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fluences from wifbouni, i sfood fo reason [for me lo try whether
these data werc fo be used for the identification of blood-spots.

Now I have (iest dried some drops of blood from differen{ animals
(horse, cattle, rabbit) upon small pieces of linen, then extracied
them by means of salt-solution and injected the exiract subentancously
into guineapigs in quantities equal to one drop of blood per animal.
After (he lapse of ihe usual incubation-stage of 12 ov 14 days or
longer the animals —- as was indeed to be expected — had become
hypersensitive 1o an intraperitoneal injection of 4 or 5 cM.’ of the
corresponding serum, and that in a quite specific sense. A guineapig
e.g., which has been sensitized with the extvact from a cowbloodspot,
and does not in the least react upon an injection of 5 c¢M." of horse-
serum, 1s as sensitive to an injection of the same quantity of cow-
serum the day after, as a lest-animal — likewise sensitized with
extract from a cowbloodspot — bul which previously has nol been
tried with another serum.

Then I have also anaphylactised guineapigs wifh the extract from
spots of human blood. Now as for trying these animals in the sub-
cutaneous or intraperitoneal way rather a great deal of human serum
would be necessary, I have examined them upon hypersensibility in the
intracerebral way or by preference by intravenous injection. Thus
they can very well stand '/, c¢M.® of serum [rom horse, cattle or
rabbif, but the same cuantity of human serum, injected into the
carotis, kills these animals certainly within a few minales.

1 am busy continuing this investigalion, in the hope of rendering
the method simpler and more practicable. Meanwhile T have already
now inlended fo point oul the principle of this method, because 1
think it may perbaps find a place by the side of the well-known
methods of judicially medicinal investigation of blood.

Physics. — “Researches on the Jovtu-KerLvin-gfject, especially at low

temperatures. 1. Coleulations for hydrogen.” By J. P. DaLrox,

© M.A, B.Sc., Carnegie Research Fellow. Communication N°. 109¢
from the Physical Laboralory, Leiden.

(Communicated in the meeling of March 27, 1909).

§ 1. The present calculatious form part of a research which was
undertaken ') with a view to devising an apparatus for determining
the Jourz-Kinvin-eflfect obtained in expanding helium at the temperature
of liquid hydrogen, and thus to lead lo sowe decision regarding the

1} The beginning of ke research was alveady referred to in Gomm. N¢. 108
{Proc. Aug. 1908),
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possibility of liguefying helium — an open question at that time.
To test the apparatus, expansion experiments were first to be made
with air at ordinary temperatnre, and with hydrogen at the temperature
of liquid oxygen; but in the construction of the apparatus it had
always to be kept in view that it was eventnally to be used in
liquid hydrogen. Preliminary experiments showed thai the apparatus
in its original form did not give a true JouLe-KeLvin-effect, and thus
led to a special investigation of the thermodynamics of expansion
through a valve and how a valve apparatus has to be arranged so
that the enthalpy ') before and after expansion remains the same.
The results of this investigation will be published in this and following
communications, for they lose none of their interest by the circum-
stance that the original object of the research has been disposed of
by the liquefaction of helium. *)

§ 2. Since the experiments of Joure and Krrnvin?®) of 50 years
ago very little experimental work upon similar expansions of gases has
been published. This lack of confirmation is rather surprising when
we consider the importance of the Joure-KELVIN experiments in gas-
thermometry and the frequency with which their results are employed
in various theoretical thermodynamical investigations. With the
exception of some rough experiments by Reenavrr*) upon various
gases, and the work of E. Naranson®) and Ksster °) upon CO,, no
farther measurements of the JouLe-Kenvin effect seem to have been
made. REeNAULT did not obtain results sufficiently definite to lead to
any theoretical conclusions, and the results obtained by the other
experimenters are not in agreement.

$ 3. Although Joure and KELviN began their experiments by
allowing the expansion to take place through a small aperture, they
soon abandoned that form of apparatus, and used instead a porous
plug so as to ensure, by friction in the plug, the immediate conver-

1) This name has been suggested by Kameruineu Onnes to indicate the function
(e +pv) — the “Heat function” of Gmss. H. L. CatLexpar (Phil. Mag. [6]. 5.
p. 48. (1903)) calls this expansion “Adiathermal”.

%) H. Kameruinge Osnes: Comm. Phys. Lab. Leiden. NY. 108. (Proc. June 1908).
3 Joure and Kewvin: Phil, Mag. [4]. 4. p. 481. (1852); Phil. Trans 143. p. 857.
(1853); 144. p. 321. (1854); 152, p. 679. (1862).
+) V. Reenvavurt: G. R. 69. p. 780 (1869).
§) E. Naranson: Wied. Ann. 31 p. 502 (1887).
%) 1", E. Kester: Physik. Zeits. 6 p, 44 (1905).
’ Phys. Rev. 21 p. 260 (1905).
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sion inlo heal of the cnergy generafed, and also to ensure thal the
expanded gas should issue in a “quict {ranquil stream without jets
or rapids”. (See § 6, note 1). Naransox and K=ster also used a
porous plug.

More recently Otszrwski has determined “inversion-points” for
various gases, and has returned (o the original reduction-valve form of
apparatas; but while Jours and Kxuviv’s highest initial pressure was
not greater than 6 atmospheres, OLszEWskI expanded from considerably
higher pressures. Since the apparatus to be used in my research
resembled that used by Ouszewski, a careful examination of his
experimental results and of the criticisms concerning them which
have been published was necessary.

§ 4 Onszewskr's first determination ) was of an “inversion-point”
for hydrogen. This result was subsequently used by PorTEr*) as a
means of discriminating between the validity of certain equations of
state. Later Orszmwskl investigated *) the dependence of inversion
temperature upon initial pressure in the case of aw and nitrogen,
and found that the inversion temperature decreased with falling initial
pressure. The results of this research have been criticised in a
theoretical investigation recently published by Hamirron Dicksox. *)
Dickson reached the conclusion that Orszewskr’s experiment differs
fundamentally from that of JouLr and Kurnvix. This difference he
attributed (o the different kinetic energies possessed by the gas in
the Orszrwski experiment before and after expansion. It will be shown
in a subsequent paper that conduction of heat and loss of pressure
in OrszewsKl's experiments are probably much more important factors
in the vesult than the change of kinetic energy.

§ 5. Dicksox’s criticism was based upon calculations made from
vaN DEr Waars’s equation of state, but, as this equation is not
quantitatively correct, the results obtained are of doubtful value.
But if we calculate from the real isothermals of the experi-
menral gas, we ought to oblain close correspondence between the
calculated and experimental values of the JouLe-Krrnvin effect, in
so far as no uncertainty is introduced by errors in the experimental

1) K. Ovszewsgr: Phil. Mag. [6). 8. p. 535. (1902).
. Ann. Phys. 7. p. 818. (1902).

%) A. W. Porteg: Phil. Mag. [6]. 11. p. 554 (1906).
% K.Orszewskl: Phil. Mag. [6]. 18. p. 723 (1907).
4) 1. D, Hamwron Dickson: Phil. Mag. [6). 15. p. 126. (1908),
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data. To ecffect such calculations Kamerixen Onnes ') has given
empirical equalions ol state, which, tf specialised for the experimental
gas, and, if necessary, beitween definite limits of temperature and
pressure, represent the actunal isotherms of the gas to the limits of
accuracy of the observations, and in a form easy io manipulate. In
this equation the product pv is expressed as a series of five powers
of the density; thus
¢

B L E r
pr=A4+—F S+ S+ <+ . . (D)
] U v v kY

where p is expressed in atmospheres, v in termns of the theoretical
normal volume as unit, and the “virial-coefficients” 4,7,C, ete., are
caleulated as functions of the {emperature from the experimental
isotherms of the gas in question, in conjunction with the isotherms
of other substances which are brought into relation with the one
investigated by means ol the law of corresponding states. On this
account the equation is usually given in the so-called reduced form:
¢ D ¢ B

B
20 =AU | — — . 2
i +2v+2"’v"'+2.“‘n‘+)."D"+).“v“ )
7y
where 2 is equal 1o , »and v the reduced pressures and volumes
Plon
respectively, and
y A B ¢ ¢ ;
W= VD= p1; 0 = —— L7 ete.
AT T

§ 6. 1f the two following experimental conditions arve fulfilled, viz. :

1. that the difference between the kinetic energies of the gas
before and after expansion is negligible; and

2. that the conduction of heat from the apparatus to the expanding
gas is also negligible;

then the expansion process will be represenied by the equation

&+ p =8 Fpo, - - . . . . . (3)
(where ¢ — internal energy of the gas, and the subscripts 1 and 2

refér to the initial and final states respectively) quite independently
of whether the expansion has taken place through a valve or a
plug *), or from a high or low initial pressure. Equation (3) repre-

1) H., KamerLingd Onwes: These Proc. June 1901, and Arch. Néerl. S. 11, T. VI,
1991, Comm. Phys. Lab. Leiden. No. 71 and 74.

%) In expansion through a valve, since in parts of the jet the kinetic energy
temporarily reaches values which are not negligible, intermediate stages of the
process are not characterised by equal values of the enthalpy; in expansion
through a plug the process, if it agrees with the theoretical suppositions, becomes

isenthalpic.



[ 867 )

+ . . . . u
senling an expansion  which is characterised by erual values of
enthalpy in the initial and final sfates may by the usual methods’)
be transformed into

_ e
C.(T,—1T, = r ],J —pldv + pyry—pv, - o - (4)
07 ),
ny
P2

- , e ,
gty (o) =]w - ®

n
cC(r,—1)= f Cdr.
2

or

where

Since 7' and 7, never differ much in value, and since, in any

case, C varies very slowly with temperature, the difference between
C and C must be extremely small.

For the present calenlation equation (4) seems at firsi sight more
directly applicable than (5), but the evaluation of », would necessitate
the use of successive approximations; il is, therefore, betler to use
equation (5). For this purpose, the following transformation, valid
as long as excessive densities are not reached, may be applied to
equation (2); this equation may be wuritten in terms of reduced
pressure as '

2po = AL) 4 B(ryp 4+ EWp? + Dpp* 4 EWlpt + ete. . (6)

if
\ - Ap) =A . . . . . ... @)
B
%(”) jmeng —)I . . - - . . . . . - . . (8)
. EA—?
Q(I') prwy e (9)
=) 2% —3 ABE 10
A = — (10)
DU 5 B —2 A2 L10ARNE
C») = ,[ 2110 (11)
ete. U

Equation (5) in reduced magnitudes becomes

[

Co (T, —T) =— 14 lf[t (%3{) — »1 dy . . . (12)

i1

1) See: J. P. Kuenen Die Zuslandsgleichung, pp. 106—9 Vieweg 1907.
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Since
Jd o = 0 1
tdt-—J__ coe e e e e e (13)
equations (12) and (6) give the relation_
- . Ty dg ()
CRPRPE g _mzo»)@l_p (g0 Yoo
i aD'e
—_— p—} (/ 3—— 3 t . . .
+3pk( o Dl’)(p1 p.’) -+ ete (14)

Hence, if we return to the original coefficients by means of (8),
9), (10), (11) and (13), we obtain an expression for the heal-effect
in terms of the virial-coefficients, and the initial and final pressures;
and if the expansion takes place against atmospheric pressure, this
relation becomes

dd
f —ci) — 2% T
(1,—=1) a0 = (p,—1) +
b /p Pk
d€ dB
p) — —3€ ) —2% — — 2%
A (t a ) (t ar ) 7, )
+ , 2y, Cp}h(pl +
ad ag
3 (t _dg — 2’25) (2®B*— AC)—3AD ( ( T 3@:) T
. £ k 5
e —1
+ 3215pk.‘1 Cpp/c (pl )+
a% a€ i i)
20(r—-—2”‘)(’31%€—2)3)+(£—~3@)(10212)“—4‘21’Q)-|-’313(t-———5®)
. dt dt di
N 4 47p)
T
== (p,'—=1 . . . . . (15)
Cp

which is the equation to be used m calculating the heai-effects.

§ 7. As a first example I have taken hydrogen, and from equation
(15) have calculated the heat effects produced when hydrogen is
expanded against atmoopheric pressure under various conditions of
initial temperature and pressure. The values of the virial-coefficients,
specialised to fit the isotherms of KaMerriNeH ONNgs and Braax 1)
down to —217°C. and not yet published, were kindly placed at
my disposal by Professor Onngs. These coefficients are

Y H. Kaugrung Onngs and C. Braak: Comm. Phys, Lab, Leiden. No’s 95—101.
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A = 0-0036618 ¢ \

1
10° B — 168-982  — 435:381 — 722-848 —t— —+

1 1
-+ 420-696 -~ — 118456 —
t té

1
10" € = 50-3923 t 4 131-386 - 131-2531 n -+ (16)
1 1
+ 199-2748 o 50-6347 m

1
101D = 434:680 t — 131-462 — 903-004 " +

1 1
~+ 367-7055 ol 178-5625 m '

The values of the critical constants used in the reduction were
pr =15 atm. and 73 =29° abs.; but as the reduction is ultimately
reversed the accuracy or otherwise of these constants is immaterial.

The Wipsmany value of C,=3.41 cal. has been used. An estimate

of the change of C, with temperature was obtained by combining
equation (2) with the well-known thermodynamical relation
,Op Op

C,— Cy=1 57,37, (17)
and regarding C, as independeni of the temperature. ) This showed
that down to —190° C. the variation in C, at 1 atm. was less than
1°/,; hence it appeaved that a sufficiently high degree of accuracy
was reached by retaining the consiant value 3.41 throughout these
calculations.

For the calculations four terms of equation (2) were found suffi-
cient, for the greatest inlluence of the D-term on the values shown
in Table T of 7'—7, at 100 atm. pressure was not greater than
0°.15. Table I?) contains the resulls of the ealculations; from il has
been construcied the series of (17—7,, py—1)r=(mst curves shown
in fig. 1 and also the series of (7\—7,, 11)p = const. CULVes of fig. 2.

Y CGf. A, W. Wirkowskr: Bull. de I'Acad. d. Sciences de Crac. Oct.-Nov. 1895.

The comparalively gieat change of Cy and C, with lemperature deduced by
H. i Coarsucr and E, Mawwarp. (Séane. Soe. de Phys. p. 308. (1888)) from ex-
periments at high temperalures cannot be applied to low temperatures without
further investigation.

2) The calculation is mnot extended beyond (he limits of density at each
temperalure at which powers higher than those occurring in (15) must be laken
into account.

i
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£ o= 10
Tabs= 290
PC= 17
(py—1) atm.
1 —0.0%
5 — 0198
10— 029
920  — 0.526
30— 0.799
40— 1.080
30  — 1.367
60  — 1.662
70— 1.963
80  — 2970
90  — 2.58
100 — 2.904

— 0.001
— 0.006
— 0.016
— 0.049
— 0.100
— 0.166
— 0.249
— 0 347
— 0.460
— 0 587
— 0.729
— 0.885

T, — Tp

- 0.006
4+ 0.098
+ 0.051
4- 0 081
+ 0 092
+ 0 083
+ 0 056
4 0.011
— 0.052
— 0.432
— 0299
— 0343

+ 0.015
+ 0.071
40135
+ 0.247
+ 0335
=+ 0 400
4 0.444
4 0 467
+4- 0.468
1 0.450
+ 0.413
4 0.856

—198

-+ 0.037
+ 0.180
+ 0.351
-+ 0 668
+ 0.951
4 1.900
+ 1.418
+ 1.003
+ 1737
4 1.881
+ 1.976
- 2.043

+ 0.073
-+ 0.361
4071
+ 1.871
+ 1.991
+ 2 538
+ 8.044
+ 8.497
+ 3.897
1 4,945
+ 4 544

+ 4.793

+ 0.141
+ 0.608
+ 1.382
+ 2.694
+ 3.931
+ 5073
+ 6.108
+ 7 023

+ 0.99¢
4 1.466
+ 2.951
+ 5.957
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§ 8. Considering the @ of his equation as a function of the tem-
perature, VAN DER Waars') deduced the following expression for the
Joure-KeLvin effect :

42

x 213 - {2f(Tl>—T1f'(T1)}—RT‘Z] .. as)

Uy —

o
hi—T= m(,
and drew attention to the fact thal ‘“at a given value of 7 we
may give p, such a value that the cooling has a maximum value”.
The foregoing calculations, the results of which are embodied in
Table I, lead 1o the same conclusion, and show that as the initial
pressure increases, the cooling effect (if any) increases, reaches a
maximum, diminishes, and finally at high pressures (aslong as t,™>1)
changes into a heating effect. They show moreover that except in
the neighbourhood of temperatures determined by the relation
B
dt

or at very high pressures, the subsequent terms of the right-hand
member of equation (15) are very small compared with the first,
and it is therefore only under these circumstances that the progressive
change from cooling to heating could be experimentally realised;
but if the critical pressure of {he gas 15 low, as in the case of
hydrogen, high reduced pressures ave easily atlainable, and these
changes become of importance. In fact, this warming effect obtained
in expansions from high pressures explains the fact thal Travegs?)
found hydrogen “a perfect gas down {o very low lemperatures’”;
for, in his eaperimenls expansions were made from the comparatively
high initial pressure of 200 atm. And in this conneclion it is also
worth remarking that in the liquefaction of helium Kaymrriner OnNes®)
found that if the expansion pressure exceeded a certain value, the
expanding gas no longer showed a cooling effect. The curves (fig. 1
and 2) further show ihal al lower pressures and at temperatures
not in the neighbourhood of those defined by equation (19), the
cooling effect remains practically proporrional Lo the pressure-difference,
and decreases in magnilude as (he temperature of the compressed
gas is increased. It was under conditions such as these that the
Joure-KuiviN experiments were carried out, and their results embodied
in their well-known empirical equation

ft——29=0. . . . . . . . (19

) J. D. van pER Waaws. Proc. Kon. Akad. van Wetens. Amsterdam 1L p. 379.
(1900).
% Morris W. Travers : Experimental Study of Gases; p. 197 (1901).

3 loc. cit.

-10 -

o e o e
ey

1

I
|
I




( 872)

T, — Tz:%(pl—pz) Y 1)
are in agreement with the foregoing conclusions. The value of 4
for hydrogen at 4+ 5° C. was given by Jourr and Krrvin as — 0.03
which is somewhat greater than the above calculated value of
—0.023; but numerical non-correspondence is in this case of no
great importance seeing that Jourr and Kervin’s results for hydrogen
were very irregular, and the authors declared them to be less trust-
worthy than those obtained with other gases.

§ 9. With regard to “inversion-points”, it is at once evident that
the inversion iemperature is a funetion of the initial pressure, and
that it does not reach the value 7%, = 77} (see table I). From the
curves of fig. 2 have been read the following inversion temperatures
corresponding with various initial pressures.

TABLE IL
Pressure-difference Inversion temperature.

1 atm. — 72°.6C.

5 —173 .2,
10 — 74 1,
20 , — 75 .8,
30 ,, — 77 .8,
40 —79 9,
50 —81 .9,
60 —83 .6,
w0 o, - —85 .9,
80 ., — 88 3,
90 —90 .0,
100 ,, —91 .7,

Thus the relation between inversion-temperature and pressure-
difference is practically linear (fig. 3), and with increasing initial
pressure the inversion temperatmre falls. If we extrapolate the above
table we oblain for a pressure of 115 aim. an inversion temperature
of —95°C.. where Orszrwskl found —80°.5 C. It is worth noting
that Naxanmura?) calculating from Ruiveanum’s equation of state found

1) S. Naxamura : refer. Journ, de Physique (4). 2 p. 704. (1908),

-11 -
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a value of —79° C. for the inversion point; but in his calenlation
he seems to have taken no account of the influence of initial plessme
and his result is valid only for 1 atmosphere.

The results obtained hy Orszewskr for air and nitrogen are in
marked contrast to those here obtained for hydrogen. The diagrams
by which he shows graphically the relation between inversion-
temperature and pressure, are lines that are strongly curved, and
they exhibil, moreover, an inversion temperature increasing with
increasing initial pressure. The calculations given above throw some
doubt upon these results. For Joure and Kenvin found for air at
ordinary temperatures a linear relation between cooling-effect and
pressure difference; this, compared with the foregoing result for
hydrogen at — 215° C. renders it highly probable that air and hydrogen
follow the law of corresponding states in the JouLp-KrLvix effect,
as was to be expected from the facts that their equation of state
follows that law, and that both gases arve bi-atomic without any
chemical complication in the molecule?).

Keeping in view this thermodynamic similarity of hydrogen with air
or nitrogen it may be inferred from equations (4) or (5) that the
inversion temperature curves for all three gases must have the same
general properties, and exhibit a relation between inversion temperature
and pressure approximately linear; and it can be seen that the small
ancertainty in the changes of specific heat with temperature for the
different gases cannot account for Ouszewskr's finding an opposite
effect of initial pressure.

Thus we must conclude that expansion through a reduction-valve
of the same construction as thal used by Ovrszewskr does not satisty
the conditions embodied in equations (3) and (15) governing a
process at the beginning and end of which the enthalpy has the
same value.

A subsequent paper dealing with the experimenial portion of this
research will show that the cause of this discrepancy can lie in the
conditions under which the expansions in OLszEWSKI’s experiments
were carried out.

) Gf. H. KameruwveH Onsnes: Zilt, Versl. Januari 1896, Comm. Phys. Lab. Leiden,
No. 23.

Danier BertreroT : Journ. de Phys, Mars (1903); and
Epear BuckingHam : Bull. Bur. Stand. (8). 2. (1907).

59
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