresponding form. 

Consequently the isotonic curves can have several forms. just as the 
saturation-curves. Let us take f.L the saturation-curve wc d v of the solid 
substance Y in fig . 3 Comm. 111. We can represent the equilibria which 
occur at 4°5 in the system water + alcohol + nitril of succinic acid I) 
schematically by this figure. if W is water. X alcohol and Y the nitril 
of succinic acid. The isotonic curves of nitril of succinic acid will have in 
the vicinity of curve w cd v a similar form with two points of inflexion. 

Above we have seen that the O. Y. A. of the liquids of an isotonic 
V-curve is greater. the further those curves are remoted from the point 
Y. We now see from fig. 1 that an unsaturated solution has a greater 
O. Y. A. and a supersaturated sol ut ion has a smaller O. Y.A. than a 
solution saturated with Y. This is in accordance with the meaning of: 
saturated. unsaturated and supersaturated solution. 

We now take the osmotic system: 

I 
Lp ~ Lr fig. 1 (12) 

I) F. A. H. SCHREINEMAKERS. Zeitschr. f. Phys. Chem. 27. 144 (1898) . 

53* 
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in which. as according to fig. 1. Lp ·has a greater O. Y. A. than Ln the 
substance Y shall diffuse in the direction of the arrow. Consequently in 
fig. 1 Lp shifts from point p along the Hne p Y towards Y and Lr from 
point r along the Hne Yr away from Y. The diffusion of the substance 
Y continues. till both liquids reach a same isotonic Y-curve f.i. curve 

ql qq2· 
In the osmotic system : 

(I 3) 

the substance Y diffuses in the direction of the arrow. as follows from 
fig. 1. Now is formed one of the osmotic equilibria : 

E= L~ I L~ 
I 

If viz. a sufficient quantity of soHd Y is present. th en Lp of (13) 
passes into the saturated liquid Lb of (14a

); if in (13) there is too little 
solid Y. th en arise the two unsaturated liquids of (14 b); if both liquids 
are situated f.i. on the isotonic curve rl r r2 then L' p is represented by 
the point of intersection of this curve with the Hne p Y and L' c by the 
point of intersection of this curve with the Hne Yc. 

Consequently the disappearance of the solid substance Y from (13) 
when passing into (14b) is here a consequence of the diffusion of the 
substance Y itself and not. as we have seen several times in the previous 
communications. a consequence of diffusion of water. 

If we assume that the solid substance Y forms a hydrate H. th en we 
may represent the saturation-curve of H by· curve wcdv of fig. 1 
Communication IV. The dotted curves of this figure are iso tonic W­
curves. We have called in this Communication IV point w the finishing­
point of this curve rich in water and point v the point po or in water. 
Then we have found the rule : 

The O. W .A. of a liquid of a saturation-curve of a hydrate is greater. 
the further this Iiquid is remoted from the finishing-point of this curve 
rich in water. 

Consequently the O. W .A . of the liquids must increase in the direction 
of the arrows along this curve. We may call point w the finishing-point 
of curve wcdv po or in Yand point v the point rich in Y. Then we 
find the rule : 

the O . Y.A . ~f the liquids of a saturation-curve of a hydrate of Y is 
greater according this liquid being situated further from the finishing­
point of this curve rich in Y. 

Consequently we have to give the opposite direction to the arrows 
in fig. 1. Comm. IV. 

Of course the isotonic Y-curves have quite another proceeding than 
the isotonic W-curves. drawn in the figure; we have to imagine the 
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points m n and o. which we shall call now m) n) and 0). to be situated 
on the side Y X. Then point 0) is situated the closest to Y. point m) 

the farthest from Y. Drawing this curve we must bear in mind the rule. 
already previously deduced: 

an isotonic curve and a saturation~curve are situated in the vicinity 
of their point of intersection either both within the conjugation~angle 
or both within the supplement~angle; if one of those curves touches the 
one leg of the angle, then the other curve touches the other leg. 

In point e of fig. 1 Comm. IV the conjugation~angle is H c Y; the 
saturation~curve is situated out of th is angle. consequently within the 
supplement~angle ; the isotonic Y~curve going through point emust. 
therefore. be situated also within this angle. If we imagine to be drawn 
from Y to curve wed v a tangent. which touches this curve in point r 
(not drawn) then H r Y is the conjugation~angle . As the saturation~curve 
touches the leg r Y. the isotonic curve must touch. therefore. the leg rH. 

In the osmotic system: 

I Lb r- Ld fig . 1 Comm. IV . (15) 

Lb has a greater O. Y.A . than Ld ; consequently the substance Y dif~ 
fuses in the direction of the arrow in (15). Therefore liquid Lb shall 
separate solid Hand pass into another liquid of the saturation-curve. 
f. i. into Le. Then liquid Ld passes into an unsaturated liquid L'd. which 
is represented by the point of intersection of the line Y d with the isoto~ 
nic Y~curve n ' en) going through point e. Consequently system (15) passes 
into the osmotic equilibrium: 

I ' V E = H + Le I Ld fig. 1 Comm. I . (16) 

The complex of the liquids Lb and Ld of (15) is represented by a 
point s on the line b d. not~drawn in the figure. As the quantities of 
the substances in the total system do not change by the diffusion. the 
complex of system (16) must be represented also by this point s. The 
complex H + Le is represented by a point on the line He. which we 
shall call c'; liquid L'd is situated in the point of intersection d' (not­
drawn) of line Y d and the isotonic Y~curve going through e. Conse~ 
quently the line c' d' must go through the point s. 

In the osmotic system: 

I 
Lb r- Lr fig. 1 Comm. IV . (17) 

the substance Y diffuses from Lr towards Lb. as Lb has a greater O. Y.A. 
than Lr . Both liquids now pass with separation of the hydrate H into 
a liquid of curve wed v situated between band f If the complex of 
the two liquids in (17) is situated f.i. on the line Hd. then (17) passes into : 

fig. 1 Comm. IV . ( 18) 
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The directly visible result of the diffusion in system (17) is. therefore. 
that the hydrate H is separated on both sides of the membrane; in 
system (15) this hydrate is separated at one side of the membrane only. 

All we have deduced above. if H is hydrate of Y. viz. a compound 
of Y and W. is true also wh en Y forms a binary compound with the 
component X; th en the point H is situated on the side Y X of this 
figure. 

If Y forms with water and X a ternary compound D. then we can 
represent the saturation-curve of D by curve w bvd w of fig . 2 Com­
munication IV; the dottecl curves in this figure are the isotonic W-curves. 
The line W D intersects the saturation-curve in the points wand v; 

they divide this curve into two branches; we have called w the finishing­
point of those branches rich in water and v the point poor in water. 
Previously we have deduced: 

the O. W. A. of a liquid of th is saturation-curve is greater. the further 
it is remoted from the finishing-point rich in water. 

Consequently the O. W. A. increases along both branches in the 
direction of the arrows. 

We now imagine in this figure to be drawn the line YD. which 
intersects the saturation-curve in two points; these points of intersection 
di vide this curve into two branches. We call the point of intersection. 
which is situated the closest to Y the finishing-point of those branches. 
rich in Y. the other the point poor in Y. We now find the rule: 

the O. Y. A. of a liquid of the saturation-curve is greater. the further 
it is remoted from the finishing-point rich in Y . 

We may consider fig . 2 of this communication as special case of fig. 2 
in Comm. IV; here point D is situated on the side W X and is. th ere­
fore. a hydrate of the substance X. The line YD divides the saturation­

Fig . 2. 

curve a dg into the two 
branches a d and . g d; 
point d is the finishing­
point rich in Y. Conse­
quently the O. Y. A. must 
increase from d towards 
a and from d towards g ; 
therefore. in the direction 
of the arrows. The dot­
ted curves are iso tonic 
Y-curves ; consequently 
band f have the same 
O. Y .A .. they are isptonic. 
therefore. with respect 
to the substance Y; the 
same is true for the 
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liquids c and e. The isotonic Y~curve, going through point d, touches 
the saturation~curve in this point d. The conjugation~angle in point c is 
DeY; the saturation~curve and the iso tonic Y~curve are situated in the 
vicinity of c within this conjugation~angle; this is also the case in the 
points b, e and f. If the saturation~curve has such a form, that we may 
draw from Y a line, which touches this curve irr a point r, then the 
isotonic Y~curve, going through r, must touch the line rD. 

In the osmotic system : 

(19) 

Lr has a greater O . Y.A. than Lh; consequently, as is indicated in (19) 
by the arrow, the substance Y diffuses from Lh towards Lr . It now 
depends on the ratio of the two liquids in (19), which osmotic equili~ 
brium will be formed at last; f. i. the equilibrium: 

I ' E = D + Le I Lr fig . 2 . (20) 

may arise; then L'r is the liquid, represented by the point of intersection 
of the line Yf with the isotonic Y~curve, going through point e. There~ 
fore, a result of the diffusion of the substance y, visible at the moment, 
is, that a hydrate of the substance X is separated at one side of the 
membrane; at first sight the substance X might seem to be diffusing, 
instead of the substance Y. 

As special case of fig . 2 we may assume that point D coincides with 
W or X. If D coincides with X, th en of curve a dg only the branch 
a d remains, point d of which is situated now on the side XY; the 
O. Y. A . then also increases in the direction of the arrows, viz. from d • towards a . Then, however, the isotonic Y~curve going through point d, 
touches no more the saturation~curve in d. If D coincides with W then 
of ad g only remains the branch dg, point d of which is situated now 
on the side W y , dg now represents the solutions, which are in equi~ 
librium with ice. Then the O . Y. A . of those solutions, saturated with ice, 
increases also in the direction of the arrows, viz. from d towards g. 

We may easily summarise the rules deduced in this and previous 
communications for the change of the osmotic attraction of the liquids 
of a saturation~curve. We take the saturation~curve of an arbitrary sub~ 
stance V (component or compound); we caU N the diffusing substance. 
The line NV intersects the saturation~curve of V in one or two points; 
in both cases one of the points of intersection is situated between Vand 
N; we caU this the "point rich in N" of the saturation~curve. We now 
can say: 

the O.N.A. (osmotic N~attraction) of a liquid of a saturation~curve is 
greater, the more this liquid is situated further from the point of this 
curve, rich in N . 

In the special case, that the solid substance, with which the liquids 
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of the saturation~curve are in equilibrium. is the diffusing substance itself. 
the line NV does not exist and consequently there is no point on the 
saturation-curve rich in N. Then the former rule passes into: 

all liquids of the saturation~curve of a substance N have the same 
O.N.A. 

IE we apply this rule to the saturation~curve w v of the substance Y 
n the figs . 1. 2 and 3 of Communication lIl. then we find: 

the O . W. A. increases along curve w v from w towards v. 
O.x.A. v w. 
O . Y. A. is the same for all liquids of curve w v. 

For the saturation~curve wcdv of the hydrate H in fig . 1 of Com~ 
munication IV foUows : 

the O.W. A . increases along curve w v from w towards v. 
O.Y.A. v w. 

O.X. A. s wand from 
s towards v. if s is the point of intersection of this curve with the line HX. 

For the saturation~curve ad g of the hydrate D in fig. 2 of this com~ 
munication we find: 

the O . W . A . increases along this curve from a towards g . 
O.X.A. g a. 
O. Y. A. d a and from 

d towards g . 
In the figs . 1- 4 of Communication V the arrows in di ca te the direction 

in which the O. W . A . increases along the different saturation~curves; of 
course this is otherwise for the O.X.A . and O. Y.A. of those liquids. 

We find for fig . 1 of Communication V: 
the O. Y. A. is constant along ~urve ac and increases on curve eb 

from c towards b. 
IE we imagine viz. curve b c to be prolongated up to a point s on 

the side X Y. th en s is the point of this curve rich in Y; the O. Y . A .. 
therefore. must increase along this curve from s towards b. consequently 
also from c towards b. 

For fig . 2 of Communication V we find : 
the O. Y. A. decreases from a towards d. rests constant d to c and 

increases c to b. 
For figs . 3 and 4 of Communication V follows: 
the O . Y. A . is constant from a to c and increases along the curves 

cd and d b from c to b. 
We now may draw easily in those diagrams schematically the isotonic 

Y~curves ; in the vicinity of the side W X their shape comes near to 
straight lines; in the vicinity of the saturation~curve of Y they get 
corresponding forms as this saturation~curve. 

(To be continued.) 



Physiology. - "On the Segmentation of Skeletal Musc/es in the Frog. 
(Rana esculenta)" . By Dr. S. OE BOER. (Communicated by 
Dr. C. U. ARIËNS KAPPERS). 

(Communicated at the meeting of October 31. 1925). 

The question whether the flbres of skeletal muscles receive innervation 
from one or from different segments is a matter which has of late years 
engaged the attention of several investigators. On the basis of his histo­
logical researches AaouHR I) came to the conclusion that in one and the 
same flbre of a skeletal muscIe endplates of KÜHNE can be found, which 
are connected with nerve flbres arising from different segments. BERITOFF 2), 
and also CATTELL and STILES 3) arrived at the same conclusion af ter 
their physiological experiments, SAMOJLOFF 1), however, basing on the 
results of his experiments, was induced to think that every separate 
muscIe flbre is innervated only from one anterior root. In a previous 
publication I gave an extensive summary of the literature on this subject 5), 
so that the above brief indications may suffice here. 

The present writer studied this problem flrst in the M. gastrocnemius 
of the frog. I injected subcutaneously some drops of averatrin solution 
into frogs and af ter the muscles had been poisoned I st,imulated rhythmic­
ally one of the two innervating spinal nerves, until the veratrin curve 
had disappeared and twitches arose. Af ter this an induction shock, 
administered to the other root, produced invariably a complete veratrin 
curve. If then this second root was stimulated rhythmically, until af ter 
every stimulus a twitch arose, the veratrin effect recovered itself on 
stimulation of the flrst root. That the endplates in the muscIe are not 
the cause of the disappearance of the veratrin-effect af ter rhythmical 
stimulation of the nerve, was proved by the fact that direct stimulation of 
the muscIe also produced twitches. It became evident from these experi­
ments that the two spinal nerves innervate different parts of the M. 
gastrocnemious. A second series of experiments yielded the same result. 
I fatigued the M . gastrocnemius by applying rhythmical induction-shocks 
to the one root. Subsequent stimulation of the other root produced 
curves without signs of fatigue. (This was known before and CATTELL, 

I) AGDUHR. Anat. Anz. 49. p. I. 1916 ; 52. p. 273. 1919. 
2) BERITOFF. Ztschr. f. Biol. 78. p. 231. 1923; PHüger's Arch. 205. pp. 455 and 458.1924. 
3) CATTELL and STILES. Amer. Journ. Physiol. 69. p. 645. 1924. 
1) SAMOJLOFF. PHüger's Arch . 204. p. 691. 1924. 
5) S. DE BOER. The double innervation of the M. gastrocnemius. The Journ. of Physiol. 

Vol. 60 p. 215. 1925 and Verslag van de vergadering van de Amsterdamsche Neurologen 
Vereeniging op Donderdag I act. 1925. 
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and STILES supposed the explanation to be that on rhythmical stimula­
tion the conductability of KÜHNE'S endplates decreases. According to these 
investigators most muscIe fibres contained KÜHNE's endplates, which were 
connected with the nerve fibres of the 8th and the 9th spinal segments). 
When af ter this the second root was again stimulated rhythmically 
until fatigue reappeared, the effect of the stimulation of the first root 
had meanwhile been considerably restored. It is seen th en that during 
the rhythmical stimulation of the one root the fatigue recovers itself 
that had been previously provoked af ter rhythmical stimulation of the 
other root. 

These two series of experiments have established distinctly, that in 
the gastrocnemius of the frog two parts of the muscIe are Iying side by 
side, each of them being innervated by one spinal nerve. However, 
some room was still left for the possibility that some of the muscle­
fibres might be innervated from both segments. To make su re about this 
I registered the monophasic action-currents. To this end I first stimulated 
the two spinal nerves separately and af ter this the N. ischiadicus. It 
thereby appeared that af ter the stimulation of the N . ischiadicus the 
action-current curve was always equal to the sum of the two action­
current curves obtained by stimulating the two spinal nerves separately 1). 
This proved that none of the muscIe fibres of the M. gastrocnemius 
receives a double innervation. Now it can be imagined that muscIe 
fibres. innervated by the 8th and the 9th spinal nerves are intertwined 
in the muscIe or that the gastrocnemius consists of two groups Iying side 
by side. so that the muscIe ·tibres of the one porti on are not intertwined 
with those of the other portion. 

This question I have set at rest. I severed the three or two spinal 
nerves which innervate the M. gastrocnemius. close to the spinal 
column; th en I prepared out the N. ischiadicus together with the M . 
gastrocnemius and I suspended the muscIe freely on the femur. IE then 
the 8th spinal nerve was faradized, the muscIe bent towards the ventral 
side 2); if. however. the 9 th spinal nerve was faradized. the muscIe con­
tracted rather in a vertical direction or it curved dorsad. Fig. 1 illustrates 
this result. In some cases (once in about 15 frogs) stimulation of the 
7th spin al nerve also produced a contraction of the M. gastrocnemius. 
These cases always showed af ter stimulation of the 7th spinal nerve a 
curving of the gastrocnemius towards the ventral side. Af ter stimulation 
of the 8th spinal nerve the curvature was much less pronounced. or the 
direction was more vertical ; af ter a stimulus had been applied to the 
9th spinal nerve the muscIe pointed dorsad. or it contracted rather in a 

1) Communicated on the 4th Tagung der Deutschen Pharmacol. Ges. Rostock von 
13-15 August 1925, The Americ. Journ. of Physiol. Vol. 75. 1925 and Ned. Tijdsch. 
v. Geneesk. H Nov. 1925. 

2) By the ventral side of the muscIe is meant the upper surface of the muscle, the frog 
Iying on its back ; the under-surface is then the dorsal side. 
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vertical direction. Once in the course of my experiments a contraction 
of the M . gastrocnemius occurred af ter stimulation of the lOth spinal nerve. 
In this case the muscle pointed dorsad during the stimulation of the 
1 ath spinal nerve; af ter stimulating the 9tb spinal nerve it was directed 
vertically and af ter stimulation of the 8th spinal nerve it curved ventral. 
(See fig . 5). 

Th B. 

These experiments demonstrated that the fibres of the M. gastrocne~ 
mius. which are innervated by different spinal nerves. do not fall together 
but are arranged in groups. In order to ascertain this I slit the M . 
gastrocnemius lengthwise starting from the Achillestendon. and attached 
each part to a lever. Fig. 2 illustrates the result of this experiment. At 

D __ 

V--i 
I 

2~=r. I I 

FJ~ .2 

8 a faradic current was applied to the 8th spinal nerve. af ter which the 
ventral part contracted. while the dorsal part did not. At 9 the 9tb spinal 
nerve was stimulated with the consequence that the dOJ;sal part exhibits 
a marked contraction and the ventral part also contracts. but less than 
af ter the stimulation administered to the 8tb spin al nerve. Sa in this 
muscle the dorsal part contained fibres that were innervated only by 
the 9th spinal nerve. They have been isolated for the major part in the 
dorsal porti on of the muscle. while all the muscle fibres innervated by 
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the 8 th spinal nerve are located in the ventral portion. in which there 
is also a small number of the muscle fibres innervated by the 9 th spinal 
nerve. This experiment will be all the more successful the nearer the 
slit is made to the dorsal side so that the ventral portion is larger than 
the dorsal. H. on the contrary the slit is applied nearer to the ventral 
side of the muscle. so that the dorsal part is larger than the ventral. 
the muscle fibres innervated by the 8th spinal nerve can be partially 
isolated. This is instanced in Fig. 3. At 9 the 9th spinal nerve received 
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a stimulation and contraction of the dorsal part ensued: at 8 the 8th 

spinal nerve was stimulated. which resulted in a contraction of both 
portions. It follows then that in this way we can isolate at will a part of 
the 8th or the 9th spinal muscular segment. 1 always found the 8 th muscular 
segment on the ventral-. and the 9th on the dorsal side of the muscle I) . 

These experiments. then. show conclusively that the muscle fibres of 
the M . gastrocnemius. innervated by the two spinal nerves are not 
intertwined. as they revealed to us a ventral group of muscle fibres 
innervated by the 8th spinal nerve. and a dorsal group th at receives 
innervation from the 9th spinal nerve. 

The èxperiments in which also the 7th spinal nerve innervates the M. 
gastrocnemius. are also of interest. as is instanced in Fig. 4. The slit 
was applied from the Archillestendon upwards through about the middle 
of the muscle. At 7 the 7th spinal nerve was faradized. A contraction 
of the ventral part ensued. while the dorsal part remained inactive. At 
8 the 8th spinal nerve was stimulated. Now both parts of the muscle 
contract. At 9 the 9th spinal nerve was faradized and now arises a con­
traction of the dorsal part. whereas the ventral portion remains inactive. 
It will be seen. then. that in this preparation the muscle fibres innervated 
by the 7th spinal nerve are all lying in the ventral part. and those that 
are innervated by the 9 th spinal nerve in the dorsal portion. 

Both parts contain muscIe fibres innervated by the 8th spin al nerve. 

I) When speaking of spinal segments of the muscle I mean that portion of it which 
is located in the M . gastrocnemius. Other portions of the same myotome are Iying in 
other muscles. 
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So we see that the 7th spinal muscular segment has taken the place of 
the 8th . The result derived from these curves stands quite in harmony 
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with what I observed at the freely suspended muscIe in those cases in 
which Th 7. Band 9 innervates part of the M . gastrocnemius. Here. 
indeed . we saw the same morphological changes of the M . gastrocne­
mi us af ter stimulation of Th 7. viz. a curvature towards the ventral 
side. that I observed af ter stimulation of the Bth spinal nerve only in 
those cases. where the 7th spinal nerve does not participate in the innerva­
tion of the M. gastrocnemius. In one experiment I found that the 
Bth . the 9th and the 1 Qth spinal nerves innervate the M . gastrocnemius. 
The curves are given in Fig. 5. They show that on stimulating the 

D 
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Bth spinal nerve only the ventral part contracts. on stimulating the 
9th spinal nerve both parts. and only the dorsal part af ter stimulation 
of the 1 Qth spinal nerve. One question still requires further consideration. 
We know fromsegmental anatomy and above all from the work of 
BOLK 1) and SHERRINGTON 1) that the dermatomes on an extremity 

1) See complete literature by G. VAN RIJNBERK. Versuch einer Segmentalanatomie. 
Ergebn. d . Physiol. Bd. 18. S . 353. 1908. 
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are liable to shift in a caudal or cranial direction. according as the 
extremity has developed itself at the cranial or the caudal side. By a 
new me'thod I have determined 1) all the dermatomes of an extremity of 
one and the same animal (cat). and thereby could establish the shifting 
of all the dermatomes. The extremity is then. as SHERRINGTON calls it. 
"prefixed" or "postfixed". Now the present investigation has brought to 
light that also the myotomes can shift in a cranial or a caudal direction. 
The 7th spinal segment can be substituted for the 8 th and conversely the 
10th can replace the 9th • This shifting may amount to half a segment. 
or a quarter of it. or less. In all cases. in which the 7th or the 10th spinal 
nerve innervates the M . gastrocnemius I found in the frog only uni~ 
lateral shifting. It is clear. therefore. that shifting is not of necessity 
bilateral. Accordingly the position of the 8th spinal segment in the M . 
gastrocnemius. is not always the same and may display variations. It 
follows that the curving may be different af ter the stimulation of the 
8 th spinal nerve. and consequently lt is clear that the myotome~parts in 
a muscle always present the same sequence. and can shift without 
disturbing th is arrangement. Up to the present this had not yet been 
established. On ce more I wish to emphasize the fact that we have to 
do here with fragments of myotomes. Other parts of it are lying in 
the other muscles. 

D. 

v 

The above~mentioned experiments with longitudinal incisions in the 
M . gastrocnemius were also carried out with the M. Tibialis anticus 
longus. I cut the greater part of this muscle loose from its environment. 
and made a longitudinal incision down the middle between the one terminal 
tendon and the other. Thus the muscle was split up into a ventral~. and 
a dorsal part. The M . Tibialis anticus long us is innervated by the 8 tb 

and the 9th spinal nerves or by the 7th, the 8 th• and the 9 tb• An instance 
of the first case is given in Fig. 6. Here we see that the stimulation 
of the 9 tb induces a contraction of the dorsal part. whereas the ventral 
part remains inactive. On stimulating Th 8 the dorsal part contracts 

1) S. DE BOER. These Proceedings 18. p. 1133 and 19. p. 321. 
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slightly whereas the ventral part contracts considerably. Just as in the 
case of the M. gastrocnemius also here the ventral part of the muscle 
is innervated by Th 8. and the dorsal part by Th 9. 

However. here also Th 7 can partake of the innervation. as appears 
from Fig. 7. On stimulating Th 7 there arose a contraction of the 

D~ __ ~~-----------
~.bE(y. 
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ventral part and on stimulating Th 8 a marked contraction of the ventral 
and the dorsal part ensued. whereas stimulation of Th 9 yielded a small 
contraction of the dorsal part. It will be seen. then. that also in the M. 
tibialis anticus longus the myotome fragments can shift without disturbing 
the serial arrangement. so that Th 7 takes the place of Th 8. Hence 
these relations appear to be similar to those established by us for the 
M . gastrocnemius. 

Also in this muscle there are no muscle fibres which receive a double 
innervation. I demonstrated this by means of the string galvanometer 
and found that the monophasic action-current curve. obtained af ter 
stimulation of Th 8 added to the one produced by stimulating Th 9. 
was equal to the action-current curve obtained by stimulating the 
N. ischiadicus. Just as in the present experiments with the gastrocnemius. 
I used also here only muscle preparations that we re innervated exclu­
sively by Th 8 and Th 9. 

Next I continued my experiments with the M. rectus femoris and the 
M. gracilis major. In the muscle I made longitudinal incisions af ter I 
had cut loose the lower portion from its environment. and thus I split 
up the muscles into a medial and a lateral part. Next I stimulated the 
8th and the 9th spinal nerves and registered the contractions of the medial 
and the lateral part on a smoked drum. It hereby appeared that the 
medial part of these muscles is innervated by the 8th spinal nerve and 
the lateral part by the 9th • In both muscles it will be necessary to ascertain 
by means of the string galvanometer whether in these muscles part of 
the muscle receives innervation from both spinal nerves. 
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By the methods worked out by me heretofore I purpose to prosecute 
my e.xperiments also with other muscles. while at the same time I shall 
endeavour to collect data also from other animals. 

The above results do not entitie me to draw conclusions for other 
muscles. as it may very well be possible that fibres of muscles with an 
intenser function possess a plurisegmental innervation. In a previous 
investigation I could establish. that the skin areas with a more intensive 
function are innervated from more segments than cutaneous areas with 
a less intense function I). Thus I could establish that the "overlap" of 
the dermatomes is more marked on the ventral side than on the dorsal 
side of the body. This tallies with the stronger function of the skin on 
the ventral side and with the smaller sensory circles of WEBER in situ 
on the ventral than on the dorsal side. In previous publications I) these 
relations we re dwelt up on at length. Therefore we have also to consider 
the possibility that muscles with a more intensive function may possess 
fibres with a plurisegmental innervation. In this direction I shall proceed 
with my investigations. 

When we stimulate one of the two innervating anterior roots of the 
freely suspended gastrocnemius. it will depend on the position of the 
segmental parts of the muscIe concerned how much the muscIe inclines 
towards the ventral side or whether it wiJl point in a dorsal or in a 
vertical direction. H the B th muscular segment is located along the ven­
tral border. then a typical and pronounced curving will appear vent rad 
af ter stimulation of the 8th spinal nerve. H. on the contrary. this 
muscular segment extends dorsad. the curving will be less pronounced 
af ter stimulation of the 8th spinal nerve. The frequent morphological 
change in the various gastrocnemii implies that the position of the muscular 
segment is not stationary but vacillating. 

The fact th at the ventral or medial side of the muscles (gastrocnemius. 
tibialis anticus longus. rectus femoris . M. gracilis maior) receive inner­
vation from more cranial parts of the central nervous system than the 
dorsal side. is perfectly in keeping with the experience of Prof. BOLK 2). 
This investigator found for the upper leg and the lower leg that "the 
medial muscles in these groups originate from the more proximal (higher) 
segments. and the lateral muscles from the more dorsal (lower) ones". 

My own investigation showed th at this pronouncement applies not 
only to the entire muscIe but also to parts of it . 

I) See S. DE BOER. These Proceedings 18. 1915. p. 1133 and 19. 1916. p. 321. Ned. 
Tijdschr. v. Geneesk. Jaargang 1916. II and Psychiatrische en Neuro!. Bladen 1918. 
(Feestbundel WINKLER) . 

2) L. BOLK, De Segmentale Innervatie van romp en ledematen bij den mensch, Haarlem, 
F . Bohn 1910. 



Zoology. - "On the Thyroid Glands and on the Phylogeny of the 
Perennibranchiate and Derotremous Salamanders" . By Prof. 
J. VERSLUYS. 

(Communicated at the meeting of June 27. 1925). 

In the latest decennia it has become more and more evident that 
hormon es are highly instrumental to the growth of the animal body, and 
to the development of several of its chief qualities. But then it is most 
likely that some of the modifications the animals underwent during their 
phylogenesis, we re associated with changes in the product ion of the 
hormones. The factors that brought about the evolution of animals need 
not have affected the structure of the organs in a direct way only ; this 
may have occurred also indirectly through their influence upon the organs 
that form the hormones and upon the production of hormones. So the ra te 
of development, which may be of great importance for the acclimatization 
and consequently for the propagation of a species, is at least sometimes 
under the con trol of the hormone-forming organs. Hereby a new point of 
view was brought forward for the study of evolution. It is of special 
importance that the production of hormones depends on the climate and 
probably also on the food ; changes of climate or food can through the 
agency of hormon es modify the structure and the psychical proper ties of 
an anima!. Wh en in course of time the modifications increase, they can 
be ei th er deleterious, immaterial. or useful to the anima I ; consequently 
they can be conducive to the propagation or the extinction of the species. 
Perhaps in this way, an explanation can be given of the occurence of 
some useless proper ties or of such properties as are even noxious on 
account of their exorbitancy (DENDY 1911) . 

Not a few investigators have already pointed out the probable 
significance of hormones for evolution. e.g. C UN NI NG HAM (1908, 1921) , 
BOU RN E (1911) , D ENDY (1911. 1923) , TANDLE R (1913) , MAC BRIDE 
(1914 , 1917) , NOPCSA (1917, 1923) , KEITH (1919) , HART (1920) , BOLK 
( 1921 A , 1921 B, 1922) and GRAHAM KERR (1924). For Man this problem 
derives additiona l interest from BOLK'S conception that the modified 
hormone-production played an important part in the descent of Man 
from Primates, and from KEITH 'S theory that the differentation of Man 
into racial types is associated abo~e all with a different production of 
hormones. It will. therefore, be undoubtedly of great importance to test 
these conceptions of the part played by hormones in phylogeny. 

The first question we have to answer is whether any modifications in 
the hormone- forming organs can be found that are correlated with 

54 
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evolution. As far as I am aware. there is only one example of it on 
record. viz. that given by NOPcSA (1917). This scientist pointed to the 
fact that among the fossil Dinosaurs there exists a parallelism between 
an excessively enlarged groove for the hypophysis in the base of the 
skull (which imp lies an abnormally large hypophysis) and the gigantism 
of many of these animaIs. some of which are the largest of all land­
animals. He compares this gigantism with the well-known pathological 
overgrowth in Man. designated by the name of acromegalia. This disease 
is very probably a direct consequence of an aHection of the hypophysis. 
which is thereby enlarged and imparts an unusual amount of hormone to 
the body. It is notorious that the hormone of the hypophysis stimulates 
the growth. Hence NOPCSA correlates the gigantism of the Dinosaurs 
with an anomalous hypertrophy of their hypophysis. 

However the assumption of such a correlation between evolution and 
hormone-producing organs requires additional evidence. the more so as 
NOPCSA's example concerns fossil-forms. of which we cannot examine the 
hormone-producing organ itself; we know only the groove in which it 
laid. and which' it need not have filled up entirely. Now I believe to have 
found an additional case in the thyroid of the Urodela. lts hormone is 
largely instrumental in the metamorphosis of these ariimals. as was first 
demonstrated by GUDERNATSCH (I912A. 1912B. only for Progs) and 
corroborated by a nu mb er of researchers (e.g. by HERINGA. 1922. 1924 
and notably for Salamanders 'by JENSEN. 1916. HART. 1917. WINTREBERT. 
1908. UHLENHUTH. 1921 . 1922. HUXLEY and HOGBEN. 1922. and SWINGLE. 
1923. 1924). 

The administration of thyroid hormone calls forth the metamorphosis 
even in very young larvae. whereas withholding it through extirpation 
of the thyroid body prevents the metamorphosis. Now. in a number of 
Urodeles. in the perennibranchiate and the derotremous Salamanders, the 

metamorphosis is either compIeteIy suppressed or does not attain 
completion. so that the development of the anima Is comes to a standstilI in 
metamorphosis: they are neotenous. It appears that in all these forms the 
thyroid deviates more or less from the normal 1). Some reports in the 
literature point in this direction. So SCHMIDT. GODDARD and VAN DER 
HOEVEN (1862. fig. 3. see page 32) give a picture of a surprisingly large 
thyroid of the Giant Salamander M ega lob a tra c h u s m a x i mus; 
the authors add the following remark : "These glands are an assemblage 
of blind folliculi. measuring 1-2 mm .. which are filled with a colloid mass. 
On the whole these glands reminded us of diseased glandulae thyreoideae 
in Man with incipient colloid degeneration" 2) BOLAU (1899) found in a 
specimen of the Giant Salamander. of the length of 132 cm .. very large 
thyroids 6 cm. in length and 1 Y2 cm. in breadth. It is also of interest that 

1) Por the structure of the normal thyroid gland in non-neotenous Salamanders see 
BOLAU 1899. LIVINI 1902. THOMPSON 1911 : and for Rana AOLER 1916. 

2) Translated from the duteh. 
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VON EBNER (1877) has described a neotenous specimen of Tri ton 
cri sta t u s 13 cm. long, of which the thyroids we re excessively enlarged, 
measuring on either side: length 5, breadth 5, thickness 2Y2 mm., while the 
normal dimensions of the thyroid in this animal. in individuals of the same 
bodylength, are about long 1 Y2 te:) 2, broad % to 1, thick Y2 mmo We 
see th en that the thyroids of VON EBNER'S larva are about 70 times 
the normal size. In every respect this animal possessed the structure of a 
larva with external gills, but it was sexually mature, and of the size of a 
full-grown anima!. This gives reason to assume that there is i iJ. this case 
a correlation of neotony with the hypertrophied thyroids (VON EBNER, 
of course, did not think of this). Neotenous specimens of normal Sala­
mander-species, especially Tri ton s are not rare, but EBNER'S case is 
the only one in which some information is given on the thyroid. Presum­
ably it is not so anomalous in other neotenous Tri ton s, otherwise this 
would have been noticed before (see MAREES VAN SWINDEREN 1925). 

Opposed to these reports that point to enlarged thyroids in neotenous 
Salamander-forms are some others mentioning very small dimensions of 
these glands. So for insta nee the thyroid of the perennibranchiate 
Salamander Pro t e u s is described by LEYDIG in 1863 as an extremely 
smalI, unpaired, median organ, made up of 15 to only 3 follicles of 0.12-
0.15 mmo diameter (however, he has not found the paired thyroid, also 
present). And concerning the perennibranchiate form Typ h lom 0 I 9 e 
Rat h bun i miss EMERSON reports that she could not find a thyroid in a 
series of sections. A detailed investigation has proved that here, indeed, 
the thyroids are very .rudimentary and are even lacking in some indivi­
duals. A normally functioning thyroid is not present here (UHLENHUTH, 
1923; SWINGLE, 1922). 

The present writer examined a number of specimens of perennibran­
chiate and derotremous Salamanders for the size and the structure of 
their thyroid glands, and compared with them the thyroids of a number 
of normal Salamanders and of a few Axolotls, i.e. neotenous individuals 
of A m b 1 y s tom a m e x i c a num. We had some difficulty in procuring 
the necessary material. and the conservation also feIl short. Only one 
individual of Sir e n was at my disposal. Typ h lom 0 I gel was not 
in a position to examine, but this is entirely made up for by UHLENHUTH'S 
paper (1923). However, the results of my inquiry seemed sufficiently 
complete to justify their publication. Already in 1923 a short preliminary 
communication on my researches was published. 

In the first place 1 examined the size of the thyroids in relation to the 
body-volume. In a number of specimens of various forms I measured the 
lenght, the breadth and the thickness of the thyroid which was most often 
paired, occasionally with accessory thyroids; by multiplying these numbers 
and adding up the separate va lues of the two glands 1 obtained a number 
ex pressing the amount of thyroid-tissue present. This number I divided 
by the volume of the animal ; the quotient constituted the index by which 

54* 
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forms could be intercompared, that furnished a standard . to judge of the 
relative size of the thyroid glands. 

It goes without saying that this index varies rather much individually 
for normal Salamanders, with nutritive conditions, with outward circum­
stances ; the amount of colloid 1) present in the thyroid is also of great 
importance. In my limited material I could not establish a great influence of 
the age of the animals. In order to get some idea of the normal relation of 
the size of the thyroids to that of the body in typical Salamanders. that is 
a norm al index , I added up the indices of 3 specimens of Tri ton 
cri sta t u s, 2 of Tri ton t a e n i a t u s and '4 of S a I a man dra 
ma c u los a , and divided the sum bij the number of specimens, 9. The 
normal index thus obtained is 0.00016921 2) . 

In this connection it should be remembered that the nature of the 
colloid present in the follicles influences the contraction of the thyroid 
when conserved in alcohol. Generally the thyroid contains a colloid so 
consistent as to contract little in alcohol. and to fill up the follicles 
almost entirely ; but sometimes the thyroids in the preparations contain 
very little colloid, presumably because the colloid was Ie ss consistent 
and has contracted considerably in alcohol. Such is the case with the 
specimens D and C of M ega lob a tra c h u s, with A m p h i u ma B 
and with Sir e n, and here the thyroid has probably contracted more in 
alcohol than could possibly be the case with a normal consistence of the 
colloid. In life the thyroids of these specimens were probably larger than 
is expressed by the indices. 

The text-figures A and B represent the thyroids of some of the forms 
examined ; figure B, in which all the heads have been reduced to the same 
length, gives a good idea of the marked differences in the size of the 
thyroids. 

For a number of neotenous forms and for some specimens of A m b I y­
s tom a I found the indices given in the table page 833. 

When surveying this table we see that in some of the neotenous forms the 
thyroids are enlarged, in others more or less reduced, and that these 
differences do not occur in a d isorderly way : a hypertrophy of the 
thyroid is found in all specimens of Derometremata examined and in 
Sir en ; a reduction is observed in all the other Perennibranchiates. This 
is very evident in Pro t e u s and according to UHLENHUTH also in 
Typ h lom 0 I 9 e. In these two forms the thyroids are not only very 

1) On the difference in the si ze of the thyroids in Ra nat e m por a r i a from various 
regions, see ADLER, 1916. 

2) The indices were for Tri ton cri sta t us : spec. A, long 125 mm., 0.0003947 ; spec. 
C, long 128 mm., 0.000109 ; spec. B, long 148 mm., 0.000 1688; for Tri ton t a e n­
i a t us : spec. B, long 86 mm., 0.0001732 ; spec. D, long 85 mm., 0.0002142 ; for S a I a­
m a n dra ma c u los a : spec. B, long 166 mm., 0.00017; spec. A, long 168 mm., 0.0001213; 
spec. C. long 161 mm., 0.0000931 ; spec. D. long lil mm .. 0.0000786. Specimen A of 
Tri ton cri sta t u s exceeds the normal. 
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Indices of the Thyroid Glands in some neotenous Urodela and in an 
Amblystoma tigrium, adult. 

Spedes 
Length Body volume Index Size of the Thyroitls 

mm cm3 

Necturus spec. C 168 21 0.000107 about 2iJ normal 

" 
spec . A .255 83 0.000189 normal 

" i peC. B i08 552 0.000065 2/5 normal 

Proteus spec. A 150 5 0 .000025 1/ 6 normal 

" 
spec. B 215 15 0 .000028 1/ 6 normal 

" 
spec. C 2iO 20 0.000012 1!t4 normal 

Siren spec. A SB 297 0.000i69 ± 3 X normal 

Megalobatrachus 
maximus spec. A 175 28 0 .0003i2 2 X normal 

" spec. B 380 260 0.000785 nearly 5 X normaal 

" spec. D 600 2880 0.000433 rat her more than 21 h X normal 

" 
spec . C 790 iiOO 0.000231 nearly Ph X norm al 

Cryptobranchus 
a lieg han iensis spec.B 250 65 0.000343 rat her more than 2 X normal 

Amphiuma spec. B 550 162 0.000355 .. " " 2Xnormal 

" spec. A 710 380 0.000326 " " " 2 X normal 

Amblystoma 
larve (Axolotl) spec. D 186 50 0.00121 " " " 7 X normal 

" spec. C 23i 63 0 .0005i 3 X normal 

Amblystom a 
tigrinum spec . A 230 iO 0.0003i3 2 X normal 

smal!, but they also display an aberration in their development. Whereas 
the normal Urodela have a paired thyroid (see fig . A , 5) , a third, more 
forward , median, unpaired thyroid is present in Typ h lom 0 I g e as 
described bij UHLENHUTH. Most often one of the three thyroids is lacking , 
sometimes no thyroid could be detected at all. In Pro t e u s I found 
a similar condition, only the reduction is less marked, and I could always find 
thyroids, though in two specimens one of the paired thyroids was absent 
(fig. A4) , once on the left, and once on the right. I find the follicle­
epithelium in Pr 0 t e u s distinctly fIattened, which is suggestive 
of a feebIe function. In N e c t u rus the reduction of the thyroid is much 
less pronounced. but the follicles are very large. their mean diameter being 
twice that in the normal adult Salamanders (I compared S a I a man dra 
m a c u los a and 0 n y c h 0 d act y I u s jap 0 n i c us) . so their volume 
is 8 times larger. It follows. then. th at the surface of the follicle epithelium 
in N e c t u rus must be proportionately smaller than in normal Salaman-
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___ Thyroid 

I. Me gal 0 bat r ach u s m a x i mus (spec. 0). 

2. Nee t u rus m a c u 1 a t u s 
(spec. B) . 

3. S i re n 
(spec. A). 

Text-figure A. 

i. Pro t e u s 5. S a 1 a man dra 
(spec. B). maculosa (spec. 0) 

Thyroids of some Urodeles in situ. All figures 213 nat. size. 

n·· A I • • 

1"11' ~ 

Text-figure B. 
The same flgures as in fig . A. but all reduced to the same length. 
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ders; the considerable amount of colloid in the follicles has caused the 
thyroid to expand, but its productive surface is smaller than normal (about 
half). So we find in three forms of the perennibranchiate Salamanders a 
thyroid that is reduced and there is hypofunction. The reduction of the 
thyroid is most pronounced in Pro t e u s and Typ h lom 0 I g e, which 
also display the greatest anomaly, the more pronounced secondary 
adaptations, in their bodystructure. In N e c t u rus the reduction of the 
thyroids is much less, while their histological structure is still normaI. with a 
slightly flattened cubic epithelium of the follicle wall; th is form in its body 
structlll\' deviates little or not at all from a normal larva of Urodeles. 

Quite different is the transformation of the thyroids in the Derotremes 
and the Perennibranchiate Siren (in so far as we may form an estimate 
of the relations in the latter form from one individual). The thyroids are 
not reduced, but enlarged, as a rule two or th ree times. This is also the 
case, when only a small part of the follicles in the alcohol-material is 
WIed with colloid, so that the thyroids are contracted more than is the 
case with a normal consistence of the colloid (see page 832) . Indeed, in 
some of the specimens examined the dimensions of the follicles are larger 
than in normal Salamanders, but at the same time the consequent 
diminution of the secreting surface is mostly more or less compensated by 
a folding of the follicle-wall (in a very marked degree in A m p h i u m a, 
spec. B; see fig. 3, plate) or by the irregular shape of the follicles (as in 
Am p h i u m a A, fig. 4 , plate). In ot her specimens, i.a. in 
Me g a lob at r ach u s, spec. A , 175 mmo long, (which has almost 
entirely lost the external gills, except a few remains, but which still has an 
open gill-slit) the follicles are smaller than normally, so that the secernent 
surface is still more enlarged than would follow from the hypertrophy of 
the whole thyroid. In Sir e n the follicles appear to be as large as in 
normal Salamanders. It is, however, of special importance that in the 
Detotremes and Sir e n I invariably found the follicle-epithelium highly 
cylindrical (fig. 8, 9, plate) , for this points to hyperfunction. The 
occasional formation of papillae by the epithelium (fig. 9) also points in 
this direction. The figures given us by the Derotremes bear some resembl­
ance to those of the human thyroid in BAS EDOW's disease, in struma 
parenchymatosa, which is also attended with a hyperfunction of the 
thyroid (see KOCHER 1912, BREITNER 1924) ; there we often meet with 
cylindrical epithelium, with papillae-growth and hypertrophied follicles of 
very irregular shape with folded wa 11 , like the preparation of A mp h i u ma 
spec. B., represented by fig. 3. 

The thyroid of the Derotremata and of Sir e n apparently functions 
vigorously. In this process we must assume the product to be supplied to 

the body 1); anyhow the follicles only exceptionally con ta in colloid of 

I) The colloid is probably not identical with the thyroid hormone which. however. Is 
decidedly present in the colloid. 
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more viscous consistence. which displays the typical breaking up in 
columns in the preparations of alcohol material (e.g. in a specimen of 
M ega lob a tra c h u s. of which Mr. DE FREMERY fumished the 
material (see plate fig. 5). Most of ten the follicles in the preparations are 
for the greater part empty. just as with struma parenchymatosa. This 
strikes us all tlie more. when we compare the thyroid of the Axolotl. This 
is pretty much enlarged (see table p. 833). chiefly in consequence of an 
accumulation of colloid. through which the follicles are considerably 
distended and their epithelium is completely flattened (fig. 6. 10. plate) . 
Here the colloid is detained in the thyroid and in consequence the function 
of the epithelium decreases as is evident from the intense flattening. It 
can be concluded from the non-appearance of the metamorphosis that 
there is a hypofunction though the thyroids are enlarged. a condition 
which. if it should become pathologicaI. would he comparable to colloid 
goitre (VON EBNER's larva with its 70 times enlarged thyroids. shows 
that goitre is possible also in Urodeles.) 

It follows from the above observations that the thyroid of the 
perennibranchiate and the derotremous Salamanders is developed 
abnormally and that two types are to be distinguished : 

a. The reduced to rudimentary type with hypofunction of the perenni­
branchiate Salamanders Ne c t u rus. Pro t e u s and Typ h lom 0 I 9 e. 

b. The enlarged type with hyperfunction of the derotremous Salamanders 
and of the perennibranchiate 5 i ren. 

With regard to the second type. however. the question may be asked 
whether the secretion of the thyroid contains sufficient normal hormone. 
whether there is perhaps a dysfunction. It would seem to me that 
dysfunction is no less probable than an overproduction of normal hormone. 
I am led to think so in virtue of the interesting researches hy ADLER 
(1916) . In his cultures of larvae of Rana temporaria first at a 

high temperature (30°-32° c.). and then at low temperature (8°-1 oe ) 
he obtained numerous larvae that did not metamorphose or were late and 
tardy in doing so. The thyroid of these larvae appeared to be 
hypertrophied. grew strongly and exhibited in preparations the typical 
aspect of a Basedow-thyroid; the form of the foIIicles is irregular. many 
new foIIicles are formed. the follicle-epithelium is cylindrical; the colloid 
in the follicles shows less and less affinity to stains. and grows less and less 
viscous. 50 it is clear that the thyroid functions vigorously; the non­
appearance or the retardation of the metamorphosis cannot be due to a 
feebie functioning of the thyroid. it must be ascrihed to the quality of the 
product. which is insufficient. As the thyroid of the derotremous 
Salamanders and of 5 i ren reveals a similar transformation and the 
very tardy metamorphosis implies a lack of hormone. there is some reason 
to assume a dysfunction also here. 

Now. in this connection it is of paramount significance that. just as 
th ere are two types of transformation of the thyroid. there are also two 
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types of neoteny among the permanently neotenous forms of the Urodeles 
(VERSLUYS 1909, 1912, 1923) and th at these two coincide. 

Nee t u rus, Pro t e u s and Typ h lom 0 I 9 e are completely in 
the developmental stage of an Urodele-Iarva, just before the meta­
morphosis. They correspond in their structure with Axolotls and the not 
unfrequent neotenous, perennibranchiate specimens of Tri ton and other 
Salamanders. Like these they must have originated suddenly, because 
rhe metamorphosis stayed away, yet the animals became sexually mature 
and could propagate. That this neoteny is hereditary, we know from the 
A x 0 lot I lmd has been demonstrated by DE FREMERY and VAl\ 
SWINDEREN for a neotenous race of Tri ton ta e n i a tu s (DE 
FREMERY 1924; VAN SWINOEREN 1925). The neoteny of Me gal 0 b a­
t r ach u s, C r y p tob r anc h u s, A m p h i u m a, Sir e n, and the 
related P s e u d 0 bra n c h u showever is a quite different one; these 
animals do not make a halt before the metamorphosis; they commence it, 
indeed, but they do not finish it. It cannot be that the metamorphosis is 
here quite suppressed; it is only retarded and not completed. This trans­
formation may have been reached very gradually; the metamorphosis 
was then at first still almost completed 1), subsequently more and more 
incomplete 2), until even the external gills we re i'etained in Sir e n. 
On the other hand in several respects the structure of Sir e n is not 
purely larval, but resem bles that of a full-grown animal or anyhow of a 
Salamander in its metamorphosis, which is evident from the well-developed 
lungs, from the auditory ossicle, from the interruption of the larval palatinum­
quadrate bone-junction, from the structure of the olfactory organ with 
JACOBSON'S organ, and from the occurrence of an independent coracoidbone 
in the shoulder-girdle. In consideration of th is combination of larval 
structure with that of adult Urodeles Sir en cannot be conceived to have 
originated suddenly through suppression of the metamorphosis, but only 
through a gradual slowing and retrogression of the metamorphosis which 
was lengthened out, just as in the derotremous forms. Although Sir e n 
and Ps e u d 0 bra n c h u s possess external gills like the perennibranchiate 
Salamanders N e c t u rus, Pro te u s and Typ h lom 0 I 9 e, the 
type of their neoteny is not that of these forms, but is completely the same 
as that of the Derotremata. Now it is remarkable that also the trans­
formation of the thyroid in Sir e n resembles that of the derotreTJlOus 
Salamanders and is unlike that 'of the other Perennibranchiates. 

The specimen of Sir e n examined by me has peculiarly shaped thyroids 
which extend forward to a considerable distance and unite there to an 
unpaired median part, corresponding to the processus pyramidalis of the 
human thyroid (fig. A3). 

I) As still is the case in the Giant-Salamander, that does not only shed the external 
gills, but also shuts its gill-c1efts, though it he only af ter years. 

2) Cryptobranchus and Amphiuma in which the gill-c1efts are always open, and the skeletal 
gill-arches remain larval. 
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In the typical perennibranchiate Salamanders N e c t u rus, Pro t e u 5 

and Typ hl 0 mol ge, the larval structure is retained completely; 50 their 
neoteny is a complete one, and the thyroid is reduced to rudimentary, 
with hypofunction. Derotremata and Sir e n retain the larval form only 
in part; their neoteny is incomplete, and the thyroid of these forms is 
enlarged with hyperfunction, which probably goes hand in hand with a 
dysfunction. Here we should bear in mind that the various neotenous 
forms must have originated independently: they are not interrelated 
except Sir e n and P 5 e u d 0 bra n c h u 5, and perhaps also 
Me gal 0 bat r ach u 5 and Cr y p tob r anc hu s. Three times the 
complete neoteny. arose independently in Ne ct u rus, Pro t e u 5 and 
Typ h lom 0 I 9 e, and in this process the transformation of the thyroid 
invariably went in the same direction : hypofunction and reduction. The 
incomplete neoteny also arose at least three times; once in A m p h i u m a, 

a second time in M ega lob a tra c h u 5 and C r y p tob r anc h u 5, 

and a third time in Sir e n and P 5 e u d 0 bra n c h u 5; in this case there 
is always enlargement of the thyroid with hyperfunction. This points to 
a correlation of the way in which the thyroid is modified and the type 
of the neoteny. 

What conclusion can we now deduce from these observations with 
respect to the causes of the neoteny of perennibranchiate and derotromous 
Salamanders? 

There is reason to look for the cause of the neoteny in a shortage of 
hormone, which brings about retardation or total absence of the 
metamorphosis. In the completely neotenou's Axolotl the metamorphosis 
can be elicited by the administration of a larger amount of hormone 1) , 50 

that in this form the neoteny can be unreservedly ascribed to a shortage of 
hormone (see SWINGLE 1924). This also affords a plausible explanation 
for the neoteny of N e c t u rus, Pro t e u s and Typ h lom 0 I 9 e 
with their reduced thyroids. However, another explanation also suggests 
itself, viz. that for some reason or other the body no longer reacts with 
metamorphosis on the thyroid~hormone (UHLENHUTH 1921). SWINGLE 
( 1924) believes that this must be somewhat the case in the Axolotl. 
Neither do N e c t u rus and Pro t e u 5 2) react any more on the 
administration of thyroid hormone (lENSEN, 1916; SWINGLE, 1924). The 
degeneration of the thyroids then would result from the suppression of the 
metamorphosis. But just this is very improbable, for if the normal 
development of the thyroid were really so c10sely bound up with the 
metamorphosis, we might also expect in normal Salamanders af ter the 
metamorphosis an atrophy of the thyroids. The two cases are comparable. 

I) Here the thyroid produces rather much hormone but retains too much of it. instead 
of supplying the horrnone to the body. 

2) Since the fourth ' arterial arch has disappeared here these forms could not metamorphose 
completely. nevertheless this process might commence for all that (see BOAS, 1881). 
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Now. since an atrophy of the thyroid after the metamorphosis does not 
appear in these anima Is. and since on the other hand the thyroids continue 
to grow considerably. keeping pace with the growth of the body. we can 
neither assume that the degeneration of the thyroids in the neotenous 
Salamander forms results from the neoteny. The relation must be the 
reverse. viz. the neoteny resulted from the dysfunction of the thyroids. 
because the body did not receive sufficient hormone. That the two forms 
of neoteny. the complete and the incomplete form. present either of them 
a type of transformation of the thyroid of their own also speaks for a far 
doser correla tion tha n would exist with a passive degeneration of the 
thyroids as a result of the suppression of the metamorphosis. 

Por an explanation of the occurrence of the neoteny let our starting point 
be a shortage of hormone. Then there are still two possibilities to he 
considered : 10 this shortage may result from an insufficient production of 
normal hormone. 20 it mayalso be that the thyroids do not impart an 
adequate amount of hormone to the body. but retain it and deposit it in 
the colloid. The latter is probably the case with the A xolotl (UHLENHUTH. 
1919. 1923 ; SWINGLE 1922. 1923 A. 1924). There the thyroid resembles 
that of Man in colloid-goitre (p. 836). which is a consequence of an 
inhibited emission of sewc·tion to the body (BR EITNER 1924). A factor is 
missing. which makes the thyroids deliver their hormone ; this factor may 
be a nerve stimulus. or an hormone from the anterior lobe of the hypophysis. 
or it may arise from a deficient circulation. or lack of oxygen (on the latter 
factor see BREITN ER 1924. p. 4. after MANSFELD-MüLLER). In th is way 
the complete neoteny of N e c t u rus. Pro t e u s and Typ h 10 -
mol 9 e can readily be interpreted. By some cause or other the thyroids 
no longer emitted their hormone. hence they lost their signifiance and ul­
timately they became smaller and degenerated. Owing to the retention of 
the hormone all at once a complete neoteny was engendered. as is typical 
of these animais. 

This interpretation does not apply to the derotremous forms and Sir e n. 
as in them hormone is indeed imparted to the body. which is obvious from 
the fact that metamorphosis commences. Besides this we have already 
observed that the structure of the thyroid here points to a hyperfunction and 
quick emission of the secretion to the body. Most likely we have to do 
here with a dysfunction. so that the thyroids. although functioning 
vigorously. and emitting their secretion. yet cannot supply the normal 
quantity of hormone required by the body (p. 836) . The phylogeny of 
these forms may he imagined to be as follows : The increasing dysfunction 
of the thyroids retarded. the metamorphosis. which began ever later and 
lasted longer ; the anima Is became sexually mature in their metamorphosis 
and did not accomplish their metamorphosis. This was gradually lengthened 
out. it was still gone through entirely. or partly for some points of their 
anatomy. for others only for a small part or not at all. Here accommodation 
to outward circumstances can have been of great influence. The thyroids 
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tried to make up for the shortage of hormone bij enlarging, but they did 
not succeed in filling up the deficiency. 

Thus the two types of neoteny as weil as the associated types of trans~ 
formation of the thyroids can be explained and correlated. We thiDk 
thatl we have to look for the cause of the neoteny, for the origin of the 
perennibranchiate and derotremous Salamanders in the thyroid. Either a 
change in the hormone production or in the supply of hormone to the body 
was the cause of the origin of these forms, which could develop to quite 
new types among the Urodeles. This transformation was achieved in the 
open air, and inadequate forms could not survive ; only those forms 
persisted that were suited to their environment or could soon adapt them~ 
selves to it. For the ancestors of the Derotremata and of Sir e n an 
evolution from a more terrestrial life to a permanent aqua tic existence can 
in this connection have been of influence, because the metamorphosis lost 
part of its importance for the anima I by this change. 

Lastly the question may be raised wh~t might then have been the cause 
or the causes of the irregular function of the thyroids. All sorts of factors 
can have come into play here. It may have been want of iodin or an 
influence of the changes in the vascular system during the metamorphosis. 
It cannot he sélid whether this supposition is right or not. 

Summary. 

I. The neoteny of the perennibranchiate and derotremous Salamanders 
goes hand in hand with an abnormal development of their thyroids. As 
the hormone of the thyroid controls the metamorphosis, a case is given here 
in which the phylogenesis of entirely new anima I forms is associated with a 
change in an endocrine organ c10sely related with it. 

2. Among Urodeles there are two types of neoteny: that of the 
perennibranchiate forms proper N e c t u rus, Pro t e u s and T y ~ 
p h lom 0 I 9 e, which in their structural development persist in the stage 
of the full~grown Urodelelarvae, before the metamorphosis, and that of 
the derotremous forms M ega lob a tra c h u s, C r y p tob r a n ~ 
c h u s, A m p h i u maand of Sir e n and P s e u d 0 bra n c h u 5 , 

which begin their metamorphosis, but do not accomplish it. An entirely 
different transformation of the thyroids coincides with this. In the first type 
the thyroids are small to rudimentary, and there is apparentlya hypofunction 
of the thyroids. In the second type the thyroids are enlarged, and there is 
apparently a hyperfunction of the thyroids, probably associated with a 
dysfunction. Since the two types of neoteny have originated several times 
independently of each other, and yet the transformation of the thyroids in 
each type always went in the same direction, a close relation must needs be 
assumed hetween the neoteny and the mode of transformation of the 

thyroids. 
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3. The cause of the complete neoteny of the perennibranchiate forms is 
probably to be found in the retention of the hormone in the thyroid, which 
induced a complete suppression of the metamorphosis. The thyroids lost 
much of their significance, when they could no longer supply their hormone. 
or for a small part only. 

4. The derotremous forms and Sir e n, with their incomplete neoteny, 
do not ret~in the hormone in the thyroid. Here the cause of the neoteny 
is to be looked for in a dysfunction which induced a chronic d~ficiency of 
normal hormone, and a marked retardation and final arrest of the metamorph­
osis. The thyroids tried to supply the deficiency of hormone by an 
augmented production and increased in size. 

5. The perennibranchiate forms with their complete neoteny abruptly 
retained· their larval stage; th is transformation was not an accommodation 
to their environment, and after the change the animals had to make the 
most of their condition as permanent inhabitants of the water. The 
development of the derotremOllS farms and Sir e n has been very gradual. 
because their ancestors gradually retained a more and more larval stage ; 
so this transformation could take place under the influence of the claims 
of their surroundings, and could coincide with adaptations. 

6. Nothing is known regarding the cause of the irregular function of 
the thyroids. · It might be ascribed to want of iodin or changes in the 
circulation during the metamorphosis, or want of oxygen. There is no 
reason to assume that the cause was the same in all cases. 
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EXPLANATION OF THE PLATE. 

Fig. 1. Section through the thyroid of a normal adult . Salamander, 0 n y c h 0 d act y-
I u s i apo n i c us; hematoxilin. -X iO. 

Fig. 2. The same of Nee t u rus (spec. B) ; hematoxilin, eosin. X iO. 
Fig. 3. The same of Am p h i u m a (spec. B); hematoxilin, eosin. X iO. 
Fig. i . The same of Am p h i u m a (spec. A) ; hematoxilin X iO. 
Fig. 5. The same of Me gal 0 bat r ach u s m a x i mus, of a specimen, examined by 

Mr. DE FREMERY. Body-Iength ± 110 cm. The thyroids were about 5 cm. in length, 
that is very large. Staining with hematoxilin and eosin. X 18. 

Fig. 6. Section through the thyroid of Am b 1 y st 0 mam e x i c a n u m (ex. 0), neo­
tenous larva (axolotl) . Staining with hematoxilin. eosin. X iO. 

Fig. 7. The same of Nee t u rus (spec. B); follicle epithelium greatly magnified; hema­
toxilin, eosin. X 190. 

Fig. 8. The same of Am p h i u m a (spec. B); hematoxilin, eosin. X 190. 
Fig. 9. The same of Me gal 0 bat r ach u s m a x i mus (ex. DE FREMERY). Between 

the follicles very numerous bloodvessels filled with red blood corpuscles ; hematoxilin, 
eosin. X 190. See fig. 5. 

Fig. 10. The same of Am b 1 y s tom a me x i c a n u m (spec. 0), Axolotl; hematoxilin, 
eosin. X 190. 



Anatomy. - "The relative weight of the braincortex in human races 
and in some animals and the asymmetry of the hemispheres." 
By Dr. C. U . ARIËNS KAPPERS. 

(Communicated at the meeting of September 26. 1925). 

Although many investigations have been made on the weight of the 
cortex. at least in man. th ere are great controversies in the results. As 
the methods. by which the investigators have tried to solve this problem. 
always were indirect ones. this is not surprising. 

50. using the figures . given by W AGNER I) and CALORI 2) concerning 
the surface of the brain. DONALDSON 3) (l.c. p. 202-204) calculated this 
weight by multiplying the surface with the average depth of the human 
cortex and its specific weight. 

On account of his own measurements (I. c. p. 203) he estimated the 
average dep th of the cortex. which. as we know. is locally varying in 
man (according to BRODMANN 4) from 1.8 tot 4.0 m.M.) to be 2.9 m.M. 
With OBERSTEINER 5) he took the S. W . of the human cortex to be 1.034. 

DONALDSON. improving the researches of WAGNER by introducing a 
correction 6) for the alcohol ic shrinkage of the brainsurface so found the 
following figures : 

Cases I Fresh T. B. W .7) I T. W . hem. 8) T . W . c. 9) Proc. C. hem. 

FUCHS H99 gr. 1312gr. 743 gr. 56.6% 

GAUSS H92 .. 1306 .. 731 .. 55.9% 

Workman KREBS 1273 
" 

1114 .. 630 .. 56 .5% 

Woman 29 years I 1185 .. 1037 .. 667 .. 64 .3% 

Average . . . . ·1 58.3% 

I) Masshestimmungen der OherBäche des groszen Gehirns. Inaugur. Diss. Göttingen 1864. 
2) Del cervello nei due tipi brachicefalo e dolicocefalo italiani. Memorie dell'Accademia 

delle Scienze dellïstituto di Bologna. Serie seconda, Tomo X. 1870 (p. H2-H5). 
3) The growth of the brain. A study of the nervous system in relation to education . 

London, Walte't Scott Itm, 1895. 
4) Ueher Rindenmessungen. Centralblatt f. Nervenh. und Psych. 1908 (p. 790) und 

Lokalisationslehre der Groszhirnrinde. Joh . Ambrosius Barth, Leipzig, 1909. 
5) The average S.W. found by OBERSTEINER for the fresh cortex of man is properly 

1.03305. Conf. OBERSTEINER. Anleitung heim Studium des Baues der nervösen Zentral­
organe, 5te AuBage Wien, 1912, pag. 167 and Centr.bl. f. Nerv. h. k. 1894. 

The average of the S .W . figures found by DANILEWSKY (already hefore OBERSTEINER) 
are also a little less. For the fresh human cortex this investigator found 1.0326. (Die 
Quantitativen Bestimmungen der grauen und weiszen Substanzen im Gehirn ; Centralbl. 
f. d. mediz. Wissensch. NO. H, 1880). 

6) The figures found by WAGNER for the surface of both hemispheres together are : 
FUCHS 2210 cM2, GAUSS 2195 cM2, KREBS 1876 cM2, and woman 2041 cM2. 

7) T . B. W. total brain weight to the calamus (without pia) . 
8) T . W. Hem. = total weight of both hemispheres. 
9) T . W . C. = total weight of the cortex of both hemispheres. 
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The following table was composed by DONALDSON on account of the 
surface extension. found by CALORI in 22 brachycephalic and 19 doli­
chocephalic Italians. measured chiefly in the same way as W AGNER did 
(see below). 

I 

-

Number of cases 
Aver. Aver. nver' l 

Aver. perc . 
T. B. W . T.W. hem. T . W . C . C. per hem. 

19 Brach. Ital. e! 1336 gr. 1169 gr. 731 gr. 

I 
62.5 % 

16 Dolich. .. e! 1299 .. 1135 .. 690 .. 60.7 % 
3 Brach. .. c;' 1148 .. 1005 " 635 " 63.2 % 

3 Dolich. n 1110 971 595 61.2 % " + " " " 

Average . . . . I 61 .85% 

From this we see that. on account of the measurements of W AGNER. 
DONALDSON concludes at an average cortex weight percentage of 58.3. 
on account of those of CALORI of 61.85 per hemisphere. 

It is not without interest to point out. what is meant by weight of hemispheres in such 
cases . Two methods are used to sever the hemispheres from the remainder of the brain. 
We understand by hemispheres either all that lies before the corp. quadrigemina ant. 
or cut them olf behind the corpora quadrigemina posteriora (immediately before the 
pons). The fir~t way is used by BOYO (see bel ow) and then the average weight of 
the hemispheres is about 87.5 % of that of the whole encephalon. The last method 
(mostly used) is followed by CLAPHAM, BROWNE and others (including myself) . 

The determination of the surface has been made by W AGNER and 
CALORI al most in the same manner. 

The outer surface of the brain was covered by triangles and parallelograms 
of goldleaf or tinfoil. These again were spread out. measured and 
counted. The cortex in the dep th of the sulci (which is almost 2/3 of 
the whole surface) was determined by measuring the length and the 
average depth of the sulci and multiplying those figures with two. It is 
evident that this method contains a source óf errors. Moreover the 
correction of the alcoholic shrinkage causes difficulties. N evertheless such 
a correction is necessary. because the volume and the surface shrink 
considerably in alcohol. 

This method. determining the cortical surface in alcohol material. was 
also applied by JENSEN 1) on brains of a paralytic. a melancholica and 
three idiots. He compared his results with those of W AGNER and found 
that the total cortex surface of his patients varied from 94 010 to 75.3 Ofo 
from the figures found by W AGNER for GAUSS. the lowest percentage 
being that of the brain of an idiot and the other percentages. although 
remaining below those of GAUSS and FUCHS. falling within the group 
of the woman and the workman examined by W AGNER (I. c. p. 752). 

1) Untersuchungen über die Beziehungen zwisschen Groszhirn und Geistesstöhrungen 
an sechs Gehirnen geisteskranker Individuen. Arch. f. Psychiatrie 1875 Bnd. V, Heft 3. 

55 
Proceedings Royal Acad. Amsterdam. Vol. XXVIII. 
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His absolute figures are of no avail for my purpose. since he examined 
pathological material exclusively and his figures have been derived (as 
the original ones of W AONER) from alcohol material. 

His informations surely would have been of more value. if he himself 
had also measured the surface of some normal brains ; comparisons of 
two authors being more reliable. since different authors rarely make the 
same mistakes. It is selfevident that with the relative smaller surface 
of these brains. also a smaller volume and weight of cortex has been 
calculated in such cases. as is made probable also by the researches of 
JÄOER and HENNEBERO on pathological material (1. c. infra). 

While the method of all these authors was based on measuring the 
surface. the average depth and on multiplying these with the S.W. of 
the cortex. we see that besides the objections mentioned above. this 
method contains still another source of errors. viz. the question how to 
flnd the average cortical depth. which was estimated by DONALDSON to 
be 2.9. by JENSEN 2.98. and by DANILEWSKY and HENNEBERO 2.5 m.M. 

JÄOER 1) has avoided the use of an average depth flgure. determining 
the volume of the cortex directly with the compensation planimeter (already 
used by ANTON 2)) in the following way: 

JÄOER cut the brain. af ter it had been put for a short timOe in 5010 
formaline. in slices of 1 c.M. 

He th en flrst measured the whole circumference of the brain (this 
being the external border of the cortex) with the planimeter and after~ 
wards the circumference of the white substance (this being the internal 
limit of the cortex). The latter he substracted from the flrst and by this 
means determined the transverse surface of the cortex of each slice. 
This flgure he multiplied with 1 c.M. thus calculating the volume of the 
cortex for each slice. For the poles he made corrections. 

By multiplying the cortex volume thus found for the total brain with 
the S.W. 1.034. I determined the weight of the cortex. As. however. in 

1) R. JÄGER. Planimetrische Messungen der Rinden- und Marksubstanz des Groszhirns. 
Inaugural Dissertation. Halle. 1910. 

2) G. ANTON. Gehirnmessungen mittels des Kompensationsplanimeters. Wiener Klinische 
Rundschau : 1903. See also : Zur Kenntnisz der Störungen im Oberflächenwachstum des 
menschlichen Groszhirns. lste Mitteilung. Ibidem. Bnd. IX. 1888. 

The planimetrie method had been applied already in 1881 by CONTI. who. however. 
did not determine the whole mass of the cortex. but the relation between the white and 
the grey substance on three levels. the first before the basal ganglia. the second through. 
the third behind the basal ganglia. in 1 men and 2 women (Rapport entre la substance 
grise et blanche du cerveau humain : Internationale Monatschrift für Anatomie und Physio­
logie Bnd. 1. 1881). 

Moreover Dr. ANITA TAPT has in 157 cases determined planimetrieally the relation 
between the grey and white substance in the transverse level of the optie chiasm. She 
attained the interesting result that In children. microcephalies and mongoloid idiots the 
relation was in favour of the grey substance. in normal cases. manie depressives and 
praecox patients in favour of the white substance. See Journalof nervous and mental 
diseases. Vol. 17. 1918. 
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his article the weight of the hemispheres is mentioned in one case only. 
the weightpercentage of the cortex of the hemispheres could be calculated 
in that case only. In a normal. four years old boy with a total brain~ 
weight of 1140 gr. and a weight of both hemispheres together = 997.5 gr. 
it amounted to 549 gr. or 55 Ofo of the weight of the hemispheres (in 
an adult normal woman he found 557 gr. cortex). 

It appears that these figures of JÄOER are lower than those calculated 
by DONALDSON from the surface measurements of W AONER and CALORI. 

DONALDSON I) himself also tried to determine the weight of the cortex. 
in still another way. viz. by making use of the figures found by DE REOIBUS 
for the waterpercentage and the S.W. of grey and white substance. If 
a hemisphere (in casu cortex and white substance without striatum) is 
weighed and its volume known. we may calculate its average S.W. 
Knowing that the S.W. of the cortex is 1.034 and that of the white 
substance 1.041 . we may calculate in a given case the relation between 
the amount of white and grey substance (in casu cortex). 

From the figures of DE REOIBUS 2) . concerning the waterpercentage of 
grey and white substance (whïch closely coheres with its S.W.). 
DONALDSON calculated the quantity of cortex and came to a lower figure 
than calculated by him from the surface tables of W AONER and CALORJ. 

He stated in his way an average of 54.8 °10 only. whïch is considerably 
lower than the 58.3°/0 derived from the surface measurements of WAONER 
and the 61.85 % calculated from those of CALORI. and closely resem bles 
JÄOER's (vide supra) result. 

NO. of the bra in Weight 2 hem. Weight cortex Perc. cortex per hem. 

NO. 1 1277 gr. 720 gr. 56.3% 

.. 2 1194 .. 661 .. 55 .3% 

.. 3 1152 .. 633 .. 54 .9% 

.. 4 1067 .. 562 .. 52.6% 

Average 

This makes us suppose that the figures found by W AONER and CALORI 
for the surface are too high, a supposition that is con6rmed by 
HENNEBERO's 3) work, who determined the surface of the brain in a more 
exact way. I shall mention HENNEBERO's method below, but already 

1) l.c. p . 204. 
2) Published in Giacomini : Guida allo studio delle circonvoluzioni cerebrali deU'uomo 

Torino, 1884. 
3) HENNEBERG. Messung der Oberflächenausdehnung der Grosshirnrinde. Journal für 

Psychologie und Neurologie, Bnd. 17, 1910-11. 
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will mention at once that, whereas DONALDSON (l.c. p. 205) on account 
of W AGNER' s figures finds a surface of 2352 CM2 in a brain of 1360 gr. 
T. B. W. and CALORI in a brain of 1325 gr. a surface of 2439 CM2 .• 
HENNEBERG only finds a . surface of 2052 CM2 in a brain of similar 
weight (1320 gr.). consequently 15 % less I). 

Probably the surface measures of HENNEBERG are more exact than 
those of W AGNER and CALORI. Whereas these authors divided the 
brain only in hemispheres or lobes, determining the surface hidden in 
the sulci only indirectly, HENNEBERG measured this hidden surface also 
directly. by cutting the cortex (af ter fixation of the brain in 10 0J0 for~ 

maline) in pieces of 1 to 3 cM). In this way all the cortexsurfaces 
could be reached easily and measured directly. 

For this purpose he used pieces of silkpaper. which does not swell 
in water. and then he measured all the pieces together by lifting them 
under water from the cortex and putting them on milligraphpaper. As 
objects he used (one case excepted) only the left hemispheres. 

In this way he examined three Hannoverians, one Hottentot. one ' 
Herero and one Javanese. The cortexweight is calculated by takirig 
the S.W . = 1.034 and the average depth with HENNEBERG 2) and 
DANILEWSKY (l.c.) = 2.5. 

-

I T . B.w·1 Cases 
Average Surfage Cortex OfoCortex 
left hem. left hem. left hem. hem. 

German I rJ 45 j. _3) 525 gr. 1082 cM2 279.5 53.4% 

.. " rJ 22 j . 1510 gr. 655 .. 1240 .. 320 .5 48.9% 

.. 111 '( 26 j . 1320 .. 565 .. 1016 .. 262 .6 46.5% 

Average .9.6% 

Hottentot rJ _3) 615 .. 1119 .. 289.0 47.0% 

Herero rJ 1215 .. 530 .. 996 .. 257 .5 48.6% 

Javanese c;:' 1230 .. 535 .. 1050 .. 271.5 50.7% 

Hence results that HENNEBERG found a still lower average percentage 
for Europeans (49.6 %) than DONALDSON calculated from the S. W .. 
but also that in his Germans he found variations from 46.5 % to 53.4 0/0 ' 

I) TRAM ER who determined the surface of the right hemisphere of a normal woman of 
35 years came to a figure still 20 % lower than HENNEBERG found for a woman of 
26 years. As, however, TRAMER does not mention the T . B. W . of his woman, this figure 
is uncontrolable. It seems too small even for an average female T. B. W . of 1250 gr. 
(HENNEBERG's woman had a high brainweight though, th is being 1320 gr. which however 
seems to occur more in Hannover; KRAUSE) . See TRAM ER : Messung und Entwicklung 
der Rindenoberfläche des menschlichen Groszhirns. Arbeiten aus dem neurologischen Institute 
Zürich. Bnd X, 1916. 

2) HENNEBERG himself made his calculations estimating the S . W . = 1.03; I made them 
using a S. W . = 1.034, this being more exact. The average difference is 0,3 % per 
hemisphere and 0.12 % per T . B. W . 

3) In this case the total brainweight is not mentioned by HENNEBERG. 
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While all these methods of determining the cortexweight are indirect 
on es and so. probably are more open for errors than a direct method. 
I made direct weighings of the cortex in the following way: 

Brains. hardened in formaline I). were weighed and afterwards halved 
in the sagittal diameter. Then the cerebellum and the pons were cut off 
along the corpora quadrigemina posteriora and the hemispheres were 
weighed. Afterwards these hemispheres were cut by the macrotome of 
REICHERT. in slices of 2 to 3 m.m. During 3-6 hours these slices were 
coloured in an aqueous nigrosine solution (1 : 1000). upon which the grey 
substance marked out almost black against the almost uncoloured white 
substance. 

These slices I put on glass plates and severed the cortex by means of 
a thin knife. Then I weighed the cortex. af ter all the pieces (cortex and 
rest of hemisphere) had evaporated so much that the cortex plus the rest 
represented again the same weight the hemisphere had before being 
coloured in the nigrosine solution . This drying is necessary. as by their 
large surface the pieces absorb a large quantity of water. 

In total 6 brains (12 hemispheres) were treated in this way : three 
Dutch and three Chinese brains from the Dutch East-Indies (formaline 
material). 

My results are expressed not only in percentages of the hemisphere 
weight. but also in percentages of the T. B. W .• the latter giving a 
more reliable figure for comparison of the left cortex and the right one. 

LEPT HEMISPHERES 

Cases IT.B.~ Weight r Weight Weight oio cortex oio cortex 
I. hem. I. cortex I. rest p. hem. p. T.B.W . 

Dutch. X. cf' 29 y. 1068 gr. -474.5 gr. 237 gr. 237 . 5gr. 49.99% 22.2 °lc 

.. Gr. cf' 42 y. 1375 .. +618 .. +299 .. 319 .. 48 .38% +21.74% 

.. Bo. cf' 18 y. 1360'/2 .. - 621 .. 331 .. 290 .. 53 . 3 % 24 .32% 

Average I. 50.8 % 

Chinese I. NO. 11 1014.5 .. -430 .. +218 .. 212 .. 50.0 % +21.49% 

.. I. NO. 10 1344 .. -576 .. +300 .. 276 .. 52.1 % +22.32% 

.. I. NO. 12 1425.5 .. -615.5 .. 313.5 .. 302 .. 50.9 % 22.0 010 

Average 1.1 1
51.0 % 1 

') That as weil the weight as the volume increase a littJe (± 1010 FLATAU) in formaline. 
does alter the celation between cortexweight and hemisphereweight only in a very small 
proportion . The same avails for the aqueous I Oio nigrosinesolution. The inHuence. exer­
cised by the formaline -fixation. in my opinion is even smaller than the greater or smaller 
quantity of blood in the brain. as the S . W . of the blood is considerable and the vascu­
larisation of grey and white substance differs much . 



850 

RIGHT HEMISPHERES 

Cases T . B.W. Weight Weight Weight 0/ 0 cortex 0/ 0 cortex 
r. hem. r. cortex r. rest p.hem. p. T .B.W. 

Dutch X.rJ 29y. 1068 gr. +477.5 gr. +238 .5 gr. 239 gr. 49 .94% +22 .33% 

.. Gr. rJ 42y. 1375 .. -613 .. 297 .. 316 .. 48.4 % 21.16 % 

.. Bo. rJ 18 y. 1360112 .. +622 .. +336 .. 286 .. 54.0 % +24.6 % 

Average r. 50.6 % 

Chinese I. NO. 11 1014.5 .. +437.5 .. 212.5 .. 225 .. 48.61 % 20.94% 

.. I. NO. 10 1344 .. +584 .. 297 .. 287 .. 50 .86% 22.1 % 

.. I. NO. 12 1425.5 .. +638 .. +320 .. 318 .. 50.11 % +22.45% 

Average r. 
I I I I 

49 .9 ~/o 

Average for all hemispheres of the Dutch 50 .65% 

.. .. .. .. .. .. Chinese 50.45% 

The halving of the brain being never exact the cortexpercentage per 
hemisphere is influenced by the inexact halving of the brain. whereas 
we use the same constant. in expressing the cortexpercentage (right and 
left) in the total brain weight. 

Doing so I found the average cortexpercentage per hem is ph ere to be 
50.65 Ofo in the Dutch. this being al most 1 Ofo more than the figures. 
found by HENNEBERG in his Hannoverians. This amount (1 010) however 
falls within the individual variations in the West European races. showing 
an upperlimit of 54.0 Ofo. 

The percentage in the Chinese. mentioned above differs only 0.2 010 
from the Dutch. which is very little. and falls within the errors inevitable 
in such examinations. This result is in striking contrast to CLAPHAM's 1). 
who. estimating the depth of the braincortex in Chinese coolies of 
Hongkong (and of Pelewislanders) concluded : "although destitute of any 
means of accurately measuring the depth of the grey matter of the 
cerebral convolutions I am convinced that it was appreciably shallower 
than in the same structure in the average European" . 

As to an eventual difference between the left and right cortex. my 
results show that once the right. another time the left cortex was. or 
seemed to be a little heavier. I value this difference the less. because 
it depends mostlyon absorbed water. If we all ow the pieces of cortex 

1) CROCHLEY CLAPHAM. On the brain weights of some Chinese and Pelewislanders. 
Journalof the Anthropological Society of Great Britain and Ireland. Vol. VII 1878. pag. 92. 
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half a day to evaporate. the difference between right and left becomes 
a minimal. 

Much has been written on an eventual asymmetry. 
BROCA I) found in the average the right hemisphere of men 1.93 gr. 

heavier than the left. in women the same hemisphere 0.03 gr. heavier; 
BOYD 2). however. says: "it is a singular fact confirmed by the exami~ 
nation of nearly 200 cases at St. Marylebone in which the hemispheres 
were weighed separately that almost invariably the weight of the left 
hemisphere exceeded the weight of the right one by at least the eighth 
of an ounce". (a very small difference indeed. the eight of an ounce being 
3.7 gr. so the difference in an average brain weight of 1360 gramme 
would be only 0.27 Ofo; DONALDSON). 

Dr. THURNAM (quoted by BROWNE) in the contrary again found the 
right one heavier. According to CRICHTON BROWNE 3) it is a question 
of age. In 400 lunaties he found the right hemisphere predominating 
with the exception of women between 40 and 60 and men between 
50 and 60. in as much as here the left hemisphere would be a little 
heavier. He found the greatest differences to exist under 20 years and 
then always in favour of the right hemisphere. this also being the case 
with pe-ople older than 70 years. 

In contrary to the results above mentioned FRANCESCHI 4
) found in 

157 male brains in 49 cases the left hemisphere and in 51 the right one 
heavier. while in 57 cases they practically were of equal weight. 

In 144 female brains he found in 43 cases the left hemisphere. in 46 
eases the right one heavier and in 55 cases both hemispheres of equal 
weight (or varying in decimals of grammes). Also W AGNER (l.c.) and 
BRAUNE 5) sometimes found the left. sometimes the right hemisphere a little 
heavier. 

DONALDSON supposes that. if the brain is always halved in the same 
position e. g. on the base. the occipital pole directed to the cutter. a 
righthanded anatomist will allways make the same error. 

This personal error. in halving the brain. vanishes in weighing only the 
cortex. as the cortex of both hemispheres nowhere meets. the cortex of eaeh 
hemisphere being isolated. So the comparison of the quantity of cortex in 
the right hemisphere and the left one gives a more trustworthy criterium 
for an eventual asymmetry. especially if we express both in the same 
constant. viz. in °10 of T. B. W. The figures found by myself also prove 

I) Cited by TOPINARO in his Eléments d'Anthropologie générale p. 582-583. Paris 1885. 
2) BOYo. Tables of weight of the human body and its internal organs etc. Philosophical 

Transactions of the Royal Society of London. Vol. 151. 1861. 
3) CRICHTON BROWNE. The weight of the brain and its component parts in the 

insane. Brain Vol. I 1879 p. 516. 
4) Bollettino della Societa di Scienze mediche di Bologna 1888. Quoted af ter DONALOSON. 
5) BRAUNE. Das Gewichtsverhältnisz der rechten und linken Hirnhälfte heim Menschen. 

Arch . f. Anat. und Physiol. 1891. 
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that none of the hemispheres is constantly superior in cortexpercentage. I) . 
In three cases (marked in my table by t) the right cortex was a little 

heavier. in three other cases (marked also by t) the left. HENNEBERG. 
though exammmg chiefly left hemispheres. has in one case (his 
European No. 111 with a T. B. W. = 1320 gr.) compared the surfaces 
of both hemispheres and found on the right 1035 C.M2 .. on the left 
1026 C.M2. the result (multiplied with 2.5 as average depth and 1.034 
as S. W .) being only a difference of fully five gram mes (0.3 Ofo per 
T. B. W.) in favour of the right cortex. This figure is within the radius 
of errors. as is also the average surplus of the right cortex in some 
of my brains (4.3 gr.) and of the left one in others (3.5 gr.). 

My results show at best that the left cortex and the right one never are 
exactly equal in weight and that once the left and an other time the 
right one is or seems a little heavier. Nor in animals did I find a con~ 

stant preponderance (see next page). This accords with the results of 
FRANCESCHJ. W AGNER and BRAuNE. who too. in the hemispheres. found 
sometimes the left. sometimes the right one a Iittle heavier. 

Moreover my results show that haiving the brain is a very poor way 
indeed. to determine any superiority of one hemisphere. Whereas of my 
six brains in one case only. the left hemisphere was heavier. in the other 
five cases the right one. the cortex determinations show that in three cases 
the left cortex percentage per T.B.W . was heavier. in the other three 
the right one. So in two cases (Chinese 11 and 10) in which the 
left hemisphere seemed to be lighter the cortex was nevertheless heavier. 

Here already I should Iike to remark. that the calculation of cortexpercentage per T . 
B. W. is of value only for the mutual comparison of the right cortex and left one of 
one and the same cerebrum, not for the cortex percentages of different individuals. as in 
another paper (see the following issue of these proceedings) I shall prove. that the weight 
of the cerebellum (being a n important factor also in the T .B.W .) shows very large personal 
variations. as weil in the Dutch as in the Chinese (from 8 to 12°10 of the T . B. W .). 

To conclude some remarks on the cortexweight in animaIs. 
Nor here direct weighings have ever been made. 
W AGNER measured the surface of the cortex in an Orang. and found 

it to be 533.5 C.M2. and HENNEBERG found in a~ Ateles (with a 
T.B.W . = 142.5 gr. and a hemisphere weight = 64.5 gr.) a surface 
of 172 C.M.2 As. however. neither the average depth. nor the S.W. of 
the cortex is known in these animais. we cannot conclude from these figures 
to a weight percentage. 

Supposing the S. W . in WAGNER 's case also to be 1.034. and the average depth = 
~.47 m.M 2). the Drang of WAGNER would have a cortexweight al most equal to the 
cortexweight of my Drang . 

1) This does not eo ipso exc1ude (areal) local weight asymmetries. although 1 doubt their 
c~nstancy. See however also MELLus. Anat. Récord . V . 1911. 

2) According to MARBURG the average depth of the cortex. calculated from the frontal. 
central. temporal and occipital lobus. is even a Iittle bit larger (2.53 m.m) l.c. p. 585. 
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I weighed the cortex of a Marsupial (Macropus robustus), an Edentate 
(Choloepus didactylus), an Ungulate (horse), a Carnivore (dog), two kata­
rrhine apes (Semnopithecus cephalopterus and Hylobates syndactylus) 
and an Anthropoid (Orang). The figures found for these animais, are shown 
in the following tabie. 

Examining these figures more closely we observe that, in each 
of these animals the average cortexpercentage of both hemispheres 
is as large, or in most cases (Choloepus, Dog, Hylobates and Orang) 
even larger than in Man, th is being a consequence of the fact (see 
below) that smaller brains generally have more grey matter than white 
matter. So we also understand the observation of Miss TAFT, who found 
in children, microcephalics (and mongoloid idiots) a cortexpercentage, 
arger than in normals (l.c.) . 

Next to this statement two more facts are str*ing in this tabie. 

LEPT HEMISPHERES 

-

I T . B. w · 1 Anima ls Weight Weight Weight 0/ 0 cortex 0/ 0 cortex 
l. hem. l. cortex l. rest per hem. p. T.B.W . 

Macropus rob. 55 gr. 20 .5 gr .. 10 gr. 10.5 gr. i8.7 % 18 .2 % 

Choloepus did. 3i .. 13 . 1 .. 7.1 .. 6 .. 53 .8 % +20.88% 

Canls fam . 78 .5 .. 3i.1 .. 21.1 .. 13 .. 61.9 % +26.95% 

Equus cab. 510 .. 187.2 96 .. 2 .. 91 
" 

51.3 % +18.86% 

Semnopith . ceph. 65 .. 27 .6 13 .. 1 .. 11 .5 .. i7.3 % 20 . 15% 

Hylobates syn. 105 .. 13 .0 .. 25 .. 18 .. 0 .. 58.11% 23 .8 % 

Simia satyrus 293 .. 122.7 .. 67 .. 2 .. 55 .. 5 .. 5i .77% 22.87% 

RIGHT HEMISPHERES 

Animals lT. B. w · 1 
Weight Weight Weight I % cortex ~o cortex 
r. hem. r . cortex r. rest p. hem. p. T. B.W. 

Macropus rob. 55 gr. 20.5 gr. 10 gr. 10 .5 gr. i8 .7 % 18 .2 % 

Choloepus did. 3i 13 7 6 53 .8 % 20.58% 

Canis fam . 78.5 .. 33 20.5 .. 10 .5 .. 62.1 % 26.18% 

Canis f. collie 77.7 .. 32 .35 .. 20.0 .. 12.35 .. 61.9 % 25.71% 

Equus cab. 510 185 96 89 51.9 % 18.82% 

Semnopith . ceph . 65 26 .5 .. 13 .5 .. 13 51.0 % +20 .77% 

Hylobates syn . 105 11 25 .5 .. 18 .5 .. 58 % +2i.3 % 

Sim ia satyrus 
1

293 122.5 .. 69 .5 .. 53 .0 .. 56 .73% +23.61% 
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Firstly the high cortexweight per T . B. W. in Canis is astonishing I). 
especially in comparison with Semnopithecus. which has a smaller 
brainweight and a higher standing in the phylogenetic series. With both 
these facts we should rather expect a larger cortex percentage in Sem~ 
nopithecus. the larger development of the brain in apes causing the 
pallium to be developed more than the stem. 

That a heavier cerebrum ought to have less cortex relatively than a 
lighter one (at least in the same group or in related animais) is explained 
by ERNST DE VRIES 2) and Hovy 3) who showed that. if the brainvolume 
increases (in related groups). the white matter must increase relatively 
more than the grey one 'l 

N ow dogs and apes are not related but still both are gyrencephalic 
animals and by the lower standing of the dog as weil as by his larger 
brainvolume we would expect Canis to have a lower cortexpercentage 
than Semnopithecus. 

This not being the case, but in the contrary Canis having a surprisingly 
high cortexpercentage. consequently that can be explained only by the 
large development of the mantle and the depth of the sulci in this 
anima!. 

It would not surprise me. if the relation between the superficial cortex and the hidden 
cortex (being in man in the average 1 : i and in Drang 1 : 1.56) would be larger in Canis. 

That the mande of the brain is exceedingly developed in the first dog. also results from 
the fact th at his hemispheres amount to 86.8 % of the T. B. W. (in the collie 83.3 %). 
in my apes the average being 82.9 % only. 

A second remarkable fact is the high cortexpercentage in Hylobates. 
Although the cortex percentage in the Orang as weil as in Hylobates is 
high. in the latter it is still higher than in the former. 

We cannot be surprised that in the Orang the cortexpercentage per 
T.B.W. is higher than in Semnopithecus. since in anthropoids the mande 
of the cerebrum is more developed than in Semnopithecus. 

That however Hylobates has a higher cortexpercentage than the Orang 
cannot be explained by its smaller brainvolume alone. since from this 
standpoint the cortexpercentage in the still smaller brain of Semnopithecus 
ought to be still higher than in Hylobates. Which is not so. 

That Hylobates has a greater percentage than both other apes can be 
only explained by a larger depth of the cortex in Hylobates than in the 
other apes mentioned above. 

I) A second examination of the right hemisphere of a collie confirmed th is facto which 
besides is also in harmony with the results of DANILEWSKY (I. c.). 

2) ERNST DE VRIES. Das Corpus striatum der Säugetiere. Anat. Anzeiger Bnd. 37.1910. 
3) HOVY. On the relation between the quantity of white and grey substance in the 

central nervous system. These Proceedings 16. p. 311. 1913 
.) The lower cortexpercentage in Equus falls within th is group. 
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This explanation ag rees with the measurements of Marburg I). This author 
also emphasizes .. dasz die Rindenbr~ite des Hylobates absolut gröszer ist 
als die des Orangs. letzere aber gröszer als die der anderen untersuchten 
Affen." (I. c. p . 596). 

This is in perfect harmony with my results. 
At last still one remark. 
Comparing my results with those of DONALDSON 2) for the Norwegian 

rat. we find (I. c. p. 87) the cortexvolume (XX): being 393.1 5 m.m .. the 
spec. weight = J .05 (l.c. p. 76). the cortexweight to be 0.4128 gr. in the 
rat. The brainweight in this group being 2.054 gr. (l.c. p. 87). the relation 
of the T. W . C. to the total brainweight = 20.1 0J0 or in one hemisphere 
10.05 0J0 per T. W. B. 

This is a much smaller percentage than in my animals and in man. 
We know. however. that in most gyrencephalic animals more cortex is 
found in the sulci than on the surface. and ought to consider that the 
rat is lissencephalic. Were apes and man also lissencephalic. i.e. were 
there no cortex hidden in the sulci. the cortexpercentage of a hemisphere 
per T. W. B. would be even less than in the rat and amount to 7 0/0 
scarcely. whereas it actually is in man and the higher apes more than 
22% per T.B.W. 

So also by my figures we may realize the great importance and 
necessity of fissuration for higher cortical development. 

I) MARBURG. Beiträge zur Kenntnisz der Groszhirnrinde der Affen. Arbeiten aus dem 
Neurolog . Institut in Wien, 1907. 

2) DONALDSON. The rat. 2d. ed . Memoirs Wistar Instit. Philadelphia 1924. 
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Chemistry. - "Equilibria in systems. in which phases. separated by a 
semi~permeable membrane" . XII. By F. A. H. SCHREINEMAKERS. 

(Communicated a t the meeting of October 31. 1925) . 

Systems in which a substance different to water diffuses 
through the membrane. 

In fig. 1 a b represents the saturation~curve of a hydrate Hand bc 
that of the solid substance Y. For the present we let out of consideration 
the saturation-curve of the solid substance X. represented in the figure 
by curve de. and. therefore. we imagine th is disappeàred out of the 
figure. 

If we take the component Y as diffusing substance. then follows. as 
we have seen in the previous communication. that the O . Y.A. (osmotic 
Y~attraction) of the liquids of the saturation-curve ab increases in the 
direction of the arrows. viz . from b towards a . As beis the saturation~ 
curve of solid Y. all liquids of this curve have the same O. Y.A . The 
dotted curves represent isotonic Y-curves; in the previous communication 
we have seen that in the vicinity of curve be these curves have a similar 
form as this curve. and that the O. Y.A . of their liquids becomes larger. 
the farther these curves are situated away from the point Y. 

Let us firstly consider the osmotic system 

. I Lr ~ Lp (1) 

in which. as Lr has a greater O . Y.A . than Lp. the substance Y diffuses 
in the direction. indicated by the arrow. Consequently Lp moves in the 
diagram along the line Yp away from the point Y and Lr along the 
line r Y towards the point Y. This diffusion continues till both liquids 
reach the same isotonic curve f. i. curve l m. Then liquid Lr comes in 
poin t s and liquid Lp in point t ; therefore the osmotic system (1) passes 
into the osmotic equilibrium : 

I E=Ls I Lt . 

If we imagine the complex of the liquids of system (1) to be represented 
by a point K th en of course the line st must go through th is point K. 

We now bring into osmotic contact the solid substance Y with a 
liquid of the field b u Xc. f. i. with the liquid L; th en we have the 
osmotic system 

I 
Y~Lt 

I 
(2) 
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Although at one of the sides of the membrane the sub stance Y is 
present not in solution. but in solid state. yet we will assume that it 

I 
- -i'J'­

I 

-- .. --1-
-z;. 

y can diffuse. In previous 
communications viz. we 
have discussed already 
that we may also imag~ 
ine the membrane as a 
liquid mass in which 
solid Y is soluble. 

If now in (2) Y dif~ 
fuses from left to right. 
then Lt traces the line 
t Y in the direction 
towards Y. If a suffi~ 

cient quantity of solid 
Y is present. then the 
diffusion continues tiIl 

W~-----"""'U-"-'--"""'I-:-------':::'l~ Lt comes in the point 
q of the saturation~ 

Fig . I. b h curve c. t en system 
(2) passes into the osmotic equilibrium : 

I 
E = Y I Lq (3) 

This is in accordance with the deduced previously that the O. Y. A. 
of the solid substance Y is equal to that of the liquids of the saturation~ 
curve b c. but that all liquids. which are unsaturated with respect to 
solid Y. have a greater O. Y. A . Consequently in system (2) the substance 
Y must diffuse towards the liquid so long tiIl this passes into the satur~ 
ated solution Lq. In th is special case we should obtain the same result. 
if we should take away the membrane in system (2) and we should 
bring Y in direct contact with the liquid Lt. 

We now bring in osmotic contact solid Y with a liquid of the reg ion 
b u Wa (fig. 1) f.i. with the liquid Lr ; then we have the osmotic system: 

(4) 

in which. just as in system (2) the O. Y. A. of the liquid is greater than 
that of the solid substance Y. As the line r Y intersects the sector Hab. 
system (4) shaIl pass. if a sufficient quantity of solid Y is present. into 
the osmotic equilibrium : 

(5) 

Every liquid of the field b uW a. in osmotic contact with solid Y. 
passes. therefore. with separation of the hydrate H into the solution ü. 

56* 
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Let us consider now the osmotic system: 

. (6) 

in which L is an arbitrary liquid. One can imagine two cases now. If 
a l,ittle Y diffuses from the liquid to the solid hydrate. then is formed at 
the left side H + Y ; iE. however. a little Y diffuses from the hydrate 
to the liquid L . then is formed at the left side a little of the solution 
L • . which contains water + Y only. Consequently system (6) passes. 
according to Y diffusing either towards left or right. into one of the 
systems: 

I H + Y
I 

L . . (7·) I H + L. I L . . . (7b) 

The O. Y.A. of solid H + Y is equal now to that of solid Y. therefore. 
equal to that of the liquids of curve be. The O . Y.A. of H + L. is 
equal to that of L. . therefore. equal to that of the liquids of the isotonic 
curve ak. Consequently we can distinguish two cases. according to the 
composition of liquid L in (6). 

1. The liquid is situated in the field abek (fig. 1). 
If we take f.i . the liquid Lp then we have the osmotic system: 

I 
H I L p . (8) 

If a little Y diffuses from the liquid towards the left. th en an osmotic 
system (7·) arises. As. however. Lp has a greater O . Y.A . than H + Y 
(which is equal to that of the liquids of curve be). Y wil diffuse again 
back to the liquid. Consequently not a system (7·) will be formed. 

If a little Y diffuses from the hydrate towards the liquid. then a system 
(7 b) arises. Lp has a smaller O . Y.A. than the liquids of the isotonic 
curve ak. consequently smaller also than liquid L. . Therefore. this liquid 
L. will remove again Y from Lp and will pass by this into solid H. 
Consequently also not a system (7b) can be formed. 

As system (8) can pass neither into a system (7·) nor into a system 
(7b). it follows. therefore: 

the hydrate H can be in osmotic contact with all liquids of the BeId 
abek. without diffusion . occurring. 

2. The liquid is situated in the field ak XW (fig. 1). 
If we take the liquids Lr and Lt th en we have the osmotic systems: 

I 
H I Lr . 

I 
H I Lt . 

If a little' Y diffuses from the liquid towards the left. then a system 
(7·) arises; as. however. Lr and Lt have a greater O . Y .A. than H + Y. 
Y shall diffuse away back to the liquid. Consequently no system (7·) 
will be formed . 

If. however. a little Y diffuses from the hydrate H towards the liquid. 
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then a equilibrium (7b) is formed. Lr and Lt . however. have a greater 
O. Y.A. than the liquids of the isotonic curve ak and. therefore. a greater 
O. Y.A. than the liquid La in (7b) . Consequently Lr and Lt will remove 
Y from La . but La will keep its composition by solution of this hydrate. 
as long as a sufficient quantity of H is present. If a sufficient quantity 
of solid H is present. th en the diffusion continues till the liquids Lr and 
Lt have reached the isotonic curve a k. The systems (9a) and (9b) then 
pass into the osmotic equilibria : 

H L IL' E= + a I r 

Herein L: and L; are the liquids which are represented by the points 
of intersection of the lines r Y and t Y with the isotonic curve a k. 

If in the systems (9a) and (9b) no suffident quantity of solid H is 
present. so that it has disappeared al ready before Lr and Lt have reached 
the iso tonic curve a k. th en La passes into an unsaturated solution ; 
consequently in fig. 1 it is displaced starting from point a in the direction 
towards W. The diffusion of the substance Y stops wh en the liquids 
come on the same isotonic curve; if th is is the case f. i. on curve he. 
then (ga) and (9b) pass into: 

I LU E=Lh I r (11 a) (11 b) 

in which C and r;' are liquids which are represented by the points of 
intersection of the lines r Y and tY with the isotonic curve he. 

We can summarise the previous results in the following way: 
If we bring in osmotic contact the solid hydrate H (fig. 1) : 

. a . with a liquid of the isotonic curve a k then th ere is osmotic equi~ 
librium ; 

b. with a liquid of the field a k c b th en nothing happens ; 
c. with a liquid of the field a k XW then the hydrate will flow away 

totally or partly. 

If we assume that also the component X occurs as solid substance. 
then we can imagine the saturation~curve of X to be represented in 
fig. 1 by curve de. As follows from our previous communications. the 
O. Y. A . of the liquids of this curve increases in the direction of the 
arrows. viz. from e towards d. We now consider the osmotic systems: 

(12a) 

in which. therefore. Ld is a binary liquid. which contains the components 
water + X and is saturated with solid X . We imagine the complex 
Ld + X to be represented by the point of intersection mI of the line Ym 
and the side WX. which is not drawn. As the O. Y.A. of Ld is greater 
than that of solid Y and of solid H. the substance Y will diffuse in 
(12a) and (12b) in the direction of the arrow. 



862 

The complex Ld + X moves. therefore. by taking in Y. starting from mI 

towards point Y. Consequently liquid Ld firstly traces curve dm and 
afterwards the line m Y. If a sufflcient quantity of solid Y and H is 
present. then (12' ) and (12 b) pass into the osmotic equilibria: 

I 
E = H + L, I Lv 

One of the visible results of the diffusion Y is. therefore. the disap~ 

pearance of the solid substance X. In (13' ) is formed the liquid Lzo which 
can be in equilibrium with solid Y. in (13b) the unsaturated solution L. 
which is situated on the isotonic curve a k. 

The conversion of (12' ) into (13") would take pi ace also. if we take 
away the membrane; if. however. we take away the membrane in (12b). 

then it is clear that (l3b) can not be formed . 
In the osmotic system : 

I 
water 1 Lv (14) 

the substance Y will diffuse from each liquid L towards the water. 
Then the water forms a binary liquid. which moves along the si de WY 
in the direction towards Y. This diffusion continues till both liquids 
reach the same isotonic curve; if this is f.i . curve no. th en (14) passes into 
the osmotic equilibrium: 

I 
E = Ln I X + Lo· (15) 

The visible result of the diffusion of the substance Y is. therefore. 
the separation of solid X from a liquid. originally unsaturated; this 
separation beg ins. as soon as the liquid Lv has reached the point m of 
the saturation~curve de. 

We now con si der the osmotic system: 

I 
X I L . (16) 

in which L is an arbitrary liquid. If a little Y diffuses from the liquid 
towards the left. then is formed there a little of the liquid Le (fig. 1); 
then system (16) passes into: 

I 
X + Le I L . (17) 

The O. Y. A . of the solid substance X is equal. therefore. to that of 
the liquid Le and consequently equal also to the O. Y. A. of the liquids 
of the isotonic curve eh. Therefore. all liquids of the region eh Wd 
have a greater O. Y. A. and all liquids of the region eh abc have a 
smaller O. Y. A . than the solid sub stance X. 

Hence follows: 
If we bring in osmotic contact the solid substance X (fig. 1) : 
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a . with a Iiquid of the isotonic curve eh then there is osmotic equilibrium; 
b. with a liquid of the field e h Wd. then nothing happens ; the osmotic 

system remains unchanged. therefore; 
c. with a Iiquid of the field eh abc th en the solid substance X will 

flow away totally or partly. 
The osmotic systems: 

I I 
X I water X I L X I L 

I r 

I 
X I Lu 

I 
XI Lt 

I 
X I X+Lm . (18) 

etc.. the Iiquids of which are situated within the field e h Wd. remain 
unchanged. therefore. without diffusion occurring. In the osmotic systems: 

I 
Xt"L. 

I 
Xt"H + Lr X:H+ Y+L,I 

X t"Lg ~ 
(19) 

etc. . the liquids of which are situated within the field eh abc. the sub­
stance Y diffuses in the direction of the arrows. If a sufficient quantity 
of solid X is present. th en the equilibrium X + L. is formed at the left 
side of the membrane; at the other side of the membrane is formed a 
liquid. which is represented by a point of the isotonic curve e h. If too 
little solid X is present th en is formed at the left side a solution. repre­
sented by a point between e and c. 

The result of the diffusion is dependent on the ratio of the quantities 
of the different phases; if we take f.i. the osmotic system. mentioned 
already in (19) : 

(20) 

This can pass f.i . into one of the osmotic equilibria : 

L I Y + L 
C I q 

I • 
X + Le I Lq (21 ) 

in which L~ is a liquid. represented by the point of intersection of the 
line Yq with the isotonic curve eh. In the first one of those equilibria 
the solid substance X has disappeared. therefore; in the second one the 
solid substance Y and in the last one as weIl X as Y. 

The isotonic curves a k and eh divide the field of the unsaturated 
solutions into three parts. which behave differently with respect to the 
solid substances Hand X. It follows from our previous considerations: 

If we bring in osmotic contact the solid hydrate H or the solid 
substance X : 

a. with a Iiquid of the field a k c b. th en the hydrate H remain~ 

unchanged. but the substance X flows away totally or partly; 
b. with a liquid of the field a k eh. then as weIl the hydrate H as 

the substance X flows away; 
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c. with a liquid of the field eh W d, th en the hydrate H flows away 
totally or partly, but the solid sub stance X remains unchanged. 

The three cases, mentioned above, occur only then, however, when 
the isotonic curve a k,starting in fig . 1 from point a, terminates in a 
point k between c ' and e and, therefore, does not intersect the saturation­
curve de. We now imagine the point e anywhere between k and g; 
th en the isotonic curve starting from a, intersects curve dein a point, 
which we shall call al ' The isotonic curve starting from point e, will 
also then intersect the saturation-curve a b; this point of intersection, 
situated between a and f, is called el ' We now find: 

If we bring in osmotic contact the solid hydrate H or the solid 
substance X : 

a'. with a liquid of the field bc e el then the hydrate remains unchanged, 
but the substance X flows away totally or partly; 

b' . with a liquid of the field e el a al th en as weIl the hydrate as the 
solid substance X remain unchanged; 

c'. with a liquid of the field a al d W, then the hydrate flows away 
totally or partly, but the solid substance X remains unchanged. 

The field. mentioned above sub b, in which as weIl the hydrate as 
the solid substance X flow away, is replaced now by the field mentioned 
sub b', in which as weIl the hydrate as the substance X remain unchanged. 

The transition of field b into b' occurs wh en point e in fig. 1 coincides 
with point k; the two iso tonic curves a k and hethen coincide also. In 
this special case an osmotic equilibrium : 

I 
E=H + L" I X+Le (22) 

can exist also. This is in accordance with the membrane-phase-rule. 
(Comm. VII and VIII). If we take constant the pressure of the two 
separate systems, an osmotic equilibrium has 

nl + n2 - (rl + (2) + 1 - d 

freedoms. The number of diffusing substances d is here: one; the number 
of components on each side of the membrane is two and also the number 
of phases. Consequently the number of freedoms is: 

2 + 2 - (2 + 2) + 1 - 1 = O. 

Therefore. system (22) is invariant, consequently it exists only at a 
definite temperature and the composition of the two liquids is completely 
defined. 

A5 is apparent from the situation of the saturation-curves bc and de 
in fig . 1 with respect to one another, we have assumed that the tempe­
rature, for which fig. 1 is valid, is higher than the eutectic temperature 
of the binary system XY. If we lower the temperature tiU below the 
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eu tee tic and below the melting-point of ice. then we may obtain a 
diagram like fig . 2. Herein fg represents the ice-curve viz. the liquids 
saturated with ice. the O. Y.A. of the liquids of this curve increases in 
the direction of the arrows viz. from f to g . 

We now find for this fig. 2 : 
the O. Y.A. of solid Y is equal to that of the Iiquids of the saturation­

curve be ; 
the O . Y.A . of solid X is equal to that of solid X + Y. consequently 

also equal to that of the liquids of the saturation-curve be; 
the O. Y.A . of the solid hydrate H is equal to that of the liquids of 

the isotonic curve a I ; 
the O. Y.A. of ice is equal to that of the liquids of the isotonic curve fo. 
the O. Y.A . of solid Y and of solid X is. therefore. smaller than that 

of all Iiquids of the field a bed g {. 
It is apparent from the position of the isotonic curves in fig. 2 that 

a .o. the osmotic equilibria: 

I 
H+L. I X+L, 

fig . 2 

may occur now. which cannot exist in fig . 1. 
We now take the osmotic system : 

I 
Lr -r L. fig . 2 . (23) 

in which L. has a greater O. Y.A . than Ln so that the sub stance Y 
in (23) diffuses in the direction of the arrow. Again it now depends on the 

ratio of the quantities of both 
the liquids. which will be the 
result of the diffusion. Two 
unsaturated liquids viz. can 
be formed . but (23) can PqSS 

also into the osmotic equili­
brium : 

' I ' Jee + Lr I L. fig . 2 . (24) 

Herein L: is a liquid of 
the ice-curve. situated between 
the points f and p; L: is the 
point of intersection of the 

,~ ___ ..... __ ..... -:--_____ .& Y line Ys with the isotonic curve. 
,. " which goes through the li-

FIg. 2. quid L:. 
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In the osmotic system : 
I 

lee + Lp ~H+Lh fig . 2 . (25) 

Lp has a greater O . Y.A . than Lh; consequently the substance Y 
diffuses in the direction of the arrow. According to the composition of 
the liquids and the ratio of the quantities of the phases. there can arise 
from (25) a .o. the following osmotic equilibria : 

L~: H + L~ L '''I L'" 
p I h (26) 

In the first one of those three equilibria L' p is represented by a point 
p' of the ice-curve between pand {; L',. is represented by a point h' 
viz. the point of intersection of the line YK. in which K represents the 
complex H + Lh . with the isotonic curve. starting from point p' . In a 
similar way we find the position of the points. which represent the liquids 
L" p L/lh etc. 

In the osmotic system : 
I 

lee I L fig. 2 . (27) 

it is dependent on the composition of the liquid L. whether diffusion of 
the substance Y will take place or not. The O. Y. A. of the ice. as we 
have seen above. is equal to that of the liquid Lr . therefore. equal to 
that of the liquids of the isotonic curve {a. 

Consequently if we take in (27) a liquid of the field {a eba. th en the 
ice will melt totally or partly with formation of an unsaturated solution. 
consisting of water + Y or the solution Lr saturated with ice. 

If. however. the liquid L in (27). is situated within the region fadg. 
then no Y diffuses towards the ice and the system rests unchanged. 
therefore. 

If we bring in osmotic contact solid X with a liquid L. th en we have 
the osmotic system: 

fig . 2 (28) 

As long as L is an unsaturated liquid. diffusion of Y can not occur 
in this system. If viz. a little Y diffuses. th en at the left of the membrane 
the system X + Y occurs. which has the same O . Y . A. as the liquids 
of saturation-curve b e. As the O . Y . A . of solid X is smaller. therefore. 
than that of every liquid of the field a b e d g { (fig. 2) this diffusion can 
not occur. therefore. and system (28) remains unchanged. 

If L in (28) is a supersaturated liquid with respect to solid Y then. 
however. it is quite different. If f.i. this is situated in the field beY. 
then its O . Y. A. is smaller than that of the solid substance X and con­
sequently (28) is converted into the osmotic equilibrium: 

X+ Y I L' 
I 

fig. 2 

in which L' represents a saturated solution of curve b e. 

(29) 
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Summarising some of the previous considerations. we may say : 
lee in osmotic contact with a liquid 
of the field f 0 dg remains unchanged; 
of the field fo eba flows away totally or partly. 
The hydrate H in osmotic contact with a liquid 
of the field ale b remains unchanged; 
of the field aid g f flows away totally or partly. 
Solid Y in osmotic contact with every liquid of the total unsaturated 

field flows away totally or partly. 
Solid X in osmotic contact with every Iiquid of the total unsaturated 

field remains unchanged. 

(To be continued.) 



Physics. - "The Equilibrium in the Capillarg Lager" . By Prof. J. D. 
VAN DER WAALS Jr. 

(Communicated at the meeting of October 31 , 1925). 

In his theory of the capillary phenomena published in 1893 I) and 
also still in the "Lehrbuch der Thermodynamik" by VAN DER WAALS­
KOHNSTAMM. which appeared in 1908. my father has developed a theory 
of capillarity based on the supposition of a continuous transition from 
the liquid to the vapour density. 

For this purpose he calculated the free energy of a quantity of sub­
stance which is in the transition layer between the ' two phases. With 
the method followed by him the knowledge of the entropy in the 
capillary layer was required. and about this he introduced the supposition 
that it would exclusively depend on temperature and density at the 

point itself and would be independent of ~: or higher derivatives of n (n = 
number of molecules per ccm. and z = direction norm al to the liquid 
level). In other words : he assigned to every quantity of liquid the entropy 
which it would possess. if it was amidst a homogeneous phase of its 
density. 

ORNSTEIN 2) has pointed out th at this supposition cannot be rigidly 
accurate. He assumed. ho wever. that the radius of the sphere of attract­
ion. within which two molecules still attract each other appreciably. is 
very great compared with the radius of the molecule. On the ground 
of this supposition he neglected the influence which the derivatives of 
the density can have on the entropy. 

As. however. the sphere of attraction must not be put much larger 
than the molecule itself. or at least their radii are of the same order of 
magnitude. it seems to me that the said influence should be taken into 
account in a theory of capillarity. 

H. however. it is the intention to find the condition of equilibrium of 
the capillary layer. this may be reached by a shorter way. in which 
the entropy is not explicitly introduced. We may start from the so-called 
law of the distribution in space of BOL TZMANN. which teaches that: 

N ~ 
- ek T = constant in space 
Ob 

(N = number of molecules per molecular quantity. Ob = the available space 
in a volume containing a molecular quantity. E the potential energy of a 

I) Cf. among other things J. D . VAN DER WAALS. Zeitschr. f. Phys. Chem. 13,657, 1894. 
2) L. S. ORNSTEIN. These Proceedings 11 , 526, 1908. 
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molecule at the point considered, kT = double the mean kinetic energy 
per degree of freedom at the given temperature). Or, what comes to the 
same thing, we may start from GIBBS'S principle that the thermodynamic 
potential ft is constant in space, in which ft may be put equal to RT X the 
logarithm of BOL TZMANN's expression I). 

It is known, that we may put in a homogeneous phase: 

Vb = I v - 2b (n) I, 
in which for n = 0 b(n) approaches to half the joint volume of the 
distance spheres, and is smaller for greater value of n. In the capillary 
layer, however, 

must be put, in which k l and k2 represent constants. It is the influence 
of these constants that has been so far neglected in the theory of 
capillarity. 

If the partial overlapping of the distance spheres should be disregarded 
(in which case it would also be allo wed to put b(n) = boo = constant) 
these constants could be easily calculated. In the first place it is easy to 
see that then k l is zero, at least if also the grouping of the molecules 
in consequence of the attraction should be disregarded. In reality k l 

will not be rigorously zero. Here it may be pointed out that in the 
usual calculation of the energy in the capillary layer (see VAN DER WAALS 
loc. cit., VAN DER WAALS-KoHNSTAMM, ORNSTEIN loc. cito and others) 

also a term with ~: is omitted, which if the "mutual exclusion of the 

molecules out of their distance spheres" and the group~formation in 
consequence of the attraction is fully taken into account, would probably 
appear not to be rigorously zero either. 

In the second place it is. easy to calculate what part of a layer of 
the thickness of dz (dz = small compared with the radius of the di stance 
sphere a, and a fortiori small compared with the whole thickness of the 
capillary layer) is occupied by distance spheres of molecules which !ie 
on either si de of this layer at a distance < a. Neglecting the points 
mentioned above we find for this fraction: 

so that: 

2b ba2 021 / . 

--;-+5~ 

Vb = v (1- 2b (n) _ ba
2 021

/. ) . 
v 5 OZ2 

With the value of the energy calculated before this gives (see inter 
alia VAN DER WAALS-KoHNSTAMM p. 229 et seq.): 

I) My father caUs the quantity in question (Ioc. cit .) " total potentiai" and conslders a 
part of it as "thermodynamic potentiai " . It seems, however, simpier to me not to make 
the distinction of the energy into "internalor thermodynamic" and "external" (among 
which latter the capillary energy is reckoned) . . 
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2a _ C2 021/. +RTln~v - 2b - vb02 021/.~ = =constant in 
v OZ2 ( 5 OZ 2 ~ ft space. 

in which 

C2 = 2nJ:2 VJ (u) du 

o 
VJ (u) being defined by: 

d VJ (u) = - f II(f) df 
and II(f) representing the potentialof the molecular attraction at 
distance f 

When the b~correction in the equation of state may no more be neglec~ 
ted than the a~correction. and the radius of the sphere of attraction 

vb02 02 1/. 
r. is of the same order of magnitude as o. the term with -5- ----aZ2 

021 /. 
may no more be neglected than C2 OZ2" . This is seen when it is con~ 

00 

sidered that a = 2 n .J~ (u) du o so that C2 is of the order of a r2 
a . 

o 
When the last term of the form under the logarithm sign is small in 

comparison with the ot her terms. the following form may be written : 

ft = - 2a + RT 1 ( v _ 2b) _ ( C2 + v b 0
2 

RT) 0
2 

1/. . (A) 
v 5 v - 2b dz2 

which expression is distinguished from the prevalent one only in this 
021 / vb02 RT 

that the coefficient of OZ2· is not C2. but C2 + 5 v-2b. It should. how~ 

ever. be borne in mind that in the other formulae of the theory of 
capillarity the form in question is not always to be substituted for C2 in 
order to take the influence of molecular "exclusion" duly into account. In 
the calculation of the tangential tensions in the surface layer in consequence 
of molecular attraction. e.g.. as carried out by HULSHOF. no change 
need be applied. i.e. the formula : 

C2 ~ 1 iY 1/. (0 1/. )2 ~ 
ptang. - pnorm. = 2 (-;- dz2 - az ) 

remains unchanged. Only v as function z is now found by solution of 
(A). It is. therefore. different from what it would be without the term 

vb02 RT 
with 5 v-2b· 

In consequence of this another value is found for the capillary constant. 
Besides. this only holds ' for that part of the ten si ons that is determined 
by attraction. The kinetic pressure. too. will not be quite independent 
of the derivatives of 1/.. I have not yet examined how great this amount 
is. and whether it may be neglected compared with the other terms 
governing capillarity. 



Meteorology. - E. VAN EVERDIl'\GEN : " Thc cyclane-like whirlwinds af 
August JO. 1925." 

(Communicated at the meeting of October 31, 1925). 

1. When in the morning of August 11 the papers in this country. from 
all quarters in the southern and eastern part of the country. received 
reports of heavy devastations. reminding in their description of the effect 
of a hurricane or acyclone. especially in consequence of the reports saying 
that Borculo had been "entirely destroyed". the Meteorological Institute 
was asked for information about the cause of the disaster and publication 
of its observations. In both respects we were obliged to disappoint the 
applicants. We could say nothing about the cause but that it ought to be 
connected with the passage of the line squall of a thunderstorm. which had 
attracted our attention also at De Bilt by the darkness preceding it. no 
particularly severe phenomena ensuing however. Hence local observations 
did not give any clue. nor those at the four principal stations from which 
we get telegraphic reports at regular intervals - at the moment of the 
disaster at Borculo, about 7 o'clock p.m.. the weather map shows a 
shallow depression-centre over the northern part of our country. with 
lowest readings just below 755 mm .. and the maximum gradient of pressure 
in the triangles Flushing- De Bilt- Maastricht and De Bilt-Maastricht­
Groningen remains short of 2 mmo per degree for very divergent directions. 
It is in good harmony with this fact. that at none of the principal stations 
wind force of any extraordinary importance occurred. at some even the gale­
limit was by far not attained. For these reasons. however severe the 
destructions may have been locally. it is not right to talk of a hurricane 
or acyclone - with those words we indicate in meteorology phenomena 
of a much greater size. with a diameter of many hundreds and a length of 
path of thousands of kilometers. For the local whirlwinds which often. 
albeit usually in a much more modest form . accompany thunderstorms. the 
rea 1 dutch name "windhoos" (wind-spout) is best adapted . In this case. 
in view of their exceptional severity and extension. we may talk of cyclone­
like whirlwinds. 

2. It is probably on account of the very local character of whirlwinds 
that we are inclined to believe them to be more rare than they really are. 
In this country. in the period 1888- 1913 whirlwinds of more or less import­
ance occurred on the average on 8 days per annum. During the years 
1882-1925 the Meteor. Institute got notice of 82 cases. in which at one 
or more places damage was caused. comparable with what occurred this 
time on a big scale: trees knocked down or snapped. hay-cocks blown 
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up and scattered, roofs or even houses damaged. Fig. 1 indicates the 
localities, where these whirlwinds occurred: much haunted are Sealand 
and Friesland, remarkably spa red the N .-E. part of Groningen and Dutch 
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Fig. 1. 

Flanders. The total number of cases however is still too small to permit us 
to draw conclusions, though it seems probable that the proximity of the 
sea or the influence of heated sands and hills favours the formation of 
whirlwinds. The distribution of these whirlwinds over the various 
months was: 

Jan. Febr. March April May June July Aug. Sept. Oct. Nov. Dec. 
1 2 2 3 9 11 20 19 9 2 4 

and bears much resemblance to that which WEGEN ER has deduced in his 
remarkable book "Wind und Wasserhosen in Europa'" - here however 
J une has sensibly less, J uly more. 

The particularity of the whirlwinds of August 10 does not in the first 
insta nee consist in the character of the destructions, which has been 
formerly equalled at various places. We mention ti. August 29, 1916 
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when in Limburg hundreds of trees were smashed; by chance also August 
29. 1919. when near Voorthuizen once more hundreds of trees feIl; July 
17. 1920. wh en a similar case happened in Twente. finally July 11. 1924. 
wh en Delft and Alphen on the Rhine were visited . Moreover it is possible 
that local circumstances have played their part. and hence a comparison 
is difficult . Extraordinary without doubt was however the extension of 
the region. where the destruction took place. Immediately after the 
disaster the Meteorological Institute has asked all its voluntary observers 
in the southerly. central and easterly part of the country to make a 
sketch of the extension of the damage in their vicinity. and also the principal 
papers printed such a request. Many persons have answered to this 
request with much diligence : moreover we we re favoured by the 
cooperation of Dr. H. K. OE HAAS from Rotterdam. who passed his summer­
holidays at Barchem and from there recorded the direction in which trees 
had fallen at many spots over a large area - we will treat of this afterwards. 
The writer. together with Dr. C. SCIIO UTE. adjunct-Director. and Mr. W . 
WOL TH ERS. secretary of the Institute. who likewise passed his holidays at 
Barchem. visited a large portion of the damaged district in Gelderland and 
Overijssel by means of a motor car. put kindly at our disposition by the 
municipality of Borculo. Also Messrs. K. ZWART. retired head-teacher. 
and J. TH. A . BOTH. functionary of the El. C y. "de Berkel" . earned great 
merit by surveying and charting the direction of fall of trees in the 
municipality of Ruurlo. Finally we received a map of the whole reg ion 
visited on two motor car trips in N.-Brabant and Gelderland and Overijssel 
by Mr. J. G. LEPPER. engineer at Aerdenhout. 

fhe whole of these data enabled us to draw a concise map of the 
devastated regions. Whereas for some whirlwinds and tornado·s. occurred 
abroad. it has been possible to find out a track. along which within a certain 
width almost everything is destructed. so much so that f.i. in Scandinavia 
people speak of an "Asgardsroad" through a wood. in th is case one is 
struck rather by the great lack of regularity and the saltatory character 
of the destructive action. In the midst of an otherwise uninjured wood we 
find spots. where all trees have been felled ; along a road of more than 
10 km. we find at irregular distances portions. where everything has been 
devastated by forces across the road. next to large regions almost uninjured 
- at other places the devastation is limited to a single narrow strip. 
Therefore it was impossible to map completely the extension of the damage; 
hence we have only indicated in fig . 2 the devastated regions by a scale 
of three degrees: narrow horizontal shadings for the regions. where heavy 
damage was caused to trees. crossed shadings where also buildings were 
damaged. black where buildings we re entirely destructed. A wide 
horizontal shading indicates damage ~t few isolated spots. 

On investigation it appeared that no reports of damage in Belgium had 
reached the Meteorological Observatory at Uccle. On the contrary in 
Germany damage was caused at a rather large number of places. Though 

57 
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we did not yet receive complete information 1). we could conclude from 
reports in the papers that in the N.~E. part the spots devastated are much 
further apart in the transverse direction than in our country. as may appear 
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1) While correcting the proofprint we received a map from the .. Deutsche Seewarte" at 
Hamburg. from which -it appears that the squall-Iines of the thunderstorm may he followed 
up to Klel.~and . windforce 9-12 of the Beaufort scale was reported largely from three parallel 
tracks. the prolongatIon of whlch to our country contains all the regions devastated there. 

.1" 
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from fig. 3. Taking everything tag ether it appears that tbe length of tbe 
track is of the same order as the 4 longest tracks mentioned by WEGEN ER. 

3. It is in the first place the capricious character of the destructions 
which farces us to ascribe them to whirlwinds. If the effects ought to be 
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ascribed to nothing else but a gale, then 
the force of a hurricane of such streng th 
would be required, that over a wide 
area everything would have been des­
tructed. In whirlwinds indeed exception­
ally high windforces occur locally and 
temporarily; even 100 m. p. s. has been 
mentioned. though nobody can teIl with 
certainty that such veloeities have been 
reached. Indeed. all calculations of the 
lorce of the wind from the pressure, of 
the wind, estimated from its destructive 
effect, yield toa high values because it 
is certain, that other farces of the ' same 

order of magnitude must have been present at the same time. These are 
the differences in atmospheric pressure. which in the rare cases where a 
whirlwind came across a barograph have proved to be able to reach 20 to 
30 mmo The mean diameter of a whirlwind is something of the order of 
100 m. Hence mean pressure gradients of the order of 1 mm of mercury 
in 5 to 3 meters play a part, locally and near the axis perhaps 10 times 
bigger. Thls Céluses forces of the order of 25 to 40 kg . per m:! of an object 
of 1 m. thickness, hence forces, already equal to the windforces experienced 
in heavy gales, but differing from these in this respect, that they increase 
with the thickness of the object on which they are displayed. If such a 
whirlwind progresses with a big velocity - in this case there is reason 
to estimate that velocity at 20 to 30 m. p. S. - then there is certainly no 
time to develop everywhere, an equaJ distribution of pressure, and we may 
expect quasi-explosive effects of the not expanded air, which is present 
iIiside buildings. 

That is why roofconstructions are tilted up, roofcoverings are blown 
off. windowpanes and even walls are thrown outwards at the side opposite 
to that. exposed to the strongest wind. even if the walls on that side 
remained intact, as has been observed in many cases. This also explains 
the possibility of very different directions of fall of trees at neighbouring 
places. This, lastly, explains why heavy objects may be carried through 
the air over rather large distances. borne by a diminution of pressure over 
and before them. and forced on by air streaming towards the depression 
and ascending at the same time 1) . 

I) I consider th is explanation to he more acceptable than WEGENER's supposition, th at 
transport over large distances would take place in a horizontal part of the vortex. 

57* 
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However - even when taking into account these forces, wind pressures 
of the order of 200 kg. are required to explai~ several of the masterpieces 
accomplished by whirlwinds; hence we are obliged to assume windvelocities 
of more t~an 50 m. p. s. 

We give in the following the few observations, where the funnels of the 
spouts we re actually seen. 

Borculo. Dr. J. W . GRONDIJ S. "FIOm the Southwest approaches a 
funnel of a dirty yellow-greenish colour. In a short time the colossus has 
reached the villa ge. Violent wind. I see the trees in the BIoemerstraat 
falling with a single blow, direction S.-N., but at the upper end of the 
street the trees lie N.-W.-S.-E." 

Borcl/lo. H. W . HE UVEL. "The clouds arrived revolving like a whirl­
pool. Somebody tells: At once we saw in the sky something strange. A long 
straight tube, which rotated quickly at a horrific pace and approached with 
a terrifying roar." 

Nijmegen. R. TEN KATE. "When the squall' had approached a good 
deal and it had grown very dark, I saw at once a large frayed cloud 
approaching somehow from N .-W . with an amazing velo city in the direc­
tion of the squall. This attracted my attention to such a degree, that I 
inspected the sky more closely and th en I saw from a southern direction 
another cloud approaching in the direction of the squall. Just before the 
squall had reached the North-Southlinc over my dwelling, it was reached 
by the two clouds, whereupon they assumed together a rotary motion and 
proceeded in the direction of the squall. At the moment this IOtation started, 
the trees began to wave wildly without a distinct directioll. The rotation 
was rather quick (one revolution in about 6 seconds.)" 

Zevenaar. Drs. J. G. A . HONIG. "Various persons have seen a dark 
rotating(?) column moving from S.-W . to S.-E ." 

Uden. J. TH. FRUNT. "The clouds came together from the directions 
N.-W. and S .......... Everyone cried fire . ......... But there was no fire . 
Then the clouds descended ......... to about 50 m. above the surface, and 
much sand came with them ......... th en towards Uden, there the whole 
motion of the air was involved in rotation. " 

These data and the ensuing notice about the estate "Het Espeló" prove 
beyond doubt that whirlwinds have occurred. The very dark sky and the 
velocity with which everything proceeded are sufficient reasons, why more 
numerous descriptions were not received. 

4. Details of local destructions are to be found at random in papers 
and periodicaIs, and this is not the occasion to treat further of these. Very 
important however is the result of Dr. H . K. DE HAAS ' investigation, which 
is resumed in fig. 4. For orientation the railways and principal roads in 
the vicinity of Ruurlo, Lochem and Borculo have been indicated. Every 
arrow marks the direction of fall of a tree, which stood at the spot, indicated 
by the point of the arrow. Some curved arrows indicate spots, where one 
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gets very strongly the impression of quickly rotating forces, f.i. because 
the branches of a' group of Hrs we re entirely coiled up. Only those directions 

Fig. 4. 

of fall have been inserted, where it was certain that the tree lay untouched. 
As of course in many spots soon clearing had taken place, the number 
of arrows and their distribution do not give a true picture of the intensity 
of the whirlwinds; but they do, as far as the direction of the largest forces 
in any point is concerned. Fig. 5 is a reproduction of the sketch received 
from Ruurlo. Here the directions of fall diverge still more. 

A comparison of these figures with tracks of whirlwinds in WEGENER'S 

collection shows, thaI' this case is among the most complicated. If a single 
whirlwind proceeds along a straight line, we are able to predict entirely 
the direction of fall with respect to the track, af ter making certain supposi­
tions about the velocity of translation and the angle of incidence of the 
wind with respect to the axis of rotation. It then appears that near the 
centre all trees must fall in the direction of propagation. whereas on both 
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sides a region is found . in which the trees are found lying under angles 
up to 1350 with the track - of course subject to the nature of the trees 
and the minimum wind force sufficient to feU them. 
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Nothing like such a picture here - only sm all portions along certain 
roads show some resemblance to it 1), so as to favour the supposition, that 
a great number of whirlwinds of relativily small dimensions has been in 
action, and that sometimes, diverging from the principal direction, these 
whirlwinds followed the rows of trees along the roads. It is even not 
impossible, that some whirlwinds followed an adverse track, or showed an 
adverse direction of rotation. At various places it was possible to conclude to 
the time-sequence of the successive hurricane blasts, because we can take for 
granted that the tree Iying uppermost had fallen latest . On the evidence of 
facts like these Dr. DE HAAS thinks he must assume that N.-W . of Borculo 
several right-hand rotating whirIs have occurred . 

In the Ruurlo map we are struck especially by the great number of trees, 
felled from N.-E . in the centre of the Gr. Meene, secondly the great number 
of isolated spots with numerous felled trees amidst uninjured regions. In 
these smaller spots the direction of fall does not diverge so much. 
Everything seems to indicate, that the whirlwinds, descending from the 
cloudievel. touched the surface here and there in a saltatory way, and on 
the occasion of an extremely deep descent over the Gr. Meene developed 
enough force to feil trees also at the front side. If we assume a general 
motion in the direction N.-E., we have to distinguish at least 5 whirlwinds 
in this case only. In these considerations we start from the supposition, 
confirmed by numerous observations in the case of solitary whirlwinds, 
that next to the surface the rotation plays only a secondary part in the 
whirI, the afflux of air being the principal phenomenon. Hence the origin 
of the rotation, which constitutes the cause of the diminution of pressure, 
must be looked for in higher strata. In th is supposition the progressive 
motion of the whole mass of air is added to the afflux behind the whirl near 
the track of the centre, subtracted from it on the front side. IE we put the 
general windvelocity at 20 m. p. S ., the felling of trees on the front of the 
whirl would indicate avelocity of afflux of 40 to 50 m. p. S. , if we overlook 
the pressure-forces, - at the backside then velocities of 60 to 70 m. p. s. 
must hav'e occurred. We remarked before that the action of pressure diffe­
ren ces weakens these conclusions, except in the case of tall trees like firs 
or poplars, where the pressure effect cannot be very large. But also in 
other ways estimates are obtained of windforces between 50 and 80 m.p.s. 

5. In spite of the very extensive investigations on whirlwinds we cannot 
say that at the present moment their origin is completely explained. Many 
facts and experiments however are in favour of the mechanic theory, 
which assumes that a horizontal vortex is formed wh en an ascendiIi.g 
current forces its way into layers of air, where the velocity strongly increases 

I) On the estate .. Het Espelo" near Enschedé f.L in a wood a passage has been cut, 
about JO m. wide, in which the trees not only have been blown down, but also snapped 
olf. O. VERKOREN Jr. Director of the Gas- and Waterworks, Enschedé). 
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upwards. Considering that in thunderstorms firstly strong ascending 
currents occur, but a thunderstorm of some importance requires also an 
inversionlayer, over which almost always a sudden change in the wind 
may be expected, this explains at the same time the frequent simultaneous 
occurrence of thunderstorms and whirlwinds. 

Starting from th is point of view we have tried in the first place to 
coordinate the facts, observed at the surface, on the supposition that the 
whirlwinds occurred everywhere at the moment of the passage of the 
principal line-squall of the thimderstorm. A great number of reports of 
the thunderstorm were available for determining the motion of th is squall 
line. Though some possibility of con fusion arose from the occurrence of 
several other thunderstorms, f.i. at de Bilt half an hour before the principal 
squall, we are of opinion that the squall-lines copied on fig . 2 have a 
sufficient degree of certainty 1). 

A first item of the research dealt with the air-pressure at the surface. 
In consequence of our request in the papers for communications of observ­
ations and sketches for this day, we got a.o. barograms from Nijmegen, 
Berg en Dal, Lochem, Goor, and Boekelo, all localities situated pretty near 
the track of the whirlwinds. 

None of these diagrams did however show extraordinary variations of 
pressure, and this is what we might expect , seeing that the distance remained 
much greater than the diameter of the biggest whirIs. Very important was 
therefore the receipt of the diagrams of the registering gas-pressure gauges 
at Nijmegen from the Director of the Gas-works, Mr. G. Philips, as the 
gauge a~ Hatert was only few kilometers from the track of the whirlwinds, 
and did show much bigger variations. In order to reduce the indications of 
these waterrnanometers to variations of air pressure we assumed , that a 
barograph , stationed at Nijmegen on the OranjesingeI. would have regis­
tered the same variations of air pressure as a barograph, installecl at the 
Gas-factory, safe a difference of few minutes in time. After correct ion for 
the difference of level of the observing stations and reduction to 
pres su re in mmo of mercury, the differences of the watermanometer at the 
factory and at the ot her points allowed the calculation of the air pressure 
variations there. We know that all registering cylinders show errors of 
time, and in th is case these we re very considerable. Therefore we assumed , 
[hat the most marked increase of pressure, shown in the diagram , coincided 
with the moment of the passage of the whirlwind, so as to allow a calcu­
lation of the time-error from the time of passage of the: squall-line. The 
same procedure has been adopted afterwards for the barograms in the 
vicinity of Borculo. 

I) The very large velocity of th is squall. about 72 km. per hour explains the velocity 
wlth which, aeeordlng to eye-witnesses. the destruetion approached. and is in harmony 
with the estlmates of the lapse of time in whieh Borculo was destroyed, which vary from 
7 mlnutes to a quarter of IIn hour. (Addition during correct ion ; In Germany the velocity 
Inereased even to 90 km. per hour) . 
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Fig . 6 shows the barograms for Hatert and Daalsche Dijk near Nijme­
gen, obtained in this way and compared with the diagram of the float­
mercury-barograph at de Bilt. The latter shows a marked thunderstorm­
unrest. but nothing particular at the passing of the line-squall at 6.00 -
the diagrams for Nijmegen however show very large fluctuatiûns, especially 
at Hatert. 

As evident from fig . 

11 

!>.30 

2 the destruction stopped temporarily just beyond 
Nijmegen , and therefore it was not 
certain, that the difference in registra­
ti on at Hatert and Daalsche Dijk was 
only due to a difference in distance 
from the track of the whirIwinds. For 
this reason we abstained from trying 
to estimate the fall of pressure on the 
central line by an extrapolation. 

Using the observations at principal 
stations, second order stations and a 
number of other barograms received, 
we have then drawn the diagrams in 
fig. 7 for the distribution of pressure at 
2, 4, 5, 6, 6.30 and 7.00 p. m. Only at 
the moment of the passing of the whirI­
winds extraordinary isobars are display­
ed, but these are very remarkable 

Fig . 6. indeed, as in the neighbourhood of the 
track of the whirIwinds, they indicate pressure gradients up to 55 mmo 
per degree, which, if occurring over larger areas and longer periods, would 
cause hurricanes of the most destructive kind. 

With isobars of a curvature as here occurs however by far the greater 
part of the gradient is required for change of direction, and moreover it 
is evident that this pressure distribution did not persist long enough to 
develop its fuIl wind force. There are no indications of the occurrence of 
similar gradients farther S.-W. , hefore the whirIwinds appeared. Therefore 
though we don't exclude the possibility, th at in the first place N .-W.ly 
gales and whirlwinds with a southerly track may be explained by these 
pressure gradients, we are of opinion , that on the whole these phenomena 
are to be regarded rather as sequences of than as causes for the formation 
of the whirIwinds. A large part of the rise in pressure can he ascribed 
to the replacing of warm by cold air: a temperature difference of 6° C. 
through a column of air 2000 m. in height gives a ri se of pressure of 
aóout 4 mmo 

6. Fig . 8 shows the distribution of the rainfaIl in our country according 
to the reading of the raingauges, at 8.00 a .m. on August 11 . It would 
have been desirabIe to draw this map exclusively for the rain that feIl 
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with the squall charted in fig . 2. But only a small fraction of the observers 
has measured separately the rain of th is squall. and we only know that 
at various places th is squall has indeed had the largest share in the day's 
rain. As main result of this investigation we find : 1°. that the quantity of 
rain has been very different. varying between 38.5 mmo and nihil; 20. that 
the region devastated by the whirlwinds has not experienced the heaviest 

precipitation. but that a region of 
heavy rain is to be found somewhat 
to the North and to the left of the 
track of the whirlwinds in Brabant 
and Gelderland. From the intensity 
of the rain the velocity of the 
ascending currents can be calculated. 
if we know the vertical extension of 
the saturated layer and its tempera~ 
ture. If we put the temperature at the 
surface at 25° c.. the weight of the 
layer of air per m2• at 1000 kg .. then 
for a rainfall of 35 mmo in half an hour 
avertical velocity of more than 6 m. 
p. S. is required. Hence it is very c=- probable. that locally and temporarily 

o 10 20 30mM. the ascending velocity surpassed the 
Fig. 8. limit of 8 m. p. S. and so grew larger 

then the highest velocity of falling raindrops. Perhaps this is the 
explanatiçm for the phenomenon. that at many places ~he squall was 
preceded by an inkblack sky. from which rain did not yet fall. If such 
ascending velocities occur simultaneously over a few square kilometers. 
and if they are fed at the front part of a wedge of incident cold air only 
by an afflux with a height of a few hundred meters. then we find even in 
the case of a supply from all sides velocities of more than 20 m. p. S .• with 
an afflux from one side much higher values. 

7. The direct cause of the thunderstorm was given by an invasion 
of cold air from W . under a warm and moist body of air supplied from 
South. Neither the temperature which occurred even in die eastern part 
of the country. which remained below 30° c.. nor the fall of temperature 
can be called extraordinary. and doubtless these figures have been surpassed 
considerably in many heat~thunderstorms . It will appear lateron that in 
the higher strata more important differences were found . Figures 9 and 
10 give the course of the isotherms at 2.00 and 7.00 p. m.. the arrows 
indicate roughly the streamlines of the two masses of air. Given the 
irregular character of the pressure variations and the variabIe winds caused 
by these. many more observations would be required to completely determine 
these Iines. Even in th is rough form however they suggest the rising 
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currents due in the Achterhoek (Eastern Gelderland) about 7.00 p. m. 
and the ascending currents on the Veluwe (Western Gelderland). which 
fed the heavy winds in the back of the squalls. 

lt is evident from a comparison of fig. 2 and 8. that at different points 

Fig . 9. Fig. 10. 

of a same squall-line very different amounts of rain feil; also fig. 10 suggests 
various independent squalls. so as to permit doubt. whether the squall-lines 
connected by a dotted line in the North and the South of the country 
really belong together. Hence the conditions of flux differed much locally ; 
other differences in the ascending velocities depend on the orographic 
-:onditions. whereas preceding thunderstorms may have altered here and 
there the conditions in the higher strata. Together these are sufficient 
reasons to explain the large differences in rainfalI. 

8. In consequence of the constantly increasing application of the 
investigation of the upper air to the daily forecasts of the weather. we have 
at our disposal rather complete material of temperatures and velocities 
of the air in the lower kilometers. By means of aeroplanes the tempera tu re 
was determined up to a considerable height at Duxford in England. Uccle 
in Belgium. Helder and Soesterberg in our country. by means of kites 
or cable balloons at Lindenberg and Friedrichshafen in Germany. 
Moreover, observations from mountain stations were available in Germany, 
Switzerland and France. Numerous observations of pilot balloons give 
the winddirections in the higher strata at various times of the day. Fig. II 
and 12 give a compilation of the morning observations for the levels of 
1000 and 2000 m. (I m.m. = 2.5 m. p. s.) 

Remarkable is here especially the large temperature difference at the 
level of 1000 and 2000 m. , between England and Central Europe. With 
a view to the observation on the Puy de Dome in France. which gives a 
temperature of 20° at 1500 m., we may assume that this condition existed 
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likewise in Central France and that the southerly to southwesterly winds 
at 1000 to 2000 m. carried this warm air to our country. Above 2000 m . 

.. 

Fig. 11. 

.. 

Fig. 12. 

the temperature over Friedrichshafen decreased quickly. Whereas in the 
morning the lapse-rate of temperature over Soesterberg was not very 
favourable for developing a thunderstorm. conditions grew more and more 
favourable for such a storm in the a fternoon. the more so in the easterly 
part of the country. where the temperature at the surface was much higher. 
and surpassed 29° C. If we assume that the conditions experienced in 
the morning over Friedrichshafen had spread in the afternoon from France 
to our country. then we find a total lapse of 18° up to 3000 m .. in which 
however at about 2000 m. an inversion must have occurred. These are 
conditions for heavy thunderstorms as soon as other causes force the 
lower strata upwards and make them break through the inversion. These 
other causes are to be found in the much lower temperature and more 
westerly direction of the air layers in the West. which penetrated like 
a wedge under the warmer and moist air. 
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As first demonstrated by MARG ULES, the gravitational force accom­
plishes a considerable amount of work when cold masses of air, which 
first were found beside warmer masses, spread out under these. With 
a vertical extension of the layers of 3000 m. and a difference of temperature 
of 5° C. the who Ie ma ss of air may obtain a velocity of 12 m. p. s. The 
sudden outbreak of stormy winds during a thunderstorm may completely 
be explained in this way - but velocities of 50 m. p. s. are not easily 
reached in this manner - for these we want the cooperation of a heavy 
thunderstorm~squall with a whirlwind. 

9. We now come to the observations which in our view contain the 
key for the explanation of the whirlwinds. The older theories, which f.i . 
connected the whirlwinds with: a rapidly rising current of air, which was 
said to cause vortices, or which ascribed them to the encounter of two 
strong wind currents of different directions in the same level, have been 
found to be failing in most cases. Rapidly rising currents often show no 
rotation at all. Air currents of very different direction and velocity occur 
in the same level generally only at distances, very large as compared with 
the diameter of éI( whirlwind. On the other hand it is shown daily that 
very different velocities may occur one over the other and that in that 
case, especially when inversions limit the turbulence, very sharp 
discontinuities may be found . Gradually it has become probable, that these 
continuities of the wind are necessary for the formation of vortices, and 
that these vortices therefore will rota te in the first instance about a 
horizontal axis, the higher parts showing the largest velocity in the direction 
of propagation. According to hydrodynamics, if friction is not considered, 
a vortex~thread can end only at the boundary of the fluid. WEGEN ER and 
KREBS have made the supposition, that waterspouts and whirlwinds 
constitute the bend~down ends of the horizontal vortices in the higher 
strata. If both ends are bent towards the earth, the end on the right 
of the horizontal vortex will show a cyclonic rotation (anti~clockwise) , 

the end on the left an anticyclonic rotation or right~hand rotation. The 
effect of the earth's rotation on the masses of air streaming towards the 
vort ex will however favour the cyclonic rotation ; moreover the other end 
may bend upwards and terminate at the inversion layer. As a matter of 
fact observation points to a preponderance of left~handed rotating whirl~ 
winds. Of course the friction near to the surface will cause all kind of 
complications - f.i . it appears that often a division into a number of 
whirlwinds occurs. 

IE this view is correct, the formation of a whirlwind requires a 
discontinuity of the wind in the vertical and a strongly rising current,' in 
which the discontinuity causes a horizontal vortex. We should expect then, 
that the yearly range of the whirIwinds bears a certain resemblance to that 
of the thunderstorms, as the latter ask for astrong rising current, breaking 
through an inversion. It appears that such is really the case; in th is 
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country, the yearly range of the thunderstorms is, expressed as 
percentages of the number of days with thunderstorms a year: 

Jan. Feb. March April May June July Aug. Sept. Oct. Nov. Dec. 
2.5 2.5 5.0 8.2 13.2 14.1 15.4 15.1 9.0 8.2 3.9 2.9 

that of the whirlwinds : 
1.2 2.4 2.4 3.7 11.0 13.4 24.4 23.2 11.0 2.4 4.9 

In July and August the whirlwinds are ccimparatively very numerous. 
Also the local differences in frequency of thunderstorms - winter thunder­

storms more frequent on the coast, summer thunderstorms on the higher 
sandy grounds, - are shown in the local distribution of whirlwinds given 
in fig. 1. If the whirlwind constitutes the vertical prolongation of a 
ho~izontal vortex , connected with the rising thundercloud, situated to the 
left of the whirlwind when looking in the direction of propagation, then 
the maximum precipitation must fall on the left sidc of the track of the 
whirlwind. This is confirmed by our fig. 8. To the right of the track 
are even places, where no precipitation at all has fallen . 

It remains to prove the existence of a considerable discontinuity of the 
wind. Indeed, in the afternoon of August 10 such a considerable increase 
of the wind upwards was observed as weil at de Bilt as at Uccle, that at 
first an error was suspected. In calculating the velocities of the various 
layers of air from the observation of pilot balloons from onc station, we 
have to assume the velocity of ascension to be constant - if the balloon 
gets a leak, then the velocity of ascension diminishes and too big velocities 
are calculated. The observation at de Bilt at 1.35 p. m. yielded the 
following results : 

Height 500 
Velocity 5 
Direction from 190 

1000 
13 

200 

1500 
20 

220 

2000 m. 
31 m.p.s. 

220 1) 

The observation at Uccle was made even later. 4.44-4.54, Amsterdam 
S. T. hence nearer to the disaster 

Height 500 
Velocity 16 
Direction from 218 

1000 
24 

222 

1500 
36 

226 

1800 
41 

224 

2000 m. 
36 m.p.s. 

223 

Lastly it appeared that in the morning in East-England, at Orleans and 
at Brussels at heights from 2000 to 2400 m. velocities of 20 m. p. s. occurred 
between masses of air, moving slower as weil further W. as further East. 
Hence there is no doubt, that a very important discontinuity of the wind 

I) In deg rees , counted from N . through E . 
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occurred at a height of 2000 m., leading to velocities of perhaps 40 m. p. s. 
about the time of the disaster. Such velocities are very rare, especially 
with a pres su re distribution without large gradients at the surface -
therefore we may ascribe the serious character of the disaster in the first 
place to th is important discontinuity. 

11. The cause of the local occurrence of such " high velocities is to 
be found in the increase of the pressure differences at the level of 
2000 m., in consequence of the distribution of temperature, and in the 
illcrease of pressure differences at various levels by the secondary 
depression which passed over our country in the afternoo~. The warm 
masses of air moved from a southerly or south-westerly direction, the 
cold masses showed a more westerly direction, which accentuated itself 
especially in the afternoon and penetrated at the surface during the 
thunderstorm. The difference in ba rometric pressure between S. England 
and Friedrichshafen , which in the morning amounted to 7 mmo at 2000 m., 
to 10 mmo at 5000 m., occurred probably in the afternoon over a distance 
shorter by one third and was augmented by about 2 mmo by the secondary 
depression, which must ha ve had its origin at least partly in much higher 
strata. In this way we arrive almost at doubling the gradient, which 
hence reached a value of almost 3 mmo per degree, between Brussels and 
Friedrichshafen even more. This explains sufficiently velocities of such 
magnitude : the gradient wind at 2000 m. is about 13 m.p.s. per mm o of 
gradient. 

With the general motion of the whole weathersituation towards E. or 
N .-E., also the region with high windvelocities was transported Eastward. 
At 11 o 'dock the limit just touched the Eastcoast of England (Felixstowe); 
with the W .-E. components, which during the afternoon we~e found over 
England, the displacement until 7 o 'dock in the evening would have been 
about 40, that is about to the central part of our country. 

The boundary will probably have had the direction of the warm winds, 
S.-S.-W. or S.-W. , hence in the northern part of our country it was 
situated further towards East. This is probably the reason, why the 
thunderdoud which caused heavy ra in in the northerly part of our 
country, from Zwolle to Delfzijl. at den Hulst 32.2 mmo in the course of 
half an hour, has given no ri se to the development of heavy whirlwinds, 
though the destructions in the neigbourhood of Staphorst and Zorg vlied 
(Smilde) , (the isolated spots nor th of the principal track), show that the 
limit was nearly reached. 

It is evident from the foregoing , that for the formation of so heavy 
whirlwinds over a large region a rare coincidence of circumstances is 
required. We need not be amazed therefore, that in order to find in our 
country a disaster, comparable with that of 1925, we have to go back to 
the very heavy whirlwinds of August I , 1674, which made collapse a 
number of church towers and part of the cathedral at Utrecht. 
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Résumé : 1. The destructions on August 10, 1925 are to be ascribed 
to heavy whirlwinds, accompanying a thunderstorm otherwise of no 
extraordinary intensity, and distinguished from the whirlwinds observed 
during the last 40 years principally by the extension of their range. 

2. Almost all the phenomena observed are in harmony with the view 
that whirlwinds are the prolongations towards the surface of horizontal 
vortices in higher strata, a v iew first pronounced by W EGENER and KREBS. 

3. The extraordinary intensity of the whirlwinds is a consequence of 
the very strong increase of the wind over the level of 2000 m., which in 
its turn is explained by the very large differences in temperature between 
W . and Central Europe in the lower kilometers. 

58 
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Endocrinology. - ERNsT LAQlJEUR, P . C. HART, S. E . DE JONGH and 
I. A. WIJSENBEEK : "On the preparation of the hormone of the 
estrous cycle, and its chemicaL and pharmacoLogicaL properties." 
(Communicated by Prof. R. MAGNUS. ) 

(Communicated at the meeting of December 19, 1925'. 

A few months ago we announced in a brief communication I) that we 
were ab Ie to confirm the important findings of ALLEN, DOISY, RALLS and 
JOHNSTON 2) on a horrnone of the estrous cycle, and that, moreover, we 
had succeeded in preparing a protein-free, water-soluble form of a substance 
identical with or at least very much like the American product in action. 
This enabled us to investigate its chemical and pharmacological properties, 
and, moreover, its clinical and therapeutic action. 

ALLEN and DOISY c.s. in their paper repeatedly mention the fact that 
their ovarian extract was insoLubLe in water. and could only be injected into 
mice when dissolved in oil. The same investigators, in collaboration also 
with PRATT, afterwards published many important data regarding the 
presence of the hormone in human organs, but did not mention any further 
technical progress. 

ZOND EK and ASCHHEIM 3) deciare to have prepared a water-soluble 
product. LOEWE ot) too announced the preparation of a substance able 
to produce the estrous phenomena, and which could also be demonstrated 
to be present in the blood of female rabbits. Quite recently STEINACH, 
HEINLEIN and WIESNER 5) published a paper in which they say to have 
prepared extracts from ovaries and pJacentae which can produce the 
development of the secondary sexual characteristics, can reactivate the 
organism of female rats showing signs of long-standing senility, and 
finally can produce the estrous cycle in castrated mice. 

ZONDEK c.s. nor LOEWE nor STEINACH c.s. do not mention anything 'about 
the method of preparation of their extracts. 

In a recent paper by DICKENs, DOODS and WRIGHT (l) the authors say 
that their extract is only soluble in alcohol. ether, acetone and olive oil. 
To complete our review of the present state of the problem, we may add 
that ALLEN and DOISY mention a dry residue of 2 milligrams per rat unit 

I) Deutsche Med. Wochenschr. NO. 41. 1925. 
2) Am. Jl. Anat. Jt, 133, 1924 ; Jl. biol. Chem. 61,711. 1924; Am. Jl. Physiol. 69, 

577, 1924; Proc. Soc. Exp. Biol. a. Med. 21. 500, 1924 : ibid. 22, 303, 1925. 
3) Klin. Wochenschr. NO. 29, 1388, 1925. 
4) '" 1407, 1925; Zentralbl. f. Gynäkol. NO. 31. 1735, 1925. 
5) PPI.OGER·s Arch. 210, 4/5, 588, 1925. 
6\ Bloch. Jl. 19, NO. 5, 853, 1925. 
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with their usual mode of preparation, which may be lowered to 0.13 mg.by 
a certain process of purification, that DICKEl'iS and DOODS describe the 
substance as a brown oil, of which in the purest preparation 25 mg. correspond 
to one rat-unit . whereas STEINACH 'S mouse-unit weighs 9-13.5 mg. or 
more. This may be considered pretty weU to he the present condition 
of things. 

Therefore we think it progress that we are now able to prepare a 
substance which brings about very extensive cyelic changes, in a much 
simpIer manner than the rather complicated method of the Americah and 
English investigators : moreover, our product has a dry residue of consider­
ably less than 0.1 mg., even less than 0.01 mg. per mouse unit; it is quite 
free from proteins and is water-soluble. Up to this moment there is no 
publication containing any proof that the active principle. dissolved in 
water, is in true solution. 

Definition and standardization . 

To prevent the repeated use of the term "relatively pure hormone of the 
estrous cyele" we propose the name " Menformon" for the substance in 
question, but with the restriction that we understand by it only a substance 
which contains at least 10 mouse-units per 1 mg. 

As a mouse-unit (thus ineluded in the definition of "menformon") we 
define the smaUest quantity which is ab Ie to produce undeniable cyclic 
changes of the vaginal epithelium (at least surpassing , at their mqximum, 
the stage described by ALLEN c.s. as " pro-estrus" ) within 72 hours aftel' 
the last injection in at least 2 of every three castrated mice, on simultaneous 
injection. 

The injection should be perfornled with intervals of 4 hours. giving ] 1:1 
of the total dose at a time; the animals must be castrated at least 25. days 
before, and they must have been submitted thereafter to a daily con trol to 
show that spontaneous cyclic changes are completely absent. In our 
laboratory the histologic preparations are controlled by two persons 
independently of each other and without knowledge of what has happened 
with the animals. 

In a few words we shaU explain what we mean by "complete absence 
of cyclic changes". The anatomical investigations by STOCKARD and 
PAPANICOLAO U ') furnished a means by which further progress in th is field 
was made possible. 

It is weil known that the vaginal epithelium in the period of rest of the 
mucosa consists of 2-4 layers of cells, through which large numbers of 
leucocytes find their way to the lumen of the vagina. During the estrus 
the epithelial cells multiply until there are to be seen 14-18 layers of them. 
The upper layers are cast oH as cells and plates without nuclei; the 
passage of leucocytes is prevented . This absence of leucocytes is the most 

I) Am. TI. Anat. 22, 225, 1917. 

58* 
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important criterion ; yet a mere decrease of leucocytes and the massal 
appearance of epithelial cells which ordinarily are only to be found here 
and there. constitute an unmistakable change as compared with the negative 
finding in castrated animals not subjected to the treatment. We consider 
the action of a substance as positive (+) when in the microscopic 
preparation nearly all leucocytes have disappeared and the epithelial cells 
predominate. of whieh last category there must be éibout as many cells with 
a nucleus as without one. Frequerit occurrence of epithelh without nuclei 
warrants that the pro-estrus has been passed. as required in our definition 
of the mouse-unit. Maximally positive (++) we call the stage in which 
epithelial cells with nuclei have completely disappeared . . and in which 
moreover most of those without nuclei are cornified. 

Up to this moment our experiments have shown that a "maximally 
positive" (+ +) reaction (on distributing one mouse-unit over one day) 
is more of ten obtained with the original follicular fluid than with the 
substances prepi'lred from it. These often only give the (+ +) reaction 
on repeating the injection the second or third day. even with Ie ss than one 
mouse-unit. This is not merely a question of dosage. for giving 2 or 3 
mouse-units in one day needs not produce the same effect. Probably 
quicker absorption plays a part combined with quicker excretion of the 
purer preparations. SQ that only by repeated injections a sufficient concen­
tration during a certain time may be obtained. Thus to obtain a certain 
effect two factors are concerned : concentration and time. 

Import~nt though this problem be. it does not in the least influence the 
fact that on injecting thrice in the course of one day an unmistakable 
effect may be obtained. which instead of the continually negative findings 
in untreated animals doubtlessly shows a change in the sense of the typical 
estrous cycle. possibly only in a more rapid succession of its stages. 

Our diagnoses made in this manner in smears have been confirmed by 
histologie con trol of some mice killed for the purpose : wh en the smear 
had been labelled (+) their vaginal epithelium showed 10-14 layers. 

We require that the anima Is be castrated at least 25 days before. and 
that for every experiment at least 3 animals be used. because only the 
suppression of several cycli seems to make complete castration largely 
probable ; further. because chance can only be excluded when more than 
one animal. and even at least three. are being used . On using only two 
anima Is. different results can compensate each other. 

Preparation. 

Our first preparations were made from follicular fluid. whieh. if 
unchanged. contains in our experience between 600 and 1200 mouse-units 
per kilogram. ALLEN and DOISY with their method found 2000 rat-units 
maximally. DICKENS and DOODS c.s. with their extraction-method only 
200 rat-units. an amount corresponding to that obtained from ovaria 
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without follicles. The English investigators therefore decline the partieular 
part ascribed by the Americans to the follieular fluid: we ourselves are 
inclining toward the American point of view. though we have been able 
to prepare menformon from whole ovaries and placentae too. Of ten the 
follieular fluid. wh en no't quite fresh and steriIe. is toxic . so that the 
animals sometimes die within 1-3 days af ter the injection. The follieular 
fluid we sucked from the follicles with a syringe. as far as possible under 
aseptie precautions. 

Af ter observing repeatedly the activity of the unchanged follicular fluid . 
we tried the purification process of ALLEN and DOISY a few times. This 
too yielded positive results. though we did not reach the low dry residue 
as recorded by ALLEN and DOISY in a few cases. Yet we did not spend too 
much time upon it. because the method is extremely complicated. 

We' have the impression that. for the first and decisive phase especialIy. 
the authors have been strongly influenced by the principles of insulin 
preparation, and. secondly. by the idea that the active principle would 
be insoluble in water. This we thought without proof. for though most 
previous investigators. e.g. FRAENKEL and HERMANN 1) maintained the 
exclusive lipoid-solubility of the ovarial hormones. others. e.g. L. ADLER 
already in 1912. mentioned the activity of aqueous extracts. Possibly the 
insolubility in water was only caused by the fact that in the various methods 
the active principle is extracted together with water-insoluble substances. 
which prevent the active hormone from dissolving in water. 

Thus we aimed at obtaining a water-soluble product. 
We thought it one of the most important problems how to free it from 

proteins. For this ptlrpose. we tried several well-known methods. 
Af ter boiling with dilute acid the remaining dry residue was very high. 

but this experiment confirmed the thermostability of the hormone as shown 
by ALLEN and DOISY. Precipitating with trichloro-acetie acid gave much 
less dry residue. the solution was perfectly clear. but showed to be very 
toxie . even af ter neutralizing. In control experiments with solutions of 
the sodium salt of trichloro-acetie acid however (of a concentration corres­
ponding to that used in precipitating the proteins ) the animals died in 
much' the same manner (perhaps a chlorine intoxieation ?). 

Removing the proteins by the FOLIN-Wu-method (as usual in 
determining the blood-sugar content) proved unsatisfactory. 

Better we re the results on using colloidal ferric hydroxide. 
To one part of follieular liquid -4 parts of physiologieal saline and about 

1 ~ parts of a 3 % solution of colloidal ferric hydroxide were added. the 
mixture was th en centrifugalized. This yields a tu.rbid yellow fluid whieh 
apart Erom some colloidal Fe(OH) a contains the active principle. On 
evaporation at low temperatures (350 c.) the yellow turbidity precipitates 
as minute particles. and there results an almost water-clear Iiquid. Eaintly 

I) (German) Patentschrift NO. 309482. Klasse 12.0. Gruppe 26. Ausgegeben 23.11. 1918. 
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opalescent and with a dry residue of about 3.3 % : 0.5, 0.75 and I ccm. of 
this liquid , injected into castrated mice, constantly gives positive results 
(0.5 cc. of this liquid corresponded to 0.3 cc. of the original 
follicular liquid). 

The application of this method to larger quantities of follicular fluid, 
followed by removal of Fe (OH) 3 by means of evaporation and H 2S. 
showed its usefulness . Such a solution may for instance show a dry 
residue of 3.35 %, an ash content of 1.06 % and a nitrogen 
content of 0.47 %. 

From such a larger batch we injected , among others, 9 mice, every anima I 
three times ; three mice got 0.5 cc., th ree others 0.75 cc. and the remaining 
three 1.0 ce. All except one showed a positive reaction. Repeating the 
experiment with 0.5 cc. gave strongly' positive reactions. Possibly the 
limit value was even less. But - when prepared by th is method one mouse­
unit contained about 50 mgr. of dry residue. which compares very unfavour .. 
ably with the results of the American method and even with those of the 
English mode of preparation. The only advantage of our method consists 
in its simplicity. 

In view of this unsatisfactory dry residue we further simplified our 
technic , combining the precipitation of the proteins with the extraction , 
and then trying to make the horrnone pass over into water again. The 
leading principle must be : to extract the menformon as completely as 
possible with the least impurities (lipoids included) possible. 

To give an example : 10 cc. of follicular fluid and 10 cc. of chloroform 
are shaken together. The proteins coagulate in part. Then the liquids 
are separated, the chloroform is evaporated and the residue is taken up 
in about 5 cc. of destilled water. A perfectly clear watery solution results, 
having an unweighable content of solid matter. lts activity is rarely more 
often less than half that of the original follicular liquid, that is to say, iE. 
e.g. 0.6 ce. of follicular liquid contained one mouse-unit, 0.6 cc. of the 
aqueous solution again contained one mouse-unit. 

Though we have already a rather large number of experiments at our 
disposal we are not yet prepared to say anything definite about the number 
of mouse-units which may be obtained in this way, nor do we predict 
anything about the possibility of obtaining by further purification a larger 
amount of units per cc. than are present in the original follicular liquid, 
for instance by removing substances with an opposite action (anti­
menformon). To settIe these questions the number of experiments must 
he still much greater than it is at present, and, moreover, the limit of accuracy 
of the method of standardization must be much better known. 

Besides chloroform we used carbon sulphide, carbon tetrachloride, 
benzene, petroleum-ether, tetralin , ligroin, ether, acetone and ethyl acetate. 
In principle all these yielded identical results, but our experiments are 
still too few in number. Often the residue from the volatiIe solvent at 
first formed an emulsion with the water: in most cases however a simple 
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filtration made the fluid c1ear; often the sol ut ion was water-c1ear from the 
tirst . and then its content of solids was minima!. Probably this depends. 
besides on the nature of the solvent . (which must dissolve menformon 
with as Iittle water-soluble impurities as possible) on the freshness of the 
follicular Iiquid. and further on the completeness of the precipitation of 
the proteins. which then take the other colloidal constituents with them. 
Pinally the completeness with which the volatile solvent is removed plays 
a part . eventually also the temperature at which th is has been done. (We 
worked at atmospheric pression . in vacua and in an air current at about 35° ). 

All these factors . and many more. are still to be investigated much more 
completely. 

Besides shaking out the follicular fluid directly and eventually coagulating 
the proteins at the same time. we first dried the follicular Iiquid itself or 
solutions prepared from it by the Fe (OH) 3-method mentioned above. 
th en we extracted the dry residue with chloroform. which in its turn was 
evaporated . after which the residue was dissolved in water. This solution 
too yielded identical results . with minimal amounts of solids. This leaves 
no doubt that menformon is water-soluble. 

Our method may be briefly ca lied the "water-method" . When starting 
from larger quantities . e.g. I Litre. of follicular Iiquid . we found it useful 
to prevent the forming of emulsions when shaking out with the volatile 
solvent : this may be done by completing the coagulation of the proteins 
by adding salt or acids , by centrifugalizing etc. 

Solubility . dialysis . 

Whether the c1ear solution obtained by extracting the residue from the 
volatile solvents with water is a true solution or only a colloidal suspension. 
we tried to decide by means of dialysis. In previous experiments on 
purification of our preparations made by means of colloidal ferric hydroxide 
we found that the activity is lost by dia lysis against running water through 
parchment or collodion membranes. On dialysis of preparations made by 
the "watermethod" and containing in 10-20 cern. about 40-80 mouse­
units we found in the exarysate (15 and 25 cc. respectively) a rather 
considerable amount of mouse-units . but less than (about one-fifth of) 
the calculated amount . But the dialysate too had become weaker than 
should be the case if the menformon had spread evenly over both exarysate 
and dialysate. The membrane must thus have retained part of the 
menformon . This hypothesis was confirmed by the result of eHorts to 
extract it from the membranes again. 

Chemical Properties. 

The difficulty with which at the present moment larger amounts of 
the purest "menformon" are available makes it impossible to say much 
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about its composition. Results with impure preparations are only valuable 
if they are negative. H, for instance, the impure preparation does not 
contain phosphorus, the pure product will certainly have none, etc. 

Dry residue. 

Because, on evaporating unto dryness in the usual manner at 100-110° , 
amounts of. say 2 cc. of an aqueous solution, containing 20 or more mouse­
units, of ten leave only unweighable quantities of solids, we thought o.f the 
possibility of sublimation, and for that reason we dried at temperatures not 
over 50°. But with these precautions too the residue of 10 cc. (= 160 
mouse-units) was not more , und no sublimate was demonstrabie with 
certainty on a watchglass kept abo~e it. 

On evaporating 5 ccm. (== 18 mouse-units) in an exsiccator at 37° and 
at 15°, there was left less than 0.1 mg ., probably even less than 0.01 mg. 
of residue (roughly estimated on comparison with known amounts of other 
substances ) . The unweighable residue from other preparations, present, 
for instance, as rings on a watchglass, did not show any chang~ on .further 
drying at 98°. 

In those cases where hardly any residue was obtained (e.g. from 10 cc. , 
containing at least 33 mouse-units) dissolving it again in 10 cc. of water 
yielded an active (though perhaps somewhat weakened) preparation. Prom 
a chemical point of view we thought this preparation somewhat suspect. 
but it should be borne in mind that also 0.01 mg. of adrenaline and even 
less are active in adult men. 

Slightly impurer preparations (0.06 mg. per mouse-unit) , obtained in an 
exsiccator at 37° (2.2 mg. from 10 Cc.) showed a few crystals. Up1to this 
moment we have been unable to identify these. In view of our experience 
that much purer preparations exist, we think it improbable that these 
crystals have anything to do with menformon itself. 

Reactions on proteins, NH"2- or OH-groups ; N- , P-, S- and 
cholesterol-content 1). 

Relatively impure preparations with 0.04 % of dry residue (7-10 M.U. 
per ccm.) did not show the least protein-reaction (Heller's ring-, sulfo­
salicylic-, ninhydrin- , biuret-reaction). 2 cc. of a similar preparation yielded 
no nitrogen on determina tion with the micro~Kjeldahl-method ; diazo­
benzene sulfonic acid gave a negative reaction on phenol- or aromatic 
NH2-groups. 

An impure specimen with 3-4 M . U . per cc. and a dry residue of 
0.076 % (i.e. about 0.22 mg. per M. U.) yielded 6.6 mg. from 30 cc. on 
drying at 50°. One-third of this quantity was analysed and showed [l 

nitrogen-content of 2.4 %. 

I) Experiments by Miss E. DINGEMANSE, eh. D . 
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It was impossible to demonstrate the presence of phosphorus in 2.2 mg .. 
whereas 3.5 mg. of casein with about 0.027 mg. of phosphorus yields a 
positive reaction. 

The nitrogen~content could point to 
absence of phosphorus excludes this. 
to the presence of an impurity. 

a lecithin~like constitution. but the 
Probably the nitrogen too is due 

About the sulphur~content. we cannot yet say anything: the impure 
product does not contain demonstrabIe amounts. but in the same quantity 
of protein it is quite as impossible to show its presence. 

Cholesterol: 2.2 mg . of the impure product. dissolved in chloroform. give 
a negative cholesterol reaction on addition of ace tic anhydride and sulfuric 
acid. whereas 0.1 mg . of cholesterol gives a n unmistakable red or violet 
colouration. SALKOWSKI"s reaction yielded the sam~ negative result . The 
cholesterol content of the impure substance. if at all present. is thus 
certainly below 5 %. Addition of 0.3 % of trikresol. or of a 0.9 % solutiofl 
of sodium chloride do not alter the aspect of a solution of menformon. 
nor its potency. 

Keeping qualities : Af ter being kept for 3 weeks in an incubator at 37° 
the solution did not show any change of potency. 

We are of opinion. that in menformon we found a new substance. of 
which we hope to be able to publish something more positive in the near 
future. This makes it necessary for us to have larger quantities at our 
disposal which is a matter of corisiderable trouble considering the difficulty 
in obtaining the original material. 

Physiological actioTl and pharmacological assay . 

Repeated injections into mice of one or more mouse-units (up to this 
moment we gave about 4- 8 M . U . every day) seem to have no action. 
apart from the specific effect. 

In rabbits subcutaneous or intravenous injection of 8-80 M. U. (= I to 
10 cc) . at one time or within JO minutes . is supported without any ill 
effects. even when repeated within a few days. 

In men injection of I cc. (= 3- 45 M .U . ) even when repeated. does not 
produce any general effects. as experiments on ourselves. as weIl as those 
taken by clinical men among our friends on female persons have shown. 
For th is purpose we used solutions to which 0.3 % trikresol and .0.9 % 
NaCI had been added . a nd of which the sterility had been proved . 

Blood-pressure and H eart. 

Impure preparations (such as contained more solids than is tolerated 
by our defjnition of menformon). when injected intravenously into rabbits 
in urethane anesthesia. produced a steep lowering of their blood-pressure : 
on repeating the injection they died. The curves recently published by 
DICI<ENS and DOODS c.s. showing repeated lowering of blood-pressure 
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after intravenous injection are obtained with preparations of considerable 
impurity as compared with menformon. Only somewhat purer preparations, 
containing about 5 M . U . per mg. and therefore still too impure as to 
be comparable with our definition of menformon were completdy devoid 
of any action upon the blood-pressure of rabbits or of cats decerebrated 
with novocain , even after injecting th ree times I cc. , i.e. all together 6.6 mg. 
of solids and about IS M . U . 

Three and more M.U. did not show any definite effect on the isolated 
frog heart , beating at the Straub cannula. 

Blood uessds. 

On perfusing a LAEWEN-TRENDELENB URG- KOCHMANN preparation 
(frog or guinea-pig) we we re unable to find definite changes of the width 
of the blood vessels. 

Respiration . 

An impure preparation showed some effect upon the respiration of 
rabbits in urethane anesthesia, along with a lowering of their blood­
pressure. Pure preparations, however, do not produce the least alteration 
of the respiration. 

Uterus . 

Doses of about 17 M.U. often produce an unmistakable contraction in 
the isolated utenzs of virgin guinea pigs. The amount of solids in th is 
dose was far below 0.1 mg.; smaller doses did not act with certainty. 

The utenzs in situ , as studied by means of the abdominal window 
(through which several foeti could be c1early seen) , did not show any 
change on intravenous injection of about 45 M .U . Repetition of the 
experiment 3 days afterwards remained negative too. The young we re 
born the following day. i.e. about 2- 3 days before the normal end of 
pregnancy. Of course this does not necessarily lead to the conclusion 
that menformon was the cause , for a similar early birth of ten occurs 
without any injections. 

Blood sugar. 

Injection of IS M . U . was withollt any influence upon the blood sugar 
content of rabbits. 

Growth. 

In spring we performed some experiments with unchanged follicular 
liquid upon tadpoles. An addition of 10 % of the liquid to the growing 
medium killed the animals whereas a content of 2 % was without any 
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influence. On the contrary an amount of only 8 M. U . in total is capable 
ot causing within 10 days an enlargement of more than 200 % of the 
generative organs in young female rats scarcely capable of holding their 
own in absence of their mother, as compared with the control animals. 

Quite similar results we re obtained with young guinea pigs. The con­
trol animals were injected with a liver extract prepared in quite the same 
way and in doses quite equal as regards the quantity of raw material 
(follicular Iiquid and Iiver) to which they corresponded. The animals 
got 7 injections of 0.2 cc. each within a week. The con trol animal got 
alltogether 0.06 mg. of solids, the others about 23 M . U. with unweighable 
residue. In this case too the generative organs of the menformon-animals 
had a weight which by more than 100 % surpassed that of the controls. 
This holds good for the animals killed immediately after the last injection, 
as weil as for those which were killed a few days afterwards. This last 
fact , we think, pleads more in favour of a stimulation of the growth of the 
generative organs than for the induction of temporary estrous changes. 

Summary . 

A simple method is described (the " water-method" ) to prepare a 
substance (from follicular fluid especially) which is able to induce in 
castrated mice unmistakable changes of the vagina and uterus that are 
probably identical with those of the spontaneo~s estrous cycle. This 
substance is defined as one in which I mgr. of solids represent at least 
lOof the so called mouse-units = M . U . These mouse-units are defined, 
and the conditions for standardization are given. 

Provisionally chemical analysis shows the substance to be protein-free, 
probably also free from nitrogen , from cholesterol. from phosphorus and 
possibly also from sulphur. Besides in volatile solvents it is readily soluble 
in water. The name menformon is proposed. 

Pharmacologically menformon in doses up to 45 M .U. showed perfectly 
non-toxic in men and animals ; intravenous injections up to 80 M.U. did 
not affect blood pressure nor respiration in any way. Doses of 17 M . U . 
often caused contractions in the isolated virgin uterus . Up to this moment 
our observations on the uterus in situ (rabbits with abdominal window) 
did not show any influence. The effect upon the growth of the generative 
organs in young , normal female rats and guinea-pigs is evident. 

The wide-spread belief that the substances which cause changes similar 
to the spontaneous estrous cycle are not in true solution in water and the 
observation tha!:, they act upon the blood-pressure both probably took their 
origin in a failure to free them from impurities, from Iipoids especially. 

November 1925. 

Pharmacotherapeutic Laboratory , 
University of Amsterdam. 



Physics. - "The analague af Clapeyron's law in the case af evapar­
ating electrans" . By J. DROSTE. (Communicated by Prof. H. A. 
LORENTZ) . 

(Communicated at the meeting of October 31. 1925). 

This paper contains the approved solution of a question. proposed in 
1924 by the Mathematical Society (Wiskundig Genootschap) at Amster­
dam as to the validity of an equatian. mentioned further on . as equation 
(7) and relating to the equilibrium of a hot metal with the electrons it 
emits. This equation. first derived by RlCHARDSON 1) on a statistical basis. 
is easily verified in those cases in which the electric potential can be 
calculated. It was asked whether or not this equation holds good in the 
case of an arbitrarily shaped evacuated enclosure bounded by bodies of 
one and the same metal. It will be found th at the question has to be 
answered in the affirmative. 

I. We consider a vacuum bounded by bodies of a given hot metal 
emitting electrons. In the equilibrium state there will be a temperature 
T. constant throughout the system. By means of wires of the same 
metal the electric potentialof all the bodies is made equal. As these 
wires make of all the bodies a single one. we may speak simply of the 
conductor and its surface ; it is supposed only that the wires do not 
resist relative displacements of the bodies. 

In the equilibrium state the electronic gas will have a concentration 
N . which at the surface has the value No. a quantity depending only 
on T. The pressure in the gas will be p = kNT. As the lines of force 
end normally at the surface the stress along them will give rise to a 

normal force acting on the surface. amounting to t (~~)2 per unit area •. 

cp representing the electric potential. So the total pressure will be normal 
and have the value 

(
àcp )2 A = kNoT -~ àn (1) 

2. Now consider an infinitesimal. infinitesimally slow change in the 
system with the temperature T changing by dT and the shape of the 
space R changing by infinitesimal displacements of the bodies. 

This may be imagined as due to an infinitesimal increase dl in a 
parameter l which. with other parameters. determines the relative position 
of the bodies. An arbitrary point of the surface will consequently get 

1) Vid. O . W. RICHARDSON. The electron theory of matter (1914), pag. 417, eq. (14), 
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an infinitesimal displacement. the projection of which on the normal at 
the surface we call äa; we suppose this normal to be directed from 
the space R toward the interior of the conductor. 

The work done by the system in consequence of these displacements 
amounts to 

J' f äa A (Ja do = IU A (j À do . 

in which the integral has to be taken over the surface of the conductor. 
The energy U of the system being a function of Tand À. it follows 

from the second law of Thermodynamics that 

~ ((jU + (JÀ fA ~; do) 

or. what reduces to the same thing. 

~ bT + (J~ ~~~ do )d)'. 

derived from the former expression by subtracting (j (~} is an exact 

differential. This leads to the relation 

a (U) a 'A I~a 
dÀ T 2 =atJ T (5}. da 

or 

au f( aA )äa aI . T aT - A (u do. 

We write this equation in the form 

/j ~ U ,f( T ~~ - A ) /ja /ja. (2) 

wh ere (J" means an increment corresponding to (JÀ (or. what reduces to 
the same thing. to the displacements (Ja). T remaining constant. The 
same symbol will stand for the increment which a quantity depending 
on the coordinates gets in consequence of ()). . T as weIl as the coordi~ 
nates remaining constant. 

3 . We now proceed to calculate both members of (2) . If the evapora~ 
tion of an electron produces a constant increase e of energy. the left 
hand member of (2) will be 

(J"U = (j ~ f t (grad cp)2 dS + e(j",f N dS ; 

both integrals are to be taken over the space R. 
Now the displacements äa . taking place at constant tempera tu re. will 

give ri se to another distribution of the electrons and also to another 
value of cp ; let N + iJ ~ N be the new concentration. cp + (J~ cp the new 
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potential. As No depends only on T . d N will be zero at the surface. 
The change of d" U consists of two parts : 

d"U f da ~ t (grad <p)2 + EN ~ dS + . f~ t (~~ Y + EN o ~ da da . 

In the former part one has to do with the integral. taken over the 
original space R. of the increment which the quantity t (grad <p)2 + E N 
gets in consequence of the displacements da; the second integral has to 
be taken over the surface of Rand represents the alteration which U 
gets by constant <p and N in consequence of the addition and sub­
traction of small parts to R. 

Now substituting in the right hand member of (2) the value of . A. 
taken from (1). we get 

j
' ( T OA A) .t d - f \ T 2 dNo . I T 0 ( 0<p ) 2 ~ (0<p )2 (.t d oT - ua a- ( k dT -Y oT On + 2 On ~ ua a. 

Equation (2) thus becomes 

j '(ä" ~ t(grad <p)2 + EN~ dS + j :No äa da= 

_ j'\ T 2dNo T 0 (0<P)2 ~ d 
- , I k dT -t oT on \ ba a. 

which may be written in the form 

Jba ~t (grad <p)2 dS + T oOT J t (~:yäa da = 

( 
dN ) ~ f' = kT2 dTo - eN o J äa da - E. daN dS. 

But the increase of the number of electrons in R. arising from the 
displacements äa at constant temperature. is 

oJ N dS J'äaN dS + Noj da da 

and consequently it is permissible to write d" JNdS-J d" N d S for 

N{äa da in the right hand member of the equation just found . so that 

this member becomes 

kT2
d l~~ No ( bJ N dS - J b.N dS) - EbJN dS 

and the equation. af ter transposition of a term from the right side to 
the left. becomes 

f dl Ned' 0 J' (0 )2 b"t (grad <p) ~ dS + kT 2 ~~ J äa NdS + T OT t 0: IJa da= 

= (kT2 dl~~No - E) d"JN dS 

(3) 
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3. It now wiJl be proved that the left hand member of this equation 
is zero. To this purpose we begin with the equations 

t::,. cp = Ne. (4) 

Negrad cp = grad p; . (5) 

from these equations the first enables us to calculate cp if N be given. 
the second expresses the equilibrium condition for the electrons. By 
replacing p by k N T equation (5) becomes 

Negrad cp = kT grad N . 
Now in rp an additive quantity independent of the coordinates does 

not matter and so we may take 

kT cp= - logN 
e 

. (6) 

so that (4) becomes 

. (4a) 

in which the two meanings of e are not to be confused. 
The quantity q' is a function of the coordinates as weil as of Tand 

the parameter J. . 
Differentiating (4a) with respect to Tand J. successively we find 

A orp = ( ocp _!E) ~ ."T cp A Ocp . ~ /T" ocp 
u oT oT T kT e . u oJ. kT e o}, . 

orp ocp rp 
Multiplying the first of these equations by à}: the second by oT - r 

and subtracting the results we find 

orp t::,. ocp _ ( oCP _!E) t::,. Oql 
OJ. oT- oT T oJ. . 

This may be written in the form 

div (~r grad ~~) - ( grad ~r . grad ~~)= 
_ . ,(orp qJ ) orp I ( , orp rp Î ocp) 
- dlV ( àT - r grad oT, - grad ?àT- r~ ' grad ol 

or 

1 ( orp ) . ~(orp rp ) orp~ . (orp orp ) T grad rp . grad oJ. + dlV ~ oT- r grad ol ~- dlV ol grad oT = 0. 

Multiplying this equation by T d S and integrating over R we get 

Now at the surface it follows from (6) that 

T Orp _ (p=T~ (kTI09N) _ kTlogN= kT2010gN 
oT oT e e e oT 

kT2dlogNo 
---;- dT 
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and consequently the second term changes into 

kT2 d log No}' à2lP do 
e dT àÀ àn 

or 

kT2 d log N Of 6. àlP dS 
. e dT àÀ ' 

àlP à à . 
Since 6 àÀ = à), 6. cp = àÀ (Ne) we may WrIte 

J'à .l. ( d)2 dS T2 dlog Noj'àN dS T" r à2lP àlP -
àÀ ~ gra lP + k dT. ar - J àn àT àÀ do - 0 

and from this we find by multiplying by bÀ 

J'~ ( d)2 dS T 2 d log N Q r N S TJ' à
2
lP -~ t gra lP + k d 1'- ) bx d - ànàT b«lP do - O. 

Now at the surface 

àlP 
~~lP = - àn ba. 

for we see from (6) that if Tremains constant lP wiU not change at a 
point which moves with the surface. Substituting. the last term becomes 

à J' (àlP )2 T àT t àn bado. 

and we get an equation which says that the left hand member of (3) 
is zero. Consequently (3) becomes 

(kT2 dl~~No _é) bJNdS=O. 

As it is always possible to displace the bodies in such a way that 

b .. J N dS is not zero. i.e. that in consequence of the displacements 

electrons do evaporate or condense. we must have 

kT2dlogNo _ -0 
dT E-

or 
dlogNo é 

dT kT2 
. (7) 



Geophysics. - " On the relatian bef ween wind ar curren! and mean sealevel 
in the lndian and fhe Atlantic aceans and the adjacent seas.' · By 
P . H. GALLÉ. (Communicated by Dr. J. P. VAN DER STOK.) 

(Communicated at the meeting of October 31. 1925). 

I . lntraductian . 

In a former communication I) in the Proceedings of this Academy the 
relation between the Trades of the North Atlantic and the mean sealevel 
in the seas of northern Europe has been investigated. Data about mean 
sealevel increased considerably since that time, this is rhe reason why this 
investigation has been taken up again . 

2. Bay of Bengal and Gulf af Aden. 

The yearly range of the mean level is extremely large at Kidderpore, 
~ituated 85 nautical miles up the river from the mouth of the Hooghly, 
which flows into the extreme north of the Bay of Bengal. Monthly 
departures from normal are: 

-65, -72 , -59, -43, -28, -5. +53, +106, +114 , +57, -12, -46; 

here and further on all departures are given in c.m .. 
Atmospheric pressure has some influence on the waterlevel. pressure in 

Calcutta shows the following yearly range in m.m. : 

+5.9, +4.4 . +1.8. -0.9, -3.3, - 6.0. - 6.3, - 4.9, -2.4. +1.4, +4.6, +6.1, 

and if mean sealevel at the head of the Bay was only dependent upon 
pressure, its range would be approximately : 

-8. -6. -2. + 1, +4, + 8, + 8, + 6. + 3, -2, - 6. -8. 

When we accept this range also for Kidderpore, it is evident that besides 
atmospheric pressure other influences are responsible for the following 
range in mean riverlevel at that place : 

-57, -66, -57, -44, -32. -13, +45, +100, +111. +59, -6, -38. 

The two principal phenomena responsible for this yearly range are : 

I) These Proceedings 17, p. 1147. 

59 
Proceedings Royal Acad. Amsterdam. Vol. XXVIII. 
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10. The monsoons i~ the Bay of Bengal. 
20. The enormous rainfall in this part of India. 
At Calcutta and Cherrapunji the monthly rainfall in m.m. is consecutively: 

7. 26. 29. 39. 142. 280. 313. 322. 264. 98. 16. 8; 
19. 55. 280. 819. 1309. 2670. 2780. 1943. 1352. 355. 38. 6. 

It is obvious that the height of the level in' the Hooghly must rise or 
fall with the quantity of ra in falling in the basin of the river. but the amount 
of this rise and fall is unknown to us. We tried: to find a correction for 
the precipitation by calcuiating month for month the ratio between departure 
of level for primo May and departure of wind force for medio March. etc. ; 
the wind force calculated in the way indicated in the Table on page 907. 

The reason why a phasedifference of six weeks was applied will be 
found further on. 

We intended to smooth the discrepaneies between the monthly ratios 
by taking into account the rainfalI. but the mutual differences between these 
ratios were rather large and did not decrease af ter a correction for the 
rainfall. 

The amount of rainfall in this region however depends in no small degree 
upon the monsoon; rainfall and monsoon are not inter~independent; if 
the Southwest~monsoon is not steady or when its force is below the average 
the transport of moisted air from the Bay to the windside of the Himalaya~ 
mountains is smaller than normal and rainfall shows a deficit. 

The correlation between the energy of the wind in the Bay of Bengal 
and rainfall in Calcutta and Cherrapunji is consecutively : 

r= + 0.934 
=+0.944 

f= ± 0.024 
=±0.021 

Wind is the prime factor and when we consider in our further calcula~ 
tions only the energy of the wind. precipitation is automatically taken 
into account. 

Secondly we pointed to the monsoons as generators of fluctuations in 
the level. 

From November to March the Northeastmonsoon. from May to 
September the Southwestmonsoon is blowing over the Bay. April and 
October are transitionmonths. 

In connection with the trend of the coastline at the head of the Bay and 
near the mouth of the Hooghly. wind from the North is oÊf~shore. a wind 
Erom the South an on~shore wind. 

Monthly direction and force of the wind was eomputed for the area 
10°-20° N.j800-90° E .. the projections of these resultants on the 
direction North~South givel what we eall the acting or working components 
and their squares ther monthly energy. An on~shore component is positive. 
an off~shore negative. 
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In the following tab Ie the different data are given, the force of the 
wind is given here and further on in Beaufort-units. 

W ind Departures from normal 

Month 
Working 

I 

Energy 

I 
Direction Force 

component 
Energy Level 

January N42°0 2.7 -2.01 -4.04 -5 .27 - 57 

February 39 1.3 -1.01 -1.02 -2 . 25 - 66 

March 20 0.3 -0 .28 -0.08 -1 .31 - 57 

April 293 1.2 -0 .47 -0 . 22 -1.45 -44 

May 240 2.5 +1 .25 +1 . 56 +0 .33 - 32 

June 233 4 .3 +2 .59 +6.71 +5 .48 - 13 

Jule 231 4 . 2 +2.64 +6.97 +5 . 74 + 45 

August 234 3 .9 -1- 2 .29 +5.24 +4.01 +100 

Sept. 233 3.0 +1.81 +3 . 24 +2 .01 +111 

October 173 0 .9 +0 .89 +0 .79 -0.44 + 59 

Nov. 57 1.5 -0.82 -0 .67 -1.90 - 6 

Dec. 50 3 .0 -1.93 -3 . 72 -4 .95 - 38 

It is a known fact that between monsoons and the driftcurrents they 
cause, a phasedifference exists of about one month. 

The current in the Bay of Bengal being seasonally on- and oH-shore 
and being responsible - at least for the greater part - for the range in 
meanlevel at Kidderpore, it is evident that this phasediHerence must be 
taken into account. 

For this reason the correlationfactor was calculated not only between the 
simultaneOlls departures from normal of the energy of the wind and the 
riverlevel. but also between the first mentioned departures in J anuary, 
February, etC. and departures in the level in February, March ; 
March, April etc. 

The result is given here : 

Simultaneously r = +0.618 f=±0.121 
Phasediff. one month =+0.914 = ± 0.031 

two = +0.920 = ± 0.031 

three = +0.616 =±0.121 

This seems to prove that fluctuations and changes in the windsystem in 
59* 
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the northern part of the Bay are followed after about six weeks by 
fluctuations in riverlevel at Kidderpore. 

In the Gulf of Aden the yearly range of mean sealevel is fairly large. 
before and after correction for atmospheric pressure the following data 
show the monthly range of mean sealevel for rainless Aden : 

+ 5.6. + 7.0. + 8.1. + 9.9, +1 0.4. +3.1, 

- 6.4 , -13.8. -12.6, - 9.6. 3.9. +2.2; 

+10.7, + 11.2, +10.2, +10.3, + 9.0. -2.5. 

-13.2, -20.0, - 15.7, - 7.9, + 0.1. +7.5. 

and this fluctuation is in our opinion caused by the monsoons in the 
Arabian Sea at the mouth of the Gulf. 

The wind was computed for the area 10°-20° N .j45°-60° E.; the 
monthly vectors we re projected on the direction N . 70° E. for the calculation 
of the working components etc. 

The resuIt is given in the next tabIe, a working component in westerly 
direction is positive, in easterly direction negative : 

Wind Departures from normal 

Month 
Working 

Energy 

I I 
Direction Force 

component 
Energy Level 

January N . 67°0 2 .8 + 2.76 + 7.62 + 6.91 + 10.7 

February 75 2 .6 + 2.60 + 6 .76 + 6 .01 + 11.2 

March 84 2.2 + 2.18 + 4 . 75 + 4 .04 + 10.2 

April 78 1.3 + 1.30 + 1.69 + 0 .98 + 10 .3 

May 182 0.9 - 0 . 23 - 0 .05 - 0 .76 + 9.0 

June 221 3.2 - 2 .59 - 6 . 71 - 7 . 42 - 2.5 

July 221 4.0 - 3.23 -10.41 -11.42 - 13.2 

August 220 3.4 - 2.71 - 7.34 - 8.05 - 20.0 

Septemb. 203 2.0 - 1.17 - 1.37 - 2 .08 - 15.7 

October 80 0.9 + 0 .89 + 0.79 + 0 .08 - 7 .9 

Novemb. 59 2.3 + 2.19 + 4.80 + 4 .09 + 0.1 

Decemb. 64 2 .9 + 2 .82 + 7.95 + 7.24 + 7.5 

The reason why in the case of Kidderpore the wind of January was 
considered in connection with the level of February, etc. is also valid 
for Aden. 
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Simultaneously r = -1-0.760 f= ± 0.083 

PhasediH. one month = +0.957 = ± 0.017 

two = +0.875 =± 0.058 

three = +0.543 = ± 0.134 

Fluctuations and changes in the windsystem of the Arabian Sea are 
followed by changes in mean sealevel at Aden after about five weeks. 

A very fair agreement exists between the results for Kidderpore with 
its ~bundant rainfall. and rainless Aden. 

The level-data for Kidderpore result from the period 1881-1893. those 
[or Aden from 1879-1893. a lapse of time long enough for the tropics; 
the wind-data have been computed over the period 1854-1910. 

Although a large correlationfactor alone does not prove the existence 
of a causal relation between the considered phLnomena. in this case wind 
and mean sealevel. daily experience that on-shore and oH-shore winds 
raise and lower the waterlevel forces us to make the conclusion that in the 
case of Kidderpore and Aden a causal relation exists. 

N orth Atlantic Ocean. 

In the Atlantic conditions are not so simple as in the Indian Ocean. 
they are on the contrary rather complicated. 

The great variations in general weathereonditions over Western-Europe 
and over the northern part of the Atlantic dep end for the greater part 
upon the permanent sub-tropical anticyclone. the tropical belt of low 
pressure and the semi-permanent Iceland-depression. 

Variations in atmosferie pressure in the above-mentioned areas are 
followed by inereased or decreased velocity of the Equatorial eurrent. of 
the North Atlantie Stream and of its ramifications that flow into the 
North Sea. the Baltic and the Polar Basin. BREITF USZ was the first to 
point to the fact that a period exists in the quantity of Atlantic water 
flowing into the Polar Basin. with a maximum in winter and spring. a 
minimum in summer and autumn. 

BREITFUSZ'S opinion is: "that this flow and ebb is not in the first plaee 
dependent upon loeal eireumstanees. but that they originate in the 
Gulfstream and in the many cireumstanees affecting this stream on its 
way. thousands of miles long. from its era die under the equator through 
the Caribbean Sea. the Atlantie to the Polar Basin" . 

lts "cradIe under the equator" is the North-Equatorial eurrent. a 
drifteurrent eaused by the Northeast-trade. A Northeast-trade stronger 
than normal points to a sub-tropieal anticyclone bet ter developed than 
under average conditions and. as shown by HANN. a surplus of pressure 
in this reg ion generally corresponds with a negative departure of pressure 
in the lceland-region. 
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But under these conditions the Southwesterly air-transport between 
40° and 50° northern latitude is stronger than normal and raises the speed 
and stability of the North Atlantic Stream. 

Hitherto, in connection with European waterlevel. only more distant 
factors were discussed, but as weIl as for Kidderpore and Aden more 
local influences near the European coast exist, more or less responsible 
for fluctuations in mean sealevel. 

However, these influences are originally dependent upon the above­
named centres of action, and finally we come to the conclusion : 
Northeast-trade or Equatorial current prime cause, fluctuations in mean 
sealevel around the whole ocean result, but not directly connected. 

It was tacidly accepted that for our purpose we might consider the 
driftcurrent instead of the wind, raising this current. 

The correlationfactor between wind and current in 15°-25° N.I 
25°-40° W . is r = +0.69 f = -+-0.13 ; and if i~ the case of Aden the 
current in the Arabian Sea was taken into account, the following 
correlationfactors would have been the result : 

Simultaneously r= + 0.629 f=±0.118 

Phasediff. one month =+0.906 =±0.035 

two =+ 0.880 =±0.044 

three = +0.606 = ± 0.123 

Fluctuations in current and mean sealevel follow each other af ter a 
fortnight. 

Instead of the wind, the current may be taken into account and for 
our further investigation in the Atlantic Ocean this will be done. 

Departures from mean sealevel along the coasts of the Atlantic and 
adjacent seas are given in Table I; Table 11 contains the cosine-formulae, 
the epoch is January 15th, and generally the amplitude of the yearly 
range is larger than that of the semi-yearly . 

. The phase of the yearly range increases from 191 ° at Washington and 
204 ° at Baltimore-Portland, to 245 ° at Horta, 300 ° at the entrance of 
the Channel. over 300° in the Northern part of the North Sea, to 320° at 
Kabelvaag and Vardö. 

In the North; Sea and Baltic we meet with the reverse : 
The phase decreases from 281 ° at Katwijk, to 272 ° at Esbjerg, 262 ° 

in the Skager-rak, 229 ° from Kiel-Swinemünde and increases again 
along the Swedish and German coast, Stolpmünde-Pillau from 263° 
to 272 0, to 292 ° at Utö and Lypertö along the Finnish coast. 

The discontinuity in the regular course of this phase is probably caused 
by the big quantities of fresh water, originating from melting ice and snow 
in spring and early summer and from rain in summer and autumn, that 
flow into the Baltic, a typical mediterranean sea. 



Station 

Washington 
Old Point 
Comfort 

Baltimore . 

Atlantic City 

Fort Hamilton 

Portland . 

Horta. 

Brest . 

Newlyn. 

Katwijk . ~ Harlingen. 

F elixtowe . 

Dumbar. 

undee . 

berdeen 

remerhaven. 

D 

A 

B 

E 

H 

F 

A 

F 

H 

K 

K 

S 

G 

V 

Y 

K 

L 

sbjerg . 

lrshals . 

rederikshavn 

arhuus 

redrlcla 

ornbaek . 

openhagen . 

orsör 

lipshavn . 

jedser . 

arberg. 

stad. 

arlskrona 

andsort 

Period 

- -

1903-1923 

1912-1920 

1893-1920 

1912-1922 

1905-1923 

- -

1915-1925 

1884-1920 

1917-1925 

1913-1925 

1867-1912 

1862-1913 

1898-1924 

1889-1902 

1892-1911 

1893-1911 

1888-1911 

1889-1911 

1898-1911 

1889-1911 

1897-1911 

1896-1911 

1898-1911 

1887-1900 

1887-1900 

1887-1900 

1887-1900 
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TABLE I. 

YEARL Y RANGE OP MEAN SEALEVEL IN cM. 

Jan. Feb. Mrh. Apr. May June July 

- 7.6 -10.9 -10 . 1 - 3.3 5.7 11.1 10.6 

-12 -13 -8 -1 4 9 7 

-7 -9 -8 - 1 2 4 3 

-8 -11 -6 1 2 5 5 

-3 -4 -5 - 1 0 2 2 

0.0 - 0.7 - 2.6 - 2.4 - 1.9 0.3 1.3 

2.9 - 2.5 - 6. 1 - 6.0 - 4.4 - 2.5 - 2.1 

1.1 0.7 - 0.7 - 4.2 - 3.2 - 5.8 - 2.7 

1.7 - 3.6 - 6.1 - 8.3 - 9.1 - 4.8 0 .4 

0 .6 - 4.0 - 4.0 - 3.4 - 7.0 - 1.2 0.2 

4.5 0.7 - 5.1 - 8.6 - 7.4 - 5.3 - 1.5 

6 .7 0.9 - 5.4 - 9.1 -10.9 - 8.5 - 6.4 

5.2 0.6 - 3.7 - 7.9 - 8.8 - 6 .7 - 3.4 

3.2 - 2.3 - 9.0 - 7.3 - 9.2 - 0.6 3.7 

3.0 - 7.2 - 4.3 -13.6 -12 .2 - 8.5 0.7 

1.6 - 0.7 -10 .4 -10.0 -10.8 - 4.1 4.9 

2.7 - 1.6 - 9.4 - 9.6 -10 .2 - 3.7 4.3 

1.9 - 2.4 - 6.7 - 7.8 - 8.0 - 3.6 2.5 

- 0.1 - 1.9 - 5.5 - 6.2 - 5.7 - 2.9 2.1 

3.2 - 1.9 -11.1 - 9.3 - 8.9 - 2.4 7.0 

0 .5 - 1.1 - 7.5 - 9.1 - 8.4 - 2.8 5.7 

- 0.7 - 0 . 1 - 6.1 - 7.0 - 5.4 - 3 .0 3.8 

0 .4 - 0.6 - 6.2 - 6.7 - 6.3 - 3.1 4.1 

- 4.3 2.0 - 4.1 - 7.2 - 3.9 - 2.2 5.0 

- 2.6 - 6.3 - 7.8 -11.8 - 8.4 - 3.7 5.5 

- 4.9 1.2 - 5.5 - 8.4 - 8.2 - 3.3 4.1 

- 5.4 2.1 - 6.6 - 9 .8 -11.0 - 4.0 4.5 

- 2.1 1.3 - 8.5 -12.9 -13 .0 - 6.0 5.2 

Aug. Sept. Oct. Nov. Dec. 

6.2 2.1 0 .3 - 0.5 - 3.1 

10 10 6 -3 -9 

6 6 7 1 -3 

6 6 6 0 -6 

2 2 2 2 -1 

2.5 1.8 1.4 0.4 0.5 

- 1.1 1.1 5.2 8.0 7.5 

- 0.9 0.9 5.2 5.7 3.8 

4.4 3.3 7.2 5.8 8.9 

2.3 4.2 6.2 2.9 3.8 

0.3 2.3 5.3 7.1 7.8 

- 0.9 - 0.6 7.6 10.6 13.7 

- 0 .6 1.2 6.7 6.7 11.0 

7.2 3.8 0.3 5.2 5.2 

6.2 8.6 12.8 2.9 12.0 

8.4 4.0 6.1 5.1 5.8 

7.2 4.2 4.9 6.4 5.6 

5.0 4.3 5.6 5.3 3.8 

4.1 5.1 5.0 3.3 2.7 

9.8 5.8 2.4 3.8 1.6 

8.5 7.1 3.7 2.0 1.7 

6 .5 6.2 2.8 1.6 2.2 

6.3 5.5 2.5 3.0 1.0 

7.8 8.4 1.1 - 3.6 1.0 

8.2 8.6 9 .3 . 4.0 5.1 

5.4 6.4 7.1 1.4 4.4 

6.5 7.2 9 .5 1.6 5.4 

8.5 8.8 8.9 2.6 7." 



Station 

Grönskär 

Björn . 

Droghällan 

Ratan. 

Kiel 

Travemünde . 

Mariënleuchte 

Wismar . 

Warnemünde 

Arkona . 

S winemünde. 

Stolpmünde 

Pillau. 

M emel 

c hristiania 

o 
A 

scarsburg 

rendal . 

S tavanger. 

rgen 

T rondheim 

abelvaag . K 

N 

V 

arvik . 

ardö 

912 

T ABLE I. (Continued) . 

Y EARLY RANGE OP MEAN SEALEVEL IN c .M. 

Period Jan . Feb. Mrh. Apr. May June July Aug . Sept. Oct. Nov. 

1888-1900 - 1.4 1.9 - 8.7 -13.5 -13.8 - 7.1 5.0 8.4 10 . 1 9.2 4.0 

1891 - 1900 - 2.0 1.8 - 6.5 -11.9 -13.0 - 9.0 4.0 5.0 10 .8 6.9 3.9 

1898-1900 4.8 1.6 - 9 .2 - 14 .3 -15.7 - 10.4 2.0 2.6 7.5 7.8 8.0 

1891-1900 - 1. 7 - 0 .5 - 7.3 - 12 .6 -14 .8 -10 .7 3.4 4.5 11.6 8.6 8.7 

1895-1909 - 3.1 - 0 . 1 - 3.6 - 3.4 - 3.5 - 0.2 4.7 4.3 5.7 1.0 - 3.1 

1882-1924 - 3.7 - 1.1 - 3.9 - 4.0 - 2.4 1.1 4.8 5.7 6.0 1.5 - 3.5 

1882-1924 - 3.2 - 1.1 - 5.1 - 5.3 - 4.3 0 .5 5.6 7.2 5.7 2.3 - 2.8 

1882-1924 - 4.1 - 2.2 - 3.2 - 4.7 - 3.2 2.4 6 .9 6 .5 6 .2 1.1 - 4.0 

1882-1924 - 3. 1 - 1.5 - 5.5 - 5.8 - 4.7 1.2 6 .9 7.4 6.7 1.8 - 2.7 

1882- 1924 - 0 .5 0.2 - 5.7 - 8.0 - 7.9 - 2.5 4. 1 7.3 6.4 3.2 - 0.2 

1882-1924 - 2.5 - 0.1 - 6.2 - 6.6 - 6 .2 0 .0 6.6 8.8 6 .6 0.1 - 3.5 

1911-1924 3.2 - 2.9 - 10.2 - 9.4 -11.2 0. 1 5.8 9.6 8.8 1.6 - 1.1 

1898-1924 3.3 0.8 - 9.9 -11.4 -10 .9 - 2.5 7.1 12 .2 8.8 - 0.8 - 1.0 

1898-191 8 4.8 2.1 - 9 .6 - 4.8 - 13 .2 - 7.5 2.2 9 .4 8. 1 - 1.9 0.5 

1886-1890 4.8 - 3.5 - 11.4 - 9.9 - 8. 1 1904-1918 
- 1.2 5.3 9.0 3.2 2.5 4.8 

1872-1881 - 6 .0 - 16 .9 -15 .0 - 13 .6 - 8.4 - 5.6 12.0 11.0 17.6 10 .9 7.4 

1886-1889 - 0 .2 -10 .9 - 9.2 -11 .3 - 6.3 - 1.5 4.7 7.6 5.6 6 .7 6.9 

1881-1885 
1899-1905 3.3 0 .9 - 6.1 - 8.5 - 7.1 - 7.9 - 5.0 2.7 1.8 6 .8 10 .3 
1911-1918 

1883-1889 7.8 - 0 . 1 - 7.7 - 13 .2 - 117 - 8.4 - 3 .9 1.3 4.0 6.5 12.9 
1911-1918 

1872-1878 18 .6 2.0 - 9 . 1 - 16,4 - 10.6 - 2.9 - 5 .4 -11.5 - 3.7 9 . 1 18 .2 
1880-1881 

1880-1883 22.3 10 . 1 - 5.5 -15.0 - 10.5 -10 .5 - 3.2 - 0 .2 - 7.5 - 0.5 10.8 

1905-1915 11.5 7.6 - 5.3 - 8.1 - 13 .6 - 9 .7 - 6.6 - 6.0 0.3 5.6 11.9 

1880-1883 18.2 10.0 - 5.5 - 17 .8 -14 . 1 - 8.4 - 0 .6 4.7 - 4.0 0 .2 9 .9 

In chapter 4, North Sea and Baltic data for quantities of this fresh 
water and precipitation are given. 

The course of the phase of the semi~yearly range is in the beg inning 
rather uncertain, at the entrance of the Channel the phase is about 2400

, 

Dec. 

6.7 

10.1 

15.0 

11.2 

0.9 

- 0 .3 

0 .4 

- 1.3 

- 0 .8 

3.5 

3.0 

5.8 

4.1 

9.4 

4.6 

6.3 

7.9 

8.4 

12.7 

11.3 

8.6 

12.3 

7.9 
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TABLE 11. Formulae Yearly Range. Epoch 15 January . 

Washington, Old Point Comfort + 9.3 cos (nt-191°) + 1.1 cos (2nt-161°) 

Ba1timore, Atlantic City. Fort 
Hamilton and Portland . 

Horta 

Brest . 

Newlyn 

Katwijk and Harlingen. 

Dumbar. Dundee. Aberdeen . 

Bremerhaven. Esbjerg. Hirshals . 

Hirshals. Fredericshavn. Varberg. 
Are-ndal. Stavanger. Bergen . 

Aarhuus. Fredericia. Hornback. 
Kopenhagen. Korsör. Slipshavn 

Gjedser. Y stad. Karlskrona . 

Kiel. Travemünde. Mariënleuchte. 
Wis mar. Warnemünde. Arkona. 
Swinemünde 

Stolpmünde. Pillau. Memel . 

Varberg. Ystad. Karlskrona. Land­
sort. GrÖnskär. Björn. Drög­
hällan. Ratan . 

Utö en Lypertö. 1892-1900. 

+ 7.1 cos (nt-201°) + 2.0 cos (2nt-208°) 

+ 2.3 cos (nt-2150 ) + 0.9 cos (2nt- 7°) 

+ 6.2 cos (nt-2910) + 2.6 cos (2nt-281°) 

+ 1.8 cos (nt-307°) + 0.7 cos (2nt-191°) 

+ 8.0 cos (nt-281°) + 1.6 cos (2nt-3150) 

+ 8.9 cos (nt-306° ) + 1.7 cos (2nt-327°) 

+ 8.8 cos (nt-272°) + 3.0 cos (2nt- 16°) 

+ 9.1 cos (nt-262 ' ) + 1.9 cos (2nt- 3°) 

+ 6.8 cos (nt-261°) + 1.7 cos (2nt- 33°) 

+ 6.1 cos (nt-258C
) + 2.1 cos (2nt- 60°) 

+ 1.9 cos (nt-229 ' ) + 2.9 cos (2nt- 12°) 

+ 7.1 cos (nt-2630) + 5.8 cos (2nt- 29°) 

+ 9.8 cos (nt-272° ) + 3.0 cos (2nt- 11°) 

+ 11.2 cos (nt-292°) + 3.5 cos (2nt- 75°) 

16 Stavanger. Bergen. Trondheim. + 10.8 cos (nt-301°) + 3.1 cos (2nt-3230) 

17 Bodö. Kabelvaag. Narvik. Vardö + 12.3 cos (nt-322° ) + 1.7 cos (2nt-355°) 

along the North Sea coasts and the Norwegian coast between 300 ° and 
382 °. in the Kattegat. the Sount and the Beits it fluctuates between 3 ° 
and 60 ° . 

For the observations from Horta . Felixtowe. Dumbar and Newlyn. the 
German and Norwegian Coast we are indebted to the Director of the 
Meteorological Office at Ponta Delgada . the Officer in Charge of the 
Levelling Department of the Ordnance Survey Office at Southampton. 
the Director of the Geodetical Institute at Potsdam and the Director of 
Norges Geografiske Opmaaling j'lt Kristiania . 

The Dutch observations were provided by Algemeenen Dienst van den 
Rijkswaterstaat. the Hague. for the origin of other observations we 
point to the appendix "Literature". 

In the region 15°-25° N.j25 °-400 W .. part of "the cradle of the 
Gulfstream". monthly departures from normaI. in miles per 24 hours. in 
the velocity of the North-Equatorial current run as follows: 



914 

-1.3. -1.8. -1.2. -0.9. -0.3, +0.8, 
+2.7. +1.3, +1.6, +0.5, -0.1. -1.3; 

they are computed over the period 1855-1905. 
For various stations the following correlationfactors were calculated: 

Washington. aId Point I Simul~aneously r = + 0.829 f= ±0.0621
) 

Comfort . . Ph.Dlff. one month = + 0.551 = ± 0.138 

Baltimore, Atlantic CitY'l Simult. =+ 0.869 =± 0.044 

Fort Hamilton. Portland One month =+0.776 =±0.076 
Horta Simult. =+0.668 =±0.107 

One month =+0.889 = ± 0.041 

Two =+0.778 =±0.076 
Newlyn (Lands' End) Two = +0.649 =±0.114 

Three .. =+0.896 =±0.038 

Four =+0.907 =±0.035 

Five =+0.601 = ± 0.124 

Brest Two =+0.725 =±0.093 
Three .. =+0.885 = ± 0.041 

Four =+0.801 =±0.069 
Aberdeen Two =+0.636 = ± 0.114 

Three .. =+0.921 =±0.027 

Four =+0.896 =±0.048 

Dundee Two = + 0.584 = ± 0.128 
Three .. =+0.896 =±0.038 

Four =+0.908 =±0.035 
Five = + 0.715 =±0.093 

Stavanger Two =+0.745 =±0.086 
Three .. =+0.907 =±0.035 
Four =+0.847 =±0.055 

Narvik Three .. =+0.809 =±0.069 
Four =+0.935 =±0.024 
Five =+0.805 =±0.069 

The general result is a big correlationfactor and a phasedifference 
increasing wh en considering stations at higher latitude and greater 
longitude. 

Though we cannot imagine a direct relation in such a sen se. that a 
fluctuation in the speed of the Equatorial current is followed after 3, 4 or 

I) A systematical error in the calculations is the cause why the correlationfactors between 
the monthly departures of the velocity of the Equatorial Current and those of the water­
level are generaUy a trifIe (0.02) too smaU in the Proceedings in Duteh. 
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5 months by analogous fluctuations in supply of Atlantic water along the 
European coast, simply by d irect watertransport, arelation exists so far 
that the causes, modifying the Equatorial current at the south-side of the 
sub-tropical anticyclone, modify at the same time the southwesterly wind 
at its north-side as was explained before. 

These southwesterly winds transport smaller or bigger quantities than 
norm al of relatively warm water and air to regions situated more to the 
North and East. The relatively warm water will have a great influence 
on the general air-circulation in these northerly regions and this process 
will continue for a considerable time. 

In last in stance this general aircirculation affects substantially the 
watertransport along the European coast. We agree with BREITF US Z that 
the supply of water from the ocean to the European coasts and into Polar 
Basin is of a periodical nature. 

4. North Sea and Baltic. 

Leaving out of consideration the northern ·part of the British North Sea 
coast, the main peculiarity of these seas is the welldefined secondary 
minimum in October and November. 

This phenomenon is very clearly to be seen along the German and 
Swedish coast, not so clearly along the Skagerrak, Kattegat, Sount, BeIts 
and the Dutch coast. In the first named region, the relation between the 
amplitudos of the yearly and semi-yearly range is as 2.2 to 1, in the last 
named as 4.5 to 1. 

We think we may point to the large amount of fresh water from 
melting snow and ice in spring and from the large precipitation in 
summer, that flows into the Baltic, when looking for the cause of this 
strong semi-yearly range in this sea. WITTING gives the following data for 
the supply of fresh water (K.M .3 ) and precipitation (m.m.) for the 
Bothnian Gulf. 

I J. I F·I M·I A·I M·I~ A·I s. 1 0·1 N·I D. 

Fresh water I 71 51 6119149130 120 124118115110 1 9 

Preci pitation 126122120 137137148155194142150 134 131 

In the North Sea and the Baltic we find also a big correlationfactor 
between Equatorial current and mean sealevel. but in these narrow seas 
local influences play a more important part especially in the BaItic, wh ere 
conditions for water-circulation are rather unfavourable. 

The monthly resultant wind on the Dutch coast was computed from 
observations made from 1882-1910 on board the lightvessels Terschel-
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lingerbank and Schouwenbank. the resultants ware projected on the 
direction N 2760 E. the squares of these projections gave the energy ; an 
easterly direction is positive. 

The data are given in the following table with monthly departures 
from mean level over the same period for a combination of Katwijk and 
Harlingen. 

Wind 

Month 
Working Energy 

Direction I Force 
compt. 

January N 217°E 1.01 0 .65 0.42 

February 224 0 .70 0 .52 0.27 

March 242 0.50 0 .45 0.20 

April 329 0 .044 0 .21 0.04 

May 324 0.64 0 .35 0.12 

June 309 0.70 0.52 0.27 

July 268 0 .96 0.96 0.90 

August 249 1.21 1.15 1.32 

September 258 0 .65 0.63 0.40 

October 222 0 .91 0.64 0 .41 

November 206 0 .70 ° 34 0.12 

December 208 1.19 0 .61 0 .37 
• 

The correlation factor is: 

Simultaneously r = + 0.472 

Phasediff. one month = + 0.398 

Departures Erom normal 

Energy I 
-r0 .02 

-0.13 

-0.20 

-0 .36 

-0 .28 

-0.13 

+0.50 

+0.92 

+0 .00 

+ 0.01 

-0. 28 

-0.03 

f= + 0.149 

= + 0.163 

Level 

+1.9 

-4.0 

-6 .5 

-8 .9 

-7.6 

-5 .4 

+0 .8 

+4 .9 

+3 .2 

+9.2 

+4 .6 

+7.4 

From observations made at Swambister. Bergen. Skudesnaes. Flushing 
and Helder. a resultant wind.force "the North Sea wind" was computed. 
Monthly departures from normal of the energy show the following range: 

+0.72. 
+1.45. 

-0.38. 
+1.41 . 

-0.26. 
+0.94. 

-2.29. 
- 0.19. 

- 0.37. 
-0.81. 

-0.45. 
+0.31 . 

and the correlationfactor between these departures and those for mean 
sealevel at Harlingen and Katwijk (1884-1920) is: 

Simultaneously r =+0.478 f =-+-0.149 

Phasediff. one month =+0.442 = ± 0.156 

Simultaneously r =+0.781 f = -+-0.076 

Phasediff. one month = +0.578 = ±0.128 

, 
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and for the Swedish coast from Varberg till Ratan: 

Simultaneously 

Phasediff. one month 

r = +0.624 

= + 0.615 

f = ±0.117 

= ± 0.121 

The correlationfactor is the biggest when simultaneous departures are 
considered; in the North Sea the relation is much smaller than in the 
Baltic. For the correlationfactor between departures in the velocity of 
the Equatorial current and those in mean sealevel in the North Sea and 
the Baltic, the result is: 

Katwijk and Harlingen : 

Phasediff. one month 

two 

three 

four 

Tra vemünde-Swinem ünde : 

Simultaneously 

Phasediff. one month 

two 

Varberg-Ratan : 

Phasediff. one month 

two 

three 

= + 0.624 

= +0.806 

= +0.880 

= + 0.648 

r == + 0.771 

= + 0.833 

= +0.600 

= +0.740 

= +0.841 

= +0.798 

5. Conclusions. 

= ± 0.114 

= ±0.069 

= ± 0.045 

= -+- 0.131 

f = -+-0.080 

= ± 0.059 

= ±0.125 

= -+-0.086 

= ±0.055 

= -+- 0.069 

I . Range in mean sealevel in the Indian and Atlantic Ocean and the 
adjacent seas is for the greater part a result of Huctuations of wind and 
current in regions, either far away from , or more in the neighbourhood 
of the place where mean sealevel is considered. 

2. The Northeast-Trade or the Equatorial current is not the prime 
cause of Huctuations in mea~ sealevel on the European coast, but the 
regions of high and low pressure, that cause this wind and current, are 
substantially the generators of these Huctuations. 

3. The correlationfactor between monthly departures of the velocity 
of the current or energy of the wind at a great or fairly great distance 
and departures in mean sealevel is generally large and varies between 
-1-0.829 and + 0.957. 

4. The correlationfactor between monthly departures of the local 
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wind in the North Sea and departures in mean sealevel in the North Sea 
and the Baltic varies between +0.172 and +0.781. 

5. The phasedifference between monthly departures of the velocity 
of the Equatorial current and those of mean sealevel in the Atlantic 
Ocean and European coasts increases gradually: 

Northeast part American coast 
Horta 
Channel 
North Sea 
Northern part Norwegian Coast 

Simultaneous 
one month 
three months 
three months 
four months. 

A discontinuity in the regular course of this phasedifference exists in 
the Baltie. 

German coast 
Swedish coast 
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Mathematics. - "On treating Skew Correlation". (Continuation). By 
Prof. M. J. VAN UVEN. (Communicated by Prof. W. KAPTEIJN). 

(Communicated at the meeting of October 31, 1925). 

In the case of linear correlation the probability formula runs : 

dW = h h' VI 1'2 e-(h2u2-2?'hh'uu'+h'2u'2) du . du' 
:re 

being 
u=x-~ 

We have now the empirical data 

X
k 

xII ulc uIl 

u' =x'- e. 

(11 ) 

Ykl J.[D . dx . dX' J Jhh'~1 1'2 e-(h2u2-2?,hh'uu'+h'2u'Z) du.du' 

x x' 
k-I I- I 

u u' 
k-I I-I 

being 
I: ' ~, "? Uk = Xk -~. , U I -_XI -" 

For the extreme limits we must take: 

Xo=-oo, xn=+oo, x'o=-oo, X'n' =+00, 

Uo=-OO, un=+oo, u'o=-oo, U'n'=+oo. 

By substituting 

hu=t h'u' = t' 

we arrive direct at the unimodular probability formula: 
t t' 
k I 

'JV-ykl .1 1;1'2 e-(t2-2?,tt'+t'2) dt. dt' .. 

t t' 
k-I 1-1 

Putting 

VI-y2 . t=z 

we find (cf. the canon ic form I) 

t'-y t=C, 

1 1 
dW=V; e-z2 dz. V;e-Ç2 dC=ds.da, 

being written 

s = e (z) = J;,Je-V2 dv 
-00 -00 
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In this case zand S are functions only of t, hence only of x; on the 
contrary C and a are functions both of tand t', hence both of x and x'. 

To Xo = - 00 corresponds to = - 00 , Zo = - 00, So = 0; 
xn=+oo -tn=+oo, Zn=+oo, sn=l. 

To x' 0 = - 00 and x finite corresponds to' = - 00 and t fini te, thus 
C=-oo, 0=0. 

To x' n' = + 00 and x finite corresponds t'n' = + 00 and t fini te, thus 
C=+oo. 0=1. 

Introducing the nota ti on 

with 

Zo=-oo 

so=O 

we obtain 

whence 

Z (Xk) = Zk 

S (Xk) = Sk 

Zn =+ 00 

Sn = 1 

x 
i 

xl 
j 

C (Xk. X'I) = Ckl . 

a (Xk, X'I) = aki 

JD . dxdx' = Sk . aki. 

x x' 
i-I j-I 

(12) 

We can now get rid of t' (i.e. of x') by integrating over x' (i.e. 
over tI) between the extreme limits x' 0 = - 00 and x' n' = + 00 (resp. 
t' 0 = - 00 and t'n' = + (0); so we find 

x' 
j 

,fD. dxdx'= Sk . Okn'=Sk X I=sk (13) 

x ' 
j-I 

This integral obviously is equal to the sum of the frequency contents 
of all the rows x = ~I. X = ~2' .. . x = ~k, divided by the total number N. 

So the value of Sk results from 

(14) 

x
k 

+00 

On the other hand the integral r J D . dx . dx' is a function of Xk. 

x ==- 00 x/=- 00 

We therefore find to each Xk a value of Sk, i. e. a value of the 
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function s (x). Furthermore the relation s = e (z) conjugates to each 
Sk a value of Zk • 

Besides the pairs So = O. Zo = - 00 and Sn = I. Zn = + 00. we thus 
obtained n-I pairs 

If the correlation is really linear. all these n-I values of Z must 
satisfy the I i n e arrelation : 

Z = V l-y2 . t = V l _y2 . hu = V l -y2 . h (x-i) = ax + b. 

By interpreting x and Z as rectilinear coordinates. the points (x. i) 
must be found on the straight line Z = a x + b. 

Inversely the collinear disposition of the points (x. z) empirically 
determinated points to the pos s i b i I i t Y of linear correlation between 
x and x' .. Properly speaking this only shows that the quantity x. con­
sidered by itself. is distributed according to the normal law. 

As the function z (x) empirically found (which in th is case is linear) 
is wholly independent of x'. it gives us no indication at all. neither 
with regard to x'. nor to the connection between x and x'. 

To determine the relation between x and x' we must appeal to the 
function a (x. x'). 

Integrating .[[D dx dx' = .JJ ds . da over an infinitely narrow strip 

along x = Xi. the breadth of which is !:::. Xi. the integral being taken 
over x' from x' 0 = - 00 to x',. we find the value of th is integral to be 

~ ~ 
I I 

j 'D( ' )d I_A J ~ ds àa ~ d I L il =!:::. Xi. Xi.X X -UX i. ?dx' àX/~ X. 

X'= - 00 x'= - 00 x= x 

or. putting 

to 
Lil = X (Xi) . !:::. Xi . I a (Xi. X' I ) - a (Xi. x' 0) ! = X (Xi) . !:::. Xi . an. 

Integrating along this same strip over x' from x' 0 to x' n' . i.e. from 
- 00 to + 00. we obtain 

L i n ' = X (Xi) . !:::. Xi . 1. 

50 the quantity ai. I. (i.e. the value of the function a (x. x') at x = Xi 
LI 

and x' = x;) is found to be the quotient L;n,' whence 

. x' I 

!:::. Xi . ID (Xi. x') dx ' 

ail= -----,-+ r:<>'-r:<>--

!:::. Xi . ID (Xi. x') dx' 

60 
Proceedings Royal Acad. Amsterdam. Vol. XXVIII. 
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We may find an approximate value of (Ju by taking a strip.of finite 
breadth 6. ~i round x = X i. 

As we only have at our disposal strips round X= ; k=Xk-I /2 having 
the breadth c. we are able to determine only approximately the value of 
(Jk-I/2. 1 = (J (;k. X' I) by the formula 

X' I 

c . .r D (;k, x ' ) dx' 
-00 

(Jk-I/2. I - + 00 ----- (15) 

C • .r D (;k. x') dx ' 

wh ere - signifies : approximately equal to. 
The numerator of the fraction (15) equals the N th part of the frequency 

content of the row of ;k from the lower limit up to the class-limit X ' I , 

The denominator is the N tl. part of the frequency content of the whole 
row of ;k. Hence 

I 

I Ykj 
j=1 

(Jk- I/2. 1 =- -n-' --

I Yk j 
j = 1 

(16) 

In this way we find the value of the function (J (x. x') belonging to 
each pair (;k. x'd = (Xk- I/2. x'd. 

By means of the relation (J = e (C) we assign to each value of (J a 
value of C. Thus we obtain byeach combination (;k. X'I) = (X\- 1/2 . x'I) 
a value Ck- I/2. I . 

H the correlation is really linear. C must appear to satisfy the relation 

Ck-I/2.1 = t'l- ytk- 1i2= h ' U' l - yhUk-I/2= h l(X' I- ?) - yh (;k - ~ = 

= h ' (X'I - ( ) - yh (Xk-I /2 - "l) = aXk- l/2 + ~X' l + p. 

Inversely . if C satisfies the equation C = a x + a x' + p. it furnishes a 
second indication that the correlation is linear. From the 5 coefficients 
a . b. a. ;,;-. p the 5 quantities f. f/. h. h' . y may be computed. 

In the same manner we may analyze the frequency scheme by means 
of the quantities s' and (J ' (resp. z' and C'). Then z ' and s' = e (Z') are 
functions only of x'; C' and (J' = e (C') . on the contrary. are functions 
of both x and x '. 

The value of S ' l = s' (X' I) is to be determined by 

n I 

I I Y ij 
i=1 j=J 

s[= N (14/) 

The numerator is the total frequency content of the columns belonging 
to ;/1' e2 • • • ;'[' So we obtain n'- 1 pairs (x '. s' ); hence by means of 
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SI=e(Z/) also n'-l pairs (X'. Z/ ). X'o(=-oo) being conjugated to 
S/O = O. Z'o=- oo and x'n,(=+ oo) to S'n'= l, Z'n' = +oo . 

Besides we may compute the values 

I ( 1:' ) I ( I ) _ I 
(J Xk. '" I = (J Xko X 1- 1/2 - (J k. /- 112 

of the function a' (x. x ' ) by the formula 

k 

I YiI 
f i= l 

a k , 1- 1/2 ~ - n-- (16 /) 
I YiI 
i= 1 

Prom a' = e (C') we find the values of the function C' at the points 
x = Xk, X'= el = X' I_1 /2' 

In applying this calculus in the case of linear correlation. z' must 
appear to satisfy a linear relation z' = a' x ' + b' . C' satisfying a linear 
relation C'= -;;'X + a'x'+ fJ'. 

Inversely. if it has been found . that the 4 linear relations z = a x + b. 
Z'= a'x'+ b' . C = ax + -;;x '+ fJ . C'=~/x +a'x'+ fJ' are satisfied. we may 
conclude that the correlation between x and x ' is linear indeed. 

We have thus deduced a set of c har act e ris tic s for I i n e arc 0 r­
rel a t ion. 

If we wish to know the value of the functions a and C (resp. a' and n 
also in the pairs of class-I i m i t s (Xk . X' I) - i.e. at the angular points of the 
frequency frame - we must determine the value of aki (resp. Ckl) between 
ok- lh. I and 0 H I/2' I (resp. Ck- 1/2' land CH1/2' I) by int e r pol a ti 0 n. Similarly 
we may compute the value of the functions a' and C' at the points 
(Xk • X' I) by interpolation. Then we know of both functions C and C' 
- be it approximately - the values in the network of the "points" 
(Xk. X'I ). 

The method by which the functions z. Z' . C and C' have been con­
structed in the above treatment of I i ne a r correlation. appears to be 
wholly analogous to the way in which the functipn z has been con­
structed in the case of n 0 n-n 0 r m a I frequency distribution of only one 
variabIe (see page 803 (7)) . We shall therefore also follow this method in 
case the correlation is not linear. Then the only difference is that the 
functions z (x). C (x. x ' ). Z/(X /). C/(x. x ' ) are no more altogether linear. 

In applying this method we follow the principle that - limiting ourselves 
to the correspondence between x and z - correspondingvalues of x and 
z are equally probable (cf. Skew Prequency Curves in Biology and 
Statistics. 2nd paper. p. 37). 

Moreover we choose for the quantity z. normally distributed. a contin­
uous, univalent. ever increasing function of x . so its lowest value the 
(-00) corresponds to the lower limit of x. its highest value (+ (0) to 
the upper limit of x (cf. S. P . C. i. B. a . S. 2nd paper. pp. 37. 38). These 
latter suppositions concerning continuity. univalency. and monotony are 

60· 



924 

only introduced for convenience' sake. They 'may be replaced by others 
according to circumstances (see: "Skew Frequency Curves" . Proceed. of 
the Kon. Akad. v. Wet .. Vol. XIX (1916) p. 670). 

A similar reasoning may be held with regard to z' as a function of 
x '. to C so far as it is a function of x '. and to " so far as it is a 
function of x . 

Let us now summarize the course of the different operations : 
Ia . Add the frequencies in each of the rows ~I. ~2' • • ~k • •• ~n 

n ' 

R k = ~ Ykj • (17) 
j = 1 

b. Add the frequencies in all the rows ~I. ~2; ' .. ~k together : 
k k n ' 

S k = RI + R 2 + ... + R k = ~ R = ~ ~ Y j • (I 8) 
;= 1 ;= 1 j = 1 

whence 
n 

N = Sn= ~ R 
;= 1 

c. th en Sk = S (Xk ) results from 

(19) 

d. and Zk from 

-00 

e. Add only the frequencies Yk l • Yk2 • • . . Ykl in the row ~k. which 
correspond to ( I ' ~' 2 ... ~' I ; hence 

I 

Pk.l = ~ Yk j 
j = 1 

(20) 

f th en Ok-Ihl = 0 (x k-112 • X' I) = 0 (~' k • X ' I) is derived from 

Pk.1 
Ok- 112. 1 = R k • (21) 

g . and Ck-Ih I from 
Ok-112. I = e (Ck- Ih I)' 

h. Finally Ckl is determined by interpolation . 
Il. Likewise with z' and C': 
a'. Add the frequencies in each of the columns ~/I .e 2 .... ~'I ... ~/" , : 

n 

R ' l = ~ YiI (17 /) 
i== 1 

b'. Add the frequencies in all the columns ~/ I ' ~' 2 •• • e l together : 
I n I 

S'I = R'l + R ' 2 + ... R ' l = ~ R ' j = ~ ~ Yij • (I 8/) 
j = 1 i= 1 j = 1 
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n' 

N=5' n , = I R'j 
j = 1 

C'. then S'l = s' (X'I) results from 

I 5 '1 
sl=N . 

d'. and Z'l from 

-00 

(19/) 

e'. Add only the frequencies Y I/ , Y2/ ••• , Ykl in the column Ç' I. which 
correspond to ~ I J 2 ••• ~k; hence 

g'. and 'k. I- 112 from 

k 

P ' k .l = I YiI ; 
i= t 

1 P ' k .1 
a k. I- I/2 = R'l . 

a' k. 1-112 = e (" k.I-I /2) 

h' . Finally "kl is determined by interpolation. 

(20' ) 

(21 /) 

At present the functions z (x). Z' (x'). ' (x. x') and " (x. x') are deter~ 
mined with more or less accuracy at the angular points of the frequency 
scheme. We shall now make use of these functions in seeking a set of 
varia bles t (x. x') and t' (x. x') linearly correlated. 

As it has already been ' shown. from 

dW = ds. da~ds'. da/ ~D(x. x'). dx . dx ' 

we may derive the equations 

or 

D ( ' ) - à (s. a) _.? (s'.a /
) 

x. x - à (x. x/) - à (x. x') 

I ds àa ds' àn' 
D (x. x) = dx' àx' = dx" àx' 

On the other hand we have 

ds =J;;e-;2 dz. d=J;;e-;" d'. dsl=J;; e-;'2dz'. d(JI=J;; e-~'2 d" . 

whence 

(22) 
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We have thus got two sets of linearly correlated variables, viz. (z, () 
and (Z' , n, but the coefficient of correlation is zero; properly speaking 
there is no correlation at all between them. We have solved the problem, 
it is true, but this solution is by no means satisfactory. In the above 
discussion about the requirements of a useful solution, we have already 
explained why we do not remain by the two sets of variables in question. 

In future we shall introduce z and z' - in the place of x and x' -
as fundamental variables. Then ( and e' become, in general. functions 
both of zand Z' . Thus the two~dimensional differentials dz. d( and 
dz' . de' will be transformed in this way : 

d d J- ~ d o( d I d I d J-1 ~ d I oe' d z. ., _ Z. OZ,. z. z.., _ z . oz. z. 

So we find for dW: 

dW - 1.- -(z2+~2) o( d d ,_ J..-. - (z '2+"'2) 0(' d d I - n e . OZ,· z. z - n e . oz· z. z, (23) 

whence 

_(z2+>-2) o( _ -(z'2+ " 2) oe' e - - e - -. Oz'- . oz (24) 

We next put 

Z/2 + e'2 = r/2 
• (25) 

In order to orient ourselves in the treatment, we shall previously make 
a simplifying supposition, viz. that at each point (x, x') or (z, Z/) holds 

r'= r (26) 

whence, on account of (24), we have also at each point 

(27) 

The result of computing the va lues of the functions z, (, Z', e' must 
make out whether the expressions r2 = Z2 + (2 and r/2 = Z/2 + (/2 are 
equal at each point, or at least nearly equal. We may not expect a 
complete empirical concordance between r2 and r/2

, if even it did exist 
theoretically, since the computed values of ( and e' are exposed to 
inevitable inaccuracies. Especially on the borders of the frequency domain 
we must be prepared for a bad concordance between the theoretical 
and the empirical values. 

We • shall next make use of two rectangular systems of coordinates: 
(z , () and (Z', n, having the same origin . 

The way in which the functions z, Z', (, (' are introduced, viz. as 
argument of the e~function, points out, that they all are permanently 
increasing functions, resp. of s, s', a, a'. Moreover, by ranging the values 
of x to ascending magnitude and by adding the successive frequencies, 
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we obtained the quantities s and a' (defined by (14) and (16 ')) as per­
manently increasing functions of x . Hence z and t are also permanently 
increasing functions of x, and t , so far as it depends on z , is an in-

creasing function of z, or, in other words : ~~ > O. This result might be 

also derived from (23). Likewise t; , so far as it is a function of z', con-

. 11 . . h ' . iK > 0 tmua y mcreases Wit z , I.e. oz' . 
Representing these variables by coordinates, it appears that the z-axis 

and t -axis on one hand, and the z' -axis and t;-axis on the other hand, 
must include an acute angle. We will denote its complement by w. 

Hence w is the angle between the z-axis and the z' -axis. 
The equation (26) suggests the introductian of polar coordinates rand 

(J. The angle (J is to be measured from the bisector of the z- and z'­
axis, in the direct ion from the z-axis to the z ' -axis. 

We now have 

~ z = r cos (1 + (J ) 

I t; = r sin (1 + (J ) 

z' = r cos (1- fJ ) 

t = r sin (1- (J ) 

(28) 

Since, besides the equation r = r', no relation is supposed to exist 
between z, t;, z', t , the angle (J) introduced may vary from point to point. 

The system (z , t;) being fixed, each point has its own system (z' , t;' ), 
only with the same origin as the system (z, t;). So the angle w may be 
a function of rand B. The equation (27), however, which is necessarily 
attached to (26), implies - as it will be shown - that w is a function 
of r only. 
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On account of the orientation of the axes of coordinates. we have 
for the element of area : 

wh en ce 

being written 

Now 

dz. de ;!. dl;' . dz' . ~ r . dr . d8. 

o (z. e) 0 W. Z/ ) 
o (r. 8) = 0 (r. 8) = r. 

' Oz oz 
o (z. e) _ or' 08 
o (r. 8) - oe oe 

or ' 08 

oW. Z/ ) 
o (r. 8) OZ' OZ' 

Or' 08 

~;=COs(~+8 )-1sin(~+ 8)- ~~, ~~=-rsin(~+ 8)- (1+ ~ ~;} 

~;= sin(~+ 8 ) +1cos(1 + 8)- ~~. ~~=+rcos(~+ 8)- (1 +~ ~;} 

50. by working out the first determinant, we find 

O (z~_ (1 +~ OW) o (r. 8) - r 2 08 . 

Similarly we obtain 

oW. Z/ ) = (1 _ ~ OW)" 
o (r, 8) r 2 08 ' 

while both functional determinants -must be equal to r. 

Th h d · . àe ol;' f . h 
us t e con !tlon OZ' = Oz urOiS es 

ow_
O 08 - . . . . . . (29) 

i.e. : W is a function only of r, perhaps a constant. 
The simplifying supposition, made by admitting r = r ' , renders the 

angle W introduced a pure function of r . 
Furthermore, from the equations (28) results 

whence 

A = Z Z' - ce' - " r2 cos w , . 

B = z I;' + z' e = r2 sin w • . 

(30) 

(31 ) 

ze' + z' e B 
tg cv = Z Z ' _ ce' = A ' . . . . . " . . (32) 
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In order to express , as a function of zand z', we write 

z' = z cos w + , sin w, 

whence 
, 

,=z -z cos w 
sin w 

so that 

2_ 2+ 1-2_z2sin2w+z'2_2zz'cos w+Z
2

COS2 W 

r -z c, - sin2 w 
Z2- 2z z' cos w + Z'2 

sin2 w 

Now putting 

we find 

z 
t= -­

sin w 
z' 

t= -,- , cos w =r, 
smw 

tl- 2 r tt'+t'2=r2. 

From the figure we have obviously t = PQ, t'= PQ'. 

(33) 

(34) 

Here we have an expression for the exponent (r 2) having the unimo­
dular form desired, It is, however, more especially to be preferred, because 
the quantity t is connected with z (so with x) in the same way as t' 
is connected with z' (so with x'). Only the angle w, which (like r = cos w) 
is a function of r, makes t still dependent on z', and t' also on z, this 
dependence being ho wever symmetrical. 

H, af ter computing tg w from (32) for different combinations (Zk , Z'I , 

'kl, "kl) w appears to be rather constant, there is, on account of the 
many sources of perturbations, much reason to consider w really as a 
constant, 

Of the function tg w of this constant the values furnished by (32) are 
"observed values", From these not wholly concording observations the 
most probable value of w must be determined by adjustment, and from 
the value of w thus found, the most reliable value of r = cos w may be 
derived. 

If we have reason indeed to consider w as a constant, then t is a 
function only of z, thus of x, and t' a function only of z', thus of x'. 
We have then arrived at a linear correlation between a function of the 
observed quantity x and a function of the observed quantity x', with 
a coefficient of correlation equal to the cosine of w. 

B 
The adjustment of tg w = A must be effectuated in the following way: 

T aking A and B as rectangular coordinates, and putting tg w = M, 
each pair (A,B) is then represented by a point P(AB). Then M is the 
direction constant of the line OP. uniting P to the origin O . 

Speaking geometrically: we seek the line B = MA passing through 
the origin, which is best fitted to the given points (A,B). 
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The quantities A .B are. as functions of z. Z'. C. C' . in the last instance. 
functions of x and x ' . SO each pair (A . B) corresponds to a pair (x. x'). 
Now the pairs (x . x') are not equally probable. These different pro ba­
bi'ities of (x. x' ) will come out at different wei 9 hts of the pairs (A.B) . 
The pairs (x . x ' ). for whieh the values of A and Bare known. refer to 
the class-l i m i t s. to the angular points of the frequency frame. But the 
chances. or the frequencies Y. proportional to them. are given empirie­
ally in the combinations (~k • ~/I) = (Xk- 1/2' X ' I- li2 ). We may now take as 
the frequency of the pair (Xk • X 'I) the average of the frequencies belonging 
to the four surrounding class-c ent re s : 

(~k. ~/I) = (Xk- 1/2' X ' I- li2). (~k, ~/ I+ l) = (Xk- li2. X ' I+1 /2)' (~k+l. ;'1) = 

= (XHI/2' X 'I-I/2). (~k+ J, ~/I+l) = (XH I/2' X ' I+1 /2)· 

So we take as the frequency of (Xk • X' I) : 

1 
4 (Ykl + Yk.I+l + YH J.I + Yk+J.I+l) . 

Hence the weight of the combination (k . I) . whieh is proportional to 
the frequency of (Xk . X'I) may be equalled to 

So we have several points (AkI . Bkl ) with weights Gkl and we want 
to fit to them the line B = A .M passing through the origin. 

This problem does not properly differ essentially from that of linear 
correlation. Indeed. given N combinations (~k . ~/ I) with frequencies Ykl • 
according to the theory of linear correlation. the combination of the 
arithmeÜc means (f. f ) is the most probable one. 

Uk = ~k -f. U'l = e 1- ;' being the deviations from the resp. means. the 
combination (Uk. U' l) may be represented by a point with rectangular 
(rectilinear) coordinates Uk. U' l ; then the points (Uk. U'l). whieh have 
equal probability. lie on an ellipse 

h2 u2 - 2 y h h' U u' + h' 2 U
/2 = constant. 

where h. h' and y are constants. 
The straight line. best adapted to all the points. appears to be the 

common major axis of all these ellipses. The angle rp. which the major 
axis makes with the axis of u. is determined by 

- 2 y hh' 
tg 2 rp = h2 _ h' 2 . 

We have now : 

- 1 
ft = u2 = 2 h 2 (l -y2) 

whence 

ft : ft' : ). = h' 2 : h2 : y h h'. 
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50 we obtain 

22 
tg 2g; = ,. 

ft-ft 

Applying this to the present case, we have 

whence 

Incidentally we shall also compute the mean error of the value of g;, 
obtained by the above adjustment. 

2À 
From tg 2g;=--, results 

ft-ft 

so that 

sec1 2g;. 6,g;2 = 

2 2" (ft-ft') 6, J.- J. 6, ft + J. 6, ft' 
sec g; . u g; = (')2 ' 

ft-ft 

_(ft- I1,')2?SJ:2-2J.(ft- ft') 6,J..6,ft+ 2Ä(ft- ft')6,J. .6,ft' +J.2 &-2J.26,ft . 6, ft , +).,26,ft'2 
(ft- f1,')1 . 

We now have 

therefore 

or, since 

so, in the present case: 

2 _ I Xi . 1J2 - Al32 

E l' - N' (A2_B2)2 + 4AB2' 
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The tangent M of the angle 'P. included between the major axis and 
B 

the A-axis. is the most probable value of the fraction A. So M too is 

the most probable value of tg w. whence 'P is the most probable value 
~ of w. 

Thus we must compute this most probable (mean) value ~ of w from 

where 
A =ZZ' - CC' B =z C' +z' C. 

It is now our object to find the mean (i.e. the most probable) value 
of the coefficient of correlation r = cos w. We choose for th is 

r=cos w. (36) 

its mean error being 

er = sin w . e;;;- . (37) 

50. our first result. based upon the simplest suppositions. runs: 
If. f 0 rea c h co m bin a t ion (Zk . ZI t). t h e ex pre 5 5 ion r2 = Z2 + C2 

is found to be practically equal to r/2=z/2+C'2 and if w is 
found to be toIerabIe constant. then. in solving the pro­
blem. we may choose for tand t': 

z 
t = ----= 

I 
I Z t - --- - r = cos w 

sin w sin w 

where each of the f i nal variables appears to be a function 
of only one of the primary var i ables. e. g. t of x. and t' of x'. 

H. the relation r2 = r /2 being satisfied. w is not a constant. and 50 

depends on r (= r/). then in 

Z 2 - 2 cos w . Z Z' + Z' .2 = r2 sin2 w 

w is variabIe together with r. 
Then the ellipses r = const. (w = const.) are no longer homothetic. 

We. however. may transform them into a set of homothetic ellipses. in 
the following way: 

We turn the coordinate system (z. Z/ ) 45°. 50 that the axes of the 
new coordinates u and v coincide with the axes of symmetry. Accord­
ingly putting 

we obtain 

u- v 
z=V 2 

I u+ v 
z =V 2 ' 

2 2 ' + '2 (U- V) 2 - 2 cos w . (U 2- V2) + (u + V)2 
Z - cos w . z z z = 2 = 

= (1 - cos w) u 2 + (1 + cos w) v2 = r2 sin2 w 
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or 
u 2 V 2 

--:--:-----+ = c2
• 

1 + cos w I - cos w 

N ow. introducing a con sta n t angle Q. we put 

u = U ~,/ I + cos w 
I + cos Q 

v - V VI - cos w. 
- I - cosQ' 

and so find 
U2 V2 ----- + -c2 

I + cos Q I - cos Q - . 

By turning back the coordinate axes into their former position. by 
means of the transformation 

Z + Z ' 
U= V2 -

-Z+Z' 
V = V2 . 

we obtain the equation 

Z2 - 2 cos Q . Z Z' + Z'2 = c2 sin2 Q. 

af ter which the substitution 

Z = Tsin Q Z' = T' sin Q 

leads to 
T 2 - 2cos!L TT' + T'2 = c2. 

Finally. the variables Tand T' depend on z. z' (resp. t. tI) according 
to the following formula : 

Z U-V T- -- - ---C=-~= 
- sin Q - sin Q . V 2 

VI + cos Q . II _ 1 /l=~ . v 
1 + cos w V I - cos w 

Q . Q 
cos - sm -
_ _ 2_ (z + zIj _ _ _ 2 (_ z + zIj 

W W 
cos - sin -

2 2 
2 sin Q 

1 / 1 + cos Q + 1 / I - cos Q 
T' = ~= U + V _ = V I + cos w . II V 1=C~ . v 

sin SJ sin SJ . V 2 sin Q . V 2 

Q Q 
cos - sin -
__ 2 (z + zIj + __ 2 (-z + zIj 

w · W 
cos - sin-

2 2 
2 sin Q 

or 
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. w +Q . w -Q , 
SlO - -2- . z + SlO - -2- . z 

T=----------:;:~---­
sin w . sin Q 

. w- Q . w + Q , 
SlO - 2-- . z + SlO --2- . z 

T' = ---------:::----
sin w . sin Q 

. w +Q . w-Q , 
SlO - 2- -' t + SlO - -2- . t 

sin Q 

. (38) 
. w -Q . w+Q , 

SlO - -2- . t + SlO --2- . t 

sin Q 

Theoretically we are wholly free in choosing Q. H. however. we try 
to rdate T as c10sely as possible to t (and z). and T' to t' (and z') . 
then we shall dispose of Q in such a way that the average value of 
w-Q is as small as possible. This may be attained by taking for Q the 
mean value w of w. This mean may be computed: 

either empirically in the same way as if w is practically constant 
(see (35)) 

or theoretically. if we have a c1ear idea about the functional relation 
existing between w and r. When. in this case. w = f (r). th en 

w Jf(r) dW = (f(r) re-r2 dr. 
o 

Thus we go on with 

. w + w . w - w , . w + w . w - w 'I T = slO - -2- ' z + slO - -2- .z = slO_- 2- _' t.+ SlO~ .t 

sin w . sin w SlO w 

. w - w . w+w , . w-w . w+w , \ 
SlO - -2- . z + SlO --2- . Z SlO - -2- . t + SlO - - 2- . t 

T '= =-------==------
sin w . sin w sin w 

. (39) 

together with 
T2 - 2r TT' + T '2 = r2 r = cos w . 

The variables Tand T I may now be submitted to the transformation (9) : 

t = sin (1' + w) T _ sin ,.; T I 
sin w sin w 

( /= sin ~ T _ sin (1' - w) T '. 
sin w sin w 

Af ter reduction we obtain 

sin ( w ~ w + 1') sin ( w 2 w - 1') I 
t= t + t . 

sin w sin w 

sin(-w 2 W + 1') sin(_w ~w_1') 
tI = t + _-O-_=-_ ---C.-

(40) 

sin w sin w 
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or 

sin ( _W -i-W + r) sin ( _W -2 -
W - r) I 

t = ------=~ z+ z. 
sin W . sin W sin W . sin W 

sin ( w 2 w + r) sin ( w i W - r ) ~ (41) 
t' = z+ z ' ( 

sin W • sin w sin w . sin w ) 

We may still freely dispose of 1. lt is not necessary that 1 should be 
a constant ; it may be a function of z and z' or only of r . 

We shall choose 1 in such a way that the expression (41) for t gets 
rid of the term with Z' . For this we evidently must put 

w-w 
1 - --- · - 2 . 

then we obtain 

z ~ t = ---= 
sin w 

,_ sin (w-w) + 1 I 
t - .z -- z 

sin w . sin w sin w 

(42) 

So doing we have succeeded in making one of the variables (t) into 
a pure function of z. i. e. of x. But then the other variabie is a function 
both of z and z' (thus also both of x and x'). 

Similarly it would have been possible. by a suitable choice of t. to 
make the variabie t into a function only of z' (i. e. only of x ' ). or the 
variabie t' into a function only of z (i. e. only of x ). or into a function 
only of z' (i. e. only of x' ). So our second result runs : 

If. for each combination (Zk .Z'( ). the expression r2= z2+ C2 

is found almost equal to rI2 = z/2+ "2. but if the condition 
t ha tin e ach c 0 m bin a t ion (Zk. Z't ) w h ast hes a m e val u e. i s 
not fulfilled. th en it is possible to take for one of thefinal 
var i a bie s (for instance t) a f u nc t ion 0 f 0 n 1 y 0 n e 0 f th e p r i mar y 
var i a bie s (for instance x ). th e 0 t her fin a 1 var i a bie (t ' ) rem a i n~ 
ing a mixed function of x and x' (see (42)) . In this case there 
e x i s t s a f u n c t ion air el a ti 0 n bet wee n w an d r. 

Further on we shall give some hints for finding out the function 
w = f(r). 

(Ta be cantinued). 



Chemistry. - ERNST COHEN and SAI3URO MIYAKE : ''The influence of 
minute tra ces of Water on Solution Equilibria ." 11 

(Communicated at the meeting of October 31. 1925). 

Introductory. 

In the first paper under the above ti tIe 1) it was shown that the solution 
equilibrium between salicylic acid and benzene is shifted by the presence 
of minute traces of water, the solubility of salicylic acid markedly incn!asing 
by the addition of water. We also stated that the phenomenon in question 
can manifest itself in consequence of the presence of occluded water, so 
that. if the solubility of substances must be determined with accuracy, great 
care should be taken to work with pure (dried) substances. At the time 
we pointed out that the minute quantity of occluded water can be 
accurately determined by solubility determinations. The experiments 
which are described in this paper, have been made in order to ~ecome 
acquainted with the influence of minute traces of water in ot her solution 
equilibria, and moreover - the measurements which refer to this part of 
the problem will be described first - to prove, more directly than was done 
in the first paper, that the phenomena which are investigated here, are 
indeed (true) equilibria. 

As the method of procedure was fully explained in the first communica­
tion we need not go into details here. 

All the solubility determinations have been carried out at 30° .50 C. 

1. The Equilibrium in the System Salicylic acid - Benzene. 

1. We used the salicylic acid (preparation KAHLBA UM .. für kalorime­
trische Bestimmungen", vide our first communication under A. § 1 a), 
which, according to the method described there (B. § 2. 2) was recrystallized 
from dry ether (vide first communication under A. § 1. c) . The acid had 
been kept for a long time in vacua over P20 5' and had been powdered 
every day until the smell of ether had totally disappeared. 

2. The benzene (free from thiophene) had been treated in the way 
previously described (vide first communication under A. § 1. b.). Whereas 
in, our first investigation we simply poured the liquid out of the flask into 
the shaking bottIes, so that it ca me in contact with the moist air in the 
laboratory, we now pressed it from the flask by means of air which had 
been carefully dried over sulphuric acid and then over P 20 5 . Af ter having . 
used the apparatus for a month we ascertained that practically the benzene 

I) These Proceedings 28, 702 (1925) ; Zeitschr. f. physik . Chemie 118, 37, (1925\. 
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had remained unchanged: the solubility of the salicylic acid which had 
been determined at 1.00; 1.02 ; 1.01; 1.02") , was found to be 1.02 at 
the end of that period (vide first communication § 13) . 

3. In order to prove that the phenomena, described in the first com~ 
munication, are indeed equilibria, we set to work as follows : In each of 
two shaking bottles about one gramme of dry acid and about 40 gms. of dry 
benzene is weighed; then these bottles are sealed. One of the bottles 
is immediately put into the thermostat, the temperature of which has been 
set to the temperature of the experiment (30° .50 C.). The second bottle, 
with its contents, is heated in a water bath to such a temperature that the 
solute has been almost, but not wholly, dissolved. Then this bottle is also 
placed in the thermostat, and both bottIes are shaken for the same length 
of time, at the temperature of the) experiment. 

The same manipulations are carried out with two bottles, the contents 
of which differ from those mentioned above in that they contain moist 
benzene (of an accurately determined water percentage) instead of dry 
benzene. 

In this way the final condition is reached in both cases (dry and moist 
benzene) , as weil from the side of supersaturation as from that of under~ 

saturation. 

lABLE L 
Solubility of Salicylic acid in Benzene. 

Number of the 

experiment 

2 

3 

4 

Temperature 30°.50 C. 

Period of 
shaking in 

hours 

4 

3 

3 

4 

Thousandths Solubility 
of weight % 

of water in weight oio 

0 1.00 
1. 02* 

0 LOl 
1.02* 

66 1.16 
1.17* 

71 1.19 
1. 18* 

As we see from Table we find identical va lues for the solubilities, 
within the errors of the experiment, in other words : in the dry system, 
as weil as in the wet, we have indeed true equilibria. 

Weight % means gms. of solute in 100 gms. of solution. 

2. The Equilibrium in the System Salicylic acid - Chloroform. 

4. When the chloroform had been for a long time on P205 ' it was 
distilled from fresh P 20 5 , in the way previously described (vide first 

*) Means that equilibrium is reached from the side of supersaturation. 

61 
Proceedings Royal Acad. Amsterdam. Vol. XXVIII. 
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communication A. § 1 b.) . The tapping from the flask was done as 
described in § 2. 

Wh en tapping the saturated solutions of salicylic acid we placed the 
bulb E (Fig. 1 first communication ) always in ice water, so as to keep the 
ten sion of the vapour over the solution as low as possible. 

The following figures prove that the analysis by evaporation of the 
solvent (vide first communication § 5) gives good resuIts, whether dry 
chloroform is taken or moist: 0.2631 gms. of dry salicylic acid dissolved in 
about 17 gms. of dry chloroform gave 0.2629 gms. af ter the solvent was 
evaporated. When the residue had been in vacuo over sulphuric acid and 
salicylic acid for the night, the weight proved to be 0.2629 gms. Further 
0.3681 gms. of the acid , which had been dissolved in about 20 gms. of moist 
chloroform (water-content of the chloroform 0.0354 gms. of water in 
100 gms. of chloroform) gave 0.3676 gms. af ter being treated in the 
same way. 

Table 2 contains the resuIts of the experiments with chloroform. 

TABLE 2. 

Solubility of salicylic acid in Chloroform. 

Temperature 30°.50 C. 

Number of the Perlod of Thousandths Solubility in 
shaking in of weight % 

experiment hours of water weight % 

5 3 0 1.55 1.56* 

6 5 0 1.56 1. 55* 

7 3 35.4 1.64 1.63· 

8 3 60.8 1.69 1.68* 

9 3 108.1 1.72 1.71* 

10 3 saturated I. 73 1. 72* 

For further elucidation of the term oo saturated" in th is table and the following ones, 
we wish to observe that the solvent had previously been shaken with excess of water 
at 30°.50 C. and after separating it from the excess of water was used for the determln­
atioD of solubility. 

3. The Equilibrium in the System Salicylic acid - Carbon Tetrachloride . 

5. The carbon tetrachloride we used was free from sulphur ; wh en it 
had been on P20 5 for a week, it was distilled from a fresh quantity of 
P 20 5 . The method of keeping it and of transferring it to the shaking 
bot tIes is described in § 2. 

In this cas.e too the analysis of the saturated solutions can be made by 
evaporation of the solvent, as may be seen from the following figures : 
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0.0432 gms. of salicylic acid . dissol ved in about 15 gms. of CCI4 • gave. af ter 
evaporation of the solvent. 0.0426 gms. of acid. In the second experiment 
we weighed 0.0321 gms. into the bottie and found back 0.0321 gms. 

Table 3 gives a summary of the results . 

TABLE 3. 

Solubility of Salicylic acid in Carbon tetrachloride. 
Temperature 30°.50 C. 

Number of the Period of Thousandths Solubility in 

experiment 
shaking in of welght % 

weight % hours of water 

11 3 0 0.36 0.35* 

12 5 0 0.35 0 .35* 

13 3 8.7 0 . 35 0.36* 

14 3 22 . 7 0 . 36 0 . 36* 

15 3 65 .9 0.36 0 . 37* 

16 3 saturated 0.36 0.36* 

4. The Equilibrium in the System o-Nitroben zoic acid - Benzene. 

6. With a view to some experiments on the metastability of this acid 
as a consequence of enantiotropy or monotropy. we had acquired a rather 
large quantity. We used preparations supplied by different factories . 
Af ter having been recrystallized from water they gave identical results. This 
was seen f.i. wh en determining their solubility in water. 

TABLE 4. 

Solubility of o-nitrobenzoic acid in Benzene. 
Temperature 30°. 50 C. 

Number of the Period of Thousandths Solubility in 

experlmen( 
shaking in of welght % 

weight % hours of water 

17 3 0 0 .35 0 . 35* 

18 3 37 . 7 0.43 0 .43* 

19 3 66 . 3 0 .49 0.49* 

20 3 89 . 1 0 . 49 0 .50· 

21 3 saturated 0.50 0 . 50* 

Also in this case we found the evaporation method. when determining 
the solubility. very useful. Thus 0.0327 gms. of acid. dissolved in 15 gms. 

61* 
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of moist benzene (water content 0.2226 gms. of water in 100 gms. of 
benzene) gave 0.Q327 gms. of acid af ter evaporation of the solvent. . When 
the residue had been for 24 hours in vacua over P 20s and o~nitrobenzoic 
acid, we found 0.0327 gms. In a second experiment in which 0.0558 gms. 
had been weighed into the bottIe, we found in the same way 0.0559 gms. 

Table 4 contains the results of these measurements. 

5. The Equilibrium in the System o~Nitrobenzoic acid - Chloroform. 

7. As the experiments in this case were carried out in exactly the same 
way as in the system salicylic acid--<:hloroform, it will suffice to point 
out that the evaporation process yields accurate results. Thus, af ter 
weighing 0.0906 gms. of acid into the bottIe, we found 0.0907 gms. af ter 
evaporation. In another experiment 0.0414 gms. instead of 0.0418 gms. 

TASLE 5. 

Solubility of o-nitrobenzoic acid in Chloroform. 
Temperature 30° .50 C. 

Number of the Period of Thousandths Solubility in 
shaking in of weight % 

experiment hours of water welght % 

22 3 0 0.15 0 .15* 

23 5 0 0.15 0.15* 

21 31/ 4 25.6 0.51 0.52* 

25 3 31.2 0.56 0 . 56* 

26 3 saturated 0.55 0.56* 

27 3 0.56 

6. The Equilibrium in the System Anthracene - Benzene. 

8. We have also investigated the influence of minute traces of water on 
the equilibrium between a non~electrolyte and benzene. We chosè 
anthracene as a non~electrolyte . 

A so~called pure preparation (resublimated) gave in the solubility 
determination in dry benzene (period of shaking 3 hours) the values of 
2.05; 2.09. Wh en the period of shaking was five hours we found 2.08 ; 
2.09. When this preparation had been recrystallized from dry benzene' we 
found 2.00 ; 2.00. To check the result we recrystallized this preparation 
from dry ether, left the ma ss thus obtained for same days in vacua over 
P 20 s, and then determined the solubility again in dry benzene. Now we 
found 2.00 ; 2.00. We used this preparation for our final solubility 
determinations in benzene. 

In this investigation we also made use of the evaporation methad in 
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order to analyze the saturated solutions. when the foIlowing experiments 
had proved that. in this case too. accurate results we re obtained ; 
0 .1646 gms. of anthracene gave 0.1648 gms. af ter evaporation of the dry 
benzene in which they had been dissolved. In a second experiment we 
dissolved 0.1603 gms. of anthracene in moist benzene ; we found 
0.1605 gms. 

TABLE 6. 
Solubility of Anthracene in Benzene. 

Temperature 300 . 50 C. 

Number of the Period of Thousandths Solubllity in 

experiment 
shaking in of weight Ofo 

weight % hours of water 

28 3 0 2.00 2 .00" 

29 3 0 2.00 2 .00· 

30 3 38.9 2.00 2 .00· 

31 3 88.8 1.98 1.99" 

32 3 saturated 1.98 1.98" 

9. We shaIl not dweIl upon the older literature about the solubility of 
the substances we investigated. as it refers to preparations. the purity 
( dryness) of which had not been closely examined. Therefore it is of no 
importance for the problem which occupies us here. 

Summary. 

Minute traces of water have great influence on solution equilibria in 
the systems salicylic acid - benzene. salicylic acid - chloroform. o-nitro­
benzoic acid - benzene. o-nitrobenzoic acid - chloroform. No influence 
could be ascertained in the systems salicylic acid - carbon tetrachloride. 
and anthracene - benzene. 

We intend to treat further conclusions in a subsequent communication. 

VAN 'T HOFF-Laboratory. 
Utrecht, September 1925. 



Physiology. - G. GRIJNS: "Diet and reproduction." 

(Communicated at the meeting of October 31. 1925). 

It is since long custom among breeders to feed animaIs. which are raised 
for reproductive purposes. along an other scheme as those. that will be used 
for working or butchering. Especially to much fattening is avoided in the 
first class. On a direct relation of nutrition and fertility textbooks give 
little or nothing. 

It is only the last few years. since everywhere investigations on vitamins 
and on the adequacy of different albumens are going on. that this relation 
has been attended to and publications on this topic are growing more 
numerous. However they of ten differ very much. even they are sometimes 
contradictory . 

HART. STEEN BOCK and HUMPREY stated 1) that cows on a diet 
exclusively derived from the oat plant only bore dead young and su eh as 
died soon after birth. Addition of casein or A-vitamin did not ameliorate 
the condition. but calcium did. As oat is poor in calciumcompounds. the 
cause of failure in reproduction was calcium starvation. 

MCCOLLUM. in collaboration with SIMMoNDSand PARSONS :!) found. 
that rats on rations poor in albumen or containing an inadequate albumen 
reproduce badly and that starvation of A-vitamine leads to infertility. 

The same thing recently was demonstrated by SIMMONNET 3) wno 
examined in extenso the influence on females and males separately. 

Lack of watersoluble B also stops reproduction. 
The failure of reproduction in these cases may be attributed to the facto 

that. when food-substances that are necessary for building up the young 
bodies are absent. the young can not thrive and die from starvation. This 
may occur in the womb already. wh en either abortion or resorption of the 
foetus will take place; or during lactation. 

MATTILL experimented with CONKLIN 4) and afterwards with STONE 5) 
on the relation between nutrition and reproduction. They stated that 
rats fed on milk only grew weIl till about 90 days. there after they grew 
more slowly than rats on normal rations. Addition of yeast extract pro­
motes growth. but in both cases they were infertile. Starch did not improve 

I) Research Bullet. Agric. Exp. Station Madison 49. 1920. 
2) Me. COLLUM. N . SIMMONDS & H. T . PARSONS. Proteln values of food. Joum. of 

Biol. Chem. XLVI!. p. 111. & 139. 1921. 
3) H. SIMONNET. InBuence de la carence en facteur Iipo-so1uble sur les fonctions de 

reproduction. Annales de Physlol. et de physicochlmle biol. T . I. NO. 3 p. 332. 1925. 
1) H. A. MATTILL & R. E . CONKLIN. The nutritlve properties of milk. I. Journ. of 

Biol. Chem. XLIV p. 137. 1920. 
5) H. A. MA TTILL & N. C. STONE. The nutrlve properties of milk. I! ibid. LV. p. H3. 1922. 
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reproduction. Out of 8 male rats, mated with females on normal diet 5 
proved sterile. Supplementing milkpowder with brewersyeast gave some 
litters, but all died within two days. 

Several investigators remark that a too high content of albumen 
damages the rearing of the young. 1) 

To quite different results ANDEREGG 2) arrives. He fed rats on milk­
powder supplemented with dextrin, agar 4 % (for bulk) and ferric citrate 
0.2 %. On 70 % milkpowder and 26 % dextrin 23 out of 70 young were 
reared ; on 60 % milkpowder with 36 % dextrin and a small amount of 
saltmixture growth was bet ter than norm al and reproduction normal. 

8 females on a diet of milkpowder 60, casein 6, citrate of iron 0.2, agar 
4 and dextrin 29.8 bore 129 young of which 75 or 59 % were reared. 9 
females in whose ration 2.4 dextrin had been substituted by saltmixture 
bore 235 young of which 202 or 86 % were weaned, wh at equals normal 
nutrition. 

When skimmed milkpowder was used instead of wholemilkpowder 
most females were infertile, the others having small litters. 

A. also investigated the influence of wheatembryo on reproduction. He 
fed, a mixture of casein 18, buttecfat 5, saltmixture 3.7, wheatembryo from 
1.5 to 9 and dextrin to make 100. All rats that got less than 6 % wheat 
embryo were steriIe. 

16 females on 7 % wheatembryo bore 79 young from which 32 or 
29 % were reared. For 6 females on 8 % these figures were 65 and 59 or 
91 % and 3 rats on 9 % wheatembryo raised all their 17 young. 

ANDEREGG leaves undecided whether supplementing of lacking vitamin 
B, or of some other factor plays a part here. In my opinion A-vitamin 
might as weIl be a limiting factor here. 

BARNETT S URE 3) found rats on a diet cheefly composed of milkpowder, 
to which dextrin , saltmixture and water- and fat-soluble vitamins had 
been added, mostly sterile. Addition of different aminoacids did not 
improve this, so that the failure of reproduction can not be attributed to 
inadequate albumen . Fresh lettuce and velvet beans 4) were able to 
con serve reproduction . Also when the milkpowder was fed with rice, with 
corn or with oat the animals bore young. 

In a later experience 5) he supplemented a rat ion of artificial nutriments, 

1) SMITH. Journ. of Biol. Chem. XXVIII p. 215. 1917. HART & STEENBOCK. J. o . Biol. 
Chem. XXXIII p. 313. 1918. GLADYS HARTWELL. Bioch. Journ. XV p. 564 and ibid. XVI 
p. 78 . 1922. 

2) L. F. ANDEREGG. Diet in relation to reproduction and rearing of the young . l . o. Biol. 
Chem. LlX p. 587. 1921. 

3) BARNETT SURE. Dietary requirements for reproduction I. J. o. Biol. Chem. LVIII 
p. 681. 1924. 

ld. id. 11 J. o. Biol. Chem. LVIII p. 693. 
i) Stizolobium deeringianum. From Georgia and Southern States. 
5) BARNETT SURE. Dietary requirements for reproduction. lIl . J. o. Biol. Chem. LXII 

p . 371. 1925. 
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that contained sufficient A~, B~ , and C~vitamin with several extra cts and 
oils, withdrawing so much starch, that the caloric value remained constant. 
He than found , that cotton, seed oil (5 % ) or olive oil was apt to support 
fertility ; the same did ethereal extracts from wheatembryo, yellow corn 
and hempseed. Cocoanut oil , lineseed oil and sesam oil proved ineffective. 
He therefrom concludes to the existance of areproduction controling 
vitamin. 

To the same conclusion come EVAN S and BURR 1) . On a ration of 
albumen, fat , starch, saltmixture, yeast extract and cod liver oil their rats 
become infertile in the first or the second generation. In males this leads 
in a great deal of cases to testicular atrophy. Then it is irreparable. In 
females ovulation persists, but wh en fertilised by normal males, between 
the 12t h and 20t h day the foetus die and resorption occurs. 

From wheatembryo they could extract with ether a substance, that was 
not destroyed by saponifying with 20 % alcoholic kalihydroxide. After a 
series of treatments w ith methylic alcohol. pentane, benzene etc. they 
arrive at a concentrated liquor, one drup of which a day is able to 
con serve fertility in rats on the above mentioned diet. They propose to 
name the active substance Vita min E . This substance is present in sm all 
quantities in the intern organs, a little more in bodyfat and muscles. 
Animals on E~free diet are exempt of it. It is abundant in wheat especially 
in the embryo, also in green parts of plants and in a number of seeds and 
resistant to heating. 

Against the experiments of ANDER EGG, who saw good reproduction on 
wholemilkpowder, they state, that by ad ding more fat infertility appears, 
what could be explained for by assuming that at a higher fat intake more 
vitamin E is wanted. 

SURE 2) demonstrated the solubility of this fertilising factor in benzene 
and in acetone. 

MATTILL, CARMAN and CLAYTON 3) demonstrated that the wheatembryo 
exhausted with ether is ineffective, they found also, that diminution of 
the fatcontent of a milkpowder di et raised the number of fertile animals. 

MILLES and YAT ES 4) fed a mixture of casein 15, sa lts 2, cod Iiver oill. 
and yellow com 80. Rats were reproductive on th is diet. But if previously 
the com was extracted with water they were infertile. Addition of yeast 
to the latter succeeded in obtaining young in the first generation, but the 
second one was sterile. 

1) H. M. EVANS & G. O. BURR. The antisterility vitamin fat soluble E. Proc.~Nat. 

Acad. of Science U. S. A. Vol. 11 No. 6 p. 334. 1925. 
2) B. SURE. Dietary requirements for reproduction. VI. J. o. Biol. Chem. LXIII. p. 211. 

1925. 
3) H . A. MATTILL, J. S. CARMAN & M. M. CLAYTON. The effectivenessof the X-sub­

stance in preventing sterility in rats on milkrations high in fat . J. o . Blol. Chem. LXI. 
p. 729. 1925. 

4) H. G. MILLES & W . W . YATES. The relation of natural foodstuffs and their treat­
ment on growth and reproduction. J. o. Biol. Chem. LXII. p. 259. 1925. 
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SUPPLEE and Dow 1) investigated the influence of storage of milk­
powder on reproduction. They compared relatively fresh powder to such 
that had been stored for two years. The old powders had been tinned 
partly without precaution. partly in a CO2 atmosfere. in a third part 
an oxygen binding preparation had been used. Casein. saltmixture. 
agar and dried brewers yeast were added. The rats fed on fresh milk­
powder. and those on the stored powder to which an oxygen binding 
substance had been added. proved fertiIe. the other lots did not. 

A new complication bring the investigations of DANlELS and HUTTON. 2) 
who found. that rats on pure milk diet were mostly infertile. and th at the 
few young born never produced Iitters. Milkpowder was na better. Addi ­
tioning ferric citrate gave a Iittl~ improvement but not much. If 7 grams of 
sojabeanmeal was added. cooked in 1 L. of milk. reproduction was excel­
lent. Ashes of sojabeanmeal was as weIl. This in connection with the 
analysis of the ashes brought them to trie mixtures of aluminium-kalium­
sulfa te . natriumfluoride. natriumsilicate and manganesesulfate wich gave 
very good results till in the sixth generation. There after they tried mix ­
tures of 2 or 3 of the 4 compounds combined with milk ; the results however 
are so surprising. that I doubt if not an other factor than the salts may have 
escaped their attention. A diet of milk and aluminium gives fertility. one 
with milk aluminium and manganese infertility ; milk and silicate give repro­
duction. milk. silicate and fluoride do not; milk. silicate. fluoride 
and alumn do. 

The authors come to the conclusion that lack of some anorganic com­
pounds in milk causes the failure of reproduction. 

When I consideI1 all the experiments on the relation of milk tCl repro­
duction. I come to the conception that milk may contain alle the foodstuffs . 
that are necessary for normal reproduction. but in scarcely sufficient quan­
tity. Now it has been shown. that especially in regard to the accessory 
foodstuffs the composition of the milk greatly depends on the food of the 
cow. Moreover the quantity of reserves of foodstuffs the young animals 
posses in the beginning of the experience varies with the nutrition of their 
mothers. So it is easily conceivable. how in the case of some experimentators 
milk proved te he adequate for maintenance of fertility . in that of others not . 

Milk has of ten given ri se to discrepancy. HOPKI NS and other English 
workers found 2 cc. milk a day sufficient to complete a diet of artificial 
food. while American authors wanted 4 to 6 cc. Me. COLLUM was at 

.variance with English investigators on the C-vitamin content of milko So 
it will be better to experiment with more uniform compounds. 

To prevent confusion it will be necessary too. to discriminate in all our 
examinations between fertility of males and of females . for it is not likely 

1) G. C. SUPPLEE & O. O. OOW. Reproductive potency of dry milk as affected by 
oxidation. J. O. Biol. Chem. LXIII. p. 103. 1925. 

2) A. L. OANIELS & M. K. HUTION. Mineral deficiencies of milk as shown by growth 
and fertility of white rats . J. O. Biol. Chem. LXIII p. liJ. 1925. 
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a priori, that in both sexes fertility will depend on the same factor. Then 
in every case it is to be examined which link in the; chain of procreative 
processes is wrong and wh ether change of nutrition is able to restore 
normal reproduction. 

In my own experiments on the occurence of vitamins in different foods 
it struck me, that often rats did not propagate, although both sexes were 
confined in a same cage. So I came on studying fertility in relation to diet. 

I fed rats on com, to which cocoanut meal, peanut meal or meat meal had 
been added, with a little hardened fat, and a saltmixture composed of 
NaCI 35, KHP04 , 7 FeS04 3.5 , CaC03 56, so that all three diets had 
fairly weIl the same content of albumen, fat and carbohydrate. 
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Our normal food is : whole wheat meal 630. meat meal20. suet 50. salt­
mixture 13 and milk 500. 

Young rats as soon as they were weaned came on one of the above diets 
and 'when about 4 months old we re mated. The youngs kept the same food 
as t~eir mothers. Af ter weaning. sexes were separated till adultness. The 
first generation grew well. those on diet I a bit slower than the othets. as 
can :be seen in the curves. The second generation also grew weil. 

Tables 1 and 2 give the results of matings for the first lots. Table 3 and 
4 for the 11 and 111. Table 5 gives a general survey of the three experiments. 

The young. so far as they did not die. grew as weil as their parents ; but 
matings between them we re all infertile but one. Mating from the males of 
the experiment with females on normal food had no success. Mating of 
females on cornfood with males on normal food proved fertiIe .. and they 
raised their youngs. 

TABLE 1. 

Cornfood I. 

1·1 Generation. 

Male NO. Pemale NO. I Number of Young Weaned 

174 172 6 0 

172 0 0 

175 0 0 

230 207 0 0 

219 10 6 

243 185 11 10 

210 0 0 

260 2 2 

295 6 4 

248 209 5 0 

209 0 0 

210 5 0 

210 6 2 

250 5 0 

250 5 3 

254 8 3 

260 6 5 

Total 17 matings of which 5 infertiIe. number of young 75. whereof weaned 35. 
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We may take from these experiments, that the limiting factors controling 
reproduction are others than those controling growth, and that the demands 
for nutrition of the males are others thans those of the females. I am not 

Male NO. 

418 

422 

425 

427 

428 

429 

TABLE 2. 
Cornfood I with 1 % cod 1iver oi!. 

2nd Generation. 

I-emale NO. Mated 

342 17/4 23/6 

394 

430 21 / 1 17/4 

426 

417 21 / 1 17/4 

421 

398 17/4 - 23/6 

399 

431 17/4 25/ 5 

433 

415 21 / 1 17/4 

424 

410 17/4 23/6 

411 

414 17/4 - 23/6 

434 

N .B. The females : 398. 399, 394, 410, 431, 433 and 434 got normal food 

Result 

nih i! 

Females of second generation mated with males on normal food. 

Female NO. I Male NO. I Mated F y~ Weaned 

415 436 

417 400 

421 400 

424 436 

426 340 

430 340 

6 matings; infertile; 

17/4 - 20/5 

19/5 11 /6 

17/4 - 18/5 

17/4 - 28/5 

17/4 - 26/6 

30 young ; 22 weaned. 

8 

4 

6 

7 

5 

0 

8 

o 
4 

5 

5 

o 
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quite sure, that these differences are qualitative and not quantitative ones, 
though the former seems more likely. 

The fact that cod liver oil does not promote reproduction excludes the 
antirachitic and perhaps the Avitamin, but I have some observations that 

TABLE 3. 

Cornfood 11. 

I"t Generation. 

Male NO. Female N~ Mated Number of young Weaned 

2H 253 24/6 - 15/7 6 5 

258 24/6 - 15/7 8 8 

252 242 24/6 - 15/7 2 0 

246 24/6 - 15/7 6 6 

242 22/7 - 15/8 2 2 

2Dd Generation. 

Male NO. Female NO. Mated Number of young Weaned 

383 375 6/1 - 16/4 0 0 

388 6/ 1 - 16/4 0 0 

402 16/4 - 10/6 0 0 

405 16/4 - 10/6 0 0 

389 373 6/ 1 - 4/2 1 0 

384 6/ 1 - 28/ 1 5 4 

373 16/4 - 8/5 5 5 

384 16/4 - 2/7 7 0 

N.B. 102 and 105 got normal food. 

Femeles on Cornfood 11 mated with males on normal food. 

Female NO. Male NO. Mated Number of young Weaned 

375 438 16/4 - 2/5 .. 1 

388 138 16/4 - 20/5 1 0 
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tend to show, that cod liver oil can not fully substitute butter in promoting 
growth and as the reactions of the E-vi~amine, supposed by SURE and 
EVA NS to be the reproduction controling factor , are very similar to those of 
A-vitamin, prudence seems me still required. 

TABLE 1. 

Cornfood 111. 

1st Generation. 

Male N°. I Female NO. Mated I Number of young Weaned 

183 195 7/ 10 - 12/1 1 7 1 

215 255 21/6 - 15/7 8 8 

256 21/6 - 29/7 9 8 

257 217 21/6 - 15/7 7 8 

219 21/6 - 15/7 9 9 

N .B. Female 182 mated with male on normal food NO. 85 had 7 young, all weaned. 

20d Generation. 

Male NO. Female NO. Mated Number of young Weaned 

311 363 6/ 1 - 16/1 0 

371 6/ 1 - 16/1 0 

392 16/1 - 3/5 0 

397 16/1 - 3/5 0 

366 318 6/ 1 - 16/1 0 

356 6/ 1 - 16/1 0 

395 16/1 - 25/6 0 

101 16/1 - 25/6 0 

Females 392, 395, 397 and 101 got normal food. 

Females on Cornfood III mated with males on normal food . 

Female NO. 
I 

Male NO. Mated I Number of young Weaned 

318 132 17/1 - 11 /5 8 7 

356 132 17/1 - 20/5 5 1 

371 103 16/1 - 3/6 . 2 0 
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TABLE 5. 

'0 '0 .... '0 

o I o '" "ti~ "ti" 
.. ...." '" .. Ol 0.0' 

jJl .. ~ .. Ol ;.aëa .- ~ 
0'.8 

Cl ~ 

l~ ~ .!3 ~g ..<: Cl ~ Cl 
~~ ~ ~ gtii ~ co e co etii e 0 ci:~ ::I e ::I~ Ze .... Cl ::I~ ë5~ o e 

Z Z 0 '- Z >-

Normal food . . .... . ... ...... 17 29 52 4 365 319 7 87 

Cornfood I : 

I·t generi\tion .. ... . .. ... ... 5 11 17 5 75 35 4.4 461h 

2nd gentration A .. ... . . .. .. . 6 7 10 10 0 0 0 

.. B .. ...... .. .. . 6 6 6 6 0 0 0 

.. C . ..... . .. .. .. 5 1) 7 7 2 30 22 4 .3 71 

Cornfood ,, : 

I·t generation .. .. . . .. . ... .. 2 4 5 0 24 21 4.8 87 

2nd generatioD A .. . ... . ... .. 2 4 6 2 17 8 2.8 47 

.. B . . .. ... .. . . . 2 2 2 0 4 I 2 25 

Cornfood 111 : 

l·t generation . .. .... . . .. .. . 3 5 5 0 40 34 8 85 

2nd generation A . .. . ..... . .. 2 4 4 4 0 0 0 

.. B •....... ... . 2 4 4 4 0 0 0 

.. C .... .... ... ·. 2 3 3 0 15 11 5 73 

Labaratary af Animal Physialagy. Agricultural Academy. 
Wageningen. 

I) Big figures mean rats on normal diet. 



Physics. - " On the difference of the fluorescence and the ahsorptlOr1 
spectra of 'the uranyl salts." By G. H . DIEKE and A . C. S. VAN 

HEEL. (Communicated by Prof. H . KAMER LI NG H ONN ES. ) 

(Communicated at the meeting of June 27, 1925). 

1. In 1922 Prof. EH RENFEST has pointed out the necessity to explain 
a sudden change appearing in the regularly formed spectra of the uranyl 
compounds, before one could think of solving the structure of these 
spectra. As is weil known nearly all uranyl salts do fluoresce, and with a 
spectrum of very regular structure. This consists of three to eight groups 
having the same internal structure and appearing in the spectrum with a 
constant difference of frequencies. The absorption spectra of the same 
substances show quite an analogous structure, with the difference 
however that the frequency interval between the successive groups here 
has another, always smaller value. For one distinct salt th is frequency 
interval is for example 830 per cm. for the fluorescence and 710 for the 
absorption. 

For different sa lts these numbers can have a slightly different value, 
but they do not differ more th en 5 per cent. This sudden difference in 
passing from fluorescence to absorption has to be solved. In the following 
it will turn out that such a difference must appear necessarily, when we 
do assume that the bands are to be ascribed to a simultaneous change of 
the electronic movement and of the oscillation of the nuclei, and that the 
oscillation energy for the two states of the electron are somewhat 
different. 

2. As the uranium compounds not containing the U02 as radical 
neither fluoresce nor possess such regularly formed absorption spectra as 
those which do contain it, it seems to us not improbable that we may 
assume th at the energy of the oscillations within this radical does play 
part at the emission and absorption of light. 

This oscillation energy will generally have a different value before and 
after the electron ic jump, as is the case with the molecules emitting the 
ordinary band spectra. 

In this manner we do arrive at the following scheme of niveau 's. 
For a non-excited molecule : a state 0 without oscillation energy ; and 

states I , 2, 3, etc. with respectively once, twice, thrice, etc. the energy of 
the fundamental oscillation. 

For an excited molecule : a state 0' again without oscillation energy ; 
62 
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élnd states 1', 2', 3', etc. with respectively once, twice, thrice, etc. the 
oscillation energy in excited state. 

z' 
l' 

o' 

3 

2. 

In the figure these niveau 's are schematic­
ally represented. 

At low temperatures there are only 
molecules on niveau O. Absorption then will 
take place from this niveau to the different 
upper niveau's, the absorption bands will 

E therefore show a frequency interval .equal to 
the interval between the oscillation niveau's 
in excited state. The corresponding lines 
are given in the figure. 

From a definite excited niveau fluorescence 
will take place by jumping back to the 
different lower niveau 's. 

o The frequency interval of the fluorescence 
bands wiU therefore correspond to the change 

of oscillation energy in non-excited state. 
This should explain the plunge of the constant frequency interval in 

passing from fluorescence to absorption. 
For convenience' sake we have assumed in the foregoing that in the 

states 0 and 0' no oscillation energy is present. Should this be the case 
then we ought to speak of changes of oscillation energy. One must confer 
to these changes the quantum numbers I , 2, 3, etc ., resp. 1', 2', 3', etc. in 
order to obtain the niveau 's corresponding to these nu mb ers. 

This simple scheme does not suffice to explain the complete fluorescence 
and absorption spectrum of an uranyl salt. It has appeared to us however 
th at a little extension suffices. We hope to publish before long about 
this subject. 

In conclusion we will point out that the fact, that the frequency 
difference is constant in such a high degree, indicates th at the oscillations 
are to a high degree harmonica!. 



Physics. - " On the monochromatic excitation of fluorescence. By A. C. S. 
VAN HEEL. (Communication from the Physical Laboratory at 
Leyden.) (Communicated by Prof. H. KAMERLINGH ON NES. ) 

(Communicated at the meeting of June 27. 1925). 

It is a good many years ago that the idea arose to continue the 
investigation on the f1uorescence of the uranyl salts at low temperatures 
done by H. and J. BECQUEREL and H. KAMERLINGH ONNES in 1909 at 
Leyden. The war and the succeeding unfavourable circumstances did 
prevent for many years the execution of th is project. Only in 1923 it 
came to the preparation of the intended measurements. From the first the 
old project was prominent to investigate the relation between the intensity 
of the f1uorescence bands (better still of the components of these bands. 
th at can indeed be separated sufficiently at hydrogen temperatures) and 
the wave length of the exciting band. 

The importance of this investigation. which is from the purily 
experimental point of view highly interesting enough. is very increased 
by the considerations given by Prof. EHRENFEST in the "Gedenkboek H. 
KAMERLINGH ONNES. 1922". 

Prof. KAMERLINGH ONNES had the kindness to invite me to help at the 
preliminary observations. while the definitive experiments should take 
place with bigger and better instruments on a larger scale and with 
greater precision. Meanwhile it appeared that with the provisional 
contrivement there could be obtained important results. Prof. BECQUEREL 
and Prof. KAMERLINGH ONNES were th en willing enough with kind 
approval of Prof. DE HAAS to leave the subject to me. Here follows a 
preliminary communication of the results obtained up to now. 

Concerning the work done in the range of years af ter 1909 we have 
to mention, that E. L. NICHOLS and his co-workers have published in the 
Physical Review a series of articles. containing a description of the 
f1uorescence and absorption of uranyl salts at temperatures between 20° 
and -185° C. The regularities found by H. BECQUEREL have been found 
by them in all investigated cases. 

The f1uorescence consists of (at the utmost) eight bands. each of which 
consists of pl.m. five components. which components are separated at low 
temperatures and increased in number with many less regularly appearing 
bands. The interval in frequency scale between homologous components 
is constant over the whole of the f1uorescence spectrum. 

The absofJ:ition spectrum of these compounds too shows a similar 
regular structure. This too NICHOLS and his co-workers found confirmed. 
lp contra-distinction however to what H. BECQUEREL formerly found, 

62* 
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they got the conviction that the interval appearing in the absorption 
spectra has another, always smaller value than the interval in the 
fluorescence spectra . 

When one considers the spectra of one substance, one gets the impres­
sion, that every series of fluorescence lines is prolonged towards the 
violet in a corresponding absorption series, while the constant frequency 

interval plunges from 6.+= pl.m. 82 (). expressed in mm.) to 6.i= 
pl.m. 71 . 

Por this investigation I was allowed to dispose of the same crystal of 
autunite, that has served at the former experiments of Prof. BECQUEREL 
and also at those in 1909. The choice feIl on th is substance (double 
phosphate of uranyl and calcium) on account of the small number of 
components in every group of fluorescence and absorption, which renders 
superfluous the great monochromation necessary for the other substances, 
that do fluoresce with more lines. Low temperatures (liquid air) is wanted 
for the separation of the groups. In liquid hydrogen the phenomenon 
will be more sharply defined. 

As a monochromator was used the instrument, described by Prof. 
ZEEMAN in Arch. Néerl., T . 27, p. 252 . The aperture of the lenses is 
f / 2.2. We were allowed to use a glass spectrograph of BuscH (aper­
ture t/3). 

Results : 
Pirst there has been established, that a considerable fluorescence never 

can be excited by light that has not precisely the wavelength of one of 
the absorption lines. The extreme fluorescence band on the violet si de is, 
as is known, at the same time the extreme absorption band on the red 
side. I call here this band I , and number the fluorescence bands towards 
the red with 2, 3, etc. and the absorption bands towards the violet with 
2', 3', etc. Band 1 might thus be called 1', too. 

Now when the substance is illuminated by light of the wavelength of 
fluorescence band 2, then th ere is no fluorescence observable at all in the 
spectrum. When the crystal is illuminated by light of the wavelength of 
the reversible band I , then there is fluorescence with the two fluorescence 
bands 2 and 3. It is not settled wh ether the reversible band emits in this 
case. 

When one excites with the still more violet band 2', th en the fluor­
escence of the bands 2 and 3 augments, the reversible band beg ins to emit 
and a still more red fluorescence band (4) appears. 

Quite analogous phenomena are shown by the double sulphate of 
potassium and uranyl. 

These observations have been recorded photographically at the 
temperature of liquid air . The observations in liquid hydrogen were done 
visually. 
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Finally I want to express my thanks for the use of the instruments and 
also of the kindness of the said professors. 

5 4 3 2 1 l ' , [ 
Fig . I . Fluorescence spectra of the double sulphate of 

potassium and uranyl at -185° C. Red to the 
left. violet to the right. 

a. The whole of the ftuorescence spectrum. as excited 
by a broad range in the ultra-violet. 

b. FI.-spectrum. excited by one ultra-violet absorp­
tion group (the reversible band I is not visible 
on the reproduction). 

c. FI.-spectrum. excited by absorption group 2' (here 
too the yet present ftuorescence group I is not 
visible on the reproduction). 

d. FI.-spectrum. weakly appearing. as the exciting 
light lies between absorption groups. 

e. FI.-spectrum. excited by the reversible group I. 
f. Absence of ftuore~cence when the exciting light 

has the wavelenght of the ftuorescence group 2. 

Remark : at all excitements not only the strong. but 
also the weaker components of the ftuorescence 
groups appeared. 



Physics. - "Measurements af the surface tensian af liquid helium". 
Communication N°. 179a from the Physical Laboratory. Leyden. 
By A. TH. VAN URK. W. H. KEESOM and H. KAMERLINOH ONNES. 

(Communicated at the meeting of October 3 L 1925). 

§ 1. Methad and apparatus. In order to determine the surface tension 
of liquid helium in cantact with its saturated vapour we used. as did 
KAMERLINOH ONNES and KUYPERS 1) in the case of hydrogen. the method 

-------- of the capillary elevation in a narrow tube. To diminish 
irregular pressure differences at the open ends of the capil~ 

laries these were made comparatively short (Fig. 1. c.f. Fig. 
1. Comm. N°. 142d). Alsa it appeared desirabie to have an 
immediate control as ta whether or not the measured rise 
was the true rise corresponding to the temperature used. It 
of ten happened th at gas bubbles rose in the narrow tube. 
causing the meniscus to oscillate for a considerable time and 
then ta remain stationary for some minutes at an entirely 
wrong height. By placing two capillaries af about the same 
diameter alongside one another in the same wide tube and 
by comparing the elevations in both. this uncertainty was 
eliminated. It is hardly to be expected that precisely the 
same dis turban ce to the elevation would appear in both 
tubes at the same time. 

A platinum wire bearing two loops. in which the 
capillaries were fixed with a little Kothinsky cement. was 
fused into the wall of the wide tube. 

§ 2. Calibratians. Two capillaries about 10 ems. long 
Fig. 1. were chasen. one twice as wide as the other. Each capil~ 

lary was calibrated several times by two different methods. namely. by 
filling with mercury th~eads af various lengths which were measured. 
the mercury used being weighed. and by placing the tube filled with 
mercury in a liquid (an approximately 10: 1 mixture of chloralhydrate 
and glycerine) of the same refractive index. far Na~light. as glass and 
th en measuring the diameter of the mercury thread with the micrometer 
eyepiece of a microscope. 

The two calibrations of both tubes (of radius about 0.009 and 0.02 
ems.) could not be made to ag ree to more than 1/2 %' A calibration 

1) Comm. NO. H2d. These Proceedings 17. 525. 1914. 
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curve was drawn for each capillary from which the radius at the position 
of the meniscus could be read off. From each tube two pieces about 
3 ems. long we re taken to be placed alongside one another. 

§ 3. Observations. The positions of the menisci in the capillary tubes 
(the top and the edge could not be distinguished) and the positions of 
the Iiquid in the wide tube, in the neighbourhood of the capillaries and 
somewhat further off, we re measured. Besides these the tops of the 
tubes were also read to determine the positions of the menisci in relation 
to the tubes. 

The corrected rise 'H' was calculated from the rise 'h' measured in. 
a capillary tube placed inside a wider tube by introducing the following 
two corrections : 

H=h + ; +h' 

wh ere r is the inner radius of the capillary and 

2d I) 

h' = ( h + ; ) 1 (R-r~; 
~- (R-rl)2 

I) See J. E. VERSCHAPPELT, Leyden Comm. NO. 18. These Proc. 1895. This correction is 
not properly applied in Communication NO. 142d. 'For the there communicated measure­
ments of Hydrogen we now can borrow the above corrections from the elevation in two 
concentric tubes as these have lbeen more accurately calculated by a graphical method 
by VERSCHAPPELT, Bull . Acad. Roy . de Belg . Cl. d. Sc. 1921. p. 574. The following 
values for H, which are to be substituted for the values given in Table I of Communication 
NO. 142d were obtained. 

The corresponding values of o/~ are also given (c. f. Table 11, Comm. NO. 142d) 

T I H I o/~ I 
20.40 1.694 1.910 , 

18.70 1.883 2 . 1945 

17.99 1.962 2 .3195 

16.16 2 . 169 2.631 

I 
14.68 2.324 2.860 

(c. f. also J. E . VERSCHAPPELT, Comm. Phys. Lab. Ghent, NO. 2, Wis- en Natuurkundig 
Tijdschrift 2, 231. 1925). In the formula of VAN DER WAALS o/~ = A (1-1)8 the values 
of A and B become A = 5.554. B = 1.119. and the constant of EÖTVÖS kEö = 1.363, 
and EINSTEIN's constant, 6.64 X 10-9. 

In the case of helium we have been unable to use the new calculations of the rise between 
two concentric tubes by VERSCHAPPELT, as the capi1lary constant of helium is small and 
the table given by him does not go far enough. However the difference lies within the 

experimental errors. 
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The combination of both corrections gives 

h+!.... 
3 

H= 1- 2dr 
(R-r,)2 

We have applied this formula to the present case in which two tubes 
are placed in a wider tube; as the total correction h' amounts to 1 % 

for the wider capillary. and only '/2 % for the narrower. any error thus 
involved is negligible. 

Corrections for the expansion of the glass have been neglected as 
they would certainly lie within the experimental error. 

The temperature was calculated from the vapour pressure according 
to the formula given in Comm. N°. 147b I). 

§ 4. Results. The differences between the two va lues found for Hr at 
the same temperature amount to a maximum of 5 % ' It must be remem~ 
bered that the largest rise was 5 mmo and that this had to be read through 
two vacuum vessels and then through the walls of two glass tubes. 

The surface tension ljl~ and the molecular surface tension ljlM (in ergs) 
can be calculated from the product Hr by means of the following 
formulae 2) 

The results are shown in Figure 2. The points (j) and A refer to the 
measurements with the capillaries of radius 0.02 and 0.009 ems. respect~ 
ively. The values of ljl M given in table 11 have been interpolated by 
means of this graph. To them correspond the values given for a2 = Hr. 
a being the capillary constant. 

TABLE I. 

T 
I o/M I 

a2 

11 

T 
I o/M I 

a2 

4.20 0 .98 0 .00181 2.50 2.69 0 .00419 

4.00 1.19 211 2.00 3 .08 477 

3.50 1.68 280 1.50 3.22 496 

3 .00 2 . 19 350 

') These Proceedings 18. 493. 1915. 
2) The densities el and e. for helium were obtained Erom E . MATHIAS. C. A. 

CROMMELIN. H. KAMERLINGH ONNES and J. C. SWALLOW. these Proceedings 28. 526. 
1925. Leyden Comm. NO. 172b. 
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§ 5. Discussion. 
From Fig. 2 it is seen that the line which represents the surface 

tension as a function of temperature has a curvature which first appears 
at 2.40 K. Above this temperature the line appears to be quite straight. 

'1,50 
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~ g ...... 
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~ 

3.00 

2.50 

1.50 

~ 

~ 
~ 

'\ 

2.00 

"'. ~ 1.00 

r 
0.50 

1.00 1.50 2.00 2.50 3.00 3.50 4.00 4.50 
---T 

Fig . 2. 

We have calculated the EÖTVÖS' constant I) for the straight portion 
and this amounts to about l .O. Thus helium obeys the rule. stated by 
KAMERLINGH ONNES and KEESOM 2). according to which normal sub­
stances in this respect form a series in which the EÖTVÖS' constant 
increases with the critical temperature. According to this rule the constant 
for helium must be the smallest. which is actually the case. 

The curvature just mentioned probably indicates. as does the maximum 
that is observed in the liquid density 3). a peculiarity in the molecular 

I) do/M/dT. See . die Zustandsgleichung". Enz. d. math. Wiss. V. 10, Leyden Suppl. 
NO. 23. § 37b. 

2) "Die Zustandsgleichung" , note 381. 
3) The observations of th is phenomenon published up to now only indicate the existence 

of a maximum of the apparent density of liquid helium in a glass vessel. Here it can he 
further stated that measurements have heen made in which a graduated silver scale was 
placed next to the glass scale of the reservoir in the helium bath and both scales compared 
with the aid of a cathetometer. No dilference in the expansions of either scale could he 
recorded. from which it can he concluded that such a difference, if it exists. amounts to 
less than a thousandth . part of the calculated density of the Iiquid helium. It is hardly 



962 

attraction. With regard to the former no such curvature is observed 
with the other so-called permanent gases. The surface tension of tbe 
latter. however. because of the appearance of the solid state. cannot be 
observed at such a low reduced temperature as is the case with helium. 

We wish to acknowledge our very great indebtedness to Mr. G. P. 
NIJHOFF. who made part of the observations and to Miss A. F. J. 
JANSEN and Mr. J. VOOGD for their help in the temperature measurements. 

possible that both substances undergo the same transformation at the same temperature ; 
hence it follows that the maximum of the apparent density of the helium in a glass reservoir 
is due to the helium itself. 



Physics. - " Isotherms of d i-atomie substances and their binary mixtures. 
XXXIII . Isotherms of ox ygen between -40° C. and -152°.5 C. 
and pressures from 3 fo 9 atmospheres . (Communication No. 179b 
from the Physical Laboratory of the University of Leyden.) By 
G . P . NIJHoFF and W . H. K EESOM. 

(Coptmunlcated at the meeting of October 31. 1925). 

1. Introduction. 
A knowledge as ·accurate as possible of the first virial-coefficients. i.e. 

of B. afterwards of C. is important. as weIl in view of the calculation of gas­
densities in the neighbourhood of the normal one. and the determination 
of corrections of the gas-thermometer. as in view of the fact o that in practicc 
it is yet possible to infer for those coefficients some relations with molecular 
structure and forces . eventually the molecular volume and the moment of 
the molecular quadruplet or doublet. using simplifying assumptions that 
are fairly approximate. 

For the determination of Bare to be preferred measurements with gases 
in slightly compressed states. in which the influence of Bis already important 
and that of C might be noticeable. but the following virial-coefficients have 
no influence. Since at very low temperatures. in the first place with 
substances with a low critical pressure. such states are reached at about 
atmospheric pressures. and on the other hand . at high pressures and with 
substances with higher critica I pressures those states extend to pressures 
as high as some tens of atmospheres. for some gases those states exist at 
a given temperature-range with pressures of only some atmospheres. So 
we desired to complete the investigations of isotherms at low temperatures. 
done in Leyden at pressures from about 20 to 100 atmospheres. with 
measurements at pressures from 3 to 20 atmospheres. to fill up a gap 
between those first-mentioned and gas-thermometer measurements at the 
lower pressures. 

In the second place precise measurements at those pressures are of 
importance with substances with a very low critica I pressure. e.g . helium. 
because then one gets the same reduced pressures at which other gases 
(at higher pressures) have been studied. and so a comparison af ter the 
principle of the corresponding states will be possible. 

To have some estimation of the precision that is to be reached in the 
pressure-domain mentioned. we began with measurements with oxygen. for 
which substance KAM ERLINGH ONN ES and K UYPERS 1) determined the 
isotherms with pressures from 20 to 60 atmospheres and temperatures from 

1) H. A . KUYPERS and H. KAMERLINGH ONNES. Arch. Néerl. sér. III A . 6. 277. 1923. 
Leyden. Comm. NO. 165a. H. KAMERLINGH ONNES and H. A. KUYPERS. Leyden Comm. NO. 169a. 
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20° C. to -117° C. We were ab Ie to extend the measurements down to 
-152°.5 c., before approaehing condensation made us stop. 

2. The apparatus. 
a . The oxygen was prepared with the same apparatus as described in 

Leyden Comm. N0. 165a 1). 
b. The piezometer. For the arrangement we rder to Leyden Comm. 

N0. 69 2 ). We calibrated a stem 108 cm. long, with a total volume of 
108.6 cern. A gas-reservoir of 137.8 cern. capacity was blown on this 
stem. Thus it is possible to vary the densities in the piezometer reservoir 
rather widely. The same result could be reached by using instead of such 
a big stem a smaller piezometer reservoir; but then the accuracy 
would be less. 

c. The piezometer reservoir had a capacity of 20.400 cern., and was 
connected in the usual way by means of a steel capillary to the stem. 

d. The preSSllre measurements. Pressures for these measurements 
varied from 9 to 3 atmospheres. They were measured first by means of 
the standard, open manometer of KAMERLINGH ONNES 3). In this mano­
meter columns of mercury of a constant length of 3 meters are coupled in 
series by air transmission, and a first tube of variabie length is added to 
fill continuously the 4 atm. intervals. All tubes are read with telescopes, 
and tenths of mmo estimated. To know the pressure of the gas in the 
piezometer one has to add the barometer pressure to the so measured 
pressure and to subtract from it the pressure of the mercury column from 
the top of the meniscus in the piezometer to that in the indicator glass 4). 
With low pressures the difficulty arises , that the uncertainty (which is 
about 0.3 mm. ) in reading the variabIe first tube , especially in cases where 
the mercury column happens to be very short, can give a relatively large 
error, which is not now compensated by the much larger accuracy (of 
1/ 10.000) of the other tubes, as it is with greater pressures. 

Also the inaccuracy in the reading of the mercury column in the piezo­
meter, (where the height in the indicator-glass is estimated in 1/10 mm.) 
was not to be neglected against the small pressures, which wére\ now to 
be measured. Therefore the indicator glass was read with a small 
cathetometer, whereas the open tube of the open standard manometer was 
replaced by a small divided manometer, constructed af ter the model of the 
standard manometer, and joined parallel to the open tube. This small 
manometer could be read with a cathetometer. For greater simplicity the 
first tube of this small manometer was closed, to eliminate the reading of 
the barometer. The apparatus was constructed in the following way. 

I) Arch. Néerl. sér. III A, 6, 277, 1923, Leyden Comm. No. 169a. 
2) These Proceedings 3, 621. 1901. 
3) These Proceedings 1. 213, 1898, Leyden Comm. NO. H . 
i) The indicator-g1ass is given at C3 in P1ate I, these Proceedings 3, 621. 1901. Leyden, 

Comm. No. 69. 



965 

e. The divided manometer [or pressures [rom 1 to 4 atm. Two tubes 
of mercury of a constant leng th of 115 cm. can be coupled in series and 
a third tube is aHixed by means of which the pressure can be changed 
continuously. These tubes are connected, in the same manner as the open 
manometer, to a pressure tube, to which are also connected: a cock (Kl) ' 
to apply the pressure, a cock (K2 ), to shut oH the connection with the 
open manometer, and two cocks (K3 and K 4 ) , the first an ordinary outlet, 
the second connected with a small vacuum pump, for reducing the external 
pressure on the closed tube. 

' ::iE 
o · 
0 , 
0 
('). 

::iE 

~ 
0 
IC --

u 

Fig. I. 

When measuring, one first sets the correct pressure on the open mano~ 

meter, keeping the connection with the small manometer closed. From the 
leng th of the mercury column in the open tube of the standard manometer 
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we can calculate how much pressure to apply to the small manometer. The 
pressure in the latter can always be measured to an accuracy of one in 
10.000. because the measurements are made with a cathetometer. 

3. The measurements. 
a . The normal volume wa.s determined before and af ter the measure­

ments in the way described in Leyden Comm. N0. 78 1 ). Because the volume 
of the upper part of the stem reaching outside the waterbath would be 

I 
. 00361r---~~~-r~~----~~--------+----------+---------t----

I 
30,r-------~~~~~--~r_--------~~ ,~~----~--------4-----

331~--------_r--------_1--------~~._~----~~~~---~~---

32r---------t---------1---------~----~--~--~----_+-----

311r---------~--------_1----------+_--------_+--~._~~~~~ 

30~--------~10~--------2~O~------~3~O~------~4~~~------~~~O---d­
A 

A KAMERLINGH ONNES and KUYPERS. 

• NIJHOFF and KEESOM . 

Fig. 2. 

I) These Proceedings 4. 76 1'. 1902. 
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disturbing for such a small gas reservoir, the whole stem was ' put in a 
separate waterbath, which was fed by a sidebranch from the same thermostat 
which kept the main waterbath at constant tempera tu re. The temperature 
of the two baths agreed within 1/100 of a degree. 

b. The temperatures we re obtained with a cryostat descrihed in Leyden 
Comm. No. 83 I), using methyl-chloride and ethylene. 

4. The results of the measurements are given in the following tables . 

o 
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-2100 
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8. KUYPERS and KAMERl,INGH ONNES. 

El CATH and KAMERLINGH ONNES. 

(1) NIJHOPP and KEESOM . 

Fig . 3. 

I) These Proceedings 5, 502, 1903. 
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Normalvolumes before: 25i. 37 
after : 25i. 32 

() P dA 

- iO.OI 9 .382 11.165 

8.559 10.169 

7.385 8.756 

5.755 6.801 

- 80.00 7.918 I1.i90 

7.300 10 .576 

6.ii5 9 .306 

-102.i9 7.029 11.650 

6.507 10 .752 

5.783 9 .519 

i.759 7.795 

-109 .99 6.68i 11.63i 

6 .218 10 .781 

5.59i 9.666 

-113.9i 6 . 501 11.616 

6.092 10.855 

[5.i70 9 .695 

-116.01 6 .i86 11. 767 

6.008 10.855 

5.i22 9.757 

i.506 8.055 

-116.03 i.533 8.101 

3.8il 6.839 

-117.01 6.389 11.661 

5.965 1O.85i 

5.385 9.760 

i .i93 8.088 

968 

TABLE I. 

pVA 
pVA -r pv A ob •. - pv Aalc. 

0.8i03 0 .003605 + 0.00005 

8i16 3611 + 1 

8i32 3618 0 

8i62 3631 + 5 

6892 3569 + 1 

6902 3571 - i 

6926 3587 - 1 

6037 3539 + i 

6051 35i7 + 1 

6076 3562 + 2 

6105 3579 - 05 

5715 3522 + 5 

5767 3536 + 15 

5788 35i9 + OS 

5597 3517 0 

5613 3527 + 1 

5612 35i5 + 6) 

5512 3509 - i 

553i 3523 0 

5557 3538 0 

559i 3561 + 3 

5596 3563 + 1 

5616 3576 - 1 

5i78 3510 0 

5i96 3521 + 1 

5517 3555 - 1 

5555 3559 + 2 
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TABLE I (Continued). 

8 d dA 
pVA 

pVA -r pv A obs.- pv A cale. 

-118 .58 6 . 254 11. 538 0.5421 0.003508 - 0.0001 

5.9095 10.876 5433 3516 - 3 

3.799 6.883 5520 3572 + 1 

-124.95 6 .013 11.629 5171 3491 - 4 

5 .688 10 .961 5190 3503 + 05 

5.160 9.897 5213 3519 0 

3.715 7 .042 5276 3561 + 1 

2 . 882 5.422 5316 3588 + 5 

-135.29 5 . 599 11. 732 4773 3463 - 15 

4.838 10 .045 4816 3495 + 2 

3.550 7.277 4878 3540 - 1 

-145.39 5.007 11.411 4387 3436 - 3 

3.375 7 .513 4492 3518 + 3 

-152.56 4 .854 11. 827 4102 3405 - 1 

4.636 11 .262 4117 3417 - 1 

3.251 7.716 4213 3496 0 

In the last column the differences are given between the measured pv A 's, and those 
calculated wlth help of the B A'S of table 11. 

The points also are given on a P~A, dA ~ graph (fig. 2) . where the points 

measured by KAMERLINGH ONN ES and KUYPERS are appended as far as 
possible. They agree within the limits of accuracy 1) . 

In the second tab Ie we give a survey of the B~values. as calculated graphic~ 
ally from our measurements. For greater completeness we add those for 
20° C. and 0° C. from Leyden Comm. No. 165a. All are given together 
with those of CATH and KAMERLINGH ONNES. as given by VAN AGT in 
Leyden Comm. No. 176c 2). in another graph (fig. 3). They too agree 
within the limits of accuracy. 

In conclusion we want to express our sineere thanks to those who helped 

I) For greater clearness two isothermals are omitted in fig . 2. viz. -118°.6 C. and 
_116° C. (_117° C. is given). 

2) These Proceedings 28. 687. 1925. 
63 

Proceedings Royal Acad. Amsterdam. Vol. XXVIII. 
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us by regulating the temperatures, especial1y Mr. J. VOOGD , who helped 
us with the measurements and the ca1culations. 

TABEL 11. 

6 t AA 103 • BA 1O. 3B ~ 

+ 20o C. 1.89985 1.07126 -0.80379 -0.71823 -65.816 

0 1.7702 1.000952 0.95803 0.95712 81.229 

-10.01 1.5109 0.85130 1.258 1.173 129.59 

-80.00 I. 2516 70773 1.619 2.288 201.31 

-102 .19 1.10585 62530 1.885 3.011 265.21 

-109.99 1.0572 59781 1.9675 3.291 289.60 

-113.91 1.0316 58333 2.038 3.191 307 .16 

-116.01 1.0182 57571 2.051 3.562 313.50 

-117 .01 1.0117 57208 2.079 3.631 319 .81 

-118.58 1.0016 56632 2.090 3.6905 321 .77 

-121.95 0.9603 51298 2. 192 1.037 355.27 

-135.29 0.89321 50508 2.355 1.663 110.32 

-115.39 0.82777 16806 2.515 5.137 178.50 

-152 .56 0 .78129 11178 2.660 6.021 529 .87 

Tk = 154.27 Pk = 49.713 1
) 

_BA _ Pk _ 
B - AA ~ - RT

k 
• B - 88.0024 B. 

I) For the critica I data see : These Proceedings 13, 939, 1911. Leyden Comm. No. 117. 



Physics. - "Further experiments with liquid helium. CA. On the 
properties of supraconductive met als in the farm of thin films." By 
G. J. SJ zoo and H. KAMERLINGH ONNES. (Comm. N0. 180a from 
the Physical Laboratory at Leyden.) 

(Communicated at the meeting of October 31. 1925). 

§ 1. In the report of KAMERLINGH ONNES to the IVth Conseil-Solvay 
(April 1924) a preliminary communication was made on the results of an 
investigation,at that time not yet considered as finished, concerning the 
behaviour of supraconductive metals in the form of th in films . 

Though we intended to continue and to repeat with more accuracy these 
experiments, the difficulties which arose as weil as the necessity of other 
researches made it impossible for us to work out this plan. However we 
consider the results obtained, notwithstanding their uncompleteness, 
important enough to be communicated here in their quantitative form. 

The original plan to investigate extremely th in films, a few t-tt-t thick for 
example, had soon to be given up, as such very thin lead or tin films , 
obtained by evaporation or cathode sputtering, showed the phenomenon 
of agglomeration or coalescence in such a high degree, that their electrical 
resistance increased very quickly with the time and soon reached an 
infinite value. 

In the literature on the properties of th in metallic films this phenomenon 
is repeatedly mentioned 1). 

The impact of the particles in the course of one or more days could be 
followed easily with thé- aid of a microscope. Keeping the films at liquid 
air temperature appeared to decrease the speed of the agglomeration process. 
Still it remained so inconvenient, that we decided to investigate first only 
thicker films. All measurements to be communicated here, are therefore 
made with films of a thickness of 0.3-0.5 t-t, obtained by cathode sputtering. 
Even the resistance of these thicker films appeared to increase with the 
time, though in a much smaller degree than that of the very thin ones. The 
thickness could be determined by weighing. 

For the resistance measurements it was necessary, to apply four contacts 
to the film. For that purpose the four corners of the glassplate, on which 
the film had to be deposited were first sputtered with a thick layer of the 
metaI. thei rest of the plate being covered with mica. 

Four wires of the same metaI. with flattened ends, were then fixed to 
the four corners by means of little copper clamps. 

The glassplate provided in th is way with contacts and leads, was then 

I) E.g. L. R. KOLLER. Physical properties of thin metallic films. Phys. Rev. XVIII 
(1921) p. 221. 

63* 
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placed again , in the sputtering jar, to apply on it toe film of the 
required thickness. 

The sputtering took place in a glass beB jar which contained a cathode 
of the metal to be sputtered and which was placed on a copper plate as 
anode. The jar was WIed with hydrogen. 

The resistances were always measured by comparing the potentials at 
the end of the unknown and a known resistance placed in series with each 
other. This was done with a compensation apparatus, free from thermo~ 
effects, or when this apparatus was in use for other measurements, with a 
set in which the deflections of a galvanometer were proportional to the 
mentioned potentials. With the measurements in liquid helium the films 
were placed in the heliumcryostat shown in Leyden Comm. N0. 124c 

(1911), fig. 41). 
The temperatures we re calculated with the aid of the forroula of Leyden 

Comm. N0. 147b, (1915) p. 33 2 ) from the vapour pressures of the helium~ 
bath, which were read on a closed mercury manometer. 

§ 2. The greater part of the measurements are made with tin films. 
Of one of them the temp. coeff. of the electrical resistance between 0° and 
100° C. was determined. It was found to be 0.0034. Of another film the 
change of the resistance in the region between roomtemperature and helium 
temperatures was foBowed . Of course these measurements could not be 
made in one day. In consequence of this fact connected with the process 
of the change in resistance, the results can only give a rough survey: of the 
way in which the resistance of the film depends on the temperature. They 
are sufficient though to show immediately the great difference between the 
behaviour of these films and that of ordinary tinwires. 

The results of these measurements are given in table I. The low 

TABLE I. 

Date T 

18-V -1922 roomtfmp. 

19-V -1922 4°.22 K. 

15-VI-1922 83.04 

15-VI-1922 90.18 

17-VI-1922 114 .36 

21-VI-1922 228.55 

22-VI-1922 roomtemp. 

1) These Proceedings 14, 1911. p. 682. 
I) These Proceedings 18. 1915. p. 507. 

WT 
pI 

9 n 
1.96 .. 
5.19 .. 
5.46 .. 
6.51 .. 

10.93 ., 

13.55 .. 
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temperatures were obtained by means of suitable cryostat Iiquids in the 
way generally used in the Leyden laboratory and measured with calibrated 
platinum thermometers. 

At heliumtemperatures a number of measurements we re carried out with 
the films Tp I. Tp 11 and Tp 11'. In the first place the temperatures of 
the "vanishing point" of each film were determined. These appeared 
co be different for different films and also for the same film (Tp 11' ) on 
different data. 

TABLE 11 . 

Ph.lium W W 
Date T -

in mm Hg 
Tpl W k 

18- V-1922 roomtemp. 9 n I. 

19- V -1222 760 4 .200 1.96 .. 0.21 8 

480 3.764 1.964 .. 0.2182 

H1 3.698 1.817 .. 0 .2019 

424 3 .668 1.518 .. 0 . 1686 

104 3 .620 0 .408 .. 0 .0453 

390 3 .592 0.0031 .. 0 .00035 

387 3. 586 0 .00011 .. 0.00015 

386 3 .584 0 .00000 .. 0 .00000 

TABLE lIl. 

Ph.lh .. " W W 
Date T Tp/I Wk in mm Hg 

8- VI -1922 roomtemp. 32 n 1. 

9- VI-I922 485 3 .560 3 .480 .. 0.1088 

450 3 .708 3.486 .. 0.1089 

130 3.672 3.486 .. 0 . 1089 

110 3 .632 3 .480 .. 0 . 1088 

390 3 . 592 3 .510 .. 0 . 1097 

370 3 . 550 3.380 .. 0 . 1057 

350 3. 508 2.893 .. 0 .09041 

330 3 .462 0 .304 .. 0.00950 

310 3.418 0.008 .. 0 .00021 



974 

TABLE IV. 

I Ph.Hum W TplI' 
W 

Date T 
Wk in mmo Hg 

15- VI- 1922 roomtemp. 110 n 1. 

16- VI-1922 760 i .20K 15.17 " 0.127i 

370 3.550 ti.85 
" 

0.IH8 

350 3.508 10 .37 " 0.0871 

345 3 .496 7.81 " 0.0656 

340 3 .48. 4.41 " 0 .0371 

330 3 .462 0 .80 " 0.0067 

310 3. 41 6 0.00 " 0 .0000 

29 - VI- 1922 roomtemp. 121 n 1. 

16 - VI-1922 420 3 .652 K 15.81 " 0 . 1307 

400 3 .61 2 15 . 81 " 0.1307 

380 3 .570 15.64 " 0.1293 

370 3.550 15.32 " 0.1266 

360 3.528 13 .46 " 0.1112 

350 3.506 7.59 " 0.0627 

340 3.48. 1.02 " 0.0084 

330 3.462 0 .003 " 0.0003 

320 3.Ho 0.000 " 0.0000 

But they were always lower than the .. vanishing point" of ordinary 
tinwires, namely by about 0.1 0 to 0.20 K. 

In the tables II. 111 and IV the results of these measurements are given. 
To make it possible to unite them all in one figure (Fig. 1) the resistances 

of the films are all divided by the value of the resistance measured at ·room­
temperatures, on the day before that on which the measurements in Iiquid 
helium were carried out. As a matter of course, the absolute accuracy of 

these quotients, in the figure and the tab les ca lied ~K ' is smal\. The 

temperatures at which the resistance has half disappeared ("vanishing­
point") are given in table V for these three films as weIl as for the 
resistance coil Sn-1922-M, made of extruded tinwire 1) . The density of the 
current through the film is also given. This is calculated as if the current 

I) Diss. W . TUYN, Leiden 1924 p. 8. 
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TABLE V . 

Name of the 
T11z 

Density of the 
Date 

resistance current 

Sn-1992-M 3°.746 K. 

19- V - 1922 T p1 3.636 2.5 amp./m m.2 

9- VI-1922 T pll 3 .184 0 . 17 " 

16- VI -1922 T pJI ' 3 .196 0.25 " 

30 - VI - 1922 T pJI ' 3.506 0 . 25 " 

distributesitself uniformly through the who Ie section of the film. The 
influence of the density is c1ear from the inclinations of the lines in fig . 1. 
The question arises whether the low "vanishing-point" is due to thinness 
of the film or to its granular structure. The fact that the vanishing-point 
of the film Tp 11' appeared to change with time supports the last suggestion . 
This change might be connected with the change in structure ("aging" ) 
which is c1ear Erom the increase of the resistance. 

0.2 5 

. 2 0 

. 1 5 

.1 

W 
WK 

1
·0 

.0 0 

n 
1// 

/) V 
300 340 

.. Pmm.H9· 
~ TpI 19-V-1922. 
6 TpII 9-VI-1922. 

IÎ 
~ / 

J 

/ 
! 

./ 
380 420 

Fig . I. 

III TpII' 16-VI-1922. 
v TpII' 30-VI-1922. 

480 

§ 3. With the tin films some measurements were further carried out 
concerning the disturbance of the supraconductivity by a magnetic field . 

Though these investigations are only to be considered as of an orienting 
nature. they were a sufficient basis for concluding that the threshold 
value of the field for these films cannot greatly differ from that for tin 



976 

in the form of extruded wires. For example, with the film TpIl' a magnetic 
field of 55 gauss, directed parallel to the direction of the current through 
the film was sufficient to bring back the resistance of the film to the half 
value, at the temperature of 3° .42 K For a time the required fieldstrength 
at this temperature amounts to about 45 gauss. 

Lastly for one of the films the threshold value of the current could be 
determined roughly at two temperatures. It was found to be 0.16 Amp. 
at 3° .44 K and 0.80 Amp. at 2° .78 K The thickness of this film was 
about 0.5 /l , the breadth 15 mm., thus the section about 0.01 mm 2 • So it 
was of the same order of magnitude as that of the tinwires , mentioned in 
Leyden Comm. No. 133d 1) . For these tinwires threshold values of the 
current are given which are also of the same order of magnitude as those 
fou~d with th is tinfilm. 

This result thus is not in agreement with the süggestion of SILSBEE 2) , 
namely that th in metallic films should have an abnormally high threshold 
value of the current, in consequence of the sm all value of the magnetic 
field of a current sent through a thin film. 

Rather than to reject the hypothesis of SILSBEE about the connection 
of the treshold values of the current and the magnetic field , which is 
strongly supported by the measurements of W . TUYN 3), we are apt to 
consider as false the supposition about the uniform distribution of the 
current through the film. Besides it is difficult to form an idea about the 
roll. which the granular structure of the film plays in this connection . 

. § 4. Besides tin other supra conductors have not been investigated. 
Some measurements are made with bismuth films. Namely it was 
known 4) that bismuth did not become supraconductive at 4°.25 K , but 
it had not yet been investigated at lower temperatures. As a bismuth film was 
easily to obtain while the drawing and winding of bismuth wires gives 
considerable difficulty because of the fragility of the wire, the resistance 
of some bismuth films was determined at helium temperatures. The 
material was electrolytic bismuth. 

In the whole reg ion of the temperatures obtainable with liquid helium 
the resistance of these films remained practically constant. Even at 
1 °.24 K supraconductivity did not appear. 

1) These Proceedings 16. 1914. p. 673. 
2) F . B. SILSBEE. Journal Wash. Ac. of Sc. Vol. VI. (1916) p. 597. 
3) Diss. Leiden 1924. Cap. 11. 
4) Leyden Comm. NO. 142b (1914). These Proceedings 17. 1914. p. 520. 



Physiology. - "Ueber die newöse Natur und das Vorkommen der soge­
nannten interstitiellen Zeilen (CAjAL, DOGl EL) in der glatten 
Muskulatur. " (Aus dem Laboratorium für Embryologie und 
Histologie in Utrecht, Dir. Prof. J. BOE KE.) Von B. I. LAWRENTjEW, 
Kasan. (Communicated by Prof. J. BOEKE.) 

(Communicated at the meeting of November 28, 1925). 

In der vorliegenden Mitteilung will ich über einige interessante Tat­
sachen berichten, die ich bei der Untersuchung des feineren Baues des 
peripheren autonomen Nervensystems zu beobachten Gelegenheit hatte, 
und die meines Erachtens eine selbständige Bedeutung haben. 

Es handelt sich urn die sogen. interstitiellen Zellen von CAjAL und DOGIEL, 
deren Natur bis jetzt bei wei tem nicht a ufgeklärt war. Bekanntlich lassen 
sich in den Wandungen des Verdaungskanals vieler Wirbelthiere ausser 
den typischen Nervenzellen des A UERBAcHschen und MEISSNERschen 
Plexus mit Hilfe von Methylenblau oder Silberimpregnation kleine spindel­
förmige oder dreieckige Zeilen mit dünnen langen varikösen Fortsätzen 
nachweisen, die in grosser Anzahl zwischen den Muskelschichten, in der 
Periferie der Nervenganglien und Blutgefässe, in der Mucosa und Sub­
mucosa eingelagert sind. Diese van CAjAL im J ahre 1889 entdeckten Zei­
len waren seitdem stets der Gegenstand aufmerksamer Beobachtungen 
vieler Forscher. In der Literatur finden wir zwei sich widersprechende 
Ansichten über die Natur dieser Elemente. 

RAMON Y CAjAL weist auf Grund seiner zahlreichen Beobachtungen 
und der Untersuchungen von LA WILLA auf das Vorhandensein eines 
neurofibrillären Apparates in den interstitiellen Zellen hin, der sich in 
einigen Fällen besser mit Silber imprägnieren lässt als in den typischen 
Zeilen des AUERBACHschen und MEISSNERschen Plexus. Das Vorhanden­
sein von Neurofibrillen, die variköse Form der Fortsätze und die mit den 
NervenzeIlen übereinstimmende Färbbarkeit mit Methylenblau sind nach 
der Meinung von CAjAL und LA WILLA unzweifelhafte Beweise der ner­
vösen Natur der interstitiellen Zeilen. CAjAL und LA WILLA beschreiben 
diese Zeilen als eine Reihe nicht mit einander verbundener Neurone -
"neurones sympathiques interstitielIes". Die Fortsätze dieser Zeilen 
scheinen nach CAjAL mit den glatten Muskelfasern und den LIEBERKüHN­
schen Drüsen in Verbindung zu stehen. 

Es muss ab er bemerkt werden, dass es weder CAjAL, noch LA WILLA 
gelungen ist, einen Zusammenhang der interstitiellen Zeilen mit den 
übrigen Nervenelementen des sympathischen Nervensystems nachzuweisen. 
Ueber die Endigungen der Fortsätze der interstitiellen Zeilen drückt sieh 
CAjAL ebenfalls sehr vorsichtig aus (CAjAL 191 I. S. 934) . 
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Hierbei sei erwähnt, dass PAUL SCH UL Tl in 1895 sehr genau und 
ausführlich interstitielle ZeIlen im Darm, in der Harnblase und in den 
Harnleitern des F rosches und vieler Säugethiere beschrieben hat. Er 
beobachtete die Endigungen der Fortsätze der interstitiellen ZeIlen in der 
glatten Muskulatur und spricht sich entschieden für die nervöse Natur 
dieser ZeIlen aus. 

Nach ERIK MÜLL ER sind die interstitiellen ZeIlen echte Nervenelemente 
deren Ursprung er auf Grund seiner zahlreichen embryologischen Unter­
suchungen sogar feststellt. Die interstitiellen ZeIlen entstehen aus der 
Keimanlage des sympathischen Nervensystems, wahrend die gIosse Mehrzal 
von NervenzeIlen des AUERBAcHschen und MEISSNERschen Geflechts im 
Magen und Dünndarm aus der Keimanlage des Nervus Vagus sich 
entwickeln. Im Magen der Embryone von Squalis acantias, sowie im 
Magen von Hühnerembryonen beobachtete MÜLLER alle Entwicklungs­
stadien dieser ZeIlen. Die langen Fortsätze dienen zur Anastomose der 
ZeIlen unter einander. Innerhalb der ZeIlen und ihrer Fortsätze verlaufen 
Neurofibrillen verzweigen sich in der glatten Muskulatur und in der 
Schleimhaut. Es gelang MÜLL ER nicht an den interstitiellen ZeIlen einen 
periceIlulären Apparat nachzuweisen. Nach MÜLLER sind die interstitiellen 
ZeIlen ein syncyliales System, das für den Darmtraktus spezifisch ist. 
Indem er' diesem System eine spezielIe physiologische Funktion zuschreibt, 
findet er in demselben viel Gemeinsames mit peripheren Nervennetzen, die 
BETHE 1895 in der Froschzunge beschrieb. 

DOGIEL wies mit Hilfe der Methylenblaufärbung die interstitiellen ZeIlen 
im Darm, i~ Unterhautbindegewebe, in der Gallenblase, im Zentrum 
tendineum des Zwerchfells von Säugetieren nach und liefcrte eine Reihe 
sehr schöner direkt klassischer Abbildungen. Nichtsdestoweniger konnte 
DOGIEL weder Neurofibrillen in diesen ZeIlen nachweisen noch einen 
Zusammenhang derselben mit den Nervenfasern feststellen. Auf Grund 
seiner Untersuchungen spricht er sich entschieden für die bindegewebige 
Natur der interstitiellen ZeIlen aus, ebenso wie HUBER. 

MARTIN H EID ENHAIN schliesst sich nach Zusammenfassung der Ergeb­
nisse dieses Streites voIlkommen der Ansicht DOGlELS an, indem er erklärt, 
dass gar kein Grund vorliege, den interstitiellen ZeIlen den Charakter 
von Nervenelementen zuzuschreiben. 

Bei Untersuchungen über den Bau der Nervengeflechte in der glatten 
Muskulatur, welche ich in Anschluss an den Untersuchungen von VAN 
ESVELD über die Elemente des sympathischen Plexus von AUERBACH und 
MEISS NER ansteIlte, erzielte ich ebenso wie VAN ESVELD mittels Methylen­
blaufärbung wieder holt sehr schöne Bilder der interstitiellen ZeIlen und 
war mit DOGIEL geneigt, dieselben für Bindegewebszellen zu halten, zumal 
nach Kenntnisnahme der Arbeit TELLO'S, der argentophile Fasern in 
Bindegewebszellen nachwies. Erst nach Anwendung der BIELSCHOWSKY 
Methode in der Modifikation von GROSS war ich genötigtt meine Ansicht 
über die interstitiellen ZeIlen radikal zu ändern. 
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Als Untersuchungsobjekt dienten mir die Speiseröhre. der Magen. 
Darm und die Harnblase von Ratten. Mäusen. Kaninchen und Katzen: 

Bij gelungener Impregnation nach der BIELSCHOWSKY-GRoss Methode 
erhält man sehr schöne Bilder der Nervenverzweigung in der glatten 
Muskulatur. in der Mukosa und Submukosa der erwähnten Organe. 
Fertigt man einen Flächenschnitt im Gebiet der Submukosa des Magens 
oder Darms an . so sieht man bei mässiger. sogenannter elektiver Impreg­
nation das vielfach beschriebene GeHecht schichtweise über einander 
gelagerter markloser Nervenfasern. die bis in die Mukosa reichen. In 
jedem Nervenstämmchen kann man scharf imprägnierte Nervenfäden 
von verschiedener Dicke sehen. die meist ausserordentlich dünn sind. 
Sehr charakteristisch ist die Lage der Kerne in diesen Nervenstämmchen. 
die nicht ausserhalb. sondern innerhalb dieser Nervenstämmchen liegen. 
so dass die Nervenfäden (Neurofibrillenbündel) die Kerne von allen 
Seiten umgeben. Dasse1be Bild kann man mitte1s jeder beliebigen 
Silberimpregnationsmethode erhalten. (CAJAL. GOLGI. RANSON usw. ) Der 
Vorzug der Methode BIELSCHOWSKY's besteht hauptsächlich darin. dass 
man die Imprägnierung nach Be1ieben verstärken kann. und dann treten 
sehr interessante Einzelheiten hervor. Betrachtet man z.B. den Kreuzungs­
punkt der geschilderten Nervenstämmchen. so kann man. wie aus der 
Abbildung (I) zu ersehen ist. beobachten. dass die Nervenfäden (Neuro-

Abb. 1. 
Kaninchen. Magen. Subrnukosa. Kreuzungspunkt des 

NervengeRechtes. BIELSCHOWSKY. 

fibrillenbündel) innerhalb des Protoplasmageflechtes liegen. von dem 
nach allen Richtungen Protoplasmastränge verlaufen. Das Protoplasma 
dieser Stränge ist mit Silber imprägniert. was doch nicht hindert. den 
Verlauf der Zarten Nervenfäden zu verfolgen. Es ist sehr merkwürdig. 
dass an einem solchen Kreuzpunkte die Nervenfäden (Neurofibrillen-
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bündel) nicht direkt aus einem Stämmchen ins andere übergehen. sondern 
häufig einen verwickelten Weg einschlagen: sie machen wiederholte 
Biegungen. kehren zu ihrem Ausgangspunkt um und bilden um die Kerne 
dieser Protoplasmaanhäufung eine Art Flechtwerk. Ob hierbei ein 
wirkliches Netz entsteht. oder ob sich die Nervenfäden nur kreuzen. ist 
ausserordentlich schwer zu entscheiden. Es ist nur vollkommen klar. dass 
die Nervenfäden (Neurofibrillenstränge) innerhalb des Protoplasmas 
liegen. Es kann hier von einer Anlagerung der Neurofibrillen oder Axone 
an die SCHWANNschen Zeilen keine Rede sein. denn wie sollten sich bei 
einer blossen Anlagerung die Geflechte um die Kerne herum bilden? Die 
Imprägnierung kann noch verstärkt werden ; dann wird das Protoplasma 
der Stränge und der Kreuzungspunkte noch dunkIer. die zarte wabige 
Struktur des Protoplasmas wird gut sichtbar und die Nervenfäden wer~ 
den kaum erkennbar. 

Man kann schliesslich durcn Wechseln der Intensität der Imprägnie~ 
rung alle möglichen Uebergänge erzielen - von einer scharfen Impräg~ 
nierung der Nervenfäden allein bis zur Imprägnierung des Protoplasmas 
und an demselben Geflecht bald das imprägnierte Protoplasma. bald die 
in demselben liegenden Nervenfäden beobachten. 

Somit sehen wir in der Submukosa und Mukosa des Magens und 
Darmes ein Protoplasmasyncytium. in welchem Nervenfäden eingelagerf. 
sind. Ich gebrauche absichtlich die Bezeichnung N e r ven f ä den. um 
den Vorwurf zu entgehen. den MARTIN HEIDENHAIN der Auffassung HELo's 
macht. Die Frage ob wir hier einen Komplex von Neurofibrillen oder ein 
sogen. Kabelsystem vor uns haben. bin ich zur Zeit nicht imstande zu 
beantworten. Es ist wohl möglich dass hier. wie HERINGA bei der 
Untersuchung der Nervenendigungen am Vogelschnabel gezeigt hat. 
eine Unterscheidung der einzelnen Axone nicht gelingt. so dass man in 
diesem Syncytium nur von miteinander zusammenliegenden. wahrscheinlich 
aus verschiedenen Axonen herkömmlichen Neurofibrillenbündeln sprechen 
konnte 1). F ast dasselbe Verhalten finden wir in der M uscularis propria der 
Speiseröhre. des Magens. des Darmes und Muscularis der Harnblase. 
Längs den dünnen bindegewebigen Scheidewänden verlaufen Nerven~ 
stämmchen. von denen Zweige zur glatten Muskulatur abgehen. Auch 
hier sind diese Stämmchen nichts anderes als Protoplasmastränge. 
zuweilen von flacher Form. in denen Kerne eingelagert sind. die immer 
innerhalb des Stranges liegen. 

Die für die Mukosa und Submukosa typischen Kreuzungspunkten 
finden wir hier nicht vor. Von diesen Nervenstämmcnen gehen meist 
unter einem rechten Winkel feinste Bündel von Nervenfäden ab. die zu 
den glatten MuskeIzeIlen ziehen. Bei genügender Imprägnierung kann 
man auch hier ganz klar sehen. dass die Fäden innerhalb eines sehr feinen 
Stranges liegen. der die unmittelbare Fortzetzung des Grundstämmchens 

1) HERINGA schlägt fur einen solchen Fall den Namen Neuroplasmabahn vor. 
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bildet. Die Protoplasmaschicht ist hier sehr dünn, im weiteren Verlauf 
wird sie aber wieder dicker und hier sehen wir einen ovalen oder zuweilen 
auch fast runden Kern. Diese Kerne lassen sich gewöhnlich stärker 
imprägnieren als die Kerne von den glatten Muskelfasern und nehmen 
meist eine intensiv schwarze Farbe an. Die Nervenfäden gehen um den 
Kern von der einen oder von beiden Seiten herum und verzweigen sich 
dann nach allen Seiten unter einem weit stumpfen Winkel, indem sie 
ab er stets innerhalb des feinen Protoplasmafortsatzes bleiben, und sobald 
sie eine bestimmte glatte Muskelfaser erreichen, bilden sie in derselben eine 
motorische Endigu,ng . Ist das Protoplasma um einen solchen Kern 
genügend intens iv imprägniert, so hat das ganze Gebilde das Aussehen 
einer spi n del f 0 r mig e n 0 der d rei e c k i gen Zei I e m i t 
feinen langen nach verschiedenen Richtungen 
ver I a u fen den F 0 r t s ä t zen, d .h. wir haben eine typische 
interstitielle Zelle CAJAL'S und DOGIEL's vor uns! 

Ebenso wie in der Submukosa gelang es mir auch hier alle möglichen 
Abstufungen der Imprägnierung zu erzielen. Man kann nur die Neurofi~ 
brillen (meines Erachtens sind wir jetzt durchaus berechtigt, von Neurofi~ 
brillen zu sprechen) imprägnieren, dann sieht man nur, dass sie dicht an 
den Kern herankommen und ihn umgeben. Man kann auch gleichzeitig 
das Protoplasma und die Neurofibrillen imprägnieren, wie auf der 
Abbildung (2) zu sehen ist. Ebenso wie an den Kreuzungspunkten der 

Abb.2. 
Harnblase, Ratte, T. muscularis. 

InterstitielIe Zelle. Man kann intraprotoplasmatische Neuro­
fibrillen bis zur Endigung verfolgen. BIELSCHOWSKY-Meth. 

Submukosa gehen die Neurofibrillen häufig nicht direkt in die Fortsätze 
über, sondern bilden eine Art GeHecht. Bei starker Imprägnierung endlich, 
bei der das wabige Protoplasma sich dunkel färbt, seben wir das typische 
Bild der interstitiellen ZeIlen, wie sie mittels der Methylenblaufärbung 
dargestellt werden und u.a. von VAN ESVELD beschrieben werden. 
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DOGIEL hat voIlkommen recht - die interstitieIlen ZeIlen anastomosie~ 
ren mit einander vermittels ihrer Protoplasmafortsätze, ebenso recht hat 
aber auch RAMON y CAJAL wenn er sagt, dass im Protoplasma der Zellen 
und in ihren Fortsätzen Neurofibrillen enthalten sind, deren 'VerIauf sich 
leicht bis zu den motorischen Endigungen in der glatten Muskelfasern 
verfolgen lässt. Die intraplasmatische Lage der Neurofibrillen lässt sich 

Abb. 3. 

, , 

Ratte, Harnblase. 
In dem Prototoplasma 

der grossen interstitiellen 
Zelle quergeschnittene 
Neurofibrillenbündel als 
Pünktchen sichtbar. 

BIELSCHOWSKY -Meth. 

Ich beschränke 
Ergebnisse. 

voIlkommen klar auf Querschnitten beweisen wie 
aus Abbildung (3) zu ersehen ist, wo man sieht, 
dass die Neurofibrillenbündel mitunter so nahe dem 
Kerne anliegen, dass in demselben zuweilen eine 
Einbüchtung zu bemerken ist. 

In dieser kurzen Mitteilung übergehe ich eine 
ganze Reihe Einzelheiten ebenso wie einen genauen 
Vergleich der erhaltenen Bilder mit den Angaben 
in der Literatur, indem ich hof te. zu dieser Frage in 
einer anderen Arbeit über die Innervation der 
glatten Muskulatur, die demnächst veröffentlicht 
werden solI, zurückzukehren. 

Hier woIlte ich nur in Anschluss an die ebenfaIls 
in diesen Proceedings beschriebenen Mitteilungen 
VAN E SVELO' s über die Elemente des sympathischen 
Plexus von A UERBACH und MElSSNER meine 
Beobachtungen über die interstitieIlen ZeIlen kurz 
referieren. 

mich nur auf folgende kurze Zusammenf?ssung der 

In der glatten Muskulatur , in der Mukosa und Submukosa des 
Verdauungskanals der Säugetiere finden wir grosse protoplasmatische 
Syncytien, in denen ein System von NeurofibriIlen enthalten ist. 

Die Protoplasmaanhäufungen mit ihren Kernen und Strängen bilden 
ein abgeschlossenes und ununterbrochen verIaufendes Gebilde - Lemmo~ 

blasten nach der Terminologie HELo 's - bis zu den terminalen Nervenendi~ 
gungen, Die int ers t i tie 11 e n ZeIl e n sin d das 1 e t z t e 
Glied dieser Leitungsbahn; ihre Fortsätze begleiten 
die Neurofibrillen bis zu den Endverzweigungen 
u n dEn d i gun gen i n den 9 I a t ten Mus keI f ase r n. Es 
ist durchaus verständlich, dass diese Endglieder, diese eigentümlichen 
Lemmoblasten überall dort gefunden werden, wo Endigungen des 
autonomen Nervensystems vorhanden sind: in der glatten Muskulatur, 
in den Drüsen und Gefässen, wie DOGIEL tatsächlich nachgewiesen hat, 
Ich bin voIlkommen überzeugt, dass voIlkomen analoge Bilder des V er~ 
laufs der Neurofibrillen innerhalb der interstitieIlen ZeIlen sich in jedem 
beliebigen Organ, im unmittelbaren Zusamenhang mit den Endigungen 
des autonomen Nervensystems werden darstellen lassen. Wir sehen auch, 
dass die in der letzten Zeit durch die Arbeiten BOEKE'S und HERIN'GA's 
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glänzend weiter entwickelte Auffassung H ELD·s. nach der die Neurofi­
brillen der Spinalnerven bis zu ihren terminalen Verzweigungen in einer 
Kette von Lemmoblasten verlaufen. eine schöne Bestätigung durch die 
Art der Nervenendigungen des autonomen Nervensystems findet . 

Wie sind die oben geschilderten Kreuzungspunkte und die interstiti­
ellen ZeIlen zu deuten. in denen . wie wir sehen. die Neurofibrillen einen 
recht komplicierten Weg durchmachen. indem sie eine Art von Geflecht 
bilden? Wird in diesen Punkten die Nervenversorgung verändert. sind 
diese Bahnen nur einfache Reizleitungen? Ich bin vollkommen überzeugt. 
dass diese hochinteressante und wichtige Frage durch das Experiment zu 
lösen ist. an das ich jetzt herantreten werde. 
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Mathematics. - .. Sur les points aeeessibies des ensembles fermés" I). 
By PAUL URYSOHN t . (Communicated by Prof. L. E. J. BROUWER). 

(Communicated at the meeting of November 28, 1925). 

1. Désignons par En l' espace euclidien à n dimensions et soit F un 
ensemble fermé quelconque situé dans En. Nous dirons qu'un point a de 
F est aeeessibie s'il existe dans En un arc simple ba, aboutissant au 
point a et dont tous les au tres points sont étrangers à F. Nous dirons 
que a est aeeessibie au sens étroit s'il est possible de supposer, dans la 
définition précédente, que ba soit un segment rectiligne. 

Le but de cette note est de démontrer la proposition suivante. 
THÉORÈME. - Quel que soit t ensemble fermé F situé dans l' espaee 

En' I'ensemble L resp. Ld des points de F qui sont aeeessibles, resp. 
aeeessibies au sens étroit, eet ensemble est toujours un ensemble (A) 
de Souslin 2). 

Nous montrerons en outre par des exemples que (au moins au cas n ~ 3) 
ce théorème ne peut pas être précisé davantage. 

2. Commençons par prouver que r ensemble Lest toujours un ensemble(A). 
Désignons comme d'habitude par S(~,E) l'intérieur de la sphère (n-di­

mensionnelle) de cent re ~ et du rayon E. Nous dirons que la sphère 
S(~,E) est ca non i q u e si elle vérifie les conditions suivantes: 

10 toutes les coordonnées du points ~ et Ie nombre E sont rationnels, 
2" ~ appartient à En - F. 
30 S (~,E) a des points communs avec F. 
L' ensemble de toutes les sphères canoniques étant évidemment dénom­

brabie, rangeons-Ies d'une façon quelconque en une suite bien déterminée: 

(1) SI'S2' .. ' S il'··· 

(il étant un entier positif quelconque). 
Supposons construites toutes les sphères SII i2 ••• ik' ou i l , i2,···, ik 

prennent indépendamment run de rautre toutes les valeurs entières et 
positives. 

Une Sil i2 •• • tic étant donnée, soient 

(2) 

I) Les résultats formant Ie travail ci-dessus furent établis par PAUL URYSOHN dans 
les derniers mois de I'année 1923. lIs ont été communiqués à cette même époque à la 
Société Mathématique de Moscou. La présente rédaction a été falte par PAUL ALEXANDROPP 
(Moscou); les figures sont dûes à D. VAN DANTZIG (Amsterdam). 

2) Voir pour la définition des ensembles (A) la note de SOUSLIN (Comptes Rendus 
t. 164, séance du 8 lanvler 1917). 
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toutes les sphères canoniques con tenues dans S;I i2 ••• ik et vérifiant en 
out re les deux conditions que voici: 

4° Ie rayon r il i2 • •• ik+1 de S il i2 ••• ik+ 1 est inférieur à la moitié du 

rayon ri l i2 ••• ik de S il i2 •• • ik 

5° les centres e i l i2 . .. ik et e il i2 .. . ik+ 1 de S il i~ ... ik et S il i2 ... ik+1 peuvent 

être joints par une ligne polygonale Ail i2 ... ik+ 1 située dans 

(En - F) . S il i2 ' .. ik' 

Les sphères S il i2 .. . ik se trouvent ainsi définies par induction quels que 
soient les nombres naturels k, i l, i2, .. . ,ik' Désignons par M l'ensemble 
(A) défini par Ie système déterminant I Sil i2 ... ik I· 

Démontrons que l'ensemble M coïncide avec L. 
Soit a un point quelconque de M . 11 existe, d'aprés la définition de 

M au moins une suite d 'entiers positifs 

telle que 
C» 

(3) a = IJ S · . '1 ':? _ .. 'k' 
k= 1 

L'ensemble 

(4) 
k= 3 

est évidemment fermé ; il a avec Ail i2 au moins Ie point e i l i2 en commun. 
Soit dl Ie premier point de l'ensemble (4) qu'on rencontre en parcourant 
Ail i2 dans Ie sens de eil à eil i2 ' Désignons par III Ie segment e il dl du 
polygone Ail i2' Le point dl est nécessairement différent de a (puisque 
a c F en même temps que dl c Ail i2 eEn - F) ; il en résulte que dl 
appartient au moins à un Ail i2 .. ik ' k ;?: 3. 

Supposons que nous ayons construit une lig ne polygonale simple 
fE., = eil ds C En - F de façon que ds *' a est Ie seul point commun à 

n" et à l' ensemble fe~mé 

(4,) 
00 

a + I Aili2 . .. ik 

k = h {si 

ou h (s) est un certain en tier non inférieur à s (pour s= 1 on a h(I)= 3). 
Comme ds est différent de a. il existe un premier indice ko?:: h (s) tel que 

Considérons l' ensemble fermé 

(4.') 
C» 

a+ I Ail i2 .. ik 

k = ko+l 

ayant avec Ail i2 ... iko au moins Ie point eil i2 ... iko en commun. 
Soit dS +1 Ie premier point de l'ensemble (4/ ) qu'on rencontre sur 

Ail i2 .. . ikO en allant de ds à eil i2 ... ikO ' Comme Ail i2 ... ik. est étranger à F. 
64 

Proceedings Royal Acad. Amsterdam. Vol. XXVIII . 
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d'+ 1 appartient à un au moins AiJ i2 . . . ik' k ? ko + 1. Soit h (5 + 1) Ie plus 
petit parmi les nombres k ? ko + 1 tels que dS +1 c A iJ i2 .. . ik' Posons 

(5) 

ou d. dS +1 est Ie segment de AiJ i2 ... iko aux extrémités ds et ds+!' 
11 est évident que d S +1 est Ie seul point eommun à IIs+ 1 et à l' ensemble 

a + i AiJi2 ... ik 

k= h (5+ 1) 

on a en outre 

h (s + I) ?: ko + 1 ?: h (s) + 1 ? s + 1. 
En proeédant ainsi par induetion on obtient une suite infinie de lignes 

polygonales simples : 

III C IJ2 C .. , c IJs c .. . 

Comme Ie diamètre de i dj dj+ 1 et la distanee e (ds, a) deviennent infini~ 
j= 1 

1 ~ 
ment petits avee - , r ensemble fermé a + ~ IJs est immédiatement ho~ 

s = 1 

méomorphe à un segment reetiligne; il n'a d'ailleurs avee F que Ie seul 
point a en eommun. Ce dernier point est done aeeessible et l'inclusion 
Me Lest ainsi démontrée. 

3. Pour démontrer l'inclusion inverse LcM, eonsidérons un point 
aeeessible quelconque de I'ensemble F. Soit a ce point et abo un arc 
simp Ie . agrégé à (En - F) + a . 

On peut toujours supposer que abo soit une ..ligne polygonale généra~ 
lisée" e. à d, que 

(7) abo=a +. X bi bi+1 
i=O 

ou bi bi+1 sont des segments reetilignes convergents vers Ie point a 

(done de longueur tendant vers 0 avee +) et tels que bi b i+1 et bi bHI, 

i < k, n'ont aueun point eommun, si k > i + I, et ont Ie seul point bi+1 

en eommun, si k = i + 1. I) 
En déplaçant légèrement les points b i, il est facile d'obtenir un arc 

I) Soient en effet, abo un arc simple quekonque n'ayant avec F que Ie point a en 
commun, et 

une suite infinie des points de abo tendant vers a . On peut évidemment joindre bi et bi+1 

par une lig ne polygonale Ai+ 1 c En-FI très voisine de I'arc correspondant bibi+! de abo. 
Un raisonnement absolument analogue à celui du numéro précédent permet alors d'extraire 

du continu a + 1: Ai un arc simp Ie de la forme (7), 
i== 1 
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simple de la forme (7) dont les .. sommets" bi (i = 0, I, 2, ... ) ont toutes 
leurs eoordonnées rationnelles. Nous supposerons done que (7) vérifie 

eette condition supplémentaire. Désignons enfin par ab i Ie segment ab i 

de l'are simple (7) . . 
Considérons maintenant une sphére S (bo, EO) d'un rayon rationnel 1::0 

surpassant Ie diamètre de abo. La sphère S (bo, EO) étant évidemment 
eanonique, elle est une eertaine Sil de la suite (1) . 

Supposons ehoisie une S il i, . . . ik telle que les deux conditions suivantes 
soient vérifiées : 

1). e il i2 . . . ik est un .. sommet" b mk déterminé de la .. ligne polygonale 
généralisée" (7). 

2). Sil i2 . .. ik ::J ab mk' 
Soit alors mk+1 Ie premier en tier vérifiant la condition : I) 

(8) 

Désignons par Ek+ 1 un nombre rationnel quelconque supérieur à la 
première et inférieur à la seconde partie de l' inégalité (8). 

S (b mk+I' EH I) est une sphère canonique contenue dans S il i2 .. ik 

puisque Ek+ I est inférieur à 

~ e( ab mk' En - S 'I ., .. ik) :::::: ~e(bmk+ I' En- Sil i, .. . ik} 

On a de plus 

Ek+ I < ~ e ( ab mk' En - S il ., . . . ik) ::< ~ e (b nik' En - Sil i, . . ik) = ~ ril i2 · .. ik 

(ou Til i2 . .. ik est Ie rayon de S il i2·· . ik)' 

Le segment b mk b :~ de l'arc simple (7) est une lig ne polygonale 

joignant Ie centre de S il i2 . ik avec celui de S (b mk+1 ' Ek+ I)' Cette ligne 

polygonale est étrangère à F; d ' après 2) elle est con tenue dans Sil i2.· . ik' 

Les deux conditions 4° et 5° sont donc réalisées par la sphère 

S (b nlk+I' Ek+I ), de sorte qu'elle est une Sil i2 . .. ik i k+ 1 déterminée. Sil i2· .. ik ik+1 

réalise enfin les deux conditions 1) et 2) ei-dessus: en effet, son 
centre est Ie point bnlk+l; d'après la définition de EHI, la sphère 

Sil i, .. . ik ik+1 contient de plus l'arc simple abmk+l' 

En procédant ainsi par induetion on obtient une .. ehaine régulière" 

Sil t 5;1 ;2 ' •. • , Sil i2 · .. ik' ••• 

de sphères canoniques auxquelles Ie point a est intérieur. 

I) Oû e (A, B) désigne, d'une façon générale, la distance entre les deux ensembles A et 
B;- tand is que c5 (C) est Ie diamètre de l'ensemble C. 

64* 
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On a donc 
00 

a c II Sil i2. . ik 

k+1 

ce qui exprime que Ie point a fait partie de I'ensemble M. L'inclusion 

LcM et par suite I'identité L = M se trouve ainsi demontrée. L' ensemble 
Lest donc un ensemble (A) . 

4. Démontrons maintenant que I' ensemble Ld est lui aussi un ensemble 
(A). Comme Ld est I' ensemble de tous les points a de F accessibles par 
des segments rectilignes ab, (ab. F = a). on a évidemment I'identité 

Ld = i L~. 
m= 1 

ou L~ est I' ensemble de eeux~là parmi les points a de Ld, pour lesquels 
- 1 

il existe un segment ab de longueur ):: - . 
ft 

Il sumt done de prouver que tout ensemble L~ est un ensemble (A). 
Pour arriver à ce but, appelons .. paire eanonique" 'l-' = (P, T) un couple 

de parallélépipèdes n~dimensionaux rectangulaires P et T jouissant des 
propriétés suivantes: 

1°. Les sommets de P et de Tont toutes leurs coordonnées rationnelles. 
2°. P et T sont adjacents. e. à d . ils ont une face (n- l)~dimensionnelle 

et ils n'ont aucun autre point en commun. L'arête de T perpendiculaire 

à cette {ace commune est de longueur ):: ! . 
ft 

3°. P possède des points eommuns avec F tandis que Test situé dans 
En-F. 

L' ensemble de toutes les paires canoniques étant évidemment dénom~ 
brabie, nous Ie supposons rangé en une suite bien déterminée 

(9) 1l>I' \1)2' •. . ' '\>il, ... (il est un nombre naturel quelconque). 

Nous supposons d'ailleurs que 'l-'il soit formé de P il et T il ' tout en 
remarquant qu'un même parallélépipède P ou T peut figurer plusieurs 
fois respectivement dans la suite des P il et dans la suite des Til' 

Supposons choisies, parmi les pair es (9), toutes les paires 'Pil i2 ... ik = 
= (Pil i2 ... ik' Til i2 ... ik )' ou i l , i2 , • • • i k prennent toutes les valeurs entières 
et positives. (Pour k = 1 on a toutes les paires (9)). 

Choisissons une l'il i2 .. . ik déterminée et considérons toutes les · paires 
canoniques \~\ = (P. T) teil es que les relations suivantes aient lieu simul~ 
tanément : 

(10) 

(11 ) 

(12) 
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Les 'i\ = (P. T) ainsi définies seront désignés par 

(13) 

et on posera par définition 

(14) 

Désignons par N I'ensemble (A) défini par Ie système déterminant 

I Pili2 .. ik !· 

Je dis que Nest identique à L~. 

5. Soit d 'abord a un point quelconque de N . Il existe alors une suite 

de nombres naturels iJ. i 2 • ••• • ik , • • ••• telle que a = II P i, i2 .. ik' On voit de 
k= J 

suite d 'après la condition 2° du n° '4 et les relations (10) et (12). que 
la suite des parallélépipèdes 

S i,. S i, i2 ' ••• • S i, i2 ... ik ' .. . (ou I'on a posé S il ;2 .. ik = Pi, i2 .. · ik + T i, i2 .. ik ) 

est décroissante et admet comme partie commune un segment rectiligne 

A de longueur ?;: ~ . D'après la condition 3° I'ensemble non vide A. F 
ft 

est contenu. quel que soit k. dans P i, i2 ..• ik; il se réduit donc au point a . 
Comme évidemment ce point n 'est pas intérieur à A (en vertu de (10)). 
A est un segment a b. dont tous les points à I' exception de a sont étran­
gers à F. Le point a est donc accessible par Ie segment A d'une longueur 

1 . 
?;: -. c. a d . que a c L~ et par conséquent N c L~ . 

ft 

6. Soit maintenant a un point quelconque de L~ . Il existe un seg­

ment rectiligne ab c (En - F) + a , d 'une longueur ?:: ~. Sila longueur 
ft 

- 1 
de ab était précisément égale à -. on pourrait toujours prolonger un peu 

ft 
ce segment au-delà de b sans rencontrer aucun point de F. On peut donc 

- 1 
supposer que la longueur de ab est supérieure à - . 

ft 

Cela posé. soit e un point de ab assez voisin de a pour que eb soit encore 

de longueur supérieure à ! (voir la fig . I, faite pour Ie cas n = 2, d'ailleurs 
ft 

immédiatement applicabie au cas général). 

e)"\ f 

1.~·lg 
&1 .1'C\ 

Fig. 1. 
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n existe un parallélépipède "rationnel" (c. à d. dont les sommets ont 
toutes leurs coördonnées rationnelles), à n dimensions de{g (voir t01ljours 
la figure) con tenant Ie segment ab et situé tout entier dans un voisinage 

assez restreint de ab pour qu'en menant par un certain point . r de ac, 
un hyperplan (n-l)~dimensionnel m n perpendiculaire à l'arête dg on 
obtienne un parrallélépipède m n g { dépourvu de points de F et dont 

1 
l'arête mg a une longueur ?:: - . On peut en outre supposer que m n g { 

ft 
et den m soient des parallélépipèdes rationnels. On s'aperçoit aussit6t 
que les deux derniers parrallélépipèdes forment une paire canonique, soit 
lli!' avec P il = (d en m) et T i = (m n g (). 

Supposons déjà construite une paire canonique 

telle que Sil i2 ... ik = Pi. i2 . . ik + Til i2 ... ik ::::l ab. 

n existe (~oir la fig . 2). 

~ ~--~----~---- - ---- m - -- - - -- _n - h--~:', 
p l-------r----------- --------------j* 
P L4 t 

Fig. 2. 

un parallélépipède p q s t contenu dans Sil i2 . .. ik et assez voisin d'ab 

pour qu'un: hyperplan (n-l)~dimensionnel ~u v, perpendiculaire à l'arête pt 
et assez rapproché de p q découpe de p q s t un parallélépipède p q u v 

1 
contenu dans Pil i2 . .. ik et de diamétre inférieur à 2 Cl (Pil i2 · .. ik)' 

Nous supposons de plus que Ie parallélépipède p q s t ait son arête pt 

parallèle à la direction du segment ab. 
On peut évidemment supposer que Ie parallélépipède v us t soit étranger 

à l'ensemble F : dans Ie cas contraire on n'aurait en effet qu'à remplacer 
p q s t par un parallélépipède p'q's't' plus mince encore (c. à d. situé dans un 

voisinage plus restreint du segment ab) et jouissant des mêmes propriétés 
par rapport à ab. 

n ne nous reste que de déplacer légèrement nos parallélépipèdes afin 
de les transformer en parallélépipèdes possédant toutes les propriétés 
signalées et dont les sommets aient en outre toutes leurs coördonnées 
rationnelles. Une des propriétés en question sera en général mise en 
défaut par cette dernière opération: après son déplacement Ie parallélé~ 
pipède p q s t ne possédera plus d' arête parallèle à ab: il sera changé 
de direction, d'ailleurs aussi peu qu'on voudra. 

Le couple des parallélépipèdes p q u v et v us t forme (comme on Ie 
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voit aussitót) une paire canonique; cette paire canonique vérifie de plus 
les relations (10), (11), (12), elle est donc une lPili2 .. . ikiHI' avec(pquv)= 

= Pil i2 . .. ikik+1 et (vust) = Til i2 . .. ikik+ l' L'inclusion Sili2 ... ik ik+l::>ab se 

trouve réalisée, ce qui permet de poursuivre indéfiniment Ie raissonnent 
d'induction ci~dessus. 

On définit ainsi de proche en proche les nombres naturels 

vérifiant la condition a C Pil i2' .. ik; il en résulte que a c N. 
L'identité des deux ensembles N et L~, et par conséquent notre pro~ 

position entière, se trouvent ainsi démontrées. 

7. Passons maintenant à la construction de quelques exemples se 
rattachant intimement au théorème que nous venons de démontrer. 

Faisons d'abord la convention suivante. Nous désignerons dans ce n° 
par l il i2 ... ik (ou k, i l , i 2 • .• . ,ik sont des nombres naturels quelconques) 
I'ensemble de tous les nombres irrationnels (positifs) dont Ie développe~ 
ment en fraction continue commence par 

_ 1_ 1 
i l + -:---+ 1 

'2 -:---+ '3 
+ _.1_ 

Ik +. 
N ous désignerons aussi par ail i2 ... ik et b 'l i2 .. ik respectivement la 

borne inférieure et supérieure de I'ensemble l il i2 ... ik ' 

Supposons maintenant donné. dans J'espace tridimensionnel ordinaire, 
un système de coördonnées cylindriques z, r, cp. 

Considérons sur l' axe O z un ensemble (A) non~mesurable B quelconque 
agrégé à I'intervalle ° < z < 1 et défini par un système déterminant 
formé d 'intervalles Lli l i2. " ik = ( ail i2 ... ik' fiil i2 '" ik)' Nous supposerons de 
plus ( ce qui est possible pour tout ensemble (A)) qu' on ait 
toujours Ll i l i2 .. ik ::> Ll i l i2 .. ik+ I et que la longueur de I'intervalle Ll io i2 ... ik 

1 
tende vers ° avec k ' 

Désignons par H Ie domaine formé de tous les points dont les coör~ 
données vérifient l' ensemble des inégalités suivantes: 

(15) 
1 2 < r< 1; O<cp< 1; O< z< 1 

De même, quels que soient les entiers positifs k. i l , i 2 , .•. , ik, désignons 
par Hil i2 ... ik l' ensemble de tous les points dont les coördonnées vérifient 
simultanément les relations 

(16) 
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Posons 

(17) 

(18) 

On voit immédiatement que F est un ensemble fermé. Une analyse 
facile montre que les deux ensembles L et Ld coïncident dans notre cas 
et que I ensemble de ceux-Ià parmi les points acces si bles de l' ensemble 
F, qui sont situés sur I'axe O z est précisément l'ensemble (A) que nous 
venons de placer sur cette axe. Par conséquent, la partie commune à 
l' ensemble L et à I' ensemble de tous les points de I' axe Oz est non­
mesurable B; il en résulte que I'ensemble L = Ld est lui-même non­
mesurable B. 

Nous avons ainsi construit un exemple d'un ensemble fermé situé dans 
I' espace ordinaire et pour lequel les deux ensembles L et Ld sont non­
mesurables B. 

La question, si un pareil ensemble existe dans Ie plan, reste ouverte 1). 
Ainsi. du moins pour Ie cas ' n ?:: 3, on ne peut pas rem placer dans 
l'énoncé de notre théorème l'affirmation que L ou Ld soient des ensembles 
(A), par une affirmation plus précise. 

8. Notre théorème ne pouvant pas être précisé, on pourrait peut-être 
songer à Ie généraliser, c. à: d. à appliquer Ie même énoncé à une dasse 
d'ensembles plus vaste que: celle des ensembles fermés. Pour montrer 
que cela aussi est impossible, nous allons donner un exemple d' un ensemble 
G J pour lequel l'ensemble des points accessibles resp. accessibles au 
sens étroit n'est point un ensemble (A). 

Cette construction se fera d'ailleurs dans -Ie plan eudidien E2• 

Supposons donné dans Ie plan E2 un système x 0 y de coördonnées 
rectangulaires. Désignons par ~ l' ensemble de tous les points situés à 
l'extérieur et sur la frontière du carré Q = [(0,0), (0,1), (1.0), (1.1)] et 
soit IJ' l'ensemble de ceux-Ià parmi les points intérieurs à Q dont 
l'ordonnée n'appartient pas à l'ensemble parfait de Cantor (= ensemble 
des nombres réels situés sur [0,1] et dont Ie développement triadique peut 
être fait sans utiliser Ie chiffre 1). 

Désignons enfin par D un sous-ensemble (A) non-mesurable B de 
l'ensemble parfait de Cantor p, placé sur Ie segment 0:::; y :::; 1 de l'axe Oy. 

D 'après les résultats connus de SOUSLIN et de MM. LUSIN et 

SIERPINSKI l'ensemble D est une projection orthogonale d'un ensemble H 
du type G J' , situé dans Ie carré Q . Par une contraction effectuée dans 
la seule direction de I' axe 0 x on transforme H ~n un ensemble Hn de 

1) Cette question a été posée par l'auteur en 1923 (dans sa communicaÏion à la Société 
Mathématique de Moscou). 
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points dont les ordonnées sont restées les mêmes. tandis que Jes abscisses 
1 1 

ont leurs valeurs con tenues entre x= 2n et x = 2n+ l' 

L'ensemble 

est un ensemble Gd: en effet, cp étant fermé et IJ' ouvert. ces deux en~ 

sembles sont évidemment des Gij; quant à i Hn, cet ensemble est soinme 
n = 1 

d 'une infinité dénombrable d 'ensembles Gd situés dans des régions du 
plan deux à deux séparées, il est donc aussi un ensemble G.; par 
conséquent K est somme de trois ensembles G J; il entre donc encore 
dans la même dasse d'ensembles. 

On voit de suite que tout point accessible de K situé sur l'axe 0 y 
appartient à l'ensemble parfait P. tout en étant étranger à I'ensemble D . 

Or tout point de P-D est évidemment accessible au sens étroit, de 
sorte qu'on a. pour I'ensemble K : 

Y. L= Y. Ld=P-D 

(en désignant par Y I'ensemble de tous les points de I'axe 0 y) . 
L'ensemble P-D n 'étant pas un ensemble (A) (dans Ie cas contraire 

les deux ensembles P-D et D seraient mesurables B), il en est de 
même pour les ensembles L et Ld. c. q. f. d . 



Mathematics. - "Zur allgemeinen Dimensionstheorie". By L. TUMARKIN. 
(Communicated by Prof. L. E . J. BROUWER). 

(Communicated at the meeting of November 28. 1925.) 

1. Zweck der vorliegenden Bemerkungen ist festzustellen. dass wesent~ 
liche. bisher nur für abgeschlossene Teilmengen eines kompakten metri~ 
schen Raumes bewiesene dimensionstheoretische Sätze für beliebige Teil~ 
mengen eines kompakten metrischen Raumes. also nach einem bekannten 
URYSOHNSchen Satze I). für jeden separablen 2) metrisierbaren. d .h .. einem 
in Erweiterung eines URVSOHNschen Theorems van TVCHONOFF bewie~ 

senen Metrisationssatze J) zufolge. [ür einen beliebigen regulären 1). dem 
/I. Abzählbarkeitsaxiome 5) genügenden topologisch en Raum geiten. 
Ausserdem gebe ich einen ganz neuen Satz. der die Oimensionstheorie 
beliebiger se para bIer metrisierbarer Räume auf die Untersuchung allein 
vollständiger metrischer Raume zurückführen lässt. 

2. Den eigentlichen Kern meiner ganzen Untersuchung bildet ein Hilfs~ 
satz. der nichts anderes als eine direkte Verallgemeinerung des bekannten 
HEINE~BoREL~LEBESGUEschen Ueberdeckungssatzes ist. und zu dessen For~ 
mulierung ich eine Hilfsdefinition brauche. 

Oef i n i t i 0 n. - Es sei M irgend eine im kompakten metrischen 
Raume R liegende Menge. und ':P ein die Menge M als Vereinigungs~ 
menge besitzendes System (beliebiger Mächtigkeit) van Mengen G, van 
denen jede ein Gebiet (rel. M) 6) ist. Oann soli das Mengensystem 'l} 
eine kanonische Ueberdeckung der Menge M heissen. sobald es folgender 
Bedingung genügt: 

I) "Jeder separable 2) metrisierbare topologische Raum ist einer Teilmenge eines (und 
desselben) kompakten metrischen Raumes homöomorph"; bewiesen in "Der Hilbertsche 
Raum u .s.w .... Math. Ann. 92. 

2) Separabel heisst ein Raum falls er eine abzählbare dichte Teilmenge enthält (FRÉCHET). 
3) P . URYSOHN. "Zum Metrisationsproblem". Math . Ann. 94 ; TYCHONOFF. Math. 

Ann. 95. 
i) Ein topologischer Raum heisst regulär (ALEXANDROFF-URYSOHN. "Zur Theorie der 

topologischen Räume" . Math. Ann. 92) falls jede Umgebung eines beliebigen Punktes die 
abgeschlossene Hülle einer gewissen Umgebung desselben Punktes enthält. 

5) HAUSDORFF, Grundzüge der Mengenlehre. Leipzig 1914, S. 263. 
6) HAUSDORFF, op. cito SS. 215 . u. 240. Ueber weitere Bezeichnungen und Terminologie 

siehe z. B. die Einleitung zum URYS Nschen "Mémoire sur les multiplicités Cantoriennes" 
(Fund. Math. VII, SS. 49 6i' 
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falls ~ ein beliebiger Häufungspunkt der Menge Mist. so gibt es 
eine positive Zahl e und èin zu \l' gehörendes G von der Beschaffen­
heit. dass 

M . S(~.e) c. G 
ist. 

Nun lautet unser Hilfssatz folgendermassen: 
U e b e r dec kun g s sa t z. Fa II s ei nek a non i s c h e U e b e r d e c­

kung 'ti einer beliebigen TeilmengeMeineskompaktenmetrischen 
Raumes Rvo rl i egt. s 0 is t die Men geM be reit s in endlich 
vielen Gebieten dieser Ueberdeckung en thalten. 

Durch systematische Anwendung dies es Satzes lassen sich unter wieder­
holter Benutzung der in den KapiteIn IV- VI des URYSOHNSchen 
.. Mémoire sur les multiplicités Cantoriennes I" (Fund. Math. VII u. VIII) 
dargestellten Methoden der Reihe nach folgende Sätze beweisen: 

I. Falls M eine im kompakten metrischen Raume R 
liegende Menge. und ~ irgend ein Punkt des Raumes R 
ist. so ist dim (M + ~) = dim M . 

11. Falls Rein beliebiger separabler metrisierbarer Raum von der 
endlichen Dimension n > 0 ist. so ist die Menge Kn (R) aller Punkte. 
in denen R die Dimension n hat. in sich dicht 7). 

Desgleichen lassen si eh verschiedene sonstige Sätze der Theorie der 
Dimensionskerne auf den Fall beliebiger separabler metrisierbarer Räume 
übertragen. 0 ie Men ge Kn (R) kan n i n u n s rem Fa II e all er din g s 
a u c h ab z ä h I bar se i n 8). 

Weitere Sätze (die sich immer durch Kombination der URYSOHNSchen 
Beweismethoden mit unsrem Ueberdeckungssatze und dem Satze Iergeben) 
sind folgende: 

111. Die BROUwERsche Dimensionsdefinition ist mit der URYSOHN­
MENGERschen Definition für alle metrisierbaren separablen Räume aequi 
valent 9). 

IV. Falls Rein beliebiger metrisierbarer separabler Raum 
ist. und daselbst ein höchstens abzählbares System von 
(rel. R) abgeschlossenen. höchstens n-dimensionalen Men­
gen ge geb e nis t. s 0 is t die Ver e i n i gun gsm eng e alle r die ser 
Mengen h ö e hst e n s n - dim e n s ion allO). 

7) Dieser Satz wurde für kom pakte Räume ausgesprochen von URYSOHN (e. R . 175. 
S . 442) . und bewiesen von URYSOHN (Fund. Math . VIII) sowie von MENGER (Math . 
Ann. 95). 

8) Dies zeigt sich an einer von SIERPINSKI konstruierten Menge (Fund. Math. H. S. 81); 
eine nähere Untersuchung dieses Falles findet sich bei MENGER (Wiener Ber. 133. S. 442) . 

9) Diese Aequivalenz wurde hinsichtlich kompakter sowie kondensierter Räume bewiesen 
von BROUWER (diese Proceedings 27. S. 635) ; für die ersteren Räume kann sie übrigens 
als Korollar ei nes URYSOHNschen Lemmas ("Mémoire sur les multiplicités Cantoriennes" . 
Ch. VI. § 5. lemme I. Fund. Math. VIII) betrachtet werden. 

10) Für kompakte Räume wurde dieser Satz ausgesprochen von URYSOHN (C. R. 175. 
S. 442). und bewiesen von URYSOHN (Fund. Math. VIII) . sowie von MENGER (Monats­
hefte f. Math . u. Phys. 34). 
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Aus IV ergibt sich (genau wie der entsprechende Satz im URYSOHNschen 
Mémoire. Kap. VI) 

V. leder n-dimensionale metrisierbare separable Raum lässt sich als 
Vereinigungsmenge von n + J zueinander (remden nul/dimensionalen 
Mengen darstel/en. 11) 

Da die Umkehrung von V noch von URYSOHN selbst bewiesen war. 
so ist die Dimension (im Falie wo sie endlich ist) für beliebige 
metrisierbare separable Räume urn 1 weniger als die kleinste Zahl der 
nulldimensionalen Mengen. die zum Auf bau des Raumes notwendig sind. 
Diese Zahl ändert sich übrigens nicht. wenn man eventuell auch zu­
einander nicht fremde nulldimensionale Mengen zulässt. 

Auf den Satz V fussend. kann man mit Hilfe eines LAVRENTIEFFschen 
Satzes 12) folgendes beweisen: 

VI. lede (in einem separablen vol/ständigen Raume R liegende) Menge 
Mist in einer G rJ-Menge derselben Dimension wie Menthalten. 

Aus einem ALEXANDROFFschen Satze 13) ergibt sich dann sofort 
VII. leder separable metrisierbare Raum Rist einer Teilmenge eines. 

dieselbe Dimension wie R besitzenden. vol/ständigen metrischen Raumes 
R homöomorph. 

Indem wir die dem Raume R homöomorphe T eilmenge von R durch 
R* bezeichnen. kann es vorkommen (wie BeispieIe zeigen) dass R-R* 
notwendig von positiver Dimension ist. 

Es sei hier nur auf diese Tatsache hingewiesen. an die. wie man sofort 
einsieht. interessante Problemstellungen anknüpfen. 

Eine ausführlichere Darstellung der soeben besprochenen Ergebnisse 
habe ich am 4. Oktober 1925 der Moskauer Mathematischen Gesellschaft 
vorgelegt; sie erscheint übrigens demnächst in den "Mathematischen 
Annalen". 

11) C. R. 175. S . H2, sowie Fund. Math. VlII . 
12) LAVRENTIEFF, Contribution à I'étude des ensembles homéomorphes. Fund. Math. 

VI (der Satz lässt sich unmittelbar auf in vollständigen Räumen gelegene Mengen übertragen) . 
13) P. ALEXANDROFF, Sur les ensembles de Ir. dasse et les espaces abstraits (C. R: 178). 



Mathematics. - "Über stetige Abbildungen kompakter Räume". By 
PAUL ALEXANDROFF. (Communicated by Prof. L. E. J. BROUWER). 

(Communicated at the meeting of November 28. 1925). 

1. Wir wollen im folgenden eine topologische Eigenschaft (d. h. Eigen­
schaft eines topologisch en Raumes) ei ne starke Eigenschaft nennen. falls 
aus ihrer Geltung für irgend einen topologischen Raum R folgt. dass 
sie gleichzeitig in jedem topologischen Raume R* = ((R). der ein stetiges 
Bild des Raumes Rist. erfüllt ist I). 

So sind die Eigenschaften eines topologischen Raumes bzw. kompakt. 
bikompakt. zusammenhängend zu sein. starke topologische Eigenschaften. 
ebenso wie z. B. die Eigenschaft eine abzählbare dichte Teilmenge zu 
besitzen. 

Dagegen gehört weder das 1. Abzählbarkeitsaxiom. noch. wie Herr 
TVCHONOFF durch scharfsinnige BeispieIe gezeigt hat. das 2. Abzähl­
barkeitsaxiom. noch irgendeines der Trennungsaxiome (also insbesondere 
weder Regularität noch Normalität). noch Metrisierbarkeit. noch verschie­
dene Kombinationen dieser Verhältnisse zu den starken Eigenschaften. 
Auch braucht. sogar im Falie dass die beiden Räume. Rund sein stetiges 
Bild R*. kompakt sind. keineswegs die Bildmenge F* einer in R abge­
schlossenen Menge F in R* abgeschlossen zu sein. 

Das Verhalten der topologischen Räume zu stetigen Abbildungen darf 
also nicht als ei~ selbstverständliches betrachtet werden; es bedarf 
vielmehr einer sorgfältigen Untersuchung. 

2. Ich will hier einige Ergebnisse dieser Untersuchung für den Fall 
der kompakten Räume mitteilen 2) . Es geIten zuerst die Sätze : 

1. Falls Rein bikompakter 3) topologisch er Raum und R* ein stetiges 

I) Der Ausdruck "topologischer Raum" wird überall in dieser Arbeit in dem von 
HAUSDORPP (Grundzüge der Mengenlehre. Leipzig 1914) gebrauchten Sinne gemeint. Das 
Gleiche gilt von den übrigen topologlschen Begriffen : sretige Abblldung. Abzählbarkeitsaxiome, 
Zusammenhang u.s.w. Vgl. über Bezeichnungen auch die Einleitung zum URYSOHNschen 
"Mémoire sur les multiplicités Cantoriennes". J. Teil (Fund. Math. VII. SS. 19-64). 
Man könnte auch in einem festen Raume R gelegene Mengen betrachten. und dann eine 
Eigenschaft dieser Mengen stark nennen, falls sie für jede (in R gelegene) stetige Bildmenge 
einer Menge M erfüllt ist, sobald sie für die Mcnge M selbst zutrifft. 

So ist z. B. für einen Euklidischen Raum die Eigenschaft einer Menge. eine beschränkte 
abgeschlossene oder auch eine (A)-Menge zu sein eine in bezug auf diesen Raum starke 
Eigenschaft. 

2) Eine ausführliche Darstellung der den Inhalt dieser Voranzeige bildenden Sätze erscheint 
demnächst in den .. Mathematischen Annalen" . 

3) Vgl. P. ALEXANDROPP u. P. URYSOHN. Zur Theorie der topologischen Räume. 
Math. Ann. 92. 
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Bild von Rist, so ist auch R* bikompakt und jeder abgeschlossenen 
Teilmenge von R entspricht eine abgeschlossene Teilmenge von R* 1). 

II. Die Eigenscha{t eines topologischen Raumes, kompakt und metri~ 
sierbar zu sein , ist eine starke Eigenscha{t. 

3. Die bikompakten Räume verhalten sich besonders einfach, und zwar 
lässt sich jeder topologische Raum R*, der ein stetiges Bild des bikom~ 
pakten Raumes Rist, direkt aus abgeschlossenen Teilmengen des Raumes 
R erbauen. 

Das geschieht mit Hilfe folgender Erklärung : 
DEFINITION. Die Zerlegung R = I X des topologischen Raumes 

R in zueinander {remde abgeschlossene Mengen X heisst stetig, {alls 
{olgende Bedingung er{üllt ist : es sei X o eine beliebige der Mengen X, 
und G irgend ein die Menge X o enthaltendes Gebiet. Dann gibt es 
ein die Menge X o eben{alls enthaltendes Gebiet Go von der Art, dass 
jede Menge X unserer Zerlegung in Genthalten ist, {alls sie zu Go 
nicht {remd ist. 

J ede stetige Zerlegung 

(1) R= I X 
eines topologischen Raumes R induziert einen neuen Raum R* (der im 
allgemeinen ein FRÉCHETscher H~Raum ist). und zwar erhält man den Raum 
R* indem man alle Punktejeder Menge X o zu einem "Punkte" xt identi~ 

fiziert, und als Umgebung U (xö ) die Gesamtheit aller "Punkte" x* 
betrachtet, {ür die die entsprechenden Mengen X in einem (beliebigen) die 
Menge X o enthaltenden Gebiete G (des Raumes R) gelegen sind 5). 

Es gilt nun folgender Satz: 
lIl. Ein stetige Zerlegung eines bikompakten topologisch en Raumes 

R induziert stets einen bikompakten topologisch en Raum R*. Der Raum 
R* ist dabei ein stetiges Bild van R. 

rails umgekehrt R* ein stetiges Bild des bikompakten topologischen 
Raumes Rist, so erhält man eine stetige Zerlegung 

R= IX 
van R, indem man durch X die Menge aller Punkte van R bezeichnet, 
die in einen und denselben Punkt x* van R* abgebildet werden . 

<1:. Der Satz III gilt insbesondere für kompakte metrische Räume. 
und erlaubt den Begriff einer topologischen Eigenschaft stetiger Zerle~ 
gungen eines solchen Raumes festzustellen : so kann man z. B. eine stetige 

1) Den zweiten Teil dieses Satzes habe ich zuerst nur für dem I. Abzählbarkeitsaxiom 
gentigende Räume bewiesen ; Herr VEDENISSOFF hat mich aut die allgemeine Gültigkeit 
dieses Satzes aufmerksam gemacht. 

5) So induziert z.B. die stetige Zerlegung einer kompakten Punktmenge R. eines Eukli­
dischen Raumes in ihre .,Stücke" als Raum R.* eine kom pakte nirgends dichte Punktmenge 
des Linearkontinuums (vg!. BROUWER, diese Proceedings, April 1911). 
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Zerlegung (I) eines gegebenen Raumes R n-dimensional nennen. fal1s 
der durch diese Zerlegung induzierte · Raum R* n-dimensional ist. 
Insbesondere ist folgender Satz leicht zu beweisen : 

IV. Die Zerlegung eines beliebigen kompakten metrisch en Raumes in die 
Menge seiner Komponenten ist eine stetige nulldimensionale Zerlegung . 

5. Es sei endlich folgender Fundamentalsatz erwähnt: 
V. Jeder kompakte metrische Raum ist ein stetiges Bild einer 

(beliebigen) perfekten nulldimensionalen Menge (also z. B. der CANTORschen 
Dreiteilungsmenge). 

Die Sätze II. 111 und V \iefern zusammen das folgende Ergebnis: 
Einen kompakten metrischen Raum definieren. sagt genau so viel aus. 

wie eine stetige Zerlegung der CANTORschen perfekten Menge angeben . 

6. leh möchte zum Schluss auf folgendes Problem hinweisen. Es scheint 
sehr plausibel zu sein. dass jeder kom pakte metrische Raum. für den 
eine stetige nul1dimensionale Zerlegung in höchstens n-dimensionale 
abgeschlossene Mengen vorhanden ist . auch selbst höchstens n-dimensional 
ist. Zufolge des Satzes IV würde die positive Lösung dieses Problems 
u. a. bedeuten. dass jeder n-dimensionale kompakte Raum ein n-dimensio­
nales Kontinuum enthält. was eine URYSOHNSche Vermutung. die für die 
gesamte Dimensionstheorie von grosser Wichtigkeit zu sein scheint. 
beweisen würde. 

Man könnte natürlich auch weitere Probleme an die obigen Entwicke­
lungen anknüpfen . 

Zusatz bei der Korrektur. Wie ich soeben ersehe. behandelt Herr 
R. L. MOORE in seiner Arbeit: "Concerning upper semicontinuous col­
lections of continua" (Amer. Trans. 27 (1925). pp. 416-428) einen 
Begriff. der sich mit dem obigen Begriff der stetigen Zerlegung für den 
Fal1 metrischer Räume mit Kontinuen als Zerlegungseinheitenl im wesent­
\ichen deckt. Da aber Herr MOORE sich a. a . O . auf ebene Kontinua 
beschränkt. so kommen seine Resultate mit den meinigen nicht weiter in 
Berührung. 



Mathematics. - "Ueber Zedegungen kompakter metrisch er Räume in 
zueinander {remde abgeschlossene Mengen." By L. TUMARKIN. 
(Communicated by Prof. L. E. J. BROUWER). 

(Communicated al the meeting of November 28. 1925.) 

Herr P. ALEXANDROFF hat den Begriff der stetigen und insbesondere 
der stetigen nulldimensionalen Zerlegung eines kompakten metrisch en 
Raumes in zueinander fremde abgeschlossene Mengen I) eingeführt und 
ein sich dazauf beziehendes Dimensionsproblem 2) aufgestellt. Im folgenden 
will ich die positive Lösung dieses Problems mitteilen. Es handelt sich 
also um den Beweis des folgenden Satzes: 

I. FaUs eine stetige nul/dimensionale Zedegung des kompakten metri~ 
schen Raumes R in zueinander {remde. abgeschlossene. höchstens n~ 
dimensionale Mengen X vodiegt. so ist der Raum R höchstens n~ 
dimensional. 

Der Beweis dieses Satzes stützt sich auf folgenden Hilfssatz: 
Es sei L ein separabler metrischer nulldimensionaler 

Raum; 
{/>I ' {/>2 ••••• {/>. 

ei n S y s tem v 0 n z u e i n a n der fr e m den. i n Lab ges c h los sen e n 
T ei! men gen des Ra umes L; end lich. 

G~. Gg . ... . G~ 

ein System von Gebieten (rel. L). die so beschaffen sind. 
dass 

• 0 0 L = I Gm und Gm ::::> {/>m (für alle m. 1 ::;; m::;; s) 
m= 1 

ist. Dann lassen sich .s zueinander {remde. den .B e din gun gen 

genügende Gebiete (rel. L) bestimmen. 
Nachdem dies er Hilfssatz bewiesen ist. betrachten wir den durch die 

gegebene Zerlegung von R induzierten. aus Punkten x* -- X gebildeten 
kompakten nulldimensionalen Raum R*. 

Es ' sei nun E eine beliebi~e positive Zahl. und X eine beliebige der 

I) P . ALEXANDROPP. "Ueber stetige Abbildungen kompakter Räume". im gleichen Band 
dieser Proceedings. S . 997. Es sei auf diese Arbeit auch wegen Terminologie und Bezeich­
nungen hingewiesen. 

2) Siehe die unler I) zitierle Arbeit. namentlich § 6. 
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Mengen. in die R zerlegt ist. Es existiert 3) eine (E. n + 1)~Überdeckung 1) 

(1) 1 2 kX W X • Wx ..... Wx 

jeder Menge X. und eine positive Zahl 0 x. die so klein ist. dass das 
Mengensystem 

(2) S(W~. ox) . 1 ~ i ~ kx 

von der Ordnung ~ n + 1 ist 5). und ausserdem c) IS(W~. ox)! < E bleibt. 
Es sei X o eine beliebige der Mengen X. Wir bezeichnen durch Gx: 

das im Raume R* gelegene Gebiet. das aus allen denjenigen x* gebildet 
ist. denen in S (Xo• oxo) enthaltene Mengen X entsprechen. 

Der ganze Raum R* wird dann durch endlichviele Gebiete Gx* über~ 
deckt. Es seien 

G x* , G x* , . .. , G x" , 
I ~ !f 

diese Gebiete. Indem wir die Gx~ . 1 :::; i :::;:: s. als GO und die Punkte , .. , 
x7 als ([>i des Hilfssatzes betrachten. und diesen Hilfssatz anwenden. 
erhalten wir in R* die Gebiete 

• G7 , G~, ... , G: , 
die zueinander fremd sind und den Bedingungen 

x7 c G7 c G x * (I ~ i ~ s) , 
genügen. Die G7 sind ab er gleichzeitig in R* abgeschlossen. Die ihnen 
entsprechenden Mengen Fi c R sind also in R abgeschlossen und zuein­
ander fremd. Ausserdem ist 

X i cF; C S(Xi .ox J 

Indem wir durch Fik die Mengen 

F;k = F; . S (([>'Xi . 0 x). 1 ~ k ~ kxj • 1 ~ i ~ s 

bezeichnen. erhalten wir. wie leicht ersichtlich. eine (t. n + I)-Überdeckung 
des Raumes R (mittels der Mengen Fik)' Da E beliebig klein genommen 
werden konnte. ergibt sich unser Satz 1 direkt aus einem URYSOHN­
schen Satze. 5) 

Aus dem Satze 1 und einem Resultate Herrn ALEXANDROFF' s 6) ergibt 
sich nun sofort folgende Lösung eines vorhin von URYSOHN gestellten 
Problems : 

11. leder endlichdimensionale kompakte metrische Raum enthält ein 
Kontinuum von der gleichen Dimension. 

3) Siehe hierzu das Kapitel V des URYSOHNSchen "Mémoire sur les multiplicités Canto­
riennes" (Fund. Math. VIII) . sowie den einschlägigen Aufsatz von MENGER (Monatshefte 
für Math. u. Phys. 31). 

i) Eine (E. n+l)-Ueberdeckung der Menge X ist ein Mengensystem (I). wobei die 

cf>~ ( I :::s. i:::s. k x) abgeschlossen. und so beschaffen sind. dass 

kX 

I W~= X. <5 (W~) < E. 
,= 1 

ist. und es keinen Punkt gibt. der mehr als n+ I unter den Mengen (I) angehört . 
5) Vgl den unter 3) zitierten URYSOHNschen Mémoire. 
6) Die unter 1) zitierte Arbeit . Satz IV. 
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