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Anatomy. -— “On the Metamorphosis of Amphiozus lanceolatis”.
By Prof. J. W. vax WinE.

(Communicaled in the meeting of April 25, 1918),

Amphioxus still continues to be one of the most interesting objects
for the morphology of vertebrates, though the time is past in which
he was almost considered as their ancestor. It is now pretty well
generally admitted, that Amphioxas is not the grandfather of
vertebrates. It has appeared that his oiganisation deviates so strongly
from what must be regarded as the original type, that some morpho-
logists do not take him for a genuine grand-father, but for a step-
grand-father, who, in reality, does not belong at all to the family,
and only confuses its relations.

There have been morphologists, and perhaps there are still some,
whose theories appeared to be so much at variance with the orga-
nisation of Amphioxus, that they have proposed to strike him out
from the group to which vertebrates belong, and if they had been
able would willingly have brought him back to the group of snails,
to which P.rras in his time supposed him to belong, and for that
reason gave him the name of Limax lanceolatus.

Though these investigators could not deny, that Amphioxus is

affined to vertebrates, in order to save their theories, they were

obliged to declare, that this relation is such a distant one, that it
is certainly not necessary to make allowance for lis organisation.

When however this organisation, both anatomically and embry-
ologically '), became better known, it appeared more and more
that Amphioxns shows indeed in many respects a very primitive
organisation, which must be taken as point of issue for that of the
higher vertebrates, whilst it presents, in other respeets, such pecunliar
phenomena, that these must doubtlessly be regarded as deviations
from types, that are represented among vertebrates.

1 shall by-and-by discuss one of the most remarkable deviations.
It is the placing of the mouth and the gill-slits in the larva before
the metamorphosis.

1y How slowly our knowledge in this respect increases may appear from the
fact, that the celebrated morphologist Barrour was in 1882 still of opinion that
Amphioxus should possess no ventral nerveroots, -whilst, with regard to the
dorsal nerve-roots, one is still searching where the cells lie, which, in vertebrates,
form the spinal ganglia. I have discovered under the atilal-epitbelium that covers
the liver, the intestine and gut an enormously large number of splendid multipolar
ganglion-cells, whose axis-cylinder runs along the dorsal nerverools to the
spinal cord.
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After the expiration of the embryonal period one distinguishes
three stages in the development of Amphioxus: 1°t the stage of the
larval growth; 2nd the stage of the metamorphosis; 3'4 the stage
of the postlarval growth. .

At the beginning of the firsi stage the larva is 1 m.m. long; at
the end of it it has reached a length of between 4 and 5 m.m. At
the beginning of this period only the first gill-slit is formed, behind
it are gradually developed a second, a third ctc. till a number of
14 to 16 is reached. All these gill-slits belong morphologically to
the left side of the body; those of the right side appear only in
the period of the metamorphosis. During the stage of the larval
growth constantly new mascle-segments (myotomes) are added to
the posterior part of the body, but at the beginning of the meta-
morphosis this number is already complete. The animal is then
only 4 to 5 m.m. long, but it posesses already the complete number
of 60 muscle-segments with the nerves appertaining to them, which
are also found in the full-grown animal which is almost a finger long:

During the comparatively long time of the metamorphosis, which
is divided by WiLLey into 8 subdivisions, astonishing changes take
place, not so much in the nervous or muscular system (with the
exception of the gill-muscles), but especially in the shape and the
placing of the mouth and of the gill-slits.

The animal does not grow during the metamorphosis, for its
length amounts, both at the beginning and at the end, to between
4 and 5 m.m.?). Differences in length do not indicate here a further
development. A larva that is half a millimeter longer than another
needs not be older than the latter, but is often younger. It has even
appeared to me that, during the first half of the metamorphosis, the
length rather decreases somewhat than increases, but the individual
differences are too numerous to state this phenomenon as certain. I
am of opinion, that the fact that the larva does not grow during
the metamorphosis, must be attributed to its not taking food during
this period. Presently I shall revert to the grounds of this.

Before the metamorphosis both the mouth and the gill-slits lie
perfectly asymmetrically ; the mouth does not le medianly and
ventrally as with all vertebrates, but on tke left-side of the body,
and of the gill-slits is only the row of the later left-side extant.
They behave very curiously, for they do not originate on the left-side,
but apparently in the median plane, whilst the foremost of the

1) Larvas from the neighbourhood of Messina are during the metamorphosis still

smaller. According lo the statements of the authors Lheir length amounts lo an
average only lo 31/, mm.

37*
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row soon remove temporarily to the right-side of the larva. They
open freely outward and not in a gill-cavity or atrium, which is only-
formed during the metamorphosis by the fusion of a longitudinal
fold, which has formed itself, during the larval growth period, on the
left-side of the body over the gill-slits with a similar fold, which has
developed itself on the right-side of the body.

During the melamorphosis appears likewise the right row of the
gill-slits — 8, rarely 7 or 9, in number — which do not open dirvectly”
outward but in the gill-cavity. The slits of the left side, which lLad-
temporarily removed to the right side, return now to the side to
which they belong.

[ can confirm WiLtey’s observation, that the first left gill-siit
aborts, and that also the 10% to the 16t disappear during the
metamorphosis. At the end of the metamorphosis the young animal
is then symmetrical with regard to the gill-slits, and there are 8 of
them on the left-side corresponding with the eight on the right-side.
It is of secondary importance that the symmetry is somewhat oblique;
every left gill-slit does not lie exactly directly opposite the right
one, but half the width of the slit more vostral. A siniilar oblique
symmetry is likewise shown by the nerves and muscles of the body
of the left-side compared with those of the right-side of the animal.

With the exception of the foremost slil, which remains undivided,
as long as the animal lives, each slit is divided into two parts, in
a longitudinal direction, by a clasp or “tongue” growing from the
dorsal vim, till it reaches the ventral rim with which it foses.

Direcily after the metamorphosis the animal possesses thus, both
on the right and on the left side, a 1ow of 8 (varely 7 or 9) gill-slits.
During the rapid growth that follows now, this number regularly
increases during the whole life-time of the animal, because constantly
a new pair of slits develop” themselves at the hindmost part of the
gill-basket.

But afier the metamorphosis the mouth®) seems to be a symmetrical -
organ; it is no longer sitvated distinctly on the left-side of the body
as in the larval growth-period, but more ventrally and almost halved
by the median plane as with all vertebrates.

The symmetrical placing of the gill-slits is real; since 1893 I have
demoustrated however that the symmetrical placing of the mouth of
Amphioxus is only so in appearance. In reality the mouth, also of
the full-grown Amphioxus, is an organ of the left-side; for ilsinner
parietes are exclusively provided for by nerves of the left-side, and

1) Not to be mistaken for the mouth of Lhe larva, see Lhe conclusion of this arlicle.
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its musecles belong all to those of the left-side. No nerve and no
muscle of the rigut-side takes part in the provigion of the mouth-cavity.

Here we are in the presence of a remarkable plhienomenon: The
mouth of Amphioxus, as organ of the lefi-side, cannot be homologous
with the unpaired mouth of vertebraies always developing symme-
trically, and we must surmise that on the right-side of the young
larva a similar organ as the mouth, a counterpart of it, is found.
This organ’is, as I indicated a long time ago already, the so-called
club-shaped -gland and the mouth together with this gland form
morphologically the first pair of gill-slits of the Amphioxus-larva.

Instead of gill-slits, it is more correct to speak of gill-pouches,
for in all vertebrates, without any exception, a gill-slit is formed,
because a pouch-shaped projecling part of the gut reaches the epidermis,
fuses with it on that spot, and afterwards splils to the oufside.
With Amphioxus this is exactly the same; here also is every gill-slit
formed as a pouch-shaped projecting part of the gut, and splils
afterwards — before the metamorphosis — to ihe outside, after the
beginning of the metamorphosis, towards the gill-cavity (the atrinm).
The epithelinm of a gill-pouch can partly differentiate to glandular-
epithelium, in this way e. g. in all vertebraies the thymus if formed,
a glandulous organ, from {he epithelium of some gill-pouches.

The club-shaped gland possesses all the essential distinctive pro-
perties of a gill-pouch; it is formed on the right-side of ihe body
as a projecting part of the gut, which opens afterwards {o the
outside and possesses then two openings one inside in the pharynx,
the other to the outside. .

Though the greater part of its epithelium has differentiatod into
glandular epithelinm, I found however laterally from it a ring-
shaped strip of ciliated epithelium, corresponding entirvely to that
of the other gill-pouches.

The outside opening of the club-shaped gland is in the beginning
placed near to or in the median plane; aflerwards it removes in
front of the mouth to the left-side of the body. This is again one
of the remarkable phenomena of asymmelry in the larva of Amphi-
oxus, the explanation of which I intend fo give in my defailed
paper 1), as it would lead me oo far lhere. The club-shaped gland
disappears in the course of the melamorphosis, and docs nol leave
any veslige behind.

Has the mouth of the Amphioxus-larva originally also been a
gill-slit? In my opinion there is no doubt about it. Tt is frue that

1) This paper was offered last winter te he published in the lransaclions of
the Academy.

-10 -
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it does not originate as a pouch-shaped projecting part, but this is
impossible, becanse in the place where the mouth of the young larva
will open, the pbarynx lies already directly against the epidermis.
Neither is a ciliated gill-epithelium formed in this place, but one
has no right to expect it here, because the function of a mouth is
so entirely different from that of a gill-slit. On the other hand
the mouth possesses another lasting distinctive property, which is
peculiar to every gill-slit during the period of growth, but disappears
from these slits in the course of the metamorphosis. I found namely,.
that each gill-slit of the young larva is accompanied in front and
behind by a strong gill-uuscle, the fibres of which, for-the greater
part, run in a transversal direction with regard to the axis of the
body. Some fibres however, surround the outside gill-opening-and
form a sphincter round it.

The mouth-opening is likewise enclosed by two such muscles.
They degenerate also, but they are not lost without leaving a trace,
as the gill-muscles proper, but produce the lip-muscles and the
ring-shaped sphincter of the velum.

Mouth and club-shaped gland are counterparts, for they originate
one under the second myotome of the left-side, the other under the
second myotome of the right-side of the body.

In vertebrates the first pair of gill-slits originates nearly under
the second myotome, of which in the head of Selachians nine are
formed, as I demonstrated more than 30 years ago for the genera
Seyllium and Pristurius *). In Selachians the first gill-slit does not any
longer function as such either; in rays it serves to admit instead of
to let out the respiration-water, and in some sharks this slit, known
by the name of spiracle, is shut by the fusion of ils parietes. The
mouth of Amphioxus is, according to what has just been seen,
homologous with the left spiracle of Selachians, and serves, just as
in rays, to ingest the respiration-water, but this water contains here
the necessary nuiriment for the animal. ’

If now the mouth of the Amphioxus-larva was originally the first
gill-slit, then a primitive mounth, homologous with that of vertebrates,
must have been extant before this secondary ‘mouth.

This primitive mouth is, in my opinion, represented by the opening

1) Braus pretends.that not 9 but at least 11 should be formed. A repeated
investigation, which will be published afterwards, has taught me that my number
9 for Seyllium and Pristuvius is correct, and may be admilled as the normal one
for Selachians. In some genera however vertebrate elements fuse secondarily with
the skull. )

-11 -
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of the so-called praeorval pit, which is formed as a sejoined part of
the pharynx and soon opens to the outside.

In accordance with this view is the place where the thyroid
gland of Amphioxus originates.-In all vertebrates this gland is formed
as a median outgrowth of the epithelium of the pharyna immediately
behind the mouth, between the first pair of gill-slits, if they are
taken as fused with their ventral extremities. If now we see in the
mouth of Amphioxus the homologue of that of vertebrates, then, in
an incomprehensible way, the thyroid gland of Amphioxus wonld
be formed in front of the mouth instead of behind it. .

What explanation can now be given of the fact, that Amphioxus
has lost its primitive mouth and has obtained secondarily the first
gill-slit as mouth, whilst in the stage of the larval growth — now
letting alone the club-shaped gland — mnot the gill-slits of the right-
side, but only those of the left-side open {o the exterior and moreover
in the median plane, whilsi they even partly remove temporarily
to the right-side?

The key to this explanation is, in my opinion, to be found in
the movement of the young embryo which has been observed by
Harscaek. This embryo moves, turning on its longitudinal axis,
helicoidally forward ; the rotation takes place from right to left.

If now one admits that ancestors of Amphioxus have moved
forward in this way, to which they may have been induced, because
they missed an auditive or equilibrinm-organ, the trace of which
does not even appear in Amphioxus, then it is to be understood
that the left first gill-slit must have bad the predominance over the
medianly placed primitive mouth as opening for the admittance of
water, which must serve al the same iime both for respiration and-
for nutrition. The following gill-slits had to evacuale therespiration-
water, but this evacualion was for the slits on the left-side impeded
by the way of moving of the animal. On account of the rotation
from right to left, the following gill-slits on the left-side wonld be
inclined to ingest waler instead of evacuating it, and therefore
they were obliged to remove from this side to the median plane,
or still better to the right-side, where the evacuation of the respi-
ration-water was exactly facilitated in consequence of the movement.

By this removal, however, came the original gill-slits of the right-
side in a tight place; they remained little, and this is the reason
why in the Amphioxus-larva, they appear only in the period of the
metamorphosis.

When later ancestors of Amphioxus gave up their swimming way
of living and buried themselves into the sand, as he does still now,

\

-12 -
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{o dash forward from it with (he quickness of an arrow, when he
is disturbed, and then f{o retuvn immediately again into the sand,
the reason for asymmetry did not cxist any longer, the gill-basket
became symmelrical again, and the mouth also fried to assume
a symmetrical posilion, though it conld only apparently succeed in
it, as it is an organ of the left-side.

It is not to Dbe wondered at, that there are investigators who
oppose these views, because they cannot admit that such an ancestral
organ, as the primitive mouth, should have had to give way to a
secondary mouth. They admit, that ancestors of Amphioxus, which
gave up the swimming way of living, have first passed through a
period, in which they lay on the sand in the way of flai-fishes in-
stead of burying themselves into it; {hat then the mouth has removed
to the left side, just as, wilh flai-fishes, one eye, which otherwise
would be divected downward to the bottom of the sea. removes {o
the upperside.

This theory is untenable especially for threc reasons:

1. The mouth of the Amphioxus-larva does not originate
medianly to remove afterwards to the left-side. It originates on the
contrary on the left-side to take afterwards a psendo-median position.

2y . There is no reason why a median organ, when removing to
the left-side should lose its merves and muscles of the right-side.
Not a vestige of such a phenomenon can e.g. be discovered in the
heart and ihe stomach of man, which are for the greater part
situated on the lefi-side.

3. One of the characteristic properties of the second myolome
of Selachians is the fact, thal ils cavily remains, for a long time.
in communication with the part of the body-cavity that is situated
in the lower jaw and is known by the name of mandibular cavity.
This communicalion continues to cxislt for a long time alter the
cavitics of the following myotomes have sejoined from the body-
cavity. -

The same is the case with the larva of Amphioxus, and in order
to make out, whether the mouth of this larva corresponds, either
with that of vertebrates, or with their foremost left gill-slit, one
need only state, whether the mandibular cavity of the Amphioxus-
larva is situaled before or behind the opening of the mouth.

On the base of investigations of GorpscamipT made on an affined
larva, called by him Amphioxides, (and in the-beginning supposed

)

to be a developed form) I surmised at the time, that T could solve "

this dilemma in the sense that veally the mouth of Amphioxides
lies behind “the ‘mandibular cavity. In a later publication- Gorbscrupr

-13 -
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has not coniradicied this eonclusion, bul Mac-Bripk asseried in 1909
that in the Amphioxus-larva the mandibular cavity should lie behind
the mouth. When I had the privilege of receiving a fow years ago
Amphioxus-larvas from the _Zoological slations at Naples and in
Helgoland, my aftention was specially directed to this poini, and
I found in all the series of my sections of the Jarval growth-period,
but also in the beginning of the metamorphosis, that the mandibular
cavity does not run behind the mouth-opening, as Mac-Bripx asserts,
but hefore it. In my opinion it has hereby been definitely proved
that the mouth-opening of the Amphioxus-larva is homologous with
the left spiracle of Selachians.

In the course of the metamorphosis the mandibular cavity develops
round the mouth, first in the shapc of a horse-shoe and after-
wards in the shape of a ring, because tlie extremities of the horse-shoe
unite themselves with each other behind the mouih and form the
ring-shaped cavity of the velum. As soon as this cavity has assumed
the shape of a ring, one can of coursc no longer see, whether i
was situaled originally before or behind the mouth.

Finally I may be allowed to give a short communication of the
remarkable vaviations which the mouth of the larva undergoes, of
which we know already from Harscnex that it invaginates to the
inside und (ransits into the ving-shaped velum-fold, which, in the
full-grown animal, separates the mouth-cavity from the ihroat
(pharynx). This invagination is accompanied, during the metamor-
phosis, by the formation of a longitudinal fold of the skin, extending
along the left side of the moulh of the larva and of the praeoral pit.

Hereby is-formed an open cavity before the mouth of the larva:
the mouth-cavity of the full-grown animal, in which likewise the
pracoral pit is lodged, and which. by a longitudinal slit along which
the cimi sprout forth, opens to the ouiside. This slit is known
as the mouth-glit of the developed animal.

At the end of the embryonal period. when the larva is only
1 m.m. long, and the first gill-slit is on the point of opening io
the exterior, the mouth is a little almost round opening on the
left-side of the body under the second myotome. It lies then oppo-
site the clnb-shaped gland, which is found under the second myotome
of the right-side.

With the growth of the larva the mouth-opening, which is now oval
and becomes afterwards slit-shaped, increases giganticly in length.
When three gill-slits are cxtant, the mouth veaches as far to the
back as the back-rim of the first slil, and at the end of the larval
growih-period it reaches even the back-rim of the.fourth or fifth

-14 -
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pill-slit. This gigantic enlargement®) of the mouth indicates that the
larva, during its growth, must be a very gluttonons animal, if the.
words gigantic and gluttonous may be applied to an animal that is
not even 5 m.m. long. The gluttony is also of a very inoffensive-
nature and consists in swallowing water, for only minimal remnants
of food are found in the gut.

During the metamorphosis xemalkable modifications occur at the
mouth of the larva. -

One modification regards its size. In the first half of the period
of metamorphosis the gigantic mouth becomes constantly smaller,
{ill, in the middle of this period, it is an extremely liitle round
hole. But for a little sickle-shaped slit this hole is moreover closed
by the formation, at the vostral rim, of the first tentacle in-the
shape of a little tongue.

Now the falling asunder and the resorption of the gill-muscles is
in full swing. The fibres of these muscles let loose from their
insertions and have partly been broken into pieces. Just like the
loosened cells of the- club-shaped gland these pieces float in the
fluid tbat is found in the body-cavity.

From this phenomenon, from the cessation of the growth and
from the minimal size of the mouth 1 deduce, that the animal
ccases to take food from outside, and continues to live at the
expense of part of its own texture: the gill-muscles and the cells of
the club-shaped gland.

Obviously the gill-muscles bave become superfluous, in conse-
quence of the formation’ of the alrium, which now regulates for the
greater part the movements of respiration. No trace of gill-muscles
appears at the slits of the right-side of the body, which never open
directly to exterior, but only indirectly by means of the atrium.

In the second bhalf of the metamorphosis the mouth enlarges
again gradually, and becomes the opening of the “velum”, round
which three more tentacles develop, completmg the number of
four, which this opening is provided with. - )

The diminution of the mouth has already partly been observed
by Lrcros, but vehemently contested by WiLLey, who supposes this
diminution to Llc only apparent, an optical effect, caused by the
rotation of the mouth on a sagittal axis.

According to WiLLeYy, who does not base his views on the study
of sections, but only on that of the larva in tofo, this rotation should
commence already at the beginuing of the metamorphosis. I found

1) This enlargement of the mouth contributes 1o the temporary removal of the
foremost gill-slits of the left-side lo the right-side.

-15-
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however that this rotation, which is incomprehensibly denied by
Leeros does not set in before the mouth has reached its minimal
size, consequently in the middle of the period of the metamorphosis.
In consequence of this rotation the rostral rim of the mouth of the
larva becomes right-rim, whilst at the same time the posterior rim
becomes left-rim.

The mouth-opening having become velaropening lies now sym-
metrically with regard to the median plane, but the nerves, that
surround it, indicate that it continues to be an organ of the
leftside.

In the higher animals the middle-ear originates from the first
gill-pouch, whilst amphioxus lacks the auditive organ entirely. If
we wish to express ourselves in a popular way, we may say, as
I did already on a former opportunity: Amphioxus cannot hear;
he eats however with the left ear, and has consequently lost the
mouth.

it

Mathematics. — “dpplications of SoNINE's exlension of ABELs
integralequation.”” By Dr. J. G. Rurerrs. (Communicated by
Prof. W. KapTEYN).

(Communicated in the meeling of September 27, 1913).

Sonizt ') has given to Apur’s integralequation an extension which
comes to the following.
The unknown function » in the equation

~

&

) :J ple—8u@d§ . . . . . . (la)
a
is determined by
a2
u(w) ::‘JG a—E&) /'(Eds . . . ... (2a)
a
where we suppose f{z) to be finite and econtinuous, f'\») finite,

alx<b, and f(r)=10. Morcover ¢ and ¥ are connected in the
following way :

Suppose
<F 1 @0
=Xe¢ —_— = 2 d, n
¥ (."/) p CnlYm (//(,7/) . K

1) Acta Matém. 4; 1884.
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then if
Cm . dn

Tm—i+1) ~ 7 Tltd)

Oy =—
we shall find
PYo) = X a,,,l am and o(r) = #—(1—) by b, an,
0

and at the same time we find 2 bonnd to the condition 1>2>0.

This rather intricate connection between ¢ and o greatly limits -
the number of applications with some practical significance. As a
malter of fact Soxme gives two, for the third furnishes nothing new
as we shall see,

1. Aswl’s equation appears when in (1‘(1) we take: 1 (z) =
1

=—({1>41>0) By this a,=1, @.=0(@m>0), by which
¥

¢,= I(3—2), ¢a =0 (m>0) and therefore

—_— 1—4 1 — 1 .
gy =T1—4) , s TO—

furtheron
1

b= ra—z

, d,=0mn>0)

and therefore
1 sm L 1

b
¢ 1‘(1 7)1’(;) x
Finaily follows:

, b= 0 (> 0).

sin A 1

o) = ol

Substiiuiion of ¥ and 6 in (1a) and (1)) now gives ns:
2

W g IO
f(>~-j( Bd =" [ o

a

2. For the second application Somxe starts from ') :

zl,/ m

— 1y =
°°.( )(4)
S —_—

0 m!

2y
g ly) = I’(l—-l)e— 4= r{—z

*

so that
£I\m 2 \2m
(_ )m (4) - (__..l)m (2_)
= I(1—j) ————%—, thus = P(l—}). —————
o m! m! ['(m—A-+-1)

1) The factor £ (1—) is added for practical reasons.
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o) = L=/ 2(') m! D(m—A+1)

by which

— (-7 G—) T )

Further we find

"."/ 22'1/ 23
1 1 Y 1 4

- ey TR TTa-n, W

lvs

?

so that
2 \2n )
1 (E)
= Ir(l—2) YA
thus
2 \2n 2\2n
b — 1 (5) __sindmw I'(3) (727)
T rA—A) W Te+d)T @ " n! D(n+7)
by which
(g l/(v)?)l
in A »
g (J,') —_— wm—(l—/) E__E_ f—
14 o W!T(n44)
1—2
1= sindn T'(2) 2\ — T2 )
— ) (—) & 2 I (- @=Ve).
1 4 2

By substitution of these values of ¥ and ¢ we see that (la) and
(1)) pass into

/

f(@)=TI1—)) (%)l (.v—g)__") I GVe—Eu@Edi. . (8q)
with ’

I—a

L
t'— sin 2w I'(A)/ =z \1— T e — o e
u(w)= ————-——()(—) ﬂw—’s’) I_q—n(=V/a—8) f'(S)dS. (80)

o 2

]
a

For 2=} follow from this some important relations as Somng
already noticed. The forms of Aser appear when we take 5=

3. As third application SoxiNe gives:

@ (!/) = F(l——)) (1+zy)—(l—/) — ‘? (——1)7}1 Ml)

m! )"

by which
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I (m—2 1) 1) zm
Cn — (—‘1)'" . _(Wi_ M, up= (—%‘_a -
thus N
N g S T
P@)=w 0( 1) =
Further ensues
1 1 i —1 w, r'(n+2—1)
_ ()= = e S (1 T gy,
o) TN TI—)T0) n
so that
(A—"1) sin 27 (—— 1)t I'(n+1—1) A=V sindx (—1)y zn
(Z" == zn ’ bn —_—
i1 n' 11 n! (n4-A—1)

and therefore

(2—1) sin Az (— 1) (ex)?
o)—m—-— 1y
m I n’(n—{-)—l)
to which SoniNe gives another form, which is, however, not coriect.
It would be better to write for it:
st 1 » 2 gt~
6 (v) = — (1—1) Z—1p — |,
x &l 1 ! (n+A—1)

for indeed it 15 now again evident that for z =0 we find ¢ and ¢
assuming the form as in § 1.

Substitution of ¢ and ¢ in (la) and (10) (SoNiNg leaves this out)
now gives :

a:——:(:l:—é')
J (2) :fm w(@ds, . . . . . . (49
with

sin Az y f' (§) - ( ))sm?n ) ﬂ(_]_)n»tr(-b S)n-}-/-—l
x J(a—8§)\— %= £ 4 j( )< nt (n-42—1)

As 1>21>0 and f{a)=0, we ﬁnd that by means of partial
integration the last integral passes into -

fmﬂ I

w(@) = d3.

so that

sin Jor [ FE) (1—2)sin Ax e_z@ £
T N L LT

u (#) =

That (4a) and (44) do not stand for anything new, we shall
immediately see by substituting
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f@)=c¢==2f (&) and wu (&) —=e%u, (),

where (4a) takes at once the form of ABEL’s equation and (4)) as
its solution can easily be reduced to its ordinary form.

In the following paragraphs we shall be led to really new appli-
cations.

4. Let in the first place

) 1—) m -+ —))
=T (13 (1+z*y2>‘7=-r—(~'1:;’—?§<—1)7't——*( e
1‘(—2—
where, by application of
I(a) I'(a + ﬁ):zzﬁ_l I'2e) . (5)
we find that
P(l — i) rim+ E)
Con = 2 (— 1)7"—*2 22 ooy =0
Yz m/
and thus, again because of (5):
(-5 T
W= ya OV ey
2\2m
= F(l — 2— (— 1)n (2) y G =0,
2 2
m!l’(m —5 -+ l)
so that:

7

 (4) == P(l —-g) S o (?:) )z p(l 2)( 2;%)‘1__ (@)
1

0
?7!1'1)———+
' (l 2

Furthermore we find

r 1-2
11 = 1 ”'_2") :

s T VT = Sy,

ri—» )1*(—-—)

by which, on account of (5):
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2 1-2
A1) 1| - " op— —
( ) (2) st Jo ! (n ) ) -

l == . (=1 —_—— oM —
G 22—, l/f’f P ( 1) n/ 2y dln-H =0

and thos, again on acconnt of (5):

A 1—4
A—1 — —_
( ) F(Z) sim Ar ]‘(n 2 ) on

Z)-)u: -"‘)’—~—~—~—-3' —

4 22_} ‘/.71‘ I 3 7;!F(27?+Z)

2 M
AN\ sindn 2
a a

. (-—-])“ ; bﬁn-[-l =9,
n/l’(n + ) (n+2—1)

z \2»
a1

—>~ .17Z+) '—‘1

so that

o) — (3 1[‘). sin)*zy Iy
@=6-1 r(5) =2y (
nd | n 4=

s As ' 1 (=0 T sz % 1y (2—) 21 .
4 el= b AN\2n+4-21—1
Ll i~ + ‘7_

&

For z=0 we are evidently acawn 1 the special casc of ABuL’s

problem (§ 1).
Let us now substitute ¥ and o now found in (1q) and (L), we
then aruve at the integralequation

AN/a\T [ R o -
J@) = F(l — —2—) (3) ﬁ‘u—g) Lo f2(x--8) w(§) d§, (6a)

to which belongs as solution:

9

. __sindm FAG) .
u($) = 7 =g ds
A ) fod 1
sin .7:(1—)1‘( )J —-) vay
) - 204/ —1
- ff &6 | S -1y e
!

( | .27; L—1
ol [ n+ )

As L >4>0, f(a)=0 and f(v) is fimte the last integral passes
by means of pattial integration nto
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(%)271 ({U_g)ﬂn—]—)—?
' T A
nf ('n —+ —2—)
\

__sinAw 7' () a5 —
=fio. |

(6)
__i_____i“”n(l_)') f [1‘(5) (E) BI*(]_%)%’ (m,—’é)}—(,q;_gl)e:']f (g)d’g‘g

5. In a similar way we find by starting from

f 7@ a5 | 2 1y

so that we find

)‘t
(m—}—l—-é—

2
14—
+ r (zy)‘_)m

- A
P = TR (e T2 =L Sy

A\ o

1’(1‘5)
r A 1
)

1
(Laty) o S (AL

and

~

o) 1’<1 )

successively )

=

1—4 22\ 2
po)= (=)= (Z) " 1 o)
2 2 & ——
z 2n
smidn 1 A+ sinda 2 (—> p2nti—1
(’L) = ;:7-—(2 -’.) T( 2 ) s‘(—l)?l

1
71’]’( )—|—) 2n4-2-2

We can again notice here that for z=0 the special forms appear
as with ABEL’s problem.
Substitution in (1¢) and (15) furnishes the integralequation

4+
—J

f(z)—r(lz‘)(g) f(z—w e RCECE

with its solution ;

38
Proceedings Royal Acad. Amsterdam. Vol. XVI,

-22.



590

sin An - G) -

. u(z) = - —(_?,——_—E)T__) d§ —

2z \2n \
stn Ao (2—},) A1 x/ o g Sw . (E) (m_g)En-}-).—l
T a P( 2 ) f(S)db';‘?("l) il ALY 2nt A2 {
a 1 nl (n—}-—z—-—)

of which the last integral can be brought by partial integrating into
the form :

A < \ < n (5)% (an A=) (o — ;‘.’n«}-)-_Q
;ﬁ”(s)d’é- ?21‘(—1) nrr((n_;_f_”;_l 2n 4 4 — 2 =

z

. | (z)?"u — i
= [r@ 5. 1% '

__:(_—:Efj
s S (§> " (z — §)2-Hi—2

fff(é)d’é-ﬁ(—l)"nw( L1\ Znti—2|’ .

+

n—}-——

by partial integrating the last part we find for if, if we put:

F=0 (a) = £ &) d§: ,
2\ 2n4-) 3
(‘2’) (x—§)

A+ N
n! I’(n + —-4—2_———)
Summarizing we arrive at the following form for the solution
of (7a): )

snhx(* '@
@—8—

frev@a. )=y

u (@) = ag§ —

1—)
X

LA Gl ﬂn@ _ql?['[ P(Z —g 1)(—2)—? (.v—§)—3_2:I_1_-j fe(e—8)} — 0

“ ),,_;Hf() +ﬂ§i$ a5
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Physies. — “A mechanical theorem of Bovramany and its relation
to the theory of enerqy quania”. By Prof. P. Earnsrist.
(Communicated by Prof. H. A. Lorentz).

(Communicated in the meeting of November 29, 1913).

When black or also not black radiation is compressed reversibly
and adiabatically by compression of a perfectly reflecting enclosure,
it is known that the following takes place: The frequency », and
the energy [, of each of the principal modes of vibration of the
cavity increase during the compréssion in such a way that we get:

vy
for each of the infinitely many principal vibrations.

Relation (1) is of fandamental importance for the purely
thermodynamic derivation of WiEN’s law; it is no less so for every
statistic theory of radiation, which is to remain in keeping with
the second law of thermodynamics'). In particular it is also the
basis of Pranck’s assumption of differences of energy:?)

&
7::0,71.,27“.... N )

Of late Pranck’s supposition (2) of the original region (Conient
of energy of systems vibrating sinusoidally) has been applied to a
rapidly extending region. Of course tentatively. Two questions arise:

1. Does there continne to exist an adiabatic relation analogous
to equation (1) in the transiiion of systems vibrating sinusoidally
(in which the motion is governed by linear differential equations
with constant coefficients) to general systems?

1) P, EmrenresT. Welche Zige der Lichtquantenhypothese spielen in der
Theorie der Wirmestrahlung eine wesentliche Rolle? Ann. d. Phys. 36 (1911)
p- 91; § 5.

%) By way of elucidation: differences of energy e. g. of the form

1;:0,71.,271,,....

would lead to a conflict with the second law of thermodynamics. It is known
that PrLawck arrived at (2)‘by first carrying out his combinatory caleulation in
general on the assumption

e=0, f(v) , 2/(») , 83/®),....
and by then determining the form of f{v) from ihe condition that the formula of
radiatior found by the combinatory way shall satisfy WiEN's law. Thus he brought
his energy quanta smplicite in harmony both with relation (1) and with the second

law of thermodynamics.
38*
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9. If so — how can it be applied heuristically, when Pranck’s
assumption (2) is eatended to systems vibrating not sinusoidally ?

The answer fo the first question is in the affirmative.”In the
search for the extension of the adiabatic relation (1) I perceived
that such an extension, and indeed a surprisingly far-reaching one,
follows immediately from a mechanic theorem found by Borrzmann
and Crausios independently of each other (see § 1).

For the present I can only answer the second question by giving
an example (§ 3). The difficulties which in general present them-
selves in this — Prof. Emsrriy drew my attention to the most
troublesscme one (§ 4) in a conversation — I have stated in § 2,
3, 4, without being able to remove them.

Another objection may be raised against the whole viz.: there is
no sense — 1t may be argued — in combining a thesis, which is
derived on the premise of the mechanical equations with the anti-
mechanical hypothesis of energy quanta. Answer: Wien's law holds
out the hope to us that results which may be derived from classical
mechanics and electrody namics by the consideration of maeroscopic-
adiabatic processes, will continue to be valid in the future mechaniecs
of energy quanta.

§1. Lel ¢,,..., qu be the coordinates of a mechanic sysfem.
The potential energy @ may depend, besides on the coordinates g,
also on some “slowly variable parameters” »,, r,,... Let the kinetic
energy 1" of the systemn be an homogeneous, quadratic function of
the velocities ¢,, and contain in its coefficients besides the ¢’s, even-
tually also the #’s.

Let further the system possess the following properties : For definite
but arbitrarily chosen values of the parameters s, r,,.... all the motions
of the system are periodical, no matter with what initial phase
(Q15eees Q. Prsees Pi) the system begins. The period P will in general
not only depend on the values of #,,r,,..., but also on the phase
(¢o» Po), With which the system begins.

By changing the parameters 7,,7,,... infinitely slowly we can
transform every original motion (4) of the system into another (B).
This particular mode of influencing the system is called “adiabatic
influencing” of the motion.

If moreover the respective periods of the motion are indicated by
Py and Pp, or their reciprocal values (the “frequencies”) by va
and vp, and further the temporal mean of the kinetic energy by

T4 and Tg, then
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G)A:@)P N 0|

With adiabatic influencing of a periodic system the quotient of
the temporal mean of the kinetic energy and of the frequency
remains unchanged (adiabatic relation). .

If J' denotes an 1nﬁmte51mal adiabatic change, P the original

period, then:
T P ;
d’(-—):d’fclt.T:O. N 07
v 0

(The action calculated over a period remains constant on adiabatic
influencing). The last assertion is nothing but a special case of the
thesis of Borrziaxy, Cravsws and SziLy, the derivalion and formu-
lation of which may be found in Borrzaann’s ““Vorlesungen uber
Mechanik”, Vol. II, § 48.7)

§ 2. Remarks.
a. In the case that there is no potential energy at all in the system,
or that the potential energy is in a fixed ratio to the kinetic energy *),

“the relation
E
"NM—-]1 =0 . . . . . . . . !
d (v) (II')

holds at the same time as equation (/) (compare equation (1) for
systems vibrating sinusoidally). But it is noteworthy that (1) only holds
in such particular cases, and is not of such general application as (/).

0. A practical extension of thesis (/) to non-periodical motions
would be very desirable. That it is not at once possible, follows
immediately from early investigations by Borrzmann®). 1 prefer not
to follow the way which Borrtzmany chose to extend his thesis to
non-periodical systems *), because it essentially rests on the untenahle )
hypothesis of ergodes.

¢. In case the adiabatic influencing leads to some singular motions,
in which a periodic motion begins to detach itself inio two or more
separate motions, assertion (II) must be modified accordingly.

3 Original papers: L. Borramany, Wissensch. Abh. L p. 23, p. 229. R. Crausius,
Pogg. Ann. 142 p. 433, Suwy, Pogg. Ann. 145.

%) @=T for systems vibrating sinusoidally, when the potential energy in the
stale of equilibrium is taken zero.

3) L. Borrzmany, Ges. Abh. I p. 126 \1877) Vorles. ub. Mechanik II § 41.

¥) Ges. Abh, Il p. 132, 139, 153.

8 P. u. T. Furcarcse Malhem. Eneykl. 1V. 32 § 10a (Rosenrman, Ann. d. Phys.
42 (1913) p. 796; M. Prancucrey, Ann. d. Phys, (1913) 42 p. 1061.
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Example?). Let a point move to and fro free from forces in a
inbe closed on either side. Let a repulsive field of force arise and
increase infinitely slowly in the middle of the tube. At last a moment
comes when the point with its store of kinetic energy cannot get
any longer through that “wall”, and only moves to and fro in one
half of the tube. If this field of force is of infinitely small extension,
the kinetic energy of the motion is the same at the end as at the
beginning ; the frequency on the other hand is twice the value, for
the path has been halved. Accordingly the original motion has split
up into two distinet separated branches during the adiabatic influencing.

§ 3. An example may illustrate the way in which the “adiabatic
relation” I may be applied. This example refers to the extension of
Pranck’s assumption (5) from resonators vibrating sinusoidally to
rotating dipoles.

A fixed dipole may be suaspended so that it can revolve freely
round the z-axis. Parallel to the a-axis a very strong directional
tield is made to act. We first consider infinitely small oscillations
of the dipole. The angle of rotation may be denoted by ¢, the cor-
responding moment (moment of inertia ) angular velocity) by p,
the frequency of the oscillation by »,. According to Pranck’s
assumption (2) the image point (g, p) of sach a dipole can. lie
nowhere else in the (g, p)-pl'ane than on certain ellipses, which
belong to the quantities of energy 0,hv,, 2Av,,.... and for which

therefore :
T o o A 5
'DO_ 3 'é:, '2-, ..... ’ﬂz—,..... . v . ()
We have namely (sinus vibration !):
- €
T=—. . . . . . < ..
=3 @

The infinite number of points of rest and equilibrium :

p=20 g=20, =+ 2, =x 4nm, =+ 6, ..
belong to the valne of the energy ¢ =0.

Some congruent ellipses, which have these points (5) as centres,
belong to the value & = nkv,. ‘

We now consider an adiabatic influencing of such an initial
motion of the dipole by an infinitely slow change of the orientating
field of force, and eventually alse of the moment of inertia. In this
way 1t is possible to convert the infinitely small oscillations into

1) Mr. K. Herzroep gave this example on the occasion of a discussion. |
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oscillations of finite amplitude, till at last the dipole changes its
form of motion and begins to rotate to the right or to the left; at
first still noticeably irregularly, at last with constant velocity of
rotation. When we consult Fig. 1, the continuous change of the
motion will become eclear, particularly also the transition through
the singular motion G'H. A complete oscillation corresponds in the
final state to a double rotation of the uniformly rotating dipole

P
p TS B —T—>—___[F
PN A
SEESE
dmﬁ\/T
d 0 o 21 b
Fig. 1.

(0= ¢<4n): ABE. Hence if we wish to derive the kinetic energy
T, of the uniform rotation by the aid of the “adiabatic relation”
from the mean kinetic energy 7', of the original oscillatory motion,
we must take as corresponding period the time
=2 ... ... ®
71

where ¢, is the constant velocity of rotation of the dipole; so as
corresponding frequency
_ &

m=i oo ()

Then according to (7) (I) and (8), we have

T 4aT, (T Lok I
—_ ) =——=-])=0,=-,2=,...08-,.. . (8
(”)1 A (”)o 2’ 2’ nz ®)

or also, as

1'1=}%.........(9)
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—o, 2w " . (10))
=" iz’ dx ' g ' -

If other values of p were admitied for a uniformly rotating dipole,
it would be possible that by reversal of the described adiabatic process
sinusoidal vibrations were obtained; with an amount of energy which
would come in collision with PLANCK’S assumptions (3) and (2).

It we have N dipoles, and if with given total energy, we wish
to calculale the “most probable” distribution of the dipoles over the
possible motions (10), it is still to be fixed by definition to what
regions in the (g,p)-plane ihe same probability must be assigned.
By the “adiabatic influencing” every separate ellipse of PLaNCK’s in
the (¢, p)-plane passes finally into a definite pair of straight lines of
the length of 2x, which lie symmetrically on either side of the
g-axis. If in the statistic trealment of dipoles vibrating sinusoidally
with Praxck we consider all the separate ellipses as regions of
equal probability, we are naturally led to treat the just-mentioned
pairs of lines for the uniformly rotating dipoles as regions of equal
probability ¥) (Hypothesis A). However natural this may be, yet it
is a new hypothesis. Is this hypothesis inevitable?

Seemingly the following course is open. Let us start from NV
dipoles vibrating sinusoidally (frequency w»,), which are distributed
over Pranck’s ellipses in the most probable manmer. Apply the
above-described “adiabatic influencing” to all the poles at the same
time. Then an enfirely definite distribution of the N-dipoles over
the different modes of motion is obtained finally (10). This distri-
bution (distribution B) is, however, another than follows as the most
“probable” from the hypothesis 4 (distribution 4). Is distribution B
to be taken as the distribution which corresponds with the state of
equilibruim, and is therefore the distribution 4 and ihe hypotlhesis
A to be rejected? The remarks made in the following § try to
demonstrate that the distribution B cannot be considered as a distri-
bution of equilibrium. g

§ 4. In case of adiabatic compression black radiation is trans-

1) In my monograph: “Bemerk, betreffs der specif. Wiirme zweiatomiger Gase”,

Verh. d. deutsch, phys. Ges. 15 (1913) p. 4563, 1 have erroneously put:
L
1:% 50 Pr=....En—....

This, however, has no further influence on the derivations given there than that
the numerical value of the moment of inertia J. of the hydrogen molecule calenlaled
finally must be divided by four.

2) P. Earcwvesr. Bemerk. betreffs der specif. Wirme zweiatomiger Gase. Verh.
d. deutschen phys, Ges. 15 (1913) p. 458. -

-
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formed into black radiation as well when there is a “black grain”
in the contracting reflecting enclosure, as in the absence of such a
“catalyser’”’. Else we should get into collision with the second law
of thermodynamics.?) If there are N monatomic molecules in a
vessel with rough walls, distributed according to Maxwrrl’s law,
and if this ideal gas is compressed by an infinitely slow shifting
of the walls of the vessel, the distribution finally follows again
MasxwrLL’s law, both when the molecules during the compression
can , collide, and when they could penetrate perfectly through each
other. Probably more examples might be found in which through
an ‘“adiabatic influencing” of the separate degrees of freedom a
state of equilibrium arises from a state of equilibrium.?) But in
general this is not the case, e.g. for molecules consisting of more
than one atom or for mon-atomic molecules on which an external
field of force acts.?®)

Chemistry. — “Zquilibria in ternary systems. X1’ By Prof.
F. A. H. SCHREINEMAKERS. ' |

In all our previous communications we have always contemplated
the case that the occurring solid substances are ternary compounds.
Now we shall assume that a binary compound occurs.

It is evident that we may deduce the saturationcurves under their
own vapour-pressure and the boilingpointcurves of a binary compound
in the same way as has been done in the previous communications
for a ternary compound.

We take a compound composed of B and (, we represent this
in fig. 1 by the point F on the side BC of the components-triangle
ABC. We now take a definite temperature 7° and a pressure P in
such.a way, that no vapour can be formed and the isotherm consists
only of the salurationcurve of /. This is represented in fig. 1 by
curve pgq.

On decvease of I, a gasregion occurs somewhere and also the
region L —@,which separates gas- and liquidregion from each other.

1) M. Pranck, Wirintestrahlupg 1L Aufl. § 71.

%) The two mentioned cases have this in common that the pressure only depends
on the total enmergy of the system, and not on its distribution over the different
degrees of freedom.

% In an analogous way we can see that a canonical cnsemble of gases
generally does not remain canonical after an “adiabatic influencing™.
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These regions may arise either any-
where within the triangle, or on one
of the sides or in one of the angular-
poinis; in tig. 1 we may think them-
arisen in the angular-point C. Also two
or more of these regions may be formed
in different points of the triangle and
they may come together later in diffe-
rent ways.
A We will distinguish now three prin-
Fig. 1. cipal cases according to the phenomena
in the binary system BC.

I. The equilibrium liquid-gas of the binary system BC shows
neither a maximum- nor a minimumpoint of pressure. The pressure
of every liquid consisting of B and (' is situated, therefore, between
the pressure of the pure substances B and C.

II and LI The equilibrium liquid-gas of the binary system BC
shows a maximum- or a minimumpoint of pressure.

We take at first the case mentioned sub I; we assume, for fixing
the ideas, that the pressure decreases from C to B. The result of
this is that every heterogeneous region L—@, at every temperature
and under every pressure, intersects only once the side BC (fig. 1)
and that this region on decrease of P with its liquid-line ahead
moves along BC from Cto B. Of course it is indifferent, where the
gasregion and the region L—G arise, on condition that this does
not occur in a point of the side BC (excepted in C'itselt). Decreasing
the pressure, a pressure Py, occurs, under which the liquideurve of the
region LG and the saturationcurve of ¥ obtain at first a common
point; we shall call this point M. Py, therefore, is the highest
pressure, under which the system F 4+ L + G occurs.

When M is situated within the triangle, then, as was formerly
deduced, M is a point of contact of the two curves and F, M and
the corresponding vapourpoint M, are situated on a straight line.
The point M then is a point of maximum pressure of the saturation-
curve under its own vapourpressure.

When M is situated on the side BC of the triangle, e.g. in the
point p of figure 1, the points F, p, and the corresponding vapour-
point on the side BC are, therefore, also situated on a straight line ;
then usually the two curves do not come in contact with one another. If
we imagine in fig. 1 the liquideurve drawn throngh p, the two curves
will come in contact with one another in p only exceptionally. The
pressure [ is then the highest pressure under which the system
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F4+ L+ G oceurs, but the point p is not a point of maximum
pressure of the saturationcurve under its own vapourpressure (we
will refer to this later). -

On further decrease of pressure one or more points of intersection
are found, therefore also one or more threephasetriangles; the different
diagrams may be easily deduced in the same way as in communication I.

On further decrease of pressure we attain a pressure P, under
which the contemplated curves have for the last time a common
point; we- call this point m. P, therefore is the lowest pressure
under which the system F -+ L - G can still occur and the points
F, m and the corresponding vapourpoint m, are situated again ona
straight line. When m is situated within the triangle, it is again a
point of contact and also a point of minimum pressure of the satu-
rationcurve under its own vapourpressure. When m is situated on
the side BC of the triangle, (we imagine in fig. 1 the liquid curve
of the region LG through the point ¢) the two curves do notcome
in contact with one another in ¢, and ¢ is not a point of minimum
pressure of the saturation curve under its own vapourpressure.
Of course P, is the lowest pressure under which the system /' L -+ G
may yet occur.

Now we will deduce some saturationcurves under their own

vapourpressure.

T Tk At first we choose a tempera-
ture 7' lower than the point of maximum
sublimation 7’ of the binary compound F.
In a similar way as we have deduced fig. 11 (I)
for the general case, we now find a diagram
as is dvawn in fig. 2. In this figure however
only a part of the componentiriangle ABC
is drawn; the line A,Fn is a part of the
side BC. Curve hadn is the saturationcurve
under its own vapourpressure, ,a,b,n, the
corresponding vapourcurve; we shall call
also here both the curves circomphased.

At the deduction of this diagram we have
assumed, that on these curves neither a point
of maximum- nor a point of minimum pressure occurs ; the pressure
increases from 7 to A, without being however in 7 a minimum and
in 4 a maximum. From the deduction it follows also that the sides
solid-liquid and solid-gas of the threephaseiriangles must have a
position with respect to one another as is drawn in the triangles

Laa, and Fib,.

Fig. 2.
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Formerly (communication V and VI) we have deduced several
rules for the movement of the sides of a threephasetriangle on change-
of pressure. When a saturationcurve under its own vapourpressure
and its corresponding vapourcurve are removed comparatively far
from the point F, the formation of vapour from F + L takes place
on increase of volume and the formation of lignid from F 4 G on
decrease of volume. The threephasetriangle turns on increase of
pressure in such a way that the conjugationline solid-vapour-goes
ahcad; on decrease of pressure it turns in opposite direction. If in-
fig. 2 we make triangle Iac, or fibb, turn towards higher or lower
pressures, we see that these movements are in accordancé with the
previous rules.

Also we may imagine on curve haln a point of maximum pressure
M and on curve A,a,bn, the corresponding point A, ; the points F7,
M and M, are then situated on a straight line. The pressure then
increases from A and n towards M. Triangle Faa, must then also have
another position as is drawn in fig. 2; the line Fa must viz. be
situated closer to the side /%, than the line Fa,. Therefore, when
we take two threephasetriangles, situated on different sides of the
line FMM,, they turn their sides solid—gas towards each other.
We see that this is also in accordance with our previous considerations.

We may also imagine a point of minimum pressure m on curve
habn and the corresponding point m, on curve
hya,b,n,. Triangle /756, must then have another
position; the line Fb, must then be situated
closer to the side Fi than the line f%.

Ty < T Tp We now lake a temperature
T higher than the point of maximum sublimation
Tk, but lower than the minimum-meltingpoint
Tr of the substance Z. In a similar way as
we have deduced for the general case fig. 7 (I),
we now find a diagram as fig. 3. Curve Labn
is circumphased, curve %,a,0,n, exphased. Fur-
ther, it is assumed again that on these curves
neither a point of maximum- nor a point of
minimum pressure occurs. Because the poinis ¢ and a, are removed
comparatively far from the point ¥, "the above mentioned rule
applies again io the moving of triangle l'aa, on change of pressure;
we sec that its turning is in accordance with this rule.

It is different with triangle 276b,, its points & and &, ave to
be imagined close to » and n,. Lel us at firsi contemplate the
equilibrium £ liquid » 4 vapour n, of the binary system BC.

Fig. 3.
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Because we have in this system a temperatuve between 7'k and 7',
between the three phases the reaction: /2 liquid n 4~ vapour n,
takes place from left to right with increase of volume. We compare
now the ternary equilibtium F - liquid & 4 vapour &,, wherein
b and b, differ but little from » and n,, with the previons system.
We then see that as well the formation of vapour from F' -}
vapour b as also the formation of liquid from F - vapour b, takes
place with increase of volume. According to the rule deduced in
communication VI, the sides solid-liquid and solid-vapour of the
threephasetriangle must then approach one another on increase of
P and separate from oue another on decrease of P. We see that
the movement of Fb), in fig. 3 is in accordance with this rule.

The occurrence of a poini of maximum- or minimumpressure can
be easily examined by the reader.

Tr< T. We now take a temperature 7" a litlle higher than the
minimummeltingpoint 7’y of the substance /. We then must distinguish
two cases, according as the substance expands or coniracts on
melting. We only take the first case. In a similar way as is deduced
for the general case fig. 12 (I), we now find a diagram as fig. 4,
wherein the two curves arve eaphased. Further, it is assumed again
that on these curves neither a point of maximum nor a point of
minimumpressure occurs. From the deduetion
of the diagram, it follows that Fa, of the
threephasetriangle Faa, is situated always
between ZFa and Fh,. When the points «
and a, ave situated in the vicinity of n and
n,, Faa, turns, as is clear from the figure,
in such a way on decrease of pressure, that
the line Zu goes ahead. When a and q,
ave situated however, in the vicinity of 4
and A, Faa, tarns on decrease of pressure
in such a way that Fa, goes abead. This
turning is in accordance with the rules,
deduced in communication VI. Let us firstly
contemplate the equilibrinm 7+ L, -+ G,
of the binary system B(. Herein the reaction

Fig. 4. L, 2 F 4 Gy takes place from left to right
with decrease of volume. Let us now take the system # - L, 4 G,
of which the points @ and @, are sitnated in the immediate vicinity
of n and n,. At the formation of vapour from F - L, the volume
will decrease, at the formation of liquid from F - G, the volume
will increase.
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According to the rule, deduced in communication VI Fae, must
on increase of pressure tarn in such a way that the line Fu goes
ahead. This is in accordance with fig. 4. i g

In the same way it is deduced that triangle Faa,, when a and'a,
are situated in the vicinity of & and A,, must turn on increase of
pressure in such a way that the line Fa, goes ahead.

Also, however, curves of quite another form may occur, viz. closed
curves; these are, therefore, situated completely within the triangle
and they are exphased. We imagine e.g. in fig 12 (I) the component
triangle to be drawn in sauch a way that the point. F' is situated
on the side BC and that the two curves fall within the triangle.
Both the curves then show a point of maximum- and a point of
minimumpressure. While a binary compound generally may be in
equilibrium, in addition to a series of ternary solutions, yet also with
two binary solutions, in the above mentioned case, therefore, it is
no more the case; now it may be only in equilibrium with ternary
solutions.

Drawing the saturationcurves under their own vapourpressure and
their corresponding vapourcurves for different temperatures, we may
distinguish two principal types; these are represented in fig. 5 and
6. In both the figures, however, the vapourcurves are omitted. At
temperatures below the minimum ineltingpoint 7’7 the saturation-
curves under their own vapour pressure are circumphased; at T
the curve goes through ' and above 7’r they are exphased. In
fig. 5 they disappear in a point H on the side, in fig. 6 in a point
R within the triangle.

Fig. 6.
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At first let us contemplate fig. 5. The arrows indicate the direction
in which the pressure inecreases, therefore, it is assumed that on-
these curves neither a point of maximum- nor a point of minimum-
pressure occurs. When this however is the case, these points form the
limit-carve, formerly treated, which is easy to draw in the figure.

The saturationcurves disappear at 7'g in the point H; the corre-
sponding vapourcurves disappear at the same time in the point H,,
which is not drawn. We see from flg. 5 that 77y is the highest
temperature at which, in the binary system BC, the equilibrium
F+4 L+ G can still occur. In this case 7'z is also the highest
temperature at which in the ternary system the equilibrivm # - L + G
can still occur. )

In fig. 6 the saturationcurve of the temperature 7'y does not
disappear ~in the point H; it forms a closed curve, which touches
the side of the triangle in a point H. On further increase of tem-
perature it comes completely within the triangle and disappears in
a point R. It is evident that these closed curves, and also the not-
closed curves, being situated in the vicinity, show a point of maximum-
and a point of minimumpressure. [n this case, therefore, a limit-curve
exisls, going through the point R. The curves situated at a greater
distance, need not necessarily show this point of maximum and that
of minimunipressure.

If it is imagined viz. that these points, on extension of the
curves, continue to approach closer to the side BC and that they
coincide with this at last; the point of maximumpressure disappears
somewhere belween H and C, the point of minimumpressure between
I and B on the side BC. The limit-curve then terminates in both
these points. ’

Also we see from the figure that the highest temperature (7'z)
at which in the ternary system the equilibrium F -+ L 4 G may
still occur, is higher than 7.

In figs. 5 and 6 the curves of different temperatures are all drawn
in a same plane. Imagining however perpendicular to this plane a
temperature axis and the curves to be drawn in space according to
their temperature, the saturationsurface of # under its own vapour-
pressure arises. ln a similar way the corresponding vapoursurface
arises.

In the ‘surfaces belonging to fig. 5 the highest points (H and H,)
are situated on the side-plane BCT'; in the surfaces belonging to
fig. 6 the highest points (B and R,) are situated within the prism
and not on the sideplane BCZT'
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Deducing the boilingpointcurves for different pressures we refind
again the figures 2, 3, and 4 and figures 5 and 6 dednced from
these. The arrows must then be drawn however in opposite direction
so that 1n the figs. 2, 3, and 4 7, is the lowest and 7), the highest
temperature at which the equilibrivm # -~ L -} G occurs.

We must still contemplale the cases Il and IIT namely that the
vapourpressurecurve of the binary system BC shows a point of
maxumum, or a point of minimum pressure. After the previous
general considerations on the occurrence of ternary points of maximum-
and of minimum-pressure, this need not to be- considered here.

Now we shall contemplate some ponts more in detail. When F
15 & binary compound of the composition 0, 3, 1—8 (therefore & =—=10)
lar + (y—0)s] do 4 [os + G—BA dy=0. . . . (1)
applies to its saturationcurve at a constant 7” and P.
The liquid curve of the region LG is fixed by:
(&, —a)r + (y—9)s] dv + [w,—a)s + (G, —p)il dy = 0. . (@)

We now imagine in fig. 1 that the liquid curve of the region LG
d

is drawn through the point p or ¢; we now contemplate (—zg in this
&

point p or ¢ for both the curves. Because in this point # =0 and
Lim. ar = R1 it follows for the saturation curve that:
(g@) _ BT+ G—pp o
dwx=0~~ v
and for the liquid curve of the region LG that :
; (%~1)7 + =
(_” — N ¢
s ) =0 (Y —9)

From (3) and (4) it follows that the tangents on both the-curves
in the point p have usually a different position, so that the two
curves do not come in contact with one another. When (3) is
accidentally equal to (4), the two curves touch one another in p or
g. This will be the case when:

3/1—-—.2/:(’3 —1>(2/—5) or SWB o (5)
& & y—B

Later we shall see that in this case their point of contact p or ¢
is then also a point of maximum- or of minimumpressure of a
saturationcurve under its olvn vapour pressure or of a boiling point
curve.
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Tn order to find the saturationcurve under its own vapourpressure
we put in (8) and (9)(lI) « = 0. We obtain:
[ar + (y —B)] dw 4 [ws - (y —B)¢] dy = AdP . . . (6)
[ — ) 4 (r,—)s] da + [(o,—a)s + (y,— )] dy = CdP . (7)
In the terminating point of this curve on the side BC (therefore
in the points % and 7 of figs. 2, 3, and 4), =0. We find from
(6) and (7):

e nims——9 (2 1)
z=0

BT " \do)omo @B V+ (7—yoo + B—9)V,

o &)

In order to find the boilingpointcurve we must substitute in (6)
and (7) AdP by — BdT and CdP by — DdT. We then find:

&,
RT " \daJo=o (4,—BH + (y—y,)n + B—y&,
From (8) it follows that in a terminatingpoint of the saturation-
curve under its own vapourpressure on one of the sides (points 4

aP
and » of fig. 2, 3,and 4) = has a definite value different from zero
. &

so that the pressure is in the terminatingpoint neither a maximum
nor a minimum. The same follows from (9) for the temperature in
the terminatingpoint of a boilingpointcurve.

In the binary system BC the relation between a change of P
and 7’ in the equilibrium F 4 L -+ G is fixed by:

(glf) =B + G—y)n + By, (10)
AT Jy=0 y,—BV + y—y)v -+ B ‘y)Vl C

From (8), (9), and (10) it now follows that:

dP ar ap
2V (L) =—(%). . ...
\dw z=0 dx =0 ar a=0

In order to see the meaning of this we imagine a graphical
representation of P and 7 of the binary equilibrium F -~ L - G.
We will call that part of the P,7-curve on which the pressure
increases when raising the temperature, the ascending branch, the
part on which the pressure decreases when lowering the temperature

1P
the descending branch. In the ascending branch ;—T— is positive, in

the descending branch it is negative; from (11) it follows, that

iP ar . . .

i and o have in the ascending branch the opposite sign and in
27 i

the descending branch the same sign. We find therefore :

39
Proceedings Royal Acad, Amsterdam. Vol. XVI.

‘
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When the binary equilibriom F 4+ L4+ G is situaled in an
ascending branch of its P,7-curve, addition of a third substance has
an opposite influence on the pressure (at conslan! lemperature) and
on the f{emperature (under constant pressure). When addition of a
third substance e g. increases the pressure (at constant 77) it will =
decrease the boiling point (under a constant pressuve).

When the binary equilibrium £+ L -+ G is situated in an de-
scending branch of its P,7" curve addition of a third sabstance has
the same influence on the pressure (at constant- 7") and on the
temperatare (under constant P). When addition of a third substance
increases for instance the pressure (at comstant ) -it will also
increase the boilingpoint (under constant P).

These rules are also true when J is instead of a combination one
of the components e.g. B or C.

We will now still examine, in what case the pressure (at constant 7')
of the binary equilibrivm # -4 L 4 G is increased or decreased by
addition of a third substance. We may express this also in the
following way: in what case does the pressure along a satarationcurve
under its own vapourpressure from one of its terminatingpoints (4
and 7 in figs. 2, 3, and 4) increase or decrease?

We take for this formula (8), which indicates the relation between
the change of pressnre dP and the quantity dz of the new substance.

Between the 8 phases of the binary equilibrium 7~ L 4+ @ a
reaction may always take place. We let the reaction take place in
such a way that 1 guantity of vapour occurs. The oceurring change
of volume we call AV, The denominator of (8) becomes then
B—y) AV, so that we may write:

1 apP 1 2, p—y,
(% L e ¢
RT (dﬂ;)lzo AV (.2, B-y) (12)

We now {ake the ternary equilibrium F -} L+ G wherein L and
G coutain still only a little of the third substance. The line solid-
liquid (Fa or Fb in figs. 2—4) then iniersects the X-axis (side CA
of the componentiriangle) in a point at the distance S from C.
The line solid-gas (', or Fb, figs. 2—4) intersects this X-axis ina
point ai the distance S, from C. We take S and S, positive, when
the points of intersection are situated on the right, negative, when
they are on the left of C. S and S, are fixed by

§= P2 s=2L% 0 s
B8—y B8—y. B

Substituting g—y and 8 — y, from {13) in (12) we find:
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1 /dP 1w, s
J%T(ﬂ)xzo—ﬁ'.—v(l—li) Co . (14

From this velation it follows that the sign of the change of pressure
depends on the sign of AV. Now AV is almost always posilive
for the binary equilibrium /4~ L 4 G and negative only belween
the points ' and H (figs. 5 and 6). Further it follows that thesign
of the change of pressure is not fixed by the ratio @, : x (the partition
of the third substance between gas and liquid), but by the ratio
S:.8,; therefore this is by the ratio of the parts which the lines
Fa and Fa, or I'0 and F'b, cut off from the X-axis. We may consider
S and S, also as the perspective projections of z and z, from
the point F on the X-axis. We shall call for that reason S the
perspective concentration of the new substance in the liquid, and
S, that of the new substance in the vapour. These perspective con-
centrations can be as well positive as negative.

From (14) we can now easily deduce for the addition of a new
substance :

1. The formation of vapour in the binary system £ L -} ¢
takes place with increase of volume (&A1 > 0).

When in liquid and vapour the new substance has perspective

concentrations of opposite sign, the pressure increases.
« When in liquid and vapour the new substance has perspective
concentrations of the same sign, the pressure increases, when the
perspective concentration (apart from the sign) of the new substance is
greater in the vapour than in the liquid, the pressure decreases when
the reverse is the case.

2. The formation of vapour in the binary system F - L 4+ G
takes place with decrease of volume (AT < 0).

The changes of pressure take place in opposite direction as sub 1.
It may be considered with this, that A 7 < 0 is the case only between
Tr and Tg, therefore between the minimum-melting point of # and
the point of maximum-temperature of the binary system F'-- L - (.

When we take a threephasetriangle in the vicinity of the side BC,
its angle I is either a litile greater than 0° (Faa, and Fbb, in fig. 2)
or a little smaller than 180° (£'6b, in fig. 3). We will call the three-
phasetriangle in the first case acute-angled, in the second case obtuse-
angled. We may express the previous rules also in the following way:

1. The formation of vapour in the binary system F 4 L 4 G
takes place with increase of volume (A V > 0).

An obtuse-angled threephasetriangle moves on increase of pressure
both its sides solid—liquid and solid—gas towards each other and
on decrease of pressure away from each other.

39%
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An acute-angled {hreephasetriangle moves on increase of préssqre
with the side solid—pgas ahead, on decrease of pressure with the
side solid—Iliquid ahead.

9. The formation of vapour in ihe binary system F-+ L | &
takes place with decrease of volume (AT < 0).

The triangles move in the opposite direction as sub 1..

We see that the position of the threephasetriangles in the ﬁgq
2—1 are in accordance with these rules.

In a similar way as we have converted (8) into (14), we may
deduce from (9):

1 2 S
e Il R ¢
( )x_,, AW e Sl) (‘_’)

AW reprcsents hele the heat that is required to form 1 quantity
of vapour. The same rules as above may be deduced from this,
we must then however replace increase of pressure by decrease of
T and decrease of pressure by increase of 7.

We should have been able to deduce the rules, deduced above,
for the movement of the threephase triangles on change of pressure
and temperature, from the rules found in Communication V and VL.

As a particular case of the above-discussed we may put the
question : what influence has a third substance on the binary equi-
librium F -+ L + G when this is situated in the point of maximnm
sublimation or in the minimummelting point of the subsiance F.

In the point of maximum sublimation the binary vapour has the
same composition as the substance J; therefore y, = 8. The vapour-
saturationcurve under its own vapour-pressure goes through the point
I" (in this transition-case between the figures 2 and 3 n, coincides
therefore with #). When we put in (8) and (9) y, =8, we find :

1 dP 1 s 1 dP 1 a
ﬁ(&gl_o——l_—v';“dmﬁ' zz),___o:‘m';- (16)

Herein V,—v is the increase of volume on sublimation, AW the
heat of sublimation of the substance . Therefore, both are positive.
From (16) it now follows:

when the equilibvium F 4 L4 @ is situated in the point of
maximum sublimation of the substance I, addition of a third substance
will increase the pressure (7' constant) and decrease the temperature
(P constant).

[n the minimum-meltling point the binary liquid has the same com-
position as the substance JF, therefore y = 3. The saturationcurve
under its own vapour-pressure gues therefore through point . (In
this transition-case between figs. 3 aud 4, n, therefore, coincides with
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F). When we put in (8) and (9) y =3, then it follows:
RT \da Jomp V—vu RI® \da )= AW

Herein V—u is the increase of volume on meliing, AW the heat
of melting of the substance #. V—v can be as well positive as
negative, AW is always positive. From (17) it now follows that:

whén the equilibrium F 4 L -4 @G is situated in the minimum-
meltingpoint of the snbstance F, addition of a third substance will
increase the pressure (7' constant), when the substance melts with
increase of volume (V >>v) and decrease when the substance melts
with decrease of volume (V <(w). The temperature (P constant)
is lowered.

We may express the above-stated also in the following way:

from F the pressure increases along the vapoursaturationcurve
under its own vapour-pressure going through # and the temperature
decreases along the boilingpointcurve going through F.

From £ the pressure increases along the saturationcurve under
its own vapourpressure going through Z#, when F melts with in-
crease of volume and the pressure decreases when 7 melts with
decrease of volume. Along the boilingpointcurve going through #
the pressure decreases from F.

Also we should be able to examine what influence has a third
substance on the binary equilibrium F# -+ L + G, when this is
situated in the point of maximum temperature (point H in figs. 5
and 6) or in the point of maximum pressure of its P,7Tcurve. We
refer to this later.

(To be continued).

Physiology. — “The ¢ffect of subcutaneous turpentine-injections on
the chemotaxis of remote places” By Prof. H. J. HaMpurcrr.
After experiments by Dr. J. Buirenguis.

(Communicated in the meeting of November 29, 1913).

On a former occasion the attention was drawn to the favourable
effect of slight amounts of turpentine on the rapidity of phagocytosis.?)
In a dilution of 1:100.000 an increase was found of 24.7 °/, and
even in a dilution of 1:500.000 an increase of 16 °/,.

1) Hampurcer, or Haan and Busawovic: On lhe effect of Chloroform, Iodoform

and other substances dissoluble in fat, on Phagocytosis. Proceedings of the Meeting
of Jan, 28, 1911, p. 913.
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Elsewlhere') we have pointed out that the resull agrees wi
great number of clinical experiences. The gynaecologist Focmyr :
Lyons for example has successfully applied turpentine in the t
ment of puerperal fever. For this purpose he injects turpentine v
the skin which gives rise to an abscess in this place and the 1
soon disappears.

Focurer thinks that the abscess attracts the noxious substa
which cause the fever, thus rendering them inactive. He speal
an “Abscés de fixation”. .

In veterinary circles this treatment has caunsed much enthusi
The pneumonia (crupposa) of horses is at present chiefly and suc
fully trealed with turpentine-injections. In the veterinary Scho
Utrecht for instance J. J. Wxster adopted this method with exce
results.

He justly doubts, however, whether we are right in assumin
“absces de fixation”. No plausible reasons can be adduced for
hypothesis. Therefore he is more inclined to aitribute this favou
result to an improved action of the heart.

It seems not impossible to me that this factor has to be reck
with. But it is certainly not the only one; for in Denmark the :
treatment js successfully applied to chronic mastitis of the cow.
a better action of the heart, such as is often necessary in pneum
would be of no avail here.

Therefore we have asked ourselves if this favourable effec
turpentine may not be explained by assuming that this substance e
the circulation from the place of injection as a weak solution,
stimulating the phagocytosis also in the hearths of the disease, u
would assist the curative process.

From a technical point of view, however, it is very difficu
investigate the degree of phagocytosis in an inflamed centre an
determine thus whether the activity of the phagoeytes has incre:

This seemed possible, however, by chemotactical experiments.

For this purpose, just as in the case of Calcium, two met
were adopted *).

The first method consisted in capillary tubes, filled with an ex
of coli bacteria, being placed under the skin of one of the hind

1) Hamsurcer: Physikalisch-chemische Untersuchungen iiber Phagozyten.
Bedeutung vom allgemein biologischen und pathologischen Gesichtspunkt. |
baden, J. F. Brremany, 1919, p. 159.

%) Cf. Hamsureer. The eflfect of slight quantities of Calcium on the moli
the phagocytes. Proceedings of the Meeting of May 28, 1910.

-43 -



611

of a rabbit ai the inside of the thigh. These extracts also contained
traces of turpentine.

Similar tubes were placed at the other hind leg with the same
contents, but without turpentine.

After 20 hours the leucocyte columns, which owing to chemotaxis
had entered the tubes, were measured. This rendered it possible to
establish if, and if so, to what exteni, turpentine had promoted
chemotaxis and stimulaled the phagocytes.

The second method consisted in 0.3 cc. of turpentine being injected
under the breast skin of some rabbits; it was then deiermined if a
greater amount of lencocytes had entered the capillary tubes with
coli-extract, than if the same rabbits had been injected with 0.3 ce.
of NaCl-solution instead of 0.3 cc. of turpentine.

Before stating the results obtained on the effect of turpentine we
shall communicate a series of experiments which were made to
ascertain the degree of accuracy of the method. In four rabbits
capillary tubes are placed right and left under the skin of the leg.
These tubes are filled with the same extract of coli-bacteria in NaCl

0,9 */,.
The following table will require no further explanation.
TABLE L
Effect of extract of Coli-bacteria on chemotaxis.
Left leg: Right leg.
Extract of Colibac- Extract of Colibac-
teria™ in 0.9%, NaCl | teria in 099, NaCl
Rabbit 1 |Total of 4leucocyte- 4.1 mm 4.5 mm + 0.4
columns after
- 2 hours
» 2 ” 6.3 5.5 , — 0.8
» 3 " 56 , 55 , — 0.1
v 4 » 5.6 52 , . — 0.4

This table shows that the greatest deviation amounts to 0.8, whilst

the deviation in all 4 rabbits together oniy comes to 0,9 mm.
- First method.

Under these circumstances it could be established now, to what
extent an addition of turpentine to an extract of B. Coli in NaCl-
solution would affec the degree of chemotaxis. *)

1) The technical details were about lhe same as those we described in Vircrow's
Archiv. B. CLVIL p. 829, 1899 and in “Physik. Chemische Untersuchungen iiber

Phagozyten”. Boremany 1912, p. 94 foll. Only instead of cork paaffin was used
to keep the capillary tubes in their places.
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For this purpose we used capillary tubes with extract of bacteria-
coli in NaCl 0,9 °/,, in which 1:100.000 turpentine had been dissolved.

In cach rabbit 4 capillary tubes with and 4 without turpentine
were placed on one side under the skin of the leg. After 20 hours
they were taken away, and the lengths of the leucocyte-columns
were measured.

Table 1I gives the results of this experiment.

'

TABLE IL

Effect of extract of Coli-bacteria on chemotaxis.

- liight leg.

Left leg. : . _

Coli-bacteria_extract Co?ﬁbgcg;g’?qaegrad

in 09% NaCl -+1:100.000 turpentine

|
Rabbit 5 [Totalof4 leucocyte- 4.8 mm 4.6 mm — 0.2
columns after
20 hours

" 6 N 3.2 ., 4.8 , -+ 1.6
L4 1 ” 4— 5.1 + 1.1
N 8 ” 4.8 , 6.4 , 4 1.6
w9 » 41 , 5.2, + 1.1
s 10 ” 6.9 , 7.1 4 0.2
. 1 " 2.2 , 3.1 , -+ 0.9

In 6 of the 7 cases, therefore, the turpentine in a concentration
of 1:100.000 has stimulated the chemotaxis. _

In order to,investigate if rabbit 5 made an exception to the rule,
or if a mistake had been made in the experiment, the experiment
was repeated with the same rabbit in the same places. It was found
then that the values became 5,1 and 6.8 respectively. In this case
too an inereased chemotaxis has, therefore, been established.

We subjoin an experiment witk a weaker turpentine-solution viz.
with turpentine 1:500.000. Cf. table III.

These results show that an addition of turpentine 1:500.000 las
had a much more favourable effect still on the chemotaxis than
turpentine 1 : 100.000.

Elsewhere!) a more detailed account of the experiments will be
published.

1) In the dissertation (Bern) of Mr- J. Burrennuis.
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TABLE IIL
Effect of coli-bacteria-extract on chemotaxis.
ight leg.

Furt il i P

+1:500.000 turpentine
Rabbit 12 [Total of leucocyte- 4.9 mm 6.4 mm + 1.5

columns afler 20 hrs
, 13 - ) 4.5 7, + 2.5
, 14 " 4.2 5.8 , + 1.6
» 15 " 3.6 , 5.4 ' + 1.8
, 16 " 4.4 4.8 + 0.4
w 17T " 6.1 , 8.1 , + 2

, 18 » 6.2 , 1.4 , + 1.2

Second method.

As we observed before, the second method of investigation consist-
ed in turpentine being injected subcutaneously in the lower chest
to enable it to spread through the body with the blood, thus entering
also into the Iymph of the hind leg, where tubes with extracts of
bacteria in NaCl 0,9 °/, had been placed. The experiment showed
that turpentine entered the system but slowly. For when after 7
days the injectionplace was opened, the mucous mass which came
out still strongly smelled of turpentine. Turpentine, indeed, does not
dissolve readily in watery fluids.

Since in different rabbits the chemotactical action is not the same,
the columns of each rabbit were measured without anything being
injected. When this had been determined half the rabbits were
injected under the breast with 0.3 ccm. of turpentine and the other
half, as a test, with 0.3 cem. of NaCl-solution 0.9°/,.

Five or six hours after injection the capillary tubes were placed
under the skin and they were removed after 20 hours. The following
table gives a survey of the results obtained.

Now if- we compare the total of the differences of 2, 4, 6, 8 and
10 which comes to 4 6,1 mm. with the total of the differences of
1, 3, 5, 7 and 9, which amounis to — 0,1, then it appears that the
subcutaneous injection of turpentine has evidently stimulated the
chemotauis.

It must therefore be concluded that, in accordance with our hypo-
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TABLE IV -

Effect of the subcutaneous injection of turpentine on chemotaxis.

Length of 4 leucocytecolumns
ft leg. :
Begrclel;z%liegiecotfion After theRgl%}:atctli%% of 0.3 cc. Difference
turpentine of turpentine or NaCl 0.9 -
Rabbit 1 6.6 mm Turpentine 7.4 -+ 1.8 (Turpent))
.2 6.6 , NaCl 5.7 — 0.9 (NaCl)
3 63 , | NaCl 5.9 " 0.4 (NaCl)
» 4 5.8 , Turpentine 5.8 0 (Turpent)
» 5 4.8 , NaCl 55 , -+ 0.7 (NaCl)
» 6 6 Turpentine 7.2 —+ 1.2 (Turpent)
» 7 5.1 , NaCl 6.4 -+ 1.3 (NaCD
" 8 4.4 , Turpentine 7.1 4+ 2.7 (Turpent.)
» 9 49 , NaCl 4.3 , — 0.6 (NaCl)
w 10 58 , Turpentine 6.2 mm -} 0.4 (Turpent.)

thesis, turpentine has gradually been removed from the place of
injection (o different parts of the body, also to the blood-vessels of
the leg where turpentine was imparted to the Iymph, which had
a favourable effect on the chemotaxis.

Repeated injection of turpentine in diluted solution.

If this view was correct then it might be expected that an injection
of turpentine in a diluted solution, if repeated a few times, wonld
likewise effect an increased chemolaxis.

This would, moreover, prove that the salutary therapeutic effect
of the turpentine would be entirely independent of the notion “abscés
de fixation”. At the same time this might lead to the application of
turpentine in human pathology being resorted to more frequently,
for in spite of the success obtained by Focmmr and others after him,
it is a wellknown fact that the subcutaneous injection is, if possible,
avoided lecause the sterile abscess, caused by it, is so extremely
painful. Indeed when we see how, after the abscess has existed for
some days, the mass taken ouf, which. still smells-of turpentine, is
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a mucous one, it becomes evident what destruction the turpentine
has cansed there.

We investigated therefore whether the chemotaxis could not like-
wise be stimulated by injecting subcutaneonsly a solution of turpen-
tine in NaCl 0.9 °/, in a concenfraton of 1:10.000, instead of pure
turpentine.

Provisional experiments have indeed shown that this has a favour-
able effect on chemotaxis. It was not considerable however.

Probably this must be attributed to the ineffective manner in
which the experiments were carried out. In the first place too little
was injected viz. only 5 times 5 cc. of a turpentine solution of
1:10.000, which means only a total amount of 0.0025 cc. of turpen-
tine. But especially too much time elapsed between the injections
so that the turpentine injected, had ample opportunity to be secreted
in large quantities by the kidneys, whilst the method of injection
adopted by FocmIER creates a reserve of turpentine, from whence
turpentine is continually yielded to the cirvculation.

In subsequent experiments, which, owing to lack of time, could
not be carried out as yet, the above-mentioned consideration will
be taken into account. ‘

As the technical difficulties attending turpentine-injections are being
removed, it will be possible to make use of these injections much
more frequently in human pathology ; meanwhile it may now be
concluded already from the foregoing experiments that turpentine
also stimulates chemotaxis in remote places. Further we may infer
from the greater mobility of the phagocytes, which is indeed also
the foundation of an increased chemotaxis, that in those places the
phagocytosis will be stimulated likewise.

Groningen, November 1913, Physiolegical Laboratory.

Botany. — “Adjustment to ?z'g/at i oats” By W. H. Arisz. (Com-
municated by Prof. WenT).

(Communicated in the meeting 6f November 29, 1913).
§ 1. Introduction.

In this preliminary communication there will be considered a
number of phenomena which are generally grouped as adjustment
phenomena (German : “Stimmuug”). By f{unctional adjustment is
usually meant the state of an organ which determines the effect
with which the latter reacts to a stimulus of a certain strength.
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A change in adjustment is therefore made evident by a change in
the reaction to a stimulus of the same intensity. Thus it has been
known for a long time that plants grown in the light do not show
the same sensitiveness to uniateral illumination as etiolated ones.
PrinesHEIM '), in a series of investigations, has ailempted to obtain
a more detailed knowledge of these processes and quite revently
there appeared a paper by Crark*) which, as an extension of
PrinesreIM’s work, possesses in many ways points of contact with-
the results about to be described. Crark’s conclusions and my own
differ on a fundamental point, namely the validity of the energy
law for negative reactions. )

There are also swriking differences with regard to our observations
on the influence of omnilateral preliminary and after-illumination.
Since Crark’s paper fortunately appeared before the close of the
present investigation, I have been able to test his results by control
experiments, which, at least with regard to the influence of omnilateral
after-illumination, have sufficiently explained the divergence m our
results. For a further explanation and for theoretical considerations
I must, however, refer to the detailed account of my investigations,
about to be published elsewhere.

§ 2. Method.

My method is in principle the same as that of PriNesEEIM and of
Crarx. These investigators obtained the omnilateral illumination by
causing pots with seedlings to rotate on a clinostat round a vertical
axis in front of the source of light. The objections to this method
are that owing to the excentric position of most of the plants, the
latter do mnot receive equal quantities of light on all sides, while
moreover, on account of the large numbers of plants in each pot,
they are continnally getting into each other’s shadow. Owing to the
kindness of Prof. Went I was able to use an apparatus specially built
for these experiments. It is a kind of multiclinostat, in which 20
pots can rotate simultaneously each on its own axis. The arrangement
is such, that when the source of light is one metre from the instrument,
the possibility is excluded of the plants getting into each other’s
shadow. The time for a revolution varies from 4 seconds to 4 minutes,
whilst a brake with an electrical contact makes it possible to
illuminate during an integral number of revolutions. Since the plants
rotate round their own axis, it is possible to nse fairly large velocities

1) Conn's Beitrage Bd. 9. 1909. Bd. 10. 1910
%) Zeitschr, f. Bot. Bd. 5, H. 10. 1913.

|
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without fear of centrifugal force. In the series of experiments now
published, the rotation velocity was always 5 sec. The source of
light was a Nuessr projectionlamp fed by a current mainlained
constant. The light from the lamp, which was placed outside the
dark room, passed through a cooling apparatus with vunning water
and then through a diaphragm into the dark room. By interposing
plates of frosted and of milk glass the intensity of the light could
be changed in a few seconds. A grealer intensity than 450 candles-
metre was not obtainable with this lamp at the distance at which
the multiclinostat was placed. The experiments described below,
with unilateral illumination at greater intensities were carried out
with the aid of a projection arc lamp which gave at 1 metre an
intensity of 4600 candle-metre power. The numbers referring to the
latter iluminations have no claim to great accuracy.

The experiments were carried out in a small dark room in the
experimental hothouse of the laboratory. This small space could be
maintained at 23° C. by means of an electric heating apparatus and
regulator.

§ 3. Omnilateral fore-ilhumination followed by
unglateral after-illumination

In order to determine the state of sensitiveness of a plant at a
given moment, the plant must be exposed to unilateral illumination
at this moment and the resultant reaction must be observed. In the
course of the investigation it was found desirable to make a rule
of following the process of curvature, for the first two hours. A
longer period was not required for after two hours no further photo-
tropic phenomena became visible. The investigation aimed at observing
how a plant behaves towards unilateral illumination of various
intensities, after previous exposures of varying duration and intensity.
In order to determine the state of sensitiveness exactly at the end
of the preliminary illumination it is necessary to supply the quantity
of energy of the unilateral afier-illumination in as shoit a time as
possible. How desirable this is will be seen especially fiom a con-
sideration of the processes discussed below, affecting the veturn of
sensitiveness. In contradistinction to ‘Pringsnriv and to Crarg, I did
therefore not always use the same intensity for the unilateral after-
illunination as had been employed when the plants were rotating.

On the conirary, an attempt was made to supply the plants in
as short a lime as possible with a definite amount of energy, which
altempt was only hmited at the higher amounts by the available
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supply of light. I have investigaled the influence of omnilatéral
fore-illumination by allowing the plants to rotale for various periods
of time at 5 different infepsities, of 5.5, 12.1, 25, 100 and 450
candle metre power. The results of the first four series are summa-
rized in tables. Without going into poinis-of agreement and difference,
which would require detailed discussion, I here only wish to remark,
that Table I is comparable with the investigation of PriNesHEmM
(second paper 1V) and that my table III shows agreement with
Crarx’s figure 2.

It is especially by a considervation of table I, where the preliminary
illumination is wealkest, namely 5.5 candle metre power, that we
can most readily obtain some idea of the influence of omnilateral
fore-illumination. A survey of the first six vertical columns of this
table, in which the unilateral after-illumination was 22—1000 C.M.S.,
reveals that a fore-illumination of 100 seconds already requires an
after-illumination of 60 C. M. S. to bring about a curvature, whereas
after 10 seconds 22 C. M. S. were able to do this. After still longer
preliminary illumination not much more energy need be supplied
and 120 C. M. S. always gives a definite positive curvature. We
may therefore couclude that the sensitiveness has been diminished
by the fore-illumination.

A second phenomenon is observed when the amount of the energy
of the after-illumination is increased (the last three columns of
table I). As I have previously ') shown these large amounts of energy
(more than 4000 C. M. S.) bring about negative curvatures. Even
after brief fore-illumination these negative curvatures occur after
large amounts of energy, but now the phenomenon is observed, that
after preliminary exposures of 5 minutes or longer, these negative
curvatures become feebler, and already after 20 minutes they are
no longer obtainable. Then positive curvatures occur, which are
extremely feeble at 27000 C. M. S. and become more clearly visible
at 13500 and 4500 C. M. S. After 1 hour’s fore-illumination the
positive curvature is even very marked at 4500 C. M. S.

This second phenomenon, which, as will be explained more fully
at the end of this paper, I wish to consider as the typical “adjustment
phenomenon” must therefore be formulated as the fact, that after a
certain duration of the preliminary exposure, it is no longer possible
to obtain negative curvatures at a certain intensity of unilateral
after-illumination.

If we compare with this the other tables we find thal also at

\

1) Proc. Kon. Akad. v. Wetensch. Amsterdam Sept, 1913,
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Explanation of signs.

-+ all plants show definite positive curvature.

-+ all plants show strong positive curvajure.

0 no plants curved.

— all plants show definite negative curvature,

+? a few plants show slight positive curvature,

—? a few planis show slight negative curvature.

Two different signs placed in the same space e.g. 4- means that the reaction
after about | hour was according to the first of these, after about 2 hours according
to the second. .

No previous illumination.

] Energy of the unilateral illumination in C. M. S.
No previous !

22 ‘ 44 60 120 | 500 1000 4500 | 13.500 | 27.000
+t++!++ i N

TABLE L
Intensity of the omnilateral fore-illumination 5.5 C.M.

illumination

%Eé Energy of the unilateral after-illumination in C. M. S.
o 9.8
:‘égg 4X5.58)<5.5'5><12 103<12/5 < 100{10 X 100 10)(45030)%45060)(450
ae g 22 44 60 120 500 1000 4500 | 13.500 | 27.000
o=
0sec.| + |+ A | A+ | H | F | 2 | - | -
100 sec 0 47 + 41 ++ + — -
3 min +? + |+ |+ + — —
5 min. 0 0 +7 | ++ -+ —? —?
20 min. ol |+ T Y
1 hour O | + |4+ |+ |+ |+ | 0
TABLE II
— Intensity of the omnilateral fore-illumination 121 C. M.
Duration of Energy of the unilateral after-illumination in C. M. S.
omnilateral fore-
llumination. | 22 44 €0 120 | 500 1000 | 4500 |13.500| 27.000
0sec. | 4+ | + |+ [HE || ] 2 | 22—
Bsec. | 0 |42 | 4+ | 4+ [+ |+ | - | 22| -
100 sec. 0 0 0 +? 4+ | 2 — —
3 min. 0 ? -+2 +90 +? —? —?
5 min. 0 0 0 + *, +? —?
20 min. 0 | 4+ |+ |+ | |
1 hour. I B ol B o R e ol O e S o
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TABLE IIL -

Intensity of the omnilateral fore-illumination 25 C. M.

Duration of Energy of the unilateral after-iflumination in C. M.°S.
omnilateral fore- -
illumination 22 44 60 120 | 500 1000 | 4500 |13.500|27.000
10 sec. 0 47 + -+ + + - —
36 sec. 0 -+2 +2 — — —
100 sec. 0 ? ? —? —? _
3 min. 0 0 G —? — —
5 min. 0 0 -2 -+ +
20 min. + |+ | ]
1 hour. 10 + |+ | |
TABLE IV.

Intensity of the omnilateral fore-illumination 100 G, M.

Duration of Energy of the unilateral after-illumination in C. M. S.
omnilateralfore-

illumination | 22 | 44 60 120 500 | 1000 | 4500 |13.500| 27.000
10 see, ¢ 0 0 +2? -+ +4- - - -
36 sec, 0 0 0 0 — — —

100 sec. 0 0 0 0 —? -? ~?
5 min. 0 0 0 0 -+? +4
20 min. 0 + + | ++
1 hour. - + |+ |

these intensities of fore-illumination the sensitiveness to the positive
reaction diminishes at first. Whereas at 12.1 C. M. (table II) it was
always possible to obiain a positive effect, this is not so atstronger
intensities. At 25 C. M. and 100 C. M. (tables III and 1V) it is no
longer possible to bring about a positive curvature after a fore-
illumination of 100 seconds.

Just as in table I the possibility of obtaining negative cutvatures
disappears with increased duration of the preliminary exposure, we-
see also from tables I[, III, and 1V, after a certain period of fore-

-53-




621

llumination, that the strongest umlateral afier-illuminations no longer
ring about negative curvatures. Wlile at 5.5 C. M. the positive
:urvatures only occur after a fore-illumination of 20 minules, we
see that with more intense fore-illuminalion strong posilive curva-
ures alrcady occur in plants which had only 5 minules fore-illu-
nination.

Tables 1I and III show a further fecature to this extent, that
with more _prolonged foreallumination smaller quantities of energy
uffice 1o give again a posilive 1eaction, i.e. the plants become as
{ were more sensitive. The four tables show gradual transition and
oresent a concordant picture. All tables, demonsirate the existence
side by side of at least two different processes.

In the. first place after any prelinmary illumination a larger
unount of energy is required to bring about a positive reaction.
secondly after a certain durauon of the preliminary illumination the
apacity of giving negative curvatures is lost more or less completely ;
ifter more prolonged fore-illaminations only positive carvatures oceur.
I'lis second process, the adjustmeut phenomenon, recalls the phenomena
whi¢ch are known to occur with unilateral illammnation of greater
luration. In that case also the capacity of giving negative curvatures
s lost and after prolonged illumination only positive curvatures appear.
Let us therefore first consider unilateral illuminations of great
luration.

§ 4. Unilateral dluminations of great duration.

A preliminary idea may be obtained from the following table of
ntensities from 1.4 to about 20000 candle melre power.

TABLE V.

Unuateral illumunation.

Intensity in candle metre power.

1,4 55 12 100 ‘ 450 1800 4600 20000
Negative - > - -
curvature + 4000 C. M. S limit not determined,
begins at ) at about
= 4 10.000 M. C. S. neg.
Negative curvature ‘n
fecond ostae | B | 9900 {18000 90000 | 135000 | 72900 | 4 18000 | 4 20000
cur/ature at 0
&
Duration of | 2
stimulus for | < {30min.[25min.| 15 min.| 5 min. | 40 sec. | 4 sec. 1 sec.
sec. positive
curvature
40

Proceedings Royal Acad. Amsterdam. Vol. XVL

-54 -



622

Unilateral illumination according to CLARK. -
1,25 5 16 100 400 2500
Negative curva- _— ~ - -
ture begins at | 500—900 | 4- 900 + 2000—2500
Second positive
curv, begins at 2300 7500 18000 34000 480000 | 4500000

At 1.4 metre-candlepower only positive curvatures are found, but at -

each greater inlensity there is a larger or smaller range of energy
in which megative curvatures occur. Although the accuracy of the
determination of the strongest light intensities Wwas not very great,
we may nevertheless say that, at all intensities from 5.5 C.M. onwards,
there is a range over which negative curvatures are present. At
5.5 C.M. this range is very small, the curvatures which occur are
very feeble and a positive one always precedes them. This range
first increases at greater intensities and then diminishes again, but
even at the greatest intensity employed, namely 20000 C.M., it was
possible to obtain a negative curvature after stimulation for about
half a second. If we, however, compare with this the values published
by Crarx for the appearance of a negative curvature, thereis a very
striking difference. For the first positive reaction the energy law is
valid according to Cuarx, but not for the negative one. The great
discrepancy between our figures depends on the phenomena at small
intensities. For larger ones CLark agrees in finding the negative
reaction at a constant amount of energy, but for feebler intensities
he considers that a negative curvature occurs after much smaller
amounts of energy. The cause of the discrepancy is CLark’s method
of working, as I have been able to show by control expériments.
A plant which executes a positive phototropic curvature assumes a
position in which its apex is stimulated by gravity. When the reaction
caused by the last stimulus is stronger than the phototropic one, the
plant. assumes an upright position, which greatly resembles that due
to a negative phototropic curvature succeeding a positive one. For an
amount of energy from 500—2000 C.M.S. Crark has mistaken this
geotropic erection for negative phototropic curvatures.') Had he made
his plants, after illumination, rotate on a clinostat round a horizontal
axis he would have seen no trace of a negative curvature. [ desire to
emphasize here, that in all my experiments control observations were
made on a clinostat; by this means alone it is possible to obtain

1) Prof. Josr was so kind as to inform me by letter, that Crark never rotated
his plants round a horizontal axis on a clinostal.

{
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certainty -with regard to the occurrence of a negative pholotropic .
curvature, We have thus to consider the fact thatat small intensities
no negative curvatures were observed, whereas at greater intensities,
as indeed CrLaRk also found, after stimulation with a definite amonnt
of energy the plants curve negatively. CLARK’s observations were
entirely at variance with the energy law. The question now arises,
whether the facts, as above set forth, necessitate a limitation of the
energy law to smaller amounts of energy. It seems to me thai from
the data obtained for negative curvatures we may not draw the
conclusion that the energy law is invalid for small intensities and a
long duration of the stimulus. There are so many facts in favour of
the general validity of this lawthat it is safer to assume that the
occurrence . of negative curvature is no¢ entirely dependent on a
definite quantity of energy. It is necessary that this quantity should
be supplied within a ceriain time, for otherwise, owing to processes
to be discussed below, the effect is so much diminished, that the
excitation, which is required for the negalive curvature, is no longer
reached. )

In place of the negative curvature there arises again at all inten-
sities employed a positive one, when the illumination is continued
for a longer period. For this second positive curvature also there is
a siriking discrepancy between Crark’s figures and my own. My
figures (as indeed those of Crark) show convincingly that the occur-
rence of the second positive curvature is not dependent on a definite
quantity of energy.

If we take into consideration the well-known fact, that it is not
even necessary to supply this energy unilaterally, but that the latter
as Privesarim has shown, may be partially replaced by an illumi-
nation from the opposite side, then the hypothesis presents itself to
us that this second positive curvature avises through a process which
is indepeundent of the direction of illumination. 7%is process results
in a lowering of the excitation. In this train of thought there is
therefore no essential difference between the first and the second
positive curvature. On further consideration of the tables an additional
conclusion may be drawn. We see that (he duration of stimulus,
i.e. the time during which illumination was necessary to induce the
second positive curvature, decreases continuously at greater intensities,
that is to say, that the miensity of the process, through which the
excitation diminishes s greater according as the quantity of enerqy
supplied per unit of time increases. We see therefore in unilateral
illamination the same process which we have studied as adjustment
phenomenon  with omnilaieral forve-illnmination. In that case also

40~
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the action of this process became evident after a certain period.of
preliminary illumination by the disappearance of the possibility of
inducing negative curvatures and the exclusive appearance of positive
ones.

§ 5. The fading phenomenon (“Abklingen™).

Omnilaterai preliminary illuminations render possible the closer
stady of a phenomenon, which is generally called fading of
an excitation. By omnilateral stimulation of a plant for a longer
or shorter time we obtain as response a certain insensitiveness. We

TABLE VL
Fading of an omnilateral preliminary illumination.
Time between Energy of the unilateral after-illumination in C. M. S.
fore- and after-
illumination 22 44 125 250 500 1006 | 4500 | 13.500] 27.000
at once 0 0 0 —? — —_
1 min. +2 "69 —_ _ -
5 min. S S I I e
20 min, + L | | TRl
thour | 4 |4+ |+ |- [+ |+ ] + | 0 | =2
no fore- + _ _
illurunation o Bl e e e e B o ol -
During 100 sec. omnilateral fore-illumination with an intensity of 25 C. M.
TABLE VIL
Fading of an omnilateral preliminary illununation.
Time between Energy of the unilateral after-illumination in C. M. S,
fore- and after
illumination 22 44 125 | 250 500 | 1000 | 4500 |13.500| 27.000
at once 0 + | A ]
1 min, 2| 4 L | ]
5 min. 2 A | ]+
20 min. A I I o T R B T
’)
thour | 42 | + |t [+ [+ |+ | T ] =
no fore- \
iifumination + |+ | A * - -

During 20 minutes omnilateral fore-illumination with an intensity of 25 C. M.
‘ L 4
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can then see how this insensitiveness gradually disappears again;
for this purpose the plant must be left in the dark for some time
and the slight residual sensitiveness which remains at that moment
must be determined by observing the magnitude of the reaction to
a given stimulus. In tables VI and VII the values are given relating
to a preliminary illumination of “25 candle-meter power during
100 secs. and 20 mins. respectively (see also table III).

From table VI we see that the possibility of obtaining positive
curvatures has returned after only one minute has elapsed between
the end of the omnilateral illumination and the beginning of the
after-illumination. After 1 hour the original sensitiveness for the
positive reaction has returned more or less completely. Itis however
remarkable that at 4500 C. M. S. after an interval of 5 mins. between
fore- and after-illumination no negative curvature occurs again, but
instead a strong positive one. We see that here also thvough the
omnilateral illumination during 100 secs. the adjustment process has
been put into action, which process has continued iz the darl and
resulted in the large quantity of energy giving not a negative but
a positive curvature. But the intensity of this process alsg diminishes
in the long run, so that after 60 minutes the negative reaction again
begins to be evident.

In table VII we see the return of the sensitiveness for positive
curvature as well as the possibility of a negative reaction. In this
case, however, neither the original sensitiveness for positive carvatures,
nor that for negative ones 1s completely reestablished after 1 hour.

§ 6. Omuilateral after-illumination.

Following Prixesmumy, I investigated together with omnilateral
fore-illumination, the influence of an omnilateral after-illumination.
The simplest case imaginable, with two successive illaminations, is
that of a brief illumination from one side followed by one of equal
sirength from the opposite side. Then the result is thai the plant
remains straight. If there is an interval between the two exposures
even of only 2 minutes, the curvatures occur separately, so that
there is first a curvature in the direclion of the first exposure and
then in that of the second.

TABLE VI

105 C.M.S. (1X15) immediately afterwards in the opposite direction 105 CMS (7X15).
No curvature,

1 min. » No curvature
2 min. »  apexcurves first one way, then the other way
4 min, »  first one way, then slightly the other way
: 8 min. ,  first one way then strongly the other way
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Crark also paid atlention (o bilaleral illumination and since his
results differ from my own, I made a series of observations, collected
here in table IX, for special comparison with his figure 7. This
table refers to successive illumination from two sides with an intensity
of 16 candle metre power. Afler the first exposure the plants were
turned through 180° and illuminated from the opposite side. It is
found that as long as a certain interval elapses between the beginning
of the two stimuli, each is expressed independently. If for instance

TABLE IX
Successwe llumination from fwo sides.

Duration of the Duration of the second exposure .
first

exposure. 10 sec. | 30 sec. 60 sec. 90 sec. | 180 sec. | 600 sec.
30 sec. 4 0 — — — —_
60 sec. + -+ + +? —_— —
90 sec. -+ —+ + +? —_ —
180 sec. + +? + * + *
300 sec. =+ + + + + +
600 sec. * * + + + $?

Intensity of both exposures 16 candle metre power.
-} signifies curvature in the direction of the first illumination.
— signifies curvature in the direction of the second illumination.

the illumination is first for 60 sec. from one side, and is then
followed at once by the same quantity of energy from the opposiic
TABLE X

Duration of the |Duration of the omnilateral after illumination

unilateral
fore-illumination 35 sec, 100 sec. | 300 sec. | 600 sec.

30 sec 4 + — 0
60 sec 44 +? +7? -
180 sec. -J- tc;;_{_— + —
300 cec. + +? +? —

Intensity of fore- and after-illumination 12 candle metre power,
-~ signifies curvature in the direction of the first (unilateral) illumination.
— signifies curvature in a direction opposite to that of the first illumination,
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side, the iwo curvatures occur separately one after the other. Crark
makes no mention of the first occurrence of the curvature in the
direction of the first illumination, and this deprives the phenomenon
of its surprising feature. )

Let us finally consider table X for an ommnilateral after-illumni-
nation. Although carried out with a somewhat weaker intensity, it
may very well be compared with Crarx’s fig. 4. In this case also
Crark makes no mention of the positive curvature which occurs
first and ouly gives the negative values. Had the after-illumination
here not been omnilateral, no new result would have been obtained,
but since all sides were afterwards exposed to an equal amount of
energy, the phenomenon is somewhat more complicated. We must
come to the very plausible conelusion, that after-illumination has
not the same effect on all sides, but has a different effect on the
side which had already been illuminated unilaterally. This results
in a separate production of the curvatures, first in the direction of
the first illumination and then in the opposite one. There is not the
slightest reason to call a curvature, in a direction opposite to the
ficst illumination, negative.

. § 7 Summary.

In conclusion a few results of this investigation may be considered
in their mutual relationship.

The observations with Ouateral illumination (table VIII) show, that
when we apply to a plant two stimuli by illuminating first one side
and then the opposite side, each stimulus results in a visible .ipsi-
lateral curvature, as long as a certain time intervenes between the
two exposures. This is very marked when the interval between the
twvo inductions is long and less so with progressively shorter inter-
vals until, when the interval is very short, only very slight apical
curvatures arve seen. This suggests that also when the (wo sides are
lluminated simultaneously, both stimuli would produce a iendency
‘0 curve, which tendencies are not expressed because ilhey are
simoltaneous, equal and opposite, and therefore annul each other.

The phenomena of omnilateral illumination are in complete agree-
ment with this. Here also, under certain conditions, there may occur
v curvature towards that side, which has had no preliminary unilateral
lumination. An omnilateral illumination must therefore be regarded
18 the summation of untlateral ones.

A series of experiments, which are not described here, has shown
me, that when a plant is illaminated simultaneously from twe opposite
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sides ' with (he' same intensify, and when the illumination is thén
continued on one side, resulis arc obtained completely analogous to
those with omnilateral instead of bilateral fore-illumination. If need
canse no surprise, that with a #ilateral illumination, the excess
which must be given on one of the sides, to obtain an ipsilaieral
curvatare, inust be grealer, in proportion as the tendéncy to cur-
vatire on the other side is stronger. This is the same phenomenon,
which we have observed afier an omnilateral fore-illumination. The
quantity of energy, ,which had to be given in one direction, in order
to obtain a positive curvature, was greater in proportion as the
previous illumination was more intense.

There is mo reason {o vegard this so-called smaller sensitiveness
of a previously illuminated plant, which only depends on the necessity
of »overcoming a tendency ro curve, as an adjustment phenomenon:
Rather should {his name be reserved for {he process.which we
have. here always called adjustment process. We have been able to
observe how it is affected both by unilateral and by omnilaieral
illumination.

Bilateral illumination can also give some explanation of the fading
phenomenon (§ 5).

We saw thai, as the intervals between the two opposite illumina-
tions become longer, the curvatuves show better. This gives us
a new point of view with regard to the fading process, which the
omnilateral illumination enabled us to study.

Here, with the time which elapses between the first stimulation
(omnilateral fore-illumination) and the second one (unilateral after--
illumination), the power of the lalter of becoming visible increases.
This manifests itself in the phenomenon that, the longer the interval”
has lasted, the smaller is the amount of energy required to produce
a visible curvature. We must therefore assume that the gradual
veturn of the original sensitiveness is the result of the fact that a
tendency to curvaiure can express itself more strongly when a longer
period has elapsed since the last stimulation. .

Utrecht, Bolanical Laboralory.

Chemistry. .— “The Allotropy of Copper” 1. By Prof. Erxsr
Conex and Mr. W. D. Herpurmax.

1. In studying the earlier literature on copper we found cerlain
indications which juslified the presumption that this metal is capable
of exisling in differeni allotropic modifications. This presumption had °
been strengthened by the results of ourinvesligalions on tin, bismulh,
cadmium and zinc. ' : ! Lo
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We will discuss the indications referred {o above in our detailed
paper 1n the Zeitschrifi fur physikalische Chemie; here only {wo
points may be specially mentioned: 1. MarramsseN and von Bose')
found as early as fifty years ago, that wires of electrolytic copper had
changed their eleciric conduectivity (at 0°C.) after having been heated
for some time at 100° C. Table 1 1llusirates this phenomenon.

TABLE I

Wire 1 Wire 2 Wire 3

. Conductivity
at 0° at 0° at 0°
Before heating 99.526 100.021 100.327
aft, heat. 1 day at 100° 99.943 99.971 100.461
>, 2days,100°] 101.097 100.268 100.563

3 » ,100° 101.418 100.524 100.645

o w4, .,100° 101.671 100.656 100.708
w - By »100° 101.682 101.075 100.649
s n B, 41000 — 1 101,230 100.705
wooow Ty w1000 — 101.469 —

2. Even-in those cases where pure copper was used, the values
given in the literature for the densily of this metal differ amongst
themselves very considerably. ')

2. "We carried out our experiments in the same way as those
described in our paper “On the Atlotropy of Zinc”.?) .

Electrolytic copper (Kamnsavym — Berlin, “geraspelt”) was brought
in quantities of 100 grams each into a porcelain crucible. The pure
metal was melted in an electric furnace, some charcoal powder
having been added to it. The melted material which showed a
brilliant sarface was poured out into cylinders made of asbestos-paper.
As soon as ‘the metal had solidified, the cylinders were chilled in
waler and furned into thin shavings on a lalhe.

55 grams of this material after having heen washed with ether,
dilute nitric acid, water, alcohol, ether, and dried in vacuo over
sulphuric acid, were put inlo a pycnometer in order to determine
the density at 25° C. We then observed that the water meniscus in

1) Poccenporre’s Ann. 115, 3538 (1862).

1) Compwe ¢ g Krmeaum u. Siunm, Zellschr. [, anorg. Chemie 486, 280 (1905)

%} Proceedings 16, 5G5 (1913).
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the pycnometer was continually falling at constant temperatave. The
same phenomenon was observed when the experiment was repeated.
This indicates that themetal undergoes some change at this temperature.

3. By manipulating very quickly we sncceeded n determining the
density at 25°.0 We found in two independent experiments:

25°.0
d—zo—8.889’ an‘d 8.890.

Our thermometers had been compared with a standard of the
Phys. Techn. Reichsanstalt at Charlottenburg-Berlin.

After having heated the metal during 24 hours at 100° in a
solution of coppersulphate no change of density was observed. Re-
peating this experiment at 25° we found

25°.0
40

d 8.899 and 8900

These experiments prove that there is a transition temperature
between 25° and 100° C. .

4. In order to fix this temperature more closely we carried out
a determination with the dilatometer, .us\ing 300 grams of our chilled
metal. The dilatometer (bore of the capillary tube 1 mm.) was filled
with paraffinoil, which had been heated for some hours in contact
with finely divided ecopper, uniil there was no more evolation of
gasbubbles.

The dilatometer was now kept at different, but constant temperatures.

TABLE 1L
R EEEEEEEIIEE———
Temperature m?:ggﬁf'i:rgeggs Rise of fevel Rise of level in
in hours i.n mm. mm per hour
2.0 0.5 — 545 ~ 1090
45 .0 0.2 — 100 _ 500
69 .6 0.3 — 148 — 444
n.5 18 — 53 _ 3
2.0 4 4 10 + 25
72 .5 11 4 45 14
13 .0 0.5 +~ 6 T 12
5 . 0.4 + 14 4 3%
80 .9 0.4 + 30 +
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We used the electrically heated thermostai, nientioned in our paper
on the allotropy of cadmium ).

The results are given in Table 2. (Zie p. 630).

5. This table shows that there is a transitionpoint at 71°.7 C.
From this we conclude that there exist two allotropic (enantiotropic)
modtfications of copper. The phenomena may be described by the
equation : '

71°.7
Cu(e) < Cu(P)

6. Tt may be poinied out that the change in the dilatometer has
taken place with great velocity notwithstanding the fact that the
copper used in this experiment had not been in contact with a
solution of coppersulphate. On the other hand there was a large
quantity of finely divided metal preseni. Here, as in the case of
bismuth, tin etc, the presence of this powder suffices to accelerate
the transitionvelocity very, strongly.

7. The following experiment proves that the velocity of the
reaction B-copper—> a-copper decreases enormously when this powder
is not present.

We took 200 grams of elecirolytic ‘copper, melted it in an electric
furnace and poured the metal into a melting-spoon, where a series
of thin rods was formed. These rods were chilled in water and put
nto a dilatometer which was filled with paraffinoil. The apparatus
was kept durving 14 days and nights in a thermostat at 25° C.
Practicaily uo . chaige” occurred. The transition velocity of A-copper
nto -e-copper is several thousand times smaller than if the finely
livided 1netal is present.

This phenomenon explains the fact that objects made of copper
lisintegrate so slowly in daily life. It is exactly the retardation
dbserved in the expertment described above, which makes possible
she use of copper in daily life. We meet here with the same
shenomena which, have been described already in the case of tin,
yismuth, cadmiom and zinc.

8. Our experiments prove that we have to consider copper as a
netastable system (a8 copper), which (below 71°.7 C.) is continu-
yusly changing into the stable modification (e-copper). The very
itrongly marked retardalions have concealed the allotropic change
rom the physicists and chemists who have studied this metal in
lifferent direciions.

9. Dr. Ou. M. van Drvenrsr has been so kind as to call our

') Proceedings 16, 485 (1913).
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altention to the following curious historical peculiarity: THEOPHRAST
(a pupil of AmisToTLE) says in his book @sgi mvgds: zarriregov ydo
paci xai pchBdov 1dy rexipa v 1@ IMovre mdyov #al YsdYOg
orrog _veavizol, yalxov ¢ gayirvew (It is [old that tin and lead
melted sometimes in the Pontos when it was very cold in a strong
winter and that copper was disintegrated).

10. The properties of copper @ and 8 as well as some problems”
relating to the technical use of copper will be. discussed shortly.

’ vax 't Hore-Laboratory.
Utrecht, December 1913.

-

Chemistry. — “The metastability of the metals-in consequence of
allotropy and its significance for Chemistry, Physics and
Teclhnics” By Prof. Ernst CoHEN.

1. The research which I have carried out during these last few
months in collaboraiion with A. I.. Th. MogsveLp and W. D. HELDERMAN,
has proved that several metals which until now were only known
in one modification are capable of existing in two (or more) allotropic
forms. The continuation of these investigations will show if all
metals have this properiy, but we may even already conjecture that
this will be the case. A great many observations described in the earlier
literature afford evidence in this direction.

2. We were also able to state the fact thal the pure metals as we
have known them until now are meinstable systems consisting of two
(or more) allotropic forms. This is a consequence of the very strongly
marked retardation which accompanies the reversible change of these
allotropic modifications both below and above their transitionpoints.
Employing certain devices (using the metals in a very finely divided
state, adding an eclectrolyte) it is possible to increase the fransition-
velocity in such a degree, that the change of the metastable to the
stable form occurs within a short time.

As such changes are very often accompanied by marked changes
of volume, the material is generally disintegrated.

3. As until now, chemists and physicists have always dealt with
the « and p-form together, all the physical constants of metals, which
have been determnined, refer to the complicated metastable systems.
These are entircly undefined as the guantities of the «- and f-modifi-
cations they contain are not known.

Now it 1s known that a special physical property of any substance
at a definite {emperature and pressure depends on its allotropic
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condition. H. F. Wesrr ') found the specific heat of carbon (at 10”C.)
0.1128 in the form of diamond
0.1604¢ ,, , ,, ,, graphite
0.1653 ,, ,, ,, ,, charcoal

Ernst Compy and E. GoLpscumipr *) found that the density of white
tin is 7.28, that of gray tin 5.8 (at the same temperature) while
Ko6mard Howpa ®) has stated that the specific magnetic susceptibility
(¢ X 10% of white tin is 4 0.025, while that of gray tin is — 0.35
at the same temperature. Here even the sign 1s changed. The existing
data on the physical constants of metals known until now are thus
to be considered as entirely fortuitous values which depend on the
previous thermal history of the material used. Those physical constants,
which refer to a well defined condition of the metal are so far
unknown. In order to determine these, and only these have a definite
signification and are reproducible, we shall have to carry out in the
future all measurements for the pure ¢, 8,y .... modifications of the
metals.

4. Considering for instance the important part which the specific
heats of the metals have played in chemistry and physies during
the last few years, it is evident thata revision of these constants is
wanted.

5, What has been said about the specific heat holds evidently for
every other physical constant. In our paper on the allotropy of
bismuth *) we pointed out, that numerous phenomena which had been
observed in the study of density, electric conduetivity (also under
pressure) conductivity for heat, melting point, thermoelectric force,
the Harr-effect ete. and which had not been explained, may find
their explanation if the facts recently found arve taken into account.

6. In this way a new field of research for chemists as well as
for physicists presents itself. Whilst it will be the task of the chemist
to prepare the pure modifications and study their physico-chemical
properties, the physicist will require to turn his attention to the
determination of their physical constants.

7. From a physico-chemical standpoint it will be very important
to study the electromotive behaviour of the allotropic modifications
mentioned above. The transitioncell of the sixth kind which I

1) Pogg. Ann. 154, 367, 5563 (1875).

%) Zeitschrift fur physik. Chemie. 50, 225 (1905)

8) Ann. d. Physik 82,1027 (1910) ; The Science Reports of the Tohoku [mp. Univ.,,
Sendai, Japan, 1, 1 (1912).

4) Zeitschr. f. physik. Chemie 85, 419 (1913).
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described several years ago') may Le used for this purpose. In this
way it will not only be possible to determine the heat of {ransfor-
mation of the modifications, but also to study the equilibrium-between
the different forms. Several interesting problems may find their solu-
tion in this way. I bave carried outsome preluninary experiments in
this direction (with cadmium) in collaboration with Mr. W. D.
HurDERMAN. ~

8. The same may be said if we consider the numerous alloys
which have an industrial as well as a scientific interest.

The melting point curves have to be revised, taking into account
the allotropy of the components. Quite recently the important part
played by the previous thermal history of alloys has been discovered.
Dirrrr®) has proved that the specific heat of certain alloys 1s different
according as they are chilled or cooled slowly. :

In explaining this fact, Dierer. has not been able to take info
account the allotropy of the components of the alloys he experi-
mented with, as our papers on this subject could not at that time
be known to him.

9. I hope to report shortly on the problems which have been
indicated here. We will then discuss also several phenomena which
are observed in indusiry, the corrosion of metals in contact with
water, rusting of irvon, the decay of aluminium objects etc.

Utrechi, December 1913. vax 't Horr-Laboratory.

Anatomy. — “On pteric sutures and pieric bones tn the human
stull”. By Prof. A. J. P. v. p. Broex. (Communicated by
Prof. L. Boik).

It is well known that the pteric region of the skull shows different
relations 1 form and extension of the adjacent sutures as well as
in the existence of separate bones, the so called pleric bones, ossa
epipterica.

In most of the human skulls the parietal and the ala magna of
the sphenoid touch in a more or less extensive spheno-parietal suture.

In some skulls the frontal is reached by the temporal bone, then
a fronto-temporal suture is formed. In this case we speak of a
processus frontalis ossis temporalis.

The configmation of the pteric region can be influenced by the
number, form, extension and situation of the pteric bones.

1) Zeitschr, f. physik. Chem. 30, 623 (1899).
Y Ann. d. Physik 42, 889 (1913).
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An examination of the skulls of papuans, brought home by the
LoruNtz’ expedition from Dutch South New-Guinea, augmented with
a number of papuan skulls, sent to me by the military-surgeon
DE Kock from the same district, showed snch relations in the pteric
region, that made a closer examination necessary.

A study of the concerning literature teaches, that the different
investigations on the proc. frontalis as well as on the pteric bones
are nearly all of a statistical nature, and do not reckon with the
- condition of the two opposite sides of the same skull. As a conse-
quence of this way of investigation, the different forms of processus
frontalis are always explained in the same way. Only GRUBER?)
mentions two forms of a fronto-temporal suture.

The examination of 114 papuan skulls drew my attention to three
questions, viz. 1 that several forms of proc. frontalis must be dis-
cerned. 2 that for the judging of the character of a processus fron-
talis the two opposite sides of the same skull must be mutually
compared and 3 that the processus frontalis and the pteric boues
must be compared with each other.

Regarding the first point I observe that two forms of proc. frontalis
ossis temporalis must be distinguished. I call these two forms of
proc. frontalis type I and type II.

Type 1 shows a projecting part at the upper border of the squama
temporalis, as is seen in figure 1. By prolonging the suture between
temporale and the alisphenoid in upward direction, as is done in

=

O/\/%\\

———

Fig. 1. Fig. 2.

1) Grueer W.Uber die Verbindung der Schlifenbeinschuppe mit dem Stirnbeine, 1874.
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figunre 1 by a doited line, it rcaches the parietal (vide figure ).
This is Gruser’s “miltelbare Verbindung”. Type Il shows a regular
enlargement of the whole squamosal in the direction of the-frontal,
so, that a fronto-temporal suture is formed. This is GrUBER’S “umnit-
telbare Verbindung”. A junction of the second type can be combined
with a frontal process of the first type.

The number of examined skulls is 114; in 47 I found a fronto-
temporal suture i, e. in 41,id°/,. . i

The skuils of the two different kinds ave divided as follows.

In 34 cases we have a frontal process of the first type. In 13
cases the two sides of the skull are svmmetrical. In 21 the fronial
process is only present at one side. 5 of the 13 skulls with gymme-
trical frontal progess show a conibination of the first and the second
type, so that from the first type 8 are found with the frontal process
on both sides, to 21 with the front. proc. on one side; which means
that the unilateral presence is much more frequent than the bilateral.

In 13 skulls the second type was found. Of no less than 12 skulls
the two sides were symmetrial and only once I found a unilateral
enlargement of the squamosal, which proves that the bilateral presence
is muech more frequent than the unilateral.

In the unilateral presence of a frontal process of the first.type
I found this process 13 times on the left side of the skull against
6 times on the right one; so the left half of the skull surpasses
strongly the right one in this respect.

An investigation of the pteric region of the side of the skull
opposite to a frontal process of the first type led to the following
facts:

I. Processus frontalis at the left side.

A spheno-parietal suture at the vight side in 6 skulls.

An os epiptericum typicum,, ., P T

Several ossa epipterica s s e » s 1 skull.

A temporal proc. at the frontal ,, ,, ,, ,, 1

II. Processus frontalis 4 os epiptericam at the left side.

An os epiptericum-typicum at the right side in 2 skulls.

1I Processus frontalis at the right side.

- A spheno-parietal suture at the left side in 2 skulls.

An os epiptericam typicum ,, ,, , , . 2 i

Several ossa epipterica ,, ,, ,, , ., 2

A spheno-parietal suture is mostly found at the side opposite to
the frontal process ‘(in 8 of 19 cases). This suture is not always
situated in the same place. Usually il lies at the level of the sutura

ot
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squamosa, s0 that the region of the frontal process is included in
the alisphenoid. -

Sometimes the spheno-parietal suture lies at the level of the lower
border of the frontal process; so that the region of this process is
included in the parietal. The region of the frontal process of one
side can be included in the frontal, as is proved by a skull, which
presents at the left side a frontal process of the temporal and at
the right side a symmetrical temporal process of the frontal.

If at the side opposite to the frontal process one or more ossa
epipterica are found, the situation .and extension of these bones are
equal 1o those of the frontal process.

We find other relations in the skulls with frontal processus of the
second type. Here the enlargement of the squamosal is nearly always
absolutely symmetrical.

Only once did I find a second type of frontal process at one side
and an os epiptericum typicum at the other one.

I suppose that the question after genesis and significance of the
above mentioned two types of frontal processus must be answered
as follows.

The proc. frontalis of the first type is to be considered as the
homologon of an os epiptericum typicum. Following arguments led
me to this opinion.

In the fivst place it is possible that the region of a unilateral
proc.” frontalis can be included at the opposite side in one of the
surrounding bones (sphenoid, frontal, pariefal).

In the second place it must be remembered that the ossa epipterica,
which are present at the side opposite to the frontal process, corre-
spund in their extension and situation to this process.

When we find a frontal process together with an os epipte-
ricun at the opposite side, these two correspond with the frontal
process.

At last I have to mention the great variability in form and
extension of the proc. frontalis. As 1 will explain further on, we
can find that in a skull with a unilateral os epiptericum or ossa
epipterica the opposite side snows the same conditions as in a skull
with a unilateral processus frontalis of the fivst type.

The frontal process of the second type, the enlargement of the
whole squamosal, could be due to two causes. In the first place we
can suppose that merely an enlargement of the squamosal is cause
of the exclusion of the alisphenoid from the frontal, in the second
place we can imagine that this enlargement is due (o the opposition
to the squamosal of that part of the alisphenoid which is not

41

Proceedings Royal Acad. Amsterdam. Vol, XVI,
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cartilagineous preformed, viz. the os intertemporale from Rankzm?).
Perhaps both ways of enlargement of the temporal in forward
direction occur; only ontogenetical and comparative anatomical
investigations could make out this question. -
Ossa epipterica.
I have brought the ossa epipterica to the following types.
I. Os epiptericum bordering to fonr bones (frontal, parietal,
femporal, alisphenoid): os epiptericum typicum. -
1I. Os epiptericum, bordering to three bones.
a : frontal, parietal, alisphenoid: os epipt. anterius.
b : parietal, temporal, alisphenoid: os epipt. posterins
c: frontal, parietal, temporal: os epipt. superius
d: frontal, temporal, alisphenoid : os epipt. inferius.
III. Os epiptericum, bordering to two bones; i.e. presenting itself
as a sutural bone.
IV. Several ossa epipterica.
Thirty times I found an os epiptericum typicum
in 4 skulls on both sides
, 15, ,» the right side
11, ,, the left side.

»

If an os epiptericum typicum is present on both sides of the
skull, the two bones are symmetrical in situation and extension.

If an os epiptericum is only present at one side of the skull we
find, when examining the other side of the same skull the follow-
ing cases:

I. Os epiptericum typicum at the right side

a frontal process at the left side in < -gkulls.
a spheno-parietal suture O S
a frontal process and an os epiptericom ,, ,, ., , 5, 3
Several ossa epipterica S
1I. Os epiptericum at the left side
a frontal process at the right side in 2 skulls.

a spheno-parietal sutare ,,” ,, N
Sevel"cﬂ ossa epiptericit ITREY) i) 33 9 1 2
This survey proves that the side of the skull, opposite to an os

Iy Ranke, J. Ueber den Stirnfortsatz der Schlifenschuppe bei den Primaten,
Sizungsber. bayr. Akad. d. Wissensch 1898,
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epiptericum typicum can show just the same condition as a skull-
with a unilateral processus frontalis of the first type.

That in case of a unilateral os epiplericum typicum the right
side is predominant to the left one is due to the predominance of
the frontal process of the first type on the left side.

If at the side of the skull, opposite to an os epiptericam typicum
a spheno-parietal suature is found, then the same rules hold for the
situation of this suture as by a unilateral frontal process; that part
of the skull that lies symmetrical to the pteric bone can be included
as well in the alisphenoid as in the frontal or parietal bone.

II. I found an os epiptericum of the second type in 7 skulls; in
one on both sides and symmetrical, in 5 on the right and in one
on the left side. This pteric bone was always combined with a
frontal process of the first type. For the composition of the pteric
region of the opposite side of the skull in a unilateral occurrence
of such a pteric bone can be referred {o the description of the
frontal process.

IIl. An os epiptericum of this type I found only once in a skull
as a little sutural bone in a fronto-temporal suture.

1V. Several ossa epipterica I observed in 4 skulls; always two
bone-pieces were present. In 3 skulls they were on the right;n one
on the left side.

For the behaviour of the side of the skulls opposite to those
with two pteric bones, I refer to the descriptions before mentioned.

All in all I found pteric bones in 42 skulls, or 36.8°/, that is
to say in 5 on both sides, in 23 on the right and in 14 skulls
on the left side. X

This enumeration proves that pteric bones are more often found
on the right than on the left side, on the contraty the fusion of
the bone pieces in the pteric region with one of the surrounding
bones, specially the squamosal, happens more frequently on the left
than on the right side.

It is impossible to decide by this study the meaning of the
pteric bones.

The frequent occurrence of these separate bone-pieces in papuan-
skulls is not favourable for Rankr’s theory, saying they oughl to
be considered pathological.

Ontogenetical and comparative anatomical researches will be
necessary to explain this question of the anatomy of human skull.

41%
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Physiology. — “On the formation of antibodies afier injection oy
sensitized antigens.” By T. K. Worrr. (Communicated™ by
Prof. C. Eukman.) (First Communication). -

In 1902 Busrepka ') communicaled about a new way of rendering
trial animals immune against pest, cholera, and typhus. This way
of immunizing consisted in injecting the animals with the bacilli in
question (either dead or alive), the latter being first treated with_an
antiserum specially prepared for them, and afterwards being again
freed from the superfluous serum.

It appeared that by this treatment the animals became-immune
much sooner than after being injected with nontreated bacilli, that
their state of immunity lasted as long, and besides that by this
treatment the bacilli had lost their toxical qualities. Since then
BrsrepkA’s method has been applied to a great many other bacteria,
and according to many authors, mostly with good results.

In a report about his method*) in 1910 Brsrepxka finishes, saying
that it has been shown that sensitizing procures the bacteria with
new qualities, so that now they become first class vaccins, vaccins
with a reliable, quick, innocuous, and lasting effect.

In defiance of this seem to be experiments by Ngemsser and
LuBowskz *), von DoneurN *) and Sacss *) ©).

Nussekr and Lusowskr examined upon rabbits the production of
agglutinins against typhusbacilli, which were loaded with agglutinins
on one side, and by injection of nontreated bacilli on the other side.
They found that the former had much less effect than the latter.

It must be remarked that their treated bacilli were saturated to
a maximum with agglutinins and were then washed oul again
several times’).

1) C. R. de I'Académie des Sciences, 2 June 1902,

2) Bulletin de PInstitut Pastsur, 1910, p. 241.

3) Centr. f. Bakteriologie I, vol. 30, p. 483.

4} Miinch, Med. Woch. Schr, 1900, No. 20.

8) Centr. f. Bakteriologie I, vol. 30, p. 491.

6 I do not here wish to speak about immunizing by means of foxin-antitoxin
mixtures, which have again been brought to the fore by the latest investigations
of von Berming as to the way of fighting diptheria. For this consult Krerz
(Zeitschr. f. Heilkunde 1901, Heft 4) and J. Renxs (GR. de la Soc. de Biol. 1901,
février), who could not bring about immunpisation by compensated mixtures, con-
trary to Basges, who could, and further von Bearing’s communications (D. Med.
Woch. 1913), who found that a mixture reacting neutrally for one kind of animal,
could still be toxical for another.

7) J. Renns (G. R. de la Soc. de Biol. 1900, p. 1158) did nol find a difference
in immunisation power belween agglutinated and nontreated bacilli.
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Vox Dineury has deseribed a single experiment aboui the immu-
nisation power of red corpuscles of the ox, loaded with amboceptor,
upon the rabbit. In his experimenting he found as good as no am-
boceptor formation. -

Sacms has extended these experiments, and he found that the
amboceptorformation was a less good one, but that it certainly did
exist. He too communicates but one series of experiments with corpus-
cles saturated to a maximum.

I here do not wish to show the differences between BmsrEDKA’S
experiments and those of the Germans; this I will do in a following
communication. But for me this controversy was enough reason to
get some more insight into this question by more extensive experi-
ments. Besides, one argument caused me not to consider of general
value the result which the German investigators drew from their
experiments, viz. that antigens loaded witn antibodies possess no or
very little immunisation power.

For it is a wellknown fact that, in order to get an immuneserum
with a high titre, one must inject antigen in question more than
once. The second and following injections are generally given to
an animal that already possesses a certain quantity of antibody,
even more than is necessary, to saturate the quantity of antigen
which is being injected. Now there is not so very much difference
between treating an animal for the second time, and injecting antigen -~
antibody at the same time into a nontreated animal. And from the
fact that a second injection of a previously trealed animal does
possess immunisation power, I considered the opinion of v. DUNGERN
c.s. improbable. .

Suchlike experiments have been made by Dr. ThiELE according to
a communication given by him during a discussion in the bactereo-
logical section of the international congress in London. Then my
experiments were already in progress.

T started studying the orvigin of antibodies in rabbits after the
injection of heterogeneous red corpuscles loaded more or less with
amboceptor. I have especially taken care also to use red corpuscles,
loaded with little amboceptor, because it was possible that this would
furnish a clue to solve the difference.

As to the technic of the experiments see below:

A great number of rabbits (15—18) were always injected with
foreign red corpuscles at the same iime. The rabbils had never been
treated with the kind of blood in question bLefore. With my later
experiments the animals were always first weighed and injected in
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proportion {o {iheir weight. The corpuscles had always been freed
from serumn by centiifuging and washmg them with a saltsolntion.
After that they were digested for at least half an hour with the
antiserum which was beforehand heated to 56°. As, except for a
single exception, homologous (rabbits) serums were always used for
this aim, the washing away of the antiserum was not necessary
in my experiments, and consequently this was not done. Attention
was always pard to all the amboceptor being also absorbed.

In order to find out all about the rapidity of the production of the —
amboceptors, the rabbits were bled from the earveins every two or
three days. (Always hittle, '/, cem. at the utmost). The sernmm which
was in this way obtained, was heated to 56° for half an hour.
That is how no allowance was made for the appearance of thermo-
labile amboceptors.’) However, as appears from TuieLe and EMBLETON’S
wiiting, these are mever very numerous, and they soon disappear.

The rate of the amboceptor of the various rabbitserums of one
day was always defined wirth the same Guinea pigserum so that
the numbers are mutually to be compared. As unity of amboceptor
a serum was taken, 1 cem. of which together with '/,; ecem. com-
plement (fresh guineapigserum) was able to solve 1 cem. of a 5/,
suspension of the corpuscles in question, in half an hour at a tem-
perature of 37°.

In the following list the A4.-rabbits have been injected with non-
sensitized, the B.-rabbits with weakly sensitized, the C.-rabbits with
strongly sensitized red cells. The bloodquantity is unthinned blood;
so for 1 cem. 20 unities amboceptor are equal to 1 dose.

L

Subcutaneous injection of sheepblood 11/; cem. per k.g. weight.
A nonsenstlized

B sensitized with 6.6 dose Stiength of the sensibized serum: /00
¢ » , 100 With C all was also absorbed.
A
rabhit after 5days after 7days  after 10days  after 12 days after 14 days
121 Yho Y100 Y200 Ysoo /s o nearly
122 Yao dead  intercurrent disease
123 /oo nearly » N
124 Yso 00 dead
126 Ysomearly  Yjzgo Yeoo Ysoo Y500

1) Tamit and Emsicrow, Z. f. Immunitatsforschung, XX, p. 1.
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126
127
128
129
130

c

131
182
133
134
135
136

e Lso /100

1/10 mearly oo /a0
<1/1 a0 Yso

1/10 dead

Yho Yo largely  Yfago
<y Yoo 100 nearly
< Yao —
<y <1 dead

tho - Y50

/g nearly /g nearly Yoo
< he » <1y

643

1/ 100
died

1 200

1/600

1/ 20
1/ 100

1/50
oo
Yio

Y100
1/200

l/500

1/!00
1/‘200

1//100

L/ 0q nearly
Y100

Result: Somewhat quicker formation of antibodies when injecting
nonsensitized red cells, and besides formation of somewhat higher
titre. But the difference is not much.

II.

Intraperitoneal injection of horseblood /s cem. per kg.
A nonsensitized.

B sensitized with 4 dose

c
y:}

rabbit
11
45
48
49
60

B
63
71
638
67
70

c
72
73
76
78
79

»

»

after

nearly 1/,

20

5 days after 7 days
nearly /s

<1/ <1y

Yo Yo
<Yy nearly 1/,
<Yy Yho
<Ye <Y
< <Y
< <o
<9 <1
<1y <Y
<Yy <l/y
<1 <,
<1y <1lho
< <lhe
<1 nearly /g

after 10 days
nearly 1/20

3 3 2 E

Yo
Yso
Y50

120

<l

nearly 1/54

2

1/10
<

<1/10

<Y
<Yy
<y

Yoo

Yao

rabbitserum, strength Yag,.

after 12 days

Y0
Y0
Y20
Y20
Yo

Yo
<1y
<Y1

Yso

Yao

Result: with none of the rabbits a high titre is to be found. But
the immunisation with the A rabbits is distinctly quicker and better
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than with those of series B and (. The conducl of the 4 rabbits
is much more regular too; with B and C there are much more
individual differences. -

IIL

Intravenous injection of oxblood 1.6 c.c.m. per k.g.
A nonsensitized.

(,1? 2151/" do”se rabbitserum strength /500
A -
rabbit  weight after 2 days after 5 days after 9 days after 12 days after 14days
107 2100 <Y <Y Y100 Y300 Yoo largely
138 2100 <V <l Y100 /a00 nearly Yoo -
109 2000 <1y <Y /100 mearly /1q9 1ago nearly
140 2100 <Yy <10 Y100 Ha00 /1000 nearly
108 2000 <is <l Y50 100 nearly Y/eg
B .
114 8200 <Yy <Yy Y00 /500 nearly 1/jg00 nearly
112 2600 <Vs <o /200 Yoo o Yoo
115 2700 <Y <o Y500 oo » Yoo
10 2830 <Y <Wyy o e Yhe  Yaw
116 2850 < 1/10 after <1/10 1 200 after 1/500 l/100()
104 3100 <o 4ds. {<Yy /200 1 1days(/500 Yoo
139 2300 died .
108 3300 ) s anaphylaxis
c
106 1700 <Y <tho 100 t/ogp mearly Y1g0
118 2100 <Y; < a0 /100 100
121 1200 <Y <11 Yso 1200 a0
142 1700 <Y <l Yoo 1/a00 Y300
195 *1350 died ‘
141 1550 » g anaphylaxis
93 2200 "

Summary: No great differences. But now the B rabbits (which
have been injected with weakly sensitized red cells) are quickest in
producing amboceptors.

The C rabbits finally lag behind a little, though not much, the
4 and the B rabbits reach the same titre on an average. Soon after
the injection (5 minutes to '/, day) five rabbits died, 2.8 and 3 C
rabbits.

Consequently an intravenous injection of the same quantity foreign
red cells is much more dangerous when they are loaded with

immune serum.
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Iv.

Intravenous injection 1/, c.c.m. per k.g. sheepblood.
A nonsensitized.

B sensitized with 4 unities dogserum, so hetcrogeneous serum
c ., . 20 ) Strength: 1/14o-
4

Before the injection
rabbit  (The trialserums after 3 days afterd days after 7 days after 10 days
were not heated)

100 Ty o Haoo Y50 1000
101 s 1o nearly /o mearly Iy, Y1000
97 <1y <l Y1000 Yo o000
99 Yy <Yy 100 a00 500
98 <Y <1y © Law Y000 au00
B
96 s <1y V100 Y00 Y200
9% fs mearly <1y, Y500 Yago? Y520
92 Vs o» <V Hago a0 Vsoo
9% <1 <V Yoo 0o L/yopnearly
93 <1 <10 Y100 a00 Yoo
c
90 <V <ho Yso /g0 nearly  agg
9 Vs nearly <1y s a0 ’ Y1000
87 s » < Y100 Y00 Yag
89 Yo o <l Y50 sgo mearly Yoo
88 <Y <Yy V1o Y100 Yo

Summary : The rabbits treated here had only a small quantity of
normalamboceptors.

The C rabbits distinctly become immune more slowly than the A
and B rabbits; the latter remain on the same level the first few
days; finally the A rabbits carry the victory as to titre.

The wuse of dogserum for sensitizing does not seem to be of any
influence here.

V.
Intravenous injection of sheepblood 1 cem. each rabbit. (The rabbits had about
the same weights, 2—3 kg.) Each group = 2 rabbits.

A nonsensitized.
B 5/y, doses

¢ 5/&_ ”

D s , ‘ .

E % rabbit serum: strength 1/, The red cells could
P oB0 . enlirely absorh 150 doses.

G 100

H 150 ,
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rabbit “ -
A after 2 days after 5 days after 7 days after 10 days
8 Y weak Yso 100 Yoo
X <Yy Yo weak V1o weak Y100
B
9 1/, weak V1o Yooo Weak oo Weak
17 o » Yao Yoo o Y500
C
12 < <o The Yso weak
R <1 Yo weak Yrgp Weak Yo »
D
21 Yo ? Y100 Y100
33 Yo weak Va0 Y100 oo
E
24 Yho weak o Yao Y50
13 Yo » Yo 1100 a0
b
M Yy, weak /30 weak Uso weak 1/ss weak
22 Yo Yo Y20 Yoo &
G .
25 Y10 i/, weak eo weak Y140 Weak
14 < e 5o Yso  »
H
16 Y10 Yay i Yo
15 1, weak Y1y weak L10p weak Y100

As far as results are to be drawn from this series — for the
rabbits have not been exactly injected in proportion to the weight
of their body—there does not seem to exist a great difference between
the various rabbits. The final result is somewhat better with 4 and
B than with the others; but the differences are small. The strongly
sensitized red cells (150 doses!) also had immunisation power.

At last I have made two more series of experiments, upon which
I will not dwell at length; with those the rate of amboceptor with
all the animals remained too low to be exactly measured, probably
by injecting too little blood: in one series no differences 'were 1o be
found, in the other the nonsensitized blood immunized a little better,
but the differences were small.

The 6inal conelusion to be drawn from these series of experiments
may now follow :

In general one also succeeds in rousing amboceptors with sensitized
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corpuscles. The strongly sensitized red cells mostly work less quickly ;
the serum of the rabbits gets a lower titre! But on a whole the
difference is not great, generally smaller than was found by Sachs
and voN DUNGERN. -

The weakly sensitized red cells are generally not inferior to the
nonsensitized as to immunisation power (in one series they even
worked somewhat more quickly); the final result is either the same
or a little less. In one series, with the treatment with red cells of
ox appeared the danger of intravenous injection of sensitized cor-
puscles : a number of rabbits died of anaphylaxis. As a rule however,
they could well stand the injections. I made one series of experi-
ments with injection (intraperitoneal) of sensitized and non sensitized
red cells of ox into rabbits, which a fortnight ago had already
had a first injection of red cells of ox, and which now all had an
equal titre (*/,,,). The rabbits that were injected with strongly sensi-
tized corpuscles all five died of anaphylaxis; of those that were
injected with weakly and nonsensitized corpuscles three died of five
resp. two of five of anaphylaxis. )

So I did not continue those experiments.

December 1913. Laboratory of Path. Anatomy, Amsterdam.

Physiology. — “On the relation between the quantity of brain
and the size of the body in Vertebrates”. By Prof. Eveing
Dusoms. (Communicated by Prof. H. ZwasrDEMAKER).

(Communicated in the meeting of November 29, 1913),

It is obvious that, in general, in different species of animals,
the relative quantity of brain must be a measure for the degree of
the organisation of the nervous syslem. There are however still
other factors influencing the cuantity of brain. In the first place
the size of the body, but especially also the age and the individual

deviations, further possible deviations caused by the living of the

animal out of the state of nature.

Of these factors the three last mentioned ones can easily be
excluded, the age, by choosing only full grown animals for compa-
rvison, the individual deviations, by taking averages, or (which in
some cases wmay be preferred) by choosing individuals representing
the norm. Then remains still the factor of the size of the body.
Its influence cannot be appreciated by simply calculating the relative
quantity of brain. For a lcng time it has been known already that
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in this way the required measure for the organisation of the
nervous system cannot be found, but on the contrary false relations
are obtained. Then Man is indeed not only inferior to some small
Monkeys but even to the Mouse. The latter would then be four
times better provided with brain than the Brown Rat, and the Cat
five times better than the Tiger or the Lion.

In general we find, not only in Mammals, but in all Verte-
brates, that the smaller species of closely allied animals, relatively
to the weight of their bodies, have a great quantity of brain.

If we exclude, however, as much as possible, the above mentioned
factors which, besides the size of the body, influence the quantity of
brain, if we thus compare animals taken in the state of nature,
which are as near as possible to one another, systematically, in their
manner of life and in-the shape of their bodies, but differ as much
as possible in the size of their hodies, then it must Dbe possible,
to discover at least, if it is not a simple proportion, some relation
existing between the quantity or mass of brain and the size, the
weight of the body.

Abont twenty years ago the necessary, trustworthy evidences,
chosen and explained with critical discernment, were very rare.
Thankfully it may be remembered here that it was Max WxBgr, who,
by procuring them, was one of the first that prepared the way for
the treatment of this problem, at least in so far as regards Mammals Y).

At all events the size of the body remains a very important
factor amongst those determining the quantity of brain, for the Lion
e.g. possesses absolutely 7 limes as much brain as the Cat, the
Brown Rat 6 times as much as the Mouse. Evidently the weight of
the brain is, after all, a (mathematical) function of the weight of the
body. If the quantity of brain does not increase proportionally to the
volume of the body, expressed by the weight, it might be {hat this
is really the case with regard to the superficial dimensions, as being
proportional with the receptive sensitive surfaces and with the sections
of the muscles, thus measuring the passive and active relations of
the animal to the outer world, for which in this way the quantity
of brain can be a measure. Tlen, in animals equal in organisation
and shape, but not in size, the quantilies of brain must increase as

the % power or the power 0.66.. of the weights of the bodies.

In those comparable Vertebrates of different sizes the longitu-
dinal dimension might likewise be the measure of the quantity of

1) Especially in his “Vorstudien iiber das Hirngewicht der Sdugethiere"”. Fest-
schrift filr CARL GEGENBAUR. Leipzig 1896.
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brain, on account of the segmental structure, and the moyement by
the contraction of muscle-fibres, working on levers proportional to
the length of the body in this tribe of animals.

Again, the extension or the specification of some definite receptive
surface (of sense) may likewise delermine the quantify of brain. As
the former in its turn must be a (mathematical) function of the size
of the bodies of animals that are equal in shape and organisation,
it 1nust,” according to some (arithmetical) power-proportion of the
weight of the body, be one of the factors determining- the quantity
of brain.

However insolvable, at first sight, the problem indicated by the
title of this communication may seem to be — as no organ is more
complicated of structure and in ifs physiology more obscure than
the brain — in this way it must be possible to make it fit
for solution. It mnst, at all events, be possible, likewise for
groups of animals of different grades of organisation, to repre-
sent the ceplalisation by figures, and thus to compare them.

Be » the required exponent of correlation (indicating the corre-
lation of the brain quantily to the mass of the body), be ¢ (ence-
phalon) the weight of the brain, s (soma) the weight of the body of
the smaller animal, £ and S the weight of the brain and the
weight of the body of the larger animal and % (kephalisation) the
coefficient of cephalisation, equal for both, then we have the following
equations:

E:ie=kS8 :ks
Eie==8:s
Sy _E
)=+
_logE-loge
’ JEgS—logs
. E__ e
8 s

When working these equations by evidences contributed by Max
Weser and others T found in 1897') at a seven times repeated

1) The proportion of the weight of the brain to the size of the body in Mammals.
Verhandelingen der Kon. Akademie van Wetenschappen te Amsterdam. Volume
5. No. 10. Amsterdam 1897.

Also in French and German text: Sur le rapport” du poids de l'encéphale
avec la grandeur du corps cbez les Mammiféres. Bulletins de la Société d’'An-
thropologie de Paris 1897, p. 837~ 376.

Ueber die Abhiingigkeit des Hirngewichies von der Korpergrosse bei den
Sdugethieren. Archiv fir Anthropologie. Band 25. Heft 1 und 2. Braunschweig
1897, p. 1—28,
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calculation for each time two Mammals of different orders: Primates,

Ruminants, Carnivores, Rodents, always only values varying mutually
4

between 0.5+ and 0.58, with an average of 0.56 or about —g— =0.55...

Arranging according to £ caleulated in this (vay, we see indeed
the great confusion prevailing in the arrangement of Mammals accord-
ing to the relative weights of their brains, give place, in a generally
satisfactory manner, to an arrangement that is pretty well in con-
formity with the natural system. A few deviations continue to exist,
the Elephant e. g. takes his place between Man and the Anthropoid
Apes, the Rodents deviate mutually very strongly. On the other
hand the different behaviour of Macrochiropteres and Microchiropteres
indicates rightly their different origin.

In 1905 the above-mentioned method of investigation was applied
to Birds by Louls LaricQue and Prerre Girarp'). By 5 comparisons
(Hooded Crow—IJay, Carrion Crow—Jay, Wild Duck—Summer Teal,
Silvery Gull—Sea Swallow, Buzzard—Kestrel) they obtained for »
a value that was co near the one I found for Mammals, that
their conclusion, that for Birds the same exponent of correlation
may be accepted, was entirely justified. According to the value of
the coefficient of cephahsation calculated by this method, Birds,
though not entirely after the natural system, yet with regard to the
nearest affined ones, may be classified in anatural way. Parrots, the
Monkeys among Birds, stand highest in the list *).

Afterwards a few other comparisons (Swan—Summer Teal, Eagle—
Kestrel, Parrot— Parrakeet, which species showed greater differences
in the sizes of their bodies), could be added by Laricqun®) to the
first 5 comparisons; in this way still better results were obtained.

The 5 most thrustworthy comparisons gave now an average r=—=0.558.

This constant returning of “cette puissance étrange” 0.56, the
meaning of which is absolutely incomprehensible according to
Laricque *), likewise in Birds, where the anatomical composition
of the brain is cerfainly very different from that of Mammals, must
indeed be called exceedingly striking.

Under these circumstances it was of great interesi to investigate

1) Comptes rendus des séances de I'Académie des Sciences. Paris 1905, 1, Tome
140, p. 1057 —1059. -

%) Bulletins du Muséura d’histoire naturelle. Pavis 1909, p. 408—412.

) Revue du Mois, Paris. 10 Avril 1908.

%) Revue du Mois. Avril 1908. p 445. Further: Bullelins et Mémoires de Ia
Société d' Anthropologie de Paris. Séance du 2 Mai 1907. Sme Série, Tome 8,
fasc. 3. Paris 1907, p. 261,
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the relation between quantity of brain and size of the body likewise
for the lower classes of Verlebrates. This is connecled here with
greater difficulties, for whereas in Birds the relative weight of
the brain is still of the same order of amount as in Mammals,
it descends in the inferior Tclasses, both absolutely and relatively,
as low as lo the order of magnitude of about */,, of that of the two
highest classes. The quantities of brain we have to deal with are
thus absolutely litle, and we can only make use of those rare
cases of the usually very scarce evidences about these classes, in
which the weights of the bodies show great differences. A few
accurate evidences are found in WeLckir’s “Gewichtswerthe der
Korperorgane bei dem Menschen und den Thieren”, published after
the author’s death by A. Branpt?). Further L. Laricore and H. Lavcizr *)
gave in 1908 some trustworthy determinations of weight, and lately
G. WarerLor, who had made himself conversant with the technical
method in the Laboratory of Laricqun, published a great number of
weights of brains and bodies of Vertebrates, among which also
Reptiles and Amphibia, determined in Dahomey 2).

As early as 1855 and 1856 E. Crisp gave tmstwmthy evidences
concerning a Reptile and a Fish *).

Among Warterror’s Reptiles were a Monitor and a Geecko, belonging
both to the same sub-order of the Lacertilia as likewise the Emerald-
Lizard, of which Laveizr and I.apicQUE communicated the weight.

All were full-grown animals, the Monitor (Varanus niloticus) was
a subject of mean size; four individuals of the little Gecko (Hemi-
dactylus Brooki) were weighed and consequently average weights
can be calculated. The weight of the body of the Varanus is 1600
times that of the Gecko and almost 450 times that of the Emerald
Lizard. Under these circumstances trustworthy results may be expected.
A third good comparison of Reptiles affords a Viper (Vipera berus).
of which Crisp weighed 7 individuals, with a Cobra (Naja melano-
leuca) of Dahomey, weighing alinost 28 times as much. A few other
Reptiles have been inserted into the following table. The values of
L calculated with » = 0.56 are likewise indicated in it, as well as
the average diameter of the eye-ball of some species ).

1) Archiv fiic Anthropologie. Vol. 28 (Brauuschweig 1902}, p.p. 55—61.

) Comptes renlus. Soc. de Biologie. Paris 1908, Vol. 64. p. 1108.

3) Bulletine du Muséum d’Histoive naturelle. Paris 1912, p. 491.

% E. Crisp, Proceed. Zool. Soc. London. Part. 23. (1855), p. 191. Ihid. Part 24.
{1856), p. 106.

5 N° 7, 2 and 4 have been borrowed from Warertor (l.c.), 3 and 8 from
Laricoue (Le.) 5 from Crise lc. (1855), 6, 7 and 9 from WrLecker —Braspr (l.c.). —
An Alligator mississippiensis from Hroucka, cited by Laricque (Bull. et Mém, Soc.

{
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Average
diameter
S E k  joftheeye
ball, in
- m.m.
I. Monitor (Varanus niloticus) (1) 7500, G.[2.440G.[ 0.0165 | 12,5
2, Little Gecko (Hemidactylus Brooki) (4) 4.7 [0.043 | 0.0181 4.1
3. Emerald Lizard (Lacerta viridis) (aver.) 16.8 (0.093 | 0.0191 5.8
4. Cobra (Naja melanoleuca) (1) 1770.0. ] 0.646 | 0.0098 7.0
5. Common Viper (Vipera berus} (7) 64.2 10.105 | 0.0102
6. Common Lizard (Lacerta agilis) (2) 12.507/0.076 | 0.0185 |
7. Slow Worm (Anguis fragilis) 16.252{0.039 | 0.0082
8 ., - N » 18.9 {0.037 | 0.0071 2.8
a. Greek Tortoise (Testudo graeca) 903.58 10.360 {'0.0075 .

Herewith the following values for r are obtained. By comparison
of 1 with 2:0.5476, of I with 3:0.5355, 4 with 5:0.5478. The
average for the examined Reptiles is 0.54386. -

All these values are again so near to 0.55.., or %y, that there
is no doubt but the same exponent of correlation may be accepted
for the three highest classes of Vertebrates. Here already I point to
the low value of % both of the Slow Worm (Anguis fragilis) and of
the Snakes iu contradistinction to the Lizards.

Regarding Amphibia I have not been able to obtain entirely satis-
factory data for the calculation of ». The giants among these, as the
American Bullfrog (Rana mugiens or Catesbyana) and the Indian
Tiger-spotted Frog (Rana tigrina), veach only 5 times the size of the
nearest related species to be compared with. For the Bullfrog I have
calculated of DonaLpsoN’s?) 6 largest individuals the value of s 244.4 G.
and of ¢ 0.204 G. A comparison of the latier with our Waterfrog
(Rana esculenta), according to Laprcque’s averages for s and e, gives.
only an exponent of correlation of 0.3843. Compared with Laricque’s
Rana fudea (aver.) r becomes on the contrary = 0.5501. It seems
that the Bullfrog, at least in the organisation of the nervous system,

d’Anthrop, 1. c. p. 263), with s==11.84 KGM affords, as not full-grown, probably
too high a % (0.0268). For a. “Crocodile” mentioned by Manouvrier (“Sur I'interpré-
talion de la quantité dans l'encéphale”. Mémoires de la Société d'Anthropologie.
Paris 1885, 2me Série, Tome 3, 2me fase. p. 167) of about 70 KGM body weight,
we find &= 0.0290, i

!) Decennia! Publications. Universily of Chicago. Vol. X. (1902), p. 7 and Journal
of Comparative Neurology. Vol. 8 (1898), p. 330.
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"is more closely allied with the European Tandfrog than with the
Waterfrog. The similarity in the modus of living with the latter has
no influence in this respect. The following calculations of £ for some
Awphibia prove indeed that other factors are predominant there.
Valuable evidence for the calculation of the exponent of correlation
for this class might be obtained from the Japanese or the American
Gigantic Salamander (Megalobatrachus maximus and Cryptobranchus
Alleghaniensis). The former is certainly more than 100 times heavier
than the Spotted Landsalamander, and surpasses the Crested or Great
Newt more than 400 times in weight. But, as far as I know, this
evidence does not exist.
"~ If we admit for Amphibia the same exponent of correlation as
for the three highest classes of Veriebrates, then we find the following
values for £. -

S E k
1. Waterfrog (Rana esculenta) (aver.) 4.5 G.| 0.106 G.| 0.0127
2. Leopard Frog (Rana virescens) (5) o 73.35 | 0.153 | 0.0138
3. Bullirog (Rana Catesbyana) (6) 244.4 0.204 | 0.0094
4. Landfrog (Rana fusca) (aver.) 53.0 0.088 | 0.0095
5. Common Toad (Bufo vulgaris) (aver.) 4.5 0.073 | 0.0087
6. Shackletoad (Alytes obstetricans) (aver.) 1.7 0.041 | 0.0131
7. Treefrog (Hyla arborea) (aver.) , 4.8 0.043 | 0.0179
& Spotted Landsalamander (Salamandra maculosa) (1) | 24.88 | 0.047 | 0.0078
9. Great Water-Newt (Triton crisiatus) (2) 1) 1.46 0:019 0.0062

The comparatively high value of % in the two first mentioned
species, likewise in Alytes obstetricans and especially in the
Treefrog, has evidently some relation with a higher organisation of
the nervous  system, and not with the surroundings in which the
animals live. Rana Cateshyana lives, as likewise R. esculenta and
R. virescens, in water, ranks however near to R. fusca, the Landfrog.
The deviation of £ in this respect is in the latter analogous with

1) N 1, 4, 5, 6, 7 are borrowed from Laricoue and Laveier (lc.); 2 and 8
from Donatbson (Journal of Comparative Neurology. Vol. 10. (1900), p. 121 [the
5 largest Rana virescens (¢)], Journal of Comparative Neurology. Vol. 8. (1898),
p. 330. Decennial Publications. Chicago. Vol. 10. (1902), p. 7 [the 6 largest Rana
Catesbyana]; 8 and 9 from WeLcker-Branor (l.c,, p. 57 and 58). - '

42

Proceedings Royal Acad. Amsterdam. Vol. XVI
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that of Salamanders and Newts, where the latter, which -live
in water, have however lower cephalisation than the Landsala-
mander. In general the value of £ does not differ much from that
of Reptiles. -

If now we find in the lowest class. of Vertebrates, the Fishes,
for r the same value as for the three highest classes, then it is
certain that also in the Amphibia, which rank between them, the
same relation exists between weight of the body and weight of the brain.

Of the following evidence regarding Fishes the greater part has
been borrowed from WricKEr-BRrANDT ).

N) E k
1. Carp (Cyprinus carpio) 1817.3 G. | 1.270 G. 0.0190
2. Crucian (Carassius vulgaris) 5.22 0.470 0.0186
3. Gudgeon (2) (Gobio fluviatilis) 42,196 0.159 0.C195
4. Perch (Perca fluviatilis) 61.27 0.162 0.0153
5. Stickleback (2) (Gasterosteus aculeatus) 1.447 0.022 0.0179
6. Pike (Esox lucius) 2) 12700 4.860 0.0245
7. Conger (Conger vulgaris) 3) 10000 1.050 0.0060
8. Eel (Anguilla Anguilla)3) 650 0.170 0.0045

.

When comparing each time two, the nearest affined species, the
following values for » are found: I with 2-0.5633, I with 3: 0.5522,
4 with 5: 0.5201, 6 with 2: 0.5949, 7 with 8: 0.6661.

With the exception of the last, to which I shall revert
afterwards, these values are also all near to 0.55... The average
of the four is 0.5576.

Eels (Muraenidae) excepted, the comparatively high values of
%, in which most Fishes equal even the examined Reptiles, are
striking. In the low value of £ in the Hels we find a similar pheno-
menon, the probable cause of which I shall indicate afterwards, as

1) L. c, p. B9—~61. There 3 more perches. The statements for them deviate
bhowever so much from “what may be admitted as normal for this species, that
they cannot be used separately for trustworthy caleulation of 1. Compared with
the 2 slicklebacks they give for 7 values ranging from 0.487 to 0.644. The
average of 4 comparisons is 0.525.

%) E. Crisp in Proceed. Zool. Soc. London. Part 24. (1850), p. 106.

%) L. Lapicque, Bull. et Mém. Soec. d’Anthrop., lc. p. 263,
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in the Snakes and the snake-shaped Slow Wormn, but the deviation
is here still greater on account of a second cause.

The results obtained in this way seem to prove with certainty
the existence of a law that can be applied to all Vertebrates, indi-
cating the relation between quantity of brain and size of body.

In species of Vertebrates that are equal in organisation (syste-
matically), in their modus of living and in shape, the weights of the
brains are proportional to the 5/s power of the weights of the bodies.

Before we try to discover the meaning of this law, it is
important to determine the value of the exponent of correlation for
the brainweight of large and small individuals in one and the same
species. The differences of size of the body are, in most cases, com-
paratively much less here than those between the species mutunally, -
and we are generally obliged to take averages of a great number
of individuals, to make the errors attending each special observation
balance as much as possible against one another. With the exception
of such species as the Dog, having many races of very different
sizes, the best evidences can consequently be found for Man.

The result I obtained in this respect for Man, in 1898, was com-
pletely contradictory to what I found for different species of Mammals.?)
The exponent of correlation proved to be an entirely different one.
For obvious reasons we cannot dispose, with regard to Man, for this
calculation of sufficient evidence, relating to normal weights of the
body belonging individually to the weights of the brain. In order
to be able to compare these quantities, we may follow two
indirect ways. In the first place it is possible to caleulate the weight
of the brain of living Man. According to the method of Wrrcker,
which has proved to be very trustworthy, I calculated the weights
of the brains of four groups, each of 10 sirong, healthy, and not fat
young men, from the dimensions and shapes of their heads, which
evidences Orro AmmoN had been kind enough to provide me with.
It had been ascertained for those 40 men that they did not grow
any more. They were all small farmers and day-labourers from
Baden. In this way I found an exponent of corrvelation of aboul
0.25, the.value 0.245 (of two of the six combinations possible) is
probably more correct.

Taking the second way I calculated » from the directly determined
weights of the brains of Englishmen (Londoners) with average
weights of bodies of men of the same social class, according to the

1) Ueber die Abhingigkeit des Hirngewichtes von der Kérpergrosse beim Menschen,
Avehiv ftir Anlhropologie. 4% Bd 25. Helt 4. Braunschweig 1898, p.- 423 —441,
42+
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unsurpassed data of Jomy MarsHALL'). Here the value of 0.219 was
found for r. -

I tried to explain that strongly deviating behaviour of individuals of
Man, differing in size, in comparison with species of Mammals of
different sizes, by the uncomparatively great supremacy of the brain
over other organs and parts of the skull in Man. The inferior augmen-
tation of the brain with the size of the body might be a consequence,
in my opinion then, of an exceptionally strong progressing folding of
the grey cortex, going hand in hand with that augmentation of the
brain as a whole. At the present state of our knowledge, now that
we know that in all Vertebrates in general, independently of
its shape and structure, the augmentation of the brain is equal for
all species that are of a similar organisation, the interpretation
then given, that can only be applied to Man, must be entirely
abandoned. I should certainly immediately have rejected ir, if I had
known that, a few months previously in 1898, LaPicQUE, when
applying the relation I had found for Mammals, to dogs of different
sizes, according to evidences borrowed from a series of Ricmer, had
obtained the same result, as I now found for Man. That result had,
moreover, only been communicated by Lapicque in a report of the
proceedings of the meeting of the Société de Biologie on the 15th
of January 1898, in hardly a single page of printing®) together with
the announcement of my memoir on Mammals.

His conclusion ran: “Tout ce que je veux établir aujourd’hui,
c'est que la puissance de P (the weight of the body), suivant laquelle
varie lencéphale d’espéce a espéce étant 0.55, dans T'espéce chien
cette puissance est 0.25, c’est & dire exirémement différent”. Simul:
taneously with my paper on Man of 1898, in the “Arckiv fir An-
thropologie”, LaricQue published with DuErf another article®), in
which the authors communicate as briefly the result for the Dog,
mentioned above, and, on account of an examination of the chemical
composition of the brain, try to find an explanation of the exponent
found for this species in the relative amount of white and grey

1) On the relations between the weight of the brain and its parts, and the
stature and mass of the body. Journal of Anatomy and Physiology. Vol 26, London
1892, p. 445. There the weights of the bodies of living men, according to
Joux Beppoe (Memoirs. Anthrop. Soc. London. Vol. 1L, 1870, p. 533).

% “Sur la relation du poids de l'encéphale au poids du corps” in “Comples
rendus hebdomadaires des séances de la Société de Biologie”. Paris 1898. N¢. 2
(21 janvier 1898), p. 63. ) .

%) “Sur le rapport entre la grandeur du corps et le développement de l'encé.
phale”. In “Archives de Physiologie normale et pathologique”, NO 4. Octobie 1898,
Paris. p. 763—773.
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substance varying with the size. They ask themselves the question,
if the law found for the Dog may in general also be applied to
other species, and give a negative answer to it. “4 prior:, on doit
estimer que non, et nous avons soin de dire que notre étude porte
sur un cas particulier.” (p. 765). In conclusion they say: “Il y a
done, en passant des petits aux grands chiens, une différence sensible
de la composition chimique, et, par. suite, I'unité de poids ne repré-
sente pas pour les uns et pour les autres des valeurs physiologiques
identiques”, (p. 773).

It is clear, that by Lasricque and by me, independently of each
other and wunprejudiced, an identical result has been obtained for
two very different species of Mammals. If this circumstance increases
considerably the importance of this result, then it appears at the
same time that neither of us surmised he had found an interindi-
vidual exponent of correlation equal for all species.

Calculating the value of #» for the dog found by LaPIcQUE,
proportional to the number of obser:ations used for each comparison,
afterwards’) communicated by him, I find it to be = 0.235. When
he repeated the investigation applied to Man, which had cavsed me
to find the two above mentioned values of » 0.245 and 0.219, with
other evidences, according to the second method, he found for Man
0.23 and for Woman 0.224. A compavison of the averages of 7
larger with 7 smaller individuals of an American Squirrel (Sciurus
carolinensis), which 14 individuals with a smaller American species
(Scivrus carolinensis) (6 individuals) had furnished an exponent of
correlation of 0.56, gave an interindividual exponent of 0.20 ?).
With two groups of 5 female Moles of Manouvrizr I find 0.234°2).
The average of these seven observations is 0,228.

A number of other comparisons, with less good evidences, however,
constantly furnished values that do not differ much from the average
found in this way. When I compare the above-mentioned weights
of the six largest Bullfrogs of DonarpsoN (L. e¢.) with the six next in
size of the same species, I find an exponent of correlation of 0,2516.

1) “Le poids encéphalique en fonction du poids corporel entre individus d'une
méme espéce’”. Bulletin et Mémoires de la Société d’Anthropologie de Paris. Séance
du 6 juin 1907. bme Série, Tome 8, fasc. 4, Paris 1908, p. 315.

2) Laricque, “‘Le poids encéphalique en fonction du poids corporel entre individus
d’une méme espece”, L.c. p. 327.

%) There must be errors in Manouveier’s statements (Mémoires Soe. d'Anthrop.
Paris 1885, p. 213 and p. 297) concerning lwo groups, each of 7,d" moles, as the heavy
individuals should on an average only possess 1 mg. more brain than the lighter
ones; the average likewise points to these crrors. Consequently these groups are
useless for the calculation of the interindividnal 7.

-90 -



,

658

Taking into consideration that the certainly still more correct-lines
of DoNiLDsox ?) give to r a value of 0.2316, we may call this result
very satisfactory. On grounds to be discussed afterwards we may
admit that indeed the exponent of correlation within the same species
of all Vertebraies is 0,22. . .

In my previous communication of the result for Mammals I had
borrowed, on behalf of a provisional comparison with Man, for the
calculation of /L available evidences from the 2°¢ edition (of 1893)
of Vimrorpr’s “Daten und Tabellen”. Caleulating with the general
exponent of corrvelation 0,56 T found then a somewhat different value
ot £ for Man and for Woman. If I had made use of more accurate
evidences, the cephalisation would have been found identical for the
two sexes, as has indeed been proved by Laricque?) in 1907, and
at the same time it would have been proved that between Man and
Woman of different size the same exponent of correlation obtains as
between species that are equivalent with regard to the organisation
of the nervous system, bat differ in the size of!the body.

I can now affirm this by two more series of evidences. Placing
namely the four groups of English men of average size, borrowed.
from: MarsAatn, used for my calculaiion of the exponent of corre-
lation for Man, beside the four groups of average English women
of his Table XVIII (l.c., p. 498) we find 63685 G. and 54432 G. for
the average weight of the bodies and 1353.7 G. and 1233.2 G.. for the -
average weight of the brain. The result of the calculation is » = 0,594.

For the average weights of the brain of English and Scottish men
and women we obtain 1375 G. and 1235 G., according to seven different
observers, cited in the new edition of Vigrorpr’s “Daten und Tabellen”.?)
The weights of the body for full-grown men and women of that
nationality, according to Roserts, cited there, are 63010 G. and 52170
G. (deduction made for what RoBerTs indicates for the weight of
the clothes). With this value » can be caleulated at 0,568.

Calculating with the weights of the body according to RoBErTs
and the weights of the brain according to MarsHALL we find 0,498.
The average of these three results is 0.558.

There are no sufficient evidences at hand for testing this sexual
difference in species of animals. Konrsruecer*) gives the weights of

) Fov these comparisens & and ¢ were borrowed from the graphical repre-
sentation in DowaLpson’s publication of 1898 (l. c. p. 32%).

%) “Le poids encephalique en fonction du poids corporel entre individus d'une
méme espece”. 1. c. p. 344. .

3) Dritte Aufl. Jena 1906, p. 23—24, 75—76.

Y) Zeilschr. f. Anatomie und Morphologie. Bd. 1I (1900), p. 51—85.
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the body of the Javanese Bundeng (Semnopithecus maurus and
pytrhus) relating to 11 female and 7 male individuals and the
weights of the brain of 4 female and 3 male individuals. It is
a great pity that a few errors must have slipped into these precious
statements of the weights of ‘the bodies 1. It is, however, possible to
calcnlate 0.553 or 0.586 for the intersexual exponent of correlation,
either when correcting the presumable errors or when omitting
these erronical weights of the body.

What has been stated for Man, considered in connection with the
rational meaning of the exponent of correlation 0.55 still to be dis-
cussed, gives us already a right to admit that for Vertebrates in
general the following law exists: The sexes differing in size of one
species are in the quantity of brdin proportional to each other us two
different species with identical organisation of the nervous system.

The attention may here be called to the fact that this law is in
accordance with the result of the latest investigations about the
hereditary transmission of sex*), as with those of DumBar on the
sero-biological behaviour of the sexes in plants and animals.

Further I want to point out that there is a connection between
the relation of the two sexes found and the non-existence of the
disproportion in the relative length and thickness of the bones,
which is so striking a feature between the large and the small
individuals of one species. °) Both sexes behave, in this respect too,
as nearly related species of very different sizes.

Y} The uniformity of the correlation found between quantily of
brain and size- of body in all classes of Vertebrates, however
striking, cannot, properly, surprise us, as we did eliminate a priori
all other important influences on the quantity of the brain, save
the size of the body. That uniformity affords proof that indeed we
succeeded in eliminating those other influences and, moreover, that the
size of the body influences the quantity of the brain in the same
way in all classes.

One may, however, consider it strange that the well known in-
crease of the relative amount of white substance (composed chiefly
of medullated_fibres) contrary to the grey substance (containing the

1) It seems indeed that in three cases pounds are written erroneously for kilos.

2) G. Cormens and A. Goupsmior, Die Vererbung und Bestimmung des Geschlechtes.
Berlin 1918,

8) Species with a relatively slight difference of size (as e.g. Hylobates syndactylus
and H. leuciscus) show a disproportion in a reverted sense: between species of
very different size this is scarcely perceptible.

1) The passage between brackets is added in the English transtalion.
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bodies of nerve cells), an increase going on, systematically; with
increasing quantity of the entire brain, does not appreciably corrupt
those results.

It was this consideration that induced Dagrg and LaricQue to
investigate the chemical composition of. the brain in large and small
dogs.') From their results it is obvious that the real disproportion
between the two constituents in large and small brains of nearly
related animals, though existing, is insignificant when compared
with what it seems to be on sections of those’brains and from super-
ficial mathematical reflection. We may infer that the seemingly very
striking disproportion is, to a very large amount, corrected by other
variations going hand in hand with augmentation of the quantity
of brain, namely increasing thickness and folding of the cortex and
less rounded form (i.e. relatively more extended surfaces) of the
larger brain, these three processes (or two in the brains without
folding) tending to increase the relative amount of grey substance.

The positive knowledge, obtained in this way, of the relation
between quantity of brain and size of the body, in species and indi-
viduals, gives now a meaning to that “puissance étrange” 0.55.. and
at the same time 0.22.. by which those relations are determined.

Referring to the arguments in my memoir of 1897 on the peculiar
relation of the eye to the size of the body, and continuing the
analysis of the exponent 0.56 or 0.55.., 1 believe that it will be
easy to prove its rational character, as well as that of the exponent
0.22.. In this way the correlations we found are raised to the
rank of real biological laws. ‘

In the memoir of 1897 I had already pointed out that the factor
that expresses the deviation from the simple relation between weight
of the brain and superficial dimension of the body is the cube-root
of the linear dimension of the body.

8055 can be analysed as follows:

2 1 2 3
A, S066—011 — 83 9 B. Soz2+e‘33:,5'?+_9‘
2 2
=P_l = L3 %L
3

The relations found above can then be described as follows:
I. In species of Vertebrates that are alike in the organisation .

Y) “Sur le rapport entre la grandeur du corps et la développement de I'éncé-
phole.” l.c. (1898).
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of their nervous system and their shape, but differ in size, and also
in the two sexes of one and the same species, the quantity of
brain inereases:

A. as the quotient of the superficial dimension and the cube-root
of the longitudinal dimension.

B. as the product of the longifudinal dimension and the square
of ifs cube-rool. .

[I. In individnals of one and the same species and of the same
sex, differing in size, the quantity of brain increases as the square
of the cube-root of the longitudinal dimension of the body.

Consequently we find between the exponents 0.22.. and 0.55.. a

relation of a simple nature.
2

Moreover the factor-S°2 or L2 in B is the square of the deno-
minator in 4.

The fact that, in different species, a factor determining the
quantity of brain is to be found in the superficial dimension of the
body, which is the measure of the sensitive surfaces as well as of
the muscular force, was discussed at large in my memoir of 1897.
It is neither incomprehensible, that individuals of different size in
one and the same species distinguish themselves from, for the rest
closely resembling species differing in size, because only in the latter
case an increase of the quantity of brain proportional to the longitudinal
dimension takes place, as a consequence of segmental growth, in-
crease of sensu-motorical unities in segmentically constituted species
of animals.

From the investigations of I. HArpesty ') it appears that in the
Elephant, which is 180000 times heavier than the Mouse, and in
Man, who is 3628 times heavier than the Mouse, the masses of
certain nerve-cells of the spinal-cord are proportional as the imagi-
nary longitudinal dimensions of the mentioned species.

If we admit that to every nerve-fibre a definite central cell-mass
answers, then these masses must increase with the number of nerve-
fibres, in segmentically constituted animals indeed as the longi-

tudinal dimension.
- 1

But what is then the meaning of L3?

The answer to this question was likewise prepared in my memoir
of 1897. 1t is to be found in the very special relation between the
size of the eye and the body in animals of different sizes. The
longitudinal dimensions of the Dbody and the eye of these animals

1) Journal of Comparative Neurology. Vol. 12 (1902), p. 125--182,
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are not proportional to each other, neither are they absolutely equal;
in other terms, the smaller animal has, in proportion to its body, a
large eye, yet it is absolutely surpassed by that of the larger animal.
We find here evidently a similar velation as between the weight of
the brain and that of the body, and can try to fix this relation in a
similar way, by calculating an exponent of correlation.

Most fit for this comparative investigation are again species that
differ as much as possible in size, and have at the same time
absolutely large eyes. Instead of the simple diameter of the eye-ball
(which in its shape and in the thickness of the sclerotica is variable) it
is preferable to compare the linear sizes of the images on the retina. More
than twenty years ago MATTHIESSEN') made exact measurements
of the sizes of the images on the retina, amongst others in Whales,
which together with others were already formerly discussed by
me. He does not indeed indicate the sizes of the animals them-
selves, but if we admit for them the averages of the full grown
species, then the error resulting from this insufficient information
cannot be very great.

Let us thus compare the largest of the fouir examined species of
Whalebone-Whales, Sibbald’s Fin-Whale, with the smallest, the
Humpback Whale, and calculate according to what exponent of
correlation of the length of the body proportionality with the size
of the image is obtained?).

Proportion of

linear sizes of the lengths of the body ({)
images (in Millimeters) (in Meters)

Larger Fin-Whale

(Balaenoptera Sibbaldi) 39.78 30

and ot 0% =

30.23 15
Humpback-Whale
(Megaptera Boops)

We find then that on an average the lengths of ihe body must be
involved to the power 0.3964 to become proportional to the lengths

1) L Marrmessen. Die neueren Fortschritte unserer Kentnis von dem optischen
Baue des Auges der Wirbelthiere. Festschrift fiir H. vox Heramorrz 1891, p. 62-63.
) The Porpoise (mentioned by Marrmiessen as “Delphinus communis”) and the
Whalebone-Whales belong to plylogenetically different orders, Ondoutoceles and
Mysticetes, which differ greally hoth in the relative size of the eye and in the
ephalisation (tbis in reverted proportion). Therefore they cannot be compared here.
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3 9 7.
of the images, i.e. almost V'iory S= 8§01 correctly S°!32 or I/GS. .
In the interesting essay of Aveust Purrer?®) I find, in text and
in figures, statements both of the retina-surface and of the size
of the body of full-grown individuals of Hyperoodon rostratus,
the Bottlenose-Whale, and of Phocaena communis, the Porpoise,
both Odontocetes. The lengths of the bodies are proportionalas6: 1,
and the diameters of the retina as 2:1. From this follows, that

SN\0.133 .. 75 /8
those diameters increase as (—) = -,
8 8

In my memoir of 1897 a Lion was also compared with a Cat for
the calculation of the exponent of correlation. The exponent of
correlation 1 found was 0.5466. The coefficient of cephalisation,
calculated with 0.55.., gives therefore a different result for them.
In order to obtain equality, the S of the Lion must only be a little
diminished (according to the proportion that presumably existed
between the two individuals examined by MarrTHiEsseN). Then the
proportion of lengths of the images in the eyes, measured for both

i)

s 18.95 . N - I/S
e = - — ; a -
species, T{sg 1 exactly equal to -

An equal relation is found between the Sea-eagle and the Hawk.

The general validity of this relation is especially obvious when
comparing little animals with enormously large ones. The shapes of
the bodies can then even be greatly different, if only there is no
great deviation in the coefficient of cephalisation. Among the animals
of which MarTrHIESSEN has measured the lengths of the images, are
also the Fox, the Cat and the Rabbit. The weights of the bodies of
these animals and also of that of Sibbald’s Fin-Whale, (of which
several individuals have been examined) are approximately known.

Between these the following relations are found:

(£ i iograms | e et

Sibbald’s Fin-Whale and Fox (10%000 O _ 3643 %172? = 4.223 -
., . Cat ( 1003000 )0"33 =3.995 flg—:;g — 3.371

) ) » Rabbit | 1010_‘;00 )0"33 =438t | 2450 -
Average _ 4.006 —  3.974

1) Zoologische Jahrbiicher. Abtheilung fiir Anatomie und Ontogenie der Thiere.
Jena 1903, p. 240, 243, 273 and 280.
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Laricque has measured the diamelers of the eyeballs of a number
of Vertebrates and found for Mammals an exponent of corrvelation

first of —;—, afterwards of ;—1). For the examined Mammals the

measurement of the diameter of the eye-ball was generally sufficient in

order to ascertain the size of the retina. He concludes then, as was

to be expected from what could be shown already in 1897, that

in most cases the size of the eye runs parallel with the weight of -

the brain. )
Those meritorious measurements of the eye-ball by I.aricque thus

furnish a welcome affirmation of the results obtained here with regard

to the images on the retina. We may admit that the linear dimen-

sions of the images vary as 1}8 or §0133 -
1

If the result had been 19/S or S011..= L3, then we should have
here the same factor as in the coefficients for the brain, and we should
immediately be convinced of its rational character. Now it can, again,
not be by chance only that even in apparently absurd compari-
sons (as those of Sibbald’s Fin-Whale with species of little land-
animals) that same exponent '/;5 constantly returns. What is the meaning
of this fact?

The answer to this question too 1s not difficult, for 9:7.5 =
0.66..:0.55... 1f now we consider that, in accordance with the
angmentation of the brain with the size of the species of animal, the
sensitive surfaces must increase in the same proportion to the superficial
dimension of the body, then it becomes comprehensible that the receptive
sense-elements in the retina do not remain entirely equally thick
with the larger animal as with the smaller one, but become thicker
and less closely placed®), in the same proportion. For this reason
the number of the nerve-elements in the retina increases only linearly

! 9 2
as |/gS or L*, in the superficial dimension as 1/ S2=S 9 or, 3022 -
2
= 3.

In this way a conuection lias been established between the expo-
nent of correlation for the eye and the exponent of correlation for

1) “La grandeur relative de 'oeil et I'appréciation du poids encéphalique”. Comptes
1endus de P’Académie des Sciences. Paris, Tome 147, (1908), 2, p 209. “Relation du
poids encéphalique 2 la su face rélinienne dans quelques ordies de Mammiféres”. Ibid.
Tome {531, (1910), 2, p. 1893. On lower Veitebrates: L. Laricque el H. Laveiea
in Comptes rendus de la Société de Biologie. Tome 64, (1908), p. 1108.

?) Compare the data in A, Piirrer, Organologie des Auges. 2nd Ed. ‘Leipzig 1912,
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the brain with the mass ot the body, within one species, as well as
from species to species.
Still it remains, however, an open question why the lengths of the

images, as measured by the namber of sense-elements, increase
. .

exactly as L3 — [033

In order to find an answer to it, we must consider, that the eye
distinguishes itself from the other senses by giving at a distance a
representation of the exact place of the cnergy-source that acts as a
stimulus. Consequently it orientates about the direction from which
that stimulus comes. Object and image, that is the place of the
stimulated sense-elements, answer to each other.

Under these circumstances the distance to the objects must
exactly stand in the mentioned relation to the linear dimension of the
body. Indeed the receptive nerve-elements of the retina placed in the
linear dimension of the image, increase then numerically in the propor-
tion of 2933 in the larger animal, ¢keir mass in the linear dimension
as L, their mass for the surface of the image as L*. But that mass
determines the amountof the transition of energy that is connected
with the stimulation of the sense-elements.

It appears now that the long since known intimate connection of
the organ of vision, as exquisite sense of room finding its principal
function in governing the movements, can be expressed in a definite
measure'). As in the movements of animals, differing in the size of
their bodies, the mass that is to be removed, increases in the pro-
portion of L* the muscle-power however only as L*, an L-fold
sensu-motorical stimulation is required for it. And as all senses are
more or less, as the optical sense is absolutely, organs of room,

their receptive elements must, in the aggregate, increase in mass in
1

that proportion of Z, that is in linear dimension as L® in super-
4 2 2

ficial dimension as L3, or S%. But the nerve-fibres, the peripherical

exiremities of which are connected with sense-elements in the retina

and also in all other sensitive surfaces, and the corresponding cell

9
9 =
masses in the brain must increase as }/S2 = S9 = §0-22.,
9

The denominator of the coefficient —- can thus be explained as
L3
a relative reduction of the brain of the larger animal proportional

1) In a striking way this connectivn is demonslraled by Pirrer (I ¢ p.p. 85 et
seq. and p.p. 402 et seq).
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to the relative reduction of the sizes of its images, a diminution of
the distance from the objects of his sphere of feeling and acting
and a diminution of the rapidity of movement in proportion to the
lengths of the bodies.

The conclusions we have thus obtained give an explanation of a
number of otherwise incomprehensible deviations in the value of the
coefficient of cephalisplion.

For Bats I calcalated 1in 1897 a (mutual) exponent of correlation
of-0.66... It appears that it can be applied both to Macro- and to
Microchiropteres. A very large insectivorous Bat from Daliomey
(Scotophilus gigas) supplies a welcome control and affirmation of
my former results, In Bats the influence of the eye is almost
entirely excluded. The senses of touch and hearing determine the

1

quantity of brain and the factor SO1'- or 13 disappears. Calculated
with their own exponent of correlation the coefficient of cephalisation
still diminishes for the two phylogenetically different groups, of which
the Microchiropteres ave lowest.

Rodents deviate mutually considerably in the values of their
cephalisation. This cannot be explained, as LaPicQUE surmises, by
different size of the eye, though it may play in some cases an in-
ferior part. It is the other senses especially, which, by taking the lead
in the nervous life of the animal, determine here the quantity of
brain. According to numerous evidences the cephalisation of the
Brown Rat and the Black Rat and likewise that of the Housemouse -
is half that of Hares (and Rabbits) and only a third part of that of
Squirrels. In the Hares the sense of lLearing, in the Squirrels, the
Desert Jerboa (Dipus) and the Garden Dormouse (Eliomys) especially the
organ of touch, on account of its high specification (in the hand), has
cansed the increase of the brain.

The value of k£ falling very low in Shrvews, is trebled with the
affined East-Indian Tupaja, which lives like the Squirrel.

Canides have about twice as high a cephalisation as Mustelides,
on account of the greater development of their senses of hearing
and of smell. Among the last-mentioned family, Otters are hand-
animals, and, for that reason, they surpass very considerably the
other Mustelides in their cephalisation. They reach the rank of Canides.

The Elephant surpasses the other Hoofed Mammals three times in ce-
phalisation. He ranks even much higher than the Anthropoid Apes. He
owes this to his trunk, which has become a prehensile and touch
hand, with high “specific energies”’, and possesses the same combina-
tion with a chemical organ (here of smell) as the feelers of Ants,
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Some of the American Monkeys (Ateles), which arve higher cephalised
than the Monkeys of the Old World, not excepted the Anthropoid
Apes, oMained a third prehensile and touch hand in thew tail.

Man certainly likewise owes his high rank to his hand; his
cephalisation is almost equal to nearly four times that of Anthropoid
Apes, cunsequently he has risen still higher above the Iatter, than the
Squirrel above the Rat, or the Elephant above the other Hoofed Mammals.

Even in the Amphibia we see the cephalisation of the Treefrog
which uses its fore-feet as hands, increasing considerably.

Among Birds, Owls have a high cephalisation, not so much on
account of their large night-eyes, which cause only an enlargement
of the images on the retina (in comparison with the Day-Birds of
Prey), without augmentation of central nerve-cell mass, but on account
of the extremely developed sense of touch in the skin and their
very quick ear. The touch-corpuscles at the base of the feathers are
incredibly numerous. )

The Parrots owe the high value of their £ to their handlike paw
and pincerlike bealk.

In all these cases greater influence of the factor S°3 by speci-
fication of the organ of touch occurs.

The comparatively high cephalisation of Sea-Mammals, usually
represented exaggeralely (as few fullgrown animals have been
examined), and that of the Hippotamus, however low in the general
organisation of the nervous system, can now easily be explained.

According to the evidence now available, the coefficient of cepha-
lisation of Seals can be computed at 0.6, that of Toothed Whales
(Odontocetes) at 0.7 and that ‘of Whalebone Whales (Mysticetes) at
0.4. Seals owe their high cephalisation certainly partly to the
specifically high development of thew sense of touch. But Odontocetes,
whose cephalisation is equal to that of Anthropoid Apes, lack
certainly a similar high development of the organ of touch. They
distinguish themselves from the plankton-eating Whalebone Whales
by seeking their subsisience at usually greater depth, even to where
perfect darkness prevails. In counection with this fact their eye is
smaller than that of Mysticetes, but they possess a still more des eloped
sense of hearing than the. latter; in the quiel water of the greas
deep this organ can function perfectly as a sense of room. In
all these Water-Mamnals, but mostly in the Odontocetes amongst them,
the ear is the most important organ®). It is doubtless the crepuscular

1) E. Kiister, Morphol. Jaluwh. Bd 34. (1905), p. 126
?) G. Boennineraus Das Ol des Zahnwales. Zoologische Jahvbucher. Bd. 19
1904). p. 338—389. — Compare O. Assr, Palacobiologie. Stuttgart 1912, p. 458,
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light prevailing in the water that makes other senses than the optical

one predominale in these Mammals, as likewise in the Fishes, and”
probably in the Crocodiles (bearing very quick), in comparison with

Amphibia and most Reptiles. In the Fishes also the olfactory organ

and especially the sense-lines are predominant. This bas caused

augmentation of the quantity of brain, because the surfaces of the

mentioned predominating o1gans of sense (in opposition to the eye,

which forms definite images) increase simply proportional to the super- -
ficial dimension of the animal (consequently with the exponent of

correlation (.66 ... So in these animals a very considerable

increase of the quantity of brain does not signify a high degree

of organisation. Calculated by means of the exponent of correlation

0.66...) 1 becomes for Whalebone-Whales 0.07, for Toothed Whales

0.20 and for Seals 0.18.

In the Snakes and the Slosv Worm and likewise in the Eels, on
the contrary, the great length of the body is the cause of the low
value of %, though this does not therefore indicate an inferior degree
of organisation. In proportion to the weight of the body the not
specialised segmental sensu-motorical unities are too equivalent for
a representation in the brain, proportional to that of other Reptiles
and Fishes. The  body becomes thereby, as it were, to a certain
amount, a ballast for the brain. This is in a more literal sense the
case in the Tortoises. In the shell-bearing Vertebrates and also in the
elongated animals the influence of the factor S93% in the analysis B
has thus diminished. In the Eels a second cause of diminution of the
quantity of brain exists moreover, in (heir life as animals of darkness,
by the disappearance for the greater part of-the eye-factor S™¥ in
the analysis B and at the same {ime of the eye-factor in the analysis
A (as in the Bats). On account of the latter circumstance their r
becomes —= 0.66.

The influence of the not segmentally constituted eye in itself
remains in all cases restricted, from the nature of the factor §022
which depends on it, and is thus less capable of increase. Even the
Horse, which possesses an absolutely larger (day-) eye than the
Elephant, rises still little above the average level of % for Mammals.
On the other band can the other factor S'33, the segmental factor
in analysis B, grow, as it were, endlessly with the development of
“specific sense-energies” in the different segments. The tactile organs
have therefore always the lead with the higher organisation of the
nervous system. 25 November 1913.
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Physics. — “On the question whether at the absolute zero entropy
changes on muxing.” By Dr. W. H. Krgsom. Supplement N°. 33
to the Communications from the Physical Laboratory at Leiden.
(Communicated by Prof. H. KamerriNeE ONNES).

§ L. The formula for the entropy of the “gramme-molecnle” of
a mixture of ideal, not reacting gases, for each of which p V=RT
is valid, contains the expression

- —RZe¢lne, . . ., . . . @D
if ¢, represents the number of gramme-molecules of the first com-
ponent, ¢, that of the second component etc., which are present in
the gramme-molecule of the mixture. 2 will indicate in this paper
a summation over the different components. .

The expression (1) passes unchanged into the formula for the
entropy of the mixture, when this is transferred from an ideal gas
condition as considered above into other conditions.

According to Pranck’s version of the NErNst heat theorem the
entropy of a one-component substance in a condensed state approaches
to a finite value, which is independent of the pressure and of the
special state of aggregation, when the absolute temperature approaches
to 0. That value may be taken as a suitable zero point for the
entropy of that substance in the condensed state.

As it is not immediately evident, how the other terms which
occur in the expression for the entropy of a wixture, can on ap-
proaching to 7'=0 furnish a compensation of the term written
above, it might be imagined, that for a mixture on approaching to
7'=0 the entropy might not become 0, notwithstanding this is the
case for the components.

In that case, however, at a temperature which differs little from
the absolute zero, any reversible isothermal change of the compo-
nents, in a condensed state, individually would be connected with
a development or absorption of heat, which approaches more rapidly
to O than the temperature. The reversible mixing of those components,
on the other hand, would be accompanied by a heat-effect, which
approaches to O as rapidly as (eventually more slowly than) the
temperature. In other words the mixing heat would be of a different
order of magnitude from the heat of each reversible isothermal
process performed with the components individually.

It seems to me that it is more natural to assume, that also Jora
mizture the entropy al the absolute zerp point is equal o 0, if this
is the case for the components by the choice of this point as a
zero point for the corresponding entropies.

43

Proceedings Royal Acad. Amsterdam. Vol. XVL

-

{ \

- 102 -



670

Probably even the compensation referred to above already takes._
place in the ideal gas state, at least if the volume of the mixture
is not increased at too rapid a rate to co as the temperature de-"
creases to 0.

In accordance with a remark by NernsT!) we are practically
forced to assume that for the molecular translatory motion of a
gas on approaching to T'=0 at last the equipartition laws are no
more valid. For the determination of the temperature one can then”
no more rely upon the gasthermometer. A method for the deter-
mination of the temperature, which is then sunitable in theory, is
this thal one derives the temperature from the energy density of the
radiation which is in equilibrium with it.

We shall consider the equilibrium between the molecular translatory
motion of the gas and the radiation subsequently at two temperatures
T and T+ dT. The most obvious assumption is that to an increase
of the energy density of the gas an increase of the energy density
of tbe radiation corresponds which is in a finite ratio to the first,
in other words that

AU =yT*dT, . . . . - . . . (2
where v has a finite, and at sufficiently low temperature a constant
value. In this equation U may represent the energy of the gramme---
molecule of the gas. The molecular volume is supposed not to
become o on approaching to 7= 0.

From (2) follows that *)

oU
for T—=0 (ﬁ>v_.0 T ()]

The equation (2) has the same form as the corresponding relation
for a solid. Indeed it could bhardly be assumed that the equilibrium
between the wmolecnlar motion of the gas molecules in colliding
against a solid and the radiation would be governed by quite a
different law from the equilibrium between the molecular motion in
a solid and the radiation.

From (2) and

2U
p—ng’(4)

>

}y W. Nerwnst, Physik. Z.S. 13 (1912), p. 1066. Cf. also H. Kamerning Onnes
and W. H. Keeson, Math. Enz. V 10, Leiden Comm. Suppl. NO, 28, note 517,
oU g
%) It will be noticed that for the validity of (3) a decrease of (6—7—') proportion-
v
ally to T'8, as is indicated by (2), is not required, but thal a derrcasc proportionally
to T would be sufficient.
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which relation remains valid, follows for 7= 10

. op 0S '
(ﬁ>y_o, hence (a—V)T_O, S )]

it .S represents the entropy.

If we now calculate the change of entropy which oceurs on mixing. .

two ideal gases (i.e. gases, in whose equation of state no members
occur which depend on the volume and the mutual attraction of
the molecules) by supposing this mixing to take place in a reversible
way at constant temperature, it follows from the last mentioned
relation that at the absolute zero the entropy change on mixing is
equal to O.

§ 2. . The_ theorem indicated in the former § may be further
elucidated by means of relations for the equation of state of an
ideal gas which I deduced in Suppl. N°. 302 (May ’13). It seemed,
however, desirable to me as the foundations of the considerations
of § 1 not to make more assumptions than are strictly necessary.
For against several of the special assumptions of Suppl. N°. 30a,
particalarly against the use of Dwr’s method in the way as is
done there for an ideal gas, more or less serious objections can be
made. All the same the deviations from the equipartition laws, which
will become apparent in the equation of state of anideal monatomic
gas, are presumably given rightly in a qualitative sense by those
relations. Further it seems to me that one may expect with some
confidence that the order of magnitude of those deviations will agree
with that of the deviations given by the relations mentioned. For
this reason it seems to me to be not quite superfluous to indicate
here what may be derived for the entropy of an ideal mixture from
those relations.

a. From equation (1) of Suppl. N°. 30a with (2), (3), and (5) of
that paper follows for a onme-component gas, if molecular rotations
and intramolecular motivns are left out of account?),

ON Vmax p Ay
. } 1 kT
S:vamaxf Tk —-ln(l—-e )21:2 dv. . . . ()
0 T —1
With
- RY hvmax.
g = ]c_f = —';:% y . . . . . . - (7)

1) This expression was already given by I1I. Terrope, Physik. Z.8. 14 (1918),
p. 212, ‘
43%
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and integrating partially as regards the second term under the
integral sign, (6) changes into

__3Nzc§_f§‘i§-—1 n (1 e—z)z. L@

For large values of  this gwes:

47 1 n=w 1 4 8 8 -
—1—~3v2e—"=( t ot )g ©)
5 a° ne 2t 4

n—1 niy 2°2® | nle

- S = 3Nk

for small values of a:

S=—3Nk|In(l—e—* 4 1 3 ] 5 B, 3 - 10
=W (=) —g |1 =g+ g w g et | 00)
if B,, B,.... denote the Bernouillian coefficients.

a. Low temperatures. If of the development (9) we write down
‘ 6
the first term only, we may put av:iu with 6, according to Suppl.

s

No. 30a equation (18a) or (18b). This gives
S=aMV?T, . . . . . . . . (11

if M denotes the molecular weight, and @ a constant which depends
on Pranck’s constants % and % and on the AvosaDpro number.
According to (11), the volume being kept constant, the entropy
approaches to O for 77=20. It does so proportionally to 7", which
18 in agreement with (2). The latter would not have been the case ~
if (see Suppl. No. 300 § 4c) the zero-point energy had not been
introduced 1n the theory, cf. H. TerroDE, Physik. ZS. 14 (1913), p. 214.
8. High temperatures. Retaining in the development for high tem-
peratures only the first term which gives a deviation from theequi-
partition laws, we obtain :
31\' 8 0 “ | lonoy
T HNGEE S

8= (13)

or
3 v 1 o
S=Nk|—ln BUTVh + 4+ o BMIVH)=2} . . (14)

wheve @ is a constant depending on 4, %, and N.

3
The additive constant Nk (4 4~ ElnBM), with which the “chemi-

cal constant” is connected, agrees with the expression obtained for
it by Terrope l.e. without the assumption of a zero-point energy..
b. From (11) and (14) the entropy of the.molecunlar quantity of
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an ideal mizture, again leaving molecular rofations and intiamolecular
motions out of account, may be easily derived if GiBBs’ theorem,
according to waich the entropy bf such a mixture is obtained by
calculating the entropy for each component as if it were present by
itself in the volume occupied by the mixture and adding the values
so obtained, is supposed to remain valid when the equipartition
laws no longer hold. We then obtain:
a. for low temperatures
S=arviz ™ (16)
01
B. for high temperatures, retaining the first term which gives a
deviation from the equipartition laws:

3 3
8§ = Nk ?ln{)’TV"’/s +T_,'2"1 M, —X¢ lnc, + 4+

1

700

If at constant volume the temperature continually decreases, at

sufficiently low temperatures (for densities” of the order of magnitude

of the normal density at extremely low temperatures, cf. Suppl.

N°. 30a § 5b) a positive deviation from the equipartition value begins

to develop itself. This deviation finally causes the entropy for a

mixture also to approach to O proportionally to 7'° as shown by
(16) instead of becoming — oo.

BTVh)y=2. Z els M,—2 B ¢ X))

Physics. — “Further experiments with Liquid helium. H. On the
' electrical resistance etc. (continued). VIIL. The sudden disappear-
ance of the ordinary resistance of tin, and the super-conductive

-

state of lead.” By Prof. H. Kamuruiver ONNEs.
{

(Communicated in the meeting of May 31y 1913).

§ 13"). First observation of the phenomena. «. Passing from the
investigation of the super-conduclive state of mercury to that of the
change in the resistance of various other metals when they are
cooled to helium temperatures, although I hoped to find more super-
conductors, I did not think it likely, judging from our experiences

.

1) The §§, tables and figures are numbered successively to those of Comm. VII
of this series. (These Proceedings May and June 1913).

- 106 -



674

with gold and platinum (see Comm. N°. 119, ITI and Comm. N°2120,
IV of this series) that we should be able to get more than a systematic
survey of different cases of additive admixture-resistance (see Comm.
VII of this series § 10). Very soon, however, the surprising results
with tin and lead were obtamned, which we mentigned in Comm.
VII § 1 and § 12.

In the first place on Dec. 3'1 1912 we investigated a wire of
pnre tin, and perceived that this metal too, at helium temperatures
became super-conducting.

The tin was of the specially pure kind supplied by Kamisauvm.
It was melted in a vacuum and poured into a glass capillary U-tube.
The capillary tube had tin branches at either end, by which the
conducting wires and the measuring wires were attached. The
resistance at the ordinary temperature, 290° K., was 0.27 L.

We found that at the boiling pomt of helium a small ordinary
resistance 1.3.10—* £ remained. At 3° K. this had disappeared
(< 10—5 ) and when the field of temperature between 4°.25 and
3° K. was gradually gone through, we found that the disappearance
took place suddenly at 3°.78 K.

In order to be better able to judge of the micro-residual resistance,
we tried to make a tin wire of greater resistance, in the same way
in which we had formerly succeeded in making a long thin lead
wire!). A steel core was covered with a substantial layer of pure
tin, and turned down on the lathe. Then with a razorshaped chisel
a thin spiral shaving was cut off ?). This method, which seemed
preferable to drawing (comp. § 14a) by which the metal might
undergo a greater change, yields without difficulty wires of 0,01 mm?®.
section. Several of these wires were then joined into one long wire
by melting them on to eachother, during which it was necessary to
carefully avoid the possibility -of oxide being introduced into the
surfaces to be united., The tin wires, one of which 1.75 m. long
bad a resistance of 19.2 £, and the other 1.5 m. long a resistance
of 6,7 2, were wound upon glass cylinders, between a spiral of
silk thread which’ separated the windings of the tin thread from
each other. Leading wires of tin fastened to the up turned ends of
the wire, were led downwards through the liquid and attached to
copper wires. With these resistances immersed in liquid helium the

1) KaMmeErLINGH ONNES and BExGT BrcrRMAN. Comm NO 132¢. Dee. 1912,

%) A few of the tin wires first made did not become super-conducting ; the inferior
method of working the metal had perhaps caused additive admixture resistanee, or
more probably very insufficient Continuity of material,
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sudden disapparance was observed when the temperature fell o
3°806 K. (boiling under 47 cm. mercury pressure). At 3°.82 K.
the resistance of one was still 0.0183 L, of the other 0.00584, at
30.785 K. of both < 10—6 L. In this case too the highest limit for
a possible micro-residual resistance was thus very low. We may put

< 10-7.
Yorsok

Besides the sudden disappearance of the resistance of the wire,
we also observed, as in the mercury thread, that for each tempe-
rature below the vanishing point a threshold value for the current
density ') determined by this temperature, (in the case of the last
mentioned wire the threshold current was 0.28 amp. at 3°.785 K.)
could be fixed, below which the current passes without any perceptible
fall of potential, and above which it is accompanied by potential
phenomena, which (see § 14) increase rapidly with the increase of
the excess of the current above the threshold value. In a word, the
tin wire behaves below the vanishing temperature of the tin, 3°.8 K.,
qualitatively precisely the same as a thread of mercury below the
vanishing point of that metal.

w
38 K

B. Lead of KapiBaum, made into a wire in the same way as the
in, 1.5 m. long and 10.8 & resistance at ordinary temperature,
when it was immersed in liquid helium appeared to be super-
conducting, without the necessity of reducing the pressure at which
the helinm boiled. When the temperature was raised as far as the
“eryostat permitted, that is to 4°.29 K. (the pressure was raised 11 em.
‘mercury above 76 cm.) the lead remained super-conducting. The
temperature at which the ordinary resistance of the lead disappears
will probably, as indicated in § 15, not be far above the boiling
point of helinm. .

Whether this disappearance, as with mercury and tin, also takes
place suddenly, has yet to be investigated. For' temperatures below
14° K., where lead has still a relatively high ordinary resistance,
and above 4°.3 K. where it has disappeared, we do not yet possess
a satisfactory cryostat. At the temperature just mentioned of 4°.29 K.
we found that the threshold value of the current was not yet reached
at 1.3 amp.

1) Concerning the dependence of the thieshold value upon the dimensions of
the wire and the conditions under which the heat is given off, further investi-
gation is needed.
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676 )
y.' Besides lead and tin, amalgamated

tin foil was investigated. We examined a

KK / layer of it spread out on a mirror glass,
in which layer grooves were made in the
manner shown in fig. 8. In helium boiling
at atmospheric pressure, it appeared to
have lost the ordinary resistance (2.3 £

at 290° K.). At 4°.29 K. we found 0.12 amp.-
for the threshold value of the current, and
a potential of 1.3.10—¢ volt, at 0.30 amp.
) 19.8.10-¢ volt, and at 0.363 amp. 34.6.

10—F volt. '

It is worth-noticing that this amalgamated -
tinfoil becomes more easily superconducting
than either tin or mercury. Perhaps the soft

Yy

——
P!
.
=
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{

l [ ! m tin-amalgam, though a solid solution (of
0 3 belil. mercuty in tin), has this property. This
Fig. 8 Fig. 9 would only need to become a continuous

whole in order to provide a nonvesisting path for the current besile
that of the free mercury ‘comp. (§ 9) or tin that might be present
¢ in the tin foil.

" § 14. Further investigation of tin. The further investigation of tin
and lead does not form by any means a complete whole yet. Several
of the measurements we had in view were failures, so that the
results attained are very disconnected-; nevertheless, in connection
with our experiments with mercury, I think them worth communicating.

*a. Methods of working the tin. In the previous § we said that
working the tin into a spiral shaving did not interfere with the
sudden disappearance of the resistance. What is of even more
importance is that the rolling out of the wire to a thickness of
0.01 mm. has not any influence upon the super-conducting state
either, so that we may feel confident that a very thin nonresisting
tinfoil could be made?).

We must remark that in working tin, heating must be avoided.

- The increase of hardness which is caused in the drawing of metals -

by the compression and stretching, which is accompanied by an

) The resistance of commercial tin foil, pasted on glass and cut out as in
. lig 9, appeared not to become zero. ’
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increase of resistance and decrease of the temperature coefficient, is
removed in gold and platinum for instance, by heating. With tin,
on the other hand, heating is injurious, it causes the resistance to
increase '), moreover, it causes tgin wires to go into gngular forms *).
The threads we used were, therefore, not heated after being worked,
and showed regular curvatures when bent. '

B Potential phenomena in the super-conducting state. The following
observations allow us to judge of the highest limit of the possible
micro-residual vesistance, and of the potential differences above the
threshold value of the current density just below the vanishing point.
They were made with a branching tin wire exactly like the one
used in the experiments with mevcury of Table IV and V in Comm.
VI of this series, § 6 and 7. The resistance consisted of a principal
wire W 4 m. long, and mainly 0.0097 mm?®. section ) with two

1y According to Tammass and his school, the crystals are shattered by wire
drawing, and arranged in such a way that in the cases meant the resistance
increases. By heating, larger crystals are again formed, and the resistance resumes
its original value. In the investigations of Kamzrrives OxNEs and Cray, (Comm.
NO. 99b § 4, June 1907), it is pointed out that the additive resistance of platinum
and gold wires is always found gieater by continued drawing even after heating
to glowing. We attributed this to the acquiring of admixtures through the drawing.
In gold it is possible to test for such small quantities of admixture s are here of
importance. In gold wires carefully drawn by Herarus (Comm. N°. 99¢ §2, June
1907), under repeated treatment with acids, larger quantities of admixtures were
found in proportion as the resistance fell less at reduction to hydrogen tempera-
tures. At the same time it is possible that the drawing itself has an influence.
HenviNe (Ann. d. Phys. 1913), thinking as we do, attributes the difference found
with his platinum thermometers in the temperature coefficient from that found by
us,’to a larger amount of admixtures in our thermometer. The difference becomes
greater still, when we consider that HENNING's wire (0.05 mm.) was drawn out
further than ours (0.1 mm.) (which is of importance in the application to thermo-
metry). As mentioned above and as we found confirmed in comparing the wires
Piy 0,1 mm.) and P¢; (0,05 mm.), thinner wires fall less in resistance, a result
by which we also explained, 1 e, why Horeorx’s thick wires (0.2 mm.) showed
a greater fall than ours. Our wires were at the time most carefully drawn by
HeraEUS frolrn the purest platmum supplied by him. The platinum obtained by
HerAgus later on may have been even parer. lmprovement may also have been
made in the tnethod of drawing the wires.

%) Where broken, tin wires exhibit comparatively large crystals. See also
§ 15 note 1. .

5) In this investigation the section is deduced from the length of the wire and
the resistance at ovdinary lemperature. We only ascertained, whether this agreed
approximately with the result of direct measurement. The values given are there-
ore only to be considered as rough mean values.

1 .
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sentinel wires’ Wsq and Wgp*) of 0.8 m. length and about 0.02 mm?.
section, wound round a glass tube and insulated with silk, We found,
(Febr. 1913)7%):

TABLE VIII.
Resistance of a bare tin wire at, and a little below 3°8 K.
Section of Wt 0.0097 mm2,
sS4 YsB (o
T ~
Current density 0.61 amp.jmm? in C,
30.85 K. 6.84.10-3 0 6.50.10-3 0 69.6.10-3 0 B
.82 5.50 0.90 34.9
.19 2.82 0.03 1.23
.7185 1.5 0 0
.18 0.7 0 0
1B 0.15 0 0
.14 0.02 0 0
12 0 0 0
Current density in C 154 amp./mm2 (and higher ?)
1°.6 0 ) . 0

With a coil of 252 windings of tin wire insulated by picéin (see
§ 16) of 0.014 mm*. section, (with pieces of 0.02, 0.012 and 0.03)
and 79 L resistance at ordinary temperature 290° K., the disappearance
of the resistance was followed, at three different current strengths
as in § 8 was done with mercury. We found :

1) The object of the senlinel wires was the same as in VII § 6. We had namely

calculated on sending much stronger currents through than we actually did, and
on lhat supposition it was necessary to make sure that no JouLE heat penetrated
to the wire from elsewhere. ‘
%) In one of the sentinel wires WS4 there is obviously a thinner place which
causes locally a much greater current densily than the mean. Probably the same
case occurs here as in the experiments with mercury in Table IV, but here the
disappearance of the resistance at lower temperature makes it improbable that the
tin wire should be interrupted by a foreign resistance.
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TABLE X
Disappearance of the resistance of a tin wire, under reduced giving off
of heat, at different currents,
T 0.004 amp. | 0.04 amp. | 0.4 amp. 0.6 amp. 1.0 amp.
3.82 K. | 0.0533 & | 0.0535 | 0.0536 ©Q
.805 500 534 536
.79 488 533
.85 425
.18 162 ~ 508
.765 0.00137 )
.15 . 0.00005 0.0039
.14 1 14 0.0532
12 0.000000 | 0.00025
.70
.68 0.000012
.66 0.000000 0.0050
.64
.54 38
.42 22
.28 10
125 0.0002
2.69 0.000012
.35 0.800000
1.6 0.000000 great

This table gives in general the same as fig. 6 and 7 of § 8.
The disappearance of the resistance extends over a much larger
field of temperature than with the mercury thread, probably hecause
the giving off of heat is considerably reduced by the winding up
of the wire protected by picéin; which is probably also the reason
why at the lowest temperature the strength of the current cannot
be raised above 0.8 amp. and the threshold value of the current
density therefore only reaches 56 amp/mm?®.
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v. Experiments concerning the influence of the contact with an
ordinary conductor of a metal which can become super-conducting,
upon 1ts super-conductmg properties, were in continuation of those
of § 10 made with tin in two different ways, first with a german
silver tube, which was tnned, and through the layer of tin of
which a spiral was cut, and second with a constantin wire which
was tinned. In the first experument the resistance did not disappear,
in the second, as already said in § 10, it did; from which we -
conclude that the continuity of the layer of tin in the first case was
not sufficient. In the second experiment the threshold value was,
however, also very low, even at the lowest temperatire 1.°6 K. it
remained below 0.095 amp. for the bare wire immersed in liquid
elium. It is simplesi to assume in the mean time, that the layer -
of tin becomes super-conducting, but that the section of it, which
was, deduced from the resistance, 0,0125 mm?., according to measure-
ments down to 0,1 mm?®, was very small here and there. There
was in this case no reason to suppose a want of contact between
tin and constantin, as in the corresponding experiment: with mercin-y

between il and the steel. ! é ]

§ 15. Further examination of lead. In the first place we w;vill .
mention a few experiments on the heating of a wire which' was at
a temperature below the vanishing point, which correspond to those

TABLE X {
Potential differences in a lead wire carrying !
a current 2
=6 M, section =0.014 mm2, ‘,
-
T Current density |Potential difference !
in amp/mm?2 in microvolts 1
1. 7K. 560 . 0.0 :
645 0.2
675 3.5
695 5
710 6 /
720 10
B0 9\
91 140 v
3§
> 190 very great
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in Table VI for mercury. The lead resistances were arranged, exacily
like the tin resistances described in § 14, the bare wires were wound
upon glass between silk. With a wire of 0.025 mm®. section
(10.8 £ resistance at ordinary temperature) containing six joints,
which were made with a miniature hydrogen flame, we ascertained
that joints do not interfere with the experiments. The results (Febr.
1913) with one of the wires (92 £ at ordinary temperature) are con-
tained in Table X (the observations were confirmed later on repetition).

A similar experiment with the wire containing six joints at less

low temperature gave ;

TABLE XL

Threshold value of current
density for bare lead wire of
section 0.025 mmz2,

T Threshold value
in amp/mm?2
4°.25 K, > 420
< 940

At a current density of 940 the wire was dammaged (calefaction ?)
and upon repetition it appeared that it was broken.

Similar conditions of external conduction of heat to those of the
tin coil described in § 14, prevailed in a lead wire (see § 16) of

TABLE Xl
Potential difference 1n a lead wire carrying a current
with reduced external conduction of heat.

=555 M. section = 0.014 mm?2

T Current density |Potential difference

. in amp/mm?2 in microvolts

49,25 K. 33 0.03
N 36 0.65
38 1.75
! 40.2 1.35
41.3 22.0
10.7 60 . 3.1
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1000 windings (vesistance at ordinary temperature, 290° K., 778 £
insulated by silk soaked in liquid helium. We found: (See table XII
p. 681).

Judging by this we may perhaps estimate that the lower limit of
- []f :a

G .

~ \_/
I 1 ! ! | J
[v) b 3 12 20 K
Fig. 10. Fig. 11,

the threshold value at 4°.25 K. given above cannot be raised much,
and that the vanishing point for lead lies at about 6° K.
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PFurther, measnrements were made with lead wires placed in &
vacuum, the object of which is obvious by § 12. The apparatus
which served for this consists (see fig. 10 and fig. 11, face view and
diagram of d with detail figures) of a glass reservoir immersed in
liquid helium, carried by a long narrow glass tube fixed into the
lid of the cryostat. The reservoir d can be evacuated through the
tube ¢ (the tap a allows it then to be connected to a tube filled
with charcoal which 1s immersed in liquid air); through the indicator
gauge b we can make sure that the apparatus is not cracked in
cooling.

In the apparatus shown in the fig. there are two lead wires (see
diagram); we were only able to do the measurements with one.
Four short tubes are blown into the upper part of the reservoir
1o receive the lead wires (see detail figures); upon these tubes after
platinizing and copperplating caps are soldered with tin inte which
the thicker top ends of the wires are soldered with Woop-metal*).

Rolled out lead wires are fastened to the wires that project from
the covers, and run down along the reservoir, insulated from each
other with silk and then up again through the liquid helium. -

We found with a part of the wire of Table XI:

! TABLE XIIL
Threshold value of current
density of a lead wire invacuo; .
section 1y mma2

T Current density
- in amp/mm?2
40.95 K. > 210 )

. The experiment is incomplete as the threshold value was not
reached. .

We made similar apparatus with tin wire; the observations with
tin in vacuo have, however, not succeeded yel.

§ 16. Remarks i connection with the experiments with tin and lead.
a. Our results with fin and lead make it seem probable that

1) It is not possible to solder tin wires into the covers with Woopn-metal : as
coming in contact with the tin the melted Woop-metal, as it seems, penelrates
by capillary action amongst the tin crystals which makes the wire brittle and
break in two. The tin wires must therefore be melted to the tinned covers, which
1s possible, by their being provided like the lead wires with sealed on thicker ends,

r
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all metals, or af-least a class of them, if they can be procured
safficiently pure, pass into the super-conducting state when reduced
to a low enough temperature. Perhaps in all it woeuld also be
suddenly. But the additive admixture-resistance which can be caused
by mere traces of admixtures, will in”general make the detection
of the phenomena a difficult one. -

. A number of experiments with resistance-free conductors of
which several sauggest themselves at once, now that we can use the
easily workable super-conductors tin and lead, can be undertaken
with good prospect of success?). '

In this way the preparing of nonresisting coils of wire,” with a
great number of windings in a small space, changes from a theo-
retical possibility into a practical one. We come to new difficulties
when we want not only to make a nonresisting coil, but to supply
it as a magnetic coil with a strong current *).

I have been engaged for some time making a preliminary estima-
tion of these difficulties®).

The coils mentioned in § 14 and § 15 were made chiefly for
this purpose. The first of tin wire insulated with picéin, contained
on 1 ecm. length in a layer of 7 mm. thickness 300 windings of
/., mm?. section (the resistance at ordinary temp. was 79 ).
While a current of 8 amp. could be sent through the wire before
it was wound when immersed in liquid helium, without reaching
the threshold value of current density (see § 14) the coil came to
the threshold value at 1.0 amp. The number of ampere windings --
per cm®. of a section through the axis was about 400. The second
coil was wound of lead wire of '/,, mm®. section, and contained in
a length of 1 cm. 1000 windings in g layer of 1 cm. thickness.
The resistance at ordinary temperature was 773 £. The insulation
of the wires in each layer was oblained by silk threads, between
the different layers a thin piece of silk was placed. I thought that
the liquid helium penetrating into the coil through this texture would
cause the heat to.be given off more easily all over the coil, while

5y In our first paper about the d'isappearan'ce of the resistance of mercary we
mentioned that this opened a new field of experiment. That mercury is liquid at,
ordinary temperature was, however, a serious hindrance to entering it.

9) A coil of this kind ome would wish to place in the interferrum of a very
large electromagnet of Weiss, in the same way'as the auxiliary coils contemplated
by him, in order to further raise the field. The field that is added by the coil _
would in that case have to be greater than what would be sacrified by enlarging
the interferrum to make room for the cooling appliances.

3 A p’ossible difficulty was pointed out in note 2 § 4.
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it was not certain (comp. the remarks about mercury in glass in
§ 7 and § 11 Comm. VII of this series) that the picéin remained
adherent to the tin wire everywhere. Through this coil a current of
0.8 amp. (see § 15) could be sent, without the threshold value being
reached. The number of ampere windings per cm’. was then about
800. If ihe disturbing potential phenomena had not been greater
than with the shorter wire of the same section which was washed
by liquid helium over its entire surface, and if the difficully mentioned
in note 2 §4 does not come into play, it would have been possible
to supply this coil with up to 9000 ampere windings per em? If,
therefore, the potential phenomena which frustrated this in the
experiment reported, in accordance with the opinion expressaed in
Comm. N°. VII of this series, particularly in § 11, may be ascribed
to “bad places” in the wire, and if we may therefore be confident
that they can be removed (for instance by fractionising the wire)
and if moreover the magnetic field of the coil itself does not produce
any disturbance (note 2 § 4) then this miniature coil may be the
prototype of magnetic coils without iron, by which in future much
stronger magnetic fields may be realised than are at present reached
in the interferrum of the strongest electromagnets ).

1) J. PERRIN (Soc d. phys. 19 Avril 1907) made the saggestion of a field of
100000 gauss being produced over a fairly large space, by coils without iron,
cooled in liquid air. Ch. FABRY (Journ. d. Phys Févr. 1910) worked out this idea.
He finds that the energy absorbed in such a coil, in watts is represented by the
formula

W=—onaH*K—

where o is a length in cenirimetres, which determines the size of the coil, for a
cylindrical one the radius of the internal space, . the ratio of the metallic area in
a section through the coil at right angles to the windings to the area of this
section, K a purely numerical coefficient, which depends upon the form of the
coll, and which in cylindrical coils with wire of equal section does not differ much
from 0,18, : the specific resistance of the metal of the windings in ohms. centi-
metre, H the magnetic field in gauss.

In order to get the desived field of 100000 gauss in a coil with an internal
space of 1 em. radius, with copper as metal, and cooling by liquid air 100 kilo-
watt would _be necessary, putling K at 0.20 and . at 1,5 (which last number
might well be 6 times as large). The electric energy supply, as FABRY remarks,
would give no real difficulty, but it would arise from the development of Jourz
heat in the small volume of the coil to the amount of 25 kilogramme calories per
sec. which in order to be carried off by evaporation of liquid air would require
about 0,4 litre per second, let us say about 1500 litres per hour.

We may add to FABRY's objection that the preparation of 1 litre of liquid-air
per hour is at present lo be reckoned as requiring not much less than !fy K W,
According to this standard, 7 times as much work would be necessary for the

44
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y. Certainty that the potential phenomena observed are due to
such imperfections in the wire would be of no less value for another
tempting group of experiments. As soon as the super-conductivity of
mercury was established, the question forced itself upon me, in
connection with the great value which according to the electron
theory of metals is ascribed to the free path of the electrons') (comp.
§ 12 B), whether electrons moving at speeds by which they cannot
penetrate a thin plate, e.g. a LeENsrD’s window of solid mercury, at
temperatures near the ordinary temperature?), or at least not without a
change of direction, would be able to do this better if the foil were

cooling than for the current. By a judicious use of the cold of the vapours this
number can be reduced, but the proportion will remain unfavourable.

Moreover, as FasrRY shows, the dimensions determined by @, to make it pos--
sible for the heat to be carried off, would need to be much larger, by which at
the same time the amount of liquid gas used becomes greater. The cost of
carrying out PERRIN's plan even with liquid air might be about comparable to
that of building a cruiser!

If we calculate in the same way the cooling with liquid hydrogen in the case
of silver and if we assume that the resistance of silver (according to KaMERLINGH
Oxxes and Cray) at the boiling point of hydrogen is 0,009 of that at the ordinary
temperature, we arrive at a more favourable figure, namely, that al a =1 cm.,,
700 liters of liquid hydrogen would be needed per hour, but the ratio of cosling
work and electric work becomes more unfavourable yet, putting the preparation
of a litre of liquid hydrogen in the same way as above at 11;, K. W. But the
figure for hquid hydrogen would also on the ground mentioned above have to be
considerably incieased. Although an installation which will give as much liquid
hydrogen as is necessary for the cooling could be made after the patiern of the
present Leiden plant, 1t would be of such an extraordinary size that with liquid
hydrogen also, the method described perbaps involves more difficulties than a
further increase of the size of the coil, in order to he able to cool with running
water (as introduced by Wriss) while this method also has its advantages with
a view to lhe use of the field.

The possibility of using the super-conductors tin anl lead, gives a new depar-
ture to the idea of PERRIN of procuring a stronger magnetic field by the use
of coils without iron. With super-conductors no JOoULE heat needs to be carried
off (or at any rate only 10° times less than with ordinary conductors) and thus.
with currents below the threshold value the difficulties mentioned above disappear.
If the conditions mentioned in the text can be fuifilled, then even a coil of 25 em.
diarceter of lead wire, constructed as the one in § 15, immersed in helium, could
give a field of 100000 gauss, without perceptible he t being developed in the
coil. Some such apparatus could be made at Leiden if a relatively modes
financial support were obtained. In the mean time this remark may serve to put
the problem of very strong magnetic fields which are becoming indispensable for
various investigations in new form.

1) Comp. note 3 p. 1113, Leiden. Comm. NO. 119. ¥ebr. 1911,

2) Whether the same electron passes lhrough, or whether the movementl is
carried from Lhe one to the other, does not affect the experimenlal question.

- 119 -



687

3

superconductive. Now that super-conducting plates of tin and lead can
be made, the experiments on this subject are made practicable, and
-the plan of making these has assumed a promising form, since 1
have obtained the prospect of doing 1t with LEexarp himself, which
I highly value. If the potentia]l phenomena are caused by local
disturbances, we may expect that in experiments with thin plates,
by a correct choice of the places to be experimented upon, they will
be of little importance. If, as might be imagined according to § 4,
the potential phenomena are connected with peeculiarities in the
movements of the electrons, then they would be of prime impor-
tance in phenomena such as we have here under consideration.

d. The correspondence of the potential phenomena in tin and lead
to those in mercury is very striking. As regards tin, it was stated
already in § 13e, and further investigation has confirmed it and also
extended to lead. Al the considerations with regard to them for the
case of mercury can thus immediately be applied to tin and lead.
On the other hand the latter may serve to elucidate the doubtful
peints in mercury. ‘

With the bare tin wives at 4°.23 K. measurements were made
which acquaint us with the amount of heat, given off to the liquid
helium above the vanishing point; whether it is proportional to the
surface of the wire, as is to be expected, when the heat is mainly
given off to the liquid, could not be settled yet. With the rolled
out tin wiwre, with which the various measurements were successful,
it was great, which corresponds-to the fact that here the ratio
between the heat-conveying surface and the heat developed is very
favourable. It was estimated at 0.5 watt per 1 degree difference of
temperature. Still at 1°.6 K.; 1.4 microwatt caused a local rise of
temperature to the vanishing point. As in § 11 we deduce from
this that the whole development of heat is local. The hypothesis
that in this way “bad places” show themselves is confirmed by the:
fact that through a wire like this at the boiling point of helium,
therefore above the vanishing point, a carrent of 9 amp. could be
sent, and all the JourLr heat was absorbed by the liquid helium,
while with a corrent only a little stronger the wire gave way
(presumably by the forming round the wire of a vapour bubble in
the helium, which caused calefaction in the wire).

The different threshold values for the bare lead wire and the
lead coil § 15, and for the bare tin wire and the tin coil § 14,
may throw light upon the influence of more or less easy conditions
of heat loss. The phenomena at the disappearance of the resistance
with the bare tin wire with sentinel wires make the hypothesis

44*
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followed out in § 12 improbable, namely that the mercury below
the vanishing point comes away from the glass ov at least does not
give off heat to it at a difference of temperature. The correspond-
ence of the disappearance of the resistance in the tin wire with
sentinel wires and in the mercury thread is explained most simply
by assuming a local rise of temperature in both, while for both
below the vanishing point the same opportunity remains for giving
off heat, but does not take place owing to absence of rise of
temperature.

Here, therefore, the “bad places” mentioned in § 11 comp. § 12¢,
note 1 p. 118) would again remain as the sole explanation. It is
however suspicious that in the coil of lead wire at 1°.6 K. 56
amp./mm*, was found as the threshold value, while with lead in
a vacuum 270 amp./mm®. at 4°.26 K. was reached without a trace
of potential phenomena.

Finally we point out that the threshold values of current density
‘far below the vanishing point in the wires of the three different
metals differ very little. We found for the highest limit of the
possible wmicro-residual resistance determined by the threshold value
in proportion to that at the ordinary temperature

. Yo HBK
with mercury < 2.10—10
Yor &
w
. 108K
tin —— <6.10—10
“are K
w
108K
lead < 0.510—10
Yo130 K

In view of so much correspondence and such regularity of the
character of all the potential phenomena, it still remains doubtful
whether besides the disturbances which we have adduced to explain
them, there may not be at the boltom of them peculiarities in the
movement of the electrons, which may be more clearly revealed by
the experiments indicated in y.

Having completed the series H of my experiments with Lquid
helium I wish 1o express my thanks to Mr. G. Horsr, assistant at
the Physical Laboratory, for the devotion with which he has helped
me, and to Mr. G. J. Friv, chief of the technical depariment of the
cryogenic laboratory, and Mr. O. Kursserrineg, glassblower to the
laboralory, for their importani help in the arrangement of the
experiments and manufacturing of the apparatus.
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Physics. — “Magnetic researches. X. Apparatus for the genéral
cryomagnetic investigation of substances of small susceptibility.”
By Prof. H. Kampruner OxNEs and Dr. ALBERT PERRIER.
Communicarion N°. 139a from the Physical Laboratory at
Leiden. (Communicated by Prof. H. KamerringE ONNES).

(Communicated in the meeting of October 25, 1913).

§ 1. Introduction. This paper contains the full description of the
apparatus used in the investigation of Communication Il (Comm.
N°. 122a, continued in IV, Comm. N°. 124q) of this series (Proceed-
ings of May 1911). Various circumstances have retarded the extensive
description which was promised there instead of the rough sketch.

The construction of the apparatus to be described forms part of a
more general scheme to gradually obtain the necessary appliances
for the investigation of weak magnetisation at low temperature. In
domng this we did not confine our attention to special measurements,
but intended to enlarge with as many appliances as possible the_
almost completely unknown ‘‘technique” of investigations in this field.

On the one hand the measurement of magnetic forces, on the
other that of magnetic couples suggest themselves. The ballistic
method (measurement of flux) is only applied m the study of ferro-
magnetism *).

The method of couples is specially suitable for crystals and for
isotropic bodies, which by their shape are seemingly magnetically
anisotropic (e.g. ellipsoids). The apparatus with which our first”
measurements on the susceptibility of liquid and solid oxygen were
made (Comm. N°. 116, Proceedings April 1910) is based on this method.?)
In a modified formr this piece of apparatus will, we hope, be soon
utilized in the cryomagnetic investigation of crystals.

In measuring forces a non-homogeneous field is used. Two cases
have to be distinguished here. .

For an object of small dimensions (the volume of which is » and
the volume-susceptibility X) placed in the plane of symmetry between
the poles of a magnet the force in the direction of the middle of
the interferrum is given by

where H indicates the intensity of the field and y the coordinate at
right angles to the field.

1) In some cases which we will not dwell upon here this method might be

resorted to.
2) The apparatus used by Weiss and Kameruner Onnes for the invesligation of

feiromagnetism at low temperature (Gomm. NO, 114) belongs to the same type,
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For an object in the shape of a rod of uniform section s, the axis
of which 15 in the plane of symmetry of the poles and passes through
the middle of the interferrum, the relation is

K
F=2s (" — H)

if H" and H' are the values of the field-strength at the ends of the
rod. When dealing with bodies of small dimensions by the method of
Farapay, the spherical object is placed where H—al—; , therefore the
force 18 a maximum. This 15 the method of procedure specially used
by Curie in his classical researches.

The rod-method, though applied long ago for measuring the suscep-
tibility of liquids by Quincke’s method, was hardly used at all in
mvestigations on solids until 1910, when Pascar adopted it in his
important series of magneto-chemical researches ).

This is certainly curious, as the principle of the method is very
simple and direct, but even more so as the disposition itself offers
important advantages over the other methods. If one end of the rod
is placed in the middle of the interferrum and care is taken that
the other end is as far removed from it as possible, H" obtains a
maxmmum value and H' remains a quantity which may be neglected
or need only be taken into account as a correction.

‘The susceptibility is thus given by a single field-strength which

0H
is much more easily determined than the product A rm which bas

to be derived from several values of H, not to mention the fact,
that the measurement itself of H in the middle of the interferrum,
where the field is most nearly uniform, can be carried out much
more accurately than at the point where the field 1s least uniform.

An absoluts measurement by this method can therefore lead to a
much more trustworthy result. Moreover in using a rod a much
higher sensitbility can be obtained, on the one hand because a larger
quantity of the substance can be utilized, on the other hand because
the intensity of the flield in the middle of the interferrum can be
raised to a much higher value without any objection, which is not
hy any means the case in the othér method. Finally, as the field
near the middle of the interferrum can usually be made approxi-
mately homogeneous over a space of 1 ce., it is of no great import-
ance at what point exactly within that space the end of the rod

1) P, Pascar, G R, 150, p. 1054, 1910. The priority of this appleation belongs
to Govy. G.R 109, p. 935. 1889.
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under investigation is placed, so that as regards this a rough adjust-
ment will be sufficient; the exact opposite holds when it is desired
to place a body at the place of maximum action.

There are cases, however, in which only the method of maximum
attraction can be applied, e.g. when the susceptibility depends on
the field or when the available quantity of the substance is limited
(e.g. on account of its rarity).

On the ground of the above considerations we have made it our
object to construct a piece of apparatus which in the first place is
suitable for measurements with objects in the shape of an elongated
cylinder, which may further, without important change, be adapted
to the study of small objects placed at the point of mazimum-attraction
and finally, i addition to being suitable for solids, may also be
used for the investigation of hquids, ether by enclosing them in the
movable part of the apparatus or by surrounding it as « bath.

The ease with which our apparatus may be adapted to the various
requirements has shown itself a great advantage in our experiments *).

§ 2. General arrangement of the apparatus (comp. figure and
perspective drawing). The main part of the apparatus is a carrier
movably suspended along the axis of an enclosure which has the
shape of a body of revolution. This enclosure is closed airtight,
seeing that it must be capable of being exhaunsted and that it must
be possible to maintain throughout the apparatus any pressure below
atmospheric. This requirement from the side of cryogenics has its
influence on the choice of most other parts. :

The carrier the motion of which is guided along the vertical, carries
at 1ts lower end the experimental object which is placed between
the poles of an electro-magnet with horizontal axis. The magnetic
attraction or repulsion acts along the vertical and is measured by
compensating it by means of the electromagnetic attraction of two
co-axial magnetic coils, one of which is attached to the carrier while
the other one is fixed. The force between the two coils is given by

) We may here recapilulale the various apparatus which in the mean time
form the complete scheme planned by us:
depending on the use of ; @. apparatus with ellipsoid (Comm. NO. 116)
couples b. » for crystals (to be constructed)
¢. hydrostatic apparatus (Comm. No. 116)
d. apparatus for objects in the shape of
spheres or cylinders (this Comm.)

depending on the use of
forces

@. has been used for liquid and solid oxygen, c. for liquid gases, d. forliquified
or solidified gases and various solids.
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I = ciy'ip, where 4, and 7 vepresent the currents in the movable
and fixed coils and ¢ is a constant which is determined once for all
by using known forces (weights) ).

The electromagnetic compensation has for its sole object making
a balance with the forces to be measured: the weight of the carrier
itself is balanced Aydrostatically by means of two floats immersed
in mercury; the principle is therefore similar to that of a constant-
volume hydrometer.

§ 3. The various parts of the apparatus.

a. The enclosure of the cryostat. The space inside the enclosure
A of the apparatus is divided by screens E, which prevent exchange
of heat between the two parts. The cryogenic part below the screens
contains everything connected with the establishment of low {em-
peratures, in -the chamber above the screens which remains practi-
cally at constant temperature, all the delicate parts for the measure-
ment of the forces are brought together.”

The wall of the cryogenic space below Z is of german silver. It
is joined airtight by means of the india-rubber ring 4, to the
vacuum glass 4, which contains the bath of liqnid gas. The liquid
gas is supplied by the german silver tube 4;, the vapours are
carried off by A4, The steel capillary of a heliumthermometer 7'
is soldered through the wall. of the cap.

The upper part of the vacunm-glass is comparatively wide (6 cms),
so that the liquid level falls very slowly during the evaporaiion,
which as we shall see is of importance. By means of the copper
ring 4, and the vods A4, the vacuumglass is firmly connecled to
the cap, that the considerable forces arising from changes of internal
pressure may not change its position.

1) For keeping in equilibrium an apparatus of the general type under consider-
ation any kind of force may be used which can be changed gradually without
touching the carricr. We can thus work equally well with a given compensating
force (definite weights) and changing field (regulating the current through the
cleciromagnel) as with a given field and changing electromagnetic compensating
force. When our apparalus was first constructed we did not possess the necessary
appliances for accurate field-measurements, and in examining the dependence of
the phenomena on the temperature we had to make ourselves independent of the
change of the field by confining ourselves to the investigation of the magnetisation at
different temperatures at a few field-stengths chosen beforehand and kept eonstant
each time during the experiments

For a modification in which the clectromagnelic compensation is replaced by
a compensation by weighls we refer to a forthcoming deseription of the appa-
ratus which was used in their investigations by Kamerriven Onnes and Qostermuls
(Comm. n®. 129bH ete.).
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The part of the enclosure above the screens Z is entirely of brass _
with the exception of tube 4,, which is glass.

At 4, and at the joint with the upper part of the enclosure
above N, 4,, (the letter is omitted in the figure,) the parts fit each
other with friction, which is of great convenience in the building
up of the apparatus,

At the upper end the enclosure 4 is enlarged to a wide chamber
containing the parts which serve to keep the carrier afloat. It is
closed by an arched cover A,,, which again fits on the wall with
friction. To this part of the enclosure is attached the german silver
tube B,B, which narrows down towards the bottom and to which
is fastened at B, the spring which guides the movable carrier in a
vertical direction and the two stopping pins B,, which prevent the
carrier from moving too far up or down.?)

The enclosure further serves to suspend the entire apparatus from
two horizontal beams; by means of the ball socket C,C, the direc-
tion of the axis of the apparatus may be changed, without altering
its height. The plate C, bears with three adjusting screws C, on
the ground plate (;, which in its turn is fixed to the beams, and
may be shifted in a hourizontal plane in two directions at right
angles to each other by means of the screws C;. With the adjusting
screws the apparatus may be moved 3 ems up or down; this is
necessary in using Farapay’s method in ovder to find the maximum
force .by displacing the apparatus with respect to the electromagnet.

b. The movable currier with adjuncts. In the figure the carrier
is indicated by Al It consists of a long thinwalled tube of brass,
at the same time light and firm, lengthened by a narrow german
silver tube which at its end carries a thread M,. The experimental
objects are also fitted with german silver top-pieces, which may be
screwed on to M,. They are thus easily attached to and detached
from the carrier. At convenient heights the brass tube is provided
with the following parts: the springs R, and R, which guide the
motion, the marks M, for the purpose of reading the position of
the carrier, a stopping ring B, for confining the motion between
the pins, the electromagnetic coil M, moving with the carrier, the
carriers I7, of the floats and a scale M,. As regards these various
parts the following may be added. ’

1y The german silver tube might without disadvantage have been replaced by
a simpler arrangement; in the design experiments were contemplated which were
not carrvied out. If due care is taken, the stopping pins may also be dispensed
with,

-127 -



695

“e. Vertical guidunce of the carrier. The space between the
experimental objects and the inner wall of the vacuum-glass can
sometimes not be more than a few tenths of a millimetre when
" measurements with strong fields are to be made; with the slightest
movement of the axis of the carrier from its original position owing
to a small asymmetry in the action of the electromagnet or any
other cause the carrier would not be able to move up and down
freely. This difficulty was quite satisfactorily overcome by guiding
the carrier in its up and down motion by the aid of two flattened
spiral springs '). The outer end of both is fastened to the stationary
part of the apparatus, the inner end to the carrier and the plane
of the springs is placed at right angles to the axis of the carrier.
By the device of using flat springs a movement of the middle in
the plane of each of the spirals is almost completely prevented.
Usually the upper spring I, attached to the carrier remains the
same, while each separate experimental object is provided with its
own spring, which is removed from the apparatus with the object.

d. The hydrometric equilibrium. To keep the carrier afloat on
mercury the upper chamber of the ‘apparatus is provided with a
ring-shaped trough @ (in our experiments of glass, later on of china)
which 15 centred on the axis of the carrier. The latter is fitted with
a horizontal arm F,, in which at both ends are fixed the tubes of
the floats Z,, glass bulbs, the shape of which is not unlike a flattened
ellipsoid. The tubes of these bulbs which are of very small section
are the only part that projects above the mercury. The section has
to be small in order rhat the upward pressure of the mercury shall
vary very little, if the apparatus is to be sensitive to a very small
change of the vertical force acting on it. But the size cannot fall
below a certain limit, because the tubes must also serve to com-
pensate the diminution in upward pressure in the bath on the ex-
perimental objeet, owing to evaporation.

This compensation is effected by raising the level of the mercury.
For this purpose use is made of a piunger D,, a small glass flask
of a shape corresponding to that of the trough which is woved up
and down by means of a rod D, with thread and milled head D,
passing through a stuffing box D,. This contrivance, which was found

1) Springs of that kind are made by cutting on the lathe a spiral groove 0.2
to 0.3 man wide in a plate of german silver (comp. perspective figures B R,).
By giving different widths to the spiral strip for a given diameler springs may be
obtained of any desired degree of sensibility. The inner end is soldered to a small
tube, the outer end is fixed in a clamping screw,
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very serviceable supplies the advantage that at the beginning Iheu
hydrostatic pressure of the bath need only be approximately com-
pensated, which is done by placing a weight about equal to the
pressure on the scale /,; the accurate adjustment is inade afterwards
by regulating the level of the mercury.

e. The electromagnetic compensation. The fixed coil .V, consists of
1275 turns of insulated copper wire, wound on a brass frame,
sliding closely over the outside of the enclosure; the coil rests on
the ring NV, and is fixed at the top by the screw NN,. The movable
coil M, has on the one hand to be as light as possible, on the other
it has to produce as great a force as possible; account was therefore

taken of the fact that for a given weight it is an advantage to _

make the radius of the coil large and the number of turns small.
The coil contains 248 turns (d = 0.7 mm.) in two layers, wound on
a thin-walled ebonite tube, which is held between two supporting
brass rings M M, in the shape of wheels, which may be clamped
lo the carrier at the desired height.

The wire which carries the current to the movable coil passes
through and is insulated from the cover &, and is connected to the
clamping screw G, of the upper spiral spring; the current passes
through this spring to the ring by which it is attached and which
is insulated with ebonite, along the wire (G, to the coil and back
through the carrier itself, the rod of the floats, a platinum wire
dipping in the mercury, the mercury and finally a second platinum
wire, which carries the corrent to the cover.

The electromagnetic system is calibrated once for all by fixing
to the lower end instead of the experimental object a small scale,
on which definite weights are placed, and regulating the current
until the balance is obtained.

The level at which the carrier floats, is read on a glass plate }/,
with a scale division in tenths of a millimetre, which is focussed
with a microscope L, magnifying about 40 times. For this purpose
a window of thick plane-parallel glass is sealed on to an opening
in the glass tube 4,. On the side opposite to the microscope behind
the tube an electric glowlamp is placed in such a position that the
scale divisions are seen light on a half-dark background: in (his
manner it may be very sharply determined when the cross fibre of
the microscope exactly coincides with the division.

§ 4. The experimental tubes. The substances investigated by us
(salts, powdered metal) are all enclosed in glass tubes, concerning
which the following may be mentioned.
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It is desirable, that the upward pressure due to the bath changes
as little as possible when the liquid level falls through evaporation;
for this reason the t(ubes end at the top in thin glass rods 4/, of

2to 2.5 mm. diameter. The lower spiral spring R, and the thread
by means of which the tube is screwed to the carrier are sealed to
this rod with some Krormnsky glue. As regards the shape of the tube
we have used different forms. Tubes as shown at .S, are used for
substances of high susceptibility, for which the magnetic action on the
glags or ou the bath plays a subordinate part, co that for them it may
be entirely neglected or else a correction may be easily applied. The
tube is filled with the substance, when it is still open, at the bottom
putting in small quantities at the time, which are evenly compressed
in order to obtain a tight filling and at {he same time a uniform
density throughout the whole tube; the substance is then closed in
with a small plug of glass wool to prevent its being heated during
the sealing of the tube and the tube is sealed off at the air-pump.
The smaller the susceptibility of the substance the greater influence
_ the susceptibility of the air would have and the morene cessary it is

to be assured of a good vacuum; a high vacuum, however, is
obviously unnecessary. .

In cases where account has to be taken of the susceptibility of
the glass, which may give rise to fairly strong forces?), tubes of
type S, are used, the lower half of which, separated from the upper
half by a glass partition, is exhausted. When this partition is placed
on the level of the axis of the poles, the correction for the glass
disappears, as it is divided symmefrically with respect to the axis;
the susceptibility of the substance is in that case directly compared
with that of the vacuum. Type S,, which does not require further
explanation is meant for the measurement of the susceptibility. of
the liquid in the bath. . RN

e . 1

§ 5. Additional apparatus. The electromagnet is a copy ‘of Wriss’s
electromagnet which was used in previous researches of tlis’ series.
The yoke is, however, placed horizontally this time, in order to
leave the space below the apparatus completely free (comp. per-
spective drawing). Usually poles were used of the shape shown,
the flat end-faces of which had a diameter of 40 mms. At a polar
distance of 15 to 20 mms. the topographical inequality of the field
about the middle of the interferrum was not above 0.1°/, within a

1) Tle susceplibilily of glass al low temperature wvs delermined by us in
Comm. No. 1244, p. 6.
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distance of 1 cm. The field-strengths were measured with a CoTrox-
balance of the usual pattern by W. C. Wrser of Zirich. i

The circuits of the fixed -and movable coils are entirely independ--
ent of each other: each of them contains an accurate ammeter, a
commutator and rheostats, in which the current is reversed on com-
mutation, in order to neutralise any magnetic influence on the ammeters.
They are within reach of the observer seated in front of the microscope.

The field-strength of the electromagnet 1s given by the current.
flowing through it; the field was not adjusted until the magnetising
current had been several times reversed.

If the evaporation of the bath in the apparatus as described is
too strong, as is the case when liquid hydrogen is used, it is dimi-
nished by surrounding the bottom half of the vacuum-glass with a
vacuum-glass with liquid air.

§ 6. Method of observation. Passing by certain simplifications
which were often possible we proceeded as follows.

The enclosure and the carrier (without experimental tube) are
first adjusted so that the common axis is vertical and passes through
the centre of the interferrum. When this position is arrived at, the
apparatus is not moved sideways any more.

The experimental tube is then screwed to the carrier and its
spring clamped. By means of the weight on scale M, the carrier is
made to float on the mercury approximately at the desired level
and care is taken that the movable coil has the correct position
relatively to the fixed coil. The apparatus ‘as a whole is then moved
in a vertical direction until the lower end of the experimental cylinder
falls about in the line of the axis of the poles, after which the
cylinder is adjusted more accurately by turning the apparatus about
the ball socket C,. When finally the poles have been brought at the
right distance, everything is ready for the observations at ordinary
temperature.

In changing to low temperatures as much weight is added tothe
scale as agrees approximately with the upward pressure of the bath
to be expected and the cover is fastened to the apparatus air-light
by means of the india-rubber ring; after drawing out the poles, the
vacuum-glass is placed carefully round the experimental tube, con-
nected airtight and centred in a manner similar to that used in the
apparatus of Wiiss and KameruNeH Oxngs. After having made sure
that everything is airtight, the liquid gas is admitted to the vacuum-
glass, the poles are brought back to their position, and the carrier
is adjusted to its zero by means of the plunger; the currents in the
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large electromagnet ¢, and in the fixed coil ¢r are adjusted to suitable
whole numbers and the current i, (in the movable coil) regulated
by a gradual change of the vesistance until the carrier has come back
to the zero. The current 7, is then noted down and the operations are
repeated for thbe 4 possible combinations of the currents #, ir and
7. . Before and after each observation the zero-position of the carrier
is observed or again adjusted; when the change amounts to only a
few tenths -of a millimetre, there is no objection to do this, more
simply than by means of the plunger, by shifting the microscope
a little.
(To be continued).

Chemistry. — “The application of the theory of allotropy to electro-
motive equilibria.” By Prof. A. Smirs. (Communicated by
Prof. J. D. van pEr Waals.)

1. I communicated already before®) that the investigation for
testing the theory of allotropy with different elements and anorganic
as well as organic compounds was in progress. The investigation of
the metals, which had been started with #n and mercury, was
somewhat delayed, because all the time had to be devoted to the
study of phosphorus and mercury-iodide, so that only comparatively
shortly ago the metals could be taken in hand again.

As may be supposed as known, the theory of allotropy rests on
this fundamental assumption that every phase of a system that
behaves as a unary one is at the least built up of two kinds of
molecules which are in internal equilibrium, and must necessarily
be taken as the components of a pseudo-system. This theory com-
prises, therefore, all possible states of aggregation of a-substance, and on
account of the importance of its conclusions its principial interest lies
in the region that has been least investigated up to now, viz. that
of the solid state.

Now it is ‘clear that the experiments which are carried out to
test this- theory are undertaken in the first place to prove that the
different states of aggregation and particularly the solid phases of a
substance which presents the phenomenon of allotropy, are really
mixtures, and in internal equilibrvinm, for every time that this
succeeds a confirmation of the said theory has been found. In the
second place an attempt may be made by a continuation of the in-

1) These Proceedings, April 26, 1912, XIV, p. 1199,
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vestigation to find something about the type of the pseudo-system,
which is, of course, a far move difficult problem.

2. The test may now take place in different ways:

a. by an inquiry into the influence of the previous ireatment on
the poin¢ of solidification, resp. melting point, point of transition ete.

b. by an mquiry into the inflnence of the previous treatment on
the solubility.

¢. by an inquiry into the influence of the previous treatmenf on
the specific gravity, the viscosity, the index of refraction, the specific
heat, and further on every other property of the substance. ;

d. by the study of any (emperature function, in which a con-
firmation of the said theory may follow from the -way in which
this function varies with temperature.

Besides in this way (he theory of allotropy can probably also be
tested in another way, by the fact that asI observed already before?)
it may be expected that the different kinds of molecules of a same
substance will in general differ in reactive power.

On that occasion I already pointed oui that by means of this the
passivity of the metfals might be explained, hence also the permanent
or periodic changes in the potential difference between metal and
electrolyte, in the solution of some metals by an electrolytic way,
so that when this view should prove correct, a new means would
have been found (o prove the complexity of the metals in the
study of the phenomenon of passivity brought about by a purely
chemical or by an electrolytic way.

As T am of opinion that the experviment really shows the validity
of the above mentioned supposition, T will expound here further
how the electrolytic deposition and soiution of metals must be con-
sidered in the light of the theory of allotropy, and at what conclu-
sions we then arrive.

3. When we have a metal that shows the phenomenon of allotropy,
different kinds of molecules will be present 1n this metal. To simplify
the matter as much as possible, let us assume that molecules A/,
ocenr by the side of mon-atomic molecules A/. When this meial is
immersed 1n an electrolyte and cmits ions, two different kinds of
ions will be emitted ; if the melal as ion, carries three positive charges
per atom they will be the ions M " and A,* * on the supposition made.

Up to now it has always been assumed that a metal emits only
one kind of jons, now the theory, however, states that when one
of the coexisting phases is in internal equilibrium, the other must

1) These Proceedings, May 31, 1913, XV, p. 191, -
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also' be in internal equilibrium, so that when in the metal the molecules
M and M, are in equilibrium, there will be equilibrinm between the

ions M and M, in the electrolyte. So the simplest assumption
is this that the different ions are emitted by the metal, though this
need not take place in.the ratio in which they are present as molecules
in the metal. In this way we then arrive at the result that the unary
electromotive equilibrium may be considered as a special equilibrium
in the series of electromotive equilibria of homogeneous mixed crystals,
which' we may imagine as being built up of the molecules M
and M, in different ratio.

Let us now suppose that fig. 1) for a definite 7,P and a definite
total metal-ion concentration indicates the potential difference A
between electrolyte and metal as function of the concentration.

The point @ denotes the potential of a solution of an M-salt of

definite metal-ion eoncentration containing exclusively M “-ions, with
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regard to a metal merged in this solution, which is thought to-be
entirely built up of M-molecules. ) -

The point & denotes the same thing for a solution of the same
metal-ion conceniration as the just-mentioned solution, but containing
exclusively M, -ions, a_metal being immersed in this solution which
consists exclusively of M, -molecules. The metal M is here supposed
to be a base state, and M, to be a noble siate of the same metal.

Now it has been assumed in fig 1 that the metals M and M, are_
miscible to a limited degree in the solid state with the assumed 7
and P. The two branches of the interrupted series of mixing are
indicated by the lines ad and eb, the solutions which can be in
electromotive equilibrium with these meial phases being indicated by
ac and cb. The line cde denotes the three-phase electromotive equili-
brium. In geueral this three-phase equilibrium can also lie above the
potential difference of the two metals, but this case 1s not considered
here, because we shall no doubt always have 1o do with association
in metals, in which it is to be expected that the metal phase will
contain”more of the_most composite pseudo-component than the coexist-
ing solution.

The phases coexisting in case of electromotive equilibrium of
course lie on a horizontal line, which, the A,z-figure being given,
and the potential difference being known, immediately enables us to
know the concentration of the coexisting phases.

Now we may of course apply Vav Laar’s®) formula for the
potential difference between mixed erystals of two metals and electrolyte
also to the case supposed here. Cousidering that for electromotive -
equilibrium .

+ +
N L T o U R M

Y E ) D€

A=

+ +
in which ujr and pp, are the mol.-potentials of the M and M,
ions in the electrolyte, and wjr and py, those of the molecules -
M and M, in the metal, »;; and vy, rvepresenting the number of
charges of the different melal-ions, we arrive at the following relation
for the potential difference

oo, Kl I Ko
D)€ Cir vine Ci’

It follows from this formula, in which as I showed before, Kyr

Ky
n

(2)

»

1) Chem. Weekbl. 41, 1903.
Lehrbuch der Theoretischen Elektrochemie,
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k]
and K, indicate the saturation concentrations of the metal-ions
M and M1, that '
oo 1 1

(K.u(l—w)>v71 _ (Ku>a§7 )
Cur Cir, '

and as in the case supposed here

vy, =2vy . . . - . . . . @
we get:
1—a)? C?
Isz(—- ") freey I(J[2 — (5)
] Cu,

4. The A,z tigure 1, drawn here, holds for the case that the two
kinds of molecules and the {wo kinds of ions cannot be converted
into each other. If, however, an internal equilibrium is established,
only electromotive equilibrium is possible, when the coexisting phases
are both in internal equilibrium. This is immediately seen in the
tfollowing way. Equation 1 rans '

+ +
WM — QR Wit — I,
'”M & vl]l 2 &
Now
VAL, = 2wy
so that
+ +
2uar — 2up = P, — Pal,
or

+
2wy —war,=2uy—wiy, - - 5 - . . (6)

from which follows that when in case of electromotive equilibrium
internal equilibrinm™ prevails in the electrolyte between the metal-
ions, for which:

+ o+
2u1 = war,,

a consequence of this is that:
2uar = Wity

or in words that internal equilibrium must then also prevail in the
metal, and vice versa. As is directly to be seen, the same conclusion
follows from equation (5), when we assume the validity of the law
of the chemical mass-action also in this case. As said before the
A,z-figure holds for a definite 7, I’ and total metal-ion concentration.

The internal equilibrium in the metal phase is perfectly defined
for definite 7" and P. The internal metal-ion equilibrium in the

1) These Proc. May 9 1906. IX p. 2.
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P
éleclrolyte, however, is dependent on the concentration; Cy resp. Cy, -
varies with the total concentration, and together with it according
o equalion (2) also the potential difference A. If, therefore, also the
total metal-ion concentration has been fixed, everything is perfectly
dete rminate.

Let us put that for given 7, P and total metal-ion concentration,
for which our Fig. 1 holds, the internal equilibrium between the
metal-ions is indicated by the point Z, it follows from the A, 2-figure
that for anary electromotive equilibrium the solution L will coexist
with the metal phace S for a potential difference indicated by the
situation of the line LS. Tt has been said that the internal equilibrium
in the metal phase is solely determined by 7 and P, ie. the point
y, but the situation of S in the A, z-figure depends of course on the
total metal-ion concentration in the electrolyte.

We see, however, that when we prolong the lines ac and ad
metastable, the same solution Z can be in unary electromotive
equilibrium with another metal phase for a higher potential difference,
viz. with the phase S’. This second unary electromotive equilibrium
is, however, metastable, whereas the first is stable.

If we first of all assume that we have ahways to do with internal
equilibrium we may question what will happen when the soluytion
Z 1is electrolysed, while the total metal-ion concentration is kept
constant. It is clear that for the separation of a metal phase, in
which another internal equilibrium prevails than in the electrolyte,
a molecular transformation will be necessary, which in our case
consists of the reaction 2M — M,. We now see from Fig. 1 that
the metastable phase .S’ lies much closer to the liquid [’ than the
stable phase S to the liquid phase L. It jfollows from this that the
deposition of the metastable metal S’ requirves a much smaller internal
transformation than that of S, and the consequence of this will
be that when electrolytic metal depositions is carried out ut tempera-
tures al which the velocity of transformation of the metastable modi-
Jication to the stable modification s small, the metastable state is
deposited. ,

It is, therefore, seen from this that for so far as OsTwALD’s ¢‘Gesetz
der Umavandlungsstufen” holds also here, the explanation is quite
analogous to that given by me for the succession in the appearance
of diffeent allotropic states of the same substance in the cases in
which the deposition was not effected by the supply of electric
energy '). On that occasion 1 already pointed out that Ostwa1D’s rule

1) Zeitschi. f. phys. Chem. 84, 385 (1913).
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need not necessarily always be valid, and here too exceptions may
be expecled, when viz. the melastable and stable solid phases differ
only litile in concentration. )

5. We have discussed (he phenomenon of electrolysis here on
the supposition that the internal equilibriur: in both phases sets in
with so great a velocity that at any momenrt internal equilibrium
prevails, but this is a luniting case, and it is cerfain that the setting
in of the internal equilibrium at least at the ordinary temperature,
requires an appreciable space of time. It is therefore of importance
to ascertain what the phenomena will be when the setting in of the
internal equilibrivm cannot keep pace with the changes of concen-
tration caused by the electrolytic process.

For this purpose it is simplest first of all to assume the other
limiting case, viz. that the internal transformations are entirely wanting
during the experiment. We think two rods of the same metal M,
which have somehow assaumed internal equilibrium at the temperature
and the pressure for which Fig. 1 holds. These rods are used as
elecirodes, and placed in some salt solution of the same metal, and
of a concentration, for which Fig. 1 also holds. Suppose internal
equilibrium also to exist in the solution, then both metal electrodes
are in electromotive equilibrinm with the solution and the coexisting
phases are indicated in Fig. 1 by the points .S and L. Then we
think a negative catalyst to be added, after which there can be no
question any more of the setfing in of internal eguilibrium.

Fig. 2 represents (he potential differences, which exist between
the two electrodes and the electrolyte. The distance ¢b —de¢ indicates

C a
A A+
eI T4 e____lf___/

Fig 2.

the potential of the solution with respect to the metal electrodes.
So the _situation of cd agrees with the polential of the electrolyte,
and that of the lines ab and ¢f with the potentials of the two metal
clectrodes 1 and 1I. So the potential of {he electrolyte is here positive
with rvespect to that of the metal electrodes.

Let us now connect the two metal electrodes with the poles of a
battery; let us put I to be the positive, and Il the negative pole,
then electrode I will be dissolved, whereas metal from the electrolyle
deposits on the electrode 1I. If we again imagine the total metal ion
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A

conceniration kept artificially constant, Flg I can account to us for
what will happen -

If posmve electricity is applied to electrode I, the electromotive
equilibrium is broken for a momeat, and a new electromotive
equilibrium sets in, in consequence of molecules of the metal I being
dissolved as posilive ions. If the ions M and M R enteled the
solution in the same ratio as they were present as molecules in the
metal, the composition of the metal would not ch‘mée while the
electrolyte gets vicher in M **-ioms. It is clear that as we now
exclude internal transformations, in this way there cannot be question
any more of a renewed setting in of the electromotive ethbnum
If the metal-ions entered the solution exactly in the same ratio in
which they are already present in the electrolyte, the concentr. atlon
of the metal phase would change, whereas that of the electlolyte
remained the same, which could not lead to a renewed setting in
of the electromotive equilibrium either.

Thus we see that the metal phase will emt M " and M,*-ions
in a ratio lying between L and S, in consequence of which both
phases become richer in A/, and two phases can theref'me form
again, which can be in electromotive equilibrium with each other.
On supply of positive electricity to the electrode I the potential
difference A will, therefore, have to descend, and when the dotted
line pg in Fig. 1 indicales the potential difference zero, it is even
possible that the potential difference A at electrode I becomes negative.

What will take place at the other electrode II? At this electrode
metal will be deposited, and it is easy to see that assuming that at
first the stable phase S separates, the different metal-ions will be
discharged in a ratio lying between L and S, because only in this
way a renewed setting in of the electromotive equilibrium is possible.
Hence the coexisting phases” will become richer in M on the side
of the metal-deposition, and the potential difference will become
greater positive. For a definite potential difference indicated by the
line ce another metal phase ¢ will arise by the side of the metal
phase ¢, and when the electric curreni continues (o pass through,
the polential difference remains constant till the metal ions in the
electrolyte depositing on the metal phase ¢, have converied this
latter phase, at least suﬁerﬁcially, into the metal phase d. Then the
potential difference can increase again, and the metal phase moves
along the line da and the electrolyte along ca.

So we may conclude from the foregoing that when the current
has continued to pass for some time, figure 2 of the potential differences
may bave been changed into figure 3.
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Though at first there did not exist a potmtml difference between
I and I, this will, mdeed be the-case afier some time, because n

8- Y

‘a . . .

0 b4

Fig 3.

consequence of the electrolytic process, one wmetal electrode has become
less base or even noble, whereas on the other hand the other electrode
has become baser. ‘
As has been said, in many cases the metastable state will separate,
and then part of the potential difference 1g, of course, to be attributed
to this. This, however, does not affect the natme of thephenomnnon

6. Here, however, the limiting case has been assumed that the
metal molecules and ions are not transformed into each other atall
during the experiment, which, however, will not be the case n
general. As a rule the system will not entively behave as a unary
one with regard to the metal molecules and ions, nor willit behave
entirely as a pseudo-system, and for this very reason exceedmgly
remarkable phenomena may present themselves. Thus it has been
found that in some cases periodic oscillations occur in the potentml
difference in the above desciibed experiment, which, as I stated
before, seems to indicate that the internal transformations at first
are slackened by negaiive catalytic influences, which however,
after a certain degree of metastability has been reached, arc no
longer able to mamniain the formed metastable state, so that all at
once an internal transformaticn may setin, which propagates with
great rapidity all over the metastable welal surface. When this
transformation, in which internal equilibrium has been more or
less approached, has taken place, the same phenomenon may
repeat itself. I have already pointed out that the negative catalytic
influence is probably exerted here by a trace of oxygen dissolved
m the metal, which influence can, of course, also be active when
'no periodic oscillations in the potential difference occur, but a

continuous change in the same dnectlon
et
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In this connection it may be pointed out that explosive antimony -
is probably a metal phase which is far removed from the state of
internal equilibrinm, and in which the internal (ransformaftions ave
impeded by the dissolved antimony-chloride.

7. In connection with the foregoing it is desirable to draw attention
to this that according to these considerations the contact with the -
solution of a salt of the metal must have an accelerating influence on
the setting wn of the internal equilibrium of the meial.

In gencral we shall namely be uno doubt justified in assuming
that the inlernal metal-ion equilibrium establishes itself pretty rapidly
in the electrolyte at the ordinary temperature and pressure, whereas
under the same circumstances the metal probably will not get in
equilibrium or exceedingly slowly. If we imagine the case that at
the ordinary temperature and pressare a metal is immersed into the
solution of a salt of this metal, then, assuming the same case as
represented in figure 1, the metal will contain too many molecules M
or too many molecules 3,. The electrolyte, which indeed is
thought to be in internal equilibrium cannot be in electromotive
equilibrium with this metal, and the consequence of this is that both the
electrolyte and the metal will tend to reach this electromotive equi-
librium. Put that the metal contains too many A molecules, then
M+ ions will deposit from the electrolyte on the metal, and M
molecules will be sent as ions in solufion by the metal. In the
electrolyte the ion concentration now remains constant in consequence
of internal transformations, but the concentration in the surface of
the metal changes in such a way that it finally agrees with the
internal equilibrium. So the surface of the metal has reached internal
equilibrium by means of the electrolyte, and now the possibility is
given that also the layers that lie deeper will assume internal
equilibrium by self-gratting.

If the temperature is that of the transition point, the clectrolyte
lies exactly in ¢ (Fig. 1) with internal equilibrium, and above this
temperature on the line ac. At the point of transition the electrolyte
will greatly promote the internal equilibrium both in the metal
phase ¢, and in the metal phase « for the just-mentioned reasons.

8. In conclusion I will direct attention to another circumstance
which may be expected with great probability on the ground of
the considerations of the theory of allotropy.

If for the sake of simplicity we retain the case of a mectal con-
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sisting of molecnles M and A, then it is clear that as we have
assigned three positive charges to every atom as ion, the molecules
MOl and M,Cl, will be formed on solution of this metal in hy-
drochloric acid. The solid salt which may be separated from this
solution will also contain both kinds of molecules, and in the state
of internal equilibrium in a ratio which is entirely determined by
T and P. Let us now suppose that this salt is reduced with hydrogen
at a temperature as low as possible, then when the temperature is
too low for the setting in of the internal equilibrium of the mole-
cules M and }/,, a metal will form, which as far as internal con-
centration is concerned, may differ very much from the metal as
we know it. If the obtained metal relatively contains more simple
molecules than in the state of internal eqailibrium, it will contain
a greater reactive power, because probably an association will be
generally aftended with a decrease of chemical activity.

In this way perhaps the pyrophoric phenomenon will have to be
-explained, whieh has already been observed for different metals, and
which disappears again when the metal is heated at higher temperature.

[ have now briefly indicated the different directions in which for
some time the metals have been studied in my laboratory.

SUMMARY.

In this paper the theory of allotropy was applied to the electro-
motive equilibrium between metal and electrolyte, in which it appeared
that a metal exhibiting the phenomenon of allotropy, and consequently
composed of different kinds of molecules (different in degree of asso-
ciation), immersed in an electrolyte, will emit different kinds of ions.
By means of this it could be demonstrated that the unary electro-
motive equilibrium belongs to the Aa-figure of a pseudo-system,
which system might be realized for the case that the different kinds
of metal molecules and ions could not be transformed into each other
e.g. by the presence of a negative catalyst.

The application of this new view to the phenomenon of electrolysis
led to the {ollowing results.

In the first place it could be made clear that and why with electro-
lytic metal’ deposition in many cases not the stable but the metastable
phase will be obtained. In the second place the theory showed that
when the internal transformations under negative catalytic influences
fail to appear or are impeded, the metal that is made to dissolve
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by an electrolytic way, will get nobler superficially '), whereas the
newly deposited metal will be daser®) than what went into solution.

In the third place it was made probable that also the periodic
oscillations in the potential difference, which point to a periodic
enobling of the metal surface may be accounted for from the same
poini of view. '

In the fourth place it was demonstrated why the contact of a
metal with the solution of one of its salts must exert an accelerating
influence on the setting in of the internal equilibrium of the metal.

Finally attention was drawn to the possibility that on reduction
of metal compounds at low temperatures metal masses are obtained
which are far from the state of internal equilibrium, and can exhibit
an abnormally great chemical activity. This will be the case when
they differ from the ordinary metal states by a greater content of the
more simply composed kinds of molecules. The pyrophoric states
observed for some metals are possibly to be explai-ned in this way.

Anorg. chemic. laboratory
Amsterdam, Dec. 20, 1913, of the Uhiversity.

1) This may also mean: becomes less base.
IR » ¢ " » Toble.

(January 29, 1914).

- 143 -



KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN
TE AMSTERDAM.

PROCEEDINGS OF THE MEETING
of Saturday January 31, 1914,
Vor XVI.

DEC

President: Prof. H. A. LorenTz.
Secretary: Prof. P. ZreMan.

(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige
Afdeeling van Zaterdag 81 Januari 191‘4, Dl XXID.

CONTENTS.

IL. R. Krorr: “Psendoteinary systems of acid anhydrides and water. I. Phthalic anhydride.”
(Communicated by Prof. Erxsr Comex), p. 712.

J. BoesekeN and P. E. VERKADE: “The mechanism of tl;e acid formation of aliphatic acid
anhydiides in an excess of water”. (Communicated by Prof. A. F. HoLLEMAN), p 718,

JAN DE VmiEs: “Bilinear congruences and complexes of plaue algebruic curves”, p 726

JAX DE VrRIES: “A bilinear congruence of twisted quartics of the first species®, p. 738.

F. A. H. SCHREINEMAKERS : “Equihibria in ternary systems” XIIL., p. 739, ¢

P, Konwxstamy and K, W. Warstra: “An apparatus for the determination of gas isotherms
up to about 3000 atms.” (Communicated by Prof. J. D. van DErR WaALs), . 754.

L. Rorrex: “Elephas antiquus Fale. from the river Waal near Nijmegen”, (Communicated
by Piof. A. WicHMANN), p. 769.

II. J. Backor: “On the nitmtio? of methylurea”. (Communicated by Prof. A. P. N,
FRANCHIMONT), p. 770.

A. H. Braauw: “The pimaty photo-giowtll reactions and the cause of the positive photo~

_ tropism in Phycomyces nitens.” (Communicated by Piof. F. A. F. C. WENT), p. 774,
H. Kameruxen OxNes and ALBERT Prrrigr: “Magnetic researches. X. Apparatus for the

general cryomagpetic investigation or substances of small susceptibility”.(Continued), p. 786,

46
Proceedings Royal Acad. Amsterdam, Vol XVL

- 144 -



712

Chemistry. — “Pseudoternary systems of acid anhydrides and
* water. 1. Phthalic ankydride.” By Dr. H. R. Krvyr. (Com-
municated by Prof. Ernst ComeN).

(Communicated in the meeting of Degember 27, 1918).

For reasons, which will be further explained in a following treatise
of this series, the knowledge of the heterogeneous equilibria in ~
systems of acid anhydrides and water seemed to me of importance.
The only quantitative investigation that has been made on this
subject is found in the dissertation of E. vanN pr Stapr?') and relates
to phthalic- and succinic anhydride. The results thereof may be
summarised as follows: If we shake the acid with water at a
definite temperature we soon attain an equilibrinm; if, Lhowever, we
shake the anhydride with water, we notice a continuous rise of the
total-solubility *) at which values are attained far above the solubility
of the acid; then follows a period of fall quite as regular as the
previous rise, no discontinuity occurs in this process; finally we
again arrive, at the solubility of the acid. These results suggest the
following interpretation: the anhydride has a greater solubility than
the acid, hence occurs the provisional high total concentration, but

Z

w — A

Fig. 1.

1) Amsterdam 1901. Also Zeitschr. f. physik. Chem. 81, 250 (1899) and 41,
353 (1902).

% By this is meant the acid concenlration as found by titration which represents
the sum of the acid- and anhydride molecules.
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gradually the anhydride disappears by conversion into the acid and
so we again finish with the acid-solubility.

This explanation, however cannot be satisfactory, for it is assumed
herein that the phase equilibria set in while the reaction equilibrium
is modifying the condition in the homogeneous solution. Thus we
have a pseudoternary system: water-anhydride-acid (W-A-Z). In
fig. 1 has been drawn the solubility-isotherm, the equilibrium line
will about coincide with the axis WZ. The position of ¢ and b is
given by the assuraed difference in solubility between the acid and
the anhydride. If now we shake water and anhydride the solution
will about follow the lines Wb and b¢; in ¢ the solubility of the
phthalic acid has been attained and if then a fall occurs in the
total solubility this means to say that solid phthalic acid has deposited.
But then the equilibrium is non-variant (p,f) and hence a fall cannot
take place immediately after a rise; no continuous maximum can
follow, but a long stop at the highest concentration must occur. Now
this was not observed by vaN DE STADT; on repeating the experiment
at 20° I also noticed that the concentration of a solution when shaken
with phthalic anhydride in a rotating flask did not come to a
standstill, but passed continuously through a maximum value.

In Table I this frequently repeated experiment is indicated. N/10
sodium hydroxide was used for the titration with phenolphthalein
as indicator.

TABLE L
3.17 gr. Phtalicanhydride + 90 cc. water.
No. Time Concentration in
millimols perL.
1 Y, hour 11.5
2 o 34.4
- 3 I » 55.1
4 1, 46.2
5 o 4.3
6 4 . 36.4

The solubility of phthalic acid is 35.2 millimols p. litre; it was
always attained the next day.
16*
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It should be noticed {hat in the interval between experiments 3
and 4 a finely divided solid mass had deposited (which very much ™
impedes the filtration through cotton wool); indeed the experiments
following bave really been carried out with the fwo solid phases,
anhydride and acid; even after experiment 6 a few long needles of
anhydride were still readily visible.

Afterwards the shaking bottle was provided with acid as well as
with anhydride so as to determine the position of point ¢. Now -
indeed a composition was attained that remained fairly constant for-
a longer time (see the first two columns of table II). But it seems
peculiar that 1. the value found lies but little above the solubility
of the phthalic acid and 2. that the value was found to differ in
different experimental series. In the dissertation of vaN pE STADT We
also find in the second table on page 49 an extremely smooth maximum
as the progress of the solubility in the presence of the two solid phases.

Perhaps an explanation may be found here owing to a peculiar
relation between the velocities of attainment of the homogeneous
and heterogeneous equilibria. As this necessitates the knowledge of
the proportion of anhydride to acid in the various solutions this
proportion was determined. The chemical method applied by LumiEre
and BagrBir?) in the study of the equilibrium in the homogeneous
system acetic-anhydride-water proved impracticable here, but the
electric conductivity power previously applied by Vorsman®) and.by
Rivert and Stoewick®) in the study of the progressive change of the
reaction in homogeneous systems, seemed to furnish a better.method.*)

In order to render unnecessary the repeated withdrawal of large
volumes of liquid a.small plunging. elecirode was. constructed with
a capacity that-just-required- suitable- resistances for liquids used in
these experiments.

We made use of pr HaEN’s phthalic anhydride (m.p. 130°.6 in
vaN Eux’s apparatus); phthalic acid was prepared.from.that anhydride
by complete hydratation ; titre and conductivity power of the saturated
solution appeared to be independent of the quantity of solid phase,
hence foreign substances were absent. By numerous determinations
with concordant results we found, for the solutien saturated with
phthalic acid :

1) Bull. Soc. Chem. de France [8] 83, 783 (1905).
%) Diss. Groningen 1903, Rec. d. Trav, Chim. d. Pays-Bas 23, 265 (1904).
%) Journ. Chem, Soc. 97, 782 and 1677 (1910),

#) The method also has been applied by Boisercy and his collaboralors, cf.
Rec. d. Trav. Chim. d. Pays Bas 1912 and these Proccedings, (Nole added in the
English translation).
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35.2 millimol. p. litre spec. cond. power 0.001952.

If we take u_, for 20° on 0.333, OsrwaLp’s law of dilution then
yields £=0.117, which result was put to the test in a number of
solutions. The acid concentration may now be calculated from the
specific conductivity power).

The experiments were carried out by rotating a small flask in
the usual manner in a thermostat. The conductivity vessel was
furnished with a trebly perforated stopper. Through the stopper was
put the plunging electrode, also a little tube leading to the cotton-
wool filter and another one to which suction could be applied.
Immediately after 11 cc. of the liquid had been withdrawn the
resistance was measured in the uvrual manner (WHEATSTONE bridge,
alternating current and telephone); 10 cc. were then pipetted off
and titrated.

In Table 2 is found the complete composition of the solutions which
are shaken with the two solid phases. We notice that although a
totally stationary maximum value was not found, it is very surprising
to find how remarkably little anhydride is contained in the solutions
which during about two honrs siill change but little in composition.

TABLE 1L
2.05 gr. acid + 2.72 gr. anhydride -+ 90 cc. water.

Time | Titration |Spec.cond.power] Acid |Anhydride| Maximum average
11 min.| 40.0 0.001970 35.8 4.2

27 » 42.1 2027 31.17 4.4

65 » 41.1 2002 36.8 4.3 37.0 acid

96 » 41.5 2002 36.8 4.7 4.4 anhydride
147 » 40.7 1995 36.6 4.1

Hence a large solubility of the anhydride molecules appears but
little probable. It is interesting to notice that these solutions contain
more phthalic acid than the purely aqueous ones. The solubility or
the acid is thus much promoted by the anhydride present.

Fig. 2 appears to be the most appropriate one for expressing
these results.

) As to the neglecting of the influence of the anhydride on the conductivity
power see Rivert and Smewick (lLc.).
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W A

6
Fig. 2-
a lies at a greater concentration than 0, the solution ¢ contains more
acid than @. Looking af the presumably very slight solubility of the
anhydride and the fairly large veaction velocity of the hydratation
(four times greater®) than that of acetic and succinic anhydride) it
will be understood why in different experimental series were found
maximum values which mutually slightly differed. (Some tritration
values from different series: 41,4 — 41,4, 44,0 — 44,3 — 44 5). Three
processes are taking place continuously: solution of anhydride,
hydratation thereof and ecrystallisation of phthalic acid. The latter
will no doubt take place spontaneously as a large quantity of finely
divided solid phase is present: the second takes place fairly rapidly
and the first is evidently not rapid enough to maintain the condition
of the point ¢. That appears from table 3 where this last reaction

TABLE III
2.25 gr. acid - 4.37 gr. finely powdered anhydride - 90 cc. water.

Time Titration |Spec. cond. Power Acid Anhydride
30 min. 43.7 0.002050 38.5 5.2
60 4.5 2056 38 7 5.8
101 4.1 2056 38.7 5.4
134 42.7 2027 3.7 5.0
222 40.8 1986 36.3 4.5

1y Riverr and Swewick lc.
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was promoted by adding a large quantity of finely powdered anhydride.

If we compare these results with those of Table 2, we notice
that now indeed the anhydride-concentration has risen: as the acid
concentration also lies higher this is evidently also promoted by the
concentration increase of the other pseudo-component.

It now still remained to be seen whether the internal composition
of the liguids which are shaken with anhydride only, agrees with
the conclusions drawn from the above experiments.

In Table IV is shown the result of a measurement.

TABLE V.
3.11 gr. anhydride -} 90 cc. water,

Time Titration | Spec. cond. Power Acid Anhydride

25 min. 29.2 0.001663 26.3 2.9
50 » 54.5 2286 47.0 7.5
B > 47.2 2193 43.6 3.6

From this we notice that the large total-solubility found when
shaking with anhydride is mainly an acid-solubility. In another
series, for instance, 43.6 acid: 7.7 anhydride was found for the
composition at the greatest total solubility. More than the sixth part
can therefore never be put to the account of the anhydride. As
originally no solid phthalic acid is present as a solid phase we are
presumably dealing here with supersaturated colutions, although on
the other hand, anhydride and acid seem to promote each others
solubility. It is therefore, intelligible that, after the maximnm has
been attained we can plainly observe the separation of the phthalic
acid_in the liquid and also that the liquidum phase gets impoverished
both in acid and anhydride. As regards the acid this is presumably
the case in a much higher degree than indicated in Table 4 as the
withdrawal, after the maximum concentration has been passed,
always takes a few minutes on account of the clogging of the filter
by the deposited exceedingly finely divided phthalic acid. In the
meanwhile of course, a little of the anhydride from the clear
liquid in the conductivity vessel becomes hydrated again before the
measurement could be executed and thus a somewhat too high acid
and a somewhat too low anhydride concentration is found.
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The progressive change of the solubility is also characlerised-by
the fact that after about 25 minutes, when the solubility of phthalic
acid (35.2 millimol. per litre) has not yet been attained, the condition
is already such that the solution contains a preponderance of acid. ~
The idea that phthalic anhydride should be readily soluble is, therefore,
without any foundalion; the anhydride concentration can, moreover,
not be calculated by simply deducting the solubility of the acid in
water from the tofal solubility. -

This last experimental series therefore also confirms our contention :
the anhydride passes into solution as such and then becomes hydrated
and this so rapidly in comparison with its solubility velocity- that
the non-variant (p,?) equilibrium is not attained, or at least not
permanently so. The anhydride, if we will not credit it with an _
adnormally small solubility velocity (for which there exists no reason,
just the contrary), has a much smaller solubility than the acid.

No measurements have as yet been carried out with succinic
anhydride, but looking at the parallel behaviour of the two acid
anhydrides similar relations may be expected there also.

Owing to the peculiar relations between the homogeneous and the
heterogeneous reaction velocities in this kind of systems, we are
here at the limitation where we may still speak of actual pseudo
ternary systems. In connection therewith and other correlated questions
the investigation of different systems is being continued.

Utrecht, Dec. 1913. van 't Hore-Laboratory.

—

Chemistry. — “The mechanism of the acid formation of aliphatic
acid anhydrides in an excess of water”. By Prof. J. BorsErex
and P. E. VeErrabE. (Communicated by Prof. HoLLeMAN).

(Communicated in the meeting of December 27, 1918).

The communication of WirspoN and Smewick ') on the hydratation
of some acid anhydrides induces us to give a short résumé of the
results obtained by us when investigating the hydratation of the
aliphatic acid anhydrides.

This investigation *) has already been announced by one of us
some time ago. He had found that the hydratation constant of the
cyclic acid anhydrides was connected with the dissociation constant
of the acids formed thereof. As it was his intention to get to know

I) Soc. 103, 1959 (1913).
%) Recueil 31, 90 (1912). -
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something about the ving -tension eventually occurring in those acid
anhydrides, it had to be decided whether the dissociation constant
of the acids was the only or principal factor which, besides that
ring tension, could exert an influence on the hydralation velocity.
The hydratation of the anhvdrides of the falty acids seemed to him the
most appropriate one, because in this the factor of the ring tension
is excluded, whilst that of the dissociation conslant can be readily
applied. Moreover, the values of the dissociation constants of the
fatty acids .do not diverge much, so that other factors can exert
their influence distinetly. While the detailed account of this invest-
igation will be published in another form '), we give here a short
summary of the results obtained. )

The hydratation velocity of the acid anhydrides was determined
in the manner indicated by VorrmaN?), namely by measuring the
conductivity of the aqueous solutions in which it is assumed that
only the acid determines the conductivity and that this is not
modified by the anhydride still present.

The  conductivity of the acids and the dissociation constant ‘to be
deduced therefrom had to be accurately known, because from the
conductivity found in the hydratation the concentration of the acid
formed (and consequently that of the anhydride consumed) had to
be calculated. As. the values given in the literature for the diss.
const. often differ considerably, we judged it necessary to make
new determinations thereof.

They were carried out in the usual manner already frequently
described by us.

A correction for the conductivity of the water itself (1--1.5 > 10—5)
was not applied, because this conductivity is caused in the carvefully

_ Dissociation-constants of the fatty acids.

[TAP [T K°X 10% | K* X 100
acetic  acid — 381 — 1.82
propionic ,, 241 384 1.37 1.31
n. butyric , 239 381 1.55 1.47
isobutyric ,, 239 381 1.53 1.44
isopropylaceticacid — 378 — . 1.68

1) Dissertation of P. E. Verkape to appear shortly.
%) Recueil 28, 265 (1902). Dissertation Groningen 1903,
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cleaned Jena vessels by carbon dioxide and the dissociation thereof
is practically repelled by the fatty acids. B

The constant given above for isopropylacetic acid (= 1.68) has
been found equal for both the commercial and synthetic produect.
As the former is contaminated with methylethylacetic acid and as
the constant thereof does not differ much from that of the pure
isovalerianic acid !), this was to be expeeted.

The measurements of the hydratation velocity were executed in
the same manner as those described previously.®) The anhydride

]

Propionicanhydride 0°, Aceticanhydride 25°.0.
t y ¢ |0.4343 0| ¢ , ¢ |0.4343k2
0 | 0.0508| 0.00481| — |lo |00;32 |0.00674 —
3 664 | . 504 | 0.00689 | 1 1555 937 | 0.0721
4 685 631 691 || 11, 164 | 0.01048 700
5 105 668 695 || 2 172 1151 713
6 125 701 686 || 21 1795 | 1250 718
7 745 40 700 || 3 186 | 1341 18
8 764 61 679 || 31, 102 1425 | 13
9 780 809 699 | 4 1065 | 1486 703
1 815 879 06 || 4| 2015 | 1560 106
13 844 940 699 || 5 206 1628 704
15 874 | 0.01002 698 || 5Y,| 2005 | 1680 703
11 902 1070 708 || 6%, 213 1734 705
20 938 1150 608 || o 2505 | 2380 -~
23 973 1238 104
2 | 00008 | 1325 T mean: 9.4343 k25 = 0.0709.
29 1037 1401 712
32 1064 1473 11
36 1008 1563 710
© 1497 03| —

mean: 0.4343 2° = 0.00700.

') Buurzer, Sitz. Ber. Ak Wien 1899, p. 416.
2) Rec. 31, 80 (1912).
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was shaken with previously warmed (cooled) conductivity water
and then filtered rapidly into the resistance vessel.
As 0O-point was taken the moment that the irregular initial reaction
was over and the bridge readings could take place accurately.
Subjoined are found some of these measurements. (See p. 720).
In this manner the following constants were obtained for different
acid anhydrides.

Hydratation-constants of the fatty anhydrides.

Values found by
0.4343 k0| 0.4343 k25 RivETT, WIiLSDON and

SIDGWICK.
acetic anhydride — 0.0713 0.0701
propionic 0.00700 0.0372 0.0372
n. butyric , 0.00471 0.0243 0.0204
isobutyric 0.00454 0.0227
aceticpropionicanhydride — 0.0522

This table contains a résumé of the constants obtained at an
anhydride concentration of 0.01 —0.02 normal. We chose this smadl
concentration, because it had been noticed by Smewick and his
coadjutors?) that the constant decreases when a much greater con-
centration is taken and also because the higher fatty acids were
soluble to the extent of about 0.03 normal only.

Only under these conditions could the constants obtained be com-
pared mutually.

a. From these data it follows in the first place that the influence

of the temperature is about the same for the fatty acids mutually :
25
= for acetic acid =5.0%)
0
propionic ,, = 5.3
n. butyrie ,, = 5.2
isobutyrie ,, = 5.0,

and differs considerably from that found previously for the cyclic
anhydrides. *)

1) Soc 9%, 732 (1910), 101, 1708 (1912) and 108, 1959 (1918).

%) This has been deduced from the above measurements in connexion with those
of Riverr and Sipewick (l.c.) and Orron and Jones. Soc. 101, 1708 (1912).

%) Recueil 81, 80 (1912).
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!

b. For o and n butyric acid the proportion of the hydratation
constants =1:1,04, and 1:1,07 respectively; that of the dissocia-
lion constants 1:1,01, and 1:1,02 respectively. The branching of
a saturated group, appears therefore to exert but little influence on
the velocity of hydratation. This is in atcordance with. the fact that
the hydratation constants of the two isomeric s dimethylsuceinic an-
bydrides are proportional to the dissociation constants of the correlated

acids. 1)
c. If now we assume provisionally that, other influences being

equal, the hydratation constant is proportional to the dissociation
constant, the specific influence of the saturated group may then be
expressed in figures.

Therefore we have only got to divide the hydratation constants-
by the dissociation constants; we then obtain, for the influence of

this group, for instance at 25°:

Proportion
For acetic acid 3.92 x 10-3
- 1.36
For propionic ,, 2.89 X103
. 1.75

,» 1 butyric ,, 1.65 X 10—3

,», isobutyric ,, 1.58 x 10-3

From the corresponding values for butyric acid and isobutyric
anhydride follows that the influence of the configuration of the group
in regard to other influences must be trifling (see b).

The influence of the mass must be, however, very great as the
retardation that occurs by the introduction of two methyl groups in
the acetic anhydride (= 1.36) is less than that observed by intro-
ducing those same groups into the propionic anhydride (= 1.75).

This stronger retarding influence of the ethyl than that of the
methyl group also appears from what has been found in the case
of the mixed acetic propionic anhydride. The constant thereof lies
between the two constants of the acetic and propionic anhydride,
but slightly more towards the constant of propionic anhydride.

In the case of the isovaleric anhydride we have met with very
great difficulties; the solubility of this substance in water is exceed-
ingly small so that we could not get solutions containing more
than 0,005 mol. °/,.

Owing, however, to the very small velocity with which the
hydratation took place and the fairly great conductivity of the iso-
valeric acid the process could be traced very accurately,

1) Rec. 31, 80 (1912),
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Here it appeared that there was no question of a constant; the
calculated constant decreased, but so regularly and (after eliminalion
of all possible disturbing influences) so very concordanily, that we
were able to conclude that this decrease might be traced to a very
definite cause.

The subjoined table shows one of the many measurements.

Isovaleric anhydride at 25°.0.

) p c 0.4343 £%

0 0.0,670 | _0.00210 —

1 694 224 | 0.0247

3 121 244 209

5 75T 264 209

7 7182 280 201

9 804 204 195
11 822 -306 188
14 843 321 179
17 863 335 174
20 879 345 166
25 899 360 156
30 914 3T 146
37 929 384 139
45 940 302 123
55 953 401 -
® 0.0,1027 463 —

When the constants obtained in the different measurements were
plotted against the time, we could draw through the points thus
obtained smooth curves which either coincided or¢ran completely
parallel '), a sign that not only were we not dealing with experi-
mental errors; but that- the- fall must-be- attributed- to a disturbing
reaction " and; looking at the regularity, to a follow-reaction.

1) The latter, because the readings did not always commence exactly at the
same moment- after, the anhydride had been dissolved, as the filiration sometimes

took a little longer and because the temperatlure equilibtium n the-resistance
vessel was not always attained in the same time.
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In consequence of VorrMaN's observations (L. c.) we first believed
that the anhydride might be polymerised and that a succession of
depolymerisation and hydratation was measured. As, however, the
anhydride did not give the least indications of polymerisation even
in strongly associating liquids, C,H, and C,H,NO,, we gave up this
idea in favour of the following assumption.

We can imagine the process to be divided into two phases: the
first is the union with water or the hydratation proper; the second-
is the splitting of the hydrate into two molecules of acid.

Now in the case of the lower acid anhydrides the first process
will take place very rapidly causing the second one to be measured
only; hence, the reaction exhibits the form of the simple unimole-
cular change.

If the velocity of the first in regard to the second is no longer
practically infinite, we are then dealing with the succession of two
unimolecular processes occurring in the same direction and the uni-
molecular-calculated constant will exhibit a regular change?).

We give hLere three of these observation series obtained with very
carefully purified synthetic isovaleric anhydride.

Falling constant of the hydratation of the isovaleric anhydride.

Constant
X 108
2000 %

1800 |
1600 t

1400 T.

1200 |

1000

0-point - 0-point 0-point time 2/ mm, = 1,
1stSeries  2nd Series  3rd Series

The further discussion of these observations in connection with the

) Osrwawp, Lehrbuch Allg, Ch, II, 2, 285.
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relation applying to the unimolecular follow reactions will be
given elsewhere; we call, however, already now the atiention to
the fact that BenraTe ') has found that in glacial acetic acid the
reaction between equivalent quantities of water and acetic anhydride
proceeds unimolecularly, which can only be explained by assuming
that in glacial acetic acid they are dissolved jointly as hydrate (in
fact that the hydration proceeds exceedingly rapidly) and that this
hydrate splits up into the acid molecules *).

Further, we have also succeeded in demonstrating the formation
of other additional compounds with the acid anhydrides of which
those with usovaleric anhydride exhibit a greater stability than those
with the lower acid anhydrides.

Thus we could isolate the additive products of hydroferricyanic
acid with ¢sovaleric and heptylic anhydride in a crystalline condition
and analyse the same whereas these two gave with 70°/, perchloric
acid colorations that pointed fo additive action.

With great probability we may conclude already now that the
conversion of acid anhydrides into acids proceeds in two phases;
presumably there first takes place a linking of the anhydride to the
watermolecules which occurs very rapidly with the lower terms;
this is then succeeded by the splitting reaction which takes place
more slowly.

The analogy existing between the acid anhydrides, the esters, and
the ethers and between the acid formation, the saponification and
the alcohol formation causes the elucidation of the first reaction to
become of a more general significance.

If, on further working out the results obtained, it appears that
the process studied by us proves with certainty the linking of water
followed by hydrolysis, we may expect this to be also the case with
the other processes mentioned.

Like in so many other chemical transformations we again get here
the impression that the reaction proper is preceded by a previous
stage, namely the mutual influence of the molecules.

This is often shown by the formation of an additive product, but
here, as in the case of the catalytic phenomena, the reaction proper
will proceed more rapidly when this additive product forms more
quickly and possesses less stability.

}) Z. Ph. Ch. 6%7. 501 (1909).

%) Benrare measures the density of a mixture of acetic anhydride, glacial acetic
acid and water during the hydration; he finds a change in density of about one
unit in the second decimal.
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SUMMARY.

1. We delermined the progressive change of the acid formation
from some aliphatic saturated acid anhydrides in presence .
of an excess of water at 0° and 25°.

2. In the case of the lower acid anhydrides including the butyric
acids this proved to be a unimolecular reaction with a relative
small temperature coefficient. -

3. As from previous investigations it had appeared that the
reaction constant is closely connected with the dissociation
constant of the acids forming, it could be deduced, by elimi-
nating this influence, that the hydratation constant decreases
as the mass of {he caturated group increases, and that the
branching of the saturated carbon chain has little influence
on this constant.

4. From the fall of the “constant” for the acid formation from
isovaleric anhydride it was deduced that the formation of acid
usually takes place in two phases: a. Absorption of water,
b. splitting of the hydrate; that with the lower acid anhydrides
the first reaction occurs very rapidly so that only the last
unimolecular reaction gets measured; that in the case of the
wsovaleric anhydride the first reaction no longer takes place
infinitely in regard to the second so that we must get the
image of a follow-reaction with unequal reaction constants.

Delft, December 1913. -
Lab. Org. Chem. Techn. Univ., Delft.

Mathematics. — “Bilinear congruences and complexes oy plane
algebraic curves.” By Prof. Jan pe VRIEs.

1. We shall consider a doubly infinite system of plane curves
of order n, consequently a- congruence [y*]. We suppose that through
an arbitrary point only one curve passes, and that an arbitrary
straight line is cut in » points by only onre curve. The congruence
is in that case of the first order, and of the first class; we shall
call it for the sake of brevity a bilinear congruence.

As a y» of the congruence is determined by-a straight line » of:
its plane ¢, all planes ¢ must pass through a fixed point Z, which
we shall call the pole.

A ray f passing through I (polar ray) bears o' planes ¢; the
curves y* lying in it form a swface 2 of order (n+41), for any
point of f lies on only one curve y. '
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. We consider now the surfaces Zn+!, belonging to the rays fand
’; they have in common the vy lying in the plane ( //*), and intersect
further along a curve o of order (n*+n-1;, which passes through /).

Through a point S of 6 pass two curves y», the planes of which
contain successively the straight lines f and f’. S is therefore a
singular point and lies consequently in o' curves y». The planes of
these y» form the pencil with axis FS, the curves themselves lie
on a ="+l which has a node in S, for a straight line passing
through S meels =7+ in (n—-1) points situated outside S.

Let /" be an arbitrary ray through F, s—= FS a bisecant of tlie
curve 6; %" in the plane (/"s) passes through S. The surface =
belonging to /" contains therefore the curve ¢ and the latter is
base-curve of the net which is formed by the oo® surfaces =. The
y* which is determined by an arbitrary powmnt P, forms with ¢ the
base of a pencil belonging to the net.

A y» can meet an arbitrary surface 2"+, in singular points S
only, consequently it rests in n (n -+ 1) points on the singular curve
on* ' while 1its plane cuts o still in the pole F.

4 bilinear congruence |y] consists of the curves y', which cut a
twisted curve of the order n*-4~n —+ 1) i (n 4 1) points, and send
their planes through a fized pomt of that curve®).

The curve ¢ may be represented by
an hn on
x €X z

=0,

a, Bz vz
hence the | =»+1] by

A @ v

an bn ¢t =0,
& 2 z T

@, Bz Yz

and the congruence [y*] by the relations
Qa’; -+ Gbg + rc;:O, 0ta + 03 + vy, = 0.

2. The surface = formed by the y», which rest in a singular

1) ¢ is of the rank n (2n*+n 1) and the genus & # (n—1) (2n+1); it sends
1n2(n?+ 1) bisecants through one point.

%) For n =2 this has been pointed out by Monrrsano (“Su di un sistema lineare
di coniche nello spazio”, 4itr di Torno, XXVII, p. 660—690). Gopeaux arrived
at the congruence [y»] by inquiring into linear congruences of y» of the genus
Yo (n — 1) (. —2), which poscess one singular curve, on which the 5= rest each
in % (- 1)points. (“Sulle congiucnze hneari di curve piane dotate di usa sola
curva singolare”, Kend. di Pulermo, XXXIV, p. 288—300).

47

Proceedings Royal Acad. Amsterdam. Vol. XV,
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point S on o, is cul in (n 4 1) points by an arbifrary straigl

line /; consequently o is an (n 4 1)-fold curve on the snrface 4

the cnrves y7, which are cut by /. As two surfaces 4 apart frox

6 can only have in common a number of y», which agrees wit

the order of 4, we have for the determination of that order z the relatio
#*=ax -} (o + 1) (@* + n 4+ 1);

from which ensues @ = (n -} 1)

The y» resting on a straight lne [ jform a surface of orde
(n+ 1) on which the y», of whick the plane passes through 1, isa
n-jold curve ; the singular curve is (n - 1)-fold.

4 is cut n(n-1)° times by an arbitrary y» of the congruence
from this appears again that y* rests in n(n - 1) points on o.

Two arbitrary straight lines are cut by (n -+ 1) curves of th
congruence. )

A plane ¢ passing through [ intersects .4/ moreover along a curve
which is appavently cut n (2 —1) tices on [ by the y*, of whicl
the plane passes through /; in each of the remaining (n -4 1)*—I—
n(n—1) = 3n points ¢ is touched: by a y".

The curves yr, which touch a given plane have their points o,
contact on a curve of order 3n, which possesses (n*+-n-1) double poinis

The last mentioned observation ensues’ from the fact that th
surface =»t!, which has a node in a singular point S, is cut by
¢ along a curve with node S; ¢ is therefore touched in S by two y»

The curve ¢3 found just now is the locus of the coincidences o
the involution formed from collinear sets of 7 points in which ¢ i

cut by [v*].

8. The surface A belonging to an arbitrary straight line, no
lying in ¢, has apart from the (n* 4 n 4 1) points S 3n (n +1)*—
2 (n+1) m*4-n+1) = +1) *+n—2) = (n+2) (n*—1) points ir
common with 32,

There are (n+ 2)(0* —1) curves in [y*], which touch a giver
plane, and at the same time cut a given straight’ line.

We can arrive at the last mentioned result in an other way yet

The surface =#t!, which contains the y», the planes of whiclk
pass through a polar ray f, is cut by a straight line { in (n + 1
points; so the planes of (n 1) curves y* pass through f, whict
curves rest on /. Consequently the planes of the y» lying on A4 envelof
a cone of class (n +1).

A plane ¢ cuts =+ along a curve ¢mtl, which passes through
the point of intersection of f, and sends (n-1n—2 = (n42)(n—1,
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tangents through that point. From this follows that the planes of
the y», touching ¢, envelop a cone of class (n-+2) (n—1).

Each common tangent plane of the two cones, contains a y», which
cuts [ and touches ¢ ; for the number of those curves we find there-
fore again (n-2)(n*—1).

The two cones of class (n+2)(n—1), which are enveloped by the
planes of the y», which touch two given planes have (22)* (n—1)
tangent planes in common. As many curves y* consequently touch
two given planes.

4. A surface =»+1, belonging to the polar ray f, contains a
number of y* with a node; such a y” is the intersection of = with
a tangent plane passing through f.

In orvder to determine the number of those planes, we consider
the points which = outside f, has in common with the polar surfaces
a» and Br of two points 4 and B lying on f. A plane ¢ passing
through f cuts these surfaces along two curves a*—!and 6*—, which
cut f in two groups of (n—1) points A, and Bj. If ¢ is made to
revolve round f, these sets of (n—1) points describe two projective
involutions so that a ecorrerpondence (n—1,n~—1) arises on f. In
each coincidence C, f is cut by two curves g*!, {"—! lying in the
same plane ¢; there «* and P» have therefore the same tangent
plane which contains at the same time the tangent of the curve
o of the order (n*~—1), which «*and g have in common, apart from f.

The 2(n—1) points (' are at the same time the coincidences of
the involution of the nth degree, which is determined on f by the
curve 7, out of which X is built up; in each point C, = is there-
fore touched by the plane ¢ and moreover by the curve ¢. Conse-
quently ¢ has on f 4(n—1) points in common with X', the number
of intersecting points of ¢ and ' lying outside J/ amounts therefore
to (n*—1)in+1) — 4(n=1) = (n—1)*(n-3)." .

Through each polar ray f pass consequently the planes of
(n—1)*(n-+3) nodal curves y7;.

The planes of the nodal curves y%s envelop a cone of class
(n—1)*(n}3); the planes of the »», which rest on a straight line /,
envelop a cone of class (n+1). From this follows that the nodul
curves Y% form a surface A of order (n+3)(n+4-1) (n—1)".

On a straight line f lie n (n—1)* (n-+3) points of the nodal curves
y"s, of which the planes pass through f; in the pole I the sulface
A is cut by f in (n+3) (n—1)* points.

}) For n+ 1 =3, we duly find the five pairs of lines which rest on a straight
line of a cubie surface.

47+

- 162 -



730 -

Let S be a point of the singular curve ¢; the ray FSis cutin S
by the (n4-3) (n--1)* curves yé*, of which the planes pass through I'S.

In connection with what was mentioned above we may therefore
conclude that the singular curve ¢ is (n43) (m—1)*fold on the
surface A. )

5. If all y» pass ihrough the pole 7, so that the latter is a
Sundamental point of the congruence, then all surfaces ="+ have
a node in . Two surfaces have four points in /' in common in
that case; one of them belongs to the y», which forms part of the
intersection, consequently the singular curve ¢ has now a triple point
in F. In an arbitrary plane ¢ passing through F.the two = have
(n 1) —4 points in common, apart from F, (n—1) of those
points lie on the common y7, the remaining (n’+n—2) on o.

In those points ¢ is cut by the curve of the congruence lying in
. The curves y* consequently pass through the triple point of the
singular curve, and rest moreover in (n-}-2) (n—1) other points on it.

Any plane passing through a tangent #; in F' to ¢ contains a 7,
which touches # in . In the plane passing through two of those
tangents lies therefore a ys", which has a node in F. Each of the
three bitangent planes of ¢ which are determined by the three
tangents in I contains therefore a y;» with node £

The quadric cones of contact in I’ of the surfaces of the net
[Zn+1] form apparently a net which has as base edges the ihree
tangents of the singular curve o. To that net belongs the figure
consisting of the plane # # with an arbitrary plane passing through
tn; so the net [3n+1] contains three systems of surfaces, which
have a biplanar point in F; the edge of the pair of planes into
which the cone of contact degenerates lies in one of the three

planes £ ¢;. -

6. We shall now consider a triply infinite system of plane algebraic
curves ¥, which form a b&ilinear complez {y"}'). In an arbitrary
plane lies therefore one y*, and the curves y», which pass through
a point P, lie in the planes of a penci! (cone of the first class);
the axis p of that pencil we shall call for the sake of brevity, the
axs of P. )

The curves of {y"}, of which the planes pass through an arbitrary
straight line = form apparently a surface of order (n-+1), which we

1) The hilinear complexes of conics have been fully treated by D. MonTEsano
(“l complessi bilineari di coniche nello spazio”, At R. dcc. Nupoli, XV, ser,
2a, n0. 8).
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shall indicate by =,»t+!'. Through a point P of » passes only one
v*, namely the curve lying in the plane (pr).

The surface X),"+! belonging to an axis p has a node in I’; for
a line [ passing through P cuts the y* of the plane (p/) in (n—1)
points lying outside P. B )

If » is made to revolve in a plane ¢ around a point O then
2n+1 describes a pencil. In order to determine the surface = which
passes through an arbitrary point P, we have only to find the ray
r, which cuts the axis p of P. The base of this pencil consists of
the curve ¢ lying in ¢ and a twisted curve pn*ta+!, which cuts
y" in n(n4-1) points.

Any point P of this curve lies on o' curves y”; its axes p must
meet all the rays of the pencil (O, ¢), consequently pass through (.

To the net of rays of the straight lines », lying in ¢, corresponds
a net of surfaces Z»+1. Through. two arbitrary points P, P’ passes
the surface belonging to the straight line r, which cuts the axis p,p’.

7. Let us now consider the surfaces of this net belonging to
three straight lines, =,7,1" of ¢, which do not pass through one
point. The curve ¢t*+!, which two.of thesé surfaces have in com-
mon, cuts the third surface in (n+41) (n*+4n-41) points. To these
points belong n (n-+1) points of the 4 lying in ¢.

Let H be one of the remaining (n41) *4n-41) — 1) n =
m+1)(n*+1) intersections. Through H pass the curves y" lying in
the three planes which connect H with r, 2,7 ; these planes do not
belong to a pencil, consequently H bears oo® curves y» and is therefore
a cardinal point (fundamental point) of the complex {y*. Any straight
line through A is apparently an axis and determines by means of
its intersection with ¢, a pencil (Z#+1), consequently a curve g#*+n+1,

The complex {ym} has (n4-1)n*+1) cardinal points; they are at
the same time cardinal points of the complex of rays {p} and of the
complex of curves {ortnti}.

The cardinal points are apparently base points of the net {=-+1
belonging to the plane ¢, or, more exactly expressed, of all the nets
which are indicated by the planes ¢ in space.

8. Let us now consider the curves of {y»} which send their planes
through an arbitrary point J7. Through a point P passes the y* of
the plane (Fp); through a straight line r passes the plane (Zr) and
this plane contains one y7. So we have sel apart out of the complex
a bilinear congruence [yr] which has I' as pole. Its polar rays are
the axes p of the points P of the singular curve o¢*t++1; they
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project this curve oui of the pole ' lying on il, consequently form
a cone of order n(n--1). From this follows that the axes of {37} form
a complex of rays of order nn--1). ) .

In any plane passing through a cardinal point H lies a ¢, which
passes through HA. The w*® y* passing through A form therefore a
special congruence [y*], which has H as fundamental point; the
singular curve ¢ of this congruence has therefore a triple point in
H (§ 5); it is the ok, which has H}, as pole. _

Lach point H is triple point of a singular curve e, whick passes
through the remaining cardinal points.

This curve is base curve of a net of surfaces =, which have all
a node in H. -

The planes of the nodal curves y"; envelop a surface of class _
(n—1)*(n+3), for this is the naomber of tangent planes of =,n+1,
which pass through a straight line » (§ ).

The curves y7y form apparently a congruence of which the order

and class are (n—1)*n-}3).

9. We now assume a tetrahedron of coordinates and consider
the net of surfaces = belonging to the straight lines of the plane
x#, = 0. This net may then be represented by
bnz dnx ey dnx

@, &, By b,

ay ar z

=0.

a

+8
&, o,

The cardinal points are therefore found from
I ary by ony dn,
i &, &, @ a,

From this ensues readily that the curves of the complex may be

represented by the relations:
aaty o7+ y¢t - dd ==V, aw + P, ya,4-du,=0.

If we consider here «, 8, v as given, but ¢ as variable, then there
arises by elimination of d the above mentioned equation of the surface
= belonging to the straight lne z,=0, az,+g2,4yz, = 0.

For the curves passing through a point ¥ is

= aa;_=_ aa;; + Bb; + ;/c; + Jd; =0 and X ay =0.

= 0.

By ehmination of «,8,y,d out of these equations and Z‘aazzo,
Sar, =0, we find for the surface ="' belonging to Y, the
equation

‘ hoa @ 1:0.
The awis of ¥ is indicated by ’
| o s =0
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In order to determine the surface =11 belonging to the straight
line which joins the points ¥ and Z, one has to eliminale «, 8, v, d
out of T ey, =0, T az, =0, T ar, =0 and = eql = 0; then one
finds

C s wa =
while the straight line Y'Z is mdlcated by
Ny s w 1=0

Through the point X pass the axes of the points Y, for which

we have

Yo @ 2 ¥ Op

Y. b;} 2, | =0 and Ys C;; z; | =0,

Ys €, Ys CZZJ‘ Ty
These surfaces of order (n-+1) have the curve
Ya b;’ 2,
=0

Ys c; &y

in common, which is of order n, but is not situated on the two
other surfaces of order (n41), which are indicated by

o e o |[=0
The last mentioned relations determme therefore a curve of order
(n* +n 4 1) as locus of the points Y. From this ensues again that
the axes form a complex of rays of order n (n--1).

Mathematics. — “A4 bilinear congruence of twisted quartics of the
first species.” By Prof. Jan pr Vris.

1. As we know, we distinguish with congruences of algebraic
twisted curves two characteristic numbers, called order and cluss.

The order indicates how many curves pass through an arbitrary
point, the class the number of curves which have an arbitrarily
chosen straight line as a bisecant If both numbers are one the
congruence is called dilincar. In volume XVI of the Rend. del Cire.
mat. di Palermo (p. 210) E. VeNeronr has proved that there exist
principally two kinds of bilinear congruences of twisted cubics. An
analogous inquiry concerning congruences of twisted quartics of the
first species, ¢, has not been made till now. *)

1) The bilinear congruences of conics have becen trealed by Montosano (Atti di
Torino XXVII p. 660).
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In a communication which appeared in Volume XIV of these
Proceedings, 1 have (p. 235) considered the bilinear congruence [¢],
which arises if the quadrics of two pencils are made to intersect. )

It is not difficult to understand that no bilinear congruences
of curves of a higher order can be produced by two pencils of
surfaces. For, if these pencils are of the degrees m and n, they
intersect an arbitrary line in two involutions of the degrees m and
n and these have in common %= (m—1) (n—1) pairs; so we find
a congruence [¢™] of the tirst order, and the class (m—1)(n—1);
only for m—=n—=2 we find £ =1.

2. In order to arrive at another group of bilinear congruences,

I consider a net of cubic surfaces [#*]. Through an arbitrary point _

P pass o' surfaces @*, which form a pencil included in the net,
of which pencil the base curve in the general case will be a twisted
curve o° of genus 10. All the curves ¢° included in the net conse-
quently form a congruence of order onme. On an arbitrary line the
net determines a cubic involution of the second rank; the latter
possesses as we know a neutral pair N,, NV,; all the ¢° through
N, pass through N, as well, consequently the congruence is also
of the first e¢lass, therefore bilinear.

If all the ®°® have a curve in common, the curves ¢° degenerate
into an invariable and a variable part, and a bilinear congruence of
curves of a lower order is found. We shall now consider the case

in which we have to do with a congruence [o'].

3. Let o° be a twisted curve of order five, and let the genus be
2, so the remaining section of a @°® and a &*, which have a straight
line in common. Any surface ®° passing through 14 points of @°
contains this curve®); consequently the @* passing through ¢°. and
three arbitrarily chosen points H,, H,, H,, form a net. Two of these
surfaces have Dbesides o°, a g' of the 1st species in common, which

intersects o° in eight points?). With a third @°, ¢* has 12 points in

common, of which 8 lie on o, the other four, and to them belong
of course H,, H, and H, lie apparently on all ®? therefore on
all o*.

L If the Dbases of the two pencils have a straight line in common, one of the
two congruences [9%] found by VEneron arises. ’

% R. Srurw, Synthehische Untersuchungen uber Fldchen dritter Ordnurg
(1867, p 23%). P. H. Scmoure, Lo courbe d'intersection de deux surfaces
cubiques et ses dégénerations (Archives Teyler 1901, t. VI, p. 219). M. Stuvvaerr,
Cing dtudes de geomdirie analytique (Mem. Soc. Liége, 1907, t. VII, p. 40).

8) Scuoute, (I ¢. p. 241), Sruyvarrr, (. ¢ p. 41).
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Here we have consequently a bilinear congruence [o*] with four
cardinal points Hyp and a singular curve ¢°; ie. all ¢* pass through
the four cardinal points and rest in 8 points on ¢**).

4. Let ¢ be a trisecant of ¢°; the pencil of net surfaces determined
by a point of ¢ has for base the complex of ¢, ¢ and a plane cubic
y*, which Dbas a point 7" with ¢ in common, and 5 points with ¢°.
This y* must contain the four cardinal points H; consequently the
cardinal points are situated in o plane @.

Any curve y* connects the 4 cardinal points and the 5 points Ry,
in which ¢° cuts the plane ¢, with the intersecting point 7 of the
trisecant belonging to it. As the trisecants form the quadratic ruled
surface @, on which ¢® lies, the points R, together with 7" may
be connected by a conic . )

The curves y* form a pencil with base (R, He); any v® intersects
7" in the point 7, through which the straight line ¢ passes, which,
considered together with y* belongs to the congruence [o*]?).

The locus of the degenerate figures (y* 4 t) is apparently the com-
plex of @* and ¢, and consequently belongs to the net [¢°].

5. Let b be one of the four bisecants of ¢°, which pass through
the ecardinal point Hj. All the ®° which contain b, have moreover
a ¢° in common, which has { as bisecant and restsin 6 points on g°.

Consequently there are sirteen jigures (o° - b) in [o*].

A third group of complex figures is formed by pairs of conics
(a®, 7). Let &® be a conic passing through H,, A,, intersecting ¢° in
4 points, the @* passing through «® and ¢' have an other conic §* in
common, which intersect> «* in 2 points, ¢* in 4 points and passes
through H,, H,

The number of «* we deduce using the law of permanency of the
number. We replace ¢° by the complex of a ¢® and a ¢*, which
have three points in common ; through a point [ pass consequently
3 straight lines, which rest on ¢* and *; with the bisecant of ¢°
they form the 4 straight lines which replace the 4 bisecants of ¢°;
consequenily (6° - 6*) is to be considered as a degeneration of ¢°.
In any plane passing through f, and H, lies a conic ¢* connecting
these points with 3 points of 6°; as the straight line H _H, cannot

1) If the base of the nct consists of a curve (S, of genus 3, and a cardinal
point I, the second bilinear congruence (%] is formed.

2) That the figure (y®--¢) Is a special case of a o1, appears from the fact that
through an arbitrarily chosen point P, two siraight lines may be drawn which
inlersect ,$ and #; they replace the bisecants which ! sends out through P,
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apparently be a part of a degenerale ¢, the ¢* form a quadrie.
This is cut by ¢* in 4 points; among them are the 3 common points
of ¢® and ¢°; through the fourth intersecting point passes a ¢%
which has four points in common with the figure (¢* 4 6?).

From this we conclude that one conic e® can be drawn through H,
and H;. As each «® is coupled with a §* (which passes in that case
through H, and H,), [o*] contains three figures (a® + B°).

6. Through a point S of the singular curve ¢* pass o' curves g*.
They cut the plane ¢ in the points H. To this system of ¢* belongs,
however, also the figure consisting of the trisecant ¢ passing through
S and a v® lying in ¢@. From this ensues that the locus of the o*
meeting in S, is a cubic surface =°, passing through ¢° aud the
points H, and consequently belongs to the net [®°].

An arbitrary line passing through .5, is a bisecant of one ¢,
and so intersects =*, apart from S in one point. Consequently =
has a double point in S. Through .S pass 6 straight lines of =3,
one of them is of course the ¢ mentioned before ; each of the remaining
5 is a bisecant p of w' curves ¢*, so a singular bisecant.

All the o* intersecting p twice pass through S; so they determine
on p a parabolic involution, of which all pairs have the point Sin
common; we shall call p a singular bisecant of the first species.

Through each point of o° pass therefore five sinqular bisecants of
the first species. ‘

Any line & passing through a cardinal point H is as well a
singular bisecant of the first species.

The monoids =* having two points of o° as double points, inter-
sect apart from ¢° in a o' Through any two points S passes
therefore only one curve of the congruence.

7. Let ¢ be a bisecant of a ¢f, and at the same time a secant
of of The smface ®* passing through o° and ¢* and a point of ¢
contains ¢, and belongs to the net [®#°]. Consequently all #° passing
{hrough & point @ of ¢ will cut this straight line moreover in a
second point @’. Consequently ¢ is a bisecant of o' curves g, and
the pairs of the intersections Q,Q’ form an involution. We call ¢ a
singular bisecant of the second species.

In order to find the number of lines ¢ that pass through a point
P, we consider the cubic cone 4°, which out of P projects the o*
conlaining P, and the cone Z° which has P as vertex and ¢° as
curve of direction. To the 15 common generatrices belong the lines
drawn to the eight intersecting points of ¢* and ¢°. The remaining
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7 are Dbisecanis of ¢* intersecting ¢°, therefore lines ¢. Consequently
the lines ¢ form a congruence of order seven.

We can also arrive at this result in another way. A straight line
passing through P is generally speaking, a bisecant of one ¢*; we
call R, R’ its intersections with ¢* and consider the surface s, which
is ke locus of the pairs B, R’. On any generatrix of the cone A3
one of those points lies in P, hence = has in P a triple point with
i* as tangent cone; m is consequently a surface of order 5. It passes
through ¢° and has nodes in the four cardinal points. For an arbi-
trary ¢* has in common with a the intersections with the bisecants
which it sends through P, and in 8 poinis of 9% so twice in each
point” H.

Now a* and 4° have in common the o* which passes through 2
further they can, by reason of the definition of a, only have lines
in common which contain ' pairs 2, B’ each. Therefore eleven
singular bisecants pass through P. To these the four straight lines
hi; = PH;; belong; for through any point of PH; passes a g*, which
meets this straight line again in the cardinal point H;, so that PH; is
a singular straight line of the first species (which, however, does
not rest on ¢°, and consequently may not be interchanged with a
straight line p). The remaining 7 singular bisecants passing through
P are therefore straight lines ¢.

For a point S of ¢° the surface a° degenerates, and consists of
the monoid @° with node S and a quadratic cone, formed by the
straight lines ¢, which intersect ¢° in S.

In an arbitrary plane lie five points of ¢, consequently 10 straight
lines ¢; they belong therefore to a congruence of rays of class ten.

The singular bisecants of the second species form a congruence
(7y 10), whick has ¢° as a singular curve.

The section of a® with a plane passing through P is a eurve
with a triple point, consequently of class 14, of its tangents 8 pass
throngh P. Therefore the tangents of the curves o* form a comples
of order eight.

8. The ¢* which [intcrsect a given line /, form a surface 4, of
which we intend to determine the order x. Any monoid #° contains
three ¢*, which intersect /, and rest in the vertex S on ¢°; conse-
quently ¢° is a triple curve of A.

The surfaces A, A’ belonging to two lines /, I have, besides the
threefold curve g¢° only the x curves ¢* in common, resting on [
and /. So we have the relation x* = 4x -4 3.5, hence = = 9.

On A° lies one trisecant {; for the curve y®, which intersects /,
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determines ou z* the point 77 of the trisecant with which it forms
a degenerate o* (§ 4). -

The curve ¢%, which has / as a bisecant belongs to two points
of I, and is consequently a twofold curve of A°. ’

The locus of the ¢* inlersected by [ is-therefore a surface of order
nine with a twofold curve ¢*, a triple curve o° and two straight
lines [ and ¢

9. A plane through / intersects 4° in a curve 2°; the latter has
the two intersections of o*; and six points R in common with /; in
each point 72, % is touched by a ¢*. -

The points in which a plane is touched by curves o lie therefore
on a curve y*; it is the curve of coincidences of the quadruple -
inwvolution (', in which the plane 2 is intersected by the congruences
[0"].

The five intersections S; of o° with A are apparently singular
points of Q'; to Sp are namely conjugated o' triplets of points,
lying on the cubic curve ¢°;, with double point Si, in which the
monoid ®* (with vertex .5;) is intersected by A. In S, 2 is therefore
touched by two ¢*; the curve of coincidences v has consequently
nodes in each of the five points S, and in S the same tangents
as oi’.

Any point D of the conic ¢* through S is the intersection of a
trisecant ¢, consequently determines a quadruple, of which the
remaining three poinis are produced by the intersection of the curve
y® coupled with ¢ On the section f of ¢ we have therefore a cubic
involution /7, of which the groups are completed into quadruples
of Q' by the points D. It is evident that @, as long as A remains
an arbitrary plane, cannot possess any other collinear {riplets.

In each of the points of intersection 7, T, of f with =* (§ 4) a
¢t is cat by a ¥°, consequently these points are coincidences of the
@Q*. The remaining coincidences, lying on f, belong to the involution
I, from this appears again that the order of the curve of coinci-
dences is siz.

As the singular point .S, lies on d® and therefore may be considered
as a point D, the curve o,° is intersected by f in a triplet of the
cubic involution 7., of which the groups are completed into quad-
vaples of Q' by S,. As [,° cannot possess a second -collinear
triplet, it is not a central involution; so it can be determined in
o' ways by a pencil of conics of which the base points are S,,
an arbifrary point of 6,°, and moreover {wo points of the line f.
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10. Any coincidence of the @' is completed into a quadruple
by two complementary points. The locus d of those points which
we shall call the complementary curve has apparently quadruple
points in S ; for I has four coincidences. Of the four coincidences
of I?, four of the complementary points lie on ¢*; with this conic
the curve dJ has therefore 4 4 5 < 4 = 24 points in common.
Consequently the complementary curve is of order 12.

The curves o¢f, which touch the plane 2 in the points of the
curve of coincidences #°, interseci 2 moreover on the complementary
curve d'*; so they form a surface of order 24, which passes eight
times through the curve ¢°.

This surface is intersecled by a plane A’ along a curve of order
24 with 5 octuple points S;. As the curve of coincidences ¥ lying
in A" has double points in ,S; the two curves outside S; have
24 56 —5X 8 X 2=64 poinls in common. Consequently there are
64 curves o', touching two given planes.

The surface A° belonging to the straight line [ intersects an
arbitrary plane ¢ along a curve ¢°, which has 5 triple points on
¢°. As the curve of coincidences ¢° lying in ¢ has 5 nodes on ¢,
it intersects p® moreover in 9 X 6 —5 X 3 X 2 = 24 points. From
this appears once more that the curves ¢*, which touch a given
plane, form a surface of order 24. At the same time, the fact that
the complementary cnrve is of order 12, is confirmed.

Chemistry. — “Zguilibric in ternary systems”. XII. By Prof.
SCHREINEMAKERS.

We have seen in the previous communication that the saluration-
curve under its own vapour-pressure of the temperature 7’z (the
point of maximumtemperature of the binary system '+ L -+ &)
is either a point [fig. 5 (XI)] or a curve [fig. 6 (XI)]. We shall now
examine this case more in detail.

If we calculate Z—Z— for this curve in the point H from (8) and (7)
(XI), then we find an infinitely great value. The curve going through
H in fig. 6 (XI) and the curve disappearing in A of figure 5 (XI)
come in contact, therefore, in A with the side BC. Now we take
a temperature somewhat lower than 7’g. The saturationcurve under
its own vapour-pressure terminates then in two poinis n and A
sitnated on different sides of and very close to H. [» and 4 in fig.
4—6 (XI) may be imagined very close to H.| As the saturationcurve
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under its own vapour-pressure touches BC in H, the tangent in_
n and the tangent in A to the curve, going through these points,
will yet be almost parallel BC.

Because the equilibria F - liquid n + _vapourn, and F hqmd
I+ vapour 4, differ but very little from one another, the perspective
concentrations S and S, (see the previous communication) will be,
on addition of a third substance, also approximately equal. Therefore,

when in the one equilibrium S>> 5,, this is also the case in the”
other. Of course the same applies to S < S,. Now we distinguish,

according as the subsiance expands or contracts on melting, two
principal cases. )

1. F expands on melting (V' >v). The point H is then situ-
ated with respect to /" as in fig. 4—6 (XI) viz. between /' and C,
but close to I7; AV is negative between F and H, positive in_the
other points of BC. From the situation of n» and % with respect to
F, it follows that .S and S, are both positive. We distinguish .S > S,
and S<S,.

a. S>8,. As AV is positive in . and negative in n, it follows
from our previous communication that the pressure decreases from
L along the saturationcnrve under its own vapour-pressure and it
increases from n. In which direction shall this curve now proceed
from 4? As the tangent in % coincides almost with BC, the curve
must go from % either almost in the direction towards n or almost
in opposite direction. We find the first in fig. 5, the second in
fig. 6 (XI). In order to determine this direction, it is to be consi-
dered that the region L—G shifts on decrease of pressurve from 7
towards n, so that the pressure decreases in this direction. As
the pressure along the saturationcurve under its own vapour-pressure
must also decrease from /4, this curve must therefore, also go from
/i almost in the direction towards =. It has, therefore, from / a
direction as in fig. 5 (XI). As the tangent in 7 coincides almost
with BC, the curve must go from 7n either almost in the direction
towards A or almoust in opposite direction. Considering that the region
L—@ shifts on increase of pressure from n towards 2, so that the
pressure increases from = towards A and further thal the pressure
along the saturationcurve under its own vapour-pressure must also

_ increase from n, we see that this curve must go, therefore, also

from n almost in the direction towards 4.

The saturationcorve under its own vapour-pressure has, therefore,
a form as curve An in fig. 5 (XI); it is situated, therefore, close to
the side BC and it disappears at T'g in the point H.

0. S S, In a similar way as above we find that the pressure
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along the saturationcurve under its own vapour-pressure increases
from /. and decreases from 7. Further we tind that this curve must
have in the vicinity of » and A a direction as in fig. 6 (XI). As
further the pressure in % is greater than in n, therefore on this
curve as well -a point of maximum- as a point of minimumpressure
must be situated. Consequently, we obtain a curve /i n, as in fig. 6 (XI),
this does not disappear at the temperature 7z, but it formsa curve,
touching the side BC in H.

2. F melts with decrease of volume (¥ < v). Now the points
H and H, are no more situated, as in the previous case, between
F and C. From the binary equilibrinm F 4 L -+ G it follows that
H is situated between F and B; the point H, may be imagined as
well between F and C as between F and B. In the last case H,
should be situated between F and H and therefore very close to H;
the region L—@G should then be very narrow in the vicinity of the
side BC, which is only possible in very exceptional cases. Therefore
we consider only the first case: H is situated between F and B,
and H, between F and C. )

If we take two points n and % close to H and the corre-
sponding points », and %, close to H, then we see that S and S,
bave an opposite sign. If further we keep in mind that AT is
negative between I and H and positive in the other points of BC,
then it follows, in a similar way as above, that curve n/4 must have
a form as in fig. 5 (XI). Therefore, it disappears at T in the point H.
Consequently, we obtain a diagram as in fig. 5 (XI), but with this
difference, that H is situated now between /' and B.

Contemplating the boilingpointcurves of F, we obtain diagrams
as fig. 5 and 6 (XI), the arrows must then however, indicate in
opposite direction. Further we must imagine the point of maximum
tempervature H to be replaced by the point of maximum pressure
Q of the binary equilibrium I L 4 G. AW is negative between
F and @, positive in the other points of BC. From the position of
Q and (@, with respect to F, it follows that S and 'S, are both
positive. We distingnish two cases.

a. 8> S,. We find that the boilingpointcurve /n has a form as
in fig. 5 (XI); the arrows must, however, indicate in opposite direction.
Therefore, this curve disappears under the pressure Pqin the point Q.

b. §<7S,. The boilingpointcurve /n has a form as in fig. 6 (XI);
the arrows must, however, indicate in opposite direction. Therefore
the cnrve does not disappear in Q under the pressure Pg.

If we sum together the results obtained above, we have:
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1. F melts with increase of volume The saturationcurve under
its own vapour-pressure disappears, when is raised the temperature’
in H [fig. 4 (XI)] when the conceniration of the new substance is
greater in the lignid than in the vapour. Ii does not disappear in
H [fig. 6 (XI)] when ibe concentration of the new substance is
smaller in the lignid than in the vapour.

2. 7 melts with decrease of volume. The saturationcurve under
its own vapour-pressure disappears, when is raised ihe temperature-
in H [Fig. 5 (X1}, wheremm howcever / must be situated between
I and B] i

- 3. The boilingpointcurve disappears, on increase of P in @
[fig. 5 (XI)], when the concentration of the new subslance is grealer
in the liquid than in the vapour. It does not disappear in Q [fig. 6 -
(XI)] when the concentration of the new substance is smaller in the
liquid than i the vapour. We mean of course, with “concentration”
above “perspectlive concentration”.

Now we will deduce in another way the relations in the vicinity
of the point H or . The saturationcurve under its own vapour-

pressure 18 fixed by the equations (1) (II), when we put therein a =0

0Z ¢*Z Lo
=, 3 , etc. become infinitely
@ Oa?

and when we keep 7 constant. As 5
great for # =0, we shall put
Z=U+ RTaloge . . . . . . . (1)
so that all differential quotients of U with respect to &, remain finite.
We put in the same way:
4, =U + RTz, logwe, . . . . . . . (9
so that the same applies to U,. Then we have:
0Z oU 0Z 0dU 0Z oU
——=— 4+ RT (14 loga) ; ~—=5— ; ——=—=
5o =3 PRI lga) 5 =500 557p

and similar relations for Z, and U,.
The equations 1 (II) then become :

oU o0
& — — = r‘t'-U = . . . . 4
o3+ G-B)g, + R U 4 =0 @

(3)

34 T
n3=+ B 5~ + Blo—U, +§=0. . . . ()
&y dy, .
'°U+Rz‘(1+zogw):a_%_; RT(1 -+ lga) . . . (6)
0z 0,
30 O,
== N ¢/
oy 0y, )
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In the points H and H, of figs. 4—6 (XI), the pressure is equal
to Pg, »=0 and «, =0; further we put y =), and y, = (y,),.
For a point in the vicinity of B( on this saturationcurve under its own
vapour-pressure, the pressure is Pg+4dP, a=3§, 2, =§, y=(), + %
and y, = (), + ™

In the points A and H, themselves the binavy equilibrium F4- L 4 G
exists ; to this applies :

~(y—ﬁ)g—yg—U+g:o g_yngf L@
wherein the pressure is equal to Pg, vy = (¥),, ¥, = (), and U
and U, are independent of z and <.

We now take the condition (6), from this it follows :

w, OoU oU
Tlog—+—=orv—— . e e
R log x Oz O, ' ®)
Therefore, we obtain for very small values of 2 and &, :
§ 1 _ ooU oU,
g —-=-—Lim|——=—] . . . . .
YETRT " \ s aml) (10)
or ,
E=K&. . . . . . . .. (11

wherein K is determined in (10).
We now take the condition (7); in this we put the pressure
P equal to Pg+dP, z=§, &, =&, y=(y),+n and y. =)+
If we expand Dboth terms of (7) inlo a series and consider that
in the point H (8) is satistied, then we find:

oV 0s o0t 0V 0s
5 — b Bl P t——dP &
aaV azv (12)
+~——8dP + — . qdP+...[],
0x0y 0y

2 2 2

Herein'r = %TZ s———a%a% t= 27? ; these values must be kept, as
they are in the point H. The second member of (12) is indicated by
| J.; this means that we deduce the second member from the first by
substituting §,, m,, $,, ¢, ete. for §, v, s, ¢ etc. Now we expand (4)
into a series; if we keep in mind, that in the point H (8) is again
satisfied, and that z and 2, must be put equal to zero, then we
find a series, which we write in the following form:

oV 0
RTE 4 b — (V—v)dP — § (@—é AP+ R+ y—f L =0 (13)

In R only terms occur, which are infinitely small with respect
48
Proceedings Royal Acad. Amsterdam. Vol. XVI,
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to those, which are already written down, viz. &, &, etc. £dpP
and 1 dP are wanting. L represents the first term of (12). For the
sake of simplification (y,) has been replaced by y.

If we expand (5) into a series, we find:

o, Y ..
BT84t —(Vim) P4 (57 = 55 ) AP+ Rt (=) B=0 (14

Herein [, contains only terms, nfinitely small with respect to-
those preceding, L, represents the second term of (12); (y,), has

been replaced by y,. .
Now, in the point A the denominator of (8)(XI) is equal to zero,

therefore : -
) —BV+E—y)oe+@—y V,=0.

We write this condition in the form:
Ve—v V,—v . V.—V
y—B n—B y—y
Now we have the four relations (11), (12), (13) and (14) between

the five variables. If we multiply (13) with y,—f8 and (14) with
(y—8) then follows:

oV o
#.—B) [RT S+ i — (6—1—5 aUP) dP“] o=

. 0V, v
=(y_ﬂ) [RTsl + ‘% 51"712 - '}i (“’a?l—’ﬁ) sz:, + 4
These equations may be satistied when we take & and & of the
order ¢P* and 7 and %, of the order dP. From (12), (13) and (14)
then follows:

=g . . . . . (15

(16)

tqg—}——dP_twl—}—a N ¢ 1))

oV
tn:y———(ﬂdP........(IS)

v,
t1"11=( a_/)dP S T 05%)]

These last three equations ave, as is seen immediately, dependent
on one another. Substituting % from (18) and %, from (19) in (16
we find:

§

2RT[(yl—m—(y——m—gi]gm.dz” C @)

Herei_n §,:§ is fixed by (11); further is:
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_y-B/ VY (yl—ﬁ)( v\ oV I o, .,
= () -2 (e  rep ) 6 g (2L
From (18) now foliows:

2RT[(y1—B)—(y—ﬁ)%]’s‘=

at? .
YA Y% L . (22)
(%)

From (22) it follows that the saturationcurve under its own
vapour-pressure under consideration is in the vicinity of the point
H [fig. 4—6 (XI)] a parabola, which touches the side B(C in H.
From (18) and (20) follows the change of § and % along this curve
at a small change of pressure dP.

We can find the meaning of a (22) in the following way.

We represent the length of Cp or (g [fig. 1 (XI)] by Y, the
length of the part, which is cut off by the liquid curve of the
region L — @G from CB by y. Then we have:

LAY _ Voo OV, dy ViV 3V dy, V=V 3,
F o R R TR A TR

Herein ¢, and V, refer to the point of intersection of the satura-
tioncurve with BC. Now we put:

Y—y=li
leal dl d ax
and we calculate 7P and ——.
V, depends on P and ¥, V on P and y and V, on. P and y,.
If now the saturationcurve of /' and the liquid-curve of the region
L — G go both through the point H, then (15) is satisfied; also at
the same time V, becomes == V and #,=1¢. Then we find :

dl d’l

Zi—P:() and a:t(y—ﬁ)(%—y)(ﬁ; *

Substituting this value of a in (20), we find after deduction with
the aid of (13) (XI) and (11)

For this it may be consideie” that

(24)

S &l
', —— | =t (y—y,) —. L.,
- em K(lt Sl)s (4—3:) 75 - 4P (25)
and
S B y-y) &L-
237‘.;{(1—8_)g_—__(?/._3_’i . .. @)
1

3v)\* " dP*
b3

wherein ¢>>0; that there may be agreement with our figures, we

take y —y, > 0.
- We now distinguish two cases.

4%
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S d?l
have the same sign. From (26) it follows

1. l—gl and

that § is positive, so that the parabola touches BC in H and is
further situated within the triangle [fig. 6 (XI)]. This is apparent
also yet from (25), as § becomes positive as well for &P positive
as negative.

S el L )

2. 1——-§1 and T have an opposite sign. From (26) it follows
that § is negative. Therefore the parabola touches BC in H, but is
further situated outside the triangle. Therefore a similar parabola
may be imagined in fig. 5 (XI). Then only its point H represents a

liquid, its other points have no meaning. -
2

dpP?

di
From our deduction of -— and in the point H, follows :

dP dpP?

B a
"dE?
Now, in the point H of fig. 4—6 (XI) ¥ —y, therefore also
di?
dF
When, however, the point H is situated on the other side of F,

then Y —y and therefore also 7P becomes negative.

We now consider some cases.

1. F nfelts with increase of volume (V> ).

. dF?,

becomes positive, as well on increase as on decrease of pressure.

ar
apP?

>0. Sand §,

positive.

a. S>S,. From (26) follows: the saturationcurve under its
own vapourpressure is a parabola, which touches BC in H, but is
situated further outside the triangle [fig. 5 (XI)].

b. S 8,. From (26) follows: the saturationcurve under its
own vapourpressure is a parabola, which touches BC in H, but is
further situated within the triangle. [fig. 6 (XI)].

2. F melts with decrease of volume (V < »\. ;Pl” < 0.

We take again S and S, with opposite sign.

As sub 1.a. In fig. 5 (XI) the point H must be imagined on the
other side of ZF, therefore, between F and B and H, between F
and C. . -

From (18) it follows that % changes sign with dP, as in the
point A the coefticient of P is negative,  and dP must have the
opposite sign. Therefore, the pressure increases in the direction in
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which 7 decreases and reversally. We see that this is in agreement
with the direction of the arrows in fig. 5 and 6 (XI).

If it is desired to know the influence of a small change of T
on the position of the saturationcurve under its own vapour pressure
going through H, we must also include terms with d7 in the
previous expansions into a series. Now U=2Z2— RTx logx therefore,

U

g—T = — H — Rz log =, therefore in the point H (z = 0) itself
oU

v

In the right member of (12), therefore, must be added——g_H dT
Y

d
and terms with §dT and %d7; in the left member ——agldT.
Y1

In (13) must be added (H—n,) d7’; in (14) (H,—,) dT’; in order
to distinguish the coordinate #, the entropy of the solid substance
F is indicated by ..

In the first member of (16) musi be added: (y,—g) (H—y,) dT’;
in the second member (y—p8) (H,—.).

From (13) follows:

av?
tn:(y——a—y—)dl’—}—...

from (14)
av,
4", = --— a—yT) dP + .
As we must substitute these values in (16), it is apparent that
we may neglect the other terms. As

AW
B-v) H+ (y,—3) 1 + (y—0) H, = (y—p) -7
we obfain:
2 RT [yl—ﬁ-(y—m %] s=a.dp 1 ). 2 ar

or, after deduction:
R S & AW
and :

i S e (y-y,) d% AW
T. —_— = —— . dT .
2R K(l Sl)g AT Y T al (28)
(w *—a—)
h P

From (28) it follows that not only the saturationcurve under its
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own vapour-pressure, going through /A, but also those which -are
situated in the vicinity of H are parabolas. -

In the point H of figs. 5-—6 (XI) AW is negative, when H is
sitnated on the other side of F, AW is positive. From (28) it now
follows: -

when the curve, touching in A is sitnated outside the triangle
lfig. 5 (XI)], it shifts on decrease of T, within the triangle [curve
hn in fig. 5 (XT)] ~

when the curve, touching in H is situated within the triangle
[fig. 6 (XI)], it shifts on increase of 7" within the triangle [the
closed corve in fig. 6 (XD)] and on decrease of 7 partly outside
the triangle. Therefore, curve /An of fig. 6 (XI) must be imagined
to be closed by a part An situated outside the triangle; this part, -
however, has no physical meaning.

In fig. 1 three curves are drawn through F; F is the liquid-
curve of the region L—G at the temperature 77 and under the
pressure Pp, therefore at the minimummehingpoint of F; FK is
the boilingpointcurve and Fs the saturationcurve under its own
vapourpressure. The two first curves are but partly drawn. We
now construe in I a tangent to each of these curves. With the
aid of the formulas from the previous communication, we find:

for the tangent to the liguidcurve (Z7) of the region LG

(5= e 1

() --C
dw )i v, —B) ¢t S
for the tangent (F'Z)) to the boilingpointcurve (FK):

@y Y "D
dy) N (;—- 1>R1 +(y1—ﬁ)s—R7§_ d_y)+g RT o
(EZZ Eo (:—B)¢ “\&) 5= Y

and for the tangent (#Z,) to the saturationcurve under its own
vapoui pressure (Fs):

&, ,C
i )= Ty = dw)z A G—p: Y

Now we take again the most probable case that BC—AD is
positive (communication 1I). That there may be agreement with the
figs. 5 and 6 (XI) and fig. 1, we take ¥V >uv therefore A4 positive.
As further y,—f is negative, we can deduce:

dy dy dy
(E'")z>(d_w)k>(%)s' s s (39

-181 -



749

The ecurves FI FL and Fs must, therefore, be sitnated with
respect to one another as in fig. 1.
When V<w, therefore 4 is negative, then it follows:

(%)s><%)1><‘%/’>k. Ce 69

The point H- and therefore also the point s, must be imagined,
however in this case, also in fig. 1 on the other side of F. In
agreement with (33) F/ comes then between the two other curves.

Now we shall consider the solutionpath consisting of a straight line
of /' under its own vapourpressure or in short the solutionpath of £
We take viz. the system F - L 4 G, but we take care that the
quantity of vapour is always very small. On change of 7 the hquid
traces a straight line going through #, which we have called the
solution- or cristallisationpath of F. In fig. 1 three similar solution-
paths FZ, FZ,, and FZ, are drawn.

Let us consider now the binary equilibrium F - L - @. In fig. 2
its P, T-curve is represented by EFU, @ is the point of maximum-
pressure, H the point of maximumtemperature; /' is the minimum-
meltingpoint, K the point of maximumsublimation of the compound.
a is the sublimation-, Fd the meltingcurve. Carve EFU touches
Fd in F and aK in K. It is apparent from the direction of the
meltingcurve that we assume V' > v in agreement with fig. 1.

Fig. 1. Fig, 2.

When the solutionpath FZ in fig. 1 coincides with FU, its
P,T-curve in fig. 2 is, therefore, represented by UKF; when FZ
coincides in fig. 1 with FZ, it is represented in fig. 2 by KHF.
When the solutionpath FZ in fig 1 turns from the position FU
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towards FUE, its corresponding P,T-curve must therefore change
from UKF into EHF. Now we shall examine this more in detail

The saturationcurves under their own vapourpressure have, in the
vicinity of H either a form as in fig. 5 (XI) or as in fig. 6- (XI);
we assume that they have a form as in fig. 5(XI). In fig. 1 the curve
surrounded’ by Fs, and Fs, itself represent saturationcurves under’
their own vapourpressure; the arrows indicate the direction of
increasing pressure. -

The boilingpoint curves have also a position as in fig. 5 (XI);
we must consider, however, that H is replaced by the point ot
maximumpressure () and ‘that the arrows point in opposite direc-
tion. Two of these curves are drawn in fig. 1, one in the vicinity
of @ and curve F%; the latter is indicated for a pért only.

Now we imagine in fig. 1 a solutionpath between FE and FZ,.
Imagining in this figure still many other saturation-curves under
their own vapourpressure to be drawn, then we see that some of
these are not intersected by this path, other ones twice, and others
again once. Further we see that one of these curves touches this
path; we call that point of contact H'.

From this it follows: at first the temperature increases along -this
solutionpath from F up to A’ and after that it decreases. Further
it follows: 7'y is lower than T'g.

Imagining yet many other boilingpoint-curves to be drawn in
fig. 1, then we see that one of these touches the solutionpath in
a point that we shall call Q’. Now we deduce: the pressure in-
creases along this solutionpath from # up to @’ and after that it
decreases. Further it follows: Pg is smaller than Pgq.

Now it follows from this all that the P,7T-curve belonging to this
solutionpath has a form in fig. 2 as curve 0F with a point of
maximumpressure in Q' and a point of maximumtemperature in H’.

As long as the solutionpath in fig. 1 is sitnated between I and
FZ, the P,T-curves retain a form as 0F in (ig. 2; according as
the path, however, approaches closer to /.Z,, the points Q' and H-
come closer to #. When the path coincides with FZ,, H’ coincides
with # and the P,7-carve has a form as Z,I in fig. 2 with a
point of maximmmpressure Q'’. The tangent in [ stands vertically. -

To see this, it must be considered that the line #'Z, touches in
F the saturationcurve under its own vapourpressure going through F'
(Fsin fig. 1). Going from 7, along an infinitely small distance, along
curve Is and therefore also along the tangent F'Z,, the pressure
increases while the temperature remains constant. As dP, therefore,
is positive. and d71" is zero, the P,7-curve therefore, in fig. 2, along
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a small distance, must point vertically npwards, so that it has there
a vertical tangent. Considering the saturationcurves under their own
vapourpressure, we see that JFZ, intersects only curves of tempe-
ratares lower than 7z, so that the temperature decreases along
FZ, from F.

Considering the boilingpointenrves, we see that the same still
applies to these as to a solutionpath, situated between FE and FZ,.
The pressure, therefore, increases at first from F and after that it
decreases. From all this it follows that the P,7-curve has, therefore,
a form as curve bF in fig. 2.

Let us now take a solutionpath between FZ, and FZ,. Tt is easy
to see that the /P, 7 curve retains a form as FZ, in fig. 2, with
this difference, however, that the tangent in # stands no longer
vertically. The curve proceeds viz. from 7 immediately towards
higher pressures and lower temperatures. According as the solution-
path in figz. 1 comes closer to FZ,, in fig. 2 the point of maxi-
mumpressure (' approaches closer to F. When the solutionpath
coincides with FZ,, " coincides with F, and in figure 2 the
P,T-curve obtains a form as Z,F with a horizontal tangent in Z.

In order to see this, we consider the solutionpath FZ, which
touches the boilingpointcurve FK in F. (ig. 1). Going from F along
an infinitely small distance along curve FX and, therefore, also
along the tangent FZ, the temperature decreases, while the pres-
sure remains constant. As d 7T, therefore, is negative and dP is zero,
the P, T-curve must, therefore, from /' over a small distance point
horizontally towards the left; consequently it has a horizontal tangent
in F.

We now take a solutionpath FZ, situated between FU and
F Z,. 1t follows from a consideration of the saturationcurves under
their own vapourpressure and the boilingpointcurves in the vieinity
of F, that pressure and temperature decrease from F. The P, T-
curve is represented in fig. 2 by F Z, it proceeds from F towards
lower temperatures and pressures.

At the deduction of fig. 2 it is assumed that the saturationcurves
under their own vapourpressure and the boilingpointcurves have a
form as in fig. 1. Curve Fs and Fi are drawn herein in .the
vicinity of F, concave towards H. When in F they turn their convex
sidé towards H, -then curve Is will intersect its tangent FZ, still
in another point and curve I'K its ‘tangent FZ,. Although then in
fig. 2 the tangent in ' to Z I remains horizontal and tbe tangent
to Z,I" vertical, all cavrves will obtain a somewhat different
form .dn the vicinity -of I’ (we -may also compare the previously
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trealed P, 7' diagrams for the case that F is a ternary compound).

After the previous considerations, the reader can easily deduce-
the P, T diagram for the solutionpaths of F, when the curves are-
sitnated as in fig. 6 (XI). )

Formerly [5(IV)] we have deduced for-a solutionpath

dP__ DM—BN

T~ CM—AN
now, as a = 0, herein is:
M=a"r{20@y—F)stG—p)t
N=a@—a)r + [¢(@(—y) + @—2) —B)]s + G- G—B ¢ _

In the point /' becomes # =0 and y =, therefore M =0 and
N = 0. Let us now contemplate a solution path and let us call the
angle, which it forms with the X-axis, . If we imagine for the
sake of simplicity that the coordinatesystem is rectangular, then it
follows: cotg. @ =: (y—B). We then obtain:

M- wrcotgp +2as+ (y—p) ¢
N (w, -a)reotgp + [(y,—y) cotg 9 + 2, —als + (y,—y) ¢
In the point F becomes 2 =0 and y = § therefore:

M RT
— ... (35)

N B
(h — 1) BT 4 (y,—B8) (s +tig )

&

(34)

The question now arvises, what P, 7’curve touches the meltingline
Fd in F. For this must, according to (34):
DM—BN B
CM—AN ~ 4
. therefore, M : N = 0. It is apparent from (35) that this is only the
case when fg ¢ is infinitely great, consequently for ¢ — 90° and
¢ = 270°. Then the solutionpath coincides either with F'E or with
FU (fig. 1). Therefore, both the binary solutionpaths EF and UF
only touch in F the meltingline F'd; the ternary paths do not touch
this meltingline.
In oyder that the tangent to the P, 7'curve of a solutionpath may
be vertical in F' we have, according to (34) CM—AN=0. As M:N
is fixed by (35), it follows that this is the case, when

(2-1)ar + gy e—rr
& A

tgop = -2
e (.'I/I_Tﬂ)t

From (31) it follows 'that in 7' this solutionpath must touch the
saturationcurve under “its own vapourpressure going through the
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point I [curve Fs fig. 17, the required so utionpath is, therefore, F.Z,.
If we require a solutionpath, whose r,. curve has a horizontal
tangent in F, we must, as follows from 34) put DM —BN =0.
From this now follows:
(B-1)ar+w—pa—rrg
tgp— — o B
I (v, — B) ¢

From this it follows, in connection with (30) that in F the
solutionpath must touch the boilingpointcurve going through the point
F [curve Ik in fig. 1]; the wanted solutionpath is, therefore, FZ,.

Now it follows from the previous considerations: in the P,7 dia-
gram (fig. 2), none of the ternary solutionpaths touches the meltingline.
Fd in F; the solutionpath, touching in # in the conceutration-
diagram (fig. 1) the saturationcurve under its own vapour-pressure
going through F, has in the P,7 diagram a vertical tangent in I;
the solutionpath, in the concentrationdiagram touching the boiling-
pointcurve going through #, has a horizontal tangent in # in the
P, T diagram.

It is evident that the above-mentioned rules apply quite generally
no matter whether the relations of fig. 5 (XI) or 6 (XI) occur or
the curves in I are concave or convex towards H.

In fig. 1 FI represents the liquideurve of a region LG, now we
imagine a solutionpath, touching curve F{ in F. The direction of

(37)

apP
this solutionpath is, therefore, fixed by (29). In order to find T

in the point /' of this path, we must, therefore, substitute the second
term of (29) in (35) for fyp. We then find an infinitely great value
for (35). From (34) now follows :
0H

H —HA+ B—y)
D_ % (38)
o 57

V,—V+ (B—"yx)"a—

Y

The latter part of (38) indicates the direction of the P,7T-curve
of the evaporationline of the liquid #. Tbis line is traced, when
we melt the substance F and when we regulate after that the
temperature and the pressure in such a way that the liquid remains
' in equilibrium with an infinitely small quantity of vapour. Therefore
the liquid retains the composition F during this. This curve is
represented in fig. 3 (III) by ZFe. the pressure and the temperature
increase from /' along this curve.

Consequently we find: the solutionpath, touching in F in the

dP
=
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concentration-diagram the liquid curve of the region L-G (curve FI
in fig. 1) going through Z, has in the P,7-diagram the same tangent
in F7 as the evaporationline of the liquid F starting from ZF.

If we compare the P,7T-diagram of the solutionpaths of a binary
compound ' (fig. 2) with those of a ternary compound #'[fig. 4 (IV)
and 1-3 (V)], then we see very great differences in the vicinity
of the point F. We find these differences also in the concentration- -
diagrams. When viz. in fig. 1. in the point / we construct tangents
to the curves F/, Fk and Fs going through the point F, three
different tangents arise. If # is a ternary compound, as e.g. in
fig. 1 (IV), then these curves touch one another in /" and the three
tangents coincide in the line XF'Y.

AN this is based on the following. When ZF is a binary compound,
a new substance must be added, in order to trace a ternary solution-
path from . When, however, F is a ternary compound, we addnog
new substance in order to trace a solutionpath, from #, but substances,
which are already present in the melted Z. B

(Zo be continued).

Physics. “An apparatus jfor the determination of gas isotherms up
to about 3000 atms.” VAN per Waars-fund researches N°. 5
By Prof. Pa. Kornstamm and K. W.Wawstra. (Communicated
by Prof. van pEr WaALs).

(Communicated in the meeting of December 27, 1918).

As is known the material for testing the theory of the equation
of state at very high pressures consists almost exclusively of what
AmacaT has published in his famous papers. It seems desirable for
different reasons to extend this material. Quite apart from the desirability
to get to know the behaviour of other gases than those examined
by AmacaT — we think in the first place of the mon-atomic gases —
Amacar’s work itself gives rise to different questions, which can
only be decided by means of new experiments.

First of all it is known that AmacaT does not give the direct
results of his observalions; he only pubhshes the results of a graphical
interpolation between these observations. The question rises how
great the deviations are between the interpolated and the real
observations, and whether another way of interpolation had been
possible. Nor can the probable experimental error -of ‘Amacar’s
observations be inferred from his experiments. And it has finally
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appeared that there are discrepancies between some of AmaGaT’s
results inter se, as well as belween AMaGAT’s observations on hydrogen
at high pressures on one side, and SCBALKWIIN’S very accurate
observations for low pressures on the other side?).

For all these reasons it seemed desirable to construct an apparatus
with which gas-isotherms might be measured up to the highest
attainable pressures. And as it is self-evident that the cost of suck
a set of apparatus could not be defrayed from the ordinary means
of a laboratory, the board of the van DErR Waars-fund resolved
already in 1904 to grant money for this purpose. It is owmng
to the strong support given by the van per Waals-fund all these
years that we are now able to communicate the first results. Our
cordial thanks are due to the board of the vay pErR Waars-fund,
and further to all who helped to support the fund.

In the following pages we shall of course not give an account of
all the difficulties that confronted ws, and the way in which they
were finally surmounted. We shall confine
ourselves to a description of the arrangement
in its present form, and only mention in a
few words now and then what considerations
have led to this final form. We shall suc-
cessively discuss the measurement of the
pressure, the volume, and the temperature.

4. Measurement of the Pressure.
The measurement of the pressure in abso-

B
¢
A
’ lute measure takes place by means of SCHAFFER
e M| E
s

and BuprnBrRG’s pressure balance. In principle
this apparatus consists of a steel piece 4
(fig. 1) with cylindric boring, which at
about half the height passes into a wider
cylindric boring. A differential piston B
fits in this boring, which piston is ground
into the two cylindres with the utmost care.
- By means of a side tube the cavity C can
be connected with the space where the

D pressure is to be measured. This side tube
= : == and the space under the piston are filled
Fig. 1. with machine oil. By means of a mould,

1) Briwkuan, Thesis for the Doctorate, Amsterdam p. 34.
Scrakwnk. Thesis for the Doctorate, Leiden F908, p. 120 et. seq.
Keesom. Thesis for the Doclorate, 1904, p. 57.
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which has been prepared and measured with the utmost care, t/hev
two apertures in-the steel piece A4 and the two sections of the
cylindre B are ground in such a way that the difference between
the larger and the smaller section has a definite size, e.g. 1 em®.
If we now suppose a pressure e.g. of 800 kg. per em’® to prevail
in the space C, and no friction to be present, the piston B would
be forced upwards with a force of 800 kg. If on the plate D,
which is connected with 3 by means of the socket joint £ we”
put so many weights that they together with B, D, E and the
joining-rod I weigh exaclly 800 kg., the whole apparatus is exactly
in equilibrium. If the total weight amounts to 801 kg. — we
still suppose absence of friction — the piston descends till the
liquid in C and the space in connection with 1t is compressed so
much that there prevails a pressure of 801 kg. per em? in C.
If the total weight amounts to 799 kg., the piston rises till the
pressure in C has fallen to 799 kg. per cm®. On account of the
strong friction of the piston very tightly fitting in the cylindre
nothing, however, is to be observed of these movements. In fact
the plate D can easily be loaded with 10 or 20 kg. too much or
too lttle without any movement being perceived on a manometer
connected with C. If, however, the piston B with the plate D and
all the weights lying on it are made to rotate round their axis, it
appears that this rotation has practically annihilated all the friction.
[t will appear from the description of our experiments that the
remaining friction will lie far below 10 gr. at low pressures, and
that it can certainly not be so much as 50 gr. for pressures of
2500 keg.

We cannot account for this most remarkable property, though it
is of course clear that the fact that C is filled with machine oil,
and that this oil penetrates between piston and cylindre wall plays
an important part in this. It is known that also in AMiGAT’s mano-
meter the gieat decrease of friction when the piston moves with
respect to the cylindre wall is utilized. But in AMaeAT’s mano-
meter *) the piston must be moved to the left and the right by hand,
also during the measurement. The mode of construction of ScHAFFER
and BupENBERG’S pressure balance evades this by making the whole
mass of the weights, for the large model up to 1250 kg., for the
small one up to 250 kg. rotate with the pision B. After these

1) This manometer is generally called after Desaorre; according to Amacar,
however, the first idea came from GauLy—Cazarar. And we owe to Amaear the
great improvement, which rendered the instrument for the first time adapted for
really accurale measurements, nl, the free movability of the pistons,
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welghts have once been set rotating by the hand or in another
way, the apparatus may be left to itself. The kinetic energy of the
rotation is so great that the apparatus continues rolating for a
considerable time, at any rate long enough to perform a pressure
measurement. Only on account of this circamstance it is possible
fully to avail oneself of the absence of friction in consequence of
the rotation, for it appears that any, also the lightest, touch of the
apparatus brings about increase or decrease of the pressure in C,
as it is not possible in doing 80 not to exert a force on the piston
B in vertical direction. If the space C 1s connected with a sensitle
manoscope (and the volumemeter itself served as such in our expe-
riments) every touching of the piston, also the slightest, betrays
itself immediately by a deviation of the manoscope. Measurements
may, therefore, only be made when the apparatus is in rotation, and .
entirely left to itself.

A second circumstance, on account of which in our opinion
Scuirree and BUDENBERG's pressure balance may claim to be considered
as an improvement compared with AMacaT’s manometer, is this that
the differential piston as well as the cylindre consist of one piece,
and can therefore be completely finished as a whole on the lathe.
As is known AmMacaT’s manometer makes use of two pistons of
different section, which are connected with each other. In the vessel
where the great pressure which is to be measured, prevails, there is
a small piston, accurately ground in, and the force with which it
is expelled is transmilted to a large piston, which can move in a
second vessel; the pressure in this latler vessel is measured by
means of mercury. In this construction it is, however, not to be
avoided that the axes of the two pistons are not entirely each other’s
prolongation, which must give rise to wrenchings and frictions. To
prevent these the pistons must, of course, not be so tightly ground
in as would otherwise be possible. It is known that Amaar there-
fore uses molasses as transmission liquid in his manometer, because
else the transmission liquid would flow away too quickly, whereas
in Scuirrer and Bupensrre’s pressure balance thin machine oil suffices.

On the other hand ScmArrer and BupENBERG’S pressure balance
shares a drawback with AmacaT’s manometer, which as far as [
know, Waenir') was the first to point ont in his investigation of
an AMAGAT manometer. AmacaT himself took as effective area of
the piston, i.e. as area on which the pressure acts to the outside,
simply the section of the piston itself. WaeNkr, however, points out
that the liquid which is pressed through between piston and cylindre

1) Thesis for the Doctorate. Miinchen (904, Ann. d. Phys. (4) 15, p. 906,
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wall exerts a friction force on the cylindrical surface of the piston,
and ibat in consequence of this the force which drives the piston
out must really be greater than the amount which can be caiculated
from the section of the piston and the pressure. Or in other words
the effective area of the piston must be greater than the real section.
By means of hydro-dynamic considerations WAGNER now comes to
the conclusion that the difference will depend on the width of the
cylindre in which the piston moves. Half the difference belweer
piston and cylindre section will namely have to be added to the
piston section to determine the true effective area. Hence -WaGNER
did not only very accurately determine the piston section, as AMAGAT
did, but also the cylindre diameters (at least for the two small steel

pistons which he used). The difference between the iwo diameters”

.amounted to about 0,01 mm.; it is therefore by no means insigni-
ficant for a total amount of about 5 mm.

WaeNer has, however, also determined the effective area by a

direct experimental way, by namely ascertaining with what weights
the pistons must be loaded to balance a pressure which is directly-
measured by means of a mercury column. And he then arrives at
a very remarkable result. For whereas the measurement yielded
5,128 resp. 4,076 mm. for the piston diameters, 5,138 resp. 4,088
for the cylindre diameters, which according to the.above would give
5,133 resp. 4,082 for the effective area, the direct experimental
equation yiclded 5,127 resp. 4,076, i.e. exactly the-sections of the:
pistons without any correction. Evidently WaeNEr has not pointed
this out, because in his first investigation the direct experimental
determination of the effective area of the large piston of the Amacar-
manometer yielded 40,189, whereas the section of the piston itself
amounted only to 40.176."). In a later investigation, however, which
was undertaken in collaboration with P. P. Kocr*), WAGNER repeated
these determinations. He now finds in measurements which he con-

siders more accurate than the earlier ones again 35,128 for the .

effective area of the small piston, but 40.164 for that of the large
one, i. e. even a little less than the real section. Accordingly these
determinations cannot give support to the theory of the increase of
the effective area in conqequence of the friction on the cylmdncal
surface derived hydrodynamically. ?)

1 l.c.m

%) Ann. d. Phys. (4 31, p. 48,

%) Some particulars in Brineman’s interesting experiments (Proc. Amer. Acad..
XLIV p. 201) seem to point in the same direction, but whether this supposition is,

true cannot be inferred from the communication with certainty. We shall, therefore,

not enter any further into .this. c e
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This question which is of fundamental importance for all absolute
pressure measurement, cannot be considered as decided as yet. Nor
can our experiments at this moment give a decision, because we
have not yet been able to compare one of our pressure balances
directly with an open manometer with transmission for sufficiently
high pressures (60 to 100 atm.). The indirect comparison obtained
by the very close agreement of our hydrcgen-isotherm with that of
SCHALKWIIK, seems to point in the same direction as WAGNER’s
experiments, that namely actually effective and real area coincide.
Nevertheless a direct comparison remains, of course, a matter of
the highest importance for all our measurements and we greatly
hope, therefore, to be able to carry out a comparison before long.

In what precedes we have discussed the principle of ScEArrEr
and BuprNBrrG’s pressure balances. We should now discuss for a
moment the execution of it in practice. For the lower pressures —
up to 250 atm. — this is very simple indeed. The cylindre 4 (fig. 2)
rests on a heavy cast tripod, which again is supported on a stand,
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which can be put in the required position by means of adjusting
screws. On the plate D an iron weightis placed, weighing with B, E,
I, and D together exactly 25 kg. Then plate-shaped weights of 25,
10 ete. to 1kg. and lower are put on it with a slit, which enables
them to slide round the rod Z. The whole apparatus is set rotating
by hand.

For higher pressures the gauge cannot be worked solely by the
hand. The “head” of the pressure balance {the piece 4 with the
piston B; fig. 1) is mounted here on an iron stand 2 . high,
which by accurate levelling has been adjusted, and rests on a
separate heavy stone foundation. Weights of 100 kg. lie round the
rod F (fig. 3) in rings, on which they rest. These rings are connected
by means of iwo bars ( and the distances between the rings are
taken so that between two weighls there always remains a space
of 2 em.

The rods G are provided at their upper ends with screw thread,
and are in this way carried by the nuts H (fig. 3a)?), which rest
on the top plate of the iron stand, and are fixed by bent pieces L.
The nuts H are provided on the outside with teeth, in which a
worm K catches. By means of this the nuts A can be turned, and
in this way the rods G and all the rings attached to them can be
adjusted higher or lower. When the rods are turned down, first the
lowest weight will get to lie on the plate D; this weight has been
taken so that together with the plate D, the rods F¥ and Z, and
the piston it weighs exactly 100 kg. If the rods G ave turned still
lower down, another weight of exacily 100 kg. will rest on this
weight etc. In this way the pision can in all be loaded with 1150 kg.
If the worm is turned in the opposite direction, the ring-system rises,
and lifts up the weights one after another, which relieves D. By
means of a transmission with two loose pulleys and a fast pulley
the worm is driven from a shaft, which in its turn is set going by
an electromotor of 1 H.P. Two belts run over the loose pul